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Abstract
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1 Introduction

1.1 Motivation and Summary

The ability of the labor market to allocate resources hinges upon the type and severity of the
frictions that prevent workers and firms in forming the most efficient matches. On the one hand,
theories of search frictions emphasize the costs associated with finding the right worker or the
right job. Theories of adverse selection, on the other hand, stress the importance of asymmetric

! Taken together these

information at the hiring stage as an impediment for labor turnover.
frictions can present formidable barriers for worker turnover and efficient resource allocation.
Lockwood (1991), for example, suggests that adverse selection exacerbates the negative effects
of search frictions by reducing the re-employment chances of unemployed workers. With almost
no exceptions, however, current contributions on labor search with adverse selection abstract
from job-to-job flows,? although these transitions account for a sizeable part of worker flows.
Furthermore, the rate at which workers change jobs is an important determinant of wage dy-
namics (see, e.g., Topel and Ward (1992)). Thus one would expect that asymmetric information
not only has non-trivial implications for workers’ job turnover, but also for how their wages

evolve over time.

In this paper we present a theoretical analysis of the interaction between search frictions,
on-the-job search and asymmetric information. Our objective is to study how asymmetric in-
formation about workers’ abilities affects the mobility of workers within and across firms in a
frictional labor market. A key implication of our model is that high-wage firms offer more at-
tractive employment conditions to high-ability workers than to low-ability workers. This implies
that low-ability workers have higher turnover rates even though all workers face the same degree
of search frictions.®> We show that our model is quantitatively consistent with the observed neg-
ative relationship between wages and the number of job-to-job transitions we uncover using the
National Longitudinal Survey of Youth (NLSY). In particular, workers that undertake substan-
tial job changes have on average lower earnings than workers who change relatively fewer times.
This is in contrast with standard theories of on-the-job search such as Burdett and Mortensen
(1998), which we show predict a positive relationship between wages and the number of job-to-
job transitions. We further show that the negative relationship between those variables observed
in the data is generated by worker unobserved heterogeneity, as implied by our model.

We consider a frictional labor market similar to Burdett and Mortensen (1998), where work-
ers search randomly for job opportunities and firms commit to long-term wage contracts. In
deviation from this benchmark, information is asymmetrically distributed in our model: while
workers are perfectly informed about their ability, firms learn workers’ ability slowly over time.

!Search models of the labor market are surveyed in Rogerson et al. (2005). For labor market implications of
adverse selection, see e.g. Salop and Salop (1976), Greenwald (1986), Gibbons and Katz (1991).

2We review some of this literature in Section 1.2 below.

3The empirical findings of Kahn (2013) indeed suggest that workers with higher job mobility patterns are on
average of lower ability than those who move relatively less.



Further, firms post a menu of promotion contracts, one for each worker type, to which they are
committed. Any contract offers an initial wage based on the worker’s reported ability. Upon
learning the worker’s type, the firm promotes the worker if the worker reported his type truth-
fully; otherwise the worker is demoted.

When a meeting takes place, the worker chooses whether to accept the job and the terms
of employment based on the reported ability. By misreporting his type, a low-ability worker
earns a higher initial wage but faces the possibility of demotion accompanied by a wage cut.
By reporting truthfully, the worker earns a lower starting wage but faces the prospects of a
promotion with a wage rise. This trade-off determines the incentive-compatibility constraint
that firms must satisfy if they want to separate workers at the hiring stage. A key result is that
the firms’ willingness to separate their applicants depends on the degree of information frictions
relative to search frictions. Indeed, adverse selection adds a novel trade-off in the firm’s problem.
By offering high initial wages to attract and retain more high-ability workers, it becomes more
costly to satisfy incentive compatibility so as to separate workers. As information frictions
increase relative to search frictions, these separation costs become larger. Stronger information
frictions (or lower search frictions) imply that workers have a higher chance of moving to another
job before the firm learns their type, making it even more attractive for workers to misreport
and more difficult for firms to separate at the hiring stage.

In equilibrium, firms follow one of two strategies. Either they decide to offer separating
contracts or they offer pooling contracts. Firms offering pooling contracts hire all workers at the
same initial wage, promoting high-ability workers and demoting low-ability workers after their
types are revealed. Firms offering separating contracts hire workers at different initial wages
and promote all workers who self-select into the right contracts. The offer distribution of initial
wages for each ability type is always dispersed for similar reasons as in Burdett and Mortensen
(1998). We find a cutoff value of the firms’ learning rate such that when firms learn sufficiently
fast, a separating equilibrium emerges where all firms offer separating contracts. Otherwise,
there exists a segmented equilibrium in which low-wage firms offer separating contracts while
high-wage firms offer pooling contracts. The segmented equilibrium has particularly interesting
qualitative properties: because high-wage firms demote workers of low-ability, these workers have
higher turnover rates than high-ability workers. Hence, they are more frequently employed in
low-wage firms who then end up with a less productive workforce.* The segmented equilibrium
also features rich individual wage dynamics, including wage cuts and wage gains, both within
and between firms.

To analyze the quantitative implications, we calibrate our model to match the monthly rates
and the wage gains/losses associated with job-to-job transitions, job-to-nonemployment transi-

4Idson and Oi (1999) suggest that smaller firms are less productive because they attract and retain less
productive workers than larger firms. They argue that this is due to complementarities between capital and
labor, while they are silent on the way recruitment and retention policies firms use to achieve a more productive
workforce. Our theory provides a possible explanation. See Lentz (2010) for a model in which high-ability workers
search harder and hence have a higher chance of being employed in high-wage firms.



tions and within-firm promotions, as observed in the U.S. for workers with ten years of potential
work experience. Our estimate for the firm’s learning rate follows Lange (2007). The segmented
equilibrium that arises in the calibration has novel features relative to standard labor search
models without information frictions, such as Burdett and Mortensen (1998). In the calibrated
model, for example, larger firms have higher internal mobility, pay higher wages, employ a more
productive workforce and exhibit less separations (see Idson (1989) and Papageorgiou (2014),
among others).

The main implication of our calibrated model pertains to the relationship between the cu-
mulative count of workers’ job-to-job transitions and (log) wages. We show using NSLY data
that an OLS regression generates a negative relationship between these two variables, after
controlling for a large set of observable characteristics including the cumulative count of non-
employment spells.® Our calibrated model generates this negative relationship, while a Burdett
and Mortensen (1998) model predicts a positive relationship.

We further analyze whether worker unobserved heterogeneity might be driving the negative
relationship between the number of job-to-job transitions and wages observed in the data. This
exercise is important as our model predicts that this should be the case. To test this prediction
we control for possible correlations between a time-invariant worker effect in the error term and
the cumulative count of job-to-job transitions. Once we control for such a correlation, we find a
positive relationship between the cumulative count of job-to-job transitions and wages. Hence,
standard job ladder models seem to be fully consistent with the data once we account for worker
unobserved heterogeneity. However, those models miss the fact that some workers churn a lot
in the labor market and yet remain largely unsuccessful.

The rest of the paper is organized as follows. After a brief review of the related literature, we
set out the basic framework in Section 2. In Section 3 we characterize separating and segmented
equilibria. Particularly, we show that all firms separate their applicants when the firms’ learning
rate is high enough; but when information frictions are sufficiently severe, a fraction of high-wage
firms offer pooling contracts and end up retaining more high-ability workers. In Section 4 we
calibrate our model and explore its implications for worker turnover and wage dynamics. Section
5 discusses alternative learning processes and analyzes an extension where firms can condition
their contracts on workers’ employment status. In the latter case, we show that employment
status gives firms further monopsony power, which in turn makes it easier to separate workers
at the hiring stage. Section 6 concludes. All proofs, tedious derivations and data analysis are
relegated to the Appendix.

1.2 Related Literature

In their recent survey paper about hiring and incentives, Oyer and Schaefer (2011) call for
further theoretical exploration about the effects of asymmetric information at the hiring stage

5This is inline with previous empirical studies that find that more job turnover is associated with lower average
wages (see, e.g., Mincer and Jovanovic (1981) and Light and McGarry (1998)).
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in a frictional labor market. We contribute to this literature by developing an equilibrium
model of random search in which firms commit to self-selecting contracts to study the effects
on worker turnover and wage dynamics. We allow firms to face the risk of losing workers to
other firms through competition brought about by workers’ on-the-job search. In general, firms
may also use other screening devices like aptitude tests, but those can be costly to implement
or might not reveal the desired information. Salop and Salop (1976), for example, show how
firms can use deferred compensation contracts to separate workers with high and low quit rates.
Lazear (2000) and Oyer and Schaefer (2005) emphasize the importance of self-selection contracts
in explaining the use of performance-based pay in organizations. Here we explore the role of
promotion/demotion contracts as a self-selection device that helps firms to separate applicants
at the hiring stage.

Besides a few earlier contributions (e.g. Lockwood (1991), Albrecht and Vroman (1992),
Montgomery (1999)), a number of more recent papers study the interrelation between search
frictions and adverse selection. Guerrieri et al. (2010) analyze existence and efficiency properties
of competitive search models with adverse selection, characterizing separating equilibria where
different worker types are employed in different contracts. As they consider a static environment,
they cannot discuss worker turnover or wage dynamics. Inderst (2005) analyzes existence of
separating equilibria in a model of random search with adverse selection. In his model, the
composition of the pool of searching individuals evolves over time. However, once a productive
match is formed and a contract agreed, the pair leaves the market. To the best of our knowledge,
there are only two papers with on-the-job search under adverse selection. Kugler and Saint-Paul
(2004) analyze the effects of firing cost on different types of workers in a model with search
on-the-job, assuming however an ad-hoc wage schedule. This is very different from this paper
which is interested in optimal wage policies under adverse selection. Visschers (2007) considers
a model with random search based on Stevens (2004) and assumes that both the worker and
the employer do not observe the worker’s (match-specific) ability at the start of the relation.
Although the employer learns faster than the worker, it offers the same wage contract to all its
new hires.

A few papers consider the interaction of search frictions and adverse selection to study firms’
decisions to offer a take-it-or-leave-it wage offer or to engage in bilateral bargaining with their
job applicants. Camera and Delacroix (2004), for example, consider a random search model,
while Michelacci and Suarez (2006) consider a directed search model to address this issue. As
in our paper, firms choose between different contracts which impacts the type of workers they
employ. Michelacci and Suarez (2006) show that the labor market segments and firms posting
wages attract workers with low productivity, while firms that bargain attract high productivity
workers. In our paper we restrict attention to wage posting and we let firms choose between
offering separating contracts to hire both types of workers at different wages or posting a pooling
contract that provides a higher retention rate for high-ability workers.

This paper also relate to the literature that studies employer learning to analyze worker
reallocation. Jovanovic (1979), Moscarini (2005) and Papageorgiou (2014) provide insightful



examples. This literature typically focuses on bilateral asymmetric information where the firm
and the worker jointly observe signals about the match quality over time. An important empirical
literature has developed from such insights, aiming to test the degree of asymmetric information
and the speed of employer learning (e.g. Altonji and Pierret (1996), Lange (2007) and Kahn
(2013)). These papers imply that low-ability or poorly matched workers are negatively selected,
facing a higher turnover rate. Our paper constructs a tractable equilibrium wage-posting model
with adverse selection, on-the-job search and firm learning. In this setting we analyze how
the degree of frictions in the labor market and firms’ speed of learning affect their hiring and
retention strategies. We show that the resulting workers’ job mobility and wage patterns are
quantitatively consistent with evidence for the U.S. labor market.

2 Basic Framework

2.1 Workers and Firms

Consider the steady state of a continuous time economy which comprises a continuum of workers
and a continuum of firms. The life of any worker has uncertain duration and follows an expo-
nential distribution with parameter ¢ > 0. To keep the population of workers constant, ¢ also
describes the rate at which new workers enter the labor market. Firms are infinitely lived. All
agents have a zero rate of time preference and are risk neutral. The objective of any worker is
to maximize total expected lifetime income, and the objective of any firm is to maximize the
expected steady-state profit flow.

There are two types of workers who differ in their innate ability. A mass ay = 1 of workers has
high ability py and a mass o, = a has low ability py. All firms operate the same constant returns
to scale technology, producing flow output p; with every employed worker of type i = H, L. While
workers are perfectly informed about their type upon entering the labor market, the firm does
not know a worker’s ability at the hiring stage. We assume that firms monitor the output of a
particular worker at exogenous rate p, which describes the firm’s learning rate.® Once the firm
has learned the worker’s ability, the latter can be verified in a court of law.

In other respects the information structure mirrors that of the Burdett and Mortensen (1998)
model. In particular, firms cannot make offers contingent on the applicants’” employment histo-
ries. As it will become clear later, this assumption is important since a firm could use information
on its applicants’ current wages or their wage histories to update its beliefs.” However, allowing
offers to be contingent on these characteristics also involves dealing with the worker’s decision

6The implicit assumption here is that the firm observes total output, but since it employs a mass of workers
it is too costly to observe the output of each individual worker immediately. In Section 5.2 we further discuss
the firms’ learning process.

"In Section 5.1 we discuss a variation of the model in which firms condition their contracts on workers’
employment status and analyze whether this information makes it easier for firms to separate workers.



of whether to reveal this information truthfully to the firm. In principle workers would be un-
willing to do so since the firm would then be able to condition its contract on workers’ current
reservation wages, individualizing their offers, and extracting further rents. We do not pursue
this possibility here as it would complicate our analysis even further, raising difficult signalling
issues at the recruitment stage. Instead we assume that firms must treat equally all applicants
that report a given type.

Unemployed and employed workers meet firms according to a Poisson process with parameter
A > 0. There are also job destruction shocks in that each employed worker is displaced into
unemployment according to a Poisson process with parameter 6 > 0. Once unemployed, any
worker receives a payoff of b < py, per unit of time. For simplicity we do not allow that workers of
different abilities obtain different payoffs when unemployed. The flow payoff b can be interpreted
as flow income from unemployment benefits (imposing equal treatment across workers) or as flow
utility from leisure (imposing identical leisure preferences).

2.2 Contracts

We consider flat—wage contracts that allow for promotions or demotions when the firm verifies the
worker’s type. All other transfers between workers and firms (at the hiring stage or thereafter)
are ruled out. That is, a contract contains a commitment to three wages: the initial wage (paid
prior to learning), a promotion wage and a demotion wage. When a firm meets a worker, the
firm offers a menu of two contracts, indexed by the worker’s reported ability ¢« = H, L. We
denote these contracts as w; = (w;, w;",w; ) where w; denotes the initial wage that is paid in

the probation period, i.e. before learning the worker’s type. When worker i reports his ability
+
i

the firm. If worker j # ¢ misreported his type in contract w;, the worker is demoted in which

truthfully, he is promoted to receive the promotion wage w;" as long as he stays employed in
case the worker is paid the demotion wage w, for as long as he stays employed in the firm. The
firm commits to pay the initial wage w; until the worker’s type is revealed and to follow the
promotion/demotion commitment thereafter.® While firms commit to wage profiles, they cannot
commit to retain workers that yield negative expected profit value.’

Upon meeting the firm, the worker observes the posted contracts and can choose one of them,
but nothing restricts the worker from choosing the contract the firm designs for workers of a
different ability level. If both contracts are rejected, however, the worker remains in his current
state with no option to recall previously met firms. We make the following tie-breaking assump-
tions: an unemployed worker accepts a wage offer if indifferent to accepting it or remaining
unemployed, while an employed worker quits only if the offer is strictly preferred.

8In a previous working paper version (Carrillo-Tudela and Kaas (2011)), we consider a contractual environment
in which firms are restricted to offer flat wage contracts without promotions, but can threaten to fire workers
who misreport their type upon learning. We also consider contracts allowing wage cuts for misreporting workers.

9The underlying assumption here is that both the worker and the firm are free to initiate a separation at any
time. But even if firms were able to commit to employ unprofitable workers, our main segmentation results would
survive; see also footnote 18 below.



To summarize, the main restrictions we impose on the contract space are: (i) equal treat-
ment at the hiring stage to all workers that report a given type; (ii) flat-wage contracts where
promotions and demotions occur together with learning events; and (iii) no side payments.

2.3 Equilibrium

When a worker of type i = H, L encounters a new employer offering contract menu [wy,wr] =
[(wg, wi, wy), (wp,wl,wy )], the worker may report his type truthfully, which leads to contin-
uation utility Vj;(w;), or the worker may misreport his type with continuation utility V;;(w;) for
i # j. The flow gain from misreporting the type is the difference in initial wages, w; —w;. After
the firm learns the worker’s type, the worker either receives continuation utility V;(w;"), if he
reported his true type, or V;(wj_), if the worker misreported his type. Since learning occurs at
Poisson rate p, worker i’s incentive constraint V;;(w;) > V;;(w,) is equivalent to

wy = wi < plVi(w?) — Vi(wy )] (1)
This incentive constraint describes the main trade-off faced by a worker when meeting a firm.
By misreporting his type, worker ¢ earns potentially the higher initial wage w; but faces the
possibility of demotion with continuation utility Vi(w; ). By reporting truthfully, the worker
possibly earns a lower starting wage but faces the prospects of a promotion, yielding continuation
utility V;(w;"). The worker will report his type truthfully and self-select into the right contract
when the flow gain from misreporting does not exceed the expected gain from a promotion
relative to a demotion.'® In Appendix A we present the recursive equations for Vj;, Vi; and V;
and derive this incentive constraint formally. We write U; for the utility value of unemployment
for a type-t worker.

Firms choose contract pairs (wy,wy) to maximize the steady-state profit value Qg (wy) +
Qp(wr), where €;(.) denotes the firm’s profit from hires in contract w;. Firms take into account
that workers may misreport their type whenever the incentive constraint (1) fails in which case
the firm pools all workers in the same contract. In such cases, the profit value €;(w;) also includes
the gains (or losses) from workers of type j who are later demoted to wage w; .

A market equilibrium is a joint distribution W of contract offers, and value functions U;, V;,
Viis Vij, @4, 1,7 = H, L, for workers and firms such that (i) every (wg,wy) in the support of ¥
maximizes firms’ profits subject to optimal turnover and truth-telling behavior of workers; and
(ii) workers’ turnover and reporting strategies are optimal given that new contract offers are
drawn randomly from distribution ¥ at Poisson rate .

