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Abstract

We examine a higher-order spatial autoregressive model with stochastic, but exogenous, spa-
tial weight matrices. Allowing a general spatial linear process form for the disturbances that
permits many common types of error specifications as well as potential ‘long memory’, we pro-
vide sufficient conditions for consistency and asymptotic normality of instrumental variables,
ordinary least squares and pseudo maximum likelihood estimates. The implications of popular
weight matrix normalizations and structures for our theoretical conditions are discussed. A set
of Monte Carlo simulations examines the behaviour of the estimates in a variety of situations.
Our results are especially pertinent in situations where spatial weights are functions of stochastic
economic variables, and this type of setting is also studied in our simulations.
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1 Introduction

Spatial autoregressive (SAR) models, due to Cliff and Ord (1973), have recently become very popular
in applied and theoretical research. Their main feature is the modelling of spatial dependence by
allowing a form of direct interaction between units through spatial weight matrices Wy, j =1,...,p.
The elements of W; measure distance between units, which may be geographic but in general can be
(inverse) economic distances.

While the majority of the literature on estimation and inference for SAR models, e.g. Kelejian
and Prucha (1998, 1999, 2001), Lee (2002, 2003, 2004), Robinson (2010), Lee and Liu (2010), Su and
Jin (2010), Lee and Yu (2013), Gupta and Robinson (2015), has assumed the W} to be deterministic,
examples abound that imply stochastically generated W;. Most commonly a typical element of W is
determined by economic variables that may themselves be stochastic. Conley and Ligon (2002) study
cross-country spillovers in long-run growth rates using several distance measures. While one of them,
geographic distance, is evidently fixed, the other two measures, United Parcel Service shipping costs
and airfare, are more difficult to justify to be fixed in repeated sampling. Both, at the very least, are
subject to random shocks in the economic conditions of each pair of countries, among many other
factors. Conley and Dupor (2003) take input-output relations as a measure of economic distance,
and it is reasonable to imagine that these relations are stochastic and not fixed. In Yuzefovich (2003)
spatial weight matrices are constructed using a variety of economic distances, e.g. trade between
two countries and competition in borrowing from a common lender. These variables would generally
be considered stochastic in econometric analyses that use such data. Another example is Baltagi,
Fingleton, and Pirotte (2014), who construct a weight matrix using commuting frequencies between
districts in the UK. Commuting frequencies between two districts depend heavily on macro and
microeconomic factors that are stochastic, and therefore may be anticipated to be stochastic too.
Souza (2015) considers a SAR model in which networks may form stochastically, captured by nonzero
spatial weight matrix elements. However he treats these elements as unobserved heterogeneity, and
hence unknown, whereas in our treatment they are known. Robinson (2008) discusses a SAR with
stochastic weights in the context of correlation testing. In a recent survey, Boucher and Fortin (2016)
discuss the concept of stochastic spatial weight matrices from the perspective of impact caused by a
policy shock. They stress that social interaction models based on a stochastic network structure, such
as the SAR model considered in this paper, should include a description of the network formation
process, and that researchers should discuss the impact of proposed policy shocks on the assumed
network.

In this paper we will justify instrumental variables (IV), ordinary least squares (OLS) and pseudo
maximum likelihood estimates (PMLE) with stochastic but exogenous W;. Asymptotic theory for
IV estimates of SAR model parameters was introduced first in Kelejian and Prucha (1998), and
subsequently also studied by Lee (2003). IV is employed because of endogeneity problems, but Lee
(2002) demonstrated that OLS can deliver consistent and asymptotically normal estimates of SAR
model parameters under certain circumstances, thus correcting a tendency to casually discard OLS
as a suitable method for SAR estimation and inference. A more general treatment by Gupta and
Robinson (2015) examined IV and OLS estimates for an increasing order version of the SAR model,
but with iid disturbances. For PMLE, Lee (2004) developed asymptotic theory for SAR models with
a single weight matrix, while Gupta and Robinson (2018) consider SAR models in which both the

number of weight matrices and regressors can diverge with sample size. Both papers take independent



disturbances that are also identically distributed in the case of Lee (2004) but need not be in Gupta
and Robinson (2018). On the other hand, Delgado and Robinson (2015) provide asymptotic theory for
estimation of spatial models of a rather general type, including SAR, spatial moving average (SMA)
and spatial ARMA, allowing a linear process type disturbance structure for their distributional results.

Theory has been developed for estimation with endogenous W;. Kelejian and Piras (2014) consider
such a model and develop IV type estimates. Qu and Lee (2015) were critical of their restrictive
assumptions, and instead use the near epoch dependence (NED) theory of Jenish and Prucha (2012) to
establish consistency and asymptotic normality of estimates in a more general setting. Building on the
spatial martingale limit theory in Kuersteiner and Prucha (2013), endogenous weight matrices are also
permitted in a generalized method of moments framework in Kuersteiner and Prucha (2015). However
the intermediate case, with stochastic but exogenous W; has received little theoretical attention.
This case can cover situations of economic interest where spatial weights are generated by exogenous
regressors, and can be examined in a very general framework that does not require NED process
theory. For observations recorded at locations r and s the latter essentially requires the locations to
be geographic (in the sense that they are in Euclidean space) due to a notion of dependence reducing
as the distance between r and s increases. Thus it is not generally applicable to data whose locations
do not have a geographic interpretation. On the other hand, the SAR model has been considered
to be particularly appealing because of its ability to handle data in general economic spaces, such
as income space, where geographical interpretations may not be natural and, indeed, locations may
be unknown. If the locations indeed have a geographical interpretation, NED based theory provides
powerful results and a greater ability to handle nonlinear models, see e.g. Xu and Lee (2015). Thus
neither approach dominates the other. The results in this paper justify the use of methods developed
for fixed W; when the W} are stochastic and, as a result, should provide reassurance to practitioners
faced with such W}, although the theory requires additional conditions to account for the stochastic
nature of the W.

An additional innovation is that we allow for a general ‘spatial linear process’ structure in the
disturbances, cf. Robinson and Thawornkaiwong (2012) and Delgado and Robinson (2015). The
former do not consider models with spatial lags in the dependent variables explicitly, nor do they
provide theory for OLS or PMLE, while the latter do not consider models with regressors. The spatial
weights are deterministic in both papers. In this sense we make a novel contribution to the literature
also in the deterministic W; case that we formally cover.

The paper is organized as follows: Section 2 contains asymptotic theory for IV estimates, Section
3 for OLS and Section 4 for PMLE. We discuss implications of common weight matrix normalizations
and structures in Section 5, while Section 6 contains a Monte Carlo simulation study that includes
two different regimes for generating the spatial weight matrices, with an additional regime discussed
in an online appendix associated with this article, available at Cambridge Journals Online (jour-
nals.cambridge.org/ect). Section 7 concludes the paper. Two appendices contain theorem proofs and

technical lemmas.

2 IV estimation

Assume that, for an n x 1 vector of observations ¥,, an n X k matrix of regressors X,, and n X n

weight matrices Wj,, j = 1,...,p, there exist unknown vectors A = (A, A2, ..., ),)" and 3 # 0 such



that .
Un =2 AiWinyn + Xp B+ un, (2.1)
j=1

where u, is an n x 1 vector of unobserved disturbances. The W}, in (2.1) are sometimes normalized
in ways that make their elements dependent on n, e.g. row-normalization, and X,, may contain
spatial lags of basic explanatory variables. Both points imply triangular arrays and justify the n
subscripting in (2.1), but the linear process type structure we permit for the disturbances also entails
n subscripting on these. Subsequently we will drop n subscripts for brevity, but will occasionally
remind the reader of the n-dependence of certain quantities.

Let Z = Z, be a matrix of instruments with dimension n x pi, p; > p. Denoting § = (X, 3",
define the IV estimate of 6 as

6=n"'Q'K'J " [2,X|'y=0+Q 'K'J g, (2.2)

where Q = Q,, = K'J 'K (dimension p+k) and K = K,, = n= [Z, X]' [R, X] (dimension (p; + k) x
(p+k)), with R = [Wyy,...,Wyyl, J = J, =n"'[Z, X]' [Z, X] (dimension p; +k), ¢ = n~" [Z, X] u.
Throughout the paper C denotes a generic positive constant, arbitrarily large but bounded and
independent of n.

/

Assumption 1. (2.1) holds with uw = u,, = (U1n, ..., Unyn) , and

oo

um:urzzcrlel, r=1,...,n, n>1, (2.3)
=1

where € are scalar independent random variables with zero mean and variance o2, ¢y = Cpin, and

satisfy
o0
Zc£l<C, r=1,...,n, n>1. (2.4)
1=1
Assumption 2. The elements of W;, j =1,...,p, are random variables that are uniformly ﬁp(h;vln),
as n — oo, with hy, = hw a bounded or divergent sequence that is bounded away from zero and

satisfies hyy = o(n) if it is divergent.

Assumption 1 permits a wide variety of disturbance processes including SAR and SMA, and implies
that each w, forms a triangular array. The square summability of linear process coefficients in
(2.4) allows spatial ‘long-memory’, while identity of distribution of the ¢, is avoided. Robinson
and Thawornkaiwong (2012), who introduced this assumption, discuss it in detail. The time series
literature commonly allows for martingale ¢;, but this is avoided in spatial settings as there may
be no natural ordering available. Assumption 2 is an extension to stochastic weights of a commonly
employed assumption that controls spatial weights, cf. Lee (2002, 2004), Gupta and Robinson (2015).
Allowing hy to be bounded can imply a fixed number of neighbours as n — oco. Write S = I,, —

Z§=1 A;W;, I,, denoting the n-dimensional identity matrix, and introduce:

Assumption 3. P(S is non-singular) = 1, for all sufficiently large n, at the true parameter value
A= Ao

For a generic matrix M, define ||M| as the square root of the largest eigenvalue of MM’ (the
spectral norm), ||M|  as the largest absolute row-sum of M (the maximum row-sum norm) and



M|z = (tr (M’M))% (the Frobenius norm). Assumption 3 ensures that a reduced form exists
almost everywhere (a.e.) for y, and is satisfied if P (HZ§=1 Aj WJH < 1) = 1. Indeed, we can write
(2.1) as

Sy = X0+ u, (2.5)

or, equivalently, y = RA + X3 + u. Assumption 3 implies that
y=S"'XB+ S tu, ae., (2.6)

so R=A+ B where A = [G1X,...,Gp,Xf], B=[Gu,...,Gpu]l and G; = W;S~ for j=1,...,p.
Also define K = K,, = n7!'[Z, X]/ [4,X], Q@ = Q, = K'J 'K and introduce user chosen real

numbers (;, i = 1,...,12, (because twelve such numbers will be needed in the subsequent results)
such that 1 < (; < C for each i and Cj_l +Cj_+11 =1 for odd j. The (; will be used in Holder inequalities

in the proofs.

Assumption 4. X, W; and z, are independent of ¢, r =1,...,n,l =1,...,5 =1,...,p, where z,
is the r-th column of Z'. Let a,;n = a,; denote the (r,j)-th element of [Z, X]. Then

2
max E|a,;|*" < C, (2.7)
1<r<n, 1<j<p1+k
and, as n — o0,

K2 K J2 (2.8)
where K and J are full-rank constant matrices, with J symmetric.

A consequence of Assumption 4 is that @ — @ = 0,(1), with @ = K’J~'K. Condition (2.7) implies
finite 2¢;-th moments for instruments and regressors. The requirement of the whole regressor matrix
X being independent of the ¢ stems from the fact the instruments are typically constructed using
linearly independent columns of W7 X, j=1,...,p, s > 1, cf. Kelejian and Prucha (1998). Evidently
a given instrument vector then contains elements from different rows of X, as was noted by Gupta
and Robinson (2015).

Denote . .,
o= max (B [W5]°0) T (B[l ) T (29)
1<j<p

Theorem 2.1. Let Assumptions 1-4 hold and

Xn — 0, asn — oc. (2.10)
Thené—GLO, as n — oo.

The condition (2.10) limits the extent of spatial correlation. Note that (2.10) does not impose that
[|[W;]| or HS‘1H have finite 2(>(3-th or 2(>(4-th moments, but allows these to grow with n. In this
sense it is not as strong as may be imagined at first glance. We will look at a specific example with
potentially unbounded moments in Section 5. There is an implication of being able to ‘trade-off’ the
magnitude of moments of ||| and HS‘1H in x,, and a,; by choices of (;, i = 1,2,3,4. Some of
the existing literature on SAR models with fixed weights imposes restrictions on ||[W}]| or ||S~*|| R
but these are evidently stronger than those based on the spectral norm. Indeed, taking (; = 2,



i =1,2,3,4, for simplicity, the inequality ||F|* < | Fll g |1 F'|| p immediately implies x,, = & (Xn,r)
with N
X =t max (EIW 15 E WG B[S RE NS 5) ™
Let 1(-) denote indicator function.
Assumption 5. sup;s; E (/1 (|| > 6)) — 0, as § — oo.

Assumption 6. With al. denoting the r-th row of [Z,X] and ® a positive definite (p.d.) constant

matriz,
n o0
nt Z Zcrlcslara; L, ®, asn— oo, (2.11)
r,s=11=1
" 2
n~tsup arCry 250, as n — oo (2.12)
121 r=1

Assumption 5 avoids identity of distribution for the ¢;, (2.11) simply asserts convergence of the
covariance matrix of n~2[Z, X]'u while (2.12) is the form of the Lindeberg condition required for the

central limit theorem.

Theorem 2.2. Let Assumptions 1-6 and (2.10) hold. Then

n? (é - 9) 4, N(0,0?Q'K'J @I ' KQ™"), asn — <.

3 OLS estimation
Define the OLS estimate

0=n"'L7 R X]|y=0+L "w, (3.1)
where L = L,, = n~ ' [R, X]' [R, X] (dimension p + k), £ = £, = n~' [R, X]'u. Also define L = L, =
n~ YA, X]'[A, X]. Assumption 2 needs to be strengthened to the following sufficient condition:

Assumption 7. The (; are chosen such that (5(7 = 2(11 and

2¢11 2
E » =0 (')
2, {é?%’én'w“ﬂ} W)

where wy ; is the (r,s)-th element of Wj, j =1,...,p.

This assumption implies maxi<, s<n, 1<j<p |Wrs,j| = Op (h‘}}) Various bounds depending on the
distribution of w,s ; exist in the extreme value literature for the expectation, but Assumption 7
ensures also that the familiar case with fixed w,,; = & (h‘jvl)7 uniformly in r, s, is formally covered.
The restriction (5(; = 2(7; is satisfied in the case where the Cauchy Schwarz inequality is used in

place of the Holder inequality, implying that {; = 2 for all 4.
Assumption 8. X and W; are independent of ¢, Il =1,...,5 =1,...,p. Let t,j, = t,; denote the
(r,7)-th element of [A, X]. Then

E |t,;]>" < C, (3.2)

TN, 139>



and, as n — oo,

L2 I, (3.3)
where L is a constant, symmetric and non-singular matrix.

