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Abstract

This paper focuses on the estimation of the location of level breaks in time series whose shocks
display non-stationary volatility (permanent changes in unconditional volatility). We propose
a new feasible weighted least squares (WLS) estimator, based on an adaptive estimate of the
volatility path of the shocks. We show that this estimator belongs to a generic class of weighted
residual sum of squares which also contains the ordinary least squares (OLS) and WLS esti-
mators, the latter based on the true volatility process. For fixed magnitude breaks we show
that the consistency rate of the generic estimator is unaffected by non-stationary volatility. We
also provide local limiting distribution theory for cases where the break magnitude is either
local-to-zero at some polynomial rate in the sample size or is exactly zero. The former includes
the Pitman drift rate which is shown via Monte Carlo experiments to predict well the key fea-
tures of the finite sample behaviour of both the OLS and our feasible WLS estimators. The
simulations highlight the importance of the break location, break magnitude, and the form of
non-stationary volatility for the finite sample performance of these estimators, and show that
our proposed feasible WLS estimator can deliver significant improvements over the OLS esti-
mator under heteroskedasticity. We discuss how these results can be applied, by using level
break fraction estimators on the first differences of the data, when testing for a unit root in
the presence of trend breaks and/or non-stationary volatility. Methods to select between the
break and no break cases, using standard information criteria and feasible weighted information
criteria based on our adaptive volatility estimator, are also discussed. Simulation evidence sug-
gests that unit root tests based on these weighted quantities can display significantly improved
finite sample behaviour under heteroskedasticity relative to their unweighted counterparts. An

empirical illustration to U.S. and U.K. real GDP is also considered.
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1 Introduction

Breaks in the deterministic trend function appear prevalent in macroeconomic series; see, inter alia,
Stock and Watson (1996,1999,2005) and Perron and Zhu (2005). The impact of these on standard
unit root tests has been well known since Perron (1989) who treated the location of potential breaks
as known. Subsequent approaches have focused on the case where the break date is unknown and
is replaced by a break fraction estimator; see, inter alia, Perron (1997) and Perron and Rodriguez
(2003). Harris et al. (2009) and Carrion-i-Silvestre et al. (2009), among others, extend these
approaches to incorporate pre-test procedures for the presence of a trend break. Under a fixed
magnitude trend break the break fraction estimator used in these procedures needs to be consistent

at a rate faster than T—1/2

, T denoting the sample size, for the resulting unit root test to be
asymptotically valid where a trend break occurs. As a result, the ordinary least squares [OLS]
level break estimator of Bai (1994) has tended to be applied to the first differences of the series
because it is consistent at rate T~ ! for the true break fraction where a break occurs, while the
corresponding OLS-based estimator based on the levels is only consistent at rate 7-1/2.

The aforementioned procedures do not allow for time-varying behaviour in the unconditional
volatility (often referred to as non-stationary volatility) of the driving shocks. This is an important
practical drawback given that a large number of empirical studies have reported a substantial
decline, often referred to as the Great Moderation, in the unconditional volatility of the shocks
driving macroeconomic series in the twenty years or so leading up to the Great Recession that
started in late 2007, with a subsequent sharp increase again in volatility observed after 2007; see,
inter alia, McConnell and Perez-Quiros (2000), Clark (2009), Stock and Watson (2012), and the
references therein. Cavaliere et al. (2011) refine the approach of Harris et al. (2009) to use
wild bootstrap unit root tests. However, their procedures are still based around applying the
OLS level break fraction estimator of Bai (1994) to the first differences and trend break pre-test,
each of which were developed for homoskedastic innovations. While they show that both of these
are asymptotically robust to time-varying volatility, their finite sample efficacy will clearly have
important forward implications for the behaviour of the resulting unit root tests.

Our principal aim here is to explore the properties of the OLS level break estimator of Bai
(1994) in cases where the shocks can display non-stationary volatility and to develop and explore
the properties of a corresponding feasible weighted least squares [WLS] level break estimator based
around the use of data which have been weighted by a non-parametric estimate of the volatility
path. We will consider a very general set-up for the volatility process which allows, for example,
single and multiple abrupt variance breaks, smooth transition variance breaks, and trending vari-
ances. The feasible WLS estimator we propose uses adaptive methods to estimate the volatility
path of the shocks. Adaptive methods have been successfully employed in a number of areas of the
literature including inference on the parameters of finite-order unconditionally heteroskedastic au-
toregressive models by Phillips and Xu (2006) and Xu and Phillips (2008), testing for ARCH effects
in unconditionally heteroskedastic autoregressive models by Patilea and Raissi (2014), testing for
long memory in unconditionally heteroskedastic ARFIMA models by Harris and Kew (2017) and
adaptive testing for autocorrelation in Harris and Kew (2014), and for adaptive estimation of VAR
models in Patilea and Raissi (2012, 2013). Of most relevance to this paper, Boswijk and Zu (2018)



propose an adaptive estimator of the unconditional variance process in the context of testing for
a unit root in an autoregressive model driven by heteroskedastic errors, although no allowance is
made for the possibility of a trend break.

We establish the large sample properties of the OLS and feasible WLS break fraction estimators
under a variety of assumptions on the magnitude of the level shift. For level shifts of either fixed
(non-zero) magnitude or where the magnitude is local-to-zero at a rate slower than the Pitman rate
of T71/2, we demonstrate the consistency of these estimators, and indeed those from a generic class
of residual sums of squares [RSS] based estimators. The consistency rate for the OLS and feasible
WLS estimators coincides and is unaffected by the location of the break or by time variation in
the volatility process. We also derive the asymptotic distributions of these estimators where the
magnitude of the level shift lies within a Pitman neighbourhood of zero. Elliott and Miiller (2007)
argue that the finite sample behaviour of break fraction estimators such as those considered in this
paper is likely to be far better approximated for the sort of break magnitudes typically encountered
in practice by asymptotic theory based on the Pitman rate rather than a fixed magnitude break. Our
results accord with this view. Under Pitman drift the limiting distributions of the OLS and feasible
WLS estimators are shown to differ and to depend on the location and (local drift) magnitude of
the level break and, to differing extents, on the time path of the volatility process.

We investigate and compare the finite sample behaviour of the estimators using Monte Carlo
simulation. These agree closely with the qualitative predictions drawn from the limiting distribu-
tions under Pitman drift. In particular, they show that a break fraction estimator can be erroneously
drawn towards the most volatile parts of a time series, potentially away from a genuine level break.
They highlight that unmodelled heteroskedasticity can result in large bias and other distributional
distortions in break fraction estimation for various configurations of the break location and time
path of volatility, and that the consequences may be more severe than just loss of estimator effi-
ciency as occurs in more standard statistical settings. The results also show that the feasible WLS
estimator can deliver substantial improvements over the OLS estimator in certain heteroskedastic
environments, most notably where the level break occurs in a low volatility regime.

It would be unusual that a break fraction is the final quantity of interest in a time series
analysis rather than an input into subsequent inference. As an application, we also investigate to
what extent the improved behaviour of the feasible WLS estimator relative to the standard OLS
estimator of Bai (1994) when non-stationary volatility is present can effect improvements in the
finite sample behaviour of the unit root tests discussed above. Here we also propose model selection
methods based on the familiar Schwarz (1978) criterion to choose between the trend break and no
trend break models in the practically relevant case where it is unknown if a trend break is present.
We discuss such information criteria based on both OLS and feasible WLS model estimation, the
latter using the same adaptive estimator of the unconditional variance process as for the feasible
WLS break fraction estimator. Simulation evidence suggests that the use of these feasible weighted
quantities can deliver unit root tests with significantly improved finite sample behaviour in the
presence of non-stationary volatility relative to using their unweighted counterparts.

The paper is organised as follows. Our reference heteroskedastic level break model is outlined

in section 2. Section 3 details a generic RSS level break fraction estimator which contains the



standard OLS estimator of Bai (1994) and the infeasible WLS estimator as special cases. Here
we also show how a feasible version of the WLS estimator can be constructed, using an adaptive
estimator of the volatility path of the innovations. The large sample properties of these estimators
are compared for both fixed, local and zero magnitude level shifts. The relative finite sample
properties of these estimators in both homoskedastic and a variety of heteroskedastic environments
are explored. Section 4 discusses the application of level break estimation methods to the problem
of unit root testing when breaks in trend and/or volatility may be present. In section 5 we illustrate
the methods discussed in the paper with an application to U.S. and U.K. real GDP. For both series,
OLS estimation estimates a break early in the data in a high volatility period whereas the feasible
WLS estimator estimates a much later breakdate in a relatively low volatility regime. For the case
of the U.K. data, this alters the outcome of conventional unit root tests allowing the unit root
null hypothesis to be rejected when based on the trend break date estimate by the feasible WLS
estimator. Section 6 concludes. Supporting material, including mathematical proofs, is provided
in an on-line supplementary appendix.

In what follows, ‘|-|” denotes the integer part and ‘1)’ denotes the indicator function. The
symbols %> and “% are used to denote convergence in distribution and probability respectively as
T — oo. The maximum and minimum of ¢ and b are denoted a V b and a A b, respectively. Finally,

D := D[0, 1] denotes the space of right continuous with left limit (cadlag) processes on [0, 1].

2 The Heteroskedastic Level Break Model

We consider the time series process {y;} generated according to the following level break model,

b = M+5T']—t>LToTJ + e, = 17"'7T (21)
€ = Oi&. (2.2)

Equation (2.1) comprises a constant, a level shift at time |797"|, and a stochastic component e;.
As is standard, for the purposes of the large sample results which follow, the level shift is taken to
occur at a fixed fraction of the sample size, 1y, with 0 < 77, < 79 < 7y < 1.

We follow Elliott and Miiller (2007) and parameterise the break magnitude parameter as op :=
8T~ with ¢ a fixed constant and d > 0. For a given value of T a level break exists in y; only if
0 # 0. No break occurs when § = 0, regardless of d, while a level break of fixed magnitude ¢ occurs
when d = 0 and § # 0. In the unconditionally homoskedastic case, where o, = o for all ¢, Bai
(1997), shows that when § # 0, then 79 is consistently estimated by OLS for any 0 < d < 1/2.! In
particular, although the magnitude of the level break shrinks here as the sample size increases, the
level break is still sufficiently large for the location of the break, 7, to be consistently estimated
and for consistent tests for a level break to exist. In contrast, d = 1/2 gives the Pitman drift rate
for this problem such that 7y cannot be consistently estimated nor can a consistent test for the
presence of a level break be obtained. We will show that these consistency rates in d also hold in

the heteroskedastic case we focus on here.

IThe consistency results given in Bai (1997) also hold in the case where o, displays a one-time break, provided it

occurs at the same break fraction, 79, as the level break.



To complete the specification of (2.1)-(2.2) the following conditions, collectively labelled As-

sumption A, will be assumed to hold on e;.

Assumption A.

Ai. The innovations {e;} form a martingale difference sequence with respect to the filtration
Fi, where Fy—1 C Fy for t = ...,—1,0,1,2, ..., satisfying: (i) the global homoskedasticity condition:
%Z:{:l E (7| Fi-1) 21, and (ii) Ele|” < K < oo for some 1> 4;

Asy. The volatility term oy satisfies o = o (t/T'), where o (-) € D is non-stochastic, bounded
above and below as 0 < g < o(s) <& < oo for all s, and satisfies a Lipschitz condition except at

a finite number of points of discontinuity.

Remark 2.1. The process {e;} in (2.2) is formed as the product of two components, {e;} and
{o+}. The former is assumed to satisfy a relatively weak globally stationary martingale difference
assumption which allows for certain forms of conditional heteroskedasticity, such as that arising from
stationary GARCH models, in the errors; see Davidson (1994, pp.454-455) for further discussion.
It should be noted, however, that we will later require the additional assumption of conditional
homoskedasticity for the feasible WLS break fraction estimator considered in section 3.4. Notice

that, under Assumption A, e; has mean zero and time-varying unconditional variance, o?. ([l

Remark 2.2. Assumption As casts the dynamics of the disturbance variance in a quite general
framework, requiring it only to be non-stochastic, bounded and to be smooth in between a countable
number of jumps. A detailed discussion of the class of variance processes allowed under As is given
in Cavaliere and Taylor (2007). They show that this includes variance processes displaying multiple
volatility shifts, polynomially (possibly piecewise) trending volatility and smooth transition variance
breaks, among other things. In the case where volatility displays jumps, these are not constrained
to be located at the same point in the sample as the putative level shift, nor indeed are they required
to lie within the search set, A. The conventional unconditionally homoskedastic assumption that

oy = o for all ¢, also satisfies Assumption Ay, since here o(s) = o for all s. O

Remark 2.3. To focus our attention on the impact of non-stationary volatility on level break
estimation, we have omitted autocorrelation in the model for the disturbance e;. We will, however,

discuss generalisations to allow for this at relevant points in the text. [l

3 Level Break Fraction Estimation

3.1 Residual Sum of Squares Break Fraction Estimator

In what follows we define a generic RSS-based level break fraction estimator which contains weighted
and unweighted break fraction estimators as special cases. To that end, define the weights xy,
t=1,...,T, and a generic RSS-based estimator

T
7:=arg min e (3.1)
TE€[TL, U] —1 ’

where, for any 7 € [r, 7y] C [0, 1], the residuals ¢}, are obtained from the OLS regression

Ui = frae + 07 (Lis (o) - ) + €5, (3:2)

4



where yf := zy1:.2 Setting x; := 1 for t = 1,...,T, in (3.2) yields the usual OLS estimator of 7y
considered in Bai (1994), while setting x; := 1/0y, t = 1,..., T, yields the infeasible WLS estimator
that obtains with knowledge of o;. In what follows, where we wish to make reference to the OLS
and WLS estimators specifically, rather than the generic RSS-based estimator in (3.1), we will use
the notation 7prg and 7y g, respectively. The assumption of non-stochastic weights will be relaxed

in section 3.4 when we detail our feasible WLS estimator of 79 based on adaptive estimation of oy.

3.2 Asymptotic Behaviour of 7 under Large Breaks

We first analyse the large sample behaviour of 7 in the case where the trend break magnitude is
“large” in that it can be either non-zero and fixed or is such that it is local-to-zero but at a rate
slower than the Pitman drift rate of T-%2. We will show that the standard OLS estimator of 7
retains the consistency property established under unconditional homoskedasticity in Bai (1997)
and that the rate also holds for the corresponding WLS estimator, and indeed for any of a wide

class of weights. These results are now formally stated in Theorem 1.

Theorem 1. Let y; be generated according to (2.1) with 67 := 6T~ and let Assumption A hold.
Moreover let the non-stochastic weights, x; = x(t/T), t = 1,...,T, used in constructing 7 of (3.1)
be such that z(.) satisfies the same conditions as o(.) given in Assumption Ay. Then if § # 0 and
0 <d < 1/2, it holds that # % 1. Moreover, if §# 0 and 0 < d < 1/2 then

T52
T2 (T —70) 4 arg max Z(s), (3.3)
Q(Tg) $€(—00,00)
where
Wi(—s) — @, s<0
Z(s) = 1=8) =3 =

VoWa(s) — €5, s> 0
in which Wy and Wy are independent standard Brownian motions each on [0,00), and

where 7 (19) = limy |, 0(7), a(10) := limyr, o(7), Z(70) := lim; |, 2(7) and z(79) := limyp (7).

Remark 3.1. Theorem 1 implies that 7 is a consistent estimator for 7o at rate O,(T~'6;%) for
any 0 < d < 1/2, irrespective of any conditional or unconditional heteroskedasticity present in oy
satisfying Assumption A, or the form of the weights, x;, used in its construction. Moreover, the non-
stationary volatility process o(-) has no effect (other than scaling) on the asymptotic distribution of
7, with the exception of the situation where a jump (from o(79) to 6(79)) occurs at 79 and affects the
term ¢ in Z(s). When the break magnitude is “large”, only the single value of the variance process
o(10) (or the two values o(19) and G(79), if they differ) features in this asymptotic approximation.
The intuition behind this is that the limit in (3.3) is derived from a functional central limit theorem

[FCLT] applied only to observations within a shrinking neighbourhood of 7. The cadlag assumption

2The form of estimated coefficients [ and 5T obviously depend on the choice of x; but this is omitted from the

notation for brevity.



on o(-) therefore implies that all such observations will have (asymptotically) the same variance.
As we will see in section 3.3, this contrasts with the “small” breaks asymptotic approximation, in
which the asymptotic distribution of 7 depends on the entire sample path of the volatility function.
This turns out to be an important point of difference when evaluating the finite sample relevance

of the two asymptotic approximations. O

Remark 3.2. Theorem 1 extends the results of Bai (1994) to cover both weighted and unweighted
level break estimators and to allow for the general form of unconditional heteroskedasticity per-
mitted in o; under Assumption As. Bai (1997) establishes the same O,(T~15,?) rate in regression
models (including (3.2)) allowing for weak dependence and conditional heteroskedasticity in the
shocks, the latter of a similar form to that allowed under Assumption A;. We specify martingale
difference disturbances here in to order to focus attention on the role of non-stationary volatility
in this model, but it can also be shown that the Op(T_16;2) consistency rate given in Theorem 1
continues to hold when e; is autocorrelated. For example, if e; = oyu; where, as in equation (2) of
Bai (1994), uy is generated by a linear process u; = C(L)es, where C(L) := 3772 cj L7 satisfies the
standard summability condition (assumption B of Bai, 1994) > -2 jl¢;| < oo, and & and o again
satisfy the conditions in Assumption .4, then the short run variance, o(9)?, in (3.3) would simply

need to be replaced by the corresponding long run variance, o(79)?C/(1)2. O

Remark 3.3. The role of the weighting factor x; in Theorem 1 is qualitatively the same as that
of 0. The weights make no difference to the asymptotic distribution of 7, but again with the one

exception where a break in x(s) occurs at 79 and hence influences the parameters ¢ and €. (Il

To illustrate the single special case of Theorem 1 for which the form of heteroskedasticity
and weighting influence the asymptotic approximation, consider a volatility process of the form
ot = 1+ 145 |1r, |, Which has a break at the same time |T'79] as the level break, implying 7 (9) = 2
and o (19) = 1. The OLS estimator 7org of the level break fraction 7y is defined by a continuous
weighting function x; = 1, and hence Z(79) = z(79) = 1, which produces ¢ = 4 and £ = 1 in
Theorem 1. The (infeasible) WLS estimator 71,5 has weighting function using z; = 1/0; which is
discontinuous at 7y, producing z(m9) = 1/2,z(m9) = 1 and hence ¢ = £ = 1/4 in Theorem 1. Bai
(1997, Appendix B) shows that the density function g (z) of arg maxs Z (s) in (3.3) is

—%@(—% |m|)+%(1—|—2a)exp(%a(1+a)|m|)<1>(—%(1—#204)\/H) ifx <0
~3820 (<48va) + (¢+ 5 ) e (B o+ 9a) @ (- (VB+5) va)  ifa>0

g(x) =

where o := £/¢ and 3 := £/y/¢. The density functions are plotted for 7org (solid line) and 7y s
(dashed line) in Figure 1. Neither is symmetric around zero, with asymmetry induced when ¢ # 1
and/or £ # 1. Note that any form of weighting that is discontinuous at 79 will result in £ # 1 and
hence an asymmetric asymptotic distribution. This will hold regardless of the magnitude or the
direction of the variance break, so long as the variance break occurs at 7.

