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We consider a spatially inhomogeneous sine-Gordon equation with a double-well
potential, describing long Josephson junctions with phase-shifts. We discuss the
interactions of symmetric and antisymmetric bound states in the system. Using a
multiple scale expansion, we show that the modes decay algebraically in time due
to the energy transfer from the discrete to the continuous spectrum. In particular,
exciting the two modes at the same time yields an increased decay rate. An external
time-periodic drive is shown to sustain symmetric state, while it damps the antisym-
metric one. © 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4917284]

. INTRODUCTION
We consider the inhomogeneous sine-Gordon equation

Pxx(x,1) = 1i(x,1) = sin (¢(x,1) + 6(x)) + h cos(Q), (D

which is driven by a time-periodic drive with amplitude & and frequency €, which is below the
plane wave cut-off frequency Q? < 1. The spatial and temporal coordinates are x € R and ¢ > 0.
Here, ¢(x,?) is a one-dimensional wave field. The internal phase shift is taken as

0, |x|>L+a,
O(x)=4nm, L<|x|<L+a, 2)
0, 0<|x| <L,

which introduces a double well potential in the system. At the position of the jumps in the phase, the
field ¢ is naturally subject to the continuity conditions

li ,1) = i 0, 3
x—&{gri*'u?r #0:t) x—»i{griwz}* $(x.0) 3)
; n= i . )
x—)i{;{g-{.a}"’ ¢X(x’ ) x—)i{ir,rllﬁa}* ¢X(-X, ) 4)

Equation (1) with (2) models the quantum phase difference between two superconductors in the
so-called Josephson junction systems with phase-shifts, which have been successfully fabricated
experimentally, e.g., by installing magnetic impurities'® or Abrikosov vortices,” using multilayer
junctions with controlled thicknesses over the ferromagnetic barrier,? pairs of current injectors,
and junctions with unconventional order parameter symmetry.>>3-23

Due to the double-well potential (2), Eq. (1) with & = 0 admits bound states or localized modes.
Depending on the parameters, multiple bound states may exist.'® Interesting features of localized
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mode interactions in the system, such as mode tunneling and envelope solitons, have been considered
in Ref. 18, where the mode dynamics were described by two dynamic variables using a two mode
approximation. However, the nonlinear coupling of the bound states and extended modes, which yields
energy transfer from the localized modes to the continuous spectrum, is removed by approximation.
Such a transfer in Eq. (1) with a single-well potential was discussed in Ref. 1. The energy transfer
causes dissipation from the bound state and makes it decay at a rate of at most O (t~'/%) or O (+7!/2),
depending on the ground state of the system (note that Eq. (1) can have a nonuniform ground state
when the trivial state is unstable'?).

Localized mode dispersions in Klein-Gordon-type equations were first discussed in Ref. 16. A
similar dispersion was also reported in the study of wobbling kinks of a ¢*-equation.* Because of
the integrability, wobbling kinks in the sine-Gordon equation do not radiate continuous waves.” !>
Radiation does not exist in the integrable system due to the absence of internal modes.%'° Radiation
damping due to resonances in discrete Klein-Gordon equations was discussed in Ref. 11. However,
in most of the previous studies, there is only one eigenvalue causing resonances with the continuous
waves. Kirr and Weinstein'® obtained dispersive estimates of nonlinear Klein-Gordon equations with
anumber of localized modes, which were extended by Bambusi and Cuccagna® to higher dimensions.

In this paper, we extend our previous work' and study the decay rate of two localized modes of
the trivial ground state, in the same spirit as Refs. 3 and 13. However, it is important to mention that
our governing equation (1) does not immediately belong to the class of equations considered before.
Using multiple scale expansions, we obtain the decay rate of the multiple bound states. In particular,
we show that interactions of the modes will increase the decay of the bound states.

In addition to the decay of freely oscillating, i.e., undriven, localised modes, we also consider the
influence of an external drive to the system. Previously, ac-driven localised modes in Klein-Gordon
equations were considered in, e.g., Refs. 13, 14, and 17. It was shown that a direct ac-drive sustains
localized modes,'* while parametric drives destroy them.'>!7 As for the governing equation (1) stud-
ied herein, the direct ac-drive is motivated by the experimental work in Refs. 5 and 12, where the drive
is a magnetic field radiation applied to Josephson junctions with phase-shifts. In single potentials,
such a drive was previously considered in Ref. 1. Here, we will show that the drive sustains the first
bound state, but dampens the second.

The paper is outlined as follows. In Sec. II, we construct a perturbation expansion to solve the
undriven sine-Gordon equation for the localized modes to obtain equations for the slow time evolution
of oscillation amplitude in the system. In Sec. III, the method of multiple scales is applied to obtain
the amplitude of oscillation in the presence of driving. Section IV compares the analytical results
obtained in Secs. II and III with numerical computations, which confirm our asymptotic calculations.
Algebraic expressions of the functions appearing in Secs. II-III are listed in Appendices A and B.

Il. FREELY OSCILLATING BREATHING MODES

In this section, we consider the dynamics of long Josephson junctions governed by the sine-
Gordon equation (1), with 2 = 0, and 6(x) given by (2), which represents a double well potential
comprising two so-called m-junctions of length a separated by a O—junction of length 2L. We apply
a perturbation expansion to Eq. (1) by writing

P=otedi+ P+ 3t e, &)

where € is a small parameter. Furthermore, we use multiple scales expansions by introducing the
slow time and space variables

X,=€"x, T,=€"t, n=0,1,2,.... (6)

We use the notation

(7
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so that the derivatives with respect to the original variables in terms of the scaled variables using the
chain rule are given by

0

— =0+ €0+ 0+ €0+, ®)
ox

0 2 3

E=D0+6D]+6D2+6D3+"'. ©))

Inserting (6) into Eq. (1) and equating like powers of €, we find a system of partial differential equa-
tions for the functions of the time and space variables X,,,T},.

Due to the symmetry of the functions, i.e., they are either spatially symmetric or antisymmetric,
in the following, we will denote them in the positive region only for the sake of presentation.

A. Leading order correction equations

At leading orders, we obtain

O(1) : 3¢ — Db = sin(6 + o), (10)
O(e) : 951 — D1 = cos(6 + po)1 + 2DoD 1o — 20001 ¢o. (11)
A stable solution representing a uniform background for Eq. (10) is
$o(Xo,To) = 0, (12)
while the solution of Eq. (11) is given by
¢1 = Bi®1(Xo)e' M 70+ Bydy(Xp)e' 210 4 ¢, (13)

where By = B|(T,T3,...), By = By(T},T,...) are as yet unknown time-dependent complex ampli-
tudes of oscillation and throughout the proceeding work c.c. stands for the complex conjugate of the
preceding terms. By linearizing equation (1) around the uniform solution (12), we find that bounded
solutions satisfying the boundary conditions (3) and (4) are'®

e li)\%(xoiLia), Xo> L +a,

®1(Xp) = ¢ cos (\/Txf(xo—L—a))+CI sin (\/Txf(xo—L—a)), L<Xyg<L+a, (14)
chosh( 1—x%x0), 0<Xg<L,
e I_K%(XO_L_G), Xo>L+a,

Dy(Xp) = cos( 1+k%(X0—L—a))+C2sin( 1+}%(XO—L—a)), L<Xyg<L+a, (15)
Kzsinh( I—X%XO), 0<Xo<L,

with the oscillation frequencies A; and X,, satisfying

[1 _ o4

1 >‘j =2 1221
—— Fe 7,
tan(,/1+)\5a)

2e7V17K§Lsin(‘/1+7x?a) 1-22
K;= . Ci=—\—= (17
[{ Z)4 1+ A2
- J

for j = 1,2. The two eigenvalues A; are functions of a and L, and @ 5, given by (14) and (15), satisfy
the conditions, @;(—Xj) = ®;(X) and Dy(—Xy) = —DP,(Xp). To derive an effective equation for the
complex mode amplitudes B, B, we continue the perturbation expansion order by order and proceed
to find the solvability conditions for the obtained equations.

}6 = (16)
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B. Equations at O (€?)