In the following subsection, we consider those market equilibria where the promotion and de-
motion wages are maximally differentiated so that the incentives to report truthfully are as large
as possible, given the constraint that workers and firms may voluntarily quit any employment

ONote that this trade-off is similar to the one found in efficiency wage models, in which shirking (misreporting)
yields a higher utility (initial wage) but implies a higher probability of being caught and fired (demoted).



relationship. These constraints imply in particular that w;” < p; (otherwise a firm would fire
the worker) and w; > b (otherwise the worker would quit to unemployment). In spite of strong
incentives, however, a market equilibrium does not always give rise to a perfect separation of
workers. In fact, as we show in Section 3, some firms may decide to pool all workers in the same
contract, so that low-ability workers are demoted in equilibrium. Those workers then experience
higher turnover rates as well as upward and downward wage mobility, both within and between
firms.

2.4 Equilibrium Restriction

In the following we restrict the analysis to those market equilibria where all firms offer contracts
of the form w; = (wjy, p;, b), which we label simple contracts. That is, firms demote misreporting
workers by cutting their pay to the reservation wage,'! while they promote truth-telling workers
to their marginal product. This maximally feasible differential between promotion and demotion
wages provides the greatest possible incentives for workers to report their type truthfully upon
hiring. Further, backloading of wages for truth-telling workers serves the purpose of minimizing
turnover while earning positive profits on lower initial wages prior to learning.

In Section 3, we characterize all candidate equilibria where firms are restricted to choose
simple contracts. Before we do that, however, we show in the following lemma that those
candidate equilibria are indeed market equilibria (where firms are allowed to choose arbitrary
contracts (w;, w;",w;)). This result holds generally when all firms offer separating contracts.
In those cases where some firms pool workers, a specific parameter restriction is required to
guarantee that the candidate equilibrium in simple contracts is indeed a market equilibrium.
For the plausibly calibrated parameter combinations that we consider in Section 4, we verify
that this condition is satisfied so that the considered promotion/demotion strategies are in fact
equilibrium outcomes.'? For a given candidate equilibrium in simple contracts, we write F; for
the marginal distribution of starting wage offers to workers of type i. Further, let R; denote
the reservation starting wage for an unemployed worker of type ¢ who reports truthfully when
meeting a firm. This reservation starting wage is smaller than unemployment income b, since
truth-telling workers can expect a promotion to wage p; > b with positive probability. In
Appendix A we show that all workers indeed follow a standard reservation-wage strategy.

Lemma 1: Consider a candidate equilibrium in simple contracts where F; is the marginal
distribution of wage offers to workers of type v and R; is worker i’s reservation starting wage,
i.e. Vii(R;,pi,b) = U;. Then the candidate equilibrium is a market equilibrium if all firms of-
fer separating contracts. If some firms pool all workers in the same contract, the candidate

HSince the offer arrival rate is independent of a worker’s employment status, b is the common reservation wage
for both worker types.

I2Tf the parameter condition fails, pooling firms would offer dispersed demotion wages which considerably
complicates the equilibrium analysis without providing additional economic insights. We therefore only consider
equilibria in simple contracts which already give rise to rich wage dynamics between and across firms.

9



equilibrium is a market equilibrium if the condition T'(w) < T'(Ry) holds for all w € [Ry,py),

where G+5+A(1—Fp (w'))
w — I (w /
_ b~ b= Jg, P+0+p+A(1-FL ,))dw

(w
I'w) = ¢+ 6+ M1 — Fr(w))

The condition I'(w) < I'(Ry) is needed to ensure that the demotion wage w; = b is indeed
optimal for all pooling firms. For equilibria in simple contracts, we further obtain a convenient
formulation of the incentive constraint, stated as follows.

Lemma 2: In any equilibrium in simple contracts, the incentive constraint for type 1 workers
18

3 Equilibrium Analysis

3.1 Preliminary Considerations

Before we analyze the different equilibria in simple contracts, we discuss a few general properties.
A first insight is that firms offer contracts with dispersed starting wages which gives rise to worker
turnover before the promotion/demotion events. That is, the distributions F; of starting wages
are non-degenerate. Workers employed at starting wages quit to other contracts if and only if
they provide strictly higher continuation value. The reason for contracts with dispersed starting
wages is that promotions and demotions are linked one-to-one to employer learning which is a
stochastic event. Since promotion dates are uncertain, workers quit to contracts offering higher
starting wages during the probation period. Firms, in turn, respond to these incentives by offering
dispersed contracts, trading off higher flow profits against higher attraction and retention rates,
similar to Burdett and Mortensen (1998).'* Promoted workers of type H (earning w;;, = pp)
never quit since no firm can offer a greater continuation value. However, there can still be
turnover of low-ability workers after they have been promoted or demoted, as we see below.

We restrict the analysis to rank-preserving wage policies: firms that offer higher starting
wages to high-ability workers also offer higher starting wages to low-ability workers; that is,
there is an increasing function @w(.) such that Fy(w(wy)) = Fgy(wy) for all wages wy in the
support of the offer distribution Fly. If any of the incentive constraints (2) binds (on some
interval), rank preservation follows directly because wy, increases one-for-one with wy (no matter
which constraint binds). But if incentive constraints are slack in some range of the wage offer

13See Stevens (2004) for the case in which firms pre-commit to a promotion date without facing the adverse
selection problem we introduce in our paper.
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distributions, any wage offer w;, in this range satisfying incentive compatibility yields the same
profit, so that wage offers across firms can be ordered in a rank-preserving way.'* Before we
proceed, note that offering initial wage w; = R; strictly dominates offering any w; < R; as
it generates strictly positive profit while the latter leads to zero profit. And because contract
(R;, pi, b) attracts unemployed workers, R; is the lower bound of the support of F;.

It is useful to note that in any equilibrium the incentive constraint does not bind at low wages
and hence firms offering these wages will always separate workers at the hiring stage. To see this
consider the lowest contract offered in equilibrium, (Rg, Rz). Condition (2) implies that when
meeting a firm offering this contract, a high-ability worker’s incentive constraint does not bind
whenever R;, < b and a low-ability worker’s incentive constraint does not bind whenever Ry < b.
Since R; < b for i« = L, H, the previous conditions are always satisfied. Rank preservation then
implies slack incentive constraints in the neighborhood of (Ry, Ry).

A similar argument shows that incentive constraints do not bind for high-ability workers. For
these workers, (2) is given by w;, — wy = w(wy) — wyg < b — Ry. As we show in the proofs
of Propositions 1 and 2, the slope of function @w does not exceed one, hence the left-hand side
is weakly decreasing in wy, so that the incentive constraint holds for all wages in the support
of the wage offer distribution if it is satisfied at wy = Rpy. The latter condition amounts to
w(Ry) = Ry, < b, which is always satisfied.

Lastly, note that the arguments of Burdett and Mortensen (1998) imply that the offer dis-
tribution Fy is continuous and has connected support when firms are able to separate workers.
When some firms offer pooling contracts, however, we will see that Fy exhibits a mass point in
the range of wages in which firms offer pooling contracts.

We now proceed to fully characterize the equilibria in simple contracts that can arise in
this model. First we consider equilibria where the contracts offered by all firms are incentive
compatible. In those situations, which requires the learning rate p to be sufficiently large, all
firms promote workers who stay long enough with the firm, and they never exercise a demotion
option. In contrast, if the learning rate is sufficiently low, the market equilibrium is segmented,
featuring some pooling contracts at the top of the wage offer distribution, with promotions of
high-ability workers and demotions of low-ability workers. To save notation, we write instead of
the contract pair (wy,wy) the pair of initial wages (wy, wy), and we also write all value function
expressions in those starting wages.

4“When incentive constraints are slack, our restriction to rank-preserving wage policies has implications for
the relationship between firm size, wages and productivity we discuss in Section 4.2. Without it, firms that
offer contracts with slack incentive constraints might not exhibit a positive relationship between wages, size and
workforce productivity.

11



3.2 Separating Equilibrium
Workers

In a candidate separating equilibrium the value functions of unemployed workers : = L, H are

given by B
@+ NV =b+ A [ Vitw) dFi(w) 3)
R;
For employed workers ¢+ = L, H in probation contracts with initial wage w;, we have
[0+ 5+ p+ M1 — EFj(w;))]Vis(w;) = w; + 6U; + pVi(ps) + )\/ Vii(w) dF;(w) . (4)

w;

For promoted workers we have
(¢ + 0]Vi(pi) = pi + 6U;

since these workers never quit in a separating equilibrium.!® Note again that in equation (4)
the reservation wage of an employed workers is given by the current (initial) wage since all firms
offer the same promotion wage (for a given type). The reservation (initial) wages of unemployed
workers are given by

Ri:b—p%%<b. (5)
The incentive constraint for low-ability workers is

’UJH—UJLSb_RL' (6)

As discussed before, high-ability workers do not misreport their type so that their incentive
constraint never binds. Also incentive constraints for low-ability workers are always slack at the
lowest wage of the offer distribution. Possibly, however, incentive constraints for these workers
are binding at higher wages. We denote the critical threshold wages by w; such that the incentive
constraint (6) is binding for w; > ; and slack otherwise.

Steady-State Measures

Simple steady-state considerations yield the unemployment rate for both types,
RCET)
G+0+ N’
as well as the earnings distribution of workers employed at initial wages below or equal to w;:

_ (¢+6)E(wi)
o+ 0+ p+ A1 = Fi(w))

15Gince all firms offer incentive-compatible contracts, low-ability workers earning pr cannot gain utility by
accepting an outside offer. This will be different when firms at the top of the offer distribution post pooling
contracts.
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Profit Maximization

Firms’ steady-state profit flows are given by Qg (wpy) + Qp(wy) where

Qp(wr) = lp(wp)(pr —wr) Qu(wy) = lg(wr)(pr — wa) ,

and /;(w;) denotes the steady-state workforce of workers of ability ¢ who are employed at initial

wage w;. Steady state and optimal turnover then imply that in this candidate equilibrium
¢+ 0+ p+ A1 = F(w;))

The firms’ profit is therefore given by

[0+ 6+ p+ A1 — Fy(w;))]? d+0+ A

Profit-maximizing firms are indifferent between all contracts in the support of the wage-offer

Qz(w'L) =

(p; —w;) , where Ay =

distribution. When incentive constraints do not bind (i.e., w; < w;), the constant profit condition
holds for each ability type independently. Equating €;(w;) = Q;(R;) yields offer distributions
with a similar functional form as in Burdett and Mortensen (1998). Namely,

1/2
1— Di — W;
(pi —Rz)

For wages above w;, the incentive constraint (6) binds. Substitution into the firm’s profit function

¢+0+p+N)

F(w) = 002

gives, for wy > Wy,

Qp(wy) + Q(wyg —b+ Ry) = AO[ZEZ—:(;Uf :ff\p(Ll :?Z(jvz)_)]fﬁ]

Now the constant-profit condition Qg (wy) + Qp(wy —b+ Rr) = Qu(Ry) + Qn(RL) yields the

wage-offer distribution

(0+d+p+ N
A

FH(wH> =

p—wy(l+a)+alb— Ry) 1/2 B
1—( ]_?_ﬁ ) ],U)HZ’LUH, (9)

where we define p = py + apr, and R= Ry + aRy.

Rank Preservation

Using (8) and Fi(w(wg)) = Fy(wg), we obtain that

pL— Ry

- RH) lpn —wy] , wy < Wy - (10)

wr = w(wy) = pr, — <

This equation then implies that the incentive constraint (6) is fulfilled for all wages

wHSwHE b(pH_RH>_RH<pL_RL> ) (11)

pa — Ry —pr + R

For wages above wy, the binding incentive constraint defines w;, = w(wy) = wy — b+ Ry.
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Slack Incentive Constraints

If the firms’ learning rate is sufficiently large (above threshold level p; defined below), the
incentive constraint is slack for all wages in the wage distribution. In this situation, the threshold
wage wy exceeds the upper bound Wy of the distribution of initial wage offers. Using (8) and
F;(w;) = 1, we can solve for the upper bounds

. +do+p
W= pi— C(pi—R)) , i = LH, where C= 22017 12
W= pi= Cpi = R) i = LoH, where 0= 2800 12
To find reservation wages, rewrite equations (3) and (5) to obtain
qb_—l—éR‘_b ._b:)\/W V. — Vi RV dF: — " AL — Fi(w)) d
P (R = b) + p; 2, [Vii(w) (1)) dF;(w) R 0+ p+ A= Fiw) w,
(13)

where the last equation uses partial integration and the derivative of (4). Solving the integral
using (8) yields

w+5+pﬂ¢+5+p+Afb—mw+5+p+M2—Vmg

R, = 14
(0+8)(p+d+p+ )2+ A (14)
Since promotion wages for high-ability workers are higher, we have Ry < Ry.
From (12) and (14) we obtain the top initial wages:
o+0d+0p)?
ooty -y (15

O P PN FUp SR VR C

Since wy — wy, = wy — W(wy) is increasing in wy, the incentive constraint (6) is slack for all
wages if it is slack at wy. Using (14) and (15), this is true if and only if

pr—=b _ N +2\¢+0) —p(¢+0+p)
PH — DL plp+ ¢+ 042N

. (16)

This inequality defines a unique threshold level p; > 0 for the firms’ learning rate such that
incentive constraints are slack for all p > p;.'6

Binding Incentive Constraints

If p < p1, incentive constraints must be binding for some wages at the top of the wage offer
distribution so that wy < wy. In this case we can use Fy(wy) = 1 with (9) to find

wH:T$5ﬁ+a®—Rg—Cﬂp—Fﬂ. (17)

16T verify this claim rewrite (16) as ﬁ [p(p+ ¢+ 0+ 2XN)] = X2+ 2X(¢+6) — p(¢+d + p). Note that the
LHS of this equation equals zero at p = 0 and is strictly increasing in p, while the RHS is positive at p = 0 and
is strictly decreasing in p. Continuity implies that there exists a unique p; > 0 that solves this equation, such

that incentive constraints are slack for all p > p;.
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Reservation wages for the two worker types are again obtained from equations (13). In Appendix
B (proof of Proposition 1) we show how these equations can be solved for Ry, and Ry. Given
these solutions, we can back out w; from (11), wy from (17), W, = wy — b + Ry, and the
wage-offer distributions from (8) and (9). All these equilibrium objects are uniquely defined.

The candidate equilibrium characterized by these equations only constitutes an equilibrium if
the highest initial wage offered to low-ability workers w;, does not exceed their marginal product
pr. If Wy > pp, firms could not credibly offer such contracts to low-ability workers since they
would prefer to layoff the worker after he signed up. In fact, if the learning rate is sufficiently
low, and given a sufficiently high job-arrival rate A, it is possible that the highest incentive
compatible wage offer to low-ability workers exceeds their marginal product. We denote py < p;
as the threshold value for the learning rate such that wy < py, if p > po. This threshold value is
strictly positive if the parameter condition

v = > (x4 505) - 1+ o)) (18)

is satisfied, which requires the job arrival rate A to be sufficiently large.!” Intuitively, for larger
values of \, firms compete more fiercely for workers which drives up the highest wage offers. At
the same time, it becomes harder to separate workers because misreporting workers quit faster
to another job before they can be demoted. Furthermore, the threat of a demotion is weaker
if workers quickly find other jobs. For these reasons, it may not be feasible for firms to offer
separating contracts at the top of the wage-offer distribution when A is relatively large.

To verify that there is no profitable deviation for firms from the characterized candidate
equilibrium, we still need to make sure that firms do not find profitable deviations to a simple
pooling contract. In Appendix B, we prove that this claim is fulfilled provided that p > p,, and
hence w; < pr. By virtue of Lemma 1, the candidate equilibrium with separating firms is a
market equilibrium. Thus, we have

Proposition 1: There are threshold values py > ps > 0, such that for any p > ps, there exists
a unique market equilibrium n simple contracts with dispersed offers in initial wages w; drawn
from distributions F; and support |R;,w;], with R; < b and w; < p;, and separation of workers
such that

(a) if p > p1, incentive constraints are slack for all firms;

(b) if p < p1, incentive constraints are binding for firms offering wy > Wy with Wy < Wy,
while they are slack for all other firms.

Moreover, py is strictly positive if condition (18) is satisfied.

"In the proof of Proposition 1, we establish the existence of the threshold value py. While cumbersome
analytical expressions complicate a uniqueness proof, all our numerical examples suggest a unique value ps since
the defining equation is monotonic in p.
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3.3 Segmented Equilibrium with Pooling at Top Wages

If p < po, there is no equilibrium in which all firms are able to separate workers by offering
an incentive-compatible contract menu. In such situations, firms at the top of the wage-offer
distribution decide to offer pooling contracts designed to attract and retain high-ability work-
ers. Low-ability workers accept these contracts, anticipating that firms demote them to their
reservation wage after learning their type.

Firms at the top of the wage distribution pool workers of high and low ability in the same
contract at initial wages wy > wj = ﬁ)_l(pL) = pr + b — Ry. Such situations occur if the
job-arrival rate is sufficiently large (inducing firms to compete more fiercely for workers) and
the learning rate is sufficiently small (so that incentive-compatible initial wages are sufficiently

close).!®

Whenever firms offer pooling contracts wy > wj,;, they attract all workers of low-ability that
have been promoted to p; at another (lower wage) firm since these workers strictly prefer the
job with a higher initial wage even though they expect to be demoted later on. Since there
is a positive mass of such workers which yield negative expected profit value when employed
in a pooling contract wy > wj;, the profit value of firms offering wj, + ¢ would jump down
discontinuously, unless the wage offer distribution has a mass point at wj,. With a mass point
of the wage offer distribution at wage wj;, a positive mass of high-ability workers employed at
wj; quit their job to outside offers wj; + ¢, such that in equilibrium this profitable inflow of high-
ability workers exactly offsets the unprofitable inflow of low-ability workers.'® Furthermore, at
the mass of firms offering the incentive-compatible contract pair (w3, pr), equilibrium requires
that a positive fraction of low-ability workers do not self-select into contract p; but instead
misreport high ability by choosing w3.?° In fact, we prove the following:

Lemma 3: If p < ps, a positive mass of firms offer contract menu (wj;,pr). Low-ability
workers contacted by these firms report high ability with positive probability.