Define

Prvas a1 .
T = h;,% <f§j¥pE HWJ{H§§CQ> Feoco (E ||S'71 ||§:§<8> 2058 (E ||S’71 ||§%6C10) 60 (3.4)

Theorem 3.1. Let Assumptions 1-3, 7, 8 hold and
hiyt + Xn + T — 0 as n — oo. (3.5)

Then 6 — 0 250, as n — .

For consistency of OLS estimates hy — oo is necessary even with deterministic W; (cf. Lee (2002),
Gupta and Robinson (2015)), and (3.5) strengthens the restrictions on spatial correlation relative to
hy . Our conditions match those in the aforementioned literature except the additional requirements
on moments of |[W;]|| and ||S~!|| which arise because these are stochastic.

Taking p = 1 for simplicity (and writing W3 = W), an example of non-stochastic W for which
hw — oo can be constructed as in Case (1991), where each of d districts contains m farmers, so

n = md. Interdistrict independence is assumed, as is equal reaction within districts, implying
W =1, ® B,,, with By, = (m —1)" (I, — 1), (3.6)

where [,,, is the m-dimensional vector of ones and ® denotes Kronecker product. Here hyy = m — 1,
which diverges as m — oo, and thus satisfies (3.5). More general versions of such specifications are
also studied recently in Hillier and Martellosio (2018).

The specification given in (3.6) consists of a block-diagonal W with very dense blocks. On the
other hand, specifications of W can be of the more sparse variety, in which case hy, will be bounded
and (3.5) will fail. As an example consider the case of circulant W, where each unit has only one
neighbour on ‘either side’. Mathematically, define W* as the symmetric circulant matrix with first
row elements given by

[—
Wy =

(3.7)

0 ifr=1lorr=3,...,n—1;
w ifr=2o0rr=n,

with w some known real number, see e.g. Das, Kelejian, and Prucha (2003). A binary neighbourhood

criterion would take w = 1. Now define
W =w*/[[W=|, (3.8)

where |[W*|| = 2w, because W* is a symmetric, circulant matrix (see e.g. Davis (1979) p. 73).
Then W is also a symmetric circulant matrix with first row elements given by wj,/2w. In this case

hw = 2w, which does not diverge with n in general.
Assumption 9. sup;s; E (¢/1 (|| > 6)) — 0, as § — oo.

This assumption seems hard to relax for a CLT. Indeed, even for (2.1) with p = 1, W; fixed and no



linear process structure, Lee (2002) required E |ur|4+77 < C, for some n > 0. Gupta and Robinson
(2015) relaxed this slightly to Eu? < O, with increasing p, k but restricted themselves to iid w,.. Here
we avoid identity of distribution of ¢, and wu,, but require the uniform integrability of the €} that

Assumption 9 entails.

Assumption 10. With t denoting the r-th row of [A, X] and ¥ a p.d. constant matriz,

n oo
nt Z Zcrlcsltrt’s L, WU, asn — oo, (3.9)
r,s=1 (=1
n 2
n! ?gpl) thrl — 0, asn — (3.10)
= r=1

Theorem 3.2. Let Assumptions 1-3, 7-9 and (3.5) hold and

hyin? (]E ||S’71||;<12) 20, asn — 0o (3.11)

Then
n? (é — 9) 4, N(O,UQL_l\I/L_l) , as n — oo.

The proof requires some care to ensure that (2.4) does not need strengthening. Lee (2002) established
that asymptotic normality of OLS relies not just on divergence of hy, but sufficiently fast divergence,
viz. n? = o(hw). Condition (3.11) indicates the additional requirement that arises when the W; are
stochastic and reduces to the condition in Lee (2002) for non-stochastic W;. In the W described in
(3.6) we have hyy = m — 1 and n = md, so (3.11) is satisfied if d% /m? — 0 as d,m — oo. On the
other hand, the W of (3.8) will not satisfy (3.11) in general.

With all {; = 2, we obtain

-

Xn = n§<maxE|W;||8]EHkS‘1||S>S (3.12)
" 1<5<p ! ’ '
1
-1 4\% TR
T = hy (lrgjang|\W;||R> (Els%)" (3.13)

1
4

(3.11) becomes h;vln% (]E HS’_le) — 0, as n — 00, and (2.7), (3.2) require finite fourth moments
for the a,; and t,; respectively.

In both Theorems 2.2 and 3.2, if the W; are taken to be deterministic and the w, are iid, the
limit distributions are identical to those obtained by Gupta and Robinson (2015), taking p and k to

be fixed in their results.

4 Pseudo maximum likelihood estimation

In this section, we parameterize the coeflicients in the linear process given in Assumption 1. In
particular, suppose there is an unknown ¢x 1 vector 79 € 7 such that ¢,; = ¢, (19), allr = 1,...,n and

I > 1. Writing o E (unul,) = Z,(79) = Z(70), the pseudo likelihood function based on Gaussianity



and conditional on Wj,j =1,...,p, X, is
2 - 1 —
log (270%) — = log |5 (V)] + - log [ (1) + —— (S (N y — X3 =) (S Wy~ X5),  (4.1)

at any admissible point (g’,(,r?)/ with ¢ = (#’,7")’, for nonsingular S(\) and Z(7), although Gaus-
sianity is nowhere assumed. True parameter values are identified by a zero subscript and for any
parameter o and any quantity z(a) we adopt the convention z (ap) = .

For given v = (XN, 7), (4.1) is minimised with respect to 3 and o2 by

-1

By) = (X'E(n)7'X) X'E(r)TSWy, (4.2)
F2(y) = n7ly'S"(NE(r)TEM(NE(r)"ES (V) y, (4.3)

1

71 1
_%E(T)_%X) X'E(r) "2 and ZE(1)"2 = En(r)_% is the

[I]

where M(7) = I, — E(7)"2X (
n X n matrix such that 2(7) " 25(r)~ % E( )~! . This is a slight abuse of notation but makes the

proofs easier to read. The PMLE of g is 4 = argmin, ¢ £ (), where

L(v) =log 72 (v) + n~!log ’S’_l N E(T)S_1 N, (4.4)

and I' = A x T is taken to be a compact subset of RPT4. The PMLEs of 3y and of are defined as
B (%) = B and 2 (§) = 62 respectively.

Assumption 11. For all sufficiently large n, the u, have uniformly bounded fourth moment, r =

1,...,n.

Assumption 12. max;—1, ., [|[W;| + S~ = €,(1).
Assumption 13. lim, .o sup,c7 (|2(7)[| + ||2(7)7!|) < oo.

Assumption 14. For any 77 € T and any n > 0, there exists € > 0 such that

lim sup |2(r) — = (1) | <n (4.5)

N0 e {7l r—7t||<e}NT
Assumption 12 implies that max;—,..., | G;|| = €,(1). The approach to conditions on the W; and S+
differ somewhat in this section as compared to the previous two. There we focused on more primitive
conditions based on moments of ||W;| and ||S -1 H, and also allowed a great amount of flexibility both
in the way the Holder inequality is applied (exemplified by the twelve different ¢;) and the fact that
the moments may diverge at a certain rate. The PMLE considered in this section is inherently harder
to derive asymptotic properties for because it is only implicitly defined, and matters are complicated
further also by the presence of Z(7) in the objective function (4.1). Thus to maintain tractability
we prefer conditions of the type given in Assumption 12. Assumption 13 is a standard type of regu-
larity condition that may be regarded as guaranteeing asymptotic boundedness and non-singularity.
Assumption 14 also holds with Z(7) — Z (77) replaced by Z(7)~! — E (TT)_l due to Assumption 13,
and is useful in an equicontinuity argument in the consistency proof. Further discussion of it may be
found in Delgado and Robinson (2015), who also discuss sufficient conditions for it to hold. Write
T(X\) = S(A\)S™! and define 02 (v) = n~todtr (T"(NE(1) 'T(NE) = n~'od ’ 2(r) 2 T(\)E2
which is nonnegative by definition and bounded in probability by Assumptions 12 and 13.

)




Assumption 15. There exist positive and finite constants ¢ and C such that ¢ < o2 (y) < C with
probability one, for all v € T'.

Assumption 16. vy € I' and, for any n > 0,

“r (T'(NE(r) ' T(V)E
ol e " m<>w><3)>1:L (4.6)
n—oo v €N (n) [T/ (N)E(r) 2T (N)Z|V"

where N (1) = T\ N7 (n) and N(n) = { : |y =70l <7} NT.

2
, while the de-
F

1

The trace in the numerator inside the probability in (4.6) equals ||Z(7)~2T(A\)Z2

. Thus the inequality between arithmetic

terminant in the denominator is similarly ‘E(T)_%T()\)E%
and geometric means implies that the ratio inside the probability is at least one. On the other hand,
when v = 7 the ratio equals one, so (4.6) essentially requires that this situation not arise outside an
arbitrarily small neighbourhood of ~y. Therefore it is an identification condition which can be com-
pared to those already in the literature. The closest conditions may be found in Gupta and Robinson
(2018) and Delgado and Robinson (2015), the latter showing the equivalence of their condition to that
of Lee (2004) in the case of SAR models. With deterministic weight matrices, the latter interprets the
condition as related to the uniqueness of the covariance matrix of y. Our setup is rather different, with
a SAR model coupled with linear process disturbances and stochastic weight matrices, for which our
condition accounts. A Lee (2004)-like interpretation is possible in terms of the uniqueness of the co-
variance matrix of y conditional on the W; and X, j = 1,...,p, viz. ST'ES'~!, because the logarithm
02(7)5(/\)_15(7)5’()\)_1’ —n~tlog ‘a%S‘lES’_lL
cf. also equation (37) and the discussion thereafter in Delgado and Robinson (2015).

of the ratio inside the probability equals n~! log

Assumption 17. 5y # 0 and, for any n > 0,

P<m1 inf _ n%MTmEm%Mvﬁm%ﬂmww%ﬁ>Q—L (4.7)
n—oo (N,7/) EAXN (1)

Because the event inside the probability is equivalent (by straightforward minimization) to

lim min inf (XA - T(NXB) E(r) (X8 —T(NXBo)/ |1Bol” >0,
n—oo BERF (X 7Y e AXN (n)

Assumption 17 is in fact an identification condition similar to one used for nonlinear regression
in a SAR model by Gupta and Robinson (2018). Let B(A) (respectively p(A)) denote the largest
(respectively smallest) eigenvalue of a generic square nonnegative definite matrix A. Then a necessary

condition for the event in (4.7) is that

lim inf o (nflx’T’(A)E(T)’*%M(r) E(TT%T(/\)X) > 0.
n—oo (N, 7)Y EAXN (n)

The final identification condition is a familiar asymptotic full-rank condition
Assumption 18. {¢ (n’lX'X)}f1 = 0,(1).

This assumption implies {sup, <7 ¢ (n ' X'2(7) 1 X) }_1 = 0,(1) in view of Assumption 13.

10



Theorem 4.1. Let Assumptions 1-3, 8 and 11-17 hold. Then (@’, (72)/ — (Q{),UOQ)/ 250 as n — .
Assumption 19. vy is an interior point of .

Assumption 20. The ¢; in Assumption 1 have finite third and fourth moments ps and pa respec-

tively, finite eighth moment and, denoting by &,.5(7) the (r,s)-th element of Z(7) and defining

1
c:j :er/frzr, r=1,...,n,n>1101>1,
we have _ )
lm  sup cyy| +sup lim el < oo 4.8
N—00 p— 7'~.,n;| Tl| I>1 nﬁoo;| rl‘ ( )

Assumption 19 is standard for a central limit theorem for implicitly defined estimates. Assumption 20
is introduced by Delgado and Robinson (2015), and is discussed therein. It implies that Assumption
11 holds.

Assumption 21. max;—1 _, ||[W;| 5 + max;_1 ., HWJ’HR + HS_1HR + HS’_lHR + |1 Xz =0,(1),

as n — oo.

Assumption 21 is quite standard even in the literature with non-stochastic W; and X, where the
0,(1) requirement is replaced by simply &'(1). Note that || X||, = €(1) would then be satisfied if X
has uniformly bounded, constant elements. Let Z;, (1) = 02(7)/07i,, Zi i, (7) = 924, (7)/075, and
Eivinis(T) = 0Z4,4,(7)/0Tis, 1,102,435 = 1,...,q, where the matrices are differentiated element-wise
and the existence of the derivatives is guaranteed by Assumption 22 below, with typical elements

Ersila grsiliQ and frsiligi;; respectively.

Assumption 22. For iy,iq,i3 = 1,...,q and all sufficiently large n, the elements of = are thrice

continuously differentiable, for any n > 0

B s (2007 o+ I Ol + B Ol + Bl <000 (49
and for a positive sequence hg = hz, that is either bounded or divergent and satisfies h=/n — 0 as

n — oo, we have

lim  sup  sup  he (16 (7)] + Ersis (T)] + [Ersivia (T)] + [Ersivinis (T)]) < 00 (4.10)
=00 L N7 () rys=1,....n
Assumptions 21 and 22 serve to control the extent of spatial correlation to a greater degree than
Assumptions 12 and 13 in view of the inequalities ||A||* < | Al g [|A' ||z and ||A|| < ||A]| 7 for a generic
matrix A. Assumption 22 also imposes local smoothness conditions on Z(7).

The second derivative matrix of (4.1) at (o,0?) is denoted H (o,0%). Let Pg1(\) and Pga(A)
denote the p x p matrices with (4, j)-th elements tr (G;(A\)Gi(N)), tr (G;()\)Gi()\)), respectively, P=(T)
the ¢ x ¢ matrix with (7, j)-th element ¢r (2(7)"*Z;(7)Z(7) 'Z;(7)) and Y(7) the ¢ x ¢ matrix with
(i,7)-th element tr (G;E(7)"*Z;(7)). Then

0(2) (PGl + PGQ) + A=A A=ETlX U%T
Y =E(H)=20,%n"" * X'E-1x 0 : (4.11)

* * 2_1081:’5
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where the expectation is taken conditional on W) and X, j =1,...,p. We also need the conditional
covariance matrix of the first derivative of (4.1) at the true parameter values, which we write as
n~!t (2X + Q). The next paragraph is devoted to defining €, for which purpose let ¢;(7) be the n x 1
vector with r-th element c¢,(7).