The foregoing analysis begins to reveal that heteroskedasticity has a different effect on break
fraction estimation (a non-standard statistical problem) than on the estimation of, for example, a
classical linear regression coefficient. In the latter standard situation, unmodelled heteroskedasticity

has no effect on the bias or asymptotic normality of least squares estimates but results only in loss



of relative efficiency. By contrast, the effect of heteroskedasticity and weighting on break fraction
estimation is not confined only to the variance of the estimator, but may affect various aspects of the
entire sampling distribution, including its mean and/or symmetry and/or overall shape. This will
be explained and illustrated in more detail once better asymptotic approximations are developed
in section 3.3.

If the variance break does not occur at 7y (hence @ (79) = o (79) and both weighting functions
are continuous at 79), the limiting distributions of 7ors and 7y s are exactly the same and are
symmetric since ¢ = £ = 1. Also they coincide under homoskedasticity with the expression given
in equation (5) of Jiang et al. (2018, p.158).

Figure 1: The density functions of argmaxs Z (s) in (3.3)

7ors (solid line), 7wrs (dashed line)
0.5

0.4

3.3 Asymptotic Behaviour of 7 under Small Breaks

Elliott and Miiller (2007) argue that the asymptotic behaviour of break fraction estimators such
as 7 in (3.1) under “large” breaks is likely to provide a poor approximation to the finite sample
properties of the estimator for the sort of break magnitudes typically encountered in practice. They

1/2 g likely to provide more accurate

argue that asymptotic theory based on the Pitman rate, T
predictions for the behaviour of 7 in finite samples. They suggest that the asymptotics for d = 1/2
provides a continuous bridge between the no break case, § = 0, and the fixed magnitude break case
considered in section 3.2. Accordingly, in Theorem 2 we now explore the asymptotic distribution
theory for 7 in cases where the break magnitude can be “small” (i.e. d > 1/2) or, indeed, exactly

zero (0 = 0).
Theorem 2. Let the conditions of Theorem 1 hold. Then for d > 0,

# % arg max Q(r;z(-),0(-),d,d) (3.4)

TG[TLJ-U}



where

Qra(00.58) = (lysaz S0 = x@)? (alrim A — 1)
1, B0 X(T)B"(l))z (3.5)
= (N - (1)

. xszds :cs4as2ds
with w? = fo s)2ds)~ (fo z(s)to(s)?ds), x(1) = §0 o ;st n(T) = ﬁ(i;d’ and x1(1;70) =

1/2
(%) , where By (1) = B(n(r)), with B(-) a standard Brownian motion, is a variance-
transformed Brownian motion; see, for example, Davidson (1994).

Theorem 2 establishes that 7 has a well-defined asymptotic distribution with support A :=
[71, Ty] with its form depending on the increasing functions x(-) : [0,1] — [0,1] and 7(:) : [0,1] —
[0,1]. The function x(7) is the cumulative weighting function associated with the weighted regres-
sion (3.2). As regards n(7), where z; = 1, for all ¢, this function is the generalisation to weighted
estimation of the variance profile, ( fo r)2dr)~t [ o(r)?dr, of Cavaliere and Taylor (2007).

The constant w? appearing in the first component of the right member of (3.5) is an asymptotic
measure of the scaled disturbance variance in the weighted regression (3.2) and relates to the
average level of the Volatility in the weighted data. For z; = 1 (the unweighted OLS estimator)
it simplifies to w? := fo 2 ar which, by Assumption As, equals the limit of 71 Zt 1 o2, and
may therefore be 1nterpreted as the (asymptotlc) average innovation varlance. For z; = 1/oy (the
infeasible WLS estimator), n(7) = w? [ o(r)"2dr and w? ( fo 2d7’> . Notice that, for any
given o(+), the arithmetic/harmonic mean 1nequality implies that w? is strictly greater for the OLS
estimator than it is for the WLS estimator, with the exception of the case where o(s) = o for all s,
as holds under homoskedasticity, where they are equal. However this inequality need not imply an
asymptotic efficiency gain for WLS relative to OLS, as it would in standard inference problems with
asymptotic normal distribution theory. In this case the distributions are non-normal with unknown
mean, so it is incomplete to consider only the variance as measure of estimator quality here. The
sampling distributions for break fraction estimators under heteroskedasticity are considerably more
complicated functions of nuisance parameters and such simple general conclusions cannot be drawn.
Nevertheless, it will be shown by simulation in section 3.5 below that WLS can have substantially
improved bias and general distributional properties than OLS under certain break location and
heteroskedasticity configurations. However there are also particular cases in which OLS can be
superior to WLS, even in the presence of heteroskedasticity, illustrating the complicated and non-

standard nature of the distribution theory in Theorem 2.

Remark 3.4. In the case of the OLS estimator, 7org, and under the Pitman drift rate, 7-/2, the
general result in Theorem 2 coincides under homoskedasticity with the expression given for 7org in
Theorem 3 of Harvey et al. (2012, p.154). Notice also that the limiting function Q(7;z(-),o(:),d,d)
appearing in Theorem 2 does not depend on any nuisance parameters arising from conditional

heteroskedasticity in e; satisfying the conditions in Assumption A;. (Il

Remark 3.5. As discussed in Remark 3.2, it is straightforward to extend the DGP to allow

for autocorrelation in e;. In that case the disturbances e; = ou; satisfy a heteroskedastic FCLT



as usual, and w? in Theorem 2 would become w? fo s)2ds)~ (f z(s)*o(s)%ds)C(1)%. The

implications of Theorem 2 are therefore qualitatively unchanged. O

Inspection of (3.5) shows that there are two components to the limiting Q(7;z(-),0(-),d,d)
function. The first is non-stochastic and involves the true break fraction, 7y, the ratio of the break
magnitude parameter § to w, and the cumulative weighting function (). The second is stochastic
and depends on the variance transformed Brownian motion B,(-) (and hence the full volatility
function o(.)) and the cumulative weighting function, but not on either 79 or 4. Heuristically

“noise” with respect to the

one may view these components as, respectively, the “signal” and the
estimation of 7. The relative importance of the two components of Q(7;x(+),0(-),d,d) depends on
the localisation rate, d, and the break magnitude parameter, §. We will now outline the following

three possible cases of interest:

Case 1: 0 <d < 1/2, #0. This is a “large” break and hence the signal asymptotically domi-
nates the noise. Theorem 2 implies that 7 converges to the maximiser of (x1(7;70) A x1(7; 7'0)_1)2,

which is 79, which is the consistency result for 7 given in Theorem 1 for 0 < d < 1/2.

Case 2: d =1/2, § # 0. The most interesting case is where the Pitman drift rate, d = 1/2, holds,
and the “signal” and “noise” components have equivalent orders of magnitude. Here 7y cannot be
consistently estimated, precisely because the signal does not dominate the noise, even asymptoti-
cally. The Q(7;z(-),0(+),d,d) function captures the trade-off between the signal and noise, and it
is of course this trade-off that makes the Pitman-based local asymptotics useful for predicting the
finite sample behaviour of 7. Now, because max. (x1(7;70) A x1(7; 7'0)_1)2 = x(10;70)% = 1, we
may consider the scaling on the “signal” relative to the “noise” as being determined by the constant
%(X(Tg)(l - X(To)))%. In contrast to the “large” break asymptotics in section 3.2, the “small” break
asymptotics predicts that the efficacy of 7 is not only related to the break size §, but also to the
average volatility across the whole sample (w) (not just the level of volatility at the break location
o(19)) and to the form of the weighting scheme that determines x(7). The constant x(79)(1—x(70))
is maximised for 7o satisfying x(70) = 3, 1 showing that the signal for weighted estimation of 7y is
not necessarily highest at 7p = 0.5, as it is for the unweighted estimator. Rather it is maximised
at the value of 7y where the cumulative weighting reaches 0.5, i.e. 0 5)%ds = 5 fo 5)%ds.
In the supplementary appendix we provide calculations of these quantities for the two illustrative
examples of a linear trend in variance and a single break in variance, together with some associated

Monte Carlo simulation results for the latter example.

Case 3: d > 1/2 and/or 6 = 0. Consider finally the case where no trend break occurs
(i.e. 6§ = 0), or that the break is so small that the signal disappears from Q(7;z(:),0(),d,d)
asymptotically (i.e. d > 1/2). . Here the result in Theorem 2 implies that

%iarg max Q(7;z(+),0(:),0)

T€[TL,mU]
(B0 (DB
S ™ — (1)) (3.6)
—arg max Bn(T)Q (Bn(l)_Bn(T))Q‘
T€|TL,1U] X(T)




The result in (3.7) coincides with the form of the distribution in part 1(a) of Theorem 3.1 of Nunes
et al. (1995) specialised to the case of a level shift and generalised to allow for heteroskedasticity.

The latter is also in the general form reported in Proposition 1 of Elliott and Miiller (2007).

The OLS estimator, 7ors, applies equal weighting (z; = 1) to the observations, implying x(7) = 7.
Under homoskedasticity (o; = o) we have n(7) = 7, in which case Q(7;1,0(-),0) reduces to the
square of a standard Brownian Bridge B(7)—7B(1) divided by its standard deviation process, (7(1—
7))}/2. This scaled Brownian Bridge has a marginal standard normal distribution for each 7. In
contrast, where unconditional heteroskedasticity is present, the limit Q(7;1,0(-),0) in (3.6) involves
the square of (7(1 —7))"Y2(B, (1) — 7B,(1)) where (1) = [ o(s)?ds/ fol o(s)? now differs from
7. Heuristically, this dependence suggests that the distribution of 7o1g will be significantly affected
by the presence of unconditional heteroskedasticity. The WLS estimator, 7y g, applies weighting
of the form z; = 1/0y, implying that x(7) = n(7) = [; o(s)"2ds/ fol o(s)~2ds, and, hence, that
Q(r;1/0(-),0(:),0) is a function of the variance transformed Brownian Bridge B, (1) — n(7)B,(1)
divided by its standard deviation process, (7(7)(1 — n(7))"/2. As in the homoskedastic case, this
latter scaled process has a marginal standard normal distribution for each 7. Although formally the
asymptotic distribution of 7y 1s depends on the joint distribution of Q(.;1/0(-),0(-),0) on |17, 7],
and, hence, will depend on o(-) in some form, the marginal properties of the scaled process are
suggestive that 7y 1g will be less affected by any unconditional heteroskedasticity present in e; than

ToLs- This conjecture is supported by the simulation evidence reported in section 3.5.

3.4 A Feasible WLS Break Fraction Estimator

The WLS estimator, 7y g, outlined in section 3.1 is infeasible in practice because it requires
knowledge of the volatility process, oy, t = 1,...,7. It can, however, be made operational by
replacing o; in the formulation of 7y g by an estimate of o;. In practice the volatility process
could be estimated either parametrically or non-parametrically. The former could be useful where
the practitioner wishes to specify a particular model for the volatility process but of course has the
drawback that an incorrectly specified model will likely give a very poor estimate of the volatility
path. Given our focus in this paper is on setting up general assumptions on the heteroskedasticity
present in the shocks without assuming a parametric model for the volatility process, it is more
natural for us to consider a two-step approach based on a non-parametric (adaptive) estimator
of the volatility process. In this approach the volatility, oy, is first estimated using the residuals
from estimating the level break model as in (3.2) by standard OLS (i.e. treating the shocks as
homoskedastic) and then substituting o, in the expression for 7y 15 by the the resulting estimator,
1, say. Our proposed estimator of o, is based on the approach developed in Hansen (1995) and Xu
and Phillips (2008), which has recently been adapted to the unit root testing context by Boswijk
and Zu (2018). We will demonstrate that the large sample behaviour of the resulting feasible
weighted estimator coincides with that of the infeasible WLS estimator.

To that end, let é;; == y; — fiz — 5%1t>L%TJ’ t = 1,...,T, denote the standard OLS residuals
which obtain from estimating (2.1) under the assumption that e; is homoskedastic. In doing so
an initial estimate of the level break location is needed. This could be provided by any form of

the generic estimator 7 given in (3.1) such that the consistency result in Theorem 1 holds and a
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natural choice would be the simple OLS estimator, 7ors. Next let K(-) be a kernel function, and
let Kp(t) := K(t/h) with h > 0 a bandwidth. Then, given the residuals é;;, and K}(t), a kernel

smoothing estimator for o7 can be defined as

T t—i\ 52
2 e K (7) €7
;= T T
> im1 Kn (TZ)
By choosing different kernel functions one can obtain either one-sided or two-sided smoothing. We

will follow Xu and Phillips (2008) and set K;(0) = 0, and also avoid the need for boundary value
adjustments to (3.8) of the type discussed in Hansen (1995) by assuming the use of two-sided

(3.8)

smoothing in what follows. In particular, we will assume that K(-) is a bounded non-negative
function defined on the real line and is such that [ K(z)dz =1 and 0 < [;° K(x)dz < 1. The
bandwidth, h := h(T), is assumed to satisfy the (standard) rate condition that h + (Th?)~! — 0
as T — oo. The practical implementation of the estimator 67 depends on the choice of kernel
function, K (-), and the bandwidth, h. Commonly used kernels which satisfy the stated conditions
include the uniform, Epanechnikov, biweight and Gaussian functions. The bandwidth condition
implies that & — 0 but at a slower rate than 7-1/2. In practice bandwidth selection can be crucial
to performance, and cross-validation and plug-in rules can be defined for h. The latter is used in
the simulations in section 3.5 below.

If o(s) was continuous in s € [0, 1], then it would be possible to establish that 7 in (3.8) was
a uniformly consistent estimator for o?. However, we do not want to impose continuity on o(s)
and we will show below that even without doing so the resulting feasible weighted break fraction
estimator will have the same large sample properties as the infeasible estimator under the conditions
stated above for the kernel function and bandwidth.

Based on the adaptive estimate 67 we can define the corresponding feasible WLS estimator

T
42

TFWLS := arg min €4
relr vl

where €X,, t =1,...,T, are the OLS residuals from the weighted regression

Tt
Yt 1 N 1 ~%
= =jgr—+6; (1 - . 3.9
Py Hr 5, +0r ( t>|7T| 61:) + Crt ( )

We now detail the large sample properties of the feasible WLS estimator, 7pwrg. As in Xu
and Phillips (2008), in order to do so we need to assume conditional homoskedasticity in &; and

appropriately strengthen the moment condition in part (ii) of Assumption Aj;.

Theorem 3. Let the conditions of Theorem 1 hold with d > 0. Assume further that E(e?|Fi—1) =
1 and that Assumption A (i) is replaced by sup, E(e8) < oo. If the kernel function K(-) and
bandwidth h satisfy the conditions stated below equation (3.8), then Tpwrs — TwLs 2.

Remark 3.6. The result in Theorem 3 demonstrates that the feasible WLS level break estimator,
TrwLs, based on the adaptive estimation of o; is asymptotically equivalent to the infeasible WLS

estimator Ty rs- O
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Remark 3.7. It is straightforward to show that the adaptive estimator for o; remains consistent
(except, as usual, at the points of discontinuity of o(s)) in the presence of serial correlation in
e; of the form mentioned in Remark 3.2. The result in Theorem 3 will continue to hold in such
cases. Boswijk and Zu (2018) also discuss the kernel estimation of variances in the presence of

autocorrelation in a related unit root testing context. O

Remark 3.8. Following equation (18) of Bai (1997, p.555), it is possible to use the result in
(3.3) of Theorem 1 to construct confidence intervals for the true break fraction, 7y, based on either
ToLs or Tpwrs. For a generic break fraction estimator 7 equal to either 7org or Trwrg, it is
straightforward to show that

[T7] T7|—i\ 52 T T#)+1—i\ 22
>z Kn (L - z) €%, > ie 7711 Kn (7L =L l) €3

~2
and T p- =
T# =i (T7]+1 41—
S, (LTTJ ) DHRPI Kh<LT L1 )

are consistent estimates of ()% and o(79)?, respectively. The parameters ¢ and ¢ can then be

wa ] =

estimated using a standard plug-in method. Letting ¢; and ¢y respectively denote the (a/ Z)th and
(1-— 04/2)th quantiles of arg max; Z (s), computed from equations B.2 and B.3 of Bai (1997, p.563),

an approximate 100 (1 — «) % confidence interval for 7y can then be constructed as

X -1 " -1
R To? 1 To? L1
T —C | < - =, T —C = —

wa ] T QfT% ] T

with - obtained from (3.2) with zy = 1 for 7org or x; = 1/ for Tpwrs.

3.5 Finite Sample Properties

We now provide a Monte Carlo comparison of the finite sample behaviour of the OLS and fea-
sible WLS break fraction estimators, Tors and Trw g respectively, from section 3 under both
homoskedasticity and a variety of heteroskedastic environments. We also explore how useful the
large sample results from the previous section are in predicting their finite sample behaviour.

All simulation results are based on 10,000 Monte Carlo replications programmed in Gauss 15
using the rndn random number generator. For both 7prs and 7ry s we set 77 = 0.2 and 7y = 0.8
in (3.1), thereby defining the set of possible breakpoints to be searched over as {T'/5, ....,4T/5}. For
the kernel variance estimator for 7ry s we used a QS kernel and plug-in bandwidth h = sT~92
where s is the sample standard deviation of the regressor 1,...,T (see section 2.2.1 of Li and
Racine, 2007); the results were found to be quite insensitive to reasonable variations of this choice.

The Monte Carlo simulations reported in this section are based on the level break DGP:
Yt =p+0- s pp) +ower, t=1,..,T, with & ~1id.N(0,1). (3.10)

Data were generated from this DGP allowing for both the no break case, § = 0, and for level breaks

occurring at 7y € {0.3,0.5,0.7}. The volatility process, o;, was varied among the following models:

SDO:0; = 1,t=1,...,T

SD1:oy = 14k 15 7n), SD2:0r=1+k- 1o, With x € {1,2} and A € {0.3,0.5,0.7}
SD3:0¢ = 1+ (Licrag) + lis|T(1-20)])» With A = 0.3 and x € {1,2}

SD4:0, = 1+k-t/T, withk € {1,2}.
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SDO is the case of unconditional homoskedasticity. SD1 (SD2) allows for an increase (decrease) in
volatility at break fraction Ag from 1 to (1 + x) ((1 + k) to 1). SD3 allows for a double change
in volatility from (1 + k) to 1 at break fraction )y reverting back to (1 + k) at (1 — Ag). Finally
SD4 generates a volatility process which follows a positive linear trend between 1 at the start of
the sample and (1 + k) at the end of the sample.