In what follows we characterize an equilibrium where a positive mass of firms offer contract

181t is important to note that pooling at top wages will still occur even if we were to allow firms to offer
low-ability workers wages above their marginal product. This arises because firms offering the highest wages to
high-ability workers will also need to offer high wages to low-ability workers in order to satisfy their incentive
constraint. Given a small enough p relative to A, such a strategy becomes too costly for high-wage firms which
then prefer to hire all workers at the same initial wage, promoting high-ability workers and demoting low-ability
ones after learning their types. See Carrillo-Tudela and Kaas (2011) for the formal argument using constant wage
contracts.

19Tn the Burdett and Mortensen (1998) model, mass points in the offer distribution are ruled out because higher
wage offers would lead to a profitable inflow of workers employed at the mass point. Here this inflow is needed
precisely to compensate for the losses on low-ability hires.

20Even though the low-wage contract is incentive-compatible, low-ability workers are indifferent between the
two contracts and they may equally well accept the contract with the higher initial wage. In principle, such
deviations could also occur at lower wages with binding incentive constraints, but firms would easily prevent
those by paying ¢ > 0 more to workers of low ability. At the contract pair (wj,pr), however, such counter
deviations are not possible, since firms cannot credibly offer wages above py, to workers of low ability.
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pair (w3}, pr) such that a fraction of low-ability workers misreport their type, so that some
pooling occurs at these firms. Possibly there is also a mass of firms offering pooling contracts
wy > wj. We can equivalently interpret such a pooling contract as a menu of contract pairs
(wg, pr) where py is so unattractive that low-ability workers do not accept this offer but instead
report high ability with starting wage wy. Without loss of generality and to keep the notation
consistent throughout, we specify the analysis in terms of such contract pairs where initial wages
are linked according to w; = w(wg), such that p, = w(wy) for wy > wj;, thus violating
incentive compatibility (6).

In a segmented equilibrium, the different types of firms can be ranked according to their wage
offers wy € [Ry,wy] as follows.

1. For Ry < wpy < Wy, firms offer separating contracts with slack incentive constraints.

2. For wy < wy < wj; = pr +b— Ry, firms offer separating contracts with binding incentive
constraints.

3. Mass 1 > 0 of firms offer the contract menu (w3, pr). Low-ability workers misreport their
type with probability £ > 0.

4. Firms offering wy > wj; pool all workers in the same contract, promoting high-ability
workers and demoting low-ability workers.

The last group of firms only exists if the learning rate is sufficiently low. In fact, in our
numerical examples, we determine a threshold value of the learning rate, denoted ps (< pa),
such that a positive mass offer pooling contracts at wy > wj; if p < ps3. For p € [ps, p2), in
contrast, the highest pooling wage is at wj;. Although we do not have an existence proof for ps,
in Proposition 2 we prove the existence of a pooling equilibrium for both these cases together.

To describe the equilibrium, suppose that mass n > 0 of firms offer the contract menu
(wy;, pr), and that fraction & of low-ability workers who are offered these contracts opt for wj,,
thus pooling with high-ability workers. Denote by ¢ = F1_(pr) = Fu_(w};) the fraction of firms
offering separating contracts strictly below (wj;, pr). When the mass point is the highest offered
wage (p > p3), we have that ¢ + n = 1; otherwise p +n < 1.

In Appendix B (proof of Proposition 2) we characterize a candidate equilibrium in simple
contracts by a set of equations determining the vector of equilibrium objects € = (p, &, m, Ry, Ry)
and we also prove that such a candidate equilibrium exists. Under the conditions of Lemma 1,
the candidate equilibrium is a market equilibrium:

Proposition 2: For any p < ps, there exists a candidate equilibrium in simple contracts
with dispersed offers in initial wages w; drawn from distributions F; and support |R;,w;], with
R; < b. The candidate equilibrium is a market equilibrium if the condition stated in Lemma 1
holds. Firms with wy < wj; = pr + b — Ry offer separating contracts to all workers. There is
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also a positive mass of firms offering wy > wj; who pool low-ability workers in the same contract
as high-ability workers.

We briefly discuss some of the implications for labor turnover in an equilibrium with pooling at
top wages. First, low-ability workers have a higher degree of turnover. While high-ability workers
are promoted at rate p and subsequently leave the job at rate ¢+ §, low-ability workers expect a
demotion to wage b at flow rate p, with subsequent quits at rate A (in addition to separation and
labor market exit risks). Second, the segmented equilibrium features wage gains and wage cuts,
both within firms (promotions and demotions) and between firms. Particularly, demoted low-
ability workers are willing to quit to new employers offering promotion contracts with starting
wages below b. Third, low-ability workers are underrepresented in high-wage (pooling) firms, and
therefore high-wage firms are more productive. Conversely, firms offering separating contracts
have a higher proportion of low-ability workers in their workforces. Furthermore, since quit
rates are falling in wages, the proportion of high-ability workers is increasing in wy > wj
among pooling firms. The intuition is that high-wage firms are able to attract and retain more
workers of both types, while they demote misreporting low-ability workers at the same rate p
(who subsequently quit at rate \), independent of the offered initial wage.?! We summarize these
observations as follows.

Corollary 1: If p > ps, both worker types have the same turnover patterns, no worker
experiences wage cuts without intervening unemployment spells, and all firms have the same
ability composition of the workforce. If p < pa, low-ability workers have higher turnover rates,
and they experience wage cuts within and between firms. Firms offering pooling contracts (high-
wage firms) have a more productive workforce than firms offering separating contracts (low-wage
firms). Among high-wage firms with wg > w3y, the workforce productivity is increasing in wy.

4 Quantitative Implications

In this section we show that our model delivers predictions about the relationships between job
mobility and wages and between internal mobility and firm size which are in line with empirical
evidence. At the same time, we show that those predictions are not easily picked up by standard
job-ladder models.

We calibrate our model to match the following statistics for the U.S. labor market. Set the
time period to a month and let ¢ = 0.002 reflect an average working life of 40 years. We set
p = 0.027 to reflect an average learning period of three years, which we take from Lange (2007).22

21Due to the mass point at w};, the relationship between firm size and workforce productivity is generally
non-monotone.

22Lange (2007) estimates a model in which employers learn gradually the ability of their employees. His estimate
implies that employers’ initial expectation errors decline by 51% during the first three years of employment and
decline to 36% of their initial value after five years. This suggests that a large part of employer learning occurs
in the first few years of an employment relationship. Although we consider a different learning process, we take
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We set 6 = 0.02 to reflect the adjusted layoff rate of Davis et al. (2008) and normalize b = 1.
We set the remaining four parameters, A (meeting rate), p;, and py (worker productivities), and
a (mass of low-ability workers) to match the following four calibration targets: (1) A monthly
job-to-job transition rate of 2.8%, which corresponds to the average monthly EE rate reported
by Nagypal (2005) based on Current Population Survey data for all workers and which is also
close to her estimates for workers aged 25-34. (2) An average promotion gain of 8%, which
corresponds to the estimate of Pergamit and Veum (1999) based on workers with approximately
10 years in the labor market in the NLSY (see Table 5, specification 2 in their paper).?* (3) An
average quit gain of 3%. (4) An average layoff loss of 4%. These last two calibration targets
correspond to our own estimation results using the NLSY for workers with approximately 10
years in the labor market.?*

To calculate the corresponding model statistics, we solve our model for the stationary equi-
librium characterized above. We then simulate the labor market transitions of 100,000 workers
during the first ten years of their work life. The parameters are estimated by minimizing the sum
of squared distances between the simulated moments and the data moments. Table 1 shows the
calibrated parameter values and how our model matches the calibration targets stated above.

Table 1: Parameter choices and calibration targets.

Parameter | Value || Model statistics | Value
A 0.118 || Monthly EE flow | 2.7%
L 1.004 Quit gain 3.0%
PH 1.131 || Promotion gain | 8.0%
« 0.324 Layoff loss 4.2%

The calibrated model implies that in equilibrium 29% of firms offer separating contracts,

the Lange (2007) estimate as the best available for our purposes and assume an average learning period of three
years. Using an average learning period of four or five years does not change our main conclusions. In Section

5.2 we briefly discuss the possible implications of gradual learning in our setting.
ZConsistent with the interpretation of our model, Pergamit and Veum (1999) find that in the NLSY most

worker-reported promotions do not involve a change in job title and nearly all promotions involve a wage increase.
In particular, they find that around 56% of those who received a promotion did not change job title and essentially
performed the same duties as before. Only 14% were promoted to a higher-level job in a different section, while
the rest obtained new jobs because of reorganization, a lateral move or because they took their supervisor’s job.
Of all promotions, 89% led to a wage increase. The reported promotion gain of 8% is the average wage change for
all types of promotions. But even promotions that involved performing the same duties as before raised wages

by about 7%.
24These estimates are obtained by using first differences on the regressions used in Section 4.1 and described

in Appendix C for the period 1987-1994, which is chosen so that the average potential labour market experience
is 10 years. The wage gain estimate after a job-to-job transition is consistent with that of Pergamit and Veum
(1999), Table 5, specification 2.

19



while 71% of firms offer pooling contracts.?> The equilibrium unemployment rate is 16.8%, and
reservation wages are Ry = 0.935 < Ry = 0.999. Among employed high-ability workers, 47.7%
are in the initial period of a contract, while the rest are promoted to w = py. Among employed
low-ability workers, 83.7% are in probation (where 89.4% of these workers are found in pooling
firms), 2.2% are promoted to w = py,, while the remaining 14.1% are demoted to w = b. Further,
4.6% of low-ability workers experience wage cuts when making a job-to-job transition.

Our calibrated model also implies that the monthly promotion rate is 1.2%. This statistics
is a bit smaller than the average monthly promotion rate of 2% obtained by Pergamit and Veum
(1999) for workers with around 10 years in the labor market in the NLSY.? We also obtain a
monthly demotion rate of 0.5%, which implies a promotion-to-demotion ratio of 2.4. Given that
one tends to consider demotions as infrequent events, this number might seem low. However,
Belzil and Bognanno (2008), analyzing a survey of executives in U.S. firms, find that within-firm

promotions are only slightly more frequent than demotions.?”

4.1 Worker Mobility and Wage Dynamics

We now analyze the implications for workers’ job mobility and wage dynamics. Is it the case
that workers move to better paying jobs over time, as predicted, for example, by the Burdett
and Mortensen (1998) model? An important finding of Light and McGarry (1998) is that more
separations are negatively related to wages. But as they do not distinguish between separations
into non-employment and job-to-job transitions, those results cannot be directly used to evaluate
our model predictions against other theories of job mobility.

To take different labor market transitions into account, we use a similar sample of the NLSY
as Light and McGarry (1998) and regress the log of real hourly wages on cumulative counts of job-

25 Among the firms offering separating contracts, n = 0.05% are at the mass point (pr,wj), where £ = 53%
of low-ability workers misreport their type. Note that our wage offer distributions has an increasing an convex
density as in the Burdett and Mortensen (1998) model. The threshold values for p described in the previous
sections are p; = 0.123, po = 0.119 and p3 = 0.116. Further, the condition in Lemma 1 holds in this calibration.

26Note that in the calibration presented above promoted high-ability workers will not experience a second
promotion without first losing their jobs. The latter arises because high-ability workers will not quit their jobs
once they are promoted. This creates a tension with the data in which many workers have more than one
promotion, and these are likely workers of “high ability”. As an alternative calibration, we use the 2% promotion
rate of Pergamit and Veum (1999) as a calibration target which delivers p = 0.05. This calibration still produces
a segmented equilibria with very similar properties as the ones discussed in Sections 4.1 and 4.2. In this case we
find that 61% of all employed high-ability workers are promoted, aggravating the tension with the data. Although
not pursued here, one way to address this issue is to introduce a reallocation shock as in Jolivet et al. (2006) or
add firm heterogeneity as suggested in Carrillo-Tudela and Kaas (2011).

2"When defining a promotion (demotion) as an upward (downward) change in reporting levels, the promotion-
to-demotion ratio is 1.08. When considering only level changes that were accompanied by job title changes,
the promotion/demotion ratio increases to 1.6. If one only considers job title changes, disregarding changes in
reporting level, the promotion/demotion ratio is 5.05. Further, Kramarz et al. (2014), using French administrative
data, find that the promotion/demotion ratio within firms is 3.6 based on occupational changes. See also Lazear
(1992) and Seltzer and Merrett (2000) for evidence on the extent of demotions based on firm case studies.
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to-job transitions and non-employment spells, together with the same number of further controls
that Light and McGarry (1998) used. As Table 2 shows, both coefficients are negative in the OLS
wage regression.”® In light of the literature on earnings losses after displacements (see Jacobson
et al. (1993) for a seminal study), the negative coefficient on the count of non-employment spells
is not surprising. But we also observe a negative correlation between the cumulative count
of job-to-job transitions and current earnings. This goes against the intuition from standard
theories of on-the-job search where workers generally climb up the wage distribution as they
move between employers. Taking intervening non-employment spells into account, as we do in
the wage regressions, one should therefore expect a positive relationship between the number of
past job-to-job transitions and current wages. Indeed, when we run the same wage regression on
simulated data from a Burdett and Mortensen (1998) model, we confirm this insight: more job-to-
job transitions correlate positively with wages.? We further prove in the Appendix (Lemma A.2)
that more job-to-job transitions (counted from the last non-employment spell) in the Burdett
and Mortensen (1998) model indeed lead to higher expected wages.?"

The last column in Table 2 shows that the same regression applied to our model can account
for the empirical observations: more job-to-job transitions are negatively correlated with wages,
while again non-employment spells go together with lower earnings. Note that this finding does
not contradict the average wage gain of 3% of a job-to-job transition in our calibration (Table 1).
We argue that the negative link between the count of job-to-job transitions and wages is driven
by worker (unobserved) heterogeneity, both in our model and in the data. To test this, we follow
the procedure described in Light and McGarry (1998) and run IV regressions on our data sample
to account for unobserved worker heterogeneity in the error term. We find that in this case the
coefficient on job-to-job transitions turns positive, while the coefficient on non-employment spells
stays negative (see Appendix C for further details). Hence, standard job ladder models appear
to be fully consistent with the data once worker heterogeneity is accounted for. On the other
hand, those models miss the fact that some workers churn a lot in the labor market and yet

remain largely unsuccessful.3!

28The coefficient estimates shown in Table 2 are obtained using all available years in the NLSY (1979-2010).
Light and McGarry (1998) use the first 8 years of workers’ labor market history. Using the first 8, 10 or 15 years
of workers labor market history does not change our general conclusion. The job-to-job transition coefficients at
8, 10 and 15 years are -0.007, -0.0075 and -0.0081, respectively, all significant at a 1% level. The non-employment
spell coefficients at 8, 10 and 15 years are -0.0137, -0.0140 and -0.0159, respectively, again all significant at a 1%
level. See Appendix C for the data description and a discussion of the regression specifications used.

29The reported regression results are based on a homogeneous worker version of the model, but it remains true
when we use the two-worker version as in our calibration. It is also not sensitive to the parametrization. We use
the same calibrated parameters as for our model (with & = 0 so that all workers have productivity pg). In the
simulated data both for our model and for the Burdett and Mortensen (1998) model, workers have very similar
average experience, job duration, number of job-to-job transitions, number of job-to-nonemployment transitions
and non-employment durations; see Appendix C for further details.

30This theoretical finding is not trivial since workers with few job transitions are predominantly workers who
initially find a good job and hence have less reasons to quit.

31Light and McGarry (1998) also find considerable variation in mobility patterns. Particularly, the mobility of
some workers does not decline over time, while other workers undergo no or only little job mobility.
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Table 2: Wage regressions

Data Models
B-M CT-K
JTJ —0.0073 0.0009 —0.0051
NESP | —0.0185 | —0.0034 —0.0040
EXP 0.0431 0.0021 0.0055
EXP2/1O —0.0075 | —0.0005 —0.0010
R? 0.331 0.064 0.161

Notes: Data regressions are based on the NLSY, regressions for the Burdett-Mortensen model (B-M) and for our
model (CT-K) are based on simulations of 100,000 workers; for further details about the sample, control variables
and robustness, see Appendix C. JTJ and NESP stand for the cumulative counts of job-to-job transitions and non-
employment spells, EXP is actual labor market experience. All reported coefficients are statistically significant
at the 1% level.

In our model, workers of high-ability climb up the distribution of initial wages with every quit
until they are promoted to their marginal product in which case no further job-to-job transitions
occur unless the worker is displaced. In contrast, low-ability workers misreport their ability level
sometimes, which can lead to demotions and to further job transitions to low-wage employers.>?

Hence, low-ability workers undergo much higher job mobility.??

4.2 Internal Mobility and Firm Size

Another feature present in our model that does not come out of a standard job ladder model like
Burdett and Mortensen (1998), is the presence of within firm worker mobility and its relation-
ship with firm size. Our model is able to generate the positive relationship between firm size,
internal mobility, wages and job stability observed in the data. In the calibration larger (pooling)
firms have a 2% higher internal mobility rate (defined as promotions and demotions relative to
employment) than smaller (separating) firms, which is consistent with the evidence obtained by
Idson (1989).3* Alongside this result, we also find that workers in smaller (separating) firms have

32Consistent with Gibbs et al. (2002) and Belzil and Bognanno (2008), demotions in our model are accompanied
by pay cuts and by subsequent increases in job-transition probabilities.

33Kahn (2013) also suggests that such composition effects are present in the NLSY data, finding that movers
are on average of lower ability than stayers. In particular, she finds that movers have lower AFQT scores, years
of school, and tenure in the year before they moved, relative to stayers. See Table 2 of her paper for further
details.

34Tn the calibration the relative difference in internal mobility between larger and smaller firms depends quite
heavily on the value of p. For example, with p = 0.05 (as obtained when targeting an average monthly promotion
rate of 2%) implies that larger (pooling) firms have around 17% higher internal mobility than smaller (separating
firms).
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18% lower tenure than workers in larger (pooling) firms, which is consistent with the empirically
well documented fact that larger employers have lower job separation rates.’