The terms at order O(€?) give
9392 = Didpa — cos(0)¢2 = 2DoD1p1 — 2000161 (18)
Substituting the spectral ansatz
$2 = d1(X0)e™T0 4 c.c. + por(Xo)e™ 0 + c.c., 19)
we obtain the corresponding set of ordinary differential equations

03621 — (cos(8) — Aoy = 2ih D By, (20)

022z — (cos(6) — A)dar = 2 ik Dy ByDs. (21)
To find a bounded solution for 521, 522, Egs. (20) and (21) generate constraints on the right hand sides
that are solvability conditions which lead to an important equation for the amplitudes B, B, as well
as to equations at higher order when the expansion is continued further. We write (20) and (21) as
Ty (Xo) = f (Xo) where T is a self-adjoint operator (T = T) given by the left hand side of the above
system. The necessary and sufficient conditions for Egs. (20) and (21) to be solvable are then that the

right hand side be orthogonal to the null space of the corresponding adjoint operator, where the inner
product is defined as

(a.b) = / " a(©b(e)dr. 22)

00

The span of this space can be written as  where
Ty (Xo) = 0. (23)

By applying the theorem, known as the Fredholm alternative, we find that the solvability condi-
tions for the above system are

DB, =0, DB, =0. (24)

Hence, B; are independent of T7.

By putting the solvability conditions (24) in Egs. (20) and (21), we obtain the result which is
similar to that at O(e), that is, Eq. (11). Due to uniformity in the perturbation expansion, we conclude
that ¢2(X0, Tp) = 0.

C. Equations at O (€?)

Equating terms at O(€’), we obtain an equation of the form

1
Jops = D = cos(@ + go)gs = 2(DoDs = dod) + (D] = )1 = <hjcos(0).  (25)
Calculating the right hand side of Eq. (25), we obtain

. . 1 . .
65(]53 - D(2)¢3 —cos(@ + ¢po)p3 = 2 iMD2B ®1e™MT0 4 2 i3 DyBydye 2T — 3 [B*?d)?e3 Mo 4 B%d)§e3 i22To
+3 B1|B1 703 ™T0 1 3 By| By|*03e™10 + 3 BZB, 02 0y M1T01 4 3B B2M d3e 2 P2 M) 0!
+6|B1|*B20202eM 107 1 6 By| By |20 02107 1 3 B2By03dye @ M0 4 3 By B2 2o 24T "] cos(0)
+c.c. (26)
Equation (26) is linear, so its solution can be written as the linear combination of solutions with

frequencies present in the forcing terms; therefore, the solution will consist of the harmonics present
in Eq. (26), that is



051502-5 Ali, Susanto, and Wattis J. Math. Phys. 56, 051502 (2015)

e T DAy i Dy—A)Ty i 3 0T
¢3 = ¢311€™M170 + 3126270 4 3y BTN 4 ) oPR=IIT0T 1 oz 31 MT0

+¢332e3i MTo + ¢341€(2 ho+A)Tp i + ¢342€(2 h—ApTy i +c.c. (27)

The functions ¢31, ¢31, are functions of the space variable X, which satisfy the following linear
inhomogeneous equations:

E, Xo>L+a,

[05 = cos (0) + 17| ¢s11 = { E2, L<Xo<L+a, 28)
E3, O<XQ<L,
Fi, Xo>L+a,

[05 = cos () + B3] g3 ={F, L<Xo<L+a, 29)
F3, 0<X0<L,

with

1

Ey = 2ilDaB) @1 = S B|Bi[* @] = Bi| Baf? @103,
1

E, =2iMD,B, @) + EB,|Bl|2c1>? + By| B> ©,02,
, 1

E3=2iMDyB @) — EBI|B1|2®? - B||By|* @, D3,
1

Fi =2iMDyBy, @) — EleBz|2‘D; - B)| B 0,0,
1

F, = Zi}\zDsz D) + 532|Bz|2®; + Bz|Bl|2(D2q)l,

Fy = 20,038y @y — - B |B)* @3 — By| B> 0,0

3= 222222222122-

The homogeneous solutions of these equations are given by the eigenfunctions (14) and (15). Using
the Fredholm alternative, the solvability conditions for (28) and (29) are

DB, = @ B||Bi*i + a» Bi| By i, (30)
DyBs = a3 Ba|Bol*i + a4 Bo| By, (31)
where
a) = _&’ ar = _&9 a3 = _Ev a4 = _&7 (32)
P1 P1 P4 Pa

and the quantities p; (1 < j < 6) are given in Appendix A. Putting the conditions (30) and (31) into
(28) and (29), respectively, and solving these equations, we obtain a bounded solution of the form

U1, Xo>L+a,

(}5311 = Bl 1,02, L<Xy<L+a, (33)
Y3, 0<Xg<L,
Yy, Xo> L +a,

$312=Brq¥s, L<Xo<L+a, (34)

e, 0< Xo<0L,

where ¢, for j = 1,2,..,6, can be seen in Appendix A. To obtain the final amplitude equations, we
have to find bounded solutions for other harmonics present in (26), as these will appear in the next
stage. To do this, we assume that

(Bh)* > 1, (35)
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i.e., the third harmonics lie in the continuous (phonon) spectrum. For A, > A; and with assumption
(35), we have

CMm+M)’>1, Qlh+M)>1, (36)
which also lie in the continuous spectrum. The equations for the harmonics (2A; + A;), (2A; — ;) are
1
Rp3ar + (20 + M) B301 — cos(6 + po)daar = ) BB, ®7D, cos(6), 37
1 _
pam + (2 — M) Bazn — cos(0 + o) 3z = ) BIB,®®; cos(6), (38)
with bounded solutions
v, Xo>L+a,
¢31=B{By{¢s, L<Xo<L+a, (39)

l,bg, 0<X0<L,

Y10, Xo>L+a,
¢ =B By, L<Xo<L+a, (40)
Y, 0<Xo<L,

where 7, . . . ,if1; are given in Appendix A. The equations for the third harmonics are

1
Oad331 + 9 Nih331 — cos(6 + do)pazi = 5 B ®3 cos(b),

1
b330 + 9 M3330 — cos(6 + Po)paza = 5 B;®3 cos(6),
with solutions
Y13, Xo>L+a,

¢331=B{vs, L<Xo<L+a, (41)
Y5, 0<Xo<L,

Y16, Xo> L +a,
¢332= B3y, L<Xo<L+a, (42)
Ui, 0<Xo<L,

where Y/13,. .. ,i1g are given in Appendix A. The equations for the harmonics (A; + 21;), (A — 2 Ap)
are

1
Rpsar + (M +202) G341 — cos(6 + po)aar = ) B B30, ®3 cos(6), (43)

1—
Rpsan + (M = 2 02) b342 — c08(6 + o) 342 = ) B B;®®3 cos(f), (44)
with solutions
Y19, Xo> L +a,

¢3a1 =B B3¢, L<Xo<L+a, (45)
Yo, 0<Xo<lL,

lﬁzz, X() > L+ a,
$32=B2B ¥, L<Xo<L+a, (46)
Va4, 0<Xp<L.

The functions ¢ o,. . .4 are given in Appendix A. With the assumption (35), i.e., A; > 1/3, we
see that solutions ¢3;1, @311, d332, 341 describe the right moving radiation in Xy > L + a and left
moving radiation in Xy < L, which are responsible for the energy loss in the final amplitude
equations.
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D. Equation at O (¢%)

The terms at order O(e*) give
Dq g — 80’ ¢a — c0s (0) ¢a = 2(D1 Dy — 8182) ¢y + 2 (DoD3 — 8y03) b1
£2. (DD - ) 63+ 3501 s | sin@. @)
Using the same procedure as in Sec. II B, the solvability conditions for the above equations are

D3B; =0, Ds3B,=0, (48)

and hence we impose that ¢4 = 0, as we did for ¢,. This implies that B; = B;(T»,Ts,. . .) are indepen-
dent of T3 for j = 1,2.

E. Equation at (¢

Equating terms at O(€’) gives the equation

80’ ps — Do*¢s — cos(8)ps = 2(DoDy — 000a)p1 + 2(D3 Dy — 8301)¢1 + (D3 — 03)¢h 49
1 1
+(D? = 31)p3 + 2(D2Do — H200) 3 — (5 ¢ids — mqﬁ?) cos(6).

It should be noted that for the sake of simplicity, we have not quoted the terms involving ¢, ¢,, and
¢4 as these vanish. Having calculated the right hand side using the known functions ¢, ¢3, we again
split the solution into components proportional to the simple harmonics as above, and calculate the
fundamental modes, since we expect to obtain the leading order amplitude equation. The equations
for these harmonics are

Gy, Xo>L+a,

[0 - cos (0) + 23] ¢s11 = { G2, L<Xo<L+a, (50)
G;, 0<Xy<L,
Hl, X0>L+d,

[63—(:05(0)+7»§]¢512= H,, L<Xy<L+a, (&2Y)
H3, 0<X()<L,

where the functions G;, H; are given in Appendix A.