Introduce the following matrices: the n x p and p x p (respectively) matrices F; and Fy with j-th
column Y ;% E71¢;cjG;E ¢; and (i, j)-th element Y2, ¢]G;E " ¢1¢]G;E ¢y, respectively, the n x p
matrix F3 with j-th column );°, E_lclcgE_lG;cl, the n x g and p x ¢ (respectively) matrices Fy and
Fs with j-th column Y 72, E71q )2 15,27 ¢; and (4,7)-th element > ;= ¢|G,E a2 15,5 ¢y,

—1 1= =1

respectively, the n x ¢ matrix Fg with j-th column ;% 27 1¢;¢jE71E;E71¢; and the ¢ X ¢ matrix F;

with (i, j)-th element given by > ;% /2 '5,E ¢ )2 'E;2 ' ¢;. Then
dps (A'Fy + F{A) + 4 (pa — 300) Fo 4psFiX  2p3A'Fy 4 2 (pa — 303) Fs
Q=o,"'n" * 0 2u3 X' Fg
* * (u4 - 303) Fr
(4.12)
Let N = diag [I,, Iy, I,h2].

Assumption 23. The matrices A = plim N (2X + Q) N and I = plim NYN exist and are

n—oo n—0o0

positive definite.

Theorem 4.2. Let Assumptions 1-3, 8 and 12-23 hold. Then
nEN"1 (5 — 0o) 4N (0,II"'AII™Y) |, as n — oo.

The differential norming entailed by N—! is due to the fact that the elements of P= are ¢ (hgl)
and will thus all converge to zero when hz is divergent, causing singularity of the limiting covariance
matrix. The implication is that when hgz diverges 7 is n / hé—consistent, whereas n%—consistency is
achieved when hz is bounded.

Some simplifications are possible in II and A when hy is divergent. The reason is as follows:
asymptotic normality of 9— g is established via the asymptotic normality of the first derivative of (4.1)
with respect to . This derivative, given by (A.36) in Appendix A, involves the quadratic in u terms
n W GE u—n"todtrG;, j = 1,...,p, which are readily shown to be negligible when hy, diverges.
We omit the proof of this negligibility to conserve space, and also because it is straightforward
given the techniques used in the proof of Theorem 4.2. Thus these quadratic entries can be ignored
while establishing asymptotic normality and do not contribute to the asymptotic covariance matrix,
eliminating Pg, in ¥ and all blocks of Q involving Fy, F» and F3. Also, because n_ngl has elements
that are uniformly &, (h;vl) by Lemma B.6, this part of ¥ is negligible if hy, diverges. In sum, we
can replace ¥ and 2 by

AE"TA AETIX oY
205 *n ! s X'=71X 0

* * 27102 Pz
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and
0 0 2u3A’F4—|—2(,u4 —303) F5

0(;471_1 x* 0 2u3 X' Fg ,
Ok (pa — 305) Fr

respectively.
Furthermore, suppose that p = 1, the u; in (2.1) are uncorrelated and identically distributed

normal random variables. Thus there is no parameterization by 7, {2 = 0 and we can replace ¥ by

(GXBo) (GXBy) (GXBy)' X

207 2n 1
0 % X'X

which matches the distribution obtained in this setting by Lee (2004) in his Theorem 3.2.

5 Normalizations of weight matrices

In this section we discuss the effect of various normalizations of the W) on (2.10) and (3.5). For
simplicity of exposition we will focus on the case when (; = 2, all ¢, given in (3.12) and (3.13). Due
to the n~2 factor it is not necessary that the elements of W; and S ~! have finite eighth moments
for (2.10) to hold, but for given n it is not sufficient either. Similarly due to the h‘;,% factor and
hw — oo finite fourth moments for elements of W/ or .S’ ~! are neither necessary nor sufficient, for
given n, for (3.5) to hold. Both (2.10) and (3.5) can be compared to conditions imposed in Gupta and
Robinson (2015) for deterministic W; elements, where maxi<;<p, |[W;|| + [|S7!|| < C was assumed,
for which a necessary condition was boundedness of the elements of W, S™!. Thus (2.10) and (3.5)
may be viewed as controlling the spatial correlation asymptotically, and in particular controlling the
magnitudes of the moments of the W; and S~*.

Various sufficient conditions may be found for (2.10) and (3.5) to hold. For example, suppose that
Wy = w3/ ;. 51

for some matrices W7. Then |[|[W;]|® <1, for any s > 0, while

l

00 P
ST <> Iwwsl| <c (5.2)
=0

j=1
if
p
Yol <t (5.3)
j=1

The W; can have a special ‘single nonzero diagonal block’ structure in some applications. Here there
are m; X m; matrices Vj, j =1,...,p and Zle m; = n, such that each W; has Vj as its j-th diagonal

block and zeroes elsewhere. In this case Gupta and Robinson (2015) prove that

max I\l <1 (5.4)

can replace the more general condition given in (5.3). Thus under (5.1), condition (2.10) is satisfied
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always if (5.3) holds for general W; and (5.4) holds for W; with ‘single nonzero diagonal block’
structure. Another popular normalization when the weight matrix has nonnegative elements is row-
normalization, where each row of W sums to 1, thus implying [[W}||, = 1 so negligibility of x, r
follows if (5.3) holds in the general case and (5.4) holds in the ‘single nonzero diagonal block’ case,
as illustrated for the spectral norm. More generally, if ||[W;||,, < C, where [-||,, denotes a generic

matrix norm, then E||W;[|3, < C, any s > 0. A sufficient condition for E ||S~ < C is that

1
s
HZ?ZI AW H has a moment generating function.

On the other hand, all types of normalizations are not economically justified. For instance Bell
and Bockstael (2000) point out that row-normalization is not justified in certain models with real
estate data while Lee and Yu (2014) discuss problems in estimation that occur with row-normalized
weight matrices and present some simulation evidence using non-normalized matrices. Thus the
moment conditions implied by (2.10) and (3.5) will be different under various normalizations of W;.
The choice of normalization ultimately lies with the practitioner, but we believe (5.1) is the most
attractive option. Unlike row-normalization it does not change the economic content of the spatial
weight matrices because it preserves relative distances, and performs the task of stabilizing moments.
Kelejian and Prucha (2010) provide an excellent discussion of normalizations and their implications,
particularly for parameter spaces.

For another sufficient condition we focus on (3.6) with generic blocks B,,, where we have p = 1
and write W = W and Ay = A. This is sometimes referred to as a Balanced Group Interaction (BGI)
setting, see e.g. Hillier and Martellosio (2013). It implies inter group independence for clustered
data. Note that it does not have a ‘single nonzero diagonal block’ structure. We take d,m — oo,
which is a combination of ‘increasing domain’ and ‘infill” asymptotics. Suppose that the elements of

8
B, are such that E|B,,|* = ¢ (m*) and IEH(Im - /\Bm)’lu = 0 (m?2), for some 1y, > 0.
Then E |W|° = ¢ (m¥1) and E||S~* HS = 0(m¥?) due to their block diagonality with equal blocks,

Y1t 1

implying x, = ¢ (d_%m 8 _5> = o(1) always if ¥ + 1o < 4 and if m = o (d“’l*ir“) when
1 +1pa >4

6 Monte Carlo

Finite sample performance of IV, OLS and PML estimates with fixed W; has been examined before,
see e.g. Lee (2004), Gupta and Robinson (2015), Gupta and Robinson (2018). Our aim in this
section is twofold: we wish to compare performance of estimates when W; are stochastic as opposed
to fixed, and we seek information on how estimates behave according to different spatial weight matrix

structures.

6.1 Spatial weights generated by iid random variables

Our first design takes p = 1, k = 2 with A = 0.5, f1 = 1, B2 = 0.7, X generated as independent
draws from U(0,1) and u, independent draws from a standard normal distribution in each of the
1000 replications. In this setup we examine what happens when the spatial matrices are very dense.
We define Wy = diag [Vl(mxm),o(mxm)] , W5 = diag [O(mxm),VQ(mxm)] , 80 n = 2m, and generate
Vj (both of which have zeros on the diagonals) as iid replications using |t,| distributions with v =

1, 10,20, 100, and m = 48,72, 144. For the fixed design we generate such matrices once and keep them
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fixed for all 1000 replications, while for the stochastic design these are generated anew in each trial.
The dependent variable is generated as y = A (W1 + Wa) y + X3 + u where, for j = 1,2, the W; are
obtained by normalizing W} with the spectral norm as in (5.1). For ease of exposition we refer to
the latter procedure as ‘spectral-normalization’. We choose to use this block-diagonal specification
to address the fact that very dense spatial weight matrices entail hy = &(n), a situation that leads
to inconsistent estimates, as noted by Lee (2004). Using a block-diagonal weight matrix with very
dense blocks mitigates this problem, because now we have hy, = m — 1. Instruments are selected to
be Z = [X, (W) + W) X], while for the MLE we take A = [—0.99,0.99].

We analyze absolute Monte Carlo bias, mean squared error (MSE) and size for the autoregression
parameter and absolute average Monte Carlo bias, MSE and size for the regression parameters. By
‘average’ statistics we mean that in the rows corresponding to 6 the columns labelled 3 contain entries

equal to
(’bias (ﬂl)‘ n ’bias (%) D /2, (6.1)

for instance, with similar definitions for the rows corresponding to 6 and 6. Throughout the section
all Monte Carlo statistics for 8 reported are averages defined like (6.1). Sizes are based on t-ratios,
defined again as in (6.1) for 3, to be compared against a nominal value of 5%, computed using a

critical value of 1.96.

TABLES 6.1 AND 6.2 ABOUT HERE

Tables 6.1 and 6.2 summarize the results for stochastic and fixed W; respectively. The biases
are quite similar for the fixed and stochastic designs for all three estimates. Out of the 72 possible
comparisons, bias is greater in the fixed design for 38 cases. A similar conclusion holds for the
MSE, which is higher for the fixed design in 34 cases. However, 6 seems to perform better in terms
of MSE in the fixed design. Out of 24 cases, the stochastic setting yields a lower MSE on only 7
occasions, although the differences are rather small. One aspect that merits attention is the behaviour
of estimates of A when weights are generated by [|¢1], a distribution with no defined moments. Also
of interest is the behaviour more generally as v increases. The bias and MSE of all estimates of
A are high when v = 1, indeed for the IV estimate the magnitude of the MSE is alarming when
m = T2. Increasing m can sometimes help matters, possibly due to smoothing out the effect of
extreme draws from a distribution with no finite moments. The theory indicates an important role
played by conditions on the moments of W}, such as Assumptions 7 and 12. Evidently the moment
stabilizing transformation (5.1) that we carry out does not sufficiently improve matters when v = 1,
but increasing v does so and broadly speaking helps even in improving the bias of the estimates of 3,
although not monotonically. The MSE improves dramatically from v = 1 to v > 1 but subsequently
stays quite stable across the board. The findings suggest that, in practice, normalization is not enough
to stabilize moments of weight matrices when the raw weights are generated by a distribution with
no finite moments.

In both Tables 6.1 and 6.2, it is notable that @ is less biased than 6 in general, even for large m,
while the MSE is quite similar. Large m means large hyy, and because the objective function for MLE
differs from OLS only in a Jacobian term that is &, (h;[,l), this implies that there is little to choose
between the two when hyy is large. The difference in bias possibly stems from the fact that the MLE

is only implicitly defined, and such estimates can sometimes have worse finite sample bias properties
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than closed form estimates. On the other hand the closeness in MSE implies that 6 has much smaller
variance than 6. Empirical sizes follow the same pattern as the bias and MSE discussed above, in the
sense that there is no clear dominance between the fixed and stochastic designs. The MLE tends to
undersize for A, but the problem is worse when v = 1 and more acute in the fixed design.

The next setup considers more sparse spatial weight matrices, whereby the need for a block-
diagonal specification to mitigate denseness is dispensed with. Now we take n = 96,144,288 (to
match the sample sizes in the dense case) and generate the n x n matrix W* once again with iid
|t,| elements, v = 1,10,20,100. Next, we generate an n X n matrix with elements given by 0.75 x
U(0,1) and round all its elements that are less than 0.5 down to zero. Finally all elements of W*
corresponding to zeros in this matrix are set to zero. This produces a sparse W*, in fact replacing
0.75 with a smaller (larger) factor would produce a more (less) sparse W*. The fixed and stochastic
designs differ as for the dense case. We then take W = W*/|[WW*| and generate the dependent
variable as y = AWy + X3 + u, with the other aspects of the experiment identical to the dense case
above.

TABLES 6.3 AND 6.4 ABOUT HERE

The results are in Tables 6.3 and 6.4 for stochastic and fixed designs respectively. Biases are
generally higher for 6 than in the dense case, this being the case because sparser W implies smaller
hw, cf. (3.5). Once again the case with v = 1 produces odd results. For n = 96 in the stochastic
design, A has less bias in the sparse case than the dense one (cf. Tables 6.1 and 6.3) but this
counterintuitive feature is reversed as n grows, with a similar smoothing of extreme draws as discussed
before. However it persists for all n in the fixed design (cf. Tables 6.2 and 6.4), undoubtedly because
a fresh draw of W is not made in each trial and this inhibits the smoothing effect.

The biases in the stochastic design are higher in 45 cases out of 72, as opposed to the 34 cases of
Tables 6.1 and 6.2. On the other hand, the MSE is higher in the stochastic design in only 30 cases.
Thus the estimates are more precise in the stochastic design, but also more biased. Sizes follow the
same pattern as in Tables 6.1 and 6.2, and the undersizing for A\ with the MLE noted there is present.

The final iid setup considers extremely sparse W. We choose the circulant W defined in (3.7) and
(3.8). Once again w is generated from iid |¢,|, v = 1, 10, 20, 100, with the fixed and stochastic designs
differing because in the latter this generation happens anew in each trial. The rest of the design is

as in the sparse and dense cases discussed above.

TABLES 6.5 AND 6.6 ABOUT HERE

Tables 6.5 and 6.6 contain the results for stochastic and fixed designs respectively. Theorems 3.1
and 3.2 in this paper and the results of Lee (2002) indicate that the performance of OLS estimates
is poor in this situation. This is confirmed in the tables, with 0 exhibiting unacceptably poor per-
formance in terms of bias and size. The MSE seems more acceptable, but is much higher than that
for 6 and 6. Given the highly biased nature of the estimates, a low variance provides scant comfort.
On the other hand, both 6 and 6 perform well for both the fixed and stochastic designs. Within each
table, 0 is much more efficient, as is well-known to be the case for the MLE. Comparing the biases of
6 and 6 between Tables 6.5 and 6.6, we find that bias is bigger in the stochastic design for 31 out of 48
comparisons. A similar MSE comparison returns an equal verdict of 24 each. Thus we may conclude
that there is no substantial difference between the fixed and stochastic designs. The MLE still tends
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to undersize for A\, while sizes for the IV estimate are perfectly acceptable with one exception: the
v = 10 and n = 96 entry in Table 6.5. The online appendix contains a simulation study when the

spatial weights are possibly dependent, as opposed to the iid weights considered in this section.