Furthermore, as we establish in Corollary 1, pooling firms have a more productive workforce
than separating firms. We confirm this finding in the calibrated example but note that produc-
tivity differences are tiny which is explained by the feature that most workers in the calibration
have high ability and that productivity differences between workers are also not too large. We
do reproduce, however, the usual positive relationships between firm size and wages, consistent
with the empirical evidence (e.g. Brown and Medoff (1989), Idson and Oi (1999)). Although
firms in our model are ex-ante identical, we expect that a similar conclusion obtains if firms
differ in their exogenous productivity level, in which case positive sorting between workers and

firms should obtain in equilibrium.?%

Recently, Papageorgiou (2014) presents a theory that is also able to explain the positive
relationship between firm size, internal mobility, wages and job stability. A key difference is
that Papageorgiou (2014) uses occupational mobility within the firm to measure and model the
internal mobility of workers (see also Kramarz et al. (2014)). Further, his theory is based on
workers’ learning about their match quality in a given occupation within the firm and hence is
closely related to that of Jovanovic (1979) and Moscarini (2005). Instead, here we build on search
models in the Burdett and Mortensen (1998) tradition and focus on firms’ learning about the
productivity of a worker. Also Papageorgiou (2014) does not consider long-term wage contracts,
but instead uses spot wages that are determined by Nash bargaining. We see our contributions
as complementary. Using different approaches, both our paper and Papageorgiou (2014) relate
within and between firm mobility in an equilibrium framework in the context of labor market
frictions.

5 Further Discussion

Here we discuss some variations to our assumptions. In Section 5.1 we consider the case in which
firms can observe their applicants’ employment status to analyze whether using this information
makes it easier to separate workers. In this context we analyze two types of contracts: (i) up-or-
out contracts, where workers that reported their type truthfully get promoted and misreporting
workers are laid off; and (ii) up-or-down contracts as analyzed in the previous sections.’” An
important conclusion from these extensions is that information on employment status strengthens
firms’ monopsony power which makes it easier to separate workers. In Section 5.2 we discuss
alternative assumptions about the firms’ learning process and their implications.

35Note that in our model the relationship between firm size and job stability is generally ambiguous. This is
because high-wage firms have higher quit rates of demoted low-ability workers.

36In a previous version of this paper with flat-wage contracts (Carrillo-Tudela and Kaas (2011)), we prove this
assertion.

37Up-or-out contracts are common practice in some labor markets, such as those for academics, consultants
and lawyers.
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5.1 Information on Employment Status

Consider the same setup as before, but now firms offer a menu of four contracts w = (w$, w;*, w; *)
indexed by the worker’s reported ability level i = L, H and employment status s = u, e. The first
component, w;, denotes the initial wage offered to a worker of employment status s that reports
type i. When a firm learns a worker’s type, the worker receives w;® = p; if he reported his
type truthfully. Otherwise, he receives w; ®. In the case of up-or-out contracts, it is notationally
convenient to assume that firms set w; * below the worker’s reservation wage, which is equivalent

* equals the worker’s reservation wage as

to a layoff. In the case of up-or-down contracts, w;
analyzed in previous sections. Let F° denote the corresponding offer distribution of initial wages,

where w? and w; denote the infimum and supremum of its support, for « = L, H and s = u,e.

The workers’ value functions are similar to the ones described in equations (19)-(22) and are
described in Appendix D. The main difference is that the offer distributions and their supports
are now indexed by s. The incentive-compatibility constraint is now wf —w; < p[Vi(p;) —U;]. The

problem of the firm is to maximize ) Q% (w3y) + Q35 (wf) by choosing w§;, wj for s = u,e.

s=u,e
Since firms can perfectly differentiate workers by employment status, they choose (w¥,w}) and
(wg, w9 ) independently. Hence the problem of hiring workers in the unemployment market can
be treated independently from that of hiring workers in the employment market. Equilibrium
requires that the optimal choices of w; must be consistent with the offer distributions F; and
the associated function w®. Once again we analyze a rank preserving equilibrium such that @*

is increasing and Fj(w) = F}(w*(w)) for each s = u, e and for all w in the support of F}.

Despite this change, we show that for a sufficiently low learning rate, a segmented equilibrium
emerges with higher turnover of low-ability workers and higher workforce productivity of high-
wage firms. The key difference between the up-or-out contracts and the up-or-down contracts
is that when a segmented equilibrium arises, up-or-out contracts imply that the unemployment
pool is biased towards low-ability workers.

5.1.1 Up-or-out contracts

Lemma 4: Consider the model where firms offer up-or-out contracts and condition their offers
on employment status. Then, for any initial wages earned by workers of type i = H, L who were
hired from employment (wg) or from unemployment (w) it holds that w§ > w}.

The above result shows that the supports of the offer distributions £} and FF; do not over-
lap. Importantly, this result is independent from whether we have a separating or a segmented
equilibrium. Non-overlapping supports imply that workers hired from unemployment quit as
soon as they get an outside offer during the probation period. Firms then maximize profits by
offering unemployed workers their reservation wage. This leads F}* to degenerate to a mass point
at wj' = R; for 1 = L, H. Further, the incentive-compatibility constraint for low-ability workers
hired from unemployment becomes Ry — Ry, < p[VL.(pr) — Ur], which never binds since pg > pr,
implies that Ry, > Ry holds for any p. This result shows that information on employment status
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enables firms to exert their full monopsony power when hiring these workers, leading to an out-
come similar to that of Diamond (1971), which in turn makes it easier to separate unemployed
workers.

Since workers earning their reservation wage face offer distributions F, the infimum of the
support is w§ = R; which is not offered in equilibrium, so that all firms recruit workers hired
from unemployment upon contact. In Appendix D we fully characterize the equilibrium where
firms observe workers’ employment status and use up-or-out contracts. There we show that the
problem faced by firms hiring employed workers turns out to be isomorphic to the one faced
by firms offering promotion/demotion contracts without conditioning on employment status
considered in the previous sections. In particular, the incentive-compatibility constraint for low-
ability workers hired from employment is now given by w$ — w§ < p[py — b]/(¢ + §). As we
decrease p, this constraint starts to bind at high wages. Decreasing p further then implies that
firms start offering pooling contracts when the incentive compatible w§ exceeds pr. Therefore
F§ and F} can be derived in the same way as before and the main insights still apply here.
The difference, however, is that with up-or-out contracts firms do not extract rents from workers
caught misreporting their type, whereas conditioning contracts on employment status allows
firms to strictly increase profits by segmenting its hiring markets.

To illustrate the properties of this version, we provide a quantitative example using the same
calibration targets as in Section 4. When firms can condition their offers on employment status,
reservation wages are lower. This reduces all initial wages in the offer distributions which makes
it easier for firms to separate workers. As a result, the threshold values for parameter p where
incentive constraints start and where pooling is the preferred choice for some firms are lower than
in the benchmark model. Indeed, we have that p; = 0.0404 > p, = 0.0395 > p3 = 0.0393 . Given
our a value of p = 0.027, a segmented equilibrium with pooling at top wages is the outcome.
In this equilibrium low-ability workers have an unemployment rate of u; = 32.8%, while high-
ability workers have an unemployment rate of uy = 28.7%. Reservation wages are Ry = 0.911,
R;, = 0.993. Different from the benchmark model, however, this model predicts a positive effect
of the count of job-to-job transitions on wages.

In the environment analyzed in this paper, up-or-out contracts could arise, for example, be-
cause firms face downward wage rigidities that do not allow them to cut wages. However, without
such imposed constraints, firms will always prefer to use up-or-down contracts. To understand
this, first note that both contracts offer worker the same incentives to report truthfully their
type. Since with up-or-out contracts misreporting workers are laid off, firms make strictly less
profits ex-post relative to up-or-down contracts where firms continue to make profits on demoted
workers. From an ex-ante perspective, firms will also prefer to use up-or-down contracts as they
provide workers with the same incentives as up-or-out contracts. Given these arguments, we now
turn to the case in which firms observe their applicants’ employment status and use up-or-down
contracts.
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5.1.2 Up-or-down contracts

The analysis of the case of up-or-down contracts is very similar to the one of up-or-out contracts
described in Appendix D.*® With non-overlapping supports of the offer distributions F% and
F§;, we have that information on employment status once again enables firms to exert their full
monopsony power when hiring unemployed workers, which in turn makes it easier to separate
these workers. Further, the threshold values p; and p, as well as all separating equilibria are
the same as in the previous subsection. The difference arises in the case of segmented equilibria
where demotions (instead of layoffs) occur in equilibrium. A segmented equilibrium with up-or-
down contracts therefore has very similar properties to those of the benchmark model considered
in the previous sections.

To illustrate these properties, we calibrate this version of the model using the same targets
as we used for our benchmark model. The model matches the targets reasonably well, exhibiting
a job-to-job transition rate of 2.5%, a quit gain, a layoff loss and a promotion gain of 3.0%,
4.5% and 6.7%, respectively. The cutoff values for the learning rate are p; = 0.0394 > py =
0.0383 > p3 = 0.0380, which implies the calibrated model is characterized by a segmented
equilibrium. In this equilibrium 80.2% of firms offer separating contracts, while 19.8% of firms
offer pooling contracts, reflecting that firms find it easier to separate when they can exert a
higher degree of monopsony power at the hiring stage. The latter is illustrated in the lower
values of unemployed workers’ reservations wages relative to the benchmark model, where R,
and Ry are now 0.994 and 0.916, respectively. Further, this calibration exhibits a promotion
rate of 1.4% and a demotion rate of 0.2%, yielding a higher promotion-to-demotion ratio relative
to the benchmark model.

Using this calibration we revisit the implications for wage dynamics and job mobility and the
relationship between firm size and internal mobility. In both cases we find that the predictions
of the benchmark model survive when firms condition their contracts on workers’ employment
status. In particular, we perform the same exercise as described in Table 2 and obtain that
the coefficient for the cumulative count of job-to-job transitions remains negative, although it
is now one order of magnitude lower relative to the benchmark case (-0.0002 vs -0.005). The
coefficient for the cumulative count of non-employment spells also remains negative and of similar
magnitude as before (-0.007 vs -0.004). Regarding internal mobility and firm size, we find that
the internal mobility rate is 14% higher in larger (pooling) firms relative to smaller (separating)
firms. We also find that jobs in smaller (separating) firms have 2.6% lower tenure than those in
larger (pooling) firms, as well as a positive relationship between wages and firm size.

38Given the similarity between the two analyses, we do not present the case of up-or-down contracts. The
only substantial difference is that the profits of pooling firms include an additional term which reflects the profits
earned on demoted workers, which is similar to the proof of Proposition 2.
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5.2 Firms’ Learning Process

In the framework of our model, firms learn worker ability with certainty at Poisson rate p. This is
clearly a strong abstraction which masks many important features of real-world employer learn-
ing. In a more general model, the firm would draw signals which are imperfectly correlated with
the worker’s ability, so that the firm has to update its beliefs about worker ability with every new
signal. While such learning processes are often applied in simpler environments, they tremen-
dously complicate the analysis in our model, given that we allow wage contracts to be contingent
on all verifiable information. A wage contract in such a general model should specify sequences
of flow wages (w(s")),>0 which are contingent on the signal histories s = (sg, s1,. .., S,) where
signals arrive at an exogenous Poisson rate. Even with a finite (e.g. two state) signal space, the
firm’s contracting problem and the corresponding equilibrium analysis would complicate greatly.
Alternatively, contracts could be restricted to a one time promotion/demotion only. In such a
world, making signals reveal partial information restrains the firm’s ability to promote or de-
mote the worker; thus it should be harder for the firm to satisfy incentive compatibility. This,
we conjecture, would lead to more pooling in equilibrium.

One can also think about further elaborating the learning process by letting the firm decide
p. A natural way to endogenize p is by letting firms choose costly monitoring intensity m,
such that an increasing function p(m) determines the learning rate for any given m > 0. An
obvious question in such a setting is which firms in the wage-offer distribution use more intensive
monitoring. Given that incentive constraints are tighter in the upper part of the wage-offer
distribution, we conjecture that high-wage firms spend more on monitoring and therefore are
able to promote (or demote) workers faster; this mechanism would strengthen our previous result
that larger firms have higher internal mobility rates. By varying parameters of the monitoring
cost function, the optimal choices of p will change and we could perform the same exercises as
done so far to understand firms’ ability to separate workers when information frictions change
relative to search frictions.

6 Conclusions

In this paper we consider a model of the labor market in which search frictions coexist with
information frictions. The latter arise as firms do not observe worker ability upon hiring but
gradually learn it over time. Given this adverse selection problem, we show that when the
learning rate is sufficiently low, an equilibrium emerges in which low-wage firms attempt to
hire both low- and high-ability workers by offering incentive-compatible separating contracts.
These contracts offer initially a low wage and then promote the worker by increasing his wage
to marginal productivity. High-wage firms, however, offer contracts that pay the same initial
wage to all workers, but after learning their employees’ types they promote high-ability workers
and demote low-ability workers. This implies that low-ability workers can experience a wage
cut or a wage rise when undertaking a job-to-job transition, while high-ability workers can only
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experience wage rises when changing jobs without an intervening spell of unemployment.

In such a segmented equilibrium, low-ability workers have a higher degree of job turnover and
lower average earnings than high-ability workers. To gain further insights on this relationship,
we calibrate our model and show that it generates indeed a negative overall relationship between
the number of job-to-job transitions and wages, which is consistent with the evidence that we
obtain in NLSY data, extending the empirical findings of Light and McGarry (1998). Such a
negative relationship is not easily picked up by standard models of job-to-job mobility, such as
Burdett and Mortensen (1998), where workers generally climb up the wage ladder as they move
between employers.

It should be an interesting extension to include different occupations and assignment problems
within the firm. For example, suppose that firms aim to assign workers into one of two different
occupations, such that only high-ability workers can efficiently perform the “high occupation”,
yielding output pgy, whereas low-ability workers should be assigned to the “low occupation”,
producing output p;<py. Any mismatch between workers’ abilities and occupations yields
(weakly) lower output levels. If a worker self-selects to the right occupation/contract, the firm
promotes the worker after learning his type, but if he is caught misreporting, the firm re-assigns
the worker to the correct occupation and pays the demotion wage. In such a setting, this model
could speak to occupational mobility within and across firms.
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Appendix A: Worker strategies

Let U; denote the value of unemployment of a worker with ability ¢ = L, H. Note that once this worker
encounters a potential employer, the firm does not observe his ability, so that the worker can claim to be
of different ability. For any contract w = (w, wt,w™), let V;;(w) denote the maximum expected value of
employment for a worker with ability ¢ employed in probation at initial wage w after reporting type j.
We can think of these workers as randomly meeting firms who draw contract offers (wg,wy) from joint
distribution ¥. The worker then decides which contract to choose (if any) to maximize expected lifetime
income. Using this insight and standard dynamic programming arguments, the Bellman equation that
describes U; is given by

SU; = b+ )\/max[ViL(wL) Ui Vi (wn) — Us, 01d% (wpr or) - (19)

The value of employment for a worker of ability ¢ employed in contract w; = (w;, wj ,w; ) at the initial
wage is given by

PVii(wi) = wi + A / max([Vir(wy,) — Vii(wi), Virr(wiy) — Vii(wi), 0]d ¥ (Wi, wi) (20)
+0(U; = Vig(wi)) + p(Vi(w]) = Vis(wy))

where the continuation value after promotion is given by

7 )

PVi(w;") Zw?Jr/\/maX[ViL(w’L)W(w*),ViH(w}z)W(W?)ao]d‘l’(w}{»W2)+5(UiVz‘(ﬂ)?)) - (21)

Now consider a worker of type i that misreported his type and is currently earning the initial wage w;

in contract w; = (wy, wj, wj_) This worker’s value function is described by

dVij(wj) = wj + )\/max[V,-L(wj;) — Vij(wy), Vig (W) — Vij(wy), 0]d¥ (why, wr)
+0(Ui = Vij(wy)) + p(Vi(w; ) = Vij(wy)) -

(22)

Finally, the continuation value after a demotion is given by

PVi(w;) = w; +/\/maX[V2~L(wlL) —Vi(w;), Vi (wp) = Vi(w; ), 0]d¥ (wp, wi,) +6(Us — Vi(w;)) . (23)
From (20) and (22), it is easy to see that worker 4’s incentive constraint Vj;(w;) > Vjj(w;) can be
expressed as w; — w; < p[Vi(w;") — Vi(w; )], which is (1) in the main text.

When we consider simple contracts w; = (w, p;, b), we simplify notation by expressing workers’ value
functions as Vj;(w) etc. rather than Vj;(w;). In those situations it is straightforward to verify that any
worker’s optimal search strategy is described by a reservation wage. Let R;;i(z) denote the reservation
(initial) wage of a worker in a probation contract who (i) currently receives flow payoff z, (ii) is of
type @ = L, H, (iii) has reported type j = L, H, and (iv) when meeting a firm decides to report type
k = L,H. Thus, R;j;(z) is defined by Vj;(z) = Vip(R). Similarly, R;;(x) is the reservation (initial)
wage of a promoted/demoted worker with flow income x, which is defined by V;(z) = Vix(R). The
above value functions imply that an unemployed worker of type i accepts a wage offer w’ if and only if
w' > R (b) for i,k = L, H.

We write R; = R;;(b) for the reservation (initial) wage of an unemployed worker of type i who
reports his true type. Those reservation wages are smaller than b since truth-telling workers can expect
a promotion to w; = p; > b at rate p.
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Consider an employed worker of type ¢ that reported his true type and is earning initial wage w;.
Given contact with a firm and revealing his true type once again (i.e. k = ), (20) implies that this
worker accepts employment if and only if the firm offers a wage w], > Rj;i(w;) = w;. If the worker decides
to misreport his type (i.e. k # i), however, (20) and (22) imply that the worker accepts employment
if and only if the firm offers a wage wj, > Rjip(w;) = w; + p[Vi(p;) — U;]. In this case, the worker must
be compensated by the expected loss of misreporting his type. Next consider the same worker after his
employer has learned his true type and is earning wage p;. Given contact with a firm and revealing his
true type (i.e. k =1), (20) and (21) imply that this worker accepts employment if and only if the firm
offers an initial wage w} > R;;(p;) = p;. If this worker decided to misreport his type, (21) and (22) imply
that the worker accepts employment if and only if the firm offers a wage w), > Rir(p;) = pi+p[Vi(pi)—Us).