We do not calculate the other harmonics as we expect to obtain oscillatory behaviour over the
long time scale of the localised mode here. Using the Fredholm theorem, the solvability conditions
for the lowest harmonics are

DyBy = B1Bi|Bi[* + B2Bi|Ba|* + B3B1|Bi*| Baf, (52)
D4B; = y1Ba| Bo|* + 2By Bi|* + y3By| By || By, (53)

where numerical values for §;, y; for some parameter values are given in Sec. IV.
We do not extend the perturbation expansion to higher orders, as we have obtained the equations
governing the decaying oscillatory behaviour of the localized modes in a double-well potential.

F. Amplitude equations

Having solved the system (1)—(4) at various orders of €, we now combine the solutions to obtain
expressions which can be compared with numerical simulations of (1)—(2). By noting that

d

EBl =€eD\B, + €2D,B, + € D3B, + €* D,B,, (54)
d 2 3 4

—By=€D1By+ € DyBy + €D3By + € DyBs, (55)

dt
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and combining the solvability conditions (24), (30), (31), (48), (52), and (53), we obtain the system
of two coupled equations

d|by|?

T 2(Bilb1|° + BalbiPlbal* + Balbi[*1Ba)?), (56)
dibal* 6 o 2
ar = 2(71lbal® + 7l balP |1 + 73l bal |1l (57)

where b;(t) is the oscillation amplitude of the bound states. By assuming that f3; = Re(B)),7; =

Re(y;) < 0, for j = 1,2,3 as will be shown later in Sec. IV, Eqgs. (56) and (57) describe the gradual

decrease in the amplitude of coupled oscillations due to energy emission in the form of radiation.
When b, = 0, and b; # 0, Eq. (56) is satisfied by

b1 (0)]* )”“
1—4Re(y) [1O))

Since Re(y;) < 0, this describes algebraic decay of b; with increasing time. Similarly, when b; = 0,
and b, # 0, from (57), we obtain

wmn=( (58)

4 1/4
bor__| )

1 —4Re (1) [20)]*
The decay in both cases is due to the assumptions (35) and (36), that is, the third harmonics lie in

the continuous spectrum and so nonlinearity causes the formation of phonons which radiate energy
to x — oo,

ba(t)] = (

G. Resonance condition: (3%1)2 < 1 < (3h2)?

In Subsections II C-II F (Eq. (35)) we considered the case when (31,)> > (3%;)* > 1, i.e., the
third harmonics of the two modes are in the continuous spectrum. It is interesting to determine what
will happen if only one of the harmonics is in the continuous spectrum. Here, we consider values of
L and a such that

(Bh)? < 1 < (3 (60)

By using the same perturbation expansion as at the start of this section, the solvability condi-
tions at O(e?) are the same as Eq. (24) and hence B; = B;(T>,T5,. . .). Solving Eq. (25), we obtain the
solvability condition

DyBy = dyB)|B)|*i + d2B|BaJ* i, (61)
DB, = dy 1 Bo|Bo|*i + dnBo| By, (62)

where values for d;; are given in Sec. IV.

With the assumption (60), we observe that the solutions ¢33, ¢321, and ¢34; describe the right
moving radiation for Xy > L + a and left moving radiation for Xy < L. Similarly, from Eq. (47) at
O(€3), we obtain

DiB; =0, D3B,=0. (63)

Hence, B; = Bj(T»,Ts,. . .). Solving Eq. (49) and using (A1)—-(A6), the solvability conditions at o(€)
are

DyBi = (e11|Bil"i + en|Bo|* + e13| Bil*| Ba)?) By, (64)
DuB; = (e1|Bal* + ex| Bi|* + ex3|Bi|*| Ba)?) B, (65)
with e;; given in Sec. IV. Combining Eqgs. (61), (62), (64), and (65), we obtain

d
7 b1 = 2 (Re(e1n)|bi1]*|bal* + Re(ers)|bi[*ba]) (66)
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d
— |2l = 2(Re(ean)|bal® + Re(ex) baPb1[* + Re(eas) b ‘| (67)

Hence, it can be noted that even though (3;)? < 1, the coupled Egs. (66) and (67) still show that ¢,
decays in time. Note that e, and e;; are also determined by the “external” radiation function due to
the harmonic (3k,)* > 1.

lll. DRIVEN BOUND STATES

We now consider the dynamics of the sine-Gordon equation (1) perturbed by a time-dependent
external force modelling an externally driven Josephson junction with 4 # 0 and Q = A;(1 + p). For
notational compactness, we make the transformation

Qt = M. (68)

Equation (1) then becomes

Gex(x,7) — (1 + p)bre(x,7) = sin(¢ + ) + %h (e”‘lT + c.c.) . (69)

Here, we assume that the driving amplitude % is small and the driving frequency is close to resonance
with the fundamental mode of the homogeneous system. In this case, we consider

h=€eH, p=¢€R, (70)
with H,R ~ O(1). Due to the time rescaling above, our slow temporal variables are now defined as
X,=€x, T,=€"r, n=0,1,2,..., (71)

with the shorthand notation (7). Performing the perturbation expansion order by order as in Sec. 11,
we obtain the same perturbation expansion up to O(€?).

A. Equation at O(€®)
The terms at order of O(€?) give
2 2
0y¢p3 — Dyep3 — cos(0 + ¢o)dp3 = 2(DoD2 — 3902) 1
1 1 :
2 42 3 »
+(Dj - 07)¢1 — 6¢1 cos(0) + EH(el T +c.c.). (72)
Calculating the right hand side, we obtain various harmonics, namely,
, ‘ 1 . ‘
(')3¢3 - D(2)¢3 —cos(0 + po)p3 = 2ihDrB D 1e ™70+ 2 i)y Dy Bydye 270 — 3 [Bf(l)fe3 Mo 4 B;d)ge'3 2Ty
+3 B1|B1 "0} ™70 + 3 By| By @3e 7270 + 3 B Br0idye *M1HT01 4 3 By BId @l P2t T0
+3 BZB, 03 0@ M170)T0T 4 6 B| By 2D DM T0T + 3 B BID 02?201 4 6| B2 Bod 2 doet?T0 "] cos(6)
1.
+§He‘)“T+c.c. (73)

Using (27), we split the harmonics as in Sec. II. Using the Fredholm alternative, the solvability condi-
tion for the first harmonic is

DBy = a1 B|Bi*i + axB1|Bof?i + i H i, (74)

where @, u; are given in Appendix A. The solvability condition DB is the same as (31). With (74),
the solution for the first harmonic is obtained in the form

Zle—\/l—klz(XU—L—“) + B Y, + HY, Xo>L+a,
$311 = chos( 1+7\%(X0—L—a))+Bl‘P3+Z3sin( 1+x§(X0—L—a))+HlP4, L <Xo<L+a,
Z4C08h(ﬂ1—)\%X0)+Bl\P5+H\I"6, 0<Xo<L,

(75)
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where ¥; = ¥; (|B1|% |Ba|%, M, h2) for j = 1,2,3,4 that appears in $31; can be seen in Appendix B.
The constants of integration Z; = Z; (Bl,H, |B1|%, |Bz|2,)\],k2) are found by applying the continuity
conditions (3) and (4) at the discontinuity points. We do not calculate the other harmonics that appear
in (73) as these are identical to the undriven case considered in Sec. II.

B. Equation at O(e*)
Equating terms at O(e*), we obtain

Do’*ps — 8y° s — cos (P + 8) ¢g = 2(D1D; — 010) ¢1 + 2 (DoD3 — 0083) 1 + 2 RDb

1
+2(DoD; — 0p01) ¢3 + (ﬁfﬁ? - ¢3¢1) sin (6) . (76)

Calculating the right hand side and applying the Fredholm alternative, the solvability conditions for
the first harmonics are

D3By = -\ BiRi, D3B,=-h\BRi. 77)

Since Aj, Az, R € R, these modes are purely oscillatory, being given by
By = B(T3, Ty, . )e BT (78)
B> = By(D», Ty, . . )e RT3l (79)

At this stage, we solve (76) imposing ¢4 = 0.