6.2 Spatial weights generated by explanatory variables

We mentioned that an important motivation of stochastic spatial weights is the fact that these are
frequently generated using economic variables that are themselves stochastic. In this subsection we
wish to analyse the performance of estimates when the spatial weights are generated by elements
of X. The rank conditions for our asymptotic theorems rule out any identification problems arising
from this, but we wish to study the finite sample implications of this type of feature.
We generate the spatial weight matrices as
= mmad oay), (6.2)
1+ ||lzr — x|
wrso = exp(—lley —z|) L(r # ), (6.3)

*

wrs,l

for r,s = 1,...,n with wy, ; a typical element of WS, 2! the r-th row of X and n = 48,96, 144.
Robinson (2008) originally suggested the formula given in (6.2), though no finite-sample implications
were studied in that paper. Now we generate y = A\ Wiy+ Ao Woy+ X G+u with A = 0.2 and Ay = 0.3,
with W; denoting the spectral-normalized W, and search over A = [—0.99,0.99] x [—0.99,0.99] in
each of the 1000 replications. Table 6.7 reports the results, reporting average statistics as in (6.1)
for the two-dimensional A also. These paint a positive picture, in the sense that estimates exhibit
bias and MSE that declines with sample size to quite acceptable levels. The bias reaches zero to
two decimal places for IV for instance, and the MSE likewise reaches zero to one decimal place quite
comfortably. Sizes are perfectly acceptable except for oversizing of OLS and PMLE when n = 48,

which is alleviated when n = 96.

TABLE 6.7 ABOUT HERE

6.3 Summary of Monte Carlo findings

To conclude, in our design we find that there is no clear pattern of dominance between stochastic
and fixed designs when spatial weight matrices are dense. On the other hand, in the sparse case
the stochastic design can yield more precise estimates but with larger absolute bias than the fixed
design. We also find that finite sample performance of estimates is satisfactory even when spatial
weight matrices are functions of the explanatory variables that form the regression component of the
model, which is anticipated from our theoretical results when multicollinearity is ruled out. However,
a caveat applies to the interpretation of these findings, which are dependent on the particular way of
comparing fixed and stochastic designs that we have chosen.

Finally, we note that weight matrix normalization may not stabilize moments sufficiently when
raw weights come from distributions with no finite moments. Due to normalization, the theoretical
conditions, such as (2.10) and (3.5), do hold in this case but finite sample performance is not up to
the mark, especially so in the fixed W; case. A possible reason for this difference is the smoothing

out of extreme draws in the stochastic design.
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7 Conclusion and extensions

We examined IV, OLS and PML estimates for the parameters of SAR models with stochastic weight
matrices and spatial linear process dependence in disturbances. We also discussed the implications of
popular weight matrix normalizations on our conditions. In the dependent disturbances setup that
we consider, heteroskedasticity and autocorrelation consistent (HAC) covariance matrix estimation
is an important problem. With deterministic W} this has been considered in the literature, see e.g.
Kelejian and Prucha (2007, 2010) and Robinson and Thawornkaiwong (2012) for HAC estimation with
SAR/SMA disturbances and disturbances satisfying Assumption 1 respectively. These approaches are
straightforward to extend to the case with stochastic W; and using them in practice requires no change

in earlier techniques.
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Appendices

A  Proofs of theorems

For any matrices F' and F of equal dimension, we will write AF =F—F.

Proof of Theorem 2.1. By (2.2) 6—0=0Q tAQ (é - 9) —QAK J g+ Q71K T g, so
(s —@'A9) (0-0) = @ 'AK T g + QKT g, (A1)

We first show AK = 0,(1). Write e, for the n x 1 vector with unity in the r-th position and zeroes
elsewhere and b; for the i-th column of [Z, X]. By the law of iterated expectations, the expectation
of the square of a typical (i, j)-th element, i,j = 1,...,p; + k, of AKX =n=1[Z X)'[B,0] is

n~’E (b;Gjuu'Gb;) =n~°E ( Z VG e E (upnusy) e'SG;bi> . (A.2)

r,s=1

1

1
Now E (urnusn) = Zl?l:l cricsiE (erer) = o EZL cricsk < 07 (22021 C%k) ’ (22021 C%k) < C, by
Assumption 5 and Cauchy-Schwarz inequality, so (A.2) is bounded by Cn~2 times

E (b;Gj > e,,e’SG;-bi> =E (b;Gj Zere’rG;-Ih) =E (b,G;G)b;) . (A.3)

r,s=1 r=1

The term inside the expectation on the far right is bounded by ||b;||* |G, [|* so, by the Holder inequality
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(for expectations), (A.3) is bounded by
(B o> ) ™ (B lG, 7). (A.4)

The expectation inside parentheses in the first factor in (A.4) equals E (Z" a? )Cl, which, by the

r=1"ri

Hélder inequality (for sums of real numbers) is bounded by
n<1 (1—ﬁ) ZElari|2<1 _ ﬁ(?”LCl) , (A.5)
r=1
by (2.7). The second factor in (A.4) is bounded by

(e (Il s=7) )= < { (i) © (E||SIH2<""4)‘14}82 =0 (i), (AG)

once again using Holder’s inequality. Combining (A.5) and (A.6) yields
(E1007) T (BIG,1%) % = 0 (n2i2). (A7)
whence Markov’s inequality implies that
135 = €, (x) = a(1), (A8)
by (2.10). By (2.8) and (A.S),
|32 < A= nrn(flae] + 2 0z0) = & (3<) = e (4.9

Finally, the expectation of the square of a typical element of ¢ is

n 2K (biuu'b;) = n*E (Z bie B (Urntisy) e;bi> < Cn 2R ||bs|> < Cn7 Y,

r,s=1
S0
q=0, (nié) . (A.10)
Using (A.8), (A.9), (A.10) and (2.8) in (A.1) we obtain the desired result. O

Proof of Theorem 2.2. Inview of (A.1), (A.8), (A.9) and (A.10) it suffices to show n2q <, N(0,0%®).
The proof now follows Robinson and Thawornkaiwong (2012), who modified a proof of Robinson and
Hidalgo (1997). Write d = d,, = n=3 S aru, = n=3 Yooy fier, where fi = fi, = Yoo arcy.
By Lemma Al of Robinson and Thawornkaiwong (2012), there exists a sequence N = N,,, in-
creasing in n without bound, such that d — dy = o,(1), where dy = n-z Zfil fier. Writing
E =FE, = n! Zl]il fif], again Lemma Al of Robinson and Thawornkaiwong (2012) implies
that E - 02®, by Assumption 6. Let a € RPT® such that [al|?> = 1 and ey = o/ E~2dy,
v = Uy, = n’%o/E*%fl. Then ¢y = Zl]\il vie, and Assumption 6 implies that {fie;, 1 <I < N} is
a martingale difference sequence for each N > 1. We show cy N (0,1), conditional on X, z,
and W;, j = 1,...,p, which follows by Theorem 2 of Scott (1973) if, conditional on X, z, and W},
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j=1,...,p,as n — oo,
N
E (Z vietlej i < l) 21, (A.11)
1=1
and for all £ > 0,
E <Z OPE (&1 (juier| > €) |2, X, W, .. .,Wp)> —0. (A.12)
1=1

The LHS of (A.11) equals 1, while the LHS of (A.12) is bounded by
¢ ZN
2 2 2
1ISnla§)§vE el | e > 5 E( vl>.

max v
1<I<N ! =1

By Assumption 5, it suffices to show that max;<;<y v} = 0,(1) as n — o0, as the rightmost factor

2
sup;>q D o0—y aTchH2 = 0,(1) by Assumptions 4, 5 and
6. O

1
equals 1. Now, maxj<;<yv? < n~! HE‘§

Proof of Theorem 3.1. By (3.1) 6 — 0 = L~'AL (é - 0) + L™ 'w, so
(II,M - E—lﬁL) (é - 9) =L w. (A.13)

Note that [|¢]] < [[n='[A, X]'u|| + ||n=[B,0]'u||, where the first term on the RHS is readily shown to
be negligible, as we deduced (A.10), but using (3.2) in Assumption 8 instead of (2.7) in Assumption 4
because here Z is replaced by A. Next n~![B,0]'u = 0,(1) by (3.5) and Lemma B.3, so that £ = 0,(1).
It remains to prove that AL = 0,(1), for which first note that

HELH <n ' |B|? + 20" ||[A, X] [B,0]]) - (A.14)

The first term on the RHS is &, (7,), by the proof of Lemma B.3, and is negligible by (3.5). The
second term on the RHS is bounded exactly like HEKH = n~!Z, X]'[B,0] in the proof of Theorem
2.1, but again using (3.2) in Assumption 8 instead of (2.7) in Assumption 4 because here Z is replaced
by A, see also the proof of Theorem 4.1 in Gupta and Robinson (2015). Therefore

|35 = 0, (max {ma, xu}) = (1), (A.15)

and the theorem is proved.

Proof of Theorem 3.2. We claim that it is sufficient to prove
n~2[A, X]'u -5 N(0, 1), (A.16)
for which, in view of (A.13), (A.15) and ¢ = n~'[A, X)u + n~![B,0]'u it is enough to show that
n"3[B,0)'u = o,(1). (A.17)
To show (A.17), we can exploit Assumption 9 to obtain a sharper bound for [ B, 0]'u than the one used
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in the proof of Theorem 3.1, where Assumption 5 sufficed. Indeed, by Lemma B.4, n~2 [B,0]u =
1
o, <n§ (IE HS’*lH;Cm) e h;&) = 0,(1), by (3.11). The proof of (A.16) follows exactly as the proof

of asymptotic normality of n%q in Theorem 2.2, and we omit the details, noting only that here A

replaces Z, and Assumption 10 replaces Assumption 6. O

Proof of Theorem 4.1. We show 5 2 7o, whence 3 2 £y and 52 2 o3 follow from (4.2) and (4.3)
respectively. First note that

L(y) = L=1logg*(v) /3> —n"log |T'(NE(T) ' T(NE| = loga* (v) /o” (v) —loga?/ag + log r(7),

(A.18)
2 (y ) Lodtr (T'(NE(T)'T(NE), 52 = 52 (y) = n~ "W/E' "3 ME~2u, using
- “IT(VE) /T (VE( )—1T(A)E\””. From (2.6), 32 (7) =
} S(r)"EM (1) E(r)"ES()S ! (X o+ u) = 1 (1) +ea (7)+e3 (1), where

where recall that o
(4.3) and also 7(7)
u)

n_l{ Xﬂo—l—

~

cl(y) = nTUBXT(NE(r) "2 M (r)E(r) "2 T(\) X B,
() = nladtr (TOE) M (N E() ITWE),
e () = w7 (TR M (1) 3() 3T (u - 032))
+ I BX T (NE(r) 2 M (1) E(T) 2 T(\u
Then
il GO NN 7 (v) o L) 2 (1)
520 T Blamram % 20
- o cs (v o 1(y) = f(v)
- 1g<”cm>+®< >>“ g(” 2(3) )
where f(y) =n" Ugtr( BT(NE(r) " (I, — M (7)) E(T)_%T<)\)E%) Then (A.18) implies

Pyl eN"m) = P inf £GH)-L<0
ve N T (n)

P <log (1 +  sup ¢ (7) D + |log (5% /a3) |
ye N7 (n)

IN

c1 () +e2 ()

>, (s (0 22D ),

where recall that N7 () = T\N (), N7 (1) = {7 : ||y — 70|l <1} NT. Because 52/08 % 1, the
property log (1 4+ ) = x 4+ o (z) as © — 0 implies that it is sufficient to show that

c3 (v) ‘ P
sup |— 2|2 A19
P NS Py ey oy (4.19)
sup J;(’Y) ‘ L2, 0, (A.20)
e N 197 (7)
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P< inf {012(7) +logr(7)} > 0) — 1. (A.21)

ye N7 (n)

Because N ' () C {A x N (77/2)} U {NA (n/2) x T}, we have

P inf {012(7) +1ogr(’y)} >0| > P|min _inf 612(7)’ inf logr(vy)p >0
Ve N LoZ () AXN "(0/2)02 (V) N A (n/2)

P | min _inf a (7), inf logr(y)y >0],
AN T2y € 2

from Assumption 15, whence Assumptions 16 and 17 imply (A.21). Again using Assumption 15,

fF@) /o (] =6, (If (1)) and

Y

uniformly in ~,

(1]

F@l = o (i (AT

- 0, (tr (E’%T'(A)

(17X (X'E()71X) T XE() TIT()ER ) /n)

[1]

(T)—lxxfa(f)—lT(A)E%) /n2> —0, (HX'E(T)—lT(A)Eé/nHi)

= o, (Xl 7 ) I
= 0, (ITOIP /n), (A.22)

where we have twice made use of the inequality
IAB|p < [|Allp | B]] (A.23)

for generic multiplication compatible matrices A and B. (A.20) now follows by Assumption 12 and
compactness of A because T'(\) = I, + Z?Zl (Aoj — Aj) G;. Finally consider (A.19). We first prove
pointwise convergence. For any fixed v € N7 (n) and large enough n, Assumptions 15 and 17 imply

fa™ = 6 (1%17%) = 6,0 (A.24)
{2} = 6,1), (A.25)

because {nilagtr (E’%T’()\)E(T)*T()\)E%)}_1 = 0,(1) and, proceeding like in the bound for
O, tr (BETOEE)H (1= M () E()FTNER) = 6, (ITW)I* /n) = 6,(1/n). Tn fact
it is worth noting for the equicontinuity argument presented later that Assumptions 15 and 17 ac-
tually imply that (A.24) and (A.25) hold uniformly over N (1), a property not needed for the
present pointwise arguments. Thus c3 (7v)/(c1 (7) +c2 (7)) = O, (|ca (7)]) where, writing B(y) =
T'(NE(T) =2 M (1) E(r)"2T()\) with typical element b,4(7), 7,5 = 1,...,n, c3(7) has mean 0 and

variance

2
—1
IBOIZE s brs (b (Wirers || 55X BE?
s 2 T 3 + 5 (A.26)
n n n
with K, denoting the fourth cumulant of w,, ug, us, uy, 7, 8,t,v = 1,...,n. Under the linear process
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assumed in Assumption 1 it is known that

> kg =0(n). (A.27)

r,s,t,v=1

Using (A.23) and Assumptions 12 and 13, the first term in parentheses in (A.26) is

E(r)7:

7, (18137 3 /?)

2 4 2 2, 2
@(|T(A>||F I @) T /n)
= 0, (ITWI* /ng® E() = 0, (ITI* /n) . (A28)

while the second is similarly

[N

Z (IIWW)H?/?%)( > mim/n2> = o (ITOVII') . (A.29)

r,s,t,v=1

using (A.27). Finally, using (3.2), the third term in parentheses in (A.26) is

0, (IBO)I* /n) = 6, (JTWI* /n). (A.30)

By compactness of A and Assumption 12, (A.28), (A.29) and (A.30) are negligible, thus pointwise
convergence is established.

