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RECTIFIABILITY, INTERIOR APPROXIMATION AND HARMONIC
MEASURE

MURAT AKMAN, SIMON BORTZ, STEVE HOFMANN, AND JOSE MARIA MARTELL

ABsTRACT. We prove a structure theorem for any n-rectifiable set E ¢ R"*!,
n > 1, satisfying a weak version of the lower ADR condition, and having lo-
cally finite H" (n-dimensional Hausdorff) measure. Namely, that H"-almost all
of E can be covered by a countable union of boundaries of bounded Lipschitz
domains contained in R™*' \ E. As a consequence, for harmonic measure in
the complement of such a set E, we establish a non-degeneracy condition which
amounts to saying that H"|g is “absolutely continuous” with respect to harmonic
measure in the sense that any Borel subset of E with strictly positive H" mea-
sure has strictly positive harmonic measure in some connected component of
R™1\ E. We also provide some counterexamples showing that our result for
harmonic measure is optimal. Moreover, we show that if, in addition, a set E
as above is the boundary of a connected domain Q ¢ R™! which satisfies an
infinitesimal interior thickness condition, then H"|y, is absolutely continuous (in
the usual sense) with respect to harmonic measure for Q. Local versions of these
results are also proved: if just some piece of the boundary is n-rectifiable then we
get the corresponding absolute continuity on that piece. As a consequence of this
and recent results in [AHM’TV], we can decompose the boundary of any open
connected set satisfying the previous conditions in two disjoint pieces: one that
is n-rectifiable where Hausdorff measure is absolutely continuous with respect
to harmonic measure and another purely n-unrectifiable piece having vanishing
harmonic measure.

1. INTRODUCTION

The connection between regularity of the boundary and properties of harmonic
measure for a domain has been studied extensively; we recall a few relevant results.
In [RR] it was shown that if Q c R? is simply connected with rectifiable bound-
ary, then arc-length measure o and harmonic measure w are mutually absolutely
continuous. In contrast to the simply connected case, in [BJ] it was shown that

Date: June 1, 2017. Revised: October 9, 2018.

2010 Mathematics Subject Classification. 31A15, 30C85, 42B37, 31B05, 28A75, 28A78,
49Q15.

Key words and phrases. Harmonic measure, rectifiability.

The first and last authors acknowledge financial support from the Spanish Ministry of Economy
and Competitiveness, through the “Severo Ochoa” Programme for Centres of Excellence in R&D
(SEV-2015-0554). They also acknowledge that the research leading to these results has received
funding from the European Research Council under the European Union’s Seventh Framework Pro-
gramme (FP7/2007-2013)/ ERC agreement no. 615112 HAPDEGMT. The second and third authors
were supported by NSF grant DMS-1361701. The last author would like to express his gratitude to
the University of Missouri-Columbia (USA), for its support and hospitality while he was visiting this
institution.

All authors wish to thank Matthew Badger, Svitlana Mayboroda, and Tatiana Toro for their helpful
comments and suggestions.


http://arxiv.org/abs/1601.08251v3

2 MURAT AKMAN, SIMON BORTZ, STEVE HOFMANN, AND JOSE MARIA MARTELL

there exists a domain in R? which is the complement of a (uniformly) 1-rectifiable
set, for which w fails to be absolutely continuous with respect to o. A quantitative
version of the result of [RR] was obtained in [Lav]. In higher dimensions, it was
shown that for Lipschitz domains [Dah], and chord arc domains [DJ], harmonic
measure and surface measure are quantitatively mutually absolutely continuous (in
the sense of the Muckenhoupt A, condition). On the other hand, we know that the
analogue of [RR] fails to hold in higher dimensions. Wu [Wu] and Ziemer [Zie]
produced examples of topological 2-spheres in R? with locally finite perimeter in
which harmonic measure is fails to be absolutely continuous with respect to sur-
face measure and surface measure fails to be absolutely continuous with respect
to harmonic measure respectively. More recently, in [Bad], the author proved that
surface measure o is absolutely continuous with respect to w in an NTA domain
Q with locally finite perimeter, thus replacing the upper Ahlfors-David regular-
ity (“ADR”) condition on 9Q assumed in [DJ] by a weaker qualitative condition,
namely, local finiteness of o (the lower ADR bound holds automatically for NTA
domains, by the local isoperimetric inequality). A refinement of the result in [Bad]
was obtained in [Mou], where it is shown that for a uniform domain of locally finite
perimeter, with rectifiable boundary satisfying the lower ADR condition, surface
measure is again absolutely continuous with respect to harmonic measure. Inde-
pendently, [ABHM] obtained this result (as well as its converse) assuming “full”
(i.e., upper and lower) ADR.