C. Equation at O(€®)
The terms at order O(e) give
3¢5 — Djps — s cos (0) = 2(DoDy — 890s)¢1 + 2(D3Dy — 8301)¢1 + 4 R DoD ¢y + (D3 — 07)¢
1
120

In calculating the right hand side, we consider only the first harmonics as our main aim is to obtain
the amplitude equation at this stage, that is,

1
+(D% - 612)¢3 + 2(D2Dg = 0:00)3 — (5 ¢%¢3 - ¢?) cos(6). (80)

Ly, X0>L+a,
[0 — cos(8) + 1] ¢s11 = { Lo, L<Xo<L+a, 81)
L3, O<X0<L,

M, Xo>L+a,
[(93 — cos(0) + )\%] ¢sip=9Mr, L<Xy<L+a, (82)
M;, 0<Xy<L,

where L;, M; are given in Appendix B.
Using the Fredholm alternative, the solvability conditions for Egs. (81) and (82) are

DyB; = a1B)|Bi|* + a2 B1|Bo|* + a3B| B || Bo|* + (4| Bi|* + as|Baf* + agB?) Hi, (83)
DyBs = ¢1Bo| Bo|* + e2Bs| Bi|* + ¢3B1|Bol?| Baf* + cuB (31 + E) Hi, (84)

where a;, c; for some parameter values are given in Sec. IV.

D. Amplitude equations

Equations (83) and (84) are the leading order equations for the coupled mode oscillations. Comb-
ining all the solvability conditions (30), (74), (77), (83), and (84), and considering b; = €B; for
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j = 1,2, we obtain

Qdb
= = a1b1|b||2i + a’2b]|b2|2i + /J]]’li - }\]bl pi + a1b1|b1|4
A dt
+axbi|ba|* + asbi|bi*|baf* + (aslbr|* + as|bal* + agb?) hi, (85)
Q db . . .
}\—]d—: = a3ba| bl i + aba|bi|*i — Mabo pi + 1ba|bo|*

+abol b1l + c3balbiPlbaf + ca by (b1 + By hi, (86)

where a; are given by (32) with p; in Appendix A.

From the above equations, we expect that the presence of a non-zero external drive will induce
mode oscillations. Note that in Egs. (85) and (86), there is a solution with b, = 0 and b; # 0 as well
as one with b; # 0 and b, # 0, but b; = 0 and b, # 0 are, in general, impossible (it would require b,
to satisfy both (86) and |by|* = —u;/as).

E. Resonance condition: (311)2 < 1 < (3A2)? in the driven case

Now, we consider the same case as in Sec. II G, but in the presence of a driving term. Repeating
the same procedure as above, the solvability conditions at O(e?) and O(e*) are the same as Egs. (30)
and (77).
The solvability condition at O(e?) from Eq. (72) gives
DBy = d1Bi|Bi*i + dioBi| Bal*i + disH i, 87)
D1B; = dy1 Bo| Bl i + dyBo| By i, (88)
where the parameters d; ; are given in Sec. IV. Similarly, from Eq. (80), the solvability conditions at
O(€d) yield
D4By = {nBilBil i + LB Bal* + LisBiIBIPIBaf + (C1al Bl + L5l Baf* + £16BY) Hi,  (89)
DBy = (BBl + (nBol Bil' + (3 Bal BiP|Bal’ + £oa(By + B1)BoH i, (90)

where ; ; are given in Sec. IV.
Combining (30), (77), and (88)—(91) and considering b; = €B; fori = 1,2, we obtain amplitude
equations of the form

Qdb . . . . .
k_ld_tl =dybi|bi*i + dibi|bal*i + dizhi — Wby pi + {ubi|bil* i + L1aby |l
+813b1|b1 1Bl + (C1albi|* + Lislbal® + L16b7) R, o1
Q db . . .
X_ld_tz = dyby|by i + dopby| b1 i — haby pi + Larbalbol*

+lnba|bi|* + Lo3bal b |baf* + L24 (bl + b_l) byhi. (92)

As in (85) and (86), from the above equations, we expect that the non-zero external drive amplitude
(h > 0) induces coupled mode oscillations.

IV. NUMERICAL CALCULATIONS

To check the analytical results obtained in Secs. II-11I, we have numerically solved the governing
Eq. (1), with 6(x) given by (2). We discretise the Laplacian operator using central differences and
integrate the resulting system of differential equations using a fourth-order Runge—Kutta method, with
spatial and temporal discretizations of Ax = 0.01 and Ar = 0.002, respectively. The computational
domain is x € (-M, M), with M = 50. At the boundaries, we use a periodic boundary condition. To
model an infinitely long junction, we apply an increasing damping at the boundaries to reduce re-
flected continuous waves incoming from the boundaries. To ensure that the numerical results are not
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influenced by the choice of the parameter values, we have taken different values (Ax, At, M ) as well
as different boundary conditions and damping, and we obtained quantitatively similar results.
In this section, for the Josephson junction with the double-well potential (2), we fix the facet
length @ = 1 and L = 2, which implies that we are in the case A, > A; > 1/3, since
M ~0.59941, K;=0.39734, C;=~-0.68655,
A~ 0.64247, K, ~0.44002, C, =~ —0.64471.
For the choice of parameters above, we obtain the coefficients in the analytic approximations (56)
and (57) and (85) and (86) as
a; = 0.158 64, a; = 0.323 26, a3 =0.16753,
as = 0.34044, up =0.55168, as =0.29191,
as = —0.21275, ag = 1.553 08, cs =0.021 64,

B1=-0.00832-0.14102i, B, =-0.01272-0.085091,
B3 =-0.16295+7.78699i, 7y =-0.02967-0.106551,
v, =-0.06474 -1.77612i, 3 =—-0.02680 - 1.521201,
a; =—-0.00832 +0.45010i, a,=-0.01272-0.085111,
a3 =-0.12295-3.23490i, ¢, =-0.02957-0.206501,
¢ =—-0.07974 - 1.82500i, ¢3=-0.04680+2.14572i.
Note that 8;,v; € C\ R and hence have real parts as noted after Eq. (57).
To illustrate the case A; < 1/3 < Ay, we choose L = 0.5, a = 1.1, that is,
M=~ 0.27431, K;~1.12709, C;~ —0.92738,
h ~0.82148, K, ~2.01578, C,~ —-0.44062.

In this case, we obtain the coefficients in the analytically obtained approximations (66) and (67) and
(91) and (92) as

diy =0.53642,  dj>=0.76104, di3 = 0.92035,
dry = 0.09243,  dy = 0.38662, e = —1.79763,
£1=0.10120, {4 =—1.2231, lis = —2.026 15,

(16 =2.27324, Oy =-121283,

e = —0.00162 +0.33406i, e13=-0.15674 +0.50224 i,
ex = —0.00252 +0.01212i, ey = —0.04699 — 0.927 831,
ex3=—0.04619 — 0.05882i, {12 = —0.03562 + 0.340 561,
{13 = —0.36524 + 1.47270i, ¢ = —0.002519 — 0.0558 1,
{2 = —0.06229 +0.43752i, {3 =—0.03619 + 0.603351.

A. The undriven case

First, we consider the undriven case, 2 = 0. In Fig. 1, we show the typical dynamics of the bound
states of the system. The initial condition is that both modes are excited with similar amplitudes (see
below for the details). The presence of radiation moving to the boundaries can be seen clearly. The
traveling wave is responsible for the decay of the bound states discussed in Secs. I-II1.

To analyze further and compare the analytical results obtained previously with numerical compu-
tations, using the expansion (5) and (12) and (13), we note that

$(x,1) = Ai()®1(x) + Ax(1)Da(x). (93)
Analytically,
Aj(t) = bje™i' + e, (94)
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FIG. 1. Time-dynamics of the system’s bound states for @ = 1 and L = 2, when both modes are excited initially with relatively
the same amplitude. Elevation plot of ¢(x, 7).

and b; satisfies the amplitude equations (56) and (57) or (66) and (67). To determine the oscillation
amplitude A;(¢) of the two modes from the full Eq. (1), we approximate it by

_ [ o0, (x)dx

A;(1) 95)
! f_LL (I)i(x)dx
We consider two sets of initial conditions
A1(0) =0.6, Ay0)=0.6, 0.3. (96)

The initial condition in Fig. 1 is A;(0) = A,(0) = 0.6.