Uniform convergence will follow from an equicontinuity argument. First, for arbitrary ¢ > 0 we
can find points 7, = (\,,7/)’, possibly infinitely many, such that the neighbourhoods |y —~v*| < €
form an open cover of N’ (n)). Since I is compact any open cover has a finite subcover and thus we
may in fact choose finitely many ., = (\,,7.), whence it suffices to prove

sup c3(7) _ cs (1) 0.

Iy—n. ll<e €1 (V) Fe2 (7)1 () +ca (7«)

Proceeding as in Gupta and Robinson (2018), we denote the two components of c3 (y) by ¢31 (),

cs32 (), and are left with establishing the negligibility of

1 (32) — e (20 () — ey (),
¢z () 2 (%)

(A.31)
< e. By the fact that (A.24) and (A.25) hold uniformly over I', we first
consider only the numerators in the first two terms in (A.31). As in the proof of Theorem 1 of Del-
gado and Robinson (2015), (A.23) implies that E (SUPHW—%H@ les1 () — e (v*)|) is bounded by

! (Bl + 03trE ) supy, e 1B(1) = BOr)| = 6, (supy, <. [B(r) = B()]) , because
E|ju|® = 0(n) and tr=Z = €(n). B(y) — B(7.) can be written as

lear (7) — e31 ()] | fesa () — a2 (V*)|+ |ea (7)1
c2 () 1 () c1 (7) er ()

uniformly on ||y — 7,

(T(A) = T(A) E(r) "2 M(P)Z(r) 2 T(A) + T(A)'E (1) M (1)2(r) "2 (T(A) = T(A))
+ T (2 EMEEE) T - ) EM(n)E(r) ) T, (A.32)
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which, by the triangle inequality, has spectral norm bounded by

17— TOW) (
+ T |E(r) 2 M(r)E(r) "2 — E(r) " E M (1)E(r) "2

= 6, (IT) =T +

-3 ) . (A33)

By Assumption 12 the first term in parentheses on the right side of (A.33) is bounded uniformly on

v — 7|l < e by
P

SN = Al G < max Gl IA = Al = ,(e), (A.34)

j=1

Nl

while because Z(7)/ "2 M (7)E(7) "% = n~'2(r)"1X (’I’L_lX/E(T)_lX)_l X'Z(1)~t for any 7 € T, the

second one can be decomposed into terms with bounds typified by

20 = 2 X | X=X | 2P
U IE) = EE)IXP (e X =) H (=R =
= 6,(IE() —Er)I) = G,(6),

uniformly on ||y — .|| < e, by Assumptions 13, 14, 18, (3.2) and the inequality ||A| < ||A|| for a

generic matrix A, so that
sup [ B(y) = B(v)ll = (). (A.35)

Iy =sll<e
Thus equicontinuity of the first term in (A.31) follows because ¢ is arbitrary. The equicontinuity of
the second term in (A.31) follows in much the same way. Indeed sup,_, <. ¢cs2(7) — cs2 () =
201G X" Sup |, <z (B(7) = B(3)) 1 = Gy (sup < [B(7) = B()]))
arguments and (A.35). Because ¢;(y) is bounded and bounded away from zero in probability (see
A.24) for sufficiently large n and all v € N (5), the third term in (A.31) may be bounded by
les(va)l/e1 () (14 e1(74) Jer (7)) == 0, convergence being uniform on ||y — .|| < & by pointwise

= 0O,(¢), using earlier

convergence of c3(7v)/ (c1(y) + c2(7)), cf. Gupta and Robinson (2018). The uniform convergence to
zero of the fourth term in (A.31) follows in identical fashion, because c2(7) is bounded and bounded
away from zero (see (A.25)) in probability for sufficiently large n and all v € N (). This concludes
the proof. O

Proof of Theorem 4.2. We first introduce the derivative of (4.1) evaluated at (g}, 0(2))/:

d =-n"to,? [2 (WG E u—aftrGy, . ..., u'G;,E_lu — agtrG,, 0, O’),
+ (0,0 WETIE E - odtr (ETIEY) .. W/ ETIEE u — odtr (271E,))
+ 2(WETAVETX0)] (A.36)

The first part of the proof consists of proving that

niN d -5 N(0,A). (A.37)
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Proving (A.37) requires the establishment of asymptotic normality for normalized linear combina-~
tions of the LHS whence the required multivariate normality follows via the Cramer-Wold device,
as usual. From (A.36) we observe that such a linear combination will have terms that are linear in
u and quadratic in u, and our aim of establishing asymptotic normality will be achieved by writ-
ing these terms as sums of martingale differences in the ¢. First, notice that d = Y_,°, w; with
w; = wy + wy + wyy and wy = —2n"loy? (Vl’[\ (€ —08) +21(1 > 2)g Zk L Vner, 0 ,O) , W =

—2n‘1062 (CZE_lAq, =71 Xe, 0’)/ , W3y = —n_1062 (0'7 o,y (652 — 0'8) +21(1 > 2)¢ 22;11 Vﬁ;ek)/,
where 1/1),‘C is a p x 1 vector with j-th element ¢jG;E ¢, and v is a ¢ x 1 vector with j-th element
¢j=27'2;E7 ¢, I,k > 1. Notice that here k is used as an index, without risk of confusion with the
dimension of 3. We first show that

nINd, 20, (A.38)
where d, = d —dp, di, = Zle w; and L = L,, is a positive integer sequence that is increasing in n.
All expectations in the sequel are taken conditional on W and X, j =1,...,p.
By Chebyshev’s inequality proving

2 p
E H =20 (A.39)

is sufficient to establish (A.38). The LHS of (A.39) is bounded by a constant times

n Y ENwl <Cn Y (EINwul +E | Nuwsl” + E | Nug]?), (A.40)
I=L+1 I=L+1

by uncorrelatedness of w; due to Assumption 1, and the triangle and ¢, inequalities. The negligibility
of nY 2,  E|[Nws |* follows by the proof of (57) in Delgado and Robinson (2015), while the
linearity in € of wy; implies that n. )72, | E[[Nwy ||? is easily shown to be negligible as in Lemma A1
of Robinson and Thawornkaiwong (2012) It remains to prove that ny 2, E [ Nwy || is negligible.
Notice that E [ Nwy||* < Cn~2 HV[}H +Cn=21(1 > 2 Z HulkH <Cn~2 Zk 1 HylkH so that

n Z E||Nwy|?® < On~! Z ZHVlkH <Cn_1z Z qG;E™ chck_ "Gl

I=L+1 I=L+1 k=1 J=11=L+1
p ee} n
< C’||E|\n_1z Z qG;ET'ET NG < Cn” 12 Z CriCHPjrsPits
j=11=L+1 j=1ll=L+1rs,t=1
(o] n
< Cnt Z Z _sSup [Djrs| |crl|ctl|< max leﬁ8|> (A.41)

I=L+1rt=1 \ I=hep

s=1,....n

where pj, is the (r, s)-th element of G;=7!. Note that

‘pjrs‘ < Z |pj7"s| < ||GjEil||R = ﬁp(l)v (A42)
s=1
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uniformly in r, s, j, by Assumptions 21 and 22. Thus (A.41) is

o (13 3 i Sial) <o 3 ), (a2

r=1]=L+1 t=1 b4

by Assumption 20. By the same assumption, there exists L, such that >, Lontl lck| < ep for any
decreasing sequence ¢, — 0 as n — oo. Choosing L = max,—1,...n Ly in dr, we deduce that (A.43)
is 0, (en) = 0,(1), proving (A.39). Thus we need only focus on d.

Define D = nE (Ndpd,N) = nY}_, NE (ww]) N. In view of our subsequent calculations it is
straightforward to show that D % A, implying that D is positive definite for sufficiently large n and
assuring the existence of a square matrix, denoted D2, such that D'2 D% = D. For a (p+k+q) x1
constant vector a such that ||a|| = 1 define s = n2o/D~2Ndy, = n2 ZZL:1 o/ D~ % Ny, which has

zero mean and unit variance, and we seek to establish that
s -4 N(0,1), as n — oo. (A.44)

From Scott (1973), (A.44) follows if

L
4
ZEHn%DféNle 2,0, as n — oo, (A.45)
=1
and
L
nz [E (Nww|N|ep, k < 1) —E(Nww,N)] %= 0, as n — oc. (A.46)

=1
To prove (A.45) it is sufficient to show
= 1 1 4
Y E HnED*ENwﬂ 2,0, asn — o00,i =1,2,3, (A.47)
=1

by the triangle and ¢, inequalities.
For i = 3 the proof of (A.47) is identical to the proof of claim (60) in Delgado and Robinson
(2015). Writing 2 = A’Z !¢, and zlﬁ = X'E71¢;, for i = 2 the left side of (A.47) is equal to

2
/
a constant times n =2 ZzL:1 ((zl’)‘el7 zl/ﬁq, O’) D (zl’)‘el, zl/ﬁel, O’) > , which is bounded by a constant

4
times n™2 Y"1, (HZZ\H4 + HzlﬁH ) D] . The last factor in the latter is 0,(1) because |D||? converges

in probability to ||A[|?, while

4 L 00 9 P o)
Z 12 = Z (z22))" < Z (z122)" = Ze;EflAchc;A’E Le;
I=1 I=1 =1 j=1 =1
p , ,
= Y E AT AT e = 0, (A7 |27 12N
j=1

= 2, (141) = 0, (| mx 16,11 1X17) = 2400
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4 4
by Assumption 21 and (3.2). Similarly Zle HzlﬂH = O,(n), so Zle E Hn%D’%nglH =0,(n")
and (A.47) is proved for i = 2. Finally consider (A.47) for i = 1. Evaluating the expectation, using

an ¢, norm inequality and employing techniques used earlier, it follows that

-1 4 -1 2
EHD_%Nw1zH4SC’n“lHuuH + o E (S vhe| <Cn ]t + ont (Zyyymf)
k=1 k=1

2

l 2 p l
Cn™* (Z HV[}€H2> <Cn™* Zc;GjE_l chczE_lG;cl =0, (n_4 ||cl||4) ,
=1 j=1 =1

whence

L 4 L L n 2

SE Hnépf%szle = 0, <n2z |cl||4> =0, [n 2y ( c:%>

=1 =1 =1 \r=1
n L
> ($rit)) = o).
r=1

L n 4
3 () ) <o (o
=1 r=1

by Assumption 20 and the ¢, norm inequality. Thus (A.47), and hence (A.45), is established.
To prove (A.46) it is sufficient to show

L
nz [E (Nwﬂw;»lN’ e, k < l) -k (Nwilw;»lN)] 250, asn—o00,i,j=1,2,3,7 > i. (A.48)
=1

Once again, for i = j = 3 the proof is identical to that of (61) in Delgado and Robinson (2015) and
for i = j = 2 it follows easily as in the proof of a similar assertion in Theorem 2.2. Of the remaining
cases the most complex to handle is ¢ = j = 1 in view of both its quadraticity in « and involvement
of the GG;, so we prove this first.

Notice that the only nonzero block of E (wyw};|ex, k <) equals

-1

4n—2064 {(M4 3) l/lll/” +,LL3I]. l> 2 Z Vlkyll +V”7/l2) k}
k=1
/

+ 4n205%1(1 > 2) <Z Vlkek) (Z Vlkek> ,

with expectation IE (wyw};) (we only consider the non-zero block) equal to 4n =204 (s — o) v} +
an=21(1 > 2) k 1 l/l)]‘cylk, so that the Frobenius norm of (A.48) for i = j = 1 is bounded by a constant

times

I !

-1 -1

A 2 A

+n E § Vi)ex E Vi €k _Uo§ VikVik
k=1 k=1

F =2

-1

L
2N

§ Vszlz +Vu’/lk) €k

1=2 k=1

(A.49)

By transforming the range of summation, the square of the first term in (A.49) has expectation
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bounded by

9,7,8 Yoy

_ L 2 2
Cn™%E Z ( Z Vi +VuVlk)> 722 Z (vivvit +vavin) || (A.50)
k=1 \I=k+1 P I=k+1 P
where the factor in the norm on the RHS of (A.50) is
p L
Z Z AGiE ec)GiE  epdl,GiE e, GiE ey
i,i=11m=k+1
L 4
< Z chGiE_lclc’mGiE_lc 'GjE_lck| ’c;nGjE_lck’
I,m=k+1 [i=1
n
< C Z Z |crt] [Pirs| [esml [cutl [Piut| |com|  max |C;Gj5_lck| |C;nGjE_1Ck|
=4 ,p o Jj=1,...p
l,m= k+l r,s,u,t=1
2 n 4 L
< C <Sup |pirs|> (SHPZ|C:Z|> Z max |CngEilck| ‘C{rnGjailck’
i I>1 = Jj=1,....p

lm=k+1

max ( Z |CkGJ: lcl|> =0, max ( Z Z |l |pj”’8||csl|> )
P \i=kt I=he? \ S S
where we used Assumptions 20 and (A.42). Now Assumptions 20, 21, 22 and (A.42) imply that, uni-
. . L * * * L * *

formly in j, Zl:kJrl 225:1 i el Ipjrs| [ | = ZZ:1 |l 22:1 |Djrs] Zl:k+1 sl = o, (Z:L:I lcrel) s
o (A.50) is O, (n_2 supgs1 (O or—y leiz]) (Zle (25;11 |c:k|))) By Assumption 20 the latter is
0, (n™') and therefore the first term in (A.49) is 0, (n_%)

Once again transforming the range of summation, we can rewrite the square of the second term

n (A.49) as

2

(A.51)

L-1 L-1k-1 / L
Z Z Vv (€2 — of) + Z Z ( Z (Vv + Vlmy{,;\)> €1Em

k=1l=k+1 k=1 m=1 \l=k+1

F

A calculation along the lines of the proof of assertion (64) in Delgado and Robinson (2015) establishes
that (A.51) is O, (31 + »2), where

P L n 2
o= Py (D0 Z Z el sl il | (A.52)
k=1 \j=1l=k+1rs5=1
P n
wy = n? Z Z Z |l IPives] | vkl [Piars| [€5m|
gk, lym=111,ip=17rs=1 r,s=1
n n
x> lenlpirsl [ei] D2 lenl Ipirs [ - (A.53)

r,s=1 r,s=1
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Now by (A.42), Assumptions 20, 21, 22 and elementary inequalities sz is

L n
ﬁl’ 7’L72 . Hiaix Z (Z ‘C:k| |pi1"'5| |C:]|> (Z ‘Crk| |p127b| Z CsnL|>

01,0
e 7pjkl:l r,s=1 r,s=1

Z |C'r‘l| |p117“8| |CS]| Z |Crl| Z |Csm|>
r,s=1
n L
S G0 9N SUATNEY) DolEAT§ o) SIET I =)