Tables 14 report the mean and standard deviation and, when § # 0, the root mean squared
error [RMSE] from the simulated distributions of 7ors (Panel A) and 7y s (Panel B) for samples
of size 100 and 300 and for level break magnitudes ¢ € {0,0.5,1}. Figures 2-5 report corresponding
plots of the empirical density functions of 7orgs and 7py s for samples of size 100, 200 and 300 and
break magnitudes § € {0,0.5}, organised so that Figure 2 presents results for the no level break
case, while Figures 3, 4 and 5 present results for the case where a level break occurs at 7y = 0.3,

0.5 and 0.7, respectively. A brief summary of the main conclusions is as follows.

(i) The efficacy of both 7ors and 7rwrs in estimating 7y improves with larger sample sizes

(and/or larger break magnitudes), illustrating the consistency property from Theorem 1.

(ii) There is a tendency for Torg to be drawn towards periods of high volatility in a time series,
regardless of the presence and location of a level break, which can produce substantial finite

sample bias in the estimator if the level break does not occur in such periods.

(iii) This tendency can be counteracted by using the weighted estimator 7rwrg, which down-
weights the data in periods of high volatility, and hence substantially reduces the finite sample

bias of 7org in the worst cases.

(iv) These latter two findings are not predicted by the asymptotic approximation of Theorem 1,

but can be reasonably well explained by the results in Theorem 2.

We now discuss the results and conclusions in more detail.
Finite sample properties: level break not present

Consider the results in Table 1 and Figure 2 where no level break occurs, § = 0. Here we see that
for the homoskedastic case Tors and Trwrs behave almost identically with a relatively uniform
empirical density across the search interval with slight pile-up effects at the ends of the search set,
71, = 0.2 and 7y = 0.8. Both have an empirical mean of about 0.5.

When heteroskedasticity is present the two estimators behave quite differently. While the
behaviour of 7 rg is seen to be relatively unchanged from the homoskedastic case in all of the
heteroskedastic cases considered, the behaviour of Tprg varies considerably across the different
non-constant volatility cases. In particular we see that the mass of the distribution of the estimator
is redistributed towards high volatility periods vis-d-vis the homoskedastic case. This phenomenon
is most obviously seen in Figure 2(g) which relates to the case where the volatility increases by a
factor of 3 at A\g = 0.7. Here we see that a large bulk of the mass of the empirical density of 7org is
now spread out across the high volatility period in the data, with the empirical mean of 7org now
very close to 0.8, the upper limit of the search set. In contrast, the empirical density of 7w g in

Figure 2(h) is seen to be almost unchanged from the homoskedastic case. This is of course to be
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expected as, by construction, 7pyw s down-weights the data in periods of high volatility, thereby

reducing the tendency of the break estimator to be drawn towards such periods.
Finite sample properties: level break present

When a level break occurs (6 # 0), the tendency of 7ors to be drawn towards high volatility periods
in the data persists. Substantial bias can result, especially if the level break occurs during a low
volatility period. The weighting inherent in 7py g can ameliorate this bias. To illustrate, consider
Figures 3e and 3f relative to Figures 3a and 3b — in each case a level break of magnitude § = 0.5
occurs at 7o = 0.3. In Figures 3a and 3b, where volatility is constant, both 7org and 7w g are
centred on 7y with the estimated densities becoming increasingly concentrated around 7y as the
sample size increases. However, in Figures 3e and 3f where the volatility increases threefold at
Ao = 0.5, although the density of 7ryy s is almost identical to that seen in Figure 3b, the density
of Tors is radically altered. A relative peak still exists at 7y, at least for the larger sample sizes,
but it can be observed that, as also happens when no level break is present (see Figure 2e), a large
mass of the density has shifted into the high volatility region with a relative peak seen at 7y = 0.8.
Notice also that the performance of the 7org estimator is little improved between 7' = 100 and
T = 300 here. Further illustration of these effects can also be seen from the associated results in
Table 2, where the empirical mean of 7org is seen to be as high as 0.678 (relative to 9 = 0.3) for
T = 100, an example of the substantial bias referred to above.

The results also show that the weighted estimator is not a panacea and can in some cases
display apparently inferior finite sample performance to 7org. This can occur in cases where the
level break occurs in a high volatility period of the data, and especially so where the period of high
volatility is short-lived. Where the level break occurs within an extended period of high volatility,
weighting is relatively innocuous and there is little difference seen between 7ors and Tewrs. This
phenomenon occurs because here, as we have already observed, some of the mass of the unweighted
Tors estimator is attracted to the high volatility regime, regardless of whether a level break occurs
or not. In contrast, Tpywrs down-weights the high volatility period and, as a result, where a level
break occurs within the high volatility regime 7py g will have less mass in the vicinity of the
level break than the Tprg estimator. However, for 7org this mass will be spread across the high
volatility regime and so one will still see reduced performance relative to the homoskedastic case
(even where the level and volatility break locations coincide) and increasingly so the longer the
duration of the high volatility period. A good illustration of this phenomenon is seen in Figures
5a-bh relating to the case where a level break occurs at 79 = 0.7. In the homoskedastic case, Torg
and 7py s perform similarly well. However, in cases where the volatility increases by a factor 3
at A\g we see that the performance of both estimators deteriorates. For 7pyw s the performance is
roughly similar regardless of where in the sample the volatility break occurs. For 7o the pile up
of mass in the high volatility region is evident (see also Figures 2c, 2e and 2f) and so it has more
mass in the vicinity of the level break - increasingly so as Ag increases, such that the duration of the
high volatility region decreases. Indeed, for the case of the longest period of high volatility where

this regime starts at A\g = 0.3 the empirical densities of 7org and Trw s are relatively similar.
Finite sample properties and the asymptotic approximations

We can also use the results in Figures 2-5 and Tables 1-4 to explore further how well the finite

14



sample behaviour of 7org and 7pw s conform to the predictions of the large sample theory given
in Theorem 1 for level breaks of fixed magnitude and Theorem 2 for level breaks whose magnitude
is local-to-zero at the Pitman rate, d = 1/2. Recall that Theorem 1 predicts that both 7ors and
Trwrs will be consistent for 7y regardless of the pattern of heteroskedasticity present. Looking at
the results for the constant volatility case in Table 2 and Figures 3-5 we see this prediction being
borne out for both 7ors and 7pw s with each of the empirical bias, standard deviation and RMSE
of the estimators decreasing, other things equal, the larger the sample size, T, for a fixed break
magnitude, 0. These quantities also all decrease as the break magnitude increases while keeping T
constant, as anticipated by the result in Theorem 2 when d = 1/2.

A key prediction from Theorem 2 is that for a level break whose magnitude is modelled as local-
to-zero at the Pitman rate, the asymptotic distributions of 7ors and 7w g will differ from one
another, and that their form will depend on the pattern of unconditional heteroskedasticity present.
In contrast, Theorem 1 provides an asymptotic approximation based on a “large” break magnitude,
and this predicts that the two estimators will be identically behaved and that it is only the volatility
in the neighbourhood of the level break that matters for the efficacy of the estimators. That the
finite sample behaviour of 7prs and 7pw g differs significantly, and also varies according to the
form of heteroskedasticity, has been discussed in some detail above, and this clearly demonstrates
the superiority of the asymptotic approximation provided by Theorem 2. An implication of this is
that Theorem 1 would be practically unsound as a basis for any further research on formal inference
for break fractions, such as the confidence interval construction described in Remark 3.8, in the
presence of heteroskedasticity. Theorem 2 would be superior in its finite sample relevance, but
poses the challenging question of addressing its complicated nuisance parameter dependency.

Theorem 2 also predicts that the efficacy of the two estimators will depend on the break magni-
tude, d, considered relative to the parameter w. We recall from the discussion in section 3.3 that w
provides a measure of the average volatility in the weighted data and is a function of the volatility
path o(-) and of the weighting function used (and therefore differs between 7ors and 7rwrs). To
illustrate the role of w, consider Figures 3m-3p together with Table 4, which relate to the case
where a level break occurs at 7p = 0.3 and the volatility displays an upward linear trend through
the sample (SD4). We can see that relative to the homoskedastic case (see Figures 3a and 3b and
Table 1) the efficacy of both 7ors and Tpw s is considerably reduced when a trend in volatility
is present, and increasingly so as the magnitude of the linear trend, x, is increased. It is also seen
that the peaks in the empirical densities at 79 are somewhat smaller for 7org than for 7pws.
Noting that w increases as the magnitude of the linear trend increases and is higher for 7prg than
for 7ry s> and that the level break occurs near the start of the series (where the volatility at that
point is relatively small compared to the average volatility), we clearly see that the efficacy of the
estimators in finite samples is related to the average volatility across the whole sample rather than
just to the volatility level near the level break, and to the weighting function used in constructing
the level break fraction estimator, in each case as Theorem 2 predicts.

To illustrate further the usefulness of the asymptotic approximation provided by Theorem 2,

3In this example the parameter w? =1 when x = 0 (the homoskedastic case) for both 7ors and 7(pywrs, but for

tors, w? = 2% when k = 1 and w? = 4% when x = 2, while for 7(rywrs, w? =2 when k = 1 and w? = 3 when k = 2.
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Figure 6 graphs simulations of the distribution of Q(7;z(+),o(-), d, d) with comparisons to the finite
sample distributions of 7o g and 7ryw s from the same DGPs. Figure 6a shows, in the broken lines,
the simulated sampling distributions of 7org for T' = 100, 200, 300 from a DGP with no level shift
(0 = 0) and heteroskedasticity of the form SD2 with k = 2 and A\g = 0.7. The solid line shows the
asymptotic approximation for this same DGP, obtained using a 2000 step discretisation. Clearly in
this case the distribution of 7prg is seen to be essentially the same across these sample sizes. Figure
6b shows the same information for 7w rs. The asymptotic approximation remains very accurate
here, other than a minor divergence around the time of the break in variance (Ao = 0.7) arising
from the differences of the finite sample properties of the kernel variance estimator used for finite
T and the true variance process that is used in Q(7;xz(-),0(-),d,d). These two figures illustrate
the applicability of the stochastic component of Q(7;xz(-),o(-),d,d) for predicting the finite sample
behaviour of the estimators when no level shift occurs.

Figures 6¢ and 6d graph the simulated finite sample and asymptotic distributions when a level
shift of magnitude dp = 6T7~1/2 at 79 = 0.5 is present. Both figures show that the approximation
provided by the asymptotic distribution given in Theorem 2 is very accurate where both a level
shift and unconditional heteroskedasticity are present in the DGP. The level shift magnitude in the
previous simulations was held fixed, while here it becomes smaller as T" increases. Figure 4g and
4h show the finite sample distributions with fixed level shift magnitude of 0.5, and the asymptotic
approximations given in Figures 6¢ and 6d evidently match well with this for 7" = 300 in particular,
since for T' = 300 the implied level shift magnitude o7 = 87~/2 = 0.46 is close to 0.5.

4 An Application to the Unit Root Testing Problem

As we have shown, non-stationary volatility can affect the asymptotic and finite sample properties
of the OLS and (feasible) WLS estimators of a level break location. However, such estimation is
rarely the ultimate goal of the analysis of the data; rather, it is an input into subsequent inference.
We now illustrate the relevance of these findings for the case where the estimated level break is

used to date a possible trend break in a time series prior to running a unit root test.

4.1 Unit Root Tests allowing for a Possible Trend Break

Consider the time series process y; generated according to the following DGP,

MO,U+N1,Ot+Zta tzl,...,\‘ToTJ
Yt = (4.1)
po1 + prit + 2, t=|nT|+1,...,T

where
2 = ¢rzg—1 + e, (4.2)

and where e; is generated according to (2.2) and is taken to satisfy the conditions of Assumption A.%

As is common in this literature, we assume that the initial condition satisfies T='/225 5 0. In (4.2)

4 For simplicity we assume that e, is serially uncorrelated. Where e; admits serial correlation of the form given in
Remark 3.2, provided the standard invertibility condition that C'(z) # 0 for all |z| < 1 holds, this can be accounted
for in the usual way using an augmented DF statistic, whereby the right hand side of (4.5) is augmented with the
lagged differences, {Az.—;})_,, with p satisfying the rate condition that 1/p + p*/T =0, as T — co.
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we will follow the convention in the unit root testing literature and focus on the near-integrated
autoregressive model, H. : ¢p := 1+ ¢/T with —oo < ¢ < 0. We will therefore be concerned with
testing the unit root null hypothesis, Hy : ¢ = 0, against local alternatives, H, where ¢ < 0.

The observation equation in (4.1) allows for a linear trend in y; and a possible break in both
intercept and slope occurring at time |797"|. Following Harris et al. (2009) and Cavaliere et al.
(2011), among others, we will focus on the situation where the trend function is restricted to be
continuous at the break point, so that the coefficients satisfy 100 + p1,0l707"] = po1 + p1,1[707].

In this case the trend specification can be written as®

Yo = a+ pt + 0rlys | yr) (t = [70T]) + 2 (4.3)

with o := oo, = p1,0 and 97 == p11 — po (allowing for the magnitude of the break to depend

on T as the previous sections). Taking first differences we obtain
Ayt =M + 6T1t> LT()TJ + Aztu (44)

where A := (1 — L) denotes the first difference operator. Under the unit root null hypothesis, Hy,
(4.4) can be seen to coincide with (2.1) on replacing y; by Ay, in the latter. Consequently, the
results obtained in section 3 relating to the estimation of the level break location continue to apply
in this context, so that we estimate the trend break location via level break estimation applied to
the first differences of the data.

We will base our unit root test on Dickey-Fuller [DF] type statistics which model the trend
break. These statistics are based on a two step procedure whereby the data are de-trended in the
first step and in the second step a standard DF test is applied to the de-trended data. We will
follow the recent literature and use the quasi-difference [QD] de-trending approach of Elliott et al.
(1996) in what follows, although OLS de-trending could alternatively be used. For a generic trend
break location, 7, the QD de-trended data are given by 2,; = y — X; (T)/éé, where X; (1) :=
(1,t, (t—|T7])- Lis|1r J)/ and 6; the vector of OLS parameter estimates from the regression of
Yeu on Xy (1), with ye1 == y1, yer = Y — drye—1, t = 2,..,T; Xe1 (1) := X1 (1), Xey (1) =
X (1) — ¢r X1 (1), t = 2,...,T, and where ¢7 := 1 + &/T , where ¢ is the QD parameter. The

QD de-trended data Z;; can then be used to estimate the DF regression
ZAT,t == éTéT,t—l + éT,t (45)

and hence to obtain the usual DF ¢-statistic

~

— (b’r -1
S-e(ﬁgr)

DF unit root tests can then be based on (4.6) evaluated at either the OLS break fraction estimate,

tr: . (4.6)

T = ToLs, or the corresponding WLS estimate, 7 = 7rwrs. We will denote the resulting ADF tests
by the simplified notation tprg and tpy s in what follows. We will also consider the DF test that

5The imposition of continuity on the trend function makes the connection to the level shift results clear and
simple. The restriction is not compulsory, however, as without it the equation corresponding to (4.4) would be given
by Ay: = p+ AMi—ror) + Vles|ror) + Az, and the effect of the additional impulse dummy variable 1¢— |, 7 is
asymptotically negligible.
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obtains when allowing only for a constant and linear trend in the QD de-trending, by replacing
X; (1) with X; := (1, t)’ in the de-trending step; this statistic will be denoted ty in what follows.

Theorem S.1 in the supplementary appendix derives the limiting distribution of ¢, under the
local alternative H. when evaluated at the true break fraction 7 = 7y, and shows that for the case of
a “large” magnitude trend break, i.e. such that 67 = §T~¢, 0 < d < 1/2, with & # 0, this limit also
holds for tors and tpywrs.% The (common) limiting null distribution of tors and tpy s, depends
on the volatility process, o(-). Consequently ADF tests need to be based on either the simulated
critical value approach outlined in section 4.2 of Cavaliere and Taylor (2007) or a wild bootstrap
approach, the latter outlined for the ¢ statistic in section 4.1 of Cavaliere and Taylor (2008a), and
for the trend break case in Algorithm 1 of Cavaliere et al. (2011, p.971). Further discussion on the
large sample validity of these methods is provided in the supplementary appendix.

In practice it will not be known for sure if a trend break has occurred. Allowing for a non-
existent trend break (and, hence, estimating a phantom break date) results in both tprs and
trwirs converging to limiting distributions whose form depends on the random outcomes of 7o
and 7Tpw s, respectively, within the search set [r7,7y]. In order to control asymptotic size the
tests must be based on the no break asymptotic critical value; using a critical value based on the
estimated break fraction leads to over-sized tests when no trend break occurs. This leads to a loss
in test power, even asymptotically, both where a break occurs because a conservative critical value
is being used, and where a break does not occur because the inclusion of a redundant trend break
regressor leads to a considerable power loss relative to the corresponding unit root test that does
not allow for trend break; see, for example, the numerical results presented in section 5 of Harris
et al. (2009) and sections 3.2 and 5 of Cavaliere et al. (2011).

In order to overcome these issues a modified version of the usual Schwarz (1978) criterion [SC]
can be used to select between the trend break and no trend break versions of the unit root tests.
Analogous procedures based on any consistent information criterion, such as Hannan-Quinn [HQ)]
where log(T — 1) is replaced by 2loglog(T — 1) in the SC penalty functions outlined below, could
also be used and would have the same large sample properties as the SC-based procedures. To that
end, consider calculating the SC for break selection based on the representation for y; provided by
equations (4.2) and (4.3). For the calculation excluding the break, define the OLS residuals €g
from an OLS regression of y; on an intercept, trend (¢) and y;—1, with associated residual variance
st = (T —-1)"1 ZZ:Q é&t. The SC for the model excluding the trend break is therefore

SCy := (T — 1) log(s2) + 3log(T — 1) (4.7)

the “3” appearing in the penalty function derives from the estimation of the coefficients on the
intercept, trend and y;_1 regressors. Similarly the calculation for the model including a trend
break at break fraction 7 involves the residuals é,; from an OLS regression of y; on an intercept,

trend (t), y¢—1 and also the break regressors 1,5 |.7| and 1y .7 (t — |7T]), giving residual variance

SFor d = 1/2 results comparable to those given in section 5 of Harvey et al. (2012), but generalised by the non-
stationary volatility allowed for under Assumption Az, would be obtained. For d > 1/2, as discussed in Case 1 in
section 3.3, the magnitude of the trend break would be such that it would lead to trend break estimators which

behave asymptotically the same as in the no break case.
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s2:=(T—1)"! Z?:Q é2;, and SC
SC, = (T — 1)log(s?) + 6log(T — 1). (4.8)

The penalty of 6 presumes that the break fraction 7 is an estimated parameter, as it will be in our
applications.” If a fixed 7 were used then the penalty would become 5. The SC decision rule is to
include a trend break at time ¢t = [77T'] if SC. < SCy, and to exclude the trend break otherwise.
We evaluate below an implementation of this decision rule with 7 replaced by the OLS estimator
ToLs, taking no account for heteroskedasticity.