Now suppose that an employed worker of type ¢ misreported type j # ¢ and is earning the initial
wage w;. Given contact with a firm and reporting his true type (k = 4), (20) and (22) imply that the
worker accepts employment if and only if the firm offers a wage w] > R;ji(w;) = w; — p[Vi(pi) — Us]. In
this case, the worker voluntarily accepts a wage cut since the truth-telling worker expects a promotion
gain relative to the demotion loss. On the other hand, if the worker misreports his type once again
(k = j), the worker accepts employment if and only if the firm offers a wage w} > Rijj(w;) = wj.
Finally consider the same worker after his employer has learned his true type, earning demotion wage
b. This worker then behaves like an unemployed worker and accepts any contract that provides utility
greater than the continuation value from unemployment.
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Appendix B: Proofs

Proof of Lemma 1

Consider a candidate equilibrium in simple contracts. That is, for any contract pair (w;)i—m, =
(wi, pi, b)i=p,1, in the support of ¥, it holds that Q* = >, 5 ; Qi(wi) > >, 5 Qi(w)) for all pairs
of simple contracts (w))i=m,r, = (W}, p;i,b)i=m,. To prove the Lemma, we need to show that no other
feasible contract pair of arbitrary form (&;)i=m, = (u?l,vi)j ,W; )i=m,r, can lead to higher profit value
than Q*. Feasibility requires that w;, wj ,w; < p; and wj ,w; > b (otherwise the firm or the worker
would quit the contract).

Consider first the situation where the deviating contract pair (@;);—p 1 is incentive compatible,
i.e. for i # j,

wj — i < p[Vi(w;") — Vi(wy)] - (24)

Note that Vi;(w;) € [Us, Vi(pi)]: Vii(@;) cannot be smaller than U; (otherwise the contract would not
attract any workers), and it cannot exceed V;(p;) because of the feasibility restrictions wi,wj < p;.
Hence, for both i = H, L, there exist simple contracts w} = (w}, p;, b) such that Vj;(w}) = Vji(w;). The
starting wage w; is then pinned down by

w) + pVi(pi) = w; + pVi(w]) (25)

Now it follows that the pair of simple contracts (w});=p,z, is also incentive-compatible: for any j # i

wi =y + p[Vi(w)) = Vi(ps)]
<y + pVi(wf) = Vi(wy)]
=+ plVilp) — Vil )
< wi+ p[Vipi) = Vi(b)]

Here the two equalities make use of (25), the first inequality makes use of (24) and uﬁj’ < p; (which implies
Vj(uﬁj) < Vj(p;)), and the second inequality makes use of w; > b (which implies V;(@;) > Vi(b)).
Because of Y, 5 ; Qi(w]) < QF, contract pair (w;);=p,r does not lead to higher profit than Q* if we can

prove that Q;(w;) < Q;(w}) for i = H, L. To show this assertion, note that

where ¢, and ?; are the masses of workers of type @ who are employed in the starting phases of the two
contracts. Because of Vj; (w;) = Vii(@;), both contracts attract the same number of type i workers who
have the same quit rates in the starting phase of the contracts; hence ¢, = /;. The terms in [.] are the flow
profits for each of these workers; these contain the flow profit p; — w} (p; — ;) and a continuation profit
value which is realized at flow rate p when the worker is promoted (which is zero for the simple contract
w}). §; is the probability that worker ¢ who is promoted to wage QfJ:_ quits this contracts when meeting
another firm. Because of these expressions and (25), the requirement ;(w;) < Q;(w}) is equivalent to
showing that

ot pi — W
Vilp) = Vi(@}") 2 5355 (26)
From workers’ Bellman equations follows
-\ _ it U + AE{max([Vi(p,), Vi]} (b = Wi+ U+ AB{max[Vi(a), Vi]}
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where Vj is worker i’s continuation utility from a random outside offer. It follows

pi — @ + AE{max[V(p;), Vi] — max[Vi(&;), Vi]}
O+0+ A

Vi@ - d)

Vi(pi) — Vi(w) =

v
3
|
=
&
+
>
=
)

Rearranging proves (26).

Second, suppose that the deviating contract pair (@;);=pm,z, is not incentive compatible so that all
workers pool in contract wg. The alternative scenario where both workers pool in contract wy, is then
captured as well: if both workers would pool in contract wy = (wL,wg, W} ), we can define contract
WH = (IIJH,QZ)E,’[I)I_{) by wyg = Wy, 12);; =Wy, Wy = ﬁ)z, and pick an arbitrary unattractive contract
wr, so that all workers pool in contract @g. We can therefore consider the case where all workers pool
in some contract Wy and we need to prove that Qg (0g) < Q*. We can write

+

R N . — W A . — Wy
Qu(wn) =Llu [pH —WH+P(ﬁSﬁ} +45, [pL —wH+quer5ﬁ] )
EfrH Eﬁ'L

where l@ is steady-state employment of type ¢ workers in the starting phase of this contract and g;,
i = H, L, are the probabilities that promoted /demoted workers of type i quit contract Wy when outside
offers arrive. As in the first part of the proof, because of Vir (&) € [Un, Vir(pr)], there exists a simple
contract wh; = (wly, p, b) such that Vigp(wy) = Vg (@m). This implies that

Wiy + pVi(pr) = bu + pVa (0F) - (27)
Because contract w’; attracts the same mass of H-workers as &g, and quit rates in the starting phase

are also the same, it follows that ¢}, = {g. The simple contract w}, yields higher profit per worker of

ot
type H if 7}y = pg — wj; > 7y which is equivalent to wy — w} > p%, which because of (27) is
equivalent to

A+
B AT > b — Wy
Vi (pr) — Vi (i) = S+ +F A (28)
.. - N
Note that Vg (pg) = % and Vg (};) = % where Vj is the expected continuation

utility for a H-worker quitting w;;. Substitution into (28) and rearranging yields the equivalent inequal-
ity

- oU

Vir < PGSO = Vigton)

which is fulfilled since no firm can offer a greater continuation utility than Vi (pg). This proves that
the simple contract yields (weakly) greater profit on H workers:

e > gty . (29)

To prove that Qg (wy) < QF, we distinguish between two cases: 717, > 0 and 7, < 0. In the first
one, we can construct a simple contract w that is incentive-compatible to w, and such that contract
pair (wf;,w} ) dominates pooling contract wy. In the second case other arguments are required.

Suppose first that 77, > 0. By defining w} = wg — p[Vr(pr) — Vi(y)], the simple contract
Wi = (w},pr,b) yields the same utility to L-workers as the pooling contract: Vir(w}) = Vig(@w).
Moreover, the simple contract is feasible, i.e. w} < pr. This follows because of

B - pL — Wy
Vi(pr) VL(wH) > d+0O+ AL’
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which follows from a similar argument as (26), and because of 77, > 0:

. - . pL — Wy pL — Wy
w/[,:wH_P[VL(pL)_VL(wH>]SPL_WL‘f‘p(ﬁ_'_d_i_)I\%L_p(b_'_d_i_)l\%L <pL-

This also proves that 77 = p;, —w} > @1. The pair of simple contracts (w’;,w} ) is incentive-compatible
since Vir(wh) = Vou(@r) > Vim(wy). Here the inequality follows because contract w’, promises a
lower starting wage and a lower continuation wage to L-workers than contract &y (i.e. Wy > w) and
Wy > b). Therefore, and because of Vi (w}) = Vo (wy), simple contract w} when offered jointly with
why attracts the same number of L-workers as pooling contract wg. Hence ¢} = ?1, which implies

oy > lpfr (30)

Because the pair of simple contracts (w/;,w ) yields profit not greater than Q, it follows from (29) and
(30) that QH((I)H) < Q*.

Suppose second that 77, < 0. Here we again need to distinguish between two situations. The first

is the case where only separating contracts are offered in the candidate equilibrium. In this situation,

'y is smaller than Q* and it provides an upper bound for the deviating pooling contract wg, as
we show in the next paragraph. In the other situation where some pooling occurs in the candidate
equilibrium, further arguments are required.

Consider first the case in which all firms offer separating contracts in the candidate equilibrium
(cf. Proposition 1). Because of (29) and 77, < 0, ¢y, provides an upper bound for Qp (&p). Hence, the
deviating contract (Wg, wr,) does not lead to higher profit than Q* if we can show that €’H7T}I < Q*. Write
wg for the highest equilibrium starting wage offered to H-workers, and let £f denote the employment
of H-workers in the starting phase of this contract. Ty = pg — Wy is the profit flow for each of these
workers. If w}; > Wy, it follows that 7, < Tp. Moreover, since contract (w'y, pg,b) does not attract
or retain any more H-workers than contract (wg, pg,b) (because the equilibrium distribution F has
no mass point at Wy as shown in Proposition 1), it follows that ¢}, = (5. Hence,

5}{71'}1 < ZHWH < ZHWH + ZLWL =QF

Conversely, if w; < W, w)y is in the support of the equilibrium wage-offer distribution (cf. Proposition
1). Hence, a feasible incentive-compatible contract (w} ,pr,b) exists such that ¢ 7y, < Oy, + 0,7} =
Q.

Consider now the case in which 77 < 0 and some firms offer pooling contracts in the candidate
equilibrium so that the arguments of the previous paragraphs do not apply. In this case there may not
exist a feasible simple contract w} which is incentive compatible to contract w}, and yields the same
utility to L-workers as pooling contract &p. Because of w}; < Wy and b < wy;, the simple contract
Wy = (wy,pH,b), when offered as a pooling contract, is less attractive to L workers than pooling
contract wy and it also retains fewer of those workers; hence E'L < {;,. We further claim that the profit
from any L worker in the simple contract is no smaller than the one with contract wy, i.e.

—b . . pL — Wy
W/IJZPL—’LU}{"‘i(bﬁL(;_,_)\ ZFLZPL—U)H‘FPm‘
Because of w; < wg, this follows if
pL—b pL — Wy
F+0TAZ G+0F AL - (31)
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Consider any arbitrary demotion wage w™ and define function

H(w™) = b+0+ ){)ﬁ : ?L(ﬁ)(wi))] ’

where w(w™) is the initial wage of a simple contract that yields the same continuation payoff to worker
L as the flat demotion wage w™, so that [1 — Fp(w(w™))] is the probability that L-workers quit demotion
wage w~. Therefore, H(w};) equals the right-hand side in condition (31). The wage w(w™) satisfies
Vip(w(w™),pr,b) = Vi(w™) (and hence w(b) = Ry). With this notation, we can also define I'(w) =
H(w™!(w)) for initial wages w > Ry. Condition (31) for any feasible value of 1}, is then equivalent to
['(w) <T(Ryp) for all w € [Rp,pr]. The relation Vi (w,pr,b) = Vi (1w~ (w)) can also be expressed as

w1 (w) = w+ p[Vi(pr) — Vir(w, pr,b)] ,

so that we have

R R e

which makes use of the derivative of (4) which applies to all wages w < pr. Therefore, integration
implies
Y G4 HNL-F )

v —1 _
e =0 s A Frw)

so that
pL—b— Jii, 5 tpes
¢+ 0+ N1 - Fr(w))
With the condition of Lemma 1, the requirement I'(w) < I'(Ry) is fulfilled so that 77, < 7. This,
together with ¢, < {1, and 7, < 0 proves that ¢} 7} > {171, Therefore, the simple pooling contract w’;

INw) =

yields total profit Qg (wyy) = ¢y + ¢ which is at least as large as Qg (wy) = Cy#p + 7. This
proves that Qp(wy) < Qu (W) < Q. 0

Proof of Lemma 2
Note that a worker does not misreport his type whenever the incentive-compatibility constraint
Vii(w;) > Vij(w;) holds for any offered pair (w;,w;). Using (20) and (22), it follows that this is
equivalent to
wj —w; < p[Vi(pi) — Uil ,

which is identical to the incentive constraint (1). We can simplify this equation by making use of the
reservation wage equation

Ri =b—p[Vi(ps) — Ui , (32)
where R; = R;;(b) < b is the reservation initial wage of an unemployed worker of type ¢ who reports

truthfully. Using this equation, we can rewrite the incentive constraints as (2). O

Proof of Proposition 1

To express the dependance on p, we write R;(p), i = H, L, for the reservation wages, and w;(p) for
the highest wages in the support of the offer distributions. The separating equilibrium characterized in
Section 3.2 is feasible provided that wr,(p) < pr which is equivalent to

wg(p) < pr.+b—Rr(p) . (33)
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This inequality is strictly fulfilled as long as incentive constraints do not bind (that is, if p > p;), because
of Wy, < pr. On the other hand, when p tends to zero, Ry (p) — b, while

2/
(0> 540 = g - CHILE= Lo

Because (18) is equivalent to wy(0) > pr, inequality (33) fails if p < p; is sufficiently small. Hence,
under condition (18), there exists pa € (0, p1) such that the separating equilibrium is feasible for any
p > p2. On the other hand, if (18) fails, either (33) holds for all p € [0, p1], in which case the separating
equilibrium is feasible for all p > py = 0, or condition (33) fails for some values p € [0, p1] in which case
p2 > 0 is defined as the supremum of those values of p where (33) holds with equality.

Conditional on p > pa, we first solve for equilibrium reservation wages when incentive constraints
bind. Define

B A1 = Fi(w))
hi(w) = d+6+p+ M1 - Fi(w))

and split the integral expressions in the reservation wage equations (13) as follows:

71::L7H’

wy
/ hg(w)dw = Wy — Ry +20(YY? —1)(py — Ry) ,

Ry
EHh dw = T — i 2C — By = P\1/2/= B B - \1/2
gw)dw = wg wH—i_il—i—a Cp—R)—(p—R)"“*(p+alb—Rr)— (1+a)wyg) ,

wy

L
/ hp(w)dw = g — Ry, +20(YY2 —1)(ps — Ry) ,
Ry,

/LhL(w)dw = wLZDLJrli_Ca[C(pR)(pR)1/2(p+oz(bRL)(1+oz)u~)H)1/2},

pH—b—pr+RL

PITES ey Adding up the integral expressions gives

where we define Y =

/}: hat (w)dw = - ia [(p ~R)Y(1+C% +alb— RH)]

«
+20 [P —b—pr+ R.)'2[prr — Ry — pr + Ri]'? = 2C(prr — Ry)
and

/: hi(w)dw = 1+1a [(p —R)(1+C2) + Ry — b]

1
=20 lpw = b—pr+ Ru)Plpy — Ry = pr+ Be]'/? = 20(pr — Ru)
Substitution of these terms into the reservation wage equations (13) yields two nonlinear equations that
determine R; and Ry simultaneously. Adding the equation for Ry to the one for Ry multiplied by «,
we see that the nonlinear term disappears so that we can solve for R = Ry + aRy:

ppC(C—2)+b(1+a)(p+ o+ 9)
d+d+p(1-0C)? '
We can now substitute Ry = R — aRy, into the reservation wage equation for Ry, which is quadratic
in Ry. The relevant root is obtained as follows:
B 4C*(F(1+a)+G) — 2DE + \/[4C2(F(1 +a)+ G) —2DE]? —4(4C?*(1 + ) — E?)(4C?FG — D?)
B 2E% —8C%*(1 + «) ’

R =

Ry,
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with

D=1 +a>¢p+5 Lol 4P+ C?) — pr(l+a)(1+2C) — RC?,

+46 =
EE(I—i—a)[QC—QSp]—a, F=pyg—-b—p,, G=pg—R-—pr, .

These reservation wages, together with w; from (11), wy from (17), wy, = wy — b+ Ry, and the
wage offer distributions from (8) and (9), characterizes the candidate equilibrium with binding incentive
constraints. To prove that the candidate equilibrium indeed is an equilibrium, we still need to show that
no separating firm finds it optimal to deviate to a simple pooling contract. We formulate this assertion
as Lemma A.1 below. Because of this Lemma and Lemma 1, the candidate equilibrium is a market
equilibrium. O

Lemma A.1: For any p > po, firms do not find profitable deviations to a simple pooling contract.
Proof: Consider a firm offering a simple pooling contract @ = (wg, pg,b) such that wy < Wy, to
retain high-ability workers. Note that offering a pooling contract (wg, pg,b) in which wy > Wy is not
profitable since this contract has the same hiring and retention rate of workers as the pooling contract
(W, pH,b), but leads to lower profit per worker.
Instead of offering the pooling contract @ = (wgr, prr, b), the firm can also offer a menu of separating
contracts (wp,wr) with wg = @ and wy, = (W(wgy),pr,b), W(wy) = wyg — b+ Rr, < pr. The pooling

(separating) contracts, conditional on hiring a worker, yield expected profit values 2 () satisfying

prL —b
d+0+ A7
Q = tlylpg —wg)+Lrlpr — w(wwy)] ,

Q = ZH[pH—wH]‘FgL[pL_wH‘i‘P

where /; and ¢; are the numbers of workers of ability 4 in the starting phase of the two contracts. Note
that both contracts have the same hiring and quit rates for both worker types in the pre-promotion
stage since Fr(w(wg)) = Fg(wy) and low-ability workers are indifferent between reporting type L or
type H at the offered contract wages. Therefore, ¢; = 0 fori=H , L, and the pooling contract strictly
dominates the separating contract if and only if

. pL—b
pr — w(wn) < pL wH+P¢+5+)\ ;
which is equivalent to (see (5) and (6))
pr — UL pL—b

wi = wn) = P S <P

This in turn is the same as
Apr + (¢ +6)b

4
oUL > O+d5+ A (34)
On the other hand, we have that
wr, 6
((ZS‘FA)UL_Z)-"-A/ VLL(w)dFL(w) <b+A]LUL ,
Ry o+9

since no contract offered to low-ability workers yields utility value greater than (pr, +0UL)/(¢+6). But
this inequality is equivalent to
AprL + (¢ + )b

Up < ,
oUL b+ + A

(35)
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which contradicts (34) and thus proves that the separating contract dominates the pooling contract
when p > p2. This completes the proof of Lemma A.1. a

Proof of Lemma 3
We first show that firms make negative expected profit on any low-ability worker hired in a pooling
contract with initial wage wg > wi = w1 (pr), i.e.
pr —b

pL—wH+p7¢+5+)\<0,

for all wyg > pr, + b — Ry. This is true if and only if

pL — UL
o+9

pL—b

ARy S u

In the proof of Proposition 1 we show that this inequality is fulfilled (see equation (35)).

To prove the first claim, suppose there is no mass point. Then p < po implies that wy > wy =
w1 (p) so that some firms offer pooling contracts at w}; + . In the limit ¢ — 0, the inflow (quit)
rates of high-ability workers at these firms are identical to the inflow (quit) rates of high-ability workers
at firms with the highest separating contract at wy;. However, for ¢ — 0, the inflow rate of low-ability
workers is strictly larger at wy; + € than at wj; since the former contract attracts the mass of promoted
low-ability workers (earning py) whereas the latter contract does not. Hence, profit would jump down
discontinuously since firms make negative profits on low-ability workers in a pooling contract wg > wy;.
This contradicts profit maximization.