Q1=
],Ic 1 \r,s=1 r,s=11=1

X

= 0, n=?% max Z (Z |C'rk|> |Diy s Z‘ng} Z( |pi1m> |C:j|

i—
= rs 1 s=1 =1

- 4, (nglmlax = IG;HR)@(nm

=1,...,

while a similar use of the conditions of the theorem implies that ¢ is
4 L1/ n 4
5 (e, 3 el ) ) =00 (7152 (Sl
r k=1 \s=1
n L-—1 n L-—1
n? Z Z |5kl (Z Csk|) =0, <”_2 Z Z |C:k> =0,(n7"),
k=1 s=1 k=1

s=1
proving (A.48) for i = j = 1, as desired. For the remaining combinations of ¢ and j we discuss the
proof briefly to avoid repetition.
When i = 1,5 = 2, the only nonzero blocks of E (wllw’21| €x, k < 1) equal 4n‘2054uguﬁcz:_1A +
8n~20; 21(1 > 2) l ! _ vi¢j= A€y and 4n~ 00 Lz 2 1X+8n7207211(l > 2) k 1 Vl),‘ccz:*lXek
with expectations respectlvely equal to 4n"20y *usv)c=71A and 4n~20y *pusvfej="1X. Thus the

Frobenius norm of (A.48) for ¢ = 1,j = 2 is bounded by a constant times
-1 -1

L - L -
> Y vihE e S vidE1xe,

1=2 k=1 1=2 k=1

(A.54)

F F

Writing A; = G; X8, j = 1,...,p, and proceeding as in the earlier proof for i = j = 1 we deduce
that the expectation of the square of the first term in (A.54) is bounded by

L— L—1 p L
/I=—1 —2 ! =—1 /| =1
E g Vo2t A = Cn E E .2 Gy E cc | 270 A4;
k=1 lll=k+1 k=11i,j=1 I=k—+1
L
I =—1 / ——1
x A= E CmCry | G3E "Ck
m=k+1
L-1 »p )
—2 el =1 =l oy =1\ 3
< Cn E (cka G,GE a2 GGHE ck)z
k=11i,j=1
1
Im—1=m—1 4 Al =—1=—1 4 \2
x (AETET AETIE ) )
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j:l,...,p

L—1
< Cn? max ( 72A Z G;E 'ex),  (A.55)
k=1

< |[=] = 6(1). The

where we use the inequality ' Zy < [|z|| || Z|| ||ly|| and the fact that HZkaH ac)

first factor in parentheses in (A.55) is &, (||Aj\|f% HE*H;) =0, (||GJH?% HX||?{
in j by Assumptions 21, 22 and (3.2). The sum in (A.55) is bounded by

Z Z CrkCol (Zp]trpm> —tr (E2'GLGETY) = (”"G’G "’*l) -

k=1r,5=1

—

uniformly in j by (A.23) and Assumption 12. The first term in (A.54) is thus established to be of

(1), uniformly

1 2
= 2 G"
J F

——1
= 2

2
L) =trE = o0,

order 0, (n %>, which is negligible. The second term in (A.54) is handled in an identical fashion.

When ¢ = 1,j = 3, we consider the product of two zero mean blocks that are quadratic in ¢, as
in the ¢ = j = 1 case, and the desired conclusion follows on proceeding as for that case. Finally the
case i = 2,7 = 3 involves a block that is the product of a linear and a quadratic term in €, so it will
also yield a term like (A.54) except with v} replaced with 7, , whence the details follow as above and
are omitted. Thus (A.37) is established.

For the next step of the proof we will introduce the second derivative matrix of (4.1) at any admis-
sible point (g', 02), in the parameter space. Write RY(0) = y— RA— X = S(\)y— X3, and introduce
the following matrices: Fg(p) of dimension p x ¢ and j-th column R'Z(1)™'Z;(7)Z(7)"'RY(0), Fy(o)
of dimension k x ¢ with j-th column X'=Z(7)*Z;(7)E ( )1RY(9), and finally Fio(0) and P=a(7) both

of dimension q X ¢ with (z j)-th elements R'Y(0)2(7) ! {25;(7)2(7) 'E;(7) — Zi5(7) } E(7) ' RY(6)
and tr (2(7) 7 {E,(1) — Z(1)E(1) 15 (1) }), respectively. Then
o?Po1(\) + RZ(r)"'R RZ(r)7'X Fs(p)
H(g,0%) =20"*n""! * X'Z(r)7'X Fy(p) , (A.56)
* * 2-1 (Fw(g) + 0'2P52(T))
so that
0Pg1 + R=Z"'R RE7'X Fy
H =20,°n"" * X'21x Fy ; (A.57)
* * 2-1 (Flo-‘r(TQPE )
whence, noting that RY = w, the expression in (4.11) follows easily. By the mean value theo-

rem (MVT), we have 0 = d + H (@, 62) (0 — 00), where H (@ &2) is obtained from H(g, 02) by
evaluating each row at possibly different p satisfying ||[o — ool < |0 — QoH Writing 0 = Nd +
NH (5,6%) NN~ (g — 00), we obtain n? N~ (g — 00) = — (NH (5,5?) N) n% Nd, indicating that

the theorem is proved if we also show that
N (H (3,6%) —H)N 25 0,N(H - £)N 250, as n — oo, (A.58)

because we have shown (A.37). The first part above uses 9— g — 0 and &2 —od 2. 0 together with the

regularity conditions imposed on Z(7) and Z(7)~!, and the second follows using law of large numbers
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arguments. The calculations are handled in the same fashion as in the existing SAR literature, cf.
Lee (2004), Delgado and Robinson (2015) and Gupta and Robinson (2018), so we omit the details
except for the proof of

n~' (Pe1 (\) — Pg1) -0, (A.59)

which is the most relevant and novel in this paper given our focus on stochastic W;. The proof of
(A.59) commences as in Lee (2004) and Gupta and Robinson (2018), by using the MVT to write the
(i,7)-th element of the left side as n='tr (G; (A) G; (X)) —n~ttr (G;G;) =n~'g (A — Ao) , where § is
a p x 1 vector with k-th element tr (Gi (i) Gy, (i) Gj (i) + Gy, (i) G, (i) Gj (i)) and )\ satisfies
Hj\ - )\OH < Hj‘ - )\OH <X - )\OH. Because HE\ - /\OH 2,0, (A.59) is proved if n= 1§ = 0,(1). Since
Lemma B.6 implies that each element of g is &, (n/hw), the latter claim is true. The proof of the

theorem is now completed. O

B Lemmas

Lemma B.1. Under the conditions of Theorem 3.1, the expectation of an absolute typical element
of GGy is O (72), uniformly in j.

Proof. For r,s =1,...,n, a typical absolute element of GG is ’géijjes‘ = ’e’SG;-gW

P
, where g; ; is

the r-th row of G;. Using Hoélder’s inequality as before, this has expectation bounded by

1 1 1 1
(s S5 7 11C6 6 (s S5 711C6 /—11/S6 <6
(Ellgrsl5)™ (EllGl5)™ < (Blorsl$)™ E (WG IS 15))* - @D
Consider the first factor on the RHS of (B.1). g,; has elements w| ;5™ 'e, = €,.5' ", ;, where w/
is the s-th row of W}, s = 1,...,n, so this factor is
% %
/ a—1_ (G5 5 (s /—111¢5 5
(& (mas uts7el*) )™ = (2 (s st 1515
e !
Gs¢ o 1—1)|¢s¢s ) | T8
< ((mmreti)) ™ 05 715)
1

(E <1£§2§n |wr5,j|§5<7>> o (E (HSFI %Cs))ﬁ
o (1 (2 (15115)) 7). "

by the Holder inequality and Assumption 7. The second factor on the RHS of (B.1) is bounded by

ﬁ 1
(a2 ) ™ (Rl 5) o

by another application of Hélder’s inequality, whence the claim follows from (B.1), (B.2), (B.3) and
the definition of ,,. O

Lemma B.2. Under the conditions of Theorem 3.2, the expectation of the absolute product of two

typical elements of G is O <(]E HS’*luiCm)@ h2>, uniformly in j.
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Proof. For p,q,r,s =1,...,n, the expectation of the absolute product of typical elements of G is

E |w’Tijflesw;_’jS*16q| <E ( max ||w,,¢j||?% HS’1||2R> , (B.4)

1<r<n

1 _1
which is bounded by (IE (maxlggn l|w, H?{f“)) L (E i H;Cn) 2 whence the result follows by

Assumption 7 because ||w, ;|| = maxi<s<p [Wrs 5] O
Lemma B.3. Under the conditions of Theorem 3.1, n™*[B,0)'u = O, (m,,) .

Proof. First note that E |ju]|* = o2 S Y% =0(n), by (2.4), s0 ||[n[B,0)u| = 0, (n_% HB||)
by Markov’s inequality. Next E ||B||> < E (trB'B) = € (maxi<j<p E (u’G}Gju)) , the RHS being

o, (73S cyenBlen) | =0, (ﬁ SINC +c§l)) _o, (ﬁiicz) _ 0, (nr2).
r,s=17,l=1 r,s=11=1 r=11=1

by Lemma B.1, the inequality |ab] < (a? + b?) /2 for real numbers a,b and Assumption 1. The claim
follows by Markov’s inequality, O

Lemma B.4. Under the conditions of Theorem 3.2, n=}[B,0)'u = O, <(IE HS’*IH?%CIQ)@ h1> .

Proof. Write g, ; for a typical element of G, r,s = 1,...,n. It is sufficient to evaluate
9 n
E (nilulGju) =n? Z E (upusugtiy) E(grs,jgto.5) (B.5)
r,s,t,v=1

with j = 1,...,p, and then use Markov’s inequality. By Assumption 1 and Lemma B.2 the RHS of
(B.5) is

n o0
n? Y > erjcskcucomE (€jx€16m) B (grs igr )

r,s,t,v=1jk,l,m=1

1 n o0
= 0 n? <E||S’71||f§12)<12 h™2 Z ZE(G?)erCsjctjCyj‘i’

r,s,t,v=1j=1

n o0

+ E E (CrjCsjCikCok + CrjCskCijCok + CrjCskCilCoj) . (B.6)
r,s,t,u=1j k=1

By Assumption 9 and the ¢, norm inequality, the first sum inside square brackets in (B.6) is bounded

in absolute value by a constant times

n e} n 00
2 2 2 2
> D leresieenl < C Y Y (e + der;)
r,s,t,v=1j=1 r,s,t,v=1j=1

(rj + 5+ cij + Coy)

rj

IA
Q



< CZZCTJ<CZ Zcm < Chn.

r=1j=1

Now consider the first product inside parentheses in the second sum inside square brackets in (B.6).

By similar techniques this is bounded in absolute value by

2 2

n oo n [eS) n [eS)

D 2 leesllemend = | D0 D lemiesil | = C 30D (e + )
r,s,t,u=1 j k=1 r,s=1j=1 r,s=1j=1

2
n [e%S)
<oy (sa)) <o

r=1 \j=1

The remaining two products inside parentheses in the second sum inside square brackets in (B.6) are
similarly shown to be & (nz) We have established that the term inside square brackets in (B.6) is
o (nQ), whence the claim follows. O

N7, = 0,(1) and ||SON) 7|, = 6,(1)
in a closed neighbourhood of Ao, denoted B (Xo).

Proof. We prove the claim for ||S ()\)’1”  only, the proof for the transpose being similar. We first
show that, for given 0 < e < 1,

n—0o0

p
lim P Z)\—)\OJ l <1-e| =1 (B.7)

R

1
Because |G| = 0,(1) (Assumption 21) uniformly in i, (Z] NleAk )2 0,(1) also, implying
that there exists 0 < Cy < oo such that

[N

p
lim P| (> IG5 ] >Ci| =0 (B.8)

The probability on the left side of (B.7) is bounded below by

1

p p p
2
PUISS =200 (0635 ] <t=c] =P In=2ll [ XIGil | <1-2],
j=1 =

j=1
which in turn is bounded below by
$ 2
—P(IA=Xl =07t 1-e) =P | [ D IGIR] =

1
2

P
P(x=dll<crt@=e) =P | D IGiI%] =, (B.9)
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where we used the fact that |ed| > ef implies |c| > e or |d| > f. Choosing B (\g) to be a closed subset
of a neighbourhood of A such that ||\ — \g|| < C; (1 — &) implies that the first probability in (B.9)
equals 1, while the second probability in (B.9) converges to zero by (B.8). Thus (B.7) is established.

~1
Because S(A)~! = §~1 (In =201 (A = Xoj) Gj) , we have

-1

p
Tl IS [ =22 5 =20 G : (B.10)

Jj=1

IS
R

with the first factor on the RHS of (B.10) €,(1) by Assumption 21. By (B.7), the second factor

equals Y 7o HZ] 1 (A = Aoj) Gy H <Y ,(1 —e)* = e~ with probability one on B (\g). Thus
the lemma is proved. O

Lemma B.6. Under the conditions of Theorem 4.2, G;(A\)G;(X) and G;(N)G;(A)Gr(X) both have
elements that are O,(hy') uniformly in i,j,k =1,...,p and A € B (o).