Let us point out that in all of the results just mentioned (aside from the counter-
example constructed in [BJ]) there is some strong connectivity hypothesis (i.e.,
simple connectivity or the Harnack chain condition), and in higher dimensions a
special quantitative openness condition (the so-called “corkscrew” condition). Fur-
thermore, in light of the Bishop-Jones example, strong connectivity of some sort
seems to be necessary to obtain absolute continuity of harmonic measure with re-
spect to surface measure. Indeed, the Bishop-Jones domain itself is connected,
satisfies an interior corkscrew condition, and has a uniformly rectifiable bound-
ary (in particular, arclength measure on the boundary is Ahlfors-David regular),
yet harmonic measure has positive mass on a set of arclength measure zero. By
contrast, in this paper we show, for a large class of open sets in R"*!, n > 1, not
necessarily connected, with rectifiable boundaries and locally finite perimeter, that
harmonic measure cannot vanish on a set of positive surface measure. More pre-
cisely, in our main result, Theorem 2.1, we show that if E is a closed n-rectifiable
set satisfying some weak local version of the lower ADR condition, and on which
Hausdorft H" measure is locally finite, then the surface measure o := H"|g is “ab-
solutely continuous” with respect to harmonic measure for R"*! \ E in the sense
that any Borel subset of E with positive surface measure has non-zero harmonic
measure in at least one of the connected components of R**! \ E. Assuming in
addition that E = dQ is the boundary of a connected open set Q2 satisfying a weak
version of an interior corkscrew condition, we prove in Theorem 2.5 that o is ab-
solutely continuous (in the usual sense) with respect to harmonic measure for Q.
The weak corkscrew condition of Theorem 2.5 is an “interior thickness” condition
which guarantees that at infinitesimal scales any ball centered at the boundary cap-
tures a non-degenerate portion of the set. In particular, the domain constructed in
[BJ], for which harmonic measure fails to be absolutely continuous with respect

1of course it is not simply connected, nor does it satisfy the Harnack chain condition.
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to o, nonetheless has the property that o is absolutely continuous with respect to
harmonic measure.

The proof of Theorem 2.1 relies on a structure theorem (Theorem 2.3), which al-
lows us to cover H"-almost all of £ by a countable union of boundaries of bounded
Lipschitz domains contained in R”*! \ E. A similar structure result is involved in
the proof of Theorem 2.5. The novelty of these structure results is of course the
fact that the Lipschitz domains are subdomains of R"*! \ E (or of Q in the case of
Theorem 2.5), since n-rectifiability already entails coverage H"-a.e. by Lipschitz
graphs. This approximability by Lipschitz subdomains allows one to use the max-
imum principle along with Dahlberg’s Theorem [Dah] to obtain the conclusions of
Theorems 2.1 and 2.5. We note that the proofs in [DJ] and [Bad] (see also [Azz])
are also based on constructive approximation by Lipschitz subdomains, so in some
sense the present paper may be viewed as a qualitative version of those works.
Let us mention in addition that our methods have much in common with the proof
of McMillan’s Theorem given in [GM, pp 207-210]. Somewhat more precisely,
McMillan’s Theorem says that for a simply connected domain Q ¢ R?, the set K
of “cone points” of 0€ is rectifiable, and harmonic measure w and arc-length mea-
sure o are mutually absolutely continuous on K. Here, x € Q is a cone point if
there is a truncated open cone I" with vertex at x, such that I' ¢ Q. Although sim-
ple connectivity is used strongly to establish the direction w <« ¢ in McMillan’s
theorem, the proof also contains an implicit structure theorem for the cone set K,
which does not really require simple connectivity. This structure theorem allows
one to construct an open subset’ Q' C Q, with a rectifiable boundary such that
0Q' N oQ = E, for any E C K. Our structure theorem in higher dimensions says
that in the presence of our background hypotheses (including rectifiability of E),
then o-a.e. point on 9L is a cone point, and moreover, the cone set may be covered
by the union of boundaries of a countable collection of Lipschitz subdomains of
Rn+l \ E.