In Figures 2 and 3, we plot the envelope of the oscillation amplitudes A;(¢) from the governing
equation (1) as red and black curves, respectively. One can see that the coupled mode oscillation
amplitude decreases in time, i.e., it experiences damping due to higher harmonic excitation with
frequency in the dispersion relation.

To compare the numerical results with our analytical calculations, we solve the coupled (56) and
(57) or (66) and (67) numerically using a fourth-order Runge—Kutta method with a relatively fine
time-discretization parameter, as general analytical solutions may not be available. With the initial
condition

Af(O)
4F2°

|b;(0)* = 97)
the analytical approximation is then given by 2F|b,(¢)| and 2F|b,(t)|, with F being a free real-valued
parameter. In general, the factor is simply ' = 1. Yet, by treating F as a fitting parameter, we observed
that the best fit is not given by the aforementioned value. For the initial conditions (96), we found that
optimum fits are, respectively, provided by F = 1.1, 1.05 for Figure 2 and F' = 1.03, 0.97 for Figure 3,
respectively. The differences may be explained by the fact that our asymptotic approximation is only
valid for long times; thus, there is a short initial transient, which can be better described by allowing
F # 1. Our approximations are shown as green and blue solid lines in Figures 2 and 3 where one can
see good agreement with the numerically obtained oscillation.

Comparing the panels in Figs. 2 and 3, we observe that exciting the two modes at the same time
increases the decay of the bound states. This is due to higher harmonic excitation and coupling of
the oscillation amplitudes b;(¢), that can be seen in the analytically obtained approximation. It is also
due to the coupling that the second mode in Fig. 3 decays at the same rate as the first mode, while in
the absence of the first mode, it will decay slower.
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FIG. 2. Oscillation amplitude of the breathing coupled modes. The case Ap > A > 1/3, with no driving (h =0). (a) A2(0) =
0.6, (b) A2(0)=0.3, while in all cases, A(0) =0.6. The black oscillation curves (lower oscillatory curve in the top panel and
upper oscillatory curve in lower panel) are from the oscillation amplitude A(¢), and red for Ax(#) (upper oscillatory curve
in top panel and lower oscillatory curve in bottom panel) is obtained from the original governing equation (1). These curves
clearly indicate the decay of the coupled mode oscillation. Analytical approximations (56) and (57) are shown as A;(z) for
blue curves (bottom smooth curve in top panel and upper smooth curve in lower panel) and A,(#) as green solid curves (upper
smooth curve in top panel and lower smooth curve in bottom panel).

B. The driven case

Next, we consider the case of driven Josephson junctions, i.e., Eq. (1) with /& # 0. In this case,
the initial condition to the governing equation (1) is the same as before. Throughout the subsection,
we take Q = A;.

Figure 4 repeats Figure 1 but with a nonzero drive amplitude. One clearly observes that while the
mode tunneling between the wells in the undriven case is preserved, in the current case, it is destroyed
by the drive. Therefore, it is interesting to study the mode destruction further.

In Figures 5 and 6, we present the dynamics of the mode amplitude A;(¢) of the driven system
with 4 = 0.006 and & = 0.008. The initial amplitudes are A;(0) = 0.3.

For all the cases, we obtain that the envelope of A;(¢) oscillates and tends slowly to a constant
amplitude while the envelope of A,(f) vanishes. Hence, it is important to note that the drive acts as
a damping to the antisymmetric mode. In other words, we have a synchronized oscillation between
localized modes in the two potential wells.

Considering the panels in Figures 5 and 6, we observe that the modes do not oscillate with an
unbounded or growing amplitude. After a while, there is a balance between the energy input into the
breathing mode due to the external drive and the radiative damping.

To assess the accuracy of the asymptotic analysis, we have solved the amplitude equations (85)
and (86) and (91) and (92) numerically. The analytical approximation is again given by 2F|b;(t)|,

A()

0.1 : ‘ ‘ : 0 : ; ; ‘
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
t t

FIG. 3. As in Fig. 2, but for the case of A, > 1/3 > A;. The analytical approximations (66) and (67) in the two panels are
shown as green and blue lines.
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FIG. 4. The same time-dynamics of the system’s bound states as in Fig. 1, but with nonvanishing drive amplitude, that is
slowly increasing in time to 7 =0.03.

where F in this case is taken as F' = 1.15 for Figure 5, while F = 1.05 and F = 1.035 for Figure 6.
In the panels of the figures, the approximations (85) and (86) and (91) and (92) are shown in green
and blue lines, respectively, using p = 0, where one can see that our approximations are in good
agreement.

V. CONCLUSIONS

We have considered a spatially inhomogeneous sine-Gordon equation with a double well poten-
tial and a time-periodic drive, modeling long Josephson junctions with phase-shifts. Using multiple
scale expansions, we have shown that due to the energy transfer from the discrete to continuous modes,
the system’s localized modes will decay in time. The complex decay mechanism leads to an algebraic
rate of decrease in the amplitude of the oscillations, with the exponent depending on whether only one
or both the modes are excited. In the presence of an ac-drive with small amplitude, there is an energy
balance for the symmetric bound state between the energy input given by the external drive and the
energy output due to radiative damping experienced by the coupled mode. As for the antisymmetric
state, the drive acts as a damping.

1
n
0.8
0.6
o
0.4
0.2} ] 0l
0 : : 0 : :
0 2000 4000 6000 8000 0 1000 2000 3000 4000 5000
t t

FIG. 5. The same as in Figure 2, but for nonzero driving amplitude. The initial condition is the same as in Fig. 2(a). The two
panels correspond to & =0.006 and & =0.008, respectively. Analytical approximations (85) and (86) are shown as green and
blue lines. In both panels, the lower smooth curve is the asymptotic approximation of A, the lower oscillatory curve is the
numerical simulation of A,, the smaller amplitude upper curve is the numerical simulation of A1, and the larger amplitude
upper curve is the asymptotic approximation of Aj.
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10000

FIG. 6. The same as in Figure 3(a), but for nonzero driving amplitude. The panels correspond to & =0.006 and h =0.008.
Analytical approximations (91) and (92) are shown as green and blue lines (in both panels, the larger amplitude oscillatory
curve corresponds to the asymptotic solution of A, the smaller amplitude curve to the numerical simulation of A, the lowest

curve shows the asymptotic solution of A,, whilst the upper decaying curve illustrates the numerical solution of A»).

APPENDIX A: FUNCTIONS IN SEC. I

. . . .
G] = 21}\.1D4B|(D] + B 217\1 (a’] |B]|21 + 0(le2|21) - §|B]|2(D% - |Bz|2q)22

Gy =

G;3 =

H =

+By (@ BIPi+ B 01+ 2 BIBIFOS + 3 BB B 00

+5 BB, 03 2 B BP0 Bl BB @1y — S BB D
—By| B || By ® Dy — %BI|B2|4®22¢19 - %31|Bz|4(1)22lﬂ22,

2iMDyB @ + By 2k (1| Bi*i + sl Bo)? i) + §|B,|2q>% + |Bz|2CD22) v
+By (@ BIPi+ B 10, — = BB ~ 3 BiIBIB 00

1 BIB.04 42 B BP0 @ + BIBIBLD 0 + 2 BB D
+B1| B || By ® Doy + %Bl|32|4®22¢20 + %Bl|32|4‘1)22¢23,

2ihD4B @y + By |2ih (1| Bi?i + aol Bol*i) - §|BI|2<I>% - |Bz|2‘1)22) 3
+By (a1 Bi*i + (I2|Bz|2i)2©1 + % Bi|Bi|'®) + % Bi|Bi|*|B,|* @} @3

+3 BUBI.04 — 2 B BP0 @t~ Bl BB 1o — 3 BB ‘D
—By|B || By ® 1Dy, — %Bl|32|4¢’221ﬁ21 - %Bl|32|4‘1)22¢24,

2iMDyBy®; + By | 2ihs (3| Bol*i + sl By P i) - %|le2<1>22 — |Bi[f®,?