The evidence of section 3 suggests that Try g can be substantially superior to 7ors under
certain forms of non-stationary volatility, and so we also consider its use in the SC. In addition in
this case, since weighting for heteroskedasticity was found to be effective for break point estimation,
we also consider its effectiveness for break selection by including weighting in the SC calculation.
The weighted residuals €, are calculated from a regression of y; /o on 1/6y, t/6y and y,—1/6,
where 67 is defined in (3.8). Similarly the residuals €% ot are calculated from a regression of
yi/6¢on 1/64, t/6¢, yi—1/64, 1t>|_'f'FWLSTJ/a—t and Ly 3167 (t — |7rwrsT]) /6. The weighted SC
analogues of (4.7) and (4.8) are then given by

SCE = (T — 1) log(s§?) + 3log(T — 1), and SCE s = (T =1) log(si’;iWLS) +6log(T — 1),
respectively, where s52 := (T — 1)~ 321, €55 and s,’;iWLS = (T-1)"'YL, éﬁiww .-

We will use the unweighted and weighted SC decision rules outlined above to choose whether
or not to include a trend break in the de-trending regression used in the first step of computing
the unit root statistics outlined above. Our proposed weighted and unweighted SC-based DF test

statistics are then defined as,

t if SCy < SC;, t if SC¢ < SC*
tso = 0 0 LS and twsc ‘= 0 0 TEWLS (4.9)
tors if SCo > SC3,, 4 trwrs if SC§ > SC;FWLS

respectively, where we recall that ¢y is the DF test that obtains when allowing only for a constant

and linear trend in the QD de-trending step.

Theorem S.2 in the supplementary appendix establishes the large sample properties of the
weighted and unweighted SC-based procedures, for the case were the trend break magnitude is
either zero or “large”. These results show that the tests from both SC procedures are asymptotically
correctly sized when using the appropriate asymptotic critical value, obtained using either the
simulated critical value approach of Cavaliere and Taylor (2007) or a wild bootstrap approach,
regardless of whether a trend break occurs or not. Moreover, the asymptotic local power of the SC
tests is identical to that of the (size-adjusted) infeasible test which assumes knowledge of whether

a break has occurred or not, and knowledge of the true break fraction, 7y, in the former case.

"It is also worth noting that both the unweighted and weighted SC penalties given above assign a penalty of 1
to the unknown breakpoint parameter. Theoretical results provided in Zhang and Siegmund (2007), Kurozumi and

Tuvaandorj (2011) and Kim (2012) suggest that a stricter penalty of 2 might be appropriate for this parameter.
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4.2 Finite Sample Simulations

We now use Monte Carlo simulation methods to investigate whether the superior finite sample
behaviour observed for the feasible weighted break fraction estimator, Tryy g, over the unweighted
estimator, Torg, seen in the simulation results in section 3, carries over to the unit root test
procedures based on 7Tpwrs and the feasible weighted model selection criteria outlined above,
relative to unit root tests based on the corresponding unweighted quantities.

The results reported in this section are based on the DGP:

y = a+pt+06(t—[1T]) lis|mr) + 2 (4.10)
5% = pa1 +over, e~ LLAN(0,1). (4.11)

We set @« = pu = 0 in our experiments because all of the unit root tests considered are exact
invariant to these parameters. For the volatility process, o¢, we considered the same set of models
as outlined in section 3.5. Again we report only a representative selection here with the full set
of results available from the authors on request. In particular, Figures 7 and 8 for 7' = 100 and
T = 200, respectively, report results for the homoskedastic case k = 0, and for a one-time break in
volatility occurring at [AgT'] for A9 € {0.3,0.5,0.7}. Results are reported for the no trend break
case, d = 0, and where a trend break of magnitude § = 0.5 occurs at |77 for 9 € {0.3,0.5,0.7}.

Figures 7 and 8 compare the empirical rejection frequencies, for ¢ := (1 + ¢/T) with ¢ €
{0,—1,—-2, ..., =50}, of the tgc and tysc SC-based unit root test procedures of (4.9), comparing
each with a number of benchmark tests that are also required in the definition of tgc and twsc.
First tg, the DF test which does not allow for a trend break in the de-trending step and where we
used ¢ = —13.5 in the QD de-trending procedure. Second, in cases where a trend break occurs
in the DGP, t,, the infeasible DF test based on including a trend break in the de-trending step
at the true break fraction 79. Finally, we also report tors and tpwrg, the DF tests which always
including a trend break located at Tors and Trw g, respectively, in the de-trending step. For all
of the tests which include a trend break we set ¢ in the QD de-trending procedure according to
the relevant entry from Table 1 from Cavaliere et al. (2011, p.964). In all cases the tests were run
at the nominal 5% level using the Gaussian wild bootstrap with 499 bootstrap replications. For
the tgc and tywsc procedures the SC rule with the penalties outlined in section 4.1 are used. Also
shown under the labels ‘SC’ and ‘WSC’, respectively, are the empirical frequencies with which the
unweighted and weighted SC decision rules select the model which allows for a trend break.

The finite sample properties of tg¢ relative to tywsc, and of torg relative to tpy g generally
mirror the corresponding differences seen between the unweighted and weighted break fraction
estimators, 7Tors and Trw s, seen in the results for these models for o in section 3. In all of the
Figures relating to a trend break, the differences between the weighted and unweighted SC decision
rules and tests are generally rather smaller, other things equal, for 7" = 200 than for 7' = 100. This
is to be expected, given that both approaches are consistent and § is fixed and non-zero.

Consider first the homoskedastic cases in Figures 7a, Te, 7i and 7m and Figures 8a, 8e, 81 and
8m. Here we see no discernible differences between the behaviour of tg¢ and tysc and between
tors and tpwrs, even for T = 100. Where no trend break is present (Figures 7a and 8a), both the
weighted and unweighted SC decision rules select the no trend break model with high probability
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and, as a result, both tgc and tygc lie very close to the (near-) efficient ¢y test. Notice that a
degree of over-sizing is seen here for both tprs and tFpwrs and, as a consequence, also for tg¢
and tygsco, although this is reduced for T' = 200 wis-a-vis T' = 100. The power gains from using
the SC-based tgc and twgc tests, relative to the tors and tpy s tests which always include a
trend break (at the fitted break fractions 7ors and 7rwrs, respectively), when no break occurs
can also clearly be seen for both sample sizes. Where a trend break is present (Figures 7e, 7i and
7m and Figures 8e, 8i and 8m) the power of the ¢y test is effectively zero, regardless of the value
of ¢. Consequently, we want the tg¢c and tysc procedures to select the no break case, and hence
to, as infrequently as possible. The results show that both the weighted and unweighted SC rules
perform well in this regard, with tgc and tysco generally lying reasonably close to tors and tpw s
respectively, the more so the later in the sample the trend break occurs, which in turn lie close to
the infeasible efficient benchmark ¢, test. An interesting feature seen for both SC decision rules
is that their efficacy to select the trend break model improves the further the AR parameter ¢
lies into the stationarity region (i.e. the bigger is ¢). This phenomenon is clearly beneficial to the
finite sample performance of the tsc and tysc procedures, and is to be expected given that it is
well known that a trend break is more easily detected in stationary noise than it is in noise which
contains a unit root; see, for example, Harvey et al. (2009).

Consider next the cases where oy is heteroskedastic. Where no trend break occurs (6 = 0), it is
seen in Figures 7b, 7c and 7d and Figures 8b, 8c and 8d that although the weighted SC decision
rule is marginally more efficacious in selecting the no trend break model than the unweighted SC
rule, and increasingly so as Ag increases, in selecting the no break model, there is almost nothing to
choose between the resulting tgc and ty o procedures, each of which again performs well lying very
close to the ty test, as in the homoskedastic case. However, where a trend break occurs (§ # 0) this
picture changes considerably. The most dramatic differences between the weighted and unweighted
tests are seen for precisely those cases where 7py s was observed in the simulations in section 3
to be significantly more efficacious than 7ors. These are the cases where the trend break occurs
in a low volatility regime and correspond with Figures 7g, 7h and 71 and Figures 8g, 8h and 8l.
Here the superior finite sample performance of tpyw g over tors is clearly seen with the former
lying very close to the infeasible efficient benchmark ¢, test, while the latter lies some considerable
distance from this benchmark. As these tests differ only in the break fraction estimator used, the
power improvement of tpy g over tors can be attributed to the superior properties of 7pw g
in these situations. In particular, the results of Theorem 2 and the simulation results of section
3.5 document and explain the tendency of 7org to be potentially badly biased when the trend
break lies in a low volatility regime. It has been well known since Perron (1989) that not properly
accounting for a trend break results in unit root tests with very low power, and that fitting a trend
break at the wrong location is essentially no better than not fitting a trend break at all. Similarly,
the results of Theorem 2 and the simulation results of section 3.5 document and explain how the
weighting used in 7py g works to counteract the bias in 7org due to the heteroskedasticity.

It is also seen in the examples discussed above that the weighted SC decision rule is considerably
more efficacious than the unweighted SC decision rule in (correctly) selecting the trend break model

for the de-trending step. This is crucial to explaining the differences in the behaviour of tg¢ relative
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to twwsc. Too often in these cases, the unweighted SC rule wrongly selects the no break model and
hence selects the inappropriate no break ty test and, as such, is heavily compromised. The superior
performance of both the weighted SC decision rule and the DF test based on the weighted break
fraction estimator translate into very significant power gains for tysc over tgo in these cases,
especially so for T" = 100. For example, in Figure 7g the empirical power of tysc for T = 100
is around 90% for ¢ = —40 while that of tgo is only about 35%. Interestingly, the weighted SC
decision rule often outperforms the unweighted SC rule, and ¢y sc accordingly outperforms tgc,
even in cases where Try g was seen to be no more efficacious than 7ry ¢ in the simulations in
section 3. Examples of this can be seen in Figures 7f and 7k and 8f and 8k where the location of
the trend and volatility breaks coincides. In these examples ¢y g also performs better than torg.
The intuition for the advantage of the weighted SC rule over the unweighted one is more traditional
than for the break fraction estimators — the SC method is essentially a likelihood ratio criterion for
break inclusion, except that a “penalty” term is applied in place of a critical value. The weighted
SC is effectively providing superior “power” for break detection, just as would be expected in a
standard formal hypothesis test in the presence of heteroskedasticity.

Finally, in those cases where Tryy s performed least well relative to 7org, which are the cases
where the trend break lies in a high volatility regime (see Figures 7j, 7n and 7o and Figures 8§j,
8n and 80) the unweighted SC decision rule is seen to perform slightly better than the weighted
SC rule. In these examples tprs correspondingly also performs slightly better than tpy s as does
tsc over tywsc. However it is clear the cost of using the weighting methods in these cases is very
much smaller than the gains to using them in the preceding cases discussed, so that in general the
weighted methods are to be preferred for practice.

In unreported simulations we also explored corresponding procedures based on the HQ infor-
mation criterion, and procedures using the stricter double penalty on the estimated break fraction;
cf. footnote 7. These govern the strength of the penalty (the SC penalty is stricter than the HQ
penalty) imposed on including the trend break. The weaker the penalty, the higher the frequency
with which the trend break will be retained in the de-trending step, other things equal. As we
have seen, the break retention frequency affects the finite sample size and power properties of the
resulting unit root tests. We found that the stricter the penalty used the better the finite sample
size control of the information criteria based test procedures (so that, for example, using the SC
with a double penalty on the trend break reduced the over-sizing in tg¢ over tysc relative to that
seen in Figures 7 and 8), but came at the expense of lower finite sample power where a trend break
is present. However, the qualitative conclusions drawn above regarding the relative finite sample
performance of the unweighted and weighted information criteria and associated unit root tests

were unaltered between these different possible penalties.

5 An Empirical Illustration to U.S. and U.K. GDP

We next provide an illustration of the methods discussed in this paper with a practical applica-
tion to data on GDP in the U.S. and the U.K. The inter-related questions concerning whether
GDP admits an autoregressive unit root and/or a broken deterministic linear trend date back to

at least Perron (1989). We revisit these questions using both standard methods and the corre-
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sponding (adaptive) weighted methods proposed here. The U.S. dataset we consider has previously
been analysed in Eo and Morley (2015) and constitutes a measure of quarterly real U.S. GDP,
obtained from the Bureau of Economic Analysis website. It was downloaded from James Morley’s
website, https://sites.google.com/site/jamescmorley/research/code. The quarterly U.K.
GDP dataset, obtained from the IMF Outlook, was downloaded from Benjamin Wong’s website,
https://sites.google.com/site/benjaminwongshijie/research and was previously analysed
in Kamber, Morley and Wong (2018). Full details on the construction of the U.S. and U.K. datasets
are provided in Eo and Morley (2015) and Kamber et al. (2018), respectively. Graphs of the log-
arithms of the U.S. and U.K. GDP series covering the sample periods considered, namely 1958Q3
to 2012Q1 and 1961Q3 to 2016Q2, respectively, are provided in Figure S.2 in the supplement.

To visualise the possible presence of unconditional heteroskedasticity in these data, part (a) of
Figures 9 and 10 plot the annualised quarterly real GDP growth rates for the U.S. and the U.K.,
respectively. Also plotted are the broken level functions for the growth rate series corresponding
to a level break estimated from the growth rate series by either the standard OLS estimator 7org
(the blue dashed line) or by our proposed FWLS estimator 7pwrs (the dashed red line); for both
Tors and Tpwrs we set 7, = 0.1 and 77 = 0.9 in (3.1). Part (b) of Figures 9 and 10 plot the
adaptive estimate 67 obtained according to (3.8) using exactly the same practical implementation
settings as used in the simulations in section 3.5. Part (c) of Figures 9 and 10 plots sample variance
profiles of the OLS residuals, denoted &;, obtained from the regression of the first differences of
the log GDP series onto an intercept and 15|+, s7|- The sample variance profiles, see Cavaliere
and Taylor (2008b), are plots of 7 (u) := ( thg £2)~1 Zg;” &7 against u € [0, 1]. In large samples,
7 (u) ~ (f01 o? (s)ds)~" [} 02 (s) ds, which equals u when the unconditional volatility is constant;
that is, when there is no unconditional heteroskedasticity. Consequently, under conditional ho-
moskedasticity or, more generally, under stationary conditional heteroskedasticity, 7(u) should be
close to the 45 degree line, and significant deviations of this function from the 45 degree line point
to the presence of persistent changes in volatility; in particular, in a period of relatively high (low)
volatility in the data the slope of 7j(u) will tend to exceed (be less than) 45 degrees. These devia-
tions, along with the corresponding 95% confidence bands®, are reported in part (d) of Figures 9
and 10. The pattern of a period of relatively high volatility followed by a decline in unconditional
volatility associated with the Great Moderation from the mid 1980s onwards, and a subsequent
increase in volatility again after the Great Recession, discussed in section 1, is apparent for both
the U.S. and U.K. GDP data in Figures 9 and 10.

To formally investigate for the presence of non-constant volatility, we report in Table 5 the Hg,
Hks, Hovm, and Hap stationary volatility tests of Cavaliere and Taylor (2008b, p. 312) applied to
&; for both the U.S. and U.K. real GDP series. These are tests of the null of stationary volatility,
i.e. allowing in particular for conditional heteroskedasticity under the null, against the alternative
of non-stationary volatility (unconditional heteroskedasticity). The results demonstrate that both

series display strong statistical evidence of unconditional heteroskedasticity.

8The confidence bands are obtained as suggested by Cavaliere and Taylor (2008b). This requires estimation of
the long-run variance of £ under the null hypothesis, which is done here using an autoregressive spectral density

estimator with lag length chosen by a standard SC starting from an initial maximum of 4 lags.
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Table 5: Application of the Stationary Volatility Tests
of Cavaliere and Taylor (2008b) to U.S. and U.K. real GDP

Hr Hks Hewwm Hap
U.S.  2.030%* 1.860*** 0.780*** 3.541**
U.K. 2.037** 1.946*** 1.187*** 5.375***

Note: The superscripts *, **, and *** denote significance at the

10%, 5%, and 1% nominal (asymptotic) levels, respectively.

The OLS level break estimate 7org for the U.S. GDP growth rate series (graphed in Figure
9(a)) gives a break date of 1966Q1, while for U.K. GDP growth rates (graphed in Figure 10(a))
ToLs implies a break date of 1973Q1. In each case a trend break at these dates is therefore implied
in the levels GDP series. In both cases these estimated trend breaks lie in a high volatility period of
the time series. Moreover, these locations are close to those found in earlier studies in the literature
based on OLS break date estimation; for example, Kim and Perron estimate a trend break in
U.S. GDP located at 1965Q2 (for a sample period of 1947Q1 to 2004Q2). In contrast, the FWLS
estimator, 7pw s, places the trend breaks much later: for the U.S. at 2000Q2, and for the U.K. at
2005Q4, both of which lie in a relatively low volatility phase of the respective GDP series.

In order to investigate the significance of the magnitude of these estimated trend breaks we next
use the weighted and unweighted information criteria-based rules from section 4 to select between
the trend break and no trend break models for the U.S. and U.K. GDP series. In order to allow for
serial correlation of unknown order in the GDP series these criteria were generalised in the obvious
way (see Ng and Perron, 2005) to jointly minimise with respect to the autoregressive lag order and
between the break and no break models. To that end, in Table 6 we report the outcomes of the
unweighted SC-based criteria allowing for the no break and trend break models, SCy and SC

OLS?

respectively, along with the corresponding weighted criteria, SC; and SC*

TFWLS'

the corresponding unweighted and weighted criteria based on the HQ penalty, denoted with an
obvious notation by HQo, HQ#,, s, HQy and HQx . In each case the values reported in Table

TFWLS
6 are the most negative values that each of the criteria takes across all possible autoregressive lag

We also report

lengths up to a maximum lag length of ppax = L16(£—0)0'25)j. All of the entries in Table 6 have

been scaled by (T — pmax — 1) to aid readability.

Table 6: Standard and Adaptive SC and HQ Information Criteria for U.S. and U.K. real GDP for
selecting between trend break and no trend break models.
SCy  SC:,,6 SC; SCt .. HQy HQw,s HQy HQI

U.S. | -9.578 -9.504 -12.081 -12.061 -9.628 -9.584 -12.131 -12.141
UK. | -9.289 -9.216 -12.077 -12.058 -9.348 -9.305 -12.126 -12.137

We can see from the results in Table 6 that for both the U.S. and the U.K. the SC penalty
favours the no break model, regardless of whether the trend break is fitted at the location identified

by Tors or Trwrs. When the HQ penalty is used there is also no evidence to accept the presence
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of a trend break at 1966Q1 for the U.S. or at 1973Q1 for the U.K., the dates implied by the Tors
estimates. However, the weighted IC with the HQ penalty favours the model with a trend break at
2000Q2 for the U.S. and the model with a trend break at 2005Q4 for the U.K., the dates implied
by the respective 7ry g estimates.