In Section 5 we present two examples of rectifiable sets which fail to satisfy ei-
ther the locally finite perimeter or the local lower ADR assumptions, and for which
surface measure is not absolutely continuous with respect to harmonic measure.

Finally, in Appendix A, we present some local versions of the previous results
where absolute continuity holds in the rectifiable portions of Q2. As an immediate
consequence of this and [AHM>TV] we obtain that for any connected set whose
boundary has H"-locally finite measure and satisfying the mentioned weak lower
ADR and “interior thickness” conditions, one can decompose its boundary in a
good and a bad piece. The good piece is n-rectifiable and Hausdorff measure is
absolutely continuous with respect to harmonic measure. The bad piece is purely
n-unrectifiable, and has vanishing harmonic measure.

2. MaAIN REsurrs

We now state our main result which gives that surface measure is absolutely
continuous with respect to harmonic measure provided the set has locally finite
surface measure, satisfies a weak lower ADR condition and it is n-rectifiable (see
Section 3 for the precise definitions):

2The open set ' is a simply connected domain in the case that Q is simply connected.
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Theorem 2.1. Let E ¢ R"™!, n > 1, be a closed set with locally finite H"-measure
satisfying the “weak lower ADR” (WLADR) condition (see Definition 3.3 below).
Under these background hypotheses, if E is n-rectifiable (cf. Definition 3.1) then
H"|g is “absolutely continuous” with respect to harmonic measure for R"'\ E, in
the sense that if F C E is a Borel set with H*(F) > 0, then w*(F) > 0 for some
X eR™\E.

Remark 2.2. Let us note that in the previous result the “absolute continuity” prop-
erty needs to be interpreted properly, as we are comparing one measure o with the
collection of harmonic measures {w* }xerr+1\g- An equivalent formulation of the
conclusion is that if F C E is a Borel set with wX(F) = 0 for every X € R"™! \ E,
then necessarily H"(F) = 0. One can restate this in terms of genuine absolute
continuity of H"|g with respect to an averaged harmonic measure:

H'|p < @ := E 27wy,
i1

where wy = wf,’; is the harmonic measure for the domain Dy with some fixed pole
X € Dy, and {Dy}i>1 is an enumeration of the connected components of R**! \ E.

Our main result will follow easily from the following structural theorem which
says that under the same background hypotheses we can cover E by boundaries of
Lipschitz subdomains of R™*! \ E.

Theorem 2.3. Let E ¢ R"™!, n > 1, be a closed set with locally finite H"-measure
satisfying the WLADR condition. Then, E is n-rectifiable if and only if there exists
a countable collection {€}}; of bounded Lipschitz domains with Q; C R™1\ E for
every j, and a set Z C E with H" (Z) = 0 such that

(2.4) ECZU(Uan).
j

As mentioned above, the innovation in Theorem 2.3 is the fact that each Q; is
contained in R"*!\ E, otherwise this would be the standard covering of a rectifiable
set by Lipschitz graphs. Theorem 2.1 will follow almost directly from Theorem 2.3
and Dahlberg’s Theorem for Lipschitz domains (Theorem 3.13), by the maximum
principle. Additionally, one may view Theorem 2.3 as a qualitative version of the
results in [BH].

Our next results deals with the case on which one starts with a domain Q and
seeks to approximate its boundary by interior Lipschitz subdomains. This in par-
ticular leads to obtain that surface measure is absolutely continuous with respect to
harmonic measure for Q.