To prove the second claim, suppose that all low-ability workers who are offered separating contracts
(wyy,pr) report truthfully. Then firms offering this contract earn zero profits on low-ability workers
and positive profits on high-ability workers. A firm offering a separating contract at wj; — ¢ and
wy, = W(wj; — €), however, also earns (nearly) zero profit on low-ability workers and it has the same
inflow rate of high-ability workers in the limit ¢ — 0; however, the quit rate of high-ability workers
jumps down discontinuously from wj; —e to wj; because workers earning wj; —e (w¥;) quit (do not quit)
to another firm offering w7;. Since there is a mass of firms offering w%;, profits jump up discontinuously
from wy; — € to wj;, which again contradicts profit maximization.

This completes the proof of Lemma 3. O

Proof of Proposition 2

The proof proceeds in two steps. We first characterize the vector of endogenous variables £ =
(p,&,m, Rr, Ryy) by a set of equilibrium conditions. Second, we prove that the candidate equilibrium
exists using Brouwer’s fixed-point theorem.
Steady State Measures

We write G;(w) for the earnings distribution of initial wages and G (w) for the earnings distribution
of wages after promotions/demotions. Since the latter has mass points at p; and at b and zero density
elsewhere, we write ¢ (p;), ¢ = H, L, and g} (b) for the measures of employed workers after promo-
tion/demotion. Since the distribution of initial wages has a mass point at (wj;,pr), we write gr,(pr),
gr(wyy) and gy (wj;) for the measures of workers earning py, (low ability) or wj; (high and low ability)
before promotion/demotion decisions. We calculate these earnings distribution measures as functions
of equilibrium variables £ as follows.

1. Low-ability workers

Write g1 = Gr—(pr), 92 = Gr(pL) — Gr—(pr) = gr(pL), 93 = Gr(wy) — Gr—(wy) = gr(wy),
g1 = Gr(wy) — Gr(wy), g5 = g%(b), g6 = g*(pr). Thus, fraction Gy = g1 + g2 + g3 + ga4 of employed
low-ability workers receive initial wages and fractions g5 (gg) have been demoted (promoted). Hence,
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Go + g5 + g6 = 1. Note that no low-ability worker earns a wage in the interval (pr,w};), so that
Gr—(wy) = Gr(pr). Remember that fraction ¢ > 0 of firms offer wages strictly below p;, and fraction
1 —n—¢ > 0 offer wages strictly above wy;. Also remember that fraction § of low-ability workers accept
wj; when offered (w};,pr).

Go, 91, 92, 93, g5 and gg satisfy the set of linear steady-state equations

Gilo+d+p+ A1 —9) = [p+6+ Agsle, (36)
Rlo+d+tp+A1-—p—n)] = [@+0+ g +g5)n(l—-E), (37)
g3lp+0+p+A1—p—n)] = [p+5+ Mg +g5)n¢ , (38)

Golp+d+p] = [p+d+Ags] +Ags(1—¢—1), (39)
gslo+0+ A = p(Go—g1—92), (40)
glo+o+AX1—p—n)] = plg1+g2) - (41)
These can be solved for
_ C(E+p)+DE _E—F(g1+ 92)
m+g”‘B@H4»+DF’G“‘ E+1p :
with
B = (¢+0+p+AM1—p—0))(@++p+ A1 —¢))(¢+35+A)
+FApp(@+6+p+ A1 —p—=n&)) + A1 =E)(¢+d+p+ A1 —¢)) ,
C = (@+0)@+3+N|(e+n-)o+35+p+A1-9) = Apne| ,
D = Mﬂw+nﬂ—®X¢+5+p+hﬂ—¢D—Awﬁy
E = ¢+0+2A,
Fo_ pAlp + 1)

d+I+AN1—p—n)

The other variables g,, n = 1,...,6 follow immediately from (36)—(41). The unemployment rate is
u=(¢p+9)/(¢+ 3+ A). For the earnings distributions of initial wages, the steady state relations are

b+0+p+A1— F(w))
(¢ + 0+ Ags) Fry(w) + Age(Fu(w) — o —n)
¢+0+p+ A1 - Fu(w))

it w<pr, (42)

Gp(w) =

it w>wy . (43)

2. High-ability workers
For the distribution of initial wages, steady state relations yield

_ (¢ +6)F(w)
Cr) = S A1 - Fa

and

6+ AGh—(wi
o) = Gute) - ()= S

Profit Maximization
Firms are indifferent between all contracts in the offer distribution. In the following, we derive this
indifference relation for different wage offers to high-ability workers.
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$+0+Ag7 (b)
o+6
unemployed or demoted at wage b, relative to the mass of unemployed high-ability workers.?? We also

define parameter Ay as in Section 3, equation (7).
1. wy € [Ry,wy): Firms offer separating contracts with slack incentive constraints.
When the firm offers w; to workers of ability ¢ = H, L, profit is

For convenience, we define & = « , which is the ratio of low-ability worker who are either

Aolpy — wy] ‘a Aolpr, — wr)]
[p+0+p+ A1 —Fg(wn))>  [p+06+p+ A1~ Fr(wr))]*

Qwy,wr) =

With slack incentive constraints, profit is constant for both worker types independently. This gives rise
to the same wage offer distributions (8) as in the previous section. Rank preservation implies that the
two initial wages are linked according to (10), and the incentive constraint (6) implies that the threshold
wage wy satisfies (11).
2. wy € [Wy,wy;): Firms offer separating contracts with binding incentive constraints.
Incentive constraints are binding so that wy, = w(wy) = wg — b+ Rp. The firm’s profit is

Ap
¢+0+p+ A1 — Fu(wg)))?

Qwg, w(wy)) = ( [pH —wy + a(pr —wH—I-b—RL)] .

The constant profit condition Q(wg, w(wg)) = Q(Rp, Ry) yields the wage offer distribution

Y SRR p— wi(1+6) +ab— Rp)\Y? o,
Fu(wy) = ¢+ 1- <p 2l " )R ( L)> , Wy € [y, wy) , (44)
p—

where we define p = py + apr, and R= Ry + aRy. We define

p+o+p+A1—-2)
p+o+p+ A

C(z) =

)

and obtain, because of Fy_(w};) = Fr—(pr) = ¢, an equilibrium condition for ¢

:pH—pL—b+RL

2
Cly) Py

(45)

3. wy = wj;: Mass n > 0 of firms offer the contract menu (wj;,pr). Fraction { > 0 of
low-ability workers misreport their type.

These firm offer py, to low-ability workers of whom fraction 1 — & accept this contract so that firms
make zero profits on these workers. Fraction & of low-ability workers, being indifferent between the two
contracts, report the wrong type, earn initial wage wj; = pr +b— R, and are demoted to wage b at the
firm’s learning rate p. On each worker of low ability hired into such a contract, the firm makes expected
profit

(@+d+N)(Rr —b)+plpL —b)
(P+0+N)(@+d+p+A1—p—mn))
Note that low-ability workers before demotion quit at rate A(1 — ¢ —n) since fraction 1 — ¢ — 7 of firms

offer initial wages above wy;. After demotion, these workers quit at rate A. Note also that Jr(w};) is
negative (see the proof of Lemma 3).

Jr(wy) =

39The mass a%”\ig(w of low-ability workers are unemployed or employed at demotion wage b, whereas there

o+
PR N

are unemployed high-ability workers.

42



The rate at which low-ability workers are hired into this contract is

hutu) = 55 o+ 0+ A0 + G0 = R

o+ + A
The first expression is the flow of low-ability workers who are either unemployed or who are employed
at wages below pr who report the wrong type when meeting this firm (flow rate A¢). The second
expression makes use of the steady-state earnings distribution of low-ability workers (42). Therefore the
firm’s profit on low-ability workers at wage wy; is

Apdf[(¢+ 04+ N)(Rr — b) + p(pr — b))
[O+0+p+A1=9)][p+0+p+AX1—@—n)(¢+5+A)

Qu(wy) = hp(wp)JL(wy) =

Workers of high ability yield a profit flow before promotion py — w};, quit at rate A(1 — ¢ —n), and
A(¢+0)(¢+0+p+A)
P+0+A)(d+0+p+A(1—yp)

they are hired at rate 0 - Thus, for the firm’s profit, we have a similar expression:

Aolpr — wy]
[p+0+p+ A1 =p)[p+d+p+ A1 -9 —1n)]

Qp(wiy) =
The constant-profit condition Qr(wj;) + Qg (wj;) = Q(Ru, Rr) then implies

PH — PL —b+RL +€(3J[RL —b—l—L(pL—b)]
Clp)Clp+1) = R oo : (46)

which is an equilibrium condition for the endogenous variable &.
4. wy > wy: Firms pool all workers in the same contract, promoting high-ability
workers and demoting low-ability workers.
If the equality
l—p-n=0 (47)

holds, there are no firms offering wages above wy;. Otherwise, positive mass 1 — ¢ — 7 of firms offer
wages wy > wjyy. These firms hire all low-ability workers who currently earn wj; or less, including those
low-ability workers who have been promoted to wage pr. Similar to the previous case, each worker of
low ability hired at wy yields negative profit

(¢ 4+ 0+ N)(pr —wn) + p(pr, —b)

Jo(wg) = (d+3+N)(p+d+p+ A1 — Fy(wy)))’

since these workers quit at rate A\(1 — Fy(wpg)) (rate A) before (after) demotion.
The rate at which low-ability workers are hired into this contract is
A
p+0+ A

2a[(6+ 8+ p+ )9+ 6+ Mgi (8) + g7 (1)) — A207,(pr) (0 + )]
(@+3d+N[Pp+6+p+ A1 — Fu(wn))]
The first expression is the flow of low-ability workers who are either unemployed or who are employed

at wages below wgy meeting this firm. The second expression makes use of the steady-state earnings
distribution of low-ability workers (43). We define

hi(wi) = [0+ 0+ Mgi ) + g7 (p2) + Grlwn))]

. N )\2 *
60+ Mg () + g p0) — ERLLE

¢+9 ’

O
Il
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and find that the firm’s expected (negative) profit on low-ability workers at wages wy > wy; is

Ao&[(¢+ 6+ N (pr — wr) + p(pr, — b))
d+6+p+A1—Fulwg))2(@+6+N)

Qp(wg) = hp(wg)Jp(wh) = [

For workers of high ability, the firm’s profit is

Aolpr — wH|
¢+0+p+ A1~ Fy(wn))*

Qp(wy) = [

Now the constant-profit condition Qr(wg) + Qu(wy) = Q(Ru, Rr) yields the wage offer distribution

wy € (Wi, Wy, (48)

Fr(wy) =

2 2 2 1/2
O+ +ptA | p—wu(l+ &)+ agh(pr —b)
) p—R ’

where we define p = py + apr. The top wage follows from Fg(wg) = 1:

_ 1 7a ap d+5+p \2,. =
= —b) - (——F2 ) p-R)|.
wH 1+O;[p+¢+6+/\(pL ) <¢+5+p+A> ( )]

Since the distribution of wage offers must have connected support, Fyi(wy) = limy,\w: Fu(wg) =
@ + 1, we obtain an implicit condition for variable 7:

pr —pL — b+ Rp+&[Rp — b+ 54— (pL — b)]
Clp+n)? = R et : (49)

Reservation Wages

It remains to derive reservation wages for the two workers types. For both types, we make use of
(32) and calculate the difference V;(p;) — U;.

For workers of low ability we have from (19) and (21)

((Z) + 5)VL(pL) = pr+ oUr, + )\/i}H [VLH(w) — VL(pL)] dFH(w) , (50)
oUp, = b+ A RwH [max[Vir(w(w)), Ve (w)] — U] dFg(w) (51)
— b4+ A/WH Vi (d(w)) — U] dFy(w)
fRH
I\ /  Ven(w) = Vi(pr) + Vi (pr) — Ur] dFy(w)
— b / T L () — Uy dFs(w)
Ry

+A /wH Ver(w) = Vi(pr)] dFu(w) + A1 —)[VL(pr) — UL] -

W
Subtracting (51) from (50) and substitution into (32) gives

*
—)’LUH

(b—Rp)=ps—b—\ /R Viz(d(w)) — Uy dFg(w) . (52)

o+ 0+ A1 —y)
p
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The integral expression in this equation can be calculated as follows:

A / T (W) — Up, dF(w) = A / T Vi w) = Vir(Ry)] dFy(w)
Ry Rp,
o Ne—Rw)
Ry, ¢+5+p+>\(1—FL(w))
=~ )1~ 2060 + 22y 2yt R 2l bt R

The last equation makes use of (8), (44), and Fr(w) = Fg(w + b — Ry) for wy, > wy, = wy — b+ Ry,
similar to the calculations in the proof of Proposition 1. Substitution back into (52) yields an equation

which defines Ry, implicitly.
For workers of high ability, we obtain a similar reservation wage equation:

qbzé(b — Ry) = py —b— A/:[VHH(w) Uyl dFy(w) .

For the integral expression, we obtain
—wiy

RH RH

+ /wH Van(w) = Van(wy)ldFg(w) + (1 = = n)[Var(wy) — Ver(Ry)]

—>w}1
Wi © — Fy(w) v 1 — Fy(w)

" Jaw b0 o A= Fu() ™ 650+ o+ A1 Fuw)

»
WhH

dw

1—¢ d
w
Ry d+d+p+ A1 - Fg(w))

[V 1 — Fy(w) o+ W 1 — Fy(w)
~Jry S0+ p+ A1~ Fu(w)) wi, O+ 0+ p+ A1~ Fu(w))

_|_

dw .

Using (8), (44) and (48), the sum of the last two integrals can be further calculated to obtain

)\/wH Ve (w) = Vyu(Ry)]dFy(w) = wy — Ry — 2C(1)(py — Ry ) + W(ﬁ -
Ry «
+210J(r121d b — pr — Ry + R *[py —b—pr + R1]Y* + 20(1)(C(1)+_&0(S0 1) (p—

Substitution back into (53) yields the implicit equation for Ryy.

This completes the first part of the proof, namely the derivation of all equilibrium conditions.

Equilibrium Existence

(53)

‘fﬁwmw—WMMMmez/ Vit (w) — Vi (Rar)] dFsa (w) + (Vs () — Vi (Rar)

There are two types of candidate equilibria in simple contracts. The first case is that the mass point
at wj; = wy is the highest offered initial wage. In this case the equilibrium variables (¢, &, 7, Rr, Ry)
satisfy equations (45), (46), (47), (52) and (53). Second, some firms offer initial wages above wj}; in
which case (¢,&,n, Rr, Ry) satisfies (45), (46), (49), (52) and (53) (so that n < 1 — ¢). Typically the
second case describes an equilibrium if the learning rate falls below some threshold ps. If this threshold

value exists, both (47) and (49) are jointly satisfied at p = ps.
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To prove equilibrium existence, we apply Brouwer’s fixed-point theorem by defining a suitable con-
tinuous map H : X — X on a compact, convex subset X C IR®, such that every fixed point of H
satisfies the equilibrium conditions. First, we define upper and lower bounds on reservation wages. For
workers of high ability, note that the integral on the right-hand side of (53) is bounded below by zero
and it is bounded above by

ouy PP b—X | [Vang(w)—Ugl dFg(w)
/RH Virn (w) = Un] dFp(w) < PL=E = M ,

which implies
-
/RH[VHH(w) —Unl dFp(w) < M=

Therefore, (53) defines upper and lower bounds on Ry:

Ry=b— —b) <Ry <Rg=b- b) .

_P P _
FowH FFoTAPH
For workers of low ability, the integral on the right-hand side of (52) is bounded below by zero which
defines the lower bound

_ p _ —ph_ Py —
The integral in (52) is bounded above by
*)U}H ) b _ R
[ Wislitw)) - U dFu(w) < olVulon) - Uy = 25 F)
Rp,

which defines the upper bound

Rr=p—___ P _ _
R, <Rp=b ¢+5+)\<pL b)

We can now define
X = {(%fﬂ%RL,RH> € [07 1]3 X [EL;EL] X [BH7§H] ’ 77+S0 S 1} 5

which is a compact, convex subset of IR?.
Define RHS(V) (LHS(V)) for the right-hand side (left-hand side) of generic equation (N), and define
functions G; : X — R by

Gi(p,&,m, R, Ry) = LHS(45) — RHS(45) ,
Go(p,€,m, R, Ry) = LHS(46) — RHS(46) ,
Gs(p,€,m, R, Ry) = LHS(49) — RHS(49) ,
Gi(p,€,m,Rp, Ry) = LHS(52) — RHS(52) ,
Gs(p,&,m, R, Ry) = LHS(53) — RHS(53) .

Since all steady-state measures and the other expressions defined above depend continuously on (p, &, n, Ry, Ry),
functions G; are continuous. Then define the map H : X — X by

z) = max{0,min{l, o+ Gi(x)}},
( ) = max{0,min{l,£§ — Ga(z)}} ,
3(x) = max{0,min{l —p,n+ Gs(x)}},
() = max{R;,min{Ry, Ry + G4(x)}},
(z) max{ R, min{Ry, Ry + G5(x)}},
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for any x = (p,&,n, Ry, Ry) € X. It is obvious that H maps X into itself and that it is continuous.
Hence it has a fixed-point, denoted z* = (¢*,&*,n*, R}, R};) € X. It still needs to be shown that this
fixed-point is a candidate equilibrium. For this we need to prove that G;(z*) = 0 for i = 1,2,4,5, and
that Ga(z*) > 0 if n* 4+ ¢* = 1.

To show G1(z*) = 0, we have to prove that ¢* € (0,1). Observe that, due to Proposition 1, p < pa
is equivalent to wy > pr, + b — Ry, with Wy defined in (17). This is equivalent to

2<pH—pL+RL—b
p—R '

C(1) (54)
Hence, at ¢ = 1, we have that gj(b) = 0, & = «, so that p = P, R = R. Then (54) implies that
LHS(45) < RHS(45) at ¢ = 1 provided that p < p2. Now suppose that ¢* = 1, so that G1(z*) < 0.
But this contradicts Hi(z*) = ¢* = 1. Second, suppose that ¢* = 0, so that LHS(45) = 1 while
RHS(45) < 1, and hence G (z*) > 0, which contradicts H;(z*) = ¢* = 0.