Proof. We prove the lemma for the triple product, the double product being similarly handled. Take
A € B(Xg). By Assumption 21 and Lemma B.5, ||G;()\)||z and [|Gj()\)||z are uniformly &,(1) in
B (Xo). Let g, ;(\) and wy.; be the r-th rows of G;(\) and W; respectively and the (r, s)-th element
of G; be written as g¢,s;. Then g¢,s; = w;)iS()\)’les =0, (HwMHR) = 0, (h;vl), uniformly in
r,s =1,...,n, by Lemma B.5 and Assumption 2. Thus the (r, s)-th element of G;(A\)G;(X)Gk(N), viz.
91 (NG NGr(Nes, is G, (lgrillg) = Op (maxe=1,...nlgrsil) = O,(hy), uniformly in r = 1,...,n
and 4,5,k =1,...,p, as claimed. O
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m 48 72 144
Bias v A 08 A 16} A I}

0 1 0.0369 0.0027  0.3397  0.0293 0.0055 0.0048
10 0.0118 0.0285  0.0037  0.0107 0.0052 0.0103
20 0.0175 0.0361  0.0029  0.0117 0.0037 0.0060
100 0.0119 0.0262  0.0083  0.0170 0.0019 0.0030
1 0.0446 0.0035  0.0313  0.0053 0.0258 0.0064

10 0.0055 0.0044  0.0084  0.0065 0.0009 0.0036
20 0.0048 0.0080  0.0077  0.0037 0.0014 0.0013
100 0.0063 0.0033  0.0032  0.0137 0.0045 0.0063
0 1 0.0710 0.0051  0.0642  0.0070 0.0601 0.0076
10 0.0443 0.0504 0.0362  0.0462 0.0163 0.0209

20 0.0444 0.0511  0.0357  0.0437 0.0168 0.0236

100 0.0454 0.0557  0.0316  0.0403 0.0198 0.0286

MSE v A Jé] A 3 A 5]

0 109217 0.0808 123.9720 0.7877 0.7418 0.0262
10 0.0254 0.1212  0.0164  0.0830 0.0087 0.0410
20  0.0264 0.1272  0.0169  0.0828 0.0081 0.0422
100 0.0259 0.1267  0.0158  0.0818 0.0085 0.0406
102254 0.0769  0.2195 0.05632 0.2509 0.0258

10 0.0240 0.1157  0.0163  0.0820 0.0086 0.0405
20 0.0250 0.1225  0.0162  0.0807 0.0079 0.0414
100 0.0248 0.1229  0.0152  0.0801 0.0084 0.0403
0 1 01598 0.0765  0.1638  0.0530 0.1731 0.0257
10 0.0210 0.1071  0.0149  0.0779 0.0080 0.0389

20 0.0216 0.1128  0.0148  0.0765 0.0074 0.0401

100 0.0217 0.1144  0.0137  0.0757 0.0080 0.0392

Size v A I} A B A B

0 1 0.0490 0.0550  0.0490  0.0625 0.0380 0.0625
10 0.0560 0.0465  0.0520  0.0535 0.0570 0.0475
20 0.0560 0.0640  0.0610  0.0610 0.0460 0.0565
100 0.0560 0.0595  0.0440  0.0460 0.0540 0.0485
1 0.0610 0.0530  0.0520  0.0645 0.0610 0.0620
10 0.0610 0.0485  0.0560  0.0560 0.0590 0.0475
20 0.0620 0.0640  0.0580  0.0610 0.0470 0.0570
100 0.0580 0.0585  0.0470  0.0495 0.0600 0.0495
0 1 0.0420 0.0580  0.0310  0.0685 0.0340 0.0640
10 0.0340 0.0445 0.0430  0.0510 0.0530 0.0460

20 0.0420 0.0560  0.0480  0.0550 0.0410 0.0580

100 0.0420 0.0525  0.0360  0.0495 0.0440 0.0470

eyl

=Yl

=Y

Table 6.1: Monte Carlo absolute bias, mean squared error and size, nominal size 5%, dense stochastic
Wy, Wy, see section 6.1. n = 2m.
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m 48 72 144
Bias v A 1] A 1] A 16}

0 1 0.0832 0.0103 0.0315 0.0061 0.0296 0.0065
10 0.0058 0.0135 0.0066 0.0126 0.0096 0.0166
20 0.0126 0.0262 0.0040 0.0170 0.0004 0.0063
100  0.0067 0.0153 0.0021 0.0090 0.0059 0.0137
1 0.0473 0.0100 0.0286 0.0052 0.0210 0.0067

10 0.0127 0.0127 0.0051 0.0041 0.0034 0.0077
20 0.0040 0.0030 0.0063 0.0021 0.0048 0.0016
100 0.0112 0.0104 0.0131 0.0107 0.0006 0.0044
0 1 0.1069 0.0099 0.0750 0.0053 0.0807 0.0067
10 0.0498 0.0656 0.0327 0.0437 0.0123 0.0150

20  0.0431 0.0524 0.0344 0.0379 0.0203 0.0237

100 0.0492 0.0644 0.0408 0.0505 0.0162 0.0181

MSE v A Jé] A Jé; A B

0 1 1.9703 0.0770 3.6357 0.0482 1.3637 0.0240
10 0.0247 0.1198 0.0150 0.0795 0.0081 0.0427
20 0.0263 0.1264 0.0168 0.0820 0.0091 0.0401
100 0.0243 0.1213 0.0184 0.0839 0.0083 0.0412
103590 0.0756 0.3343 0.0447 0.4064 0.0232

10 0.0243 0.1172 0.0149 0.0787 0.0078 0.0417
20 0.0255 0.1225 0.0164 0.0808 0.0090 0.0399
100 0.0231 0.1181 0.0187 0.0838 0.0083 0.0409
0 1 0.2100 0.0749 0.2198 0.0446 0.2497 0.0231
10 0.0219 0.1107 0.0136 0.0750 0.0072 0.0400

20 0.0220 0.1130 0.0150 0.0763 0.0086 0.0384

100 0.0207 0.1115 0.0173 0.0797 0.0078 0.0393

Size v A I6] A 15} A B

0 1 0.0590 0.0515 0.0550 0.0425 0.0500 0.0480
10 0.0470 0.0540 0.0400 0.0500 0.0480 0.0535
20 0.0600 0.0560 0.0550 0.0570 0.0540 0.0455
100  0.0540 0.0490 0.0590 0.0520 0.0480 0.0500
1 0.0750 0.0515 0.0540 0.0450 0.0540 0.0510

10 0.0610 0.0550 0.0460 0.0515 0.0490 0.0535
20 0.0640 0.0595 0.0530 0.0555 0.0540 0.0445
100  0.0540 0.0500 0.0700 0.0525 0.0460 0.0495
0 1 0.0290 0.0560 0.0270 0.0460 0.0200 0.0505
10 0.0510 0.0505 0.0320 0.0485 0.0380 0.0510

20 0.0480 0.0565 0.0420 0.0490 0.0470 0.0435

100  0.0440 0.0475 0.0600 0.0510 0.0430 0.0465

™

™

=Y

Table 6.2: Monte Carlo absolute bias, mean squared error and size, nominal size 5%, dense fixed
Wy, Wy, see section 6.1. n = 2m.
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n 96 144 288
Bias v A 1] A 1] A 16}

0 1 0.0710 0.0074 0.0949 0.0077 0.0405 0.0034
10 0.0026 0.0153 0.0092 0.0063 0.0005 0.0020
20 0.0072 0.0154 0.0066 0.0051 0.0020 0.0033
100  0.0078 0.0055 0.0091 0.0079 0.0020 0.0025
1 0.0313 0.0063 0.0554 0.0061 0.0679 0.0037

10 0.0189 0.0128 0.0236 0.0250 0.0080 0.0101
20 0.0275 0.0238 0.0197 0.0233 0.0090 0.0113
100 0.0263 0.0284 0.0234 0.0262 0.0095 0.0108
0 1 01397 0.0064 0.1423 0.0059 0.1327 0.0044
10 0.0373 0.0373 0.0367 0.0430 0.0154 0.0207

20  0.0459 0.0481 0.0329 0.0416 0.0164 0.0219

100 0.0442 0.0525 0.0365 0.0443 0.0169 0.0213

MSE v A Jé] A Jé; A B

0 1 3.6937 0.0816 7.0059 0.0513 3.5902 0.0238
10 0.0250 0.1116 0.0162 0.0765 0.0081 0.0407
20 0.0251 0.1153 0.0173 0.0774 0.0087 0.0425
100 0.0246 0.1170 0.0169 0.0768 0.0082 0.0413
120082 0.0777 5.0983 0.0495 2.7021 0.0231

10 0.0244 0.1084 0.0160 0.0757 0.0079 0.0402
20 0.0232 0.1117 0.0168 0.0757 0.0085 0.0420
100 0.0227 0.1136  0.0169 0.0760 0.0084 0.0415
0 103377 0.0771 0.3585 0.0492 0.3414 0.0230
10 0.0227 0.1043 0.0154 0.0739 0.0077 0.0396

20 0.0218 0.1080 0.0160 0.0739 0.0083 0.0413

100 0.0216 0.1106 0.0163 0.0744 0.0082 0.0408

Size v A I6] A 15} A B

0 1 0.0550 0.0525 0.0460 0.0575 0.0390 0.0435
10 0.0480 0.0485 0.0470 0.0440 0.0490 0.0535
20 0.0410 0.0495 0.0520 0.0495 0.0570 0.0570
100  0.0470 0.0505 0.0520 0.0515 0.0580 0.0545
1 0.0460 0.0565 0.0470 0.0600 0.0450 0.0445

10 0.0550 0.0495 0.0500 0.0455 0.0540 0.0495
20 0.0470 0.0500 0.0580 0.0525 0.0610 0.0560
100  0.0470 0.0490 0.0630 0.0495 0.0550 0.0530
0 1 0.0200 0.0585 0.0190 0.0610 0.0130 0.0455
10 0.0540 0.0485 0.0430 0.0490 0.0510 0.0475

20 0.0420 0.0500 0.0570 0.0530 0.0570 0.0525

100  0.0460 0.0530 0.0530 0.0485 0.0490 0.0550

™

™

=Y

Table 6.3: Monte Carlo absolute bias, mean squared error and size, nominal size 5%, sparse stochastic
W, see Section 6.1.
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n 96 144 288
Bias v A I) A I} A 1]

0 1 0.2813  0.0077 0.0213 0.0019 0.0354 0.0033
10 0.0000  0.0082 0.0033 0.0031 0.0073 0.0066
20 0.0011 0.0063 0.0045 0.0042 0.0025 0.0017
100 0.0066  0.0041 0.0016 0.0083 0.0040 0.0054
1 0.0021  0.0109 0.0106 0.0025 0.0115 0.0031

10 0.0231  0.0224 0.0186 0.0208 0.0149 0.0173
20 0.0180 0.0170 0.0183 0.0149 0.0101 0.0124
100 0.0271  0.0258 0.0174 0.0155 0.0116 0.0095
0 1 0.1725 0.0114 0.0391 0.0040 0.0518 0.0031
10 0.0415 0.0469 0.0316 0.0386 0.0222 0.0276

20 0.0371 0.0428 0.0320 0.0337 0.0174 0.0227

100 0.0462 0.0517 0.0311 0.0346 0.0191 0.0202

MSE v A 6 A 6] A B

0 1 334155 0.0878 0.6563 0.0528 1.9369 0.0252
10 0.0254 0.1131 0.0153 0.0757 0.0084 0.0392
20 0.0252  0.1135 0.0177 0.0810 0.0081 0.0390
100 0.0250  0.1179 0.0168 0.0787 0.0093 0.0438
1 2.3193  0.0744 0.1910 0.0510 0.2607 0.0240

10 0.0245 0.1099 0.0150 0.0741 0.0084 0.0390
20 0.0238 0.1102 0.0173 0.0796 0.0081 0.0389
100 0.0244 0.1153 0.0159 0.0761 0.0090 0.0428
0 1 0.4626  0.0733 0.1493 0.0508 0.1846 0.0239
10 0.0229  0.1059 0.0144 0.0724 0.0083 0.0386

20 0.0219 0.1058 0.0165 0.0771 0.0079 0.0383

100 0.0228 0.1113 0.0152 0.0739 0.0088 0.0421

Size v A I} A B A B

0 1 0.0450  0.0480 0.0510 0.0570 0.0340 0.0485
10 0.0550  0.0460 0.0480 0.0505 0.0420 0.0475
20 0.0510 0.0485 0.0550 0.0595 0.0450 0.0535
100 0.0500  0.0490 0.0540 0.0525 0.0580 0.0575
1 0.0470  0.0490 0.0500 0.0585 0.0560 0.0510

10 0.0650 0.0535 0.0580 0.0490 0.0470 0.0530
20 0.0490 0.0465 0.0580 0.0600 0.0470 0.0545
100 0.0570  0.0495 0.0590 0.0520 0.0530 0.0560
0 1 0.0140  0.0500 0.0270 0.0620 0.0250 0.0520
10 0.0550  0.0465 0.0530 0.0500 0.0480 0.0505

20 0.0410 0.0475 0.0550 0.0575 0.0490 0.0530

100 0.0550  0.0495 0.0540 0.0490 0.0500 0.0590

™

™

™

Table 6.4: Monte Carlo absolute bias, mean squared error and size, nominal size 5%, sparse fixed W,
see Section 6.1.
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n 96 144 288
Bias v A 1] A 1] A 16}

0 1 0.0197 0.0344 0.0099 0.0201 0.0066 0.0114
10 0.0165 0.0340 0.0076 0.0153 0.0053 0.0117
20 0.0217 0.0383 0.0053 0.0111 0.0029 0.0093
100 0.0220 0.0417 0.0132 0.0287 0.0028 0.0061
1 01065 0.1585 0.1088 0.1624 0.1137 0.1687

10 0.1396 0.2113 0.1365 0.2022 0.1444 0.2158
20 0.1328 0.1973 0.1352 0.2004 0.1460 0.2190
100  0.1400 0.2104 0.1402 0.2124 0.1481 0.2197
0 1 0.0115 0.0157 0.0080 0.0106 0.0057 0.0088
10 0.0091 0.0088 0.0120 0.0185 0.0034 0.0051

20 0.0156 0.0239 0.0109 0.0167 0.0053 0.0085

100 0.0117 0.0151 0.0088 0.0084 0.0048 0.0075

MSE v A Jé] A Jé; A B

0 1 0.0265 0.1379 0.0167 0.0859 0.0084 0.0418
10 0.0239 0.1247 0.0175 0.0907 0.0086 0.0427
20 0.0288 0.1345 0.0169 0.0859 0.0086 0.0446
100 0.0277 0.1370 0.0190 0.0888 0.0083 0.0426
1 0.0244 0.1297 0.0227 0.0978 0.0214 0.0700

10 0.0312 0.1364 0.0282 0.1127 0.0285 0.0867
20 0.0308 0.1370 0.0289 0.1099 0.0292 0.0904
100 0.0324 0.1451 0.0306 0.1132 0.0297 0.0885
0 1 0.0054 0.0880 0.0035 0.0568 0.0019 0.0275
10 0.0052 0.0816 0.0037 0.0605 0.0017 0.0276

20 0.0055 0.0834 0.0038 0.0573 0.0020 0.0305

100 0.0055 0.0871 0.0037 0.0540 0.0018 0.0283

Size v A I6] A 15} A B

0 1 0.0510 0.0550 0.0380 0.0515 0.0560 0.0490
10 0.0320 0.0465 0.0400 0.0590 0.0500 0.0510
20 0.0480 0.0535 0.0490 0.0595 0.0470 0.0550
100  0.0470 0.0565 0.0520 0.0570 0.0490 0.0435
1 03190 0.1150 0.4030 0.1470 0.5790 0.2260
10 04090 0.1295 0.5180 0.1730 0.6790 0.3045
20 0.4030 0.1250 0.5290 0.1645 0.7120 0.3050
100 0.4320 0.1410 0.5430 0.1840 0.7240 0.3135
0 1 0.0270 0.0575 0.0290 0.0495 0.0310 0.0445
10 0.0250 0.0390 0.0310 0.0585 0.0220 0.0480