Theorem 2.5. Let Q c R™ n > 1, be an open connected set, whose boundary 9Q
has locally finite H"-measure. Assume that 0 satisfies the WLADR condition (see
Definition 3.3 below). Assume further that H"(0Q\ 0.Q) = 0 where 0, is the In-
terior Measure Theoretic Boundary (cf. Definition 3.6). Then, 0Q is n-rectifiable if
and only if there exists a countable collection {Qijm} j of bounded Lipschitz domains

with Qij!“ C Q for every j, and a set Z C 0Q with H'(Z) = 0 such that

(2.6) 8Q CZU ( U agi;“>.
]
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As a consequence, if 0Q is n-rectifiable (and Q satisfies the background hypothesis
above)H"|5q is absolutely continuous with respect to w, where w = w* is the
harmonic measure for Q with some (or any) fixed pole X € Q.

Remark 2.7. The connectivity assumption here is merely cosmetic. If QQ were
an open set rather than a domain the conclusion would be that H"|5q is absolutely
continuous with respect to w in the sense that if ' C 9 is a Borel set with H"(F) >
0 then wX(F) > 0 for some X € Q (or any X in the same connected component).

Remark 2.8. Note that (2.6) implies that 0Q \ 0,Q C Z and hence condition
o(0Q\ 0,Q) = 0 is necessary for the approximation of Q by interior Lipschitz
subdomains.

As a corollary of Theorem 2.5 and the results in [AHM>TV] we have the follow-
ing characterization of n-rectifiability in terms of properties of harmonic measure.

Theorem 2.9. Let Q c R™! n > 1, be an open connected set, whose boundary 9
has locally finite H"-measure. Assume that 0Q satisfies the WLADR condition and
that the Interior Measure Theoretic Boundary has full H"-measure. Then 0Q is
n-rectifiable if and only if H"|sq is absolutely continuous with respect to w, where
w = WX is the harmonic measure for Q with some (or any) fixed pole X € Q.

Let us point out that this equivalence has been shown in [ABHM] in R"*!, n > 2,
under stronger assumptions (namely, for uniform domains of locally finite perime-
ter with boundary satisfying the lower ADR condition).

3. PRELIMINARIES

Throughout the paper we work in R**!, n > 1. H" will denote the n-dimensional
Hausdorff measure. We will work with closed sets E ¢ R”*! in which case we write
o = H"|g. We will also consider open sets Q C R™! not necessarily connected
unless otherwise specified. In such case we shall write o := H"|3q.

Definition 3.1 (Rectifiability). A set E ¢ R"™! n > 1, is called n-rectifiable if
there exist n-dimensional Lipschitz maps f; : R” — R™*! such that

(3.2) H" (E \ U ﬁ(R”)) = 0.

We next introduce a notion that is weaker than the well-known lower ADR con-
dition:
Definition 3.3 (Weak Lower ADR (WLADR)). Let E c R, n > 1, be a closed
set with locally finite H"-measure. We say the surface measure o := H"|g satisfies

the Weak Lower Ahlfors-David regular condition (WLADR) if o(E \ E.) = 0
where E. is the relatively open set

H"(B(y,r) N E
(34) E.={xep: it TBON0E
YEB(x,0)NE r
O<r<p

> 0, for some p > 0

Let us recall that E is lower ADR if there exists a constant ¢ > 0 such that
o(B(x,r) N E) > cr" for all x € E and r € (0,diam(E)). Note that this is clearly
stronger than WLADR. Also, if E satisfies the lower ADR condition “locally for
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small scales” (that is, if for every R the lower ADR condition holds on £ N B(0, R),
albeit with constants depending on R, for all 0 < r < rg for some rg < R) then
WLADR holds. The WLADR condition says that for o-a.e. x € E there exists a
small ball B, center at x and a constant ¢, such that the lower ADR condition holds
for all balls B’ ¢ B, with constant c¢,. This in particular allows us to deal with
cusps where the lower ADR condition fails as the radius approaches 0 (see next
remark). Let us finally observe that WLADR is strictly stronger than the set having
positive lower density H"-a.e.

Remark 3.5. There are examples of “nice” domains whose surface measure satis-
fies the WLADR condition but the lower ADR and/or the lower ADR condition
“locally for small scales” fail. Let Q € R™! n > 2 