+By (3| Bof? i + | By i) @ + %leBzﬁd)i + %leBl|2|Bz|2<D%<Dz3

+ 3 BB 00, ~ 2 BaB® @ ~ 3 BB~ 3 BalBil*D g

1
—532|Bz|4¢’221ﬁ16 — Bo| By *| Bo*® Dot 19 — B By 2| Bo* @ Do,

(AD)

(A2)

(A3)

(A4)
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3
H, = 217\.2D4Bz®2 + B, 217\.2 (a3|B2|2i + Q4|B1|2i) + §|B2|2(D22 + |B1|2q)12) Us
. 2 1 1
+B: (|Baf*rsi + |Bifasi) @2 = Bl Bof*®3 = 2 Bol Bi[’| B0y’
1 1 1
_ZBZ|Bll4(Dl4(D2 +2 Bo| B @1 Doy + 532|31|4(D12¢8 + 532|31|4(D12¢’11
1 4 2 22 2 p 2
+232|le Dy Y17 + By By || Bo| @ Dayfrag + Bo| By|7| Bo| @ Dotfras, (AS)
. . . N 3
H3 = 2iMD4By®; + By |2ihy (3| Bol*i + aa| By *i) - §|Bz|2<]>22 - |Bl|2‘1’12) Ve
. N2 1 1
+Bs (3|Bof i + sl BII* i) @2 + 5 Bl Bof*®3 + 5 Bol B | Bo* 0y
1 1 1
+ZBz|31|4(D14<D2 —2By| BP0 D3 — 532|31|4(D12W9 - EBZ|BII4(D12';012

1
_§B2|32l4q)22¢18 — Ba| B1*| Bo*® @21 — Ba| By |*| Bao* @1 Dot (A6)

M [(1 — C)sin(24/ 1 + M%) + 2(1 + CA 1+ 0%a — 4Cisin’(y/ 1 + Mza)]

P1
241+
A (2 + K? (sinh (2 Vi- ML) +241- xlzL))
+ , (A7)
24J1-2
2 2 2 / 2
3LK|4—6C1261—3(C14+1)[I 8C1(1+C1 2 Ci”cos ( 1+>\,1 a))
P2 = +
16 161 +12
8C1(C?—1)cos* (\/1 + klza) (5¢1*-6C*-3)sin (2 J1+ xﬂa)
+ +
16+/1 + 2,2 3241+,
2 (C* - 6C% + 1) cos? (,/1 + Mza) sin (\/1 + Mza) o
16 \/1+22 8/1 -2
K;*sinh (2 J1- MZL) (2 cosh? (w/l - xlzL) + 3)
+ , (A8)
3241 =42
- \/ =02 - \/ 1-22 ) (7 Al(Xo) dXoh2 = [ Ai(Xo) dXoh2)
b3 2 =D 12
K2 K3 ( [y Ax(Xo) dXohd — [ Ax(Xo) dXoh2)
+ P , (A9)
1™
Ao (2 (C2 4+ 1) /1 +32a — (C2 = 1) sin(24/ 1 + ho%a) — 4Cy sin’( 1+ xga))
P4 =

241+
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M (2 + K% sinh (2 J1- xzzL) —2KA1 - xzzL)
+ , (A10)

24/1-2,2
sin (2\/1 + kzza) (5C*—6C2=3)—6ar1+0,7 (G +2C2 +1)

ps =
3241 + M2
3 2 2 : 2
_Cz cos (\/1 + M a) (16+C2s1n(2\/1 + M a)) ) C2(C22+ 1)
164/1 + A2 241+ 22
cos3(y/1 + Ma)[(6C2 - 1)sin(y{1 +13a) + 4C5(C3 = 1) cos(y 1 + M%a)]
+
84/ 1 + 12
K>* sinh (2 J1- xzzL) (2 cosh? (Jl - fo) - 5)
+
32,/1-22
243K 1 =ML
N , (A11)
164/1 = 2
) VI=a2 =102 (4 A (X0 dXoh2 = [17 A1(Xo) dXoh2)
be= 2007 =) A=
K2K2 () Ax(Xo) dXoh2 — [ Ax(Xo) dXo)2)
N , (A12)
M=
231 2(X—L—a
Yy =z1e” Y 1-h%(Xo-L-a) _ |Byf?e™? VI ol
16 (1 - xlz)
)\1(&'1|31|2 + C¥2|Bz|2) (1 +2 \[ 1- }\22X0) eV l_hlz(XO_L_a)
+
2\/1—7\.12(\/1—7\.12+\/1—7\.22)
M(a1|Bil? + aa|Bo?) (\/ 1 -2 +2X (1 - 7\12)) e~ VI-h*(Xo-L-a)
+
2(1 —}\,12) (\/1 —}\,12+\/1 —7\,22)
i |BZ|267(J14§+2Jlfxg)(xofoa) )

afr-n (i i-n)

Y2 =chos( 1+x12(X0—L—a)) +Z3sin( l+k12(Xo—L—a))

1
+—
2\1+0

[ / Fi(Xo) dXosin(y/1 +22X,) + / Gl(xo)dxocos(,hmfxo)], (A14)
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Y3 = z4cosh (\/TMZXO) + % X
[ (8 sinh(2y/1 - 22o) + sinh(dy[1 ~ 12X0) + 121 - xfxo))
+4 cosh(2 \/1—7X12X0) + cosh(4\/1—77\12X0) cosh(\/TMQXo)]
_%le|2 . Kzz[cosh (2 \/1—7X12X0) cozh (mXo) ) Xo sinh (\/TWXO)
8(1 -1 4 m
cosh (\/Txlzxo) (\/1 M2+ \/1 - xf) cosh (2 (\/1 -2 \/1 - xzz) Xo)
16 \/TMZ (M -22)
cosh (\/1—7}qu0) (\/1 -2 \/1 - ?»22) cosh (2 (\/1 M+ \/1 - )»22) Xo)
16 ﬁ (M2 -127)
sinh (\/1 - xlzxo) (\/1 M2+ \/1 - xzz) sinh (2 (\/1 - M- \/1 - xzz) XO)
_ 16 \/TMZ (M -227)
sinh (\/1 - xfxo) (\/1 2o y1- xzz) sinh (2 (\/1 a2 1- xzz) Xo)
16 m (M -127)
(1 =23 sinh(2\[1 = 330 = 1= sinh2y/1 =23%0)) sinh (/123 |
+

8/1-12(1-22)

A1 cosh (2\/ 1- )\12X0) cosh (\/ 1- )\IZXO)

+

+

+(ai1|Bi)* + a2l Bo?) [

2(1 -7
M (sinh (z J1- xlzxo) 12401 xlzxo) sinh (\/1 - xlzxo)
+ ] (A15)
2(1-23)

|B1|26_(2 VI 1—k§)(Xo—L—a) |B2|2e_3 1-32(X-L-a)
- 16(1 — 2
4 1—x$(\/1—x22+\/1—x12) 6(1 =25

102X —I—a
7‘2(“3|BZ|2+04|31|2)(1 +2 1—X§X0)e -0 (Xo-L~a)
20-1)

1-03(Xo-L-a) _

W=z

+ , (A16)
¢5=chos( 1+7»§(X0—L—a)) +Z3sin( 1+)»%(X0—L—a))

—;[ / Fo(Xo)dXosin(y/ 1 +22Xo) — / Go(Xo)dXocos(y[1+12Xp)|,  (A17)
)\2
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W6 = z45inh (\/TM‘XO) - %K% K>|Bi|* x
[cosh (V1=23%0) (1 =3 + 1 = 23) sinh (21 = 23 = 1= 32)%,)
cosh (\/Txfxo) (\/ 1-n2- \/ 1- xzz) sinh (2(\/ 1-n2+ \/ 1- xzz)xo)
112 (17~ 1)
)

+

sinh (MXO) (\/ 1=+ \/ 1- xf) cosh (2(\/ -7 - \/ 1- xf)xo)
8 \/TM (M=

sinh (\/TMXO) (\/ T=a2= - xf) cosh (2(\/ RN xzz)xo)

(ﬂ sinh(2y/1 - 13) — [1 = 12 sinh(21 - x%xo)) cosh ( - xgxo)

163/1-22(1-22)

cosh (2 A/ 1- )\,QZXO) sinh (\’ 1- }\,22X0) cosh (\’ 1- }\,22X0) XO
]

+ +

2
4(1-220) 8117

[(4 cosh(24/1 — A3Xo) — cosh(44/1 — X%Xo)) sinh (2 1- 7\§Xo)

+

|B2l* K3
64(1-12)

- (sinh (4 J1- xzzxo) —8+/1—22sinh (2 V1- xzzxo) +124/1 - xzzxo)
X cosh (\/ 1- AZZXO)]

2 2
_Ka(as|Bal” + au|Bi[) [xz cosh (2 V1= xzzxo) sinh (\/1 - xzzxo)

2(1-12)

+cosh (2 V1= xzzxo) A2 (2 \ 1 = 22X, — sinh (24 1- xfxo))] , (A18)

U =21 e*\/ 1-20+h)X(Xo-L-a)

_ , A19
8 (M + M) (A1)

s = z2c0s(y/ 1 + 2h + M)A(Xo — L — a)) + z3sin(y/ 1 + A1 + )2 (Xo — L — a))
[ cos ( 1+@2M+ xz)zxo) G»(Xo) dXo sin (wh + (20 + xz)zxo)
+

241+ @20+ h)
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[ sin ( 1+@2M+ x2)2x0) G(Xo) dXocos (\/1 + (20 + xz)zxo)

241+ Q20 +0)?