Finally, to investigate if the differing estimates of the trend break location have an impact on
inference on the unit root hypothesis, we next consider the application of standard unit root tests to
the data, allowing for either no trend break, or for a trend break at the locations identified by Tors
and 7pwrs. In Table 7 we report results for the QD detrended augmented DF [ADF] (see footnote
4) tests to, tors and tpw s from section 4.1, together with the corresponding ADF tests based on
OLS detrending, which we denote by tgls , tOOlSLS and tOFlf/V s> respectively. The autoregressive lag
length used in these ADF unit root tests was selected by the usual SC with a maximum lag length
of Pmax = L16(1€—0)0'25)J, and is reported under p. Wild bootstrap p-values for each test obtained
using the algorithms in Cavaliere and Taylor (2008a) and Cavaliere et al. (2011), in each case using

499 bootstrap replications, are reported in parentheses.

Table 7: Unit Root Tests for U.S. and U.K. real GDP

. ! ! !
D to tors tFwLs tg° tOLs tEvLs

U.S. | 2 -0.956 (0.886) -2.592 (0.249) -2.128 (0.465) -1.881 (0.679) -2.612 (0.325) -3.094 (0.351)
UK. |3 -2.209 (0.247) -2.815 (0.247) -3.329 (0.038) -2.913 (0.251) -2.848 (0.361) -3.844 (0.046)

For U.S. GDP no evidence is found against the unit root null hypothesis at standard significance
levels, regardless of whether we allow for a trend break or not, and regardless of whether the break is
placed at the location identified by 7or.s or 7rwrs. Hence, although for the U.S. data the HQ-based
criterion favours the model with a trend break at 2000Q2, the omission of this trend break from the
unit root test procedure does not alter the decision to accept the unit root null hypothesis. In the
case of U.K. GDP, when either no trend break is included or a trend is included at 1973Q1 (the date
estimated by 7org) there is again no evidence against the unit root null hypothesis at standard
significance levels. However, when a trend break is included at 2005Q4 (the date estimated by
7rwLs) both the QD and OLS detrended ADF tests now deliver significant rejections of the unit
root null hypothesis at the 5% level with p-values of 0.038 and 0.046, respectively. The evidence
therefore suggests that while the magnitudes of the trend breaks in U.S. and U.K. GDP are both
sufficiently large for the HQ-based criterion to select the trend break model, it is only in the case
of U.K. GDP that this break is of sufficient magnitude that failing to account for it in the unit root

test procedure alters the decision made on whether to accept the unit root null hypothesis or not.

6 Conclusions

We have investigated the properties of RSS-based estimators, including OLS and feasible WLS
estimators, the latter formed using a non-parametric kernel-based estimate of the volatility process,
for the location of a level break in series driven by shocks displaying non-stationary volatility.

Consistency rates were derived against breaks of fixed magnitude and shown to coincide with those
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obtained under homoskedasticity. Distribution theory for these estimators was also derived for
cases where the break magnitude was either local-to-zero or exactly zero. Under Pitman drift
these limiting distributions were shown to depend on nuisance parameters deriving from the non-
stationary volatility and on the location and magnitude of the level break and the bounds of the
search set. Monte Carlo evidence demonstrated that these Pitman limits closely predict the finite
sample behaviour of both the OLS and feasible WLS estimators, and highlighted the potential for
the feasible WLS estimator to deliver significant improvements over the OLS estimator in certain
heteroskedastic environments. The feasible WLS level break fraction estimator can be used in the
context of the problem of unit root testing when trend and/or volatility breaks may be present in
the data by applying it to the first differences of the data. This was shown to have the potential
to deliver significant improvements in the finite sample properties of the resulting unit root tests
relative to using an OLS break fraction estimate. We also discussed feasible weighted information
criteria, based on the same estimate of the volatility process, to select between the trend break and
no trend break models. Again these were shown to have the potential to deliver unit root tests
with considerably improved finite sample behaviour under heteroskedasticity relative to the use of
standard information criteria. An empirical illustration to U.S. and U.K. real GDP highlighted the
practical relevance of these methods. For both series, OLS estimation estimated an early break
date in a high volatility regime, whereas for both series the feasible WLS estimator estimated a
much later break date in a relatively low volatility regime. The positioning of the trend break was
shown to be important in the case of the U.K. data, with a rejection of the unit root null hypothesis
possible when based on feasible WLS break date, but not when based on the OLS break date.
Although our focus in this paper has been on a single level break, the ideas we have presented
naturally extend to the case of multiple level breaks and to structural breaks in the parameters
of more general time series regression settings. Moreover, the procedures we develop here should
extend to the multivariate case and so would be anticipated to improve inference on determining
the co-integration rank in the case of multiple time series potentially subject to breaks in both

trend and volatility. These issues are currently being investigated by the authors.
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Table 1: Finite Sample Properties of Break Fraction Estimators. No Level Break.
Volatility Models SD0-SD4.

T Mean SD Mean SD Mean SD
Panel A: Tors
SD1: k=2
Ao =0.3 Mo = 0.5 Ao = 0.7
100 0.667  0.187 0.730 0.148 0.782 0.138
300 0.669  0.187 0.733 0.143 0.788 0.130
SD2: k=2
Ao =0.3 A= 0.5 Ao = 0.7
100 0.229 0.148 0.277 0.146 0.336  0.182
300 0.215 0.134 0.270 0.146 0.332 0.185
SD3 SD4 SDO
k=2,A=0.3 v =2
100 0.359  0.281 0.699 0.201 0.509 0.272
300 0.341  0.276 0.707 0.196 0.502 0.275
Panel B: 7pwiLs
SD1: k=2
Ao =0.3 Mo = 0.5 Ao = 0.7
100 0.533  0.280 0.515 0.271 0.537 0.261
300 0.490  0.290 0.479 0.269 0.510 0.258
SD2: k=2
Ao = 0.3 A= 0.5 Ao = 0.7
100 0.478  0.263 0.505 0.270 0.493 0.282
300 0.493  0.258 0.525 0.268 0.519 0.290
SD3 SD4 SDO
k=2,2=0.3 K =2
100 0.486  0.261 0.549 0.269 0.510 0.272
300 0.492 0.251 0.523 0.275 0.504 0.275




Table 2: Finite Sample Properties of Break Fraction Estimators. Break size §, Break fraction 7.
Volatility Models SDO and SD1.

Mean SD RMSE Mean SD RMSE Mean SD RMSE
1) T T0:0.3 T0:0.5 ’7'0:0.7

Panel A: Tors

SDO
100 0.375 0.195 0.209 0.502 0.166 0.166 0.633 0.188 0.200

0-5 300 0.312 0.094 0.094 0.500 0.084 0.084 0.687 0.094 0.095

1 100 0.309 0.074 0.074 0.500 0.064 0.064 0.694 0.067 0.067

300 0.300 0.019 0.019 0.500 0.019 0.019 0.700 0.020 0.020
SD1: k=2, A=0.3

0.5 100 0.614 0.209 0.378 0.631 0.188 0.229 0.669 0.178 0.181

300 0.536 0.213 0.318 0.585 0.174 0.193 0.670 0.161 0.164

1 100 0.507 0.210 0.295 0.569 0.166 0.180 0.672 0.153 0.156

300 0.391 0.144 0.170 0.521 0.115 0.117 0.684 0.114 0.115
SD1: k=2, =05

0.5 100 0.678 0.193 0.425 0.694 0.155 0.248 0.722 0.140 0.142

300 0.590 0.230 0.370 0.646 0.146 0.207 0.715 0.122 0.123

1 100 0.543 0.235 0.338 0.626 0.141  0.189 0.709 0.118 0.119

300 0.371 0.164 0.179 0.563 0.097 0.116 0.702 0.086 0.086
SD1: k=2, =07

0.5 100 0.695 0.226 0.455 0.729 0.172 0.286 0.774 0.127 0.147

300 0.566 0.264 0.375 0.663 0.177 0.241 0.768 0.101  0.122

1 100 0.503 0.257 0.327 0.626 0.171  0.212 0.761 0.095 0.113

300 0.334 0.130 0.135 0.531 0.098 0.103 0.742 0.061 0.074

Panel B: %FWLS
SDO

0.5 100 0.376  0.196 0.210 0.504 0.168 0.168 0.630 0.192 0.204

300 0.313 0.094 0.095 0.499 0.084 0.084 0.686 0.096 0.097

1 100 0.309 0.075 0.075 0.500 0.064 0.064 0.693 0.069 0.070

300 0.300 0.019 0.019 0.500 0.019 0.019 0.700 0.020 0.020
SD1: k=2, A =0.3

0.5 100 0.491 0.260 0.323 0.525 0.254 0.255 0.555 0.264 0.302

300 0.414 0.219 0.247 0.503 0.221 0.221 0.568 0.253 0.285

1 100 0.420 0.205 0.238 0.517 0.196 0.197 0.609 0.222  0.240

300 0.347 0.109 0.119 0.505 0.124 0.124 0.657 0.159 0.164
SD1: k=2, XAg=0.5

0.5 100 0.430 0.237 0.270 0.529 0.242 0.244 0.549 0.257 0.298

300 0.326 0.131 0.134 0.521 0.200 0.201 0.569 0.239 0.273

1 100 0.335 0.140 0.144 0.545 0.179 0.184 0.611 0.214 0.232

300 0.300 0.023 0.023 0.534 0.097 0.103 0.668 0.140 0.144
SD1: k=2, A =0.7

0.5 100 0.416 0.222 0.250 0.522 0.199 0.200 0.574 0.250 0.280

300 0.318 0.106 0.108 0.496 0.107 0.107 0.603 0.226 0.246

100 0.320 0.105 0.107 0.503 0.101 0.101 0.642 0.204 0.212
300 0.300 0.019 0.019 0.499 0.021 0.021 0.700 0.117 0.117




Table 3: Finite Sample Properties of Break Fraction Estimators. Break size ¢, Break fraction 7.
Volatility Model SD2.

Mean SD RMSE Mean SD RMSE Mean SD RMSE
1) T T0:0.3 T0:0.5 T0:0.7

Panel A: Tors
SD2: k=2, =0.3
100 0.233 0.132 0.148 0.277 0.170 0.281 0.314 0.228  0.448

0-5 300 0.230 0.101  0.123 0.337 0.177 0.241 0.437 0.264 0.372
1 100 0.244 0.104 0.118 0.384 0.168 0.205 0.510 0.252 0.316
300 0.256 0.062 0.076 0.469 0.098 0.103 0.664 0.134 0.139
SD2: k=2, =05
0.5 100 0.283 0.136 0.137 0.309 0.150 0.243 0.328 0.193 0.419
300 0.282 0.120 0.122 0.352 0.146  0.208 0.411 0.231 0.369
1 100 0.292 0.115 0.115 0.373 0.139 0.188 0.467 0.234 0.330
300 0.296 0.087 0.087 0.434 0.098 0.118 0.627 0.168 0.183
SD2: k=2, =07
0.5 100 0.335 0.173 0.177 0.371 0.183 0.224 0.387 0.204 0.374
300 0.326 0.161 0.163 0.415 0.173 0.193 0.462 0.213 0.319
1 100 0.330 0.152 0.155 0.432 0.162 0.176 0.493 0.206 0.291
300 0.313 0.113 0.114 0.477 0.114 0.117 0.607 0.146 0.173
Panel B: %FWLS
SD2: k=2, =0.3
0.5 100 0.440 0.252 0.288 0.489 0.195 0.195 0.592 0.215 0.241
300 0.399 0.227 0.247 0.503 0.107 0.108 0.680 0.108 0.110
1 100 0.364 0.208 0.218 0.499 0.097 0.097 0.684 0.096 0.097
300 0.299 0.120 0.120 0.501 0.023 0.023 0.700 0.021 0.021
SD2: k=2, X=0.5
0.5 100 0.468 0.258 0.308 0.487 0.241 0.241 0.586 0.229 0.256
300 0.432 0.239 0.273 0.479 0.200 0.201 0.671 0.135 0.138
1 100 0.397 0.217 0.238 0.463 0.177 0.181 0.673 0.127 0.130
300 0.332 0.143 0.146 0.465 0.099 0.105 0.700 0.023 0.023
SD2: k=2, =07
0.5 100 0.463 0.268 0.314 0.490 0.254 0.254 0.526 0.258 0.311

300 0.429 0.252 0.283 0.500 0.221 0.221 0.584 0.219 0.248

100 0.403 0.227  0.249 0.488 0.194 0.194 0.585 0.201 0.232
300 0.341 0.160 0.165 0.497 0.126  0.126 0.652 0.111 0.121




Table 4: Finite Sample Properties of Break Fraction Estimators. Break size ¢, Break fraction 7.

Volatility Models SD3 and SDA4.

Mean SD RMSE Mean SD RMSE Mean SD RMSE
) T T0:0.3 T0:0.5 T0:0.7
Panel A: Tors
SD3: k=2, A =0.3
0.5 100 0.339 0.257 0.260 0.379 0.267 0.293 0.427 0.293 0.401
300 0.294 0.207 0.207 0.395 0.235 0.257 0.512 0.287 0.343
1 100 0.300 0.198 0.198 0.427 0.214 0.226 0.563 0.266 0.299
300 0.265 0.093  0.099 0.473 0.112 0.115 0.680 0.150 0.152
SD4: k=1
0.5 100 0.527 0.252  0.339 0.592 0.204 0.224 0.670 0.193 0.195
300 0.403 0.203 0.227 0.543 0.150 0.156 0.689 0.140 0.140
1 100 0.377 0.178 0.194 0.532 0.130 0.134 0.691 0.121 0.122
300 0.307 0.053 0.054 0.505 0.052 0.052 0.701 0.057 0.057
SD4: k=2
0.5 100 0.622 0.240 0.402 0.653 0.200 0.252 0.702 0.181 0.181
300 0.514 0.246 0.326 0.601 0.180 0.206 0.704 0.153 0.153
1 100 0.474 0.235 0.292 0.581 0.168 0.187 0.701 0.143 0.143
300 0.343 0.132 0.138 0.525 0.097 0.100 0.705 0.088 0.088
Panel B: %FWLS
SD3: k=2, A =0.3
0.5 100 0.449 0.252  0.293 0.493 0.210 0.210 0.547 0.250 0.293
300 0.402 0.224 0.246 0.501 0.121  0.120 0.633 0.195 0.206
1 100 0.372 0.213 0.225 0.501 0.121 0.121 0.647 0.187 0.194
300 0.301 0.122 0.122 0.500 0.026 0.026 0.708 0.064 0.064
SD4: k=1
0.5 100 0.443 0.241 0.280 0.529 0.217 0.219 0.596 0.235 0.257
300 0.347 0.158 0.165 0.509 0.149 0.150 0.642 0.185 0.194
1 100 0.342 0.144 0.150 0.512 0.128 0.128 0.665 0.1563  0.157
300 0.303 0.039 0.039 0.501 0.050 0.050 0.695 0.066 0.066
SD4: k=2
0.5 100 0.478 0.255 0.310 0.539 0.238 0.241 0.576 0.251  0.280
300 0.374 0.195 0.208 0.514 0.189 0.190 0.601 0.228 0.249
1 100 0.375 0.185 0.200 0.524 0.172 0.173 0.634 0.201 0.212
300 0.308 0.067 0.067 0.504 0.087 0.087 0.678 0.124 0.126




Figure 2: Simulated Sampling Density Functions of 7ors and 7rwrs. No Level Break.
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Figure 2: continued ...

(i) foLs : 6 =0, SD3, kK =1, \g = 0.3

(j) 7rwLs : 6 =0, SD3, k =1, \g = 0.3
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Figure 3: Simulated Sampling Density Functions of T7ors and 7w s. Level Break at 79 = 0.3.
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Figure 3: continued ...
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Figure 4: Simulated Sampling Density Functions of T7ors and 7w s. Level Break at 79 = 0.5.
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Figure 4: continued ...
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Figure 5: Simulated Sampling Density Functions of T7ors and Trws. Level Break at 79 = 0.7.
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Figure 5: continued ...
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Figure 6: Simulated sampling density functions with o7 = 671/2
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Figure 7: Finite Sample Local Power Comparisons, 7" = 100
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Figure 7: continued ...
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Figure 8: Finite Sample Local Power Comparisons, 7" = 200
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Figure 9: (a) Annualised quarterly U.S. real GDP growth rates with fitted OLS and FWLS level break path estimates; (b) estimated volatility
path; (c) estimated variance profile; (d) centered variance profile estimate.
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Figure 10: (a) Annualised quarterly U.K. real GDP growth rates with fitted OLS and FWLS level break path estimates; (b) estimated volatility
path; (c) estimated variance profile; (d) centered variance profile estimate.
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On-Line Supplementary Appendix
to

Level Shift Estimation in the Presence of Non-stationary Volatility with an
Application to the Unit Root Testing Problem

by

D. Harris, H. Kew and A.M.R. Taylor

Contents: Section S.1 provides some example calculations relating to Case 2 in section 3.3.
Section S.2 of this supplement reports the large sample properties of the unit root tests and IC-
based trend break selection procedures. Section S.3 contains graphs of the U.K. and U.S. real GDP
series considered in section 5. Section S.4 provides proofs of Theorems 1-3 and Theorems S.1 and
S.2. Additional references, where not cited within the main paper, are provided at the end of this

supplementary appendix.

S.1 Example Calculations Relating to Case 2 of Section 3.3

In this section we provide two numerical examples of the calculations discussed in Case 2 in section
3.3 relating to the Pitman rate local asymptotic distribution theory from Theorem 2. Example
1 relates to the case where the variance follows a linear trend path, while in Example 2 a one-
time change in volatility occurs. Some additional Monte Carlo simulations are also included to
investigate how well Theorem 2 predicts the finite sample behaviour of the 7py g estimator in this

regard.