Next we show that n* > 0 and that G3(z*) > 0, ¢* + n* < 1 hold with complementary slackness.
Suppose first that 7" = 0. Then, since G1(z*) = 0 and because of [R, — b+ 5 (pr — b)] <0 (proof
of Lemma 1),

_pu—pL—b+ R
p-R

This implies G3(z*) > 0, which contradicts Hz(z*) = n* = 0. From Hz(z*) = n* it is also easy to show

that Gg(x*) > 0 and that n* + ¢* < 1. Moreover, one of these inequalities must bind if Hs(z*) = n*.

To prove Ga(z*) = 0, we have to show that £* € (0,1). Suppose first that £&* = 0; then, because of
Gi(z*) =0 and n* > 0,

C(p*)? > RHS(49) .

:pH—pL—b+RL
p—R

C(P")C(¢" +1%) < C(¢*)? = RHS(46) ,
so that Ga(z*) < 0. This contradicts Ha(z*) = £* = 0. Now suppose £* = 1, which implies ¢} (pr) =0
and therefore & = &. This implies that

RHS(46) = RHS(49) < C(¢* +n*)* < C(")C(¢* +1") |

because of n* > 0 and G3(z*) > 0. Hence G2(z*) > 0, which contradicts Ha(z*) = &* = 1.

Finally, it is straightforward to show that G4(z) < 0 (G5(z) < 0) if Ry, = R, (Ry = Ry) and that
Gy4(z) >0 (Gs(z) > 0) if R, = Ry, (Rg = Ry). This proves that G;(z*) = 0 for i = 4, 5.

This completes the proof of Proposition 2. a

Lemma A.2: In a Burdett-Mortensen (1998) model with matching rates Ao and A1 for unemployed
and employed workers, separation rate &, birth/death rate ¢, let G; denote the earnings distribution of
workers who had i > 0 job-to-job transitions since the last unemployment spell. Then G; first-order
stochastically dominates G for any i > j. Hence a worker’s expected wage is increasing in the number
of job-to-job transitions since the last unemployment spell.

Proof: Write F for the wage-offer distribution with support [R,w] where R is the reservation wage.
Let e; be the mass of employed workers with exactly 7 job-to-job transitions since the last unemployment
spell, and let u be the mass of unemployed workers. Let G;(w) be the earnings distribution of workers
in group e;, and write g; for the density.

For group ¢;G;(w), i > 1, the outflow=inflow condition is

w w

gi(w)[1 = F(w)]du'] = e 1 /R gir(w))[F(w) — F)de . (55)

e [(@ +6)Gi(w) + At /

R
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For group egGo(w), the corresponding condition is

w

eo[(® + 6)Go(w) + A /

go(w)[1 — F(w’)]dw’] = uhoF(w) . (56)
R

Partial integration and differentiation yields the following formulas for the densities:

gilw) = 292G ) iz,
go(w) = 28U f(w)(w) ,

with ¥(w) = [® +§ + M1 — F(w))]7!. Because 9(w) is strictly increasing, it first follows that
go(w)/ f(w) = ¢(w) is strictly increasing. Hence Gy likelihood-ratio dominates F'. Second, since go(w)
is proportional to f(w)y(w), it follows that gi(w)/go(w) ~ Go(w) is strictly increasing. Hence, Gy
likelihood-ratio dominates Gy, which in turn implies reverse-hazard-rate dominance: ¢;(w)/G1(w) >
go(w)/Go(w) (see Krishna (2009)). Third, it follows recursively that any G; likelihood-ratio dominates
G;_1 for i > 2. To see this, consider

g9i(w) _ e 1Gi1(w)
gi—1(w)  ejeioGi_a(w)

Here the right-hand side is increasing iff g;—1(w)Gi_2(w) > gi—2(w)G;—1(w) for all w which is true iff
G;_1 reverse-hazard-rate dominates G;_o which is true if G;_1 likelihood-ratio dominates G;_o. As this
is true for ¢ = 2, it holds for all ¢ > 2 by induction. It follows that any G; first-order stochastically
dominates G; for i > j (Krishna (2009)). O
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Appendix C: Data and Simulations

Our discussion in Section 4.1 extends the work of Light and McGarry (1998) by considering a worker’s
cumulative count of the number of job-to-job transitions and cumulative count of the number of non-
employment spells. To do so, we use the National Longitudinal Survey of Youth 1979 (NLSY), focusing
on white male and female workers. Following Light and McGarry (1998), we drop from this group those
workers with indeterminate entry dates, those with entry dates that preceded their 16th birthday or
01/01/78 (the earliest date included in our regressions timeframe), those who stayed in school throughout
1979-1993, those who were observed for less than 8 years after their entry date and those without
employment data during the 1979-1993 period. Also following Light and McGarry (1998), to determine
the entry date we use as a guide the start of the first non-enrolment (in education) spell lasting more
than 12 months. Because of the lack of detailed enrolment information for the survey years 1979-1980,
we use a different method in those years relative to the 1981-2010 survey years. In the 1979-1980 survey
years, the NLSY only provides information on the date last enrolled. For these two years, we use the
number of months between the date last enrolled and the interview date, and identify the entry date
for those who had 12 months in between. From 1981 onwards, the NLSY provides a dummy variable
for each month since the last interview which is equal to 1 if the respondent was enrolled in that month
and zero otherwise. In this case we use the first 12-months non-enrolled streak and took the first month
of that streak as the entry month.

An important difference with Light and McGarry (1998) is that we create a “main job” dummy
variable for a particular month to compute transitions, instead of using all of the overlapping jobs the
worker could have held in the same month. In particular, for months where more than one job was held,
we follow these tie-breaking rules: (i) The job that had the most hours worked per week is taken to be
the main job. (ii) If there were two or more jobs that month with the same maximum hours, the job
that began earlier (earlier “jobstart”) is chosen as the main job. (iii) If two or more jobs that month
had the same maximum hours and “jobstart”, then the one with higher wages is chosen as the main job.
(iv) If two or more jobs had the same hours, start and wages, then the one which lasted longer (later
“jobstop”) is considered the main job. (v) If there were still two jobs that had the same hours, start, stop
and wages, we assume these to be exactly the same jobs, in which case we choose arbitrarily the one
with a smaller job id. Job-to-job transitions are then computed by identifying the months for which the
main job changed such that the time gap between these jobs is less than a month. The non-employment
spell variable is created when the main job variable is either missing or zero.

Using this data set, we take the same econometric specification proposed by Light and McGarry
(1998), except that instead of including the total number of job separations at 2 years and 8 years as
regressors, we replace them by the cumulative counts of the numbers of job-to-job transitions and non-
employment spells. Other regressors include a quadratic on actual experience and a quadratic on tenure,
years of schooling, marital status dummy, health status dummy, a part-time/full-time employment
dummy, a government sector dummy, a union job dummy, one-digit industry dummies, unemployment
rate and wage index as measures of aggregate conditions, a dummy if the individual lived in a city, a
dummy if the individual lived in the South and a gender dummy. The dependent variable is the real log
hourly wage. All these variables are computed following Light and McGarry (1998).

We then run the OLS and IV regressions considered by these authors, using their same error structure
and procedure for the IV regressions. The only difference is that we use the cumulative numbers of job-
to-job transitions and non-employment spells as part of the IV procedure. We perform these regressions
considering all available years (1979-2010), all years up to 1994 and all years up to 1989 in the NLSY.
We also perform these regressions considering the first 15 years of workers’ labor market histories,
the first 10 years of workers’ labor market histories and the first 8 years of workers’ labor market
histories. Further, following Light and McGarry (1998) we consider different specifications for the error
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structure in the IV regressions. We first consider the case in which the error structure only captures
the effects of time-invariant individual characteristics. We then consider the cases in which the error
structure considers the individual and match-specific effects together in the error term. Table 3 presents
the results. We obtain a positive coefficient on the cumulative number of job-to-job transitions when
considering only individual characteristics and when considering individual characteristics in conjunction
with match-specific characteristics. Finally, to make sure we indeed follow the same procedure as Light
and McGarry (1998), we replicate their original exercise, using separately all jobs and the main jobs,
and obtain very similar results.

In the main text, Table 2 reports the estimates using the OLS regressions without the tenure variable.
See Table 4 for the full regression result under this specification. The reason we present the regressions
results without tenure in Table 2 is because in all our simulations we find that the Burdett and Mortensen
(1998) model has a very strong positive relationship between wages and labor market experience, but
not necessarily between wages and tenure. In particular, returns to tenure turn negative when the
displacement shock, d, becomes sufficiently high. With small enough § and ¢ shocks, the Burdett and
Mortensen (1998) model generates an aggregate positive relationship between wages and tenure because
workers in high-paying jobs stay in those jobs for a long time. However, when & shocks become more
frequent, including our benchmark value of § = 0.02, workers that climb the wage ladder and end up in
high-paying jobs are not able to stay in those jobs for a long time. In these cases we observe a negative
relationship between tenure and wages (see Manning (2003) -Appendix 6A- for a formalization of this
argument using a partial equilibrium set up). Nevertheless, even if we include a quadratic on tenure
in the Burdett and Mortensen (1998) simulated regressions, the same general conclusion drawn from
Table 2 holds.

Finally the regressions for the Burdett-Mortensen (B-M) model and for our (CT-K) model reported
in Table 2 are based on simulations of 100,000 workers who we follow for up to 30 years, where all
Poisson shocks (matching, separation, learning, exit) arrive at monthly frequency. We also run the same
regressions following workers for the first 15, 10 and 8 years of workers’ labor market histories (as also
done in the data) and find that our results do not qualitatively change. Note that for these simulations
we make sure that we generate the same data format as in the NLSY. Further, Table 5 reports the
average cumulative counts of job-to-job transitions (JTJ) and non-employment spells (NESP) as well
as workers’ actual experience (EXP), job duration (J-DUR) and non-employment duration (NE-DUR)
implied by the NLSY data and the (B-M) and (CT-K) simulated data sets we use for Table 2. Both
our model and the calibrated B-M model fit these data averages rather well.
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Table 4: OLS regressions without tenure

All years | First 15 years | First 10 years | First 8 years
VARIABLES
Job-to-job transitions -0.0073%** | _0.0081%** -0.0075%** -0.0070%**
Non-employment spells -0.0185*** | -0.0159*** -0.0140%** -0.0137%**
Years of work experience X | 0.0431*** 0.0657*** 0.0792%** 0.0835***
X2/10 -0.0075%** -0.0190%** -0.0300%** -0.0360%**
1 if <12 years of schooling | -0.3036*** | -0.2721*** -0.2726%** -0.2658%**
1 if 12 years of schooling | -0.1931*** | -0.1807*** -0.1748%%* -0.1683***
1 if 16 years of schooling 0.2653*** 0.2520%** 0.2422%** 0.2372%**
1 if > 17 years of schooling | 0.3688*** 0.3868%** 0.3659%** 0.3646%**
1 if in school -0.0872%** -0.0596%** -0.0426%** -0.0359%**
1 if married 0.0698%** 0.0349*** 0.0242%** 0.0197%**
1 if divorced 0.0184* 0.0146 0.0210 0.0113
1 if has health limitations | -0.1166*** | -0.0949*** -0.1040%** -0.1096%**
1 if works < 35 hrs/wk -0.0396%** -0.0162%** -0.0281%** -0.0336%**
1 if government job -0.2487F** | -0.1433%** -0.1183*** -0.1208***
1 if union job 0.1341%** 0.1641%** 0.1636*** 0.1656%**
1 if lives in city 0.0500*** 0.0820*** 0.0751*** 0.0674***
1 if lives in the south -0.0362%** -0.0310%** -0.0299%** -0.0224%**
Unemp rate -0.001 -0.0089*** -0.0055%** -0.0051%**
Log wage index 0.0331%** 0.0057 0.0087 0.0230%**
1 if agriculture -0.5755%** -0.4434%** -0.4283%** -0.43017%**
1 if mining -0.1473%** 0.009 0.0620%* 0.0980%**
1 if construction -0.1228%** 0.0011 0.0509** 0.0558**
1 if manufacturing -0.2008*** | -0.0855%** -0.0570%** -0.0452%*
1 if transportation -0.1151%** -0.0102 0.0327 0.0376*
1 if wholesale & retail -0.3607*F%* | _0.2573%** -0.2234%** -0.2123%**
1 if inf, finance & insurance | -0.1164*** -0.0299°%* -0.0166 -0.0370%*
1 if services -0.3198%** | _(0.1902%** -0.1767*F** -0.1777HF**
1 if male 0.1707*** 0.1516%** 0.1423%** 0.1311%**
Constant 1.6476%%* 1.7072%** 1.5934%*** 1.4874%%*
Obs 62,269 42,604 33,833 28,212
R? 0.3309 0.339 0.3275 0.3415

*E p<0.01, ** p<0.05, * p<0.1. Sample: Male and female white individuals. Dependent variable: log real
hourly wage.
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Table 5: Data and model averages

Means | Data Models
B-M CT-K
JTJ 4.2 3.7 3.3
NESP 39| 3.6 3.6
EXP 11.6 | 10.8 10.9
J-DUR 23| 34 2.5
NE-DUR | 0.87 | 0.69 0.68
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Appendix D: Offers Contingent on Employment Status

In this Appendix we fully characterize the equilibrium when firms condition their up-or-out contracts on
employment status. We first present workers value functions. Then we prove that the offer distributions
faced by unemployed and employed workers do not have overlapping supports. Finally, we characterize
the equilibrium. The arguments used here can then be used to analyze the equilibrium when firms
condition their up-or-down contracts on employment status.

Workers Value Functions: It is convenient to think of workers randomly meeting firms who draw
the high-ability wage offer wj; from distribution F}; and who offer wj = w®(w¥;) to low-ability workers.
This implies that the value of unemployment is given by

Wy
oU; = b+ )\/ max|[V;r (0" (x)) — Ui, Vig(x) — U;, 0|dFy () . (57)
wy
The value of employment at initial wage w for a worker of ability ¢ that reported truthfully his type is
given by
Wy
OVii(wi) = w; + )\/ max [V (0 (x)) — Vii(ws), Vin (z) — Vii(wi), 0ldFf; (x) (58)
w

+6(U; — Vii(wy)) + p(Vi(pi) — Vig(wy))

where the continuation value after promotion is given by (21) with F§;. The value of employment of a
worker of type ¢ that misreported his type and is currently earning the initial wage w; is given by

WVig(us) = wy + A [ max(Vip (@) = Vi), Ve (@) — Vi), 01 (o)
O+ AU - Vigluy)

The incentive-compatibility constraint is given by w; —w; < p[Vi(p;) — Ui].

Proof of Lemma 4: To show this, it is useful to note that in any equilibrium w§ > w} > R;. This
follows since, for example, w§ < w} implies firms offering w{ will not hire any worker and will make
positive profits by offering a wage slightly above w}. We divide the proof in two steps. The first step
constructs the profits of firms when hiring unemployed workers and derives some preliminary results.
The second step compares the firms’ profits when hiring employed workers under the assumption of
overlapping supports.

Step 1:

Consider a firm offering w§, and w} = w"(w}) to unemployed workers. Note that this firm could
be separating or pooling workers. When this firm pools we have that w} = w}, while when it separates
workers w}; # w}. In either case its steady-state profit is Q*(wf;, w}) = Q¥ (w;) + Qf (w}), where
A (pi — wi)

Qf (w') = :

T T 0Tt AL Fy(wh) (59)

for i = L,H. Let N}*(w}) denote the mass of workers hired from unemployment of ability i = L, H
earning an initial wage no greater than w;y'. Steady state turnover implies that

Auioq i (w))

1

M) = S o+ AL Fg(wl)

(2 K3
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Now we show under what conditions firms would prefer to offer separating contracts when hiring unem-
ployed workers. First, if satisfying the incentive-compatibility constraint of low-ability workers implies
wi > wi and w < p; for i = L, H, this firm will strictly prefer to separate workers. To verify this
claim, suppose this firm offered a wage wlL“ to low-ability workers that did not satisfy their incentive
constraint, while keeping w}, constant. (59) then implies this firm will strictly reduce its profits by
doing so, as it will hire low-ability workers at a higher wage while keeping the hiring and retention rates
constant. Second, if satisfying incentive compatibility implies w¥ < wf, but w} < Ry, this firm will
also prefer to separate workers, as offering w% to all unemployed workers will only hire high-ability
workers. However, if satisfying incentive compatibility implies w¥ < w§, but wj > Ry, then this firm
prefers to pool workers and offer both types w.

Also note that w¢ > wf > R; and (59) implies that in equilibrium w} = R; and firms separate
workers at low wages. Further, (59) also implies that any firm offering wages w} € [w, wf) for each
i = L, H, must offer wj' = R;, as this firm faces a constant hiring rate and all workers employed in this
firm quit as soon as they get an outside offer.

Finally note that in equilibrium w§ > w} for ¢ = L, H. To verify this argument fix w§ for i = L, H
and suppose w§ < wy for i = L, H. Note that (59) then implies that the firm offering (w},wY,) will
optimally set w}’ = wy for ¢« = L, H, since by doing so it increases flow profits while keeping constant its
hiring and retention rates. Reducing the w;' below w{ will be optimal, for example, when in equilibrium
w§ > wy fori =L, H.

Step 2:

In this step we prove the non-overlapping support result by contradiction. Suppose there exists an
equilibrium in which @} € (w¢,w§| for i = L, H. We want to show that w}’ > w¢ violates the constant-
profit condition in the employed workers’” market and hence cannot occur in any equilibrium. To do so
consider a firm offering wages w{ = w{ for i« = L, H. This firm’s steady-state profit is then given by
O (wip, wi) = > imp i 2 (wf), where

AN (wf)pi — wf]  AFM(R)
Q8 (wf) = L=t l— L OUR;) . 60
i (wf) O+0+p+ A o+0+p+ A i (i) (60)

The second equality follows from noting that this firm only hires workers that are currently earning
R;, and it maximises profits by setting wf = R; + ¢, where € > 0 is sufficiently small, for i = L, H.
Continuity of (59) then implies Q¥ (R;) = Q¥(wS). These results also imply that a firm offering w¢ for
1 = L, H will separate workers in equilibrium.