/ 2 K12K2
1,09 = Z4COSh 1- (2 )\1 + }\,2) XO -
2

(2h +200)* = 1

X[ / F4(X0) dXysin (V (2 M+ }\.2)2 - IX()) - / G4(X0) dXycos (\’ (2 M+ )\.2)2 - IX()) ],

(A21)

) (A20)

W0 = Zle—\h—(z M=) Xo—-L~-a)

(7»17»2 + /1 _ }\% /1 _ }\22 _ 1) e—(z \/l—)\12+\/l—x22)(X0—L—a)

s A22
" 8t — 1) (A2

Y11= z2c0s(y/ 1+ 20 =) (Xo— L — a)) + z3sin(y/ 1 + @A = W)* (Xo - L — a))

[ cos (mxo) Ga(Xo) dXosin (m Xo)
[ sin (mxo) G(Xo) dXcos (\/1 + (20— xz)zxo)

2 K12K2
W12 = z4cosh [\ 1 = (2A; — h) " Xo| — X
441=020 - k)

[ / Fs(Xo) dXpe V=22 Xo _ / Gs(Xo)dXge VI-Ghtar Xo], (A24)

(A23)

_ [12932(x0—L— 1 _ (XL —
Uiz = z1e 19x1(X0La)__e3 lkl(XOLa)’ (A25)

¢,14zzzsin( 1+97\%(X0—L—a)) +Z3COS( 1+97»12(X0—L—a))

3(C2+ 1)(C1sin (,/1 +xf(X0—L—a)) —cos(,/l +k%(Xo—L—a)))

+
19222

3C2 = 1)cos(3y/1 + X2 (Xo— L —a)) C1(C?=3)sin(34/1+12(Xo - L — a))
1 1 + 1 1

* 192 192

(A26)

K3 cosh (, [1-9 )\2X0)
1 1
Y15 = zacosh (\/1 - 9k12X0) - X
38422, /1 - 92

3 (\/1 —on 41 —xlz)cosh((\/l —9n2 -1 —xlz)xo)
+x12(\/1 —9x12+3\/1 —xlz)cosh((\h —9x12—3\/1 —xlz)xo)
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+x12(\/1 —9x12—3\/1 —xlz)cosh((\h —9x12+3\/1 —xlz)xo)
+3 (\/1 —97\12—\/l—klz)cosh((\/l—9x12+\/I—XIZ)XO)]

Ksinh (|[1-923%)
T asedioon
[3 (\/1 —9xl2+\/1 —xﬁ) sinh((\/l —9x12—\/1 —xlz) Xo)

—AF(\/1 —9x12—3\/1 —xlz) sinh((\/l —9x12+3\/1 —xlz)xo)
-3 (\/1 —9x12—\/1 —xlz) sinh((\/l —9x12+\/1 —xﬂ)xo)

3 (V1= 98+ 3313 sinh (1= 93 = 31 - 2Dx0) . (A27)
_ 1-922(X0-L—-a 1 -3 [1932(X0-L-a
e = zie J1-922(Xg-L-a) _ 5 311000 L-a) (A28)

w17=z2cos( 1+9x22(xo—L—a)) +z3sin( 1+9X22(X0—L—a))

+3(c22+ 1) (Czsin( 1+x§(X0—L—a)) —cos( 1+x§(X0—L—a)))

19272
(3C2 - 1)cos (3,/1 +k§(X0—L—a)) C(C2 - 3)sin (3,/1 +x§(X0—L—a))
+ + s
192 192

(A29)

R e S
—xzz(\/1—9x22+3\/1—x22)cosh((\/1—9x22—3\/1—xzz)xo)
+)»22(\/1—9k22—3\/1—kzz)cosh((\/l—97»22+3\/l—kzz)Xo)

3 o [ ) )

K cosh (2 \/TWXO)

- i «
o (5 5

+x22(\/1 —9x22—3\/1 —xf) sinh((\/l —9x22+3\/1 —kzz)XO)
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-3 (\/1 —9x22—\/1 —xzz) sinh((\/l —9x22+\/1 —xf)xo)
=3 (V1= 98+ 33123 sinh (1= 93 - 31 - 29x) ],

Yo =21 o~ V1-(ti+212)*(Xo-L-a)

(1 + Mg = /(1 =23)(1 - x%)) RS Er

8 (A + M)’

0= 2605 (V1 -+ + 207 o~ L= 0|
sy (V141207 (- - )
Feos (1 210730 g s 1 + 1+ 275

f sin (\/ 1+ (7&1 + 2)\2)2)(()) deXo Ccos (V 1+ (}\.1 + 2}\.2)2X0)
241+ ( + 20)?
2 K1K22
Y1 = zgcosh (/1 — (A + 2h2)"Xo | —

— X
4 (}\,1 + 2}\,2)
| / Fy(Xo) dXoe V'-01#21°%0 _ / G5(Xo) dxoe—‘/'—()\ﬁnz)zxo]’

s o~ V1-04-200)(Xp-L-a)

8 (M — M)’

bl

k]

Y2 = zzcos( 1+ 0 —zxzf(xo—L_a))

+23 sin( 1+ —20)*(Xo— L - a))

f CcOoS (ﬂ 1+ (}\.1 — 2)\,2)2X0) Fz(X()) dXQ sin (\’ 1+ ()\1 - 2)\2)2X0)

+ —

21+ - 2100
J sin (VT + (it = 20)Xo0) Fa(Xo)dXocos (y/T+ (hr — 202)2Xo)

241+ (0 = 20)?
- KiK?
Yoa = zgcosh (1 = (M = 2h2)"Xo | —

— 2
4 (M —2hy)
[/F41(X0) dXgeV 1= =209 X0 _ / Gai(Xo) dXo e—mxo]’

FQ(X()) = 2|B]|2 (COS( 1+ }\.22 (X() -L- a)) +C sin( 1+ )\22 (XQ -L- a)))

(A30)

(A31)

(A32)

(A33)

(A34)

(A35)

(A36)
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Go(Xo) =

A(Xp) =

Asx(Xp) =

Fi(Xo) =

x[(€F = 1) cos’ ({1 + 12 (Xo = L = @)) - Cy sin(24/1 + 42 (Xo - L — a)) - Cf

X €OS (\/TMZXO) +[B,l*((3C5 - 1)cos’ ( 1+22(Xo- L - a))
+C2(C22—3)sin( | +x§(X0—L—a)) cosz( I +x22(X0—L—a))

—3C§cos( 1+k§(X0—L—a)) — C3sin (m+(X0—L—a)))

% cos ( 1+ xgxo) + 4o (3lBoP + sl BY) ((cos(y[1 +12 (Xo = L - @)

+Cysin(y/ 1+ 12 (Xo - L — a))) cos (\/TMXO) , (A37)
2|Bi)? (cos( 1+ M2 (Xg— L —a)) + Cosin(y/1 + M2 (Xo— L — a)))

x[(CF = Deos™ ({1 + 12 (Xo— L - @) = Cisin(2/1 + 12 (Xo - L - a)) - C}

X sin (\/Txfxo) +1Bo2((3C3 - 1) cos’ ( 1+)2(Xo— L - a))
+C2(C22—3)sin( 1+x§(X0—L—a)) 0052( 1 +x22(X0—L—a))

~3Goos (Y1423 (X0 - L= @) - Csin ({14234 (X0~ L - a)))

X sin ( 1+ K%XO) + 4)\2 ((1’3|Bz|2 + (Y4|B]|2) (COS ( 1+ )\% (X() - L- a))