Example 1: Consider the case where the weighted estimator is formed on the assumption that
the variance follows the linear trend path o7 = 1+ t/T. The corresponding weighted estimator
obtains setting z; = 1/(1 + t/T)"/2, and hence z(s) = (1 + s)~%/? and x(7) = %. Then
x(10) = % gives 79 = V2 — 1 &= 0.414. Consequently, when weighting is used appropriate for a
linear trend in the variance the position of a break fraction that maximises the asymptotic signal

in Q(7;2(-),0(+),0,d) is 79 & 0.414, rather than 79 = 0.5. Notice that this result obtains regardless
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of whether this weighting leads to the true WLS estimator; that is, the result holds regardless of

the true variance process, oy. O

Example 2: As a second example, suppose that it is assumed that there is one-time change in

variance at time [T'A]; that is, under the assumption that oy = 1+~x1¢_,. Here z; = 1/0y, so that
T

T<A

L, s<A PeR ROV

x(s) = and, hence, x(7) = E

- A(14k)"2(1=A)
(I+r)7 s> () 2 (=N

In the homoskedastic case, where no break in variance occurs, such that k = 0, the weighted and
1
29
homoskedastic data the asymptotic signal in Q(7;x(+),0(-), 0, d) is maximised for a break occurring

T> A\

unweighted estimators coincide. Solving here, x(79) = % gives 19 = 5, as expected; that is, with
in the middle of the sample. However, in the case where A = 0.3 and k = 2, such that the volatility
increases threefold 30% of the way into the sample, then solving x(m9) = % yields 9 ~ 0.19.
Using the weights appropriate to this form of variance step function therefore results in the largest
“signal” for a break occurring at 79 &~ 0.19. In contrast if A = 0.7 and x = 2, such that the volatility
increases threefold 70% of the way into the sample, then solving x(79) = % yields 79 ~ 0.40. We
therefore see, again noting that these results obtain regardless of whether or not these weightings
lead to the true WLS estimator in each case, that in these two examples the weighting based on
either the assumption of an early or late increase in variance results in the largest “signal” for a

break occurring in the lower variance regime of the sample, as seems intuitively reasonable. [l

The discussion given in Example 2 can also be illustrated numerically. A simulation experiment
was carried out based on the DGP (3.10) with

Xo(1+ #)2 4 (1 — N))/?
Ut:(O( )1_{_5{ 0)) (1+’<‘3'1t>L)\0TJ)-

The additional scaling of oy relative to that in Example 2 above is used so that w? = 1 for this

standard deviation process for any values of A\g and x, which allows meaningful comparisons to be
drawn across these two parameters. In particular, simulation can be used to obtain approximations
to the true value of the break fraction 79 that can be more accurately estimated from a finite sample
data, based on different values of the standard deviation parameters. The analysis of the signal
given in Example 2 above suggested that the multiplier on the deterministic signal component of
Q(1;2(+),0(),0,1/2) would be maximised at 79 = 1/2 for k = 0 (homoskedasticity), at 79 ~ 0.19
for k = 2 and A\g = 0.3, and at 79 = 0.40 for k = 2 and A9 = 0.7. These calculations do not
constitute formal proof that these values of 7y are those that can be most efficiently estimated
under these variance patterns. However, the simulation results summarised in Figure S.1 show that
they provide a good approximation in these cases at least. Figure S.1 gives plots, one for each of
the three variance processes discussed here, of the simulated RMSEs of 7py g for estimating each
of the indicated values of 7y the horizontal axis, based on samples of size T" = 200 and with break
size 67 = 8T~ 1/2 (i.e. the same break size considered in Figure 6 for the purposes of comparison).
The values of 7y that returned minimum RMSE of 7ry s in each case were respectively 75 = 0.49
(k=0), 70 =0.18 (k =2, = 0.3) and 79 = 0.40 (k = 2, \p = 0.7). Again we see that, even when
used heuristically, the asymptotic approximation provided by Q(7;x(-),o(:),d,1/2) in Theorem 2

provides a very useful guide to finite sample properties.
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Figure S.1: Simulated RMSEs of 7pwrg. T = 200, dp = 8T /2.
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S.2 Limiting Distributions for Unit Root Tests and Model Selec-
tion

Theorem S.1 provides the limiting distribution under the local alternative H. of t, when evaluated
at the true break fraction 7 = 79. The theorem also shows that this limit is unchanged when 7
is replaced by either the OLS break fraction estimate, 7org, or the corresponding feasible WLS
estimate, Trwrs.

Theorem S.1. Let y; be generated according to (4.1)-(4.2) and with e; generated according to (2.2),
and let the conditions of Assumption A hold. Let 67 = 6T~%, d > 0. Then, under H,:

(i) For any d > 0, and regardless of whether § =0 or § # 0,

Lz, e, 6n)?—1
R L Y) (51)
(f()l Z(S; 70, C, 77)2d8)

where

Z(s;7,¢,8,m) = BS(s) — X(s:7) < /0 X7 Xo(s: T)'ds> B /0 ' Xo(si m)dBE(s:0)

and

By(s) == /0 exp(c(s —1))dBy,(r), Bj(s;c) = B;(s) — 5/0 By (r)dr,
with By (-) as defined in Theorem 2, and

S

X(si7) = ((s Y 0) » Xelsir) = (1 - c&s_—éi) v 0)) '

(ii) For 0<d < 1/2, and provided § # 0, it holds that: (a) tors — tz, — 0, and (b) provided the
additional conditions of Theorem 3 hold, tpwrs — tr, 2.

Remark S.1. The results in part (ii) of Theorem S.1 might appear to contradict with Proposition
3 of Kim and Perron (2009,p.12) where it is shown that for some generic break fraction estimator,
7, the break fraction, 7o must be consistently estimated at some rate greater than 7%/2 in order for
a DF test based on 7, t; say, and ¢, to be asymptotically equivalent. However, the result in Kim
and Perron (2009) relates only to the case where the trend break magnitude 7 is fixed and non-zero
(see their Assumption 1 on page 3), and therefore corresponds to the specific case of d = 0 and § # 0
in Theorem S.1. In this case we know from Theorem 1 that both Tors and 7pw s are consistent
at rate O, (T~ 1), which certainly satisfies the condition in Proposition 3 of Kim and Perron (2009,
p-4). In the more general set-up we consider here, the trend break magnitude and convergence rate
of 7ors and Tpw s change together; as the break magnitude slows, so commensurately does the
convergence rate of Tors, Trwrs. In particular, where the trend break magnitude is of order T' _d,
d > 0, then, as shown in Theorems 1 and 3, respectively, (fors — 70) and (7pw s — 79) are both of
O,(T?~1). However, this rate of consistency is still sufficiently fast for the asymptotic equivalence
results in part (ii) of Theorem S.1 to hold, precisely because the magnitude of the trend break is

shrinking commensurately with the reduced consistency rate. [l
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Remark S.2. The result in Theorem S.1 relates to the “large” break case of section 3.2 where
0 < d < 1/2 in the localisation of the trend break magnitude, such that the trend break location 7
can be consistently estimated. Localisations which converge to zero at a faster rate, as considered
in section 3.3, including the Pitman drift rate where d = 1/2, are excluded. Our aim here is
not to provide a comprehensive treatment of the large sample properties of unit root tests in the
present setting but rather to explore how weighted trend break estimators can improve the finite
sample properties of unit root tests relative to standard OLS estimation. However, the results
could be extended to cover the case of d > 1/2. For d = 1/2, results comparable to those given
in section 5 of Harvey et al. (2012), but generalised by the non-stationary volatility allowed for
under Assumption Ag, would be obtained. For d > 1/2, as discussed in Case 1 in section 3.3, the
magnitude of the trend break would be such that it would lead to trend break estimators which
behave asymptotically the same as in the no break case. As a result, both tprs and tpy s would
converge to limiting distributions of a similar form to that given in (S.1) evaluated not at 7y but

at the random outcomes of 7o g and Ty s within the search set 77, 7y]. O

Remark S.3. Theorem S.1 replicates the result given for the ¢(7) statistic (which is based around
the OLS break fraction estimator, 7org) in part (ii) of Theorem 1 of Cavaliere et al. (2011, p.966)
which pertains to the case of a trend break of fixed magnitude, 6 # 0 and d = 0. Theorem S.1 shows
that the result also holds for tpyw g, the DF statistic based on the feasible WLS break fraction
estimator, and that it continues to hold (for both break fraction estimators) for breaks which are

local to zero, provided the localisation rate is smaller than the Pitman rate, d = 1/2. [l

Remark S.4. The (common) limiting null distribution of tprs and tpwrs, which obtains on
setting ¢ = 0 in (S.1), is seen to depend on the volatility process o(-) through the presence of
the heteroskedastic Brownian motion B, (-). This is also the case for the corresponding no-break
statistic, tg, defined in Remark 4.3, whose limiting distribution under H. coincides with that given
for the M Z; statistic in Theorem 1 of Cavaliere and Taylor (2008a, pp.49-50). Consequently for
pivotal inference on the unit root null hypothesis, Hy, we will need to base these tests on either
the simulated critical value approach outlined in section 4.2 of Cavaliere and Taylor (2007) or a
wild bootstrap approach, the latter outlined for the ¢y statistic in section 4.1 of Cavaliere and
Taylor (2008a), and for the trend break case in Algorithm 1 of Cavaliere et al. (2011, p.971). In
the no trend break case, § = 0, the asymptotic validity of the simulated critical value and wild
bootstrap methods is established in Cavaliere and Taylor (2007) and Cavaliere and Taylor (2008a),
respectively. In the case where a trend break occurs, § # 0, both approaches can be shown to
deliver asymptotically pivotal inference for tprs and tgyw s under the conditions of Theorem S.1.
For the wild bootstrap approach, the proof of asymptotic validity follows directly from Cavaliere
et al. (2011), noting the asymptotic equivalence of tors and tpwrs. The asymptotic validity of
the simulated critical value approach follows using the same arguments as are given in section 4 of
Cavaliere and Taylor (2007). O

Remark S.5. The heteroskedastic Brownian motion B, appearing in Theorem S.1 is the same as
that in Theorem 2. The results in Theorem 2 directly provide the asymptotic distribution theory
for break fraction estimators under the unit root null hypothesis. Under the near-integrated local

alternatives that we also allow for in Theorem S.1, the asymptotic distribution theory for the break
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fraction estimators can, in the usual way, be shown to obtain by replacing the heteroskedastic
Brownian motion B, in Theorem 2 with the corresponding heteroskedastic near-integrated process
By defined in Theorem S.1. The general conclusions given in section 3.3 about the properties
of the break fraction estimators for “small” breaks under the unit root null therefore also apply
qualitatively unchanged under local alternatives. The conclusion of most practical relevance from
this is that the break fraction estimator will tend to be drawn towards periods of high variance in
the time series, regardless of whether the unit root null hypothesis or the near-integrated alternative
hypothesis holds. O

In Theorem S.2 we now establish the large sample properties of the weighted and unweighted

SC-based procedures.

Theorem S.2. Let y; be generated according to (4.1)-(4.2) with e; generated according to (2.2),
and let the conditions of Assumption A hold. Let 67 = 6T~%, 0 < d < 1/2. Then, under H,, and
in each case as T — oco:

(a) For the unweighted SC-based procedure:
(i) if 6 # 0, then Pr(SCs,, o < SCo) — 1; (ii) if § =0, then Pr(SC;

OLS OLS

> SC()) — 1.

(b) For the weighted SC-based procedure, and provided the additional conditions of Theorem 3 hold:
(i) if 6 # 0, Pr(SC’;“FWLS < SC§) — 1; (i) if § =0, Pr(SC;‘FWLS > SC) — 1.
Remark S.6. Theorem S.2 shows that for both the unweighted and weighted SC procedures the
probability of selecting the trend break model converges to one (zero) when a trend break is (is
not) present in the DGP, in each case as the sample size diverges. As a result, as the sample
size diverges, both tsc and tygo converge (in probability) to top when no trend break is present,
while when a trend break is present tgo converges to tors and tysc converges to try g, both
of which coincide with the known 7y limiting distribution in (S.1). Consequently, the tests from
both SC procedures will be asymptotically correctly sized when using the appropriate asymptotic
critical value, obtained as outlined in section 4 using either the simulated critical value approach
of Cavaliere and Taylor (2007) or the wild bootstrap approach in Algorithm 1 of Cavaliere et al.
(2011), regardless of whether a trend break occurs or not. Moreover, the asymptotic local power of
the SC tests will be identical to that of the (size-adjusted) infeasible test which assumes knowledge
of whether a break has occurred or not, together with knowledge of the true break fraction, 7g, in

the former case. O

Remark S.7. Observe that the unweighted SC decision rule can be equivalently expressed in terms
of the (pseudo) likelihood ratio test based decision rule to include the trend break if T'(log(s3) —
log(s%OLS)) > 3log T and, similarly, for the weighted SC rule if T'(log(s$?) — log(siiWLS)) > 3logT.
This is therefore seen to be analogous to testing for the presence of a trend break at the random
fraction Tors and Trw g for the unweighted and weighted SC rules, respectively, and as such is
related to a sup-LR type statistic in the spirit of Andrews (1993), but where the decision rule
is based not on a fixed critical value but on a Schwarz-type penalty. These are then essentially
pre-tests for the presence of a trend break both of which, by design, have size which shrinks to zero

as the sample size diverges; the same requirement is needed on the trend break pre-tests used in
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the univariate testing analogue of the problem considered here in Harris et al. (2009) and Carrion-
i-Silvestre et al. (2009). Because the weighted SC approach corresponds to a test based on feasible
WLS estimation, is it anticipated that it will be more efficacious than the unweighted SC approach
in selecting between the trend break and no trend break models in the presence of non-stationary
volatility. O

S.3 Time Series Plots of U.S. and U.K. real GDP Series

These graphs appear on the next page of the supplement.

S.4 Proofs

This section contains proofs for the theorems stated in the main text. Section S.4.1 contains some
preliminary results. Proofs of the results in Theorems 1-3 and Theorems S.1 and S.2 are then

provided in Section S.4.2.

S.4.1 Preliminary Results

The following Lemmas are useful for the proofs of Theorems 1 and 2. The first provides a general
representation of the weighted least squares criterion, and the second the heteroskedastic FCLT

results required for the theorems.

The estimator of 7y defined in (3.1) minimises the sum of squared residuals from regressions (3.2)
estimated over the range of 7, which can equivalently be expressed as regressions of y; := y;x¢ on

zly<|;r) and xilys ;) for 7 € [71, Ty]. For any 7 such a regression can be represented

Y = (@l irr)) + B2 (@elis 7)) + €74

where .
T *
fi1 ZtLT1J Yt fUt fo = Zt:LTTjJrl Yi Tt
T = T T 2 T
tilJ a7 > i |7T|+1 a7

are the OLS coeflicient estimates.

Lemma S.1. For any weights x;, 7 defined in (3.1) can be represented as

7 =arg max Qp(71),

T€[TL,TU]
where T .
-
oy Tt Zt:LTTJ+1 x . . N2
Qr(r) = T (27— fns)",
D1 %
and where

- T
fio,r — fl1,r = Or ( tL OlTJ i A 2i=ln 1 x?)
T T T T
ZtLTlJ a Zt:LTTJH a7

ZT 372 [T |_7'TJ 1'2 T
=171 E eprt — ==L E et | . (S.2)
LT 2 T .2
i~ T} Zt lrT)+1 T\ t=1 t=1%t =1
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Figure S.2: (a) Log U.S. real GDP
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Figure S.2: (b) Log U.K. real GDP
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Proof of Lemma S.1

For any 7, standard least squares algebra gives the sum of squared residuals

T T [7T] T

A%2 *2 ~2 ~2 2
E eT,t - § Y — | 1 T E : xt + /1’2,7' E Ty
t=1 t=1 t=1 t=|7T|+1

Similar algebra for a regression of y; on x; alone gives the sum of squared residuals
T T
A%2 *2 ~2 2
Z =D ut i)
t=1 t=1

where i := T} Zthl x;. Subtracting (S.4) from (S.3) gives

T T T 12
Zé?t _ Ze;f? 4 (Zt 137tyt) (Zt 1 xtyt) (Zt:LTTJH 74y '

LT T 2

Substituting Zle Ty = Z}:{J Yy + ZtT: 177 |+1 Tty » expanding and rearranging gives

T T 22 2
%2 Zt |7T|+1 Tt
dEh=) 4

=1 =1 Zt:l xt

T
Z“

LTTJ

~ ~ 2
(MZ,T - MI,T)

so that arg min, E?:l éj?t is identical to arg max,; Q7 (7).
Next consider fia; — fi1,r. Using
Yi = pxy + 07 (Tt - Lis o)) + 761

in the expressions for fi1 » and fis » gives

|7T]
Zt |roT)+1 % Zt 1 5Etet
[rT T
Zt‘rljxt ZwﬁLTl :1;?

(the second term being zero for 77| < |79T'|) and

ﬂl,T:,u’+5

T T
Zt: [(TV7)T|+1 {L‘% Zt: |7T]+1 Jffet

= .
Et:LTTj-i—l x > i |7T|+1 o

flo.r = p+ 01

To calculate jio ; — fi1 -, note that

r 2
- x
7T iy "
Z?:L(TVTO)TJH xf B ZtL lroT|+1% z? _ t=|7rT|+1 Tt
Z?:LTTJ-H fE? thCfJ xt ot
ZE o) o
\ 2i=1 Tt

70T T 2
. =1 t Et:LToTJ+1 xt

T T ’
ZtL ?J a7 > i |7T|+1 a7

S.9]



and that straightforward rearrangements give

T 2 T T LT T T
Zt:LTTJthet _ Zthlj zier _ D1 T Z e — LT Jﬂft Zetx2
T 2 T T| t t ]
Zt:LTTJH Ly ZtLle a7 ZtLTl af Zt |7T |+1 a7 \ =1 Zt 27 D
and together these imply the result in (S.2). |

Lemma S.2. Let e; be generated by (2.2) under the conditions of Assumption A, and let x; =
x(t/T) be non-stochastic weights such that the function x(-) satisfies the same conditions as o(-) in

Assumption As. Then,
LT

Wl T2 ey & By () (S.5)
t=1
where By(s) := B(n(s)), with B(-) a standard Brownian motion, and where 1(s wpl [o x( r)2dr
with w2, := fl (r)4o(r)2dr. Moreover,
LT
sup T~/? Z erxy = Op(1) (S.6)
T€lT, U] —1

Proof of Lemma S.2
Equation (S.5) follows directly from Lemma 4 of Cavaliere and Taylor (2007). The maximal in-
equality in equation (S.6) follows by noting that

(7T
1/2 1/2
sup 1~ erx? max 1 e’ ,
relrmo] ; S i Z t

and then, since fo):l e;x? is a martingale indexed by b, Doob’s inequality (result 15.15 of Davidson,
1994) implies that

2 T 2
—-1/2 —1 2 _ -1 2,4
E hoted (T > <4T'E (Z etzzjt> =471 " oja} = O(1).

b
E et:rrf
t=1

S.4.2 Main Proofs

Proof of Theorem 1
The argument for consistency follows Bai (1994, 1997) and especially Theorem 3.1 of Nunes et al.
(1995). The assumptions on the weights x; imply that

ZtLT? 7 N foT x(s)*ds
Zt:l xt fol x(s)?ds

with x : [0,1] — [0, 1] being an increasing function (exactly analogous to the variance-profile n

=:x(7),

constructed from the variance sequence o?). Thus, for example,

T

Zt[? 22 Do) 41 T
T T

POV R P

[S.10]

= x(7)(1 = x(7))-



and r T )
t@l I x? N Dtelnr|+1 % x(10) A 1 — x(7o)

tL;TJ ‘T% Z?ZI_TTJ-FI l't2 X(T) 1- X(T) .
Applying (S.2), it follows that for § # 0 and 0 < d < 1/2
T( T
70T ] x? A D tm| 0T 41 w%)

Td(/:LQ,T - ﬂl,T) =9 ( =l T
tL ? a7 Zt=LTTj+1 a7

75T 2 [7T) |7T|
_ 1”d—l LTTJ 2215 1% T 2 Z €t$? Zt 1 wt T_7 Z etwt
D= Et |rT)+1 oy t=1 Zt L t=1
p. «(x(m0) 1-— X(m))
=6 A ,
< x(r)  1—=x(7)
uniformly in 7 on [z, 77|, and, hence,
T P X(n)  1—x(m))’
—_ )5 Q1) := 6*x(1)(1 — x(7 ( A ) . S.7

For 1 € [z, 70]

_ x(7)
Q(r) =6*(1 - X(TO))QTX(T)

is an increasing function with maximum value at 7 = 79 of Q(70) = x(70)(1—x(70)). For 7 € [79, T1/]

1—x(7)

Q(1) = 8*x(m0)* —7~—
x(7)
is a decreasing function with maximum value of Q(7) at 7 = 79. So Q(7) has a unique maximum
at 7 = 79 and, since the convergence in (S.7) is uniform in 7, it therefore follows that
TQd
T=arg max —=——Qr(7) Loarg max Q(r) = 7.
T€[TL,TU] zt 1.1“% T€[T,TU]

The asymptotic distribution of 7 follows by the same arguments as Bai (1997), except that
it is necessary to check for any effect that unconditional heteroskedasticity satisfying Assumption
A has on the form of the distribution. In particular, using Bai’s notation in the proof of his
Proposition 3, we will verify that the following two convergence results from Bai (1997) still hold

under our assumptions:

(a) vr Zf=k0+1 Zi€t 4 Bi(s) and

(b) vF 3y 41 202 = 5Q2;
where Bj(s) is Brownian motion on [0, 00) with variance sQs, and k is defined as a function of s to
be k := ko + st}ﬂ. Note that both limits, being simple functions of s, reflect the unconditional
homoskedasticity assumed in Bai (1997). Under the form of heteroskedasticity assumed in this
paper, it might have been expected that the corresponding B; would be a heteroskedastic Brownian
Motion (as in, for example, Cavaliere and Taylor, 2007), but we will show that this is not the case.
To translate the notation of Bai (1997) notation into our own, his z; (the regressor(s) whose

coefficient(s) break) is the same as our x, & = xpe, vr = 67 and k = [T ] + [s652]. This

[S.11]



specification of k is relevant for the scaled criterion function for values of 7 above the true value

7o. In our equivalent to (a), as T'— oo the term

LroT |+ 5672

or Z J:fet
t:LToTJ—i-l
can straightforwardly be shown to satisfy the heteroskedastic FCLT in Lemma 4 of Cavaliere and
Taylor (2007), indexed by s, but as in their proof we need to explicitly derive the form of the

marginal distribution for given s. In particular the variance is

70T |+ 5672

var | o7 E xfet

tII_TUTJ-i-l
Lsd7.2)
2 4 2
= o7 Z L 10T )+i% | 70T | +i
i=1

s97°) (i1)/15672) 1T + rlssz2) )\ { oT) + |rlsoz2)) )
_SZ/i/LséTQJ x( T ’ >U< T ) )dr

. /Hl/wﬂm T+ Lrlsor?l) (LT )+ Lrlsor?)) )
1/[672) T T

i=1

1
- S/o 2(r0)*5(0)%dr = s 2(70)*5(70)?,

with the convergence in the second last step following because 5}2 /T — 0 for 0 < d < 1/2 and
from the assumed cadlag property of both the z(-) and o(:) functions. The limits from above
Z(19) := limy, 2(7) and &(79) := lim, -, o(7) may differ from z(7y) and o(7p) if either function

has a jump at 7 = 79. Similarly for our equivalent to (b) above,

70T |+ 5672
6% Z x? — sZ(10)2.
t= I_ToTJ+1

Similarly for values of 7 below 7y we find

[70T]—1
var | op Z :E,52€t — 8&(70)42(70)2

t=|10T]—|5672]

and
I_’T() TJ —1

6% Z 2 — sx(n)?
t=|r0T|— |63
where z(79) := limq4,, 2(7) and o(79) := limq5, o(7).
The rate of 5:;2 when 0 < d < 1/2, being less than T, is such that the effect of the weighting
function z(7) and the volatility process o(7) drop out of these limits for all values of 7 other than
79. For a “large” break magnitude (one for which the break fraction can be consistently estimated)

the asymptotic distribution of the break fraction is determined by the behaviour of the criterion

[S.12]



function in a diminishing interval around 7y, such that in the limit it is only the variance properties
at 79 that enter the FCLT results.

With these expressions in hand, the proof follows each step of Bai’s (1997) Proposition 3 to
reach the analogous result in this theorem. The equivalences in the notation are Bai’s )7 and
Q2 with z(70)? and Z(79)? here, and Bai’s Q; and Q with lim4, var(z?e;) = z(m0)%e(m0)? and

lim, |, var(z?e;) = Z(79)*a(79)?, respectively. [ |

Proof of Theorem 2
For § # 0 and d = 1/2, the representation in (S.2) can be written

1 A~ A~
T§(/"L2T — M1, T)

5 ( tLTOlTJ xy A ZfZLTOTJ+1 x%)

LT T 2
LT 2=l T

Wee Zt L7 Z? i —1T 1 LTTJe 2 _ Zt 1 xt “lp- e
T 1271% ZLTzjgzt LrTj—i—lxt Z by t @ Z tTy
d s (X(m)  1=x(10)\  By(r) = x(7)By(1)
Bl <x<7> e > ()@ — x(7))
B w é - ol 1 . 1 By (1) — x(7)By(1)
T 1) (S0 —xe? (A oy ) - T
where .
w2 — w%e fO .73( ) ( )2d5.
(fol x(s)st) (fo st)
Hence,
) 02 S oy 27
A S e T
a (S0 N (v (e 1 _ By(m) = x(m)By(1)?
A (St = (a4 s ) - ST

1
= Q(T§ 37()7 U(')? 4, 5)

If d > 1/2 then the representation in (S.2) is

[SIE

T3 (fi2r — finr)

70T T 2
— T1/2—=dg ( tL 01 : xt A Zt:LroTJ-H xt)
ZtT?J a ZtT:LTTJH x

2 T [T |77 T
Wre Zt 1% s 1517t 71 t=1 xt —1p—1 2
— /A 3 erw? 7w T 2 erx
71T 2 (T [2ad? ze tLy
D1 T YL Zt TTJ+19”t t=1 Zt:l Ty =1

4, Balr) = X(1)By(1)
-~ X —x(7))

so that T (B
~ d n
7 = arg max 7QT — arg max
P s O e e A - ()

[S.13]



which is the arg max of Q(7;z(-),0(-),d,d) with d > 1/2 as required. Clearly this latter results
also holds when § = 0 (in which case the value of d is irrelevant).

For d < 1/2 (and § # 0), the result follows immediately as an implication of equation (S.7)
established in the proof of Theorem 1.

|

Proof of Theorem 3
For clarity we write O'Tt ZZT | Wi é2 i» Where wy; := K}, (%) /ZZ L K, (4), instead of 67 and
Qr (7;2¢) instead of Qr (7) defined in Lemma A.1 in the rest of the proof of this Theorem. We
prove the result separately for Case 1 : d > 1/2 and Case 2: 0 < d < 1/2.
Proof of Theorem 3, Case 1: d > 1/2
By Theorem 2,

T
TwLs = arg max 72QT (T; o, ) LA arg max Q(7;1/0(.),0(.),9,d)
TE€[TL, Ul W Zt 1o . TE[|TL,TU]
and
- —)
TFWLs—aI‘ max T\T;0- .
gTE[TL,TU 2 Zthl (Tt_2 Tt
Let
. T 1
R r:000) = Sy (@ (071) ~Qx o).
w3
Theorem 3 can be established by showing that
. T 1 .
Trwrs = arg max ——m——Qr (150, ") + Ry (7674, 01)

T€TL, U] W Zt 1 0%

4 arg max Q(ri1/0(),0(.),d,d),

TE[TL,TU]

(by appealing to the continuous mapping theorem for argmax functionals; see Kim and Pollard,
1990, Theorem 2.7), where

sup |Rp (75674, 04)] 0. (S.8)
TE[TL,TU]
Because T~ Zt Lot = fo ~2ds, to show (S.8) we need to show that the following two
results hold:
LT)
sup |T~1/? Z eio t —ew0; 2| B0 (S.9)
T€[TL,1] =1
and
LT)
sup |71 Z 6.7 -0, 2 o. (S.10)
TG[’TL,H

Similar arguments apply for the 0 < d < 1/2 case (see the proof of Theorem 1), which also requires

the above two results as will be done below in Case 2.
To prove (S.9), observe first that
[T

T
sup |1~ UQZQU t—etat2 <T~ UQZ’et <6;7?—at_2>’. (S.11)
t=1

T€|TL,1]

[S.14]



Define 67 := Zz‘T:1 wye?. Then, following Robinson (1987), to prove that the right hand side of
(S.11) is op(1), it is sufficient, by virtue of results in the proof of Theorem 2 of Xu and Phillips
(2008) (specifically their equation (20) and part (a) on page 276) and in Lemma A of Xu and
Phillips (2008), for us to show that

62, - 52" Lo (S.12)

T
t=1

Similarly, to prove (S.10), it is sufficient, by virtue of the results in part (d) of the proof of Theorem
2 of Xu and Phillips (2008, p.277), for us to show that
22 =2 P
max |62, — 67| = 0. (S.13)
For simplicity we set d = 1/2 now, as the results for d > 1/2 are essentially a special case and along

exactly the same lines. We will now establish the validity of the results in (S.12) and (S.13). To
show (S.12), write

d 2
Sjo2, - o
t=1
T
< sup 2{53,15_5?‘2
T€lTL U] =1
T (InT) 7T T ?
< sup Z Z Wy (ézﬂ- — e%) + Z Wy (égﬂ- — e?) + Z Wy (éii — e?)
Telrn vl =1 \ =1 i=|7oT|+1 i=|7T|+1
T
=: sup Z (Art+ Bri + CT¢)2 ) (S.14)

T€[TL,TU] =1
Throughout this proof, in the interest of brevity, we will only discuss the case where 77| > | 70T,
as the results for the case where |77 | < |79T| follow along exactly the same lines.

For the A, term in (S.14), in which i =1, ..., [7T],

S

17T}
bri=vyi—fr=p+e—[TTI7"Y (407 Lis|mr +6) =€ +or, + & (S.15)
t

Il
—_

where arp . = ST~ (r —79) and &, := [T |7} Zttl? Ct-

For the B.; term in (S.14), with i = [7oT'| + 1, ..., [7T],

LT

éT,i =Y — /11,7— =p+or+e — I_TTJ_I Z (,U + o7 - 1t>LTOTJ + €t) =e; + BT,T +ér (8.16)
t=1

where Br, 1= ST+ 1g,.
For the C;; term in (S.14), in which i = [7T'| +1,...,T,

T

Do (w0 L) o) = e~ er oy
t=7T|+1

ér,i:yi—ﬂZT:/i"‘(;T‘f‘@i—m

[S.15]



where ¢p_ ;7)) = (T — |7T]) ZtT:LTTHl et

In what follows, we will only deal with the A,; and B;; terms. The expressions for é,; above
imply that the arguments when dealing with the C;; term follow similarly because it does not
feature ar, and Br -, and because E(T—|+T]) = €1 — €r.

The following results will prove useful: (i) sup.¢jy, - }T 1/ Qéf‘ = Oy (1), which holds because

7T 7T
sup ‘TlﬂéT = sup |7 T2 Z er| < Tgl sup |T7Y/? Z et =0, (1)
T€[TL,TU] T€[TL,TU] =1 T€[TL,TU] —

by Lemma A.2; (ii) sup,cir, r,1l017] = SUPrcpr, o) ‘5T‘d7'_1 (r— 7'0)’ = O(T~%), which holds

because sup.. lag .| < 0T~ ! SUPrefr, rp 1T — 70l < ¢TI~ for some ¢ > 0; and (iii)

TL,TU]

sup |Br,| = sup 6T‘d7_170‘:O(T_d). (S.17)

T€[rL,7U] T€[TL,TU]

We will now show that sup,¢ir, -] Zle A2, =0, (1) in (S.14). Using (S.15), we have that

T [|7T]
ZATt = Z Z Wi (aTT + &2 — 2¢;a1,r — 2€;6; — 2007,7€7 ) (S.18)
t=1 \ i=1

Consider the first term in (S.18). We have (because d = 1/2)

2

T [|70T] T [|7T]
4
sup Z Z U)mOéTT = sup ’aTT‘ Z Z Wt
T€lrr,Tul =1 \ =1 T€[TL,mU] t=1
T 2
4§ :
S sup ’aTT‘ wtz
TE[TL, U] —1
4
= sup |ar, | T = p
TG[TL7TU]

For the second term in (S.18), we have

T [lnT] 2 4 T [lnT] 2
sup Z Z wtiéz = sup Tl/QéT’ T2 Z Z Wi
relr,mul 1= \ i=1 T€[rL, U] t=1 \ i=1
A T /T 2
< sup Tl/QéT‘ T2 Z <Z wt,-) =0, (Tﬁl)
TE[TL,TU] i—1 \i=1
Before we consider the third term, note that
T [|nT) 2 )
-1 PO il
S 3 ) =0, (Th) (S.19)

[S.16]



because

T 70T T |7T]
T_IZE Z Wy €; = IZ Z wtz ;
t=1 i=1 t=1 4=1
T [7T]
< 72Tflz Z wt21
t=1 i=1
T |70T]
< & (max wti) Tt Z Wi
o’ t=1 i—1
< 0 () TS D=0 ()
S 0 | Hax Wy Wiy = 77 |
t, =1 i1 Th

since maxy ; wy; = O (1/Th); see Lemma A(d) of Xu and Phillips, 2008. Consequently, for the third
term in (S.18), we have that

2 2

T L’T()TJ T L’T()TJ 1
sup Z Z weiar, | =T sup 042TT T Z Z wye; | =0y <Th> .
T€[rL, Ul =1 i=1 T€[rL,u] t=1 i=1

For the fourth term in (S.18), we have that

T 70T 2 ) T L7oT] ’ 1
sup Z Z wyeier | < sup Tl/QéT’ 7! Z Z wgie; | = 0y <Th> .
T€[rL,Tul =1 i=1 T€[TL,mU] t=1 i=1

Finally, for the fifth term in (S.18), we have that

2

T [[nT] 9 2
sup > | Y wuarse | < osup |TV%,[ suwp |op,[PT7! Z Z wyi
TE€[TL, Ul =1 \ =1 T€[TL,mU] T€[TL,TU] i—1 \i=1
= Op (T_l) :

The cross-product terms in (S.18) are all of 0, (1) uniformly in 7 € [rr,, 7] by the application of
the Cauchy-Schwarz inequality.

The term By, in (S.14) follows similarly since sup.¢(-, -,1161,7| = O (T_1/2) ; see (S.17). All of
the cross-product terms are again of 0, (1) by the Cauchy-Schwarz inequality. This completes the

proof for (S.12).
We next prove (S.13). We have

max !a at’ < max sup ‘& at‘ < max sup |Ar;+ B+ Cryl.
1<t<T 1<t<TTE[TL,TU] 1<t<T relr,mu)

We will only show that maxi<t<7sup,¢(r, ] |Art| = 0p (1) since the term By follows similarly as
just noted. We have

[70T]

|Ar¢| = Z We; (a%’T +e2 - 2e;ar ; — 2eie; — 2aT,TéT) i (S.20)
i=1
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For the first term in (S.20), we have that

[70T]

max  sup E wtzaTT

1<t<T T€[rr, vl | =1

For the second term in (S.20),

max  sup g wtiéz
ISEST refrp, 7y i=1

[70T]
< sup ]aTT\2 max g Wy
T <<T | 4
TE€[TL,TU] i—1
T
< sup ]()zTT|2 max g Wy
T 1<i<T |4
T€[T,TU] i—1
2 -1
= sup |ar,|" =0, (T )
TG[TL,TU]
9 [m0T]
1/25
sup |T eT‘ max Z Wi
T[T, U] Ist<T|
172 |? —1
sup |T éT‘ max E Wy :Op(T )
TE(TL, U] IStSTZ-

Before turning to the third term, we note that 71 ZiT:1 lei] = O, (1). using this result, for the

third term in (S.20) we have that,

[70T]

max  sup E Wt €O 7

1<t<T T€[rr, vl | =1

\_T()T
< sup |ar,| max g W€
r€lry,mul 1<t<T | “
L70T]
< T sup |ar,| max T~ 1 E wy; €]
TE[TL,TU] I<t<T -_

[70T]
< T sup \OéT,r|<ma.thi> Tt E lei
TE[TLvTU} L i=1

T
< T sup |aT,T|<maxwti) T el
TE[TL,TU] 20 i—1

a

Next, for the fourth term in (S.20) we have that,

[70T]

max  sup E Wy; € €7
1<t<T relrp, 7y i=1

<

IN

IN

IN

sup
TG[TIMTU]

sup
T€[TL,TU]

sup
TE€[TL,TU]

sup
T€[TL,TU]

i)

IR

Tl/QéT

T2

T2

()

[S.18]

=0, (1).

[70T]
T2 max g Wy €;

1<t<T

[m0T]

T g T 2 e
<t< X

[70T]

T2 <Hﬁxwti> 71 Z el
| /2 <max wn> Z el




Finally, for the fifth term in (S.20) we have that,

70T 70T
< 1/22 -1/2 ,
max wyarer| < sup |T"/“e;| sup |ag,|T max Wi
1§t<TT€TL,TU] i—1 TE[TL,TU] TE[TL,TU] 1<t<T =1
T
< sup T 2¢, sup |og 7| T2 max E W;
TE[TL,TU] TE[TL,TU] 1<t<T i—1
_ -1
= Op(T7).

This completes the proof of the theorem for the d > 1/2 case.

Proof of Theorem 3, Case 2: 0<d < 1/2
We now consider 0 < d < 1/2 and prove that (S.12) and (S.13) also hold here. To ease notation we

will simply use 7 to denote 7org in the remainder of this proof.

To show (S.12), we write, for any T,

_Ut Z’ATtJ’_BTt—i_CTt’ (821)
t=1 =

We now evaluate each term in (S.21) at 7 = 7 where 7 — 79 = O, (T‘l+2d) . To that end, we first
note that
jars| = o797 (7 — )| = 0, (T711)

because

7 F =7l < ot T=4|# — 10| . Moreover, |B7.:| = 6T~ 12| =0, (T79).

Let us first deal with the A;; term in (S.21). To that end, recall first that

T [l7T]
Z ATt = Z Z Wi (Oé%’q— + éz — 2ejar,; — 2€;6r — 2aT,TéT) . (S.22)
t=1 \ i=1

We now evaluate every term in (S.22) at 7 = 7. For the first term,

T [|70T] 2 T /T 2
3 (3 wiode ) <lort' S (L) =00 (1) <o)
t=1 =1 t=1 =1

For the second term,

2

T LToTJ 4 T T 2
Do D waet| < swp Tl/QéT] T2 (Z th') =0, (T7).
t=1 i=1 T€[TL,TU] t=1 i=1

For the third term, recalling equation (S.19),

T [70T] 2 T 70T | 2 1
; z; wgeiars | =T |aTﬂ2 71 tz; Z wie; | =0y (T22dh> =0, (1).
= i= ~

For the fourth term,

T [|7T] 2 9 T [lrT] 2 1
S| X i) = s [ TS (S v =00 ()
t=1 \ i= €[, 1u] t=1 \ i=1 Th

[S.19]



Finally, for the fifth term,
2

T [lroT] 2
S| X wiarser | < swp |1V | o s P lz zwn
t=1 \ i=1 7€l

= 0, <T2d_2> =0,(1).