20 0.0270 0.0515 0.0280 0.0510 0.0380 0.0585

100  0.0260 0.0555 0.0290 0.0420 0.0280 0.0445

™

™

=Y

Table 6.5: Monte Carlo absolute bias, mean squared error and size, nominal size 5%, circulant
stochastic W, see Section 6.1.
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n 96 144 288
Bias v A 1] A 1] A 16}

0 1 0.0163 0.0341 0.0068 0.0163 0.0043 0.0074
10 0.0093 0.0171 0.0055 0.0129 0.0041 0.0073
20 0.0181 0.0338 0.0122 0.0305 0.0061 0.0150
100 0.0121  0.0268 0.0066 0.0198 0.0075 0.0153
1 01319 0.1984 0.1980 0.2958 0.1404 0.2072

10 0.0905 0.1320 0.1210 0.1798 0.0014 0.0066
20 0.1185 0.1771 0.2092 0.3162 0.0857 0.1299
100 0.0240 0.0399 0.1342 0.2028 0.2191 0.3284
0 1 0.0122 0.0144 0.0098 0.0130 0.0057 0.0096
10 0.0139 0.0228 0.0099 0.0137 0.0054 0.0078

20 0.0123 0.0164 0.0101 0.0085 0.0037 0.0053

100 0.0152 0.0174 0.0091 0.0078 0.0018 0.0016

MSE v A Jé] A Jé; A B

0 1 0.0282 0.1380 0.0174 0.0851 0.0090 0.0450
10 0.0249 0.1247 0.0168 0.0841 0.0078 0.0436
20 0.0267 0.1352 0.0192 0.0904 0.0082 0.0426
100 0.0234 0.1178 0.0175 0.0840 0.0091 0.0418
1 0.0249 0.1270 0.0454 0.1451 0.0224 0.0727

10 0.0149 0.0987 0.0193 0.0887 0.0019 0.0307
20 0.0217 0.1220 0.0496 0.1586 0.0097 0.0464
100  0.0069 0.0805 0.0233 0.0986 0.0508 0.1348
0 1 0.0055 0.0848 0.0039 0.0546 0.0019 0.0290
10 0.0054 0.0803 0.0035 0.0550 0.0019 0.0307

20 0.0057 0.0877 0.0036 0.0569 0.0019 0.0292

100 0.0060 0.0779 0.0039 0.0554 0.0017 0.0257

Size v A I6] A 15} A B

0 1 0.0560 0.0510 0.0410 0.0455 0.0580 0.0580
10 0.0400 0.0420 0.0440 0.0475 0.0450 0.0600
20 0.0410 0.0535 0.0420 0.0555 0.0440 0.0490
100  0.0400 0.0400 0.0470 0.0530 0.0460 0.0405
103960 0.1195 0.7600 0.2465 0.8050 0.2465

10 0.2300 0.0735 0.4330 0.1230 0.0550 0.0625
20 0.3430 0.0990 0.7960 0.2810 0.4840 0.1240
100  0.0790 0.0415 0.5220 0.1410 0.9780 0.5080
0 1 0.0230 0.0475 0.0210 0.0430 0.0360 0.0550
10 0.0270 0.0435 0.0240 0.0405 0.0540 0.0615

20 0.0270 0.0530 0.0150 0.0425 0.0410 0.0595

100  0.0510 0.0440 0.0320 0.0500 0.0170 0.0340

™

™

=Y

Table 6.6: Monte Carlo absolute bias, mean squared error and size, nominal size 5%, circulant fixed
W, see Section 6.1.
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n 48 96 144
Bias A 8 A 154 A B

9: 0.0244 0.0058 0.0025 0.0060 0.0098 0.0042

0 0.1792 0.0804 0.0754 0.0384 0.0399 0.0255

0 0.1747 0.1131 0.0832 0.0576 0.0463 0.0388
MSE A 154 A 8 A B

0.1898 0.1487 0.0812 0.0696 0.0556 0.0464
0.2385 0.1706 0.0905 0.0741 0.0587 0.0486
0.1852 0.1598 0.0852 0.0727 0.0565 0.0479

Size A B8 A 164 A B

0.0570  0.0590 0.0525 0.0480 0.0510 0.0500
0.0860 0.0710 0.0530 0.0560 0.0555 0.0505
0.0585 0.0670 0.0485 0.0545 0.0515 0.0550

L D>

D™ D

Table 6.7: Monte Carlo absolute (average) bias, mean squared error and size, nominal size 5%, W;
and Wy generated as in Section 6.2 using (6.2) and (6.3) respectively.
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A simulation study when spatial weights are generated by de-

pendent random variables

Section 6.1 of ‘Estimation of spatial autoregressions with stochastic weight matrices’ took the spatial
weights to be iid but in some cases, especially for asymmetric spatial weight matrices, this may not
be reasonable. For instance, if the distance from unit r to s is small the distance from s to r may
also be expected to be small. To capture such behaviour we use the same designs as described in
Section 6.1, but with the following alteration: after generating the Vj, replace v,s; = (v?m + 5)%
for each r =1,...,m and s < r, where v, ; denotes the (r, s)-th element of V;. Thus we replace the
part of V; below the diagonal with a transformation of the part above the diagonal. The choice of
transformation is uniformly continuous, in keeping with the idea of ‘preserving’ the distance between
units discussed earlier in the paragraph. Similar operations are carried out with the sparse and
circulant specifications of W. We then proceed with the experiment design as in the corresponding
parts of Section 6.1.

The results are in Tables 0.1(a)-(c), where we report the stochastic case. They indicate that the
procedure of generating dependent weights in this way does little to alter the character and behaviour
of the estimates. The same features that we saw in Tables 6.1, 6.3 and 6.5 are evident. We may
also compare the dense, sparse and circulant cases to see if stochastic dependent spatial weights yield
any difference in performance as opposed to stochastic iid ones. Out of 72 comparisons for each type
of weight matrix, the dependent setting exhibits a smaller bias in 54 (dense), 61 (sparse) and 41
(circulant) cases, while the MSE is smaller in all 72 (dense), 54 (sparse) and 32 (circulant) cases.
Thus in our experiment designs dependent spatial weights do not contaminate the performance of

estimates.

*This appendix should be read in conjunction with Section 6 of ‘Estimation of spatial autoregressions with stochastic
weight matrices’.
T Email: a.gupta@essex.ac.uk.



(a) Dense W1y, Wo

(b) Sparse W

(c) Circulant W

m/n 48 72 144 96 144 288 96 144 288

Bias v A 16} A 164 A 164 A 164 A 164 A 16 A 15 A 15 A 164
0 1 0.0292 0.0025 0.0423 0.0046 0.0459 0.0009 0.0280 0.0061 0.0585 0.0059 0.0586 0.0038 0.0058 0.0309 0.0024 0.0151 0.0027 0.0152
10 0.0126 0.0143 0.0059 0.0069 0.0051 0.0046 0.0017 0.0063 0.0062 0.0062 0.0005 0.0009 0.0047 0.0367 0.0017 0.0139 0.0015 0.0128
20 0.0086 0.0104 0.0067 0.0104 0.0016 0.0050 0.0033 0.0151 0.0027 0.0046 0.0001 0.0031 0.0066 0.0422 0.0024 0.0099 0.0001 0.0074
100 0.0036 0.0030 0.0023 0.0084 0.0012 0.0013 0.0100 0.0109 0.0046 0.0076 0.0021 0.0027 0.0055 0.0369 0.0047 0.0346 0.0003 0.0044
6 1 0.0698 0.0151 0.0622 0.0084 0.0793 0.0066 0.0008 0.0063 0.0396 0.0055 0.0417 0.0039 0.0697 0.4591 0.0769 0.4970 0.0874 0.5451
10 0.0007 0.0021 0.0016 0.0020 0.0012 0.0009 0.0091 0.0052 0.0116 0.0107 0.0031 0.0049 0.0810 0.5066 0.0908 0.5429 0.1008 0.5947
20 0.0036 0.0038 0.0017 0.0032 0.0031 0.0005 0.0125 0.0154 0.0090 0.0116 0.0027 0.0044 0.0819 0.5032 0.0889 0.5336 0.1000 0.5902
100  0.0104 0.0131 0.0052 0.0084 0.0058 0.0050 0.0207 0.0226 0.0120 0.0117 0.0016 0.0026 0.0811 0.5006 0.0896 0.5452 0.0994 0.5836
0 1 0.0516 0.0073 0.0625 0.0078 0.0531 0.0029 0.1230 0.0081 0.1311 0.0076 0.1335 0.0063 0.0008 0.0102 0.0034 0.0204 0.0090 0.0548
10 0.0155 0.0187 0.0116 0.0137 0.0039 0.0062 0.0306 0.0280 0.0263 0.0265 0.0107 0.0132 0.0048 0.0315 0.0059 0.0339 0.0118 0.0715
20 0.0176 0.0202 0.0113 0.0106 0.0080 0.0063 0.0336 0.0292 0.0231 0.0268 0.0100 0.0124 0.0040 0.0222 0.0065 0.0363 0.0122 0.0749
100 0.0240 0.0287 0.0144 0.0177 0.0105 0.0104 0.0402 0.0430 0.0258 0.0264 0.0087 0.0094 0.0037 0.0225 0.0080 0.0505 0.0135 0.0823

MSE v A B A B A B A I6; A I6; A B8 A B8 A 8 A B8
0 1 0.1665 0.0398 0.1529 0.0245 0.3150 0.0131 1.9196 0.0822 0.9467 0.0518 1.3855 0.0242 0.0048 0.2282 0.0028 0.1434 0.0016 0.0746
10 0.0119 0.0530 0.0083 0.0350 0.0039 0.0171 0.0257 0.0998 0.0158 0.0665 0.0077 0.0339 0.0039 0.2033 0.0033 0.1548 0.0018 0.0797
20 0.0120 0.0530 0.0085 0.0358 0.0043 0.0174 0.0269 0.1028 0.0167 0.0650 0.0080 0.0346 0.0043 0.2106 0.0038 0.1583 0.0018 0.0782
100 0.0120 0.0534 0.0076 0.0335 0.0040 0.0177 0.0235 0.1031 0.0171 0.0646 0.0078 0.0335 0.0042 0.2075 0.0033 0.1530 0.0017 0.0783
6 1 0.0461 0.0395 0.0408 0.0241 0.0515 0.0130 0.5264 0.0784 0.6161 0.0502 0.5338 0.0233 0.0069 0.3462 0.0081 0.3464 0.0099 0.3710
10 0.0117 0.0525 0.0084 0.0350 0.0039 0.0171 0.0266 0.1002 0.0156 0.0662 0.0077 0.0338 0.0084 0.3664 0.0102 0.3831 0.0119 0.4084
20 0.0118 0.0525 0.0084 0.0356 0.0042 0.0172 0.0261 0.1024 0.0166 0.0649 0.0080 0.0346 0.0086 0.3675 0.0098 0.3736 0.0116 0.4051
100  0.0120 0.0532 0.0076 0.0336 0.0040 0.0177 0.0229 0.1024 0.0169 0.0643 0.0078 0.0335 0.0085 0.3699 0.0098 0.3818 0.0115 0.3975
0 1 0.0287 0.0387 0.0301 0.0240 0.0302 0.0128 0.1552 0.0769 0.1628 0.0495 0.1677 0.0231 0.0016 0.1481 0.0017 0.1136 0.0020 0.1014
10 0.0109 0.0512 0.0081 0.0344 0.0038 0.0169 0.0243 0.0970 0.0150 0.0651 0.0075 0.0335 0.0023 0.1610 0.0023 0.1392 0.0027 0.1235
20  0.0111 0.0514 0.0081 0.0349 0.0041 0.0170 0.0242 0.0996 0.0158 0.0639 0.0078 0.0343 0.0024 0.1635 0.0024 0.1372 0.0027 0.1279
100  0.0115 0.0524 0.0073 0.0331 0.0040 0.0176 0.0217 0.1008 0.0162 0.0634 0.0076 0.0332 0.0022 0.1606 0.0025 0.1415 0.0029 0.1312

Size v A B A B A I6) A Ié) A I6] A 8 A 15} A 154 A I}
6 1 0.0430 0.0575 0.0330 0.0475 0.0480 0.0580 0.0540 0.0555 0.0530 0.0565 0.0500 0.0415 0.0530 0.0540 0.0380 0.0415 0.0560 0.0535
10 0.0610 0.0565 0.0640 0.0470 0.0440 0.0430 0.0490 0.0445 0.0410 0.0480 0.0420 0.0535 0.0520 0.0440 0.0470 0.0580 0.0490 0.0605
20 0.0510 0.0550 0.0500 0.0555 0.0660 0.0500 0.0560 0.0565 0.0500 0.0415 0.0460 0.0535 0.0470 0.0520 0.0460 0.0510 0.0430 0.0445
100 0.0510 0.0570 0.0450 0.0435 0.0490 0.0520 0.0470 0.0530 0.0550 0.0505 0.0490 0.0535 0.0470 0.0540 0.0450 0.0505 0.0450 0.0455
0 1 0.1040 0.0585 0.0760 0.0455 0.1070 0.0615 0.0640 0.0535 0.0740 0.0610 0.0710 0.0430 0.8110 0.4335 0.8890 0.6105 0.9390 0.8100
10 0.0560 0.0570 0.0640 0.0480 0.0440 0.0425 0.0580 0.0485 0.0390 0.0485 0.0490 0.0525 0.9070 0.4670 0.9460 0.6540 0.9840 0.8845
20 0.0560 0.0540 0.0550 0.0535 0.0590 0.0510 0.0620 0.0570 0.0500 0.0425 0.0530 0.0555 0.8930 0.4820 0.9380 0.6420 0.9760 0.8800
100 0.0590 0.0570 0.0490 0.0440 0.0480 0.0520 0.0440 0.0520 0.0550 0.0505 0.0520 0.0515 0.8920 0.4785 0.9430 0.6730 0.9790 0.8735
0 1 0.0210 0.0570 0.0150 0.0465 0.0160 0.0585 0.0240 0.0545 0.0130 0.0630 0.0120 0.0435 0.1120 0.1040 0.1260 0.1000 0.1510 0.1210
10 0.0430 0.0560 0.0600 0.0455 0.0390 0.0445 0.0520 0.0510 0.0360 0.0510 0.0420 0.0520 0.1310 0.1095 0.1560 0.1330 0.1730 0.1475
20 0.0510 0.0570 0.0520 0.0545 0.0540 0.0490 0.0610 0.0575 0.0520 0.0435 0.0470 0.0550 0.1440 0.1190 0.1470 0.1245 0.1800 0.1630
100 0.0530 0.0575 0.0470 0.0420 0.0490 0.0515 0.0430 0.0555 0.0580 0.0515 0.0480 0.0520 0.1290 0.1165 0.1550 0.1280 0.1730 0.1470

Table 0.1: Monte Carlo absolute bias, mean squared error and size, nominal size 5%, dependent weight matrices regenerated in each trial as in Section .