+C5 sin ( 1+ 7\3 Xo—-L - a)) ) sin (\/ 1+ )\22X0) ,

[cos(y/ 1 +42(Xo— L - a)) + Cysin(y 1+ 1% (Xo — L - )]

x[ cos(y 1 +12% (Xo — L - a)) + G, sin(m(Xo ~L-a)]’,

coshz( |- xﬁxo) sinhz( |- xgxo), (A38)
|B)|* cos ( 1+ }\%Xo) [(3C12 - 1) cos’ ( 1+M>(Xo— L - a))

+C(C} - 3) sin ( 1+0M*(Xo- L - a)) cos? ( 1+M%(Xo— L - a))

—3C,2cos( 1 +x12(X0—L—a)) —Cfsin( 1+x12(X0—L—a))]

—2|B,)? cos ( 1+ X%Xo) [cos ( 1+ M2 (Xo— L — a))

+Cy sin (’/1 +23(Xo— L - a)) ] [(€2 = Deos? (, [1+22(X0—L- a))

~Cysin(2y/1 + 12> (Xo - L - a)) - C3
_4}\1 ((Yl|31|2 + a232|2) CoS (\’ 1+ )\12X0) [COS ( 1+ )\12(X() - L- a))

+C sin ( 1+M2(Xo- L — a)) ] (A39)
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G](X()) = —|Bl|2 sin (\’ 1+ 7\,12X0) [(3C|2 - I)COS3 (V 1+ }\.12(X0 -L- Cl))

+C1(C2=3)sin |1+ MA(Xo- L - a)) cos? ( 1+ MA(Xo-L - a))

—(3C12—4>\.10’1 COS( 1+)»12(X0—L—a)) -C (C12—4Ma1)

X sin ( 1+M2(Xo-L - a)) ] — 2|By[*sin (\/1 + xfxo)

(cos( 1+M*(Xo-L—a))+Crsin(y/1 +02(Xo— L — a)))

x[(c22 - 1)cos2( 1+23(Xo— L— a)) — 2Cysin ( 1+23(Xo— L— a))

XCOS( 1+)»22(X0—L—a)) —C22+2)»1(12],

Fy(Xo) = :cos( 1+x§(x0—L—a))+clsin( 1+x$(x0—L—a))

Ga(Xo) = [cos (1433 (Xo = L= @) + Cysin ({1 + K (Xo - L - a)

x [cos (w/l +k§(X0—L—a)) +Czsin(w/1 +x§(x0—L—a))

Fi(Xo) = e V0290 cogh(\[1 - 22 Xo) sinh’(y/1 - 22 o),
G3(Xo) =eV 1-0-+212)°Xo cosh(ﬂ Xo) sinh*(y/ 1 — A2 Xo),
Fi(Xo) =& V020 cogn(\[1 - 22 Xo) sinh’(y/ 1 - 22 Xo),
Gi(Xo) = V=020 cosh(y[1 - 12 Xo) sin’(y1 - 12 X)

Fu(Xo) = cos (\/(2 M+ M) -1 Xo) cosh?(y/1 — A2 Xg) sinh(y/ 1 — A2 Xo),
G41(Xo) = sin (\/(2 M+ M) =1 xo) cosh?(y/1 = A2 Xo) sinh(y/ 1 — 22 Xo),

Fs(Xo) = e V1@ Xocosh®(\[ 1 = 32 X) sinh(y[ 1 — A2 Xp),

Gs(Xo) = eVImCH=22" Xocosh?(\[1 - 32 Xo) sinh(y/ 1 = A2 Xo).

APPENDIX B: FUNCTIONS IN SEC. IlI

hay (—2 Xoht +4/1 =02 +2 Xo) e VI-hA(L+a-X()

¥, = B[
1 1[ 2\/1-x12\/1—x22(\/1—x12+\/1—x22)

X [cos( 1+0(Xo—L— a)) + Cysin (\/T)\;(XO— L- a))]z,

i
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(A40)

(A41)

(A42)
(A43)
(A44)
(A45)
(A46)

(A47)

(A48)

(A49)

(A50)
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3 VI-h (L+a-Xo) Ma (2 Xoh>=2Xo— /1 - }\22) e VI-MA(L+a-Xo)
_ ~ 3
16(1—)\-]) 2(1_7“2)(\/1_}\‘12_'_\/1_7\‘22)
has (—2 Xoh? + /1 =A% +2 Xo) eVi-A(L+a-Xo)
+|Bz|2[
2\/1 _)‘12\/1 _7\22(\/1 —7\12+\/1 _)\22)

7\1&’2 (2 Xo)\lz -2 X() — 1- }\22) eV 1—k|2(L+a—XO) e(\/ 1—k12+2 v l—kzz)(L—X0+a)

AN

]

(B1)
M ((XMZ - x) V1-h?- 1+ %7\22) e VIt (-xra+l)
Y, =
(1-27) (—\/1 B VSN S I Y xf)
ik (x}nzz —1/2+/1 =202 - x) e VI-M(-x+a+L) |
+ - TERVY (B2)
\/]—)\,12(—\/1—7\,22\/1—)\,12—]+)\,22) ( - 1)
f F6(X0) cos ( 1+ X%X@) dXosin ( 1+ )\%X())
3 =
JI+M
J Fe(Xo) sin ( 1+ )\%XO) dX,cos ( 1+ X%Xo)
- , (B3)
1+M
J GelXo)cos ({[1+73Xo) dXosin (1 -+23%)
Y, =
JI+A2
f G6(X0) sin ( 1+ X%Xo) dXcos ( 1+ K%X())
- , (B4)

JI1+4
2 52 32 _ [132
e VTR (Xg)d XoeV ! YO — [ eV TR (Xo)dXoe VYO

s , (BS)
a 1=

_ 1= _ 1 _ 192
fe ! }%XOG7(X0)dX()C ! }\%XO— fe ! )\%XOG7(X())dX06 ! AIXO
W6 = , (B6)

41-12

Fs(Xo) = 8B1* (1 - 3C}) cos® ( 1+M*(Xo—- L - a))
1
—§|B1|2C1(C12—3)sin( 1+x§(X0—L—a))cos2( 1+x§(X0—L—a))
I
+§|31|2Cf(3cos( 1+x§(xo—L—a))+clsin( 1+x§(XO—L—a)))
1B, (2 - l)cos2< 1+22(Xo— L - a))

—GyIBs*sin (2 1+22(Xo— L - a)) ~ B+ 2 (| Bi + ol Bal?) |

X [cos (w“ +k%(X0—L—a)) +Clsin(,/1 +k%(X0—L—a))],
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Ge(Xo) =

F7(Xo)

G1(Xo) =
L=
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1 .
5 =Mt [2005( 1+x§(X0—L—a)) +C sm( 1+x§(xo—L—a))], (B7)

= 2K1 (|B2|2K22 - 2)\.1 ((11|Bll2 + a2|B2|2)) cosh (V 1- >\.12X0)

—2|B,)*K, cosh (\/ 1- 7\12X0) K; cosh? ( 1- k%Xo) - |Bi]*K; cosh® ( 1- }\%XO) ,

(B8)

1-4 )\,1/,13[(1 cosh (ﬂ 1- 7\,12XQ) . (B9)

2iMD4B 1Dy — (a1|Bi]* + @2l Bo*) (1B Bi|* + 2By | Bof +1,L11H) D,
“2hi (1 BB + 2Bl Bof + p H) W1 + o5 BilBi|*®7 + 2 Bi| Bi[*| By 03

1 3
+7 BB ‘@103 — SBI| BP0 — B BIOYY — |BiIPHOTY, - | B HOYY,
2 2 2 1 44 2 1 412
—531 HO "W — 2 B|Bo| " 1Dy — 531|Bl| O Y3 — 531|Bz| D

1
—§B1|Bz|4‘1’2zl//19 — B|By|?| Bo|*® Doty — By| By *| Bo| @1 D10, (B10)

Ly =2iMD4B1®; — (1| Bi]* + 2| Baf?) (011131|B1¥2 + a2B1|Bo|* + i H) @y

—2h (1 B1|Bi | + 2By | B + i H) W5 — — Bl|l’31|4(1)5 -= 131|31|2|Bz|2‘1)3‘1)2
1 3

—— By|By|*®, @5 + 131|131|2<1>2‘P3 + |B2|231®2‘P3 +|Bi |2H<I)2‘I’4 +|Bo P HD3 Y,
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