We next deal with B;; term in (S.21). Using (S.14) and (S.16), we have that

T 7T
Z Brt = Z Z Wi (ﬁ%,r + 572_ — 261'57“,7— — 2e;é, — QBT,TéT) . (8.23)

t=1 \i=|roT]+1

We will need to evaluate each term at 7 = 7. For the first term we have that
2 2

T 7T T [77]
Sl X wabhe| = Bl Y| DD ws
t=1 \i=|rT]+1 t=1 \i=|7T|+1
2
1
4 . 2
< : <rr%%xwti> T(T (T —10))" =0, <Th2> =op(1).
For the second term
T 14T 2 T 14T 2
Yol > waed| = lel'> | D w
t=1 \i=|70T]+1 t=1 \i=|7T]+1
4 2
< sup |T'%;, <maxwti> =T (7 = 1))*
TE[TL,TU] b

1
Op (Tg,4dh2> =o0p(1).
To deal with the third term in (S.23), define

|77
Vier)t = Z W€
1= LT()TJ+1
fort=1,...,T. Since 7 — 19 = O, (T_15;2) we consider values of 7 in the set

M) :={r:|nT]+1<|7T] < | 70T | + vé7? for al0 <v< M},

for M < oo, which is an interval above 75. (The corresponding interval below 7y is handled
identically, see the proof of Theorem 1 of Bai (1994) for the same approach.) Since V| 7, is a
martingale indexed by |77'|, Doob’s inequality implies

(7]~ 70T 2 viy? ’
E sup Z Wi(it | 70T ) Cit | 70T < 4F Zwt(iﬂmm)eiﬂmﬂ
TEKT (M) i—1 i—1
vé;z
2 2
< 4D Wiy ) T o)
=1

IA

2
45%0 <maxwti> 5;2
t)i

1
=0 (T22dh2> :

[S.20]



uniformly in ¢ (in view of the uniform boundedness of wy; over t). Hence, uniformly in ¢,

1
Vieridl < sup  [Vipr¢| =0 <_> . (S.24)
Vieriel = _sue  Vieryel = O | 7oy
Therefore the third term in (S.23) is such that
T 1#T) 2 T 1#T) 2
S Y. wueiBrs | = TPBrPTY [ D waes
t=1 1= LT()TJ +1 t=1 1= LT()TJ +1
1
0 (772)-
For the fourth term in (S.23) we have that,
T 14T 2 T AT 2
Z Z Wi €;€3 = T |é$|2 71 Z Wi €4
t=1 \i=|mT]+1 t=1 \i=[rT|+1
9 T [7T] 2
< sup Tl/zéT’ 71 Z Z Wi €4
TE€[TL,TU] t=1 \i=[roT|+1
1
Op <T2—2dh2> :
Finally, for the fifth term in (S.23) we have that,
T 1T 2
> > wuBrses
t=1 \i=[roT|+1
) T 1#T) 2
< sup Tl/QéT’ 71 ]ﬁT7+|2 Z Z Wy
TE[TL,TU] t=1 \i=|rT|+1
9 2
<  sup Tl/QéT‘ T~ Br4 (max wti> T (T (7 —70))*
T€[TL, U] b
1
= O <T2—2dh2> :
Next, to show (S.13), we write, for any 7,
A2 =2
Joax 62, — 67| < max |Ari+ Bry+ Cryl. (S.25)
For A;;, we recall that
L70T|
’A’T,t’ = Z We; (a%ﬂ. + 572. — 2e;ar,; — 2eier — Q(XT,TET) . (8.26)
i=1

We therefore need to evaluate each term in (S.26) at 7 = 7. For the first term, we have that

70T 70T
max E wtioz%% < |aT’%|2 max E Wy;
1<t<T | 4 ' 1<t<T | 4
- i=1 - i=1
T
2 —2+2d
< |ar:|” max wy; = O (T ):0 1).
< loref max > ui =0, (1)
1=
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For the second term in (S.26) we have that

70T | 70T
max Wy E2 < lez|” max w
1<t<T Z R 1<t<T Z fi
9 T
< sup Tl/zéT‘ 7' max Zw” =0, (T*I)
T€[TL, U] 1st<T i=1
For the third term in (S.26) we have that
[70T] 70T
max wgears| <o max Wi €5
\<t<T Z ti G QT 7 = | TT|1<t Z tiCq
LTOTJ
< Wt; |61|
=1
[70T]
< - <maxwm) Z el
< - (maxwtl> Z el

_ o, <Tlfdh> — 0, (1).

For the fourth term in (S.26) we have that

70T 70T |
max E weeier| < |ex| max E Wi €5
<<t | L TS 1<t<T e
[70T]
< sup TI/QET‘ T2 max wy; €]
TE[TL,TU] 1<t<T i—1
[70T]
< sup Tl/QéT’ TY/? <maxwti> 7! E el
TE[TLvTU] by i=1

= ()

Finally, for the fifth term in (S.26) we have that

70T 70T
max E Wy 262 < |éx +| max E w
124<T | 4 X7, 767 T \<t<T ti

1=

< sup |TY%e|—= E Wy
r€lrL,mu) 1<t<T
2 2 : d—3/2
TE[TL,TU} t

Turning next to the Br; term in (S.25), we have that

LT

‘B’T,t’ = Z Wt (/8%,7- + é72- - 2ei/BT,T - 2eié’r - 2/BT,‘I'éT)
1= LT()TJ—‘,-I

[S.22]



and we will again need to evaluate each term at 7 = 7. The first term is of o, (1) because

(7T |#T |
2 2
. N < N )
max > wubts| < |Brsl A > wy
i=|_TOTJ+1 i=|_TOTJ+1
1
2 .
< 1Brs VT (F—70) =0, [ — ).
> |BT,T‘ <H?tlidxwtz> | (T TO)| Op (Th)
The second term is of o, (1) because
[77] |#T |
2 2
52 < N )
| 2, | < lelme) D w
i:LToTJ+1 i=LTOTJ+1
2
< sup |TV%e.| T (manti>T(’f'—T0>
T€[TL,TU] b

1
Op <T2_2dh> :

For the third term, we note first that from part (d) of the proof of Theorem 2 of Xu and Phillips
(2008, p.277), as X;_1 = 1 in their notation, (S.25) becomes T~* Zthl |B:¢|. Using (S.24), we
therefore have that

T [7T] T |77 1
TS S wetn] AT S | =0, (77)
t=1 z:l_TOTJJ,»]_ t=1 ’L:I_ToTJ+1

Similarly for the fourth term,

T 7T T [#7]
T_IZ Z wieiez| < \é%|T_1Z Z Wi €;
t=1 |i=|moT|+1 t=1 |i=|roT|+1
T |77
< T-1/2 sup Tl/QéT‘T_IZ Z W €5
€[] t=1 |i=| 7T |+1

1
Op <TB/2dh> = Op (1) .

Finally, the fifth term is also of o, (1) because

|77 |77 ]
max Wy Praesl < les ~| max Wi
1<t<T Z tzﬁT,‘r T = | T‘ ’ﬁT,T’ 1<t<T Z tt
i=LTOTJ+1 1= LTQTJ#»I
< sup Tl/QéT‘ T-1/2 |Br 4| (max wm-) T (7 — 1)
T€[TL, U] b2

1
Op (T3/2dh) :

This completes the proof for the 0 < d < 1/2 case.

Proof of Theorem S.1
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For any 7, define X;(7) := (1,¢, 145 ,p|(t — [7T]))". The DGP in (2.1) can then be expressed as
Yyt = Xi(70)'0 + 2,

= Xy (7)'0 — de(T)07 + 2 (S.27)

where 0 := (v, 1, 07)", and dy(7) := Lys |77 (t = [7T]) = Lis 7o) (t = [70T]). Applying QD to (S.27)
for any ¢ gives
Yor = Xz t(7)'0 — dzyOr + 24, (S.28)

where zz; = Az — T 1z,

li—1 + 151 (—=¢/T)

Xet(7) == 1—¢(t—-1)/T ;
Lis|or)(L—¢(t — [7T] = 1)/T)
and
de(7) = o> |7r) (1 - CW) = Lis |7 (1 - ct_LTOTTJ_1> : (S.29)

Therefore, using equation (S.28), the estimated QD coefficient vector satisfies

T
= (Z Xc,t(T)Xc,t(T)/> Z Xet(T)yer
t=1
T _1 T
=0+ (Z Xc,t(T)Xg,t(7‘)’> Z Xa,t(T)(ZE,t — dé,t(ST),
t=1 t=1

and the QD residuals are

Zet(T) = ys — Xt<7-)/éé(7-)
= 2 — dy ()07 — Xo(7) (0c(7) — 0)

T -1 7
=2t — Xy(7) (Z Xc,t(T)Xc,t(T)/> Z Xet(T) 2z (S.30)
— =1 L
_ dt( 5T — Xt (Z Xct ct(T),> ZXE,t(T)dE,t(ST . (8.31)
t=1

The asymptotic distribution of the DF t-statistic calculated using Zz(7) for either 7 = 7org or
7 = Trwrs follows from applying the FCLT results in (S.30) and showing that (S.31) (which
captures the estimation effect of 7 for 79) is asymptotically negligible.

In (S.30) we make use of the heteroskedastic FCLT for z; = ¢rzi—1 +e; with ¢ := 14¢/T, such
that

|sT| s
we_lT_l/zzLSTJ = w T2 Z er B (s) = / exp(c(s —r))dB,(r)
t=1 0
where w? 1= fol o(r)%dr. Tt also then follows that
|sT] [sT|
w T UZZztzw - UzZAzt—cT zt1—>BC /BC (sc)
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Defining Dp := diag(l,T‘l/Q,T_l/Q), standard calculations (cf. Perron and Rodriguez, 2003, and

Cavaliere et al., 2011) give the following limits, in each case uniformly in 7 € |77, T1/7],

0
D%IT_1/2X\_5TJ (T) — S
(s—=71)VO0
T 1 0 0
> Dy Xe(r) Xen(r)' Dyt = | 0 Jo (1 —2s)%ds JH1 —es)(1—e(s = ))ds
t=1 0 [lA-es)(1—e(s—7))ds  ['(1—c(s—))2ds

T ze,1
we ! ZD%lXE,t(T)Zat 4 [1 (1 —&s)dBS <(s;¢)
fT (1—¢(s—1)) ng(s, c)

Defining
s

1—c¢cs
X(si7) 1= ((3—7)v0> i Al (1—c<<s—7>v0>)

the FCLT applied to (S.30) can be expressed

we_lT_l/QZLsTj T 1/2 X|_5T (ZD 1AXVct ( )/DEI> _1 ZD lXct th
4 B (s) (s;7) (/ Xz(s;7)Xe(s;7) ) / Xe(s;7)dBy(s;¢)
=: Z(s;7,¢,¢,1). (S.32)

If 7 is evaluated at an estimator 7 that is consistent for 79 then the continuous mapping theorem
applies to w; 1T-1/23 2z |s7)(T) to deduce that the limiting process is Z(s; 7o, ¢, ¢,1). The derivation
of the asymptotic distribution of the DF t-statistic from the derived behaviour of this partial sum

process is then entirely standard.

Now consider (S.31), scaled by T~'/2 commensurately with (S.32), written as

T|sT]| (T) = T_l/zdLsTj (T)(sT — A|sT| (T)/bT(T)

where
a|sT| (T) = T_l/QDEIXl_sTj (T)
T -1 T
= (Z DTlXc,t(T)Xc,t(T)/DT1> > D' Xey(7)dz 0.
t=1 t=1
Then

s Iner) ()] < e T2 ordany () s (e (Y agary (7)) (Y or ()2 (8.58)
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The first term includes

0 if t < |Trol,t < |T7)
dy(r) = —(t—|T7o)) if |[Tro] <t<|TT]|

t—|T7] if |T7] <t<|Tmo]

(7] = |T7)) ift>|Trol,t > |T7]

so that |di(7)| < ||T7] — |T10]| for every ¢, and hence

e T8y () < 726 | U - L, (5.34)
For the second term in (S.33) we have
T2 1
ajer)(T) =T V2D X o) (1) = |sT]/T <|{1]f:
(([sT) = [7T]) v 0)/T 1

SO

ma (ager) (7)'ary(r) < V3.

For the last term in (S.33), we have shown above that (Z?zl D;1X57t(T)X57t(T)/D;1) is a well-
behaved bounded matrix, and therefore we focus on Zthl D;ng,t(T)dg,t(T)dT. The structure of
de+(7) can be seen from (S.29) to be

0, if t < |7T],t < |nT|
. (1_5%), if |7T] <t < |7T|
dg,tT -
_(1_5%), if |70T) <t <|7T)
E(@_%) itt> [7T),t> [7T).

Taking 79 < 7 (the reverse follows similarly and gives the same inequality)

T
T |deu(7)|
=1

7T T

_ -1 Z 1_ct—LT;TJ—1‘+T1 Z B LTTJ_LT;TJ‘
t=| 70T | +1 t=[7T)+1
|7T]—|mT]-1
< (1+a)) LTTTJ —LTOTTJ’HéyT—Z Yoo
t=1
_ | T T el (T (TN (7] [mT] 1
= e - B B (-5 (- )
7] [nT] 3|]

< R ().

Considering

T o7 ZtT=2 (=) deg(r)
Z D3 Xt (T)der(T)o7 = ST—=4=12 570 (1 — EtL) dey(7) . (S.35)
=t ST V2 S (1 - Eit_LTz?JA) de,(7)
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it follows that

L 3lel pea| L7T] [T
i o ) < d 1 < d|Lt'-1 L0+ 1
|z Sz (143 -
and
T T
-1
TRy (1 —e ) dey()| < (L+ [T~ 2T Y |dey(7)
=1 t=1
_ 11 p—ar1y2 | LTT] (70T
g 3l _
(1+\C!)<1+ 2>T T T

and a bound of the same order applies to the third term. Putting these together gives

(bT(T)IbT(T)>1/2 < kQdeJrl/Z

IrT] _ [T ’
T T

for some finite constant k (depending on the various constants involving ¢ above), and combining
this with (S.34) in (S.33) gives

< kT_d+1/2
Jmax 7157 (T)] <

LTTJ_LTOTJ‘
T T

for another finite constant k.
If we now consider the evaluation of this at 7 = 7, where 7 = 7org or 7 = TrwrLs, the rate of

consistency 7 — 79 = O,(T?%71) implies that

[l )

2d—1
. a Rt
and, hence, that
A —ape | UT] (0T d—1/2
mat [rory (7)] < KT Pl = S = 0T,
This is therefore of 0,(1) for all d < 1/2. [

Proof of Theorem S.2

The two equations of the DGP
Ye = o+ pt + 0rlis |77 (t = [10T]) + 2
2t = ¢rz-1+e

can be combined to give

X1tﬁ1T+X2t( 0) Bar + et
= X1 Brr + Xou (1) Bor + e (1)

where
1 por + a(l — ¢r)

Xige=| t |, Pir:= (1l — or)
Yt—1 o
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and

_ Lis |71 o ér
Hadlr) = (hmm (t - mTJ)) o e <1 - ¢T>

er(7) i=ep — (Xo4(7) — Xo,4(70)) Ba,1-

and

The compound disturbance er+(7) includes the DGP disturbance term e; and also (Xo4(7) —
Xo+(70))'B2,7, which captures the effect of 7 differing from 7, if applicable. When 7 is replaced by
a consistent estimator, e.g. Tors or Trwrs, the asymptotic negligibility of this latter term follows
by similar arguments to those used to the same effect in the proof of Theorem 4. It is convenient

to stack the observations as
Y2 X1,2 Xopo(r)
Yy = ) Xl = ) XQ,T = ;
yr X{,T Xor(7)
and to define the orthogonal projection matrix Py := I3 — X1(X]X1)"1X{, so that
=(T - 1)_1ylf_’1y
= (T — 1)_1(y’]51y — y/PlXQ,T(Xéﬂ_PlXQ,T)_lXéﬂ_Ply).

S

S

AN ON

The difference between the resulting SC statistics can be written

2
SC; —SCy= (T —1)log (5;> +2log(T — 1)
S0
'Pi X (X, P X, ) tX) P,
:(T—l)log(l—y 1 Xz ( 2 27)" Xar 1y)+210g(T—1)
y' Py
30 (7)' X, _P1 X Ba(T
— (T —1)log (1—ﬁ2( ) Qg;jply 27 )) +2log(T — 1). (S.36)
1

When a trend break is present in the DGP (§ # 0) and 0 < d < 1/2, standard but tedious least

squares derivations show that with 7 = 7
Ba(10) = T™46bo 1 + 0, (T™7)

with by 7 := (1,—¢/T)’. This is essentially the consistency of the OLS estimator of the regression,
which can be shown to hold in the presence of heteroskedasticity of the form allowed in Assumption
A. Hence

(T _ 1) log (1 _ ﬁQ(TO)/Xé,TQPlXQ’TO/B2(TO)) ~ —T1_2d52 b/Q,TXé,ToplXQJObQ,T

y' Py y' Py

which diverges to —oo at rate 7772 for 0 < d < 1/2, because the ratio of quadratic forms in this
expression is Op(1). This in turn implies that the terms in SC,, — SCj have orders —O,(T*~24) +
O(logT), and hence that SC;, — SCj also diverges to —oco. The conclusion is that the probability
that the model with the break (i.e. including X5 (7)) is chosen converges to one when ¢ # 0

and 0 < d < 1/2. The same results follow similarly when 7y is replaced by a consistent estimator,

[S.28]



such as Tors or Trwrs. It also turns out that the same rates of convergence, and hence consistent
detection of a break, can also be found for sequences of 7 not converging to 7y, although in that
case the expression for by 7 will differ and the finite sample properties would presumably be inferior
to when a consistent estimator is used for .

When a trend break is absent in the DGP (§ = 0), the estimator 32(7) converges to zero; i.e.,
it is a consistent estimator of 82 7 = 0 in this case. Moreover it can be shown to be Op(T_l/ ) in

the usual way, so that the first term in (S.36) satisfies

~ (T —1)log(1 — Op(T_l)) ~ Op(1),

(T —1)log <1 - 32(TO),Xé:ToplXZTo@(To))

y' Py

from which it follows that SC; — SCy =~ O,(1) +2log(T — 1) — +o00. Thus when a break is absent,
the probability that it is excluded by the SC comparison converges to 1.

The preceding arguments apply without substantial change when the regressions used for the SC

calculations are weighted to allow for unconditional heteroskedasticity of the form given in As. W
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