Now consider a firm offering a wage w$, = W +¢ < py to employed workers. Here we have several
possible cases depending on whether the firms decide to pool or separate when hiring unemployed and
employed workers. Note that firms could follow different strategies when hiring workers of different
employment status.

First assume that the incentive constraint of low-ability workers is binding at wY;, such that w} =
W —p(pr—oUL)/(¢+0), and suppose that W} < pr. The firm offering w, = W}, +¢ < py to employed
workers will then offer w§ = w®(w%) = W} + € to low-ability workers. Since wY, > W}, firms offering
these wages separate workers hired from unemployment and employment. Let Nf(w) denote the mass
of workers hired from employment with ability ¢ earning a wage no greater than w. The steady-state
profit from hiring employed workers at these wages is given by Q°(wf,w}) =>_,_ L. % (w}), where

ey — ANE@H -+ N @]~ w)
e O+3+p+ AL (@)
N () 03 () AN (@) (p: — )

¢+o+p+ ML —F(w}) ¢++p+ Ml F(wy))

K3 (2
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Since in equilibrium ,_; 5 (i) = 32,1 g ' (W}'), comparing the profits from offering (w, wf)
and (WY, w} ) to employed workers implies Q¢(wY,, w}) > Q°(w, ws ), contradicting the constant profit
condition on the employed workers’ market.

Now suppose that offering a wage w$;, = WY + ¢ < py to unemployed workers of high ability im-
plies that satisfying the incentive-compatibility constraint of low-ability workers yields a wage w} > pr.
In this case the firms will offer pooling contracts with initial wage wY% to both unemployed and em-
ployed workers. Noting that we can still use (61), with w}’ = W}, for i = L, H and that in equilibrium
Yoicn g U(R) = > g S8 (wYy), one can verify that Q°(wY, w}) > Q°(wfy, ws ), once again contra-
dictin;g the constant—proﬁt condition on the employed workers’ market.

Finally, assume that the incentive constraint of low-ability workers is slack at wages w; for i = L, H.
In this case, we could have that incentive compatibility implies w% < w} and firms offering w% to
unemployed workers of high ability can decide to pool workers, while the firm offering WY, to employed
workers of high ability decides to separate. Note, however, that when the incentive constraint is slack,
the constant-profit condition can be applied to high-ability workers independently in both the employed
and unemployed workers’ market. Hence using QY (Ry) = Q% (wY,) and (60) and (61), we obtain
that Q% (Ru) < Q% (wY,), which contradicts the constant-profit condition on the market for employed
high-ability workers.

Taking the above arguments together, they show that in any equilibrium w{ > w} for all i = L, H.
O

An implication of Lemma 4 is that all firms offer unemployed workers the separating pair of reserva-
tion initial wages (Ry, Rz ), while employed workers are offered initial wages w; > R;, drawn from cdf
F;, such that the infimum of the support of F; is equal to R;. We now proceed to characterize separating
and pooling equilibria for this economy.

General considerations

Since firms offer unemployed workers their reservation wage, unemployment utility for both types is

identical, satisfying Uy, = Ug = U = b/¢ . Bellman equations for (truthful and misreporting) low-ability
workers and for (truth-telling) high-ability workers are

[p+6+p+AVir(w) = w+6U+pVi(pr) + A / max([Vpr(@(w')), Vou (w'), Vir(w)]dFy (w')

G464 p+ NVin(w) = w+[0+p)U +A / max[VyL(@(w)), Vis (), Vi (w)|dFir (') |

64+ p 4 AVini(w) = w0+ pVialpu) + X [ max{Vigs (), Vi (), Visg ) ()
From Vii(R;) = U follow the reservation wage equations

Ry =b— plVips) — U] — A / max(Vi (i (w)), Vi (w)] - U dFpr(w) . (62)

Since promoted high-ability workers do not quit, it follows that p[Vi(pg) — U] = % Further

define x = p[V(pr) — U]. Then the incentive constraint for low-ability workers is

wg —wr, < T . (63)
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Separating equilibrium
Since all firms offer separating contracts with initial wages wy < pr, promoted low-ability workers
do not quit. Therefore,

_ plpL —b)
T="0rs (64)
Since no low-ability worker misreports the type, unemployment rates for both types are identical,
uL:uH:u:i(qﬁ—i_é) .
¢+d5+ A

Let h; denote the fraction of employed workers of type ¢ hired from unemployment and earning initial
reservation wage R;. Further, let G;(w) denote the cumulative distribution of initial wages for workers
hired from another employer. In steady state this distribution satisfies

B )\hiFi(w)
9+ 0+ p+ A1 - F(w))

Gl(w)

The steady-state workforce of workers of ability ¢« employed at initial wage w; is

6-(w») _ /\az’(l — u)(hz + Gi(wi))
b6 p A1 - Fi(wy))

It follows that firms’ profits are again given by (7), with a redefinition of parameter Ag = A?(¢+0)/(¢+
0+ A). It follows that the wage-offer distribution for w; < w; is again given by (8). For wages above
w;, the binding incentive constraint (63) and Qg (wy) + Qr(wg — ) = Qu(Ry) + QL (Rr) yield the
wage-offer distribution

(p+d+p+A)
A

Fy(wy) =

- 1 1/2
L <p wH}()_—i-ROé)+ax> ]’ wi > @

where p and R are defined as in the main text.

We again consider a rank-preserving equilibrium. From (10) follows that the incentive constraint
(63) is slack for wages

(pr — Ru)x +puRi — prRu (65)

pn — Ry —prL + R, ’
while for wages above Wy, wy, = w(wy) = wy — x.

To characterize an equilibrium with slack incentive constraints and to derive threshold parameter
p1, note that

wy < Wy

" Vi) — Va(ROE () = [ ML= Filw) e R)(14C?
A/};Z [‘/Zl(w) ‘/;’L(R’L”dFl(w) = s ¢+(5+p—|—)\(1—FZ(w))dw_ (pz Rz>(1+c2 20)’

with parameter C' defined as in (12). Reservation wages can then be obtained from (62) and (64):

Ri:pi_(pi_b)(gﬁf;)_g(—;fc) . (66)

Since promotion wages for high-ability workers are higher, we have Ry < Ry. Incentive constraints
are slack if Wy —wy < x, where top initial wages w; are related to reservation wages via (12). Hence,
threshold parameter p; is the implicit solution of

pu —pr —C*(py —prL — Ry +Rp) =z,
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with reservation wages (66).
If p < p1, incentive constraints bind at the top of the wage offer distribution. A separating equilib-
rium with this feature is similarly characterized as in the main text. Instead of (17) we have

EH:H% P+ar—C*p—R)|, W, =Ty —x .

This outcome only describes a separating equilibrium if wy, does not exceed marginal productivity of
low-ability workers. Hence, the threshold value po is defined as the highest value for which Wy —x = pr,
and hence ensures that a separating equilibrium exists for all p > po.

In a separating equilibrium with binding incentive constraints, reservation wages for the two worker
types can be similarly calculated as in the proof of Proposition 1. Define again h;(w) = P 515};\%@”}% @)
and write (62) as

W

Rf—h+¢i5@f—w:iéihwaw.

As in the proof of Proposition 1, these integrals can be calculated as follows:

/;H hi(wdw = [~ F)(1+ C*) + ale + Ry~ R)]

1
+2C——Ipy — pr, — «)"?[py — Ry — pr. + Rr)Y? — 2C(pyr — Rur)

1+«
o (w)dw = 1[(—@@+C%+R-&%—}
. p(w)dw = (P n—Rp—x
1
—201+7a[pﬂ —pr — 2)Y?[py — Ry — pr + R]Y? —2C(pr — Ry) .

édding the equation for Ry to the one for R; multiplied by «, the resulting equation can be solved for
R =Ry +aRp:

ﬁ:ﬁ—@—u+®ﬂwf5géfm'

Substitution of Ry = R — aRy, into the reservation wage equation for Ry, yields a quadratic equation

in R;, whose relevant root is
Ry = —D++/D?—4F
- 2

with - -
NEI’-b—chL+H%[(ﬁ—R)(l‘i‘CQ)‘i‘R—JZ y

D

%—1Jlra(pH—pL—w),

p=N° 1 (pw —pr — R)(py — pr — ) .
4C*  (1+a)?

These reservation wages together with the previous equations for w;, Wy, Wy = wy — x, and the wage
offer distributions characterize the separating equilibrium with binding incentive constraints.

Segmented equilibrium with pooling at top wages

As in the main text, a pooling equilibrium is characterized by the variables (¢,&,n, Rr, Ry). All
firms offer separating initial wages (Rp, Rr) to unemployed workers and dispersed initial wages to
employed workers. Fraction ¢ > 0 of firms offer separating contracts (wg,wy) with wy, < pr, fraction
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n > 0 offer the same separating contract (pr, + x, pr.), and fraction 1 — ¢ —n > 0 offer dispersed pooling
contracts (wg) with wg > pr + z. Low-ability workers who are employed at initial wage wy < pr and
quit to a firm offering (pr + =, pr,) misreport their type with probability £ > 0. One possibility is that
the mass point at wy = pr + z is the highest offered contract; this happens when the learning rate is
sufficiently large (greater than some threshold p3 < p2). The other possibility, when p < ps, is that
positive mass of firms offer pooling contracts with wg > pr, + .

To obtain steady-state measures, write G;(w) for the earnings distribution of initial wages for those
workers who were hired from another employer. Write h; for the measure of workers who were hired
from unemployment and currently earn initial wage R;, and write ¢;(p;), ¢ = H, L, for the measures of
employed workers after promotion. Since the distribution of initial wages has a mass point at (wy;, pr.),
we write gr.(pr), gr.(wj;) and gg(wj;) for the measures of workers earning py, (low ability) or wj,; (high
and low ability) before promotion/layoff. These earnings distribution depend on equilibrium variables
(p,&,m, R, Ryy) as follows.

Low-ability workers: Write g1 = Gr—(p1), 92 = Gr(pr) — Gr—(pr) = 9r.(pr), 93 = Gr(w};) —
Gr—(wy) = gr(wyy), 94 = Gr(Wh) — Gr(wy;), 96 = g*(pr). Thus, fraction Gy = g1 + g2 + g3 + g4 of
employed low-ability workers receive initial wages and were hired from another employer. Fraction gg
have been promoted, and hy were hired from unemployment. Hence, Gy + g + hy, = 1. Mass apuy,
of workers is unemployed and mass ar (1 — uy) is employed. As in the benchmark model, G _(w};) =
Gr(pr) because no low-ability worker earns a wage in the interval (pr,w};). Go, g1, 92, 93, g6, hr, and
uy, satisfy the following steady-state equations

gilp+o6+p+ A1 —¢)
Rlp+d+p+A1—-9—n)
glo+d+p+A1—-9—n)

| = hrip,

]

]
Golg + 0 + p]

]

]

]

(h +g1)A1 = En
(hr +g1)Xn ,
hrA + Ags(1 —n— ),
p(hr + g1+ g2) »

(R

g6l + 3+ A1 —p—n)
(1—up)hpjp+6+p+A

urlp+A = ¢+ (1 —ur)d+ (1 —ur)(gs+g4)p -
We can solve these as follows:
_ Ap _
9= GTET A gt = A
_ (1+ A1 =&n _
92 = ¢+6+p+M1—¢—mhL—Bm”
_ (1+A)A\n
5B = GForprAlopom
. (1+ A+ B)p _
g6 = ¢+(5+/\(1—<p—n)hL_DhL’
hy = p+d+p
A+ d+0+p+D@+o+p+ AL —n—9))
(p+0+p+Nhg

Y= X ho(@+d+p+ N

The stationary earnings distribution of initial wages is
A Fr(w)
p+0+p+ A1 - Fr(w))
AhpF(w) 4+ Age(Fr(w) — ¢ —n)
p+0+p+ A1 — Fp(w))

Gr(w) = i w<pr,

Gr(w) = if  w>wy .
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High-ability workers: Here the same equations for Gg as in the proof of Proposition 2 apply.
The unemployment rate is ug = (¢ +9)/(¢+d + N), and mass hy = ug /(1 —ug)/(6+ 5+ p+ A) of
employed workers were hired from unemployment and earn initial wage Rps.

Profit Maximization: To find wage-offer distributions from the firms’ profit-maximization condi-
tions, define & = awur, /up as the measure of low-ability unemployed workers per unemployed high-ability
worker. Hence, a random worker hired from unemployment has high ability with probability 1/(1 + &)
and low ability otherwise. Further define parameter Ag as above.

Wage-offer distributions in the four possible cases are similar to those in the proof of Proposition 2
with the following differences:

wyg € [Ry,wp): Separating contracts with slack incentive constraints. Here the wage offer
distributions are again given by (8), and the threshold wage wy is given by (65).

wy € [Wg,w);): Separating contracts with binding incentive constraints. With binding
incentive constraints wy = wy — x, the firms’ profit is

Ag
(¢+(5+p+)\(1—FH(wH

Qwg,wyg —x) = DE pH—wH—l-d(pL—wH—l-:L‘)} .

The constant profit condition Q(wgy,wy — x) = Q(Ry, Ry) yields the same wage offer distribution
as in (44), where the term (b — Rp) is replaced by z, and p = py + apr, and R = Ry + &Ry, are
similarly defined. With the same definition of C(z) as in the proof of Proposition 2, the restriction
Frp_(w};) = Fr—(p1) = ¢ implies the equilibrium condition for ¢:

:pH—pL—l‘

Clp)? Py

(67)

Mass point at wy = wj; with some pooling and layoffs of low-ability workers. Fraction
¢ of low-ability workers misreport their type while the rest accept pr. On each misreporting worker of
low ability hired at wj; the firm makes expected (negative) profit

x

JL(w}—I):_¢+§+p+)\(1_@_n) .

The rate at which low-ability workers are hired into this contract is

N2GE(¢p+ 6)
(p+6+N[p+d+p+A1—9)] "

hi(wir) = a1 = up) [ + Gr(p)] =

Therefore the firm’s profit on low-ability workers at wage wj; is

Aphlx
p+04+p+ A1 =)o+ 0+p+AX1—p—n)] "

Qr(wiy) = hi(wi) Jo(wy) = —

Firms’ profits on high-ability workers Qg (w7, ) is the same as in the proof of Proposition 2. The constant-
profit condition Qp (w};) + Qu(wj;) = Q(Ru, Rr) then implies the equilibrium condition for variable

&

Cp)Cp +y) = PETPEZ 28T (68)
p—R
wp > wy: Pooling contracts with layoffs of low-ability workers.
This is only an equilibrium strategy if 1 — ¢ —n > 0. Otherwise (i.e. 1 — ¢ —n = 0), the highest
initial wage is at w};. Each worker of low ability hired at wy > wj; yields (negative) profit

T (wi) = PL — WH .
d+5+p+ A1 - Fu(wg))
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The rate at which low-ability workers are hired into this contract is

(@+d+p+ N (hr +96) — Mgl + 1)
S8t pt a1 Fa(w)) :

hL(wH) = )\Oz(l - UL) [hL + GL(U)H) +gﬁj| = )\01(1 — uL)

With the redefinition

[(¢+0+p+ N)(he +g6) — Age( +n)](d+ 0+ A)
A+ 9) ’

a=a(l—up)
the firm’s expected (negative) profit on low-ability workers at wages wy > wj; is

Aoc(pr, — wyr)
¢+06+p+ M1 - Fy(wg))?

Qr(wy) = hp(wy)Jr(wy) = [

Profit on high-ability workers Qg (wpr) is the same as in the proof of Proposition 2. Then the constant-
profit condition Qp(wg) + Qu(wy) = Q(Ry, Rr) yields the wage offer distribution

. L\ 1/2

Y P S~ wy (144 o

FH(U)H):% 1— (W) , wHe(wHywH] ,
p—

where ﬁ =pg+ &pL. The top wage follows from Fp(wgy) = 1:
_ 1 72 p++p )2 -
- — - () - B
o 1+@% (¢+5+p+A (b= F)

From the limiting condition Fy(w};) = limy, s, Fr(wn) = ¢ + n follows the condition for variable
n (provided that n < 1 — ¢):

PH —PL — % — ax
Cle+n)* = —— : (69)
p—R
Reservation Wages
We first calculate the value Vi (pr):

(@+0)VL(pL) = pL+6U+ )\/TH Ven(w) = Vi(pr)] dFg(w) ,
wH M1 — Fy(w))

= pL%-&]+l/ dw . (70)

w

. 6+ +p+ A1 - Fy(w)

The last integral is

i A1 = Fy(w)) s G40+p [ p—R
. 3FFE e Pty =P v s . G ae)

CA[Ce+n)-CD)] ~ A
1+ & h-F).

This equation together with (70), x = p[V(p) — U] and w}; = pr, + « can be used to obtain x:

=Wy — wiy — 2

e )] m
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The reservation wage for low-ability workers satisfies

RL:b—x—A/%HmmWhﬁMwMVhdwﬂ—Udﬂdwy (72)
Ry
The integral is
PL Wy
A /R Vi (w) - UdFL () +nlVipe)~U)+ | Vi) = Vi (wi)dFin(w)+ (1 =) Vi pe) ~U
A Fyw) M=) , (6 )

d b
w, ST T AL - @)™ T p TboPpL

— (o1~ B)(1—20(0)) + 2L 5 )~ 29 g — Ry — pi + R 2o — 1 - )2

Al—-—9)+o+d)x
D
Here the last equation makes use of the same integral formula as in the proof of Proposition 2. Substi-
tution of this expression and (71) into (72) gives the reservation-wage equation for Ry.
Regarding the reservation-wage equation for Ry, we can also make use of the integral formula in

+ +b—pr .

the proof of Proposition 2, which gives

b— Ry — ﬁ(pH —b) = /\/1:{ Vir(w) — Ve (Ry)dFy(w) = (73)

wyg — Rg —2C(1)(py — Ru) + Lri@(ﬁ— R)

)1/2 4 2C 1)[0(1)+ aC(SO+77)]( “R).

The equilibrium variables (¢, &, n, Ry, Ri) are determined by the five equations (67), (68), (69), (72)
and (73), when 7+ ¢ < 1. Otherwise, equation 1 + ¢ = 1 replaces (69).

20(1)é
T+a

+ (prr —pr, — R + R)Y*(py —pr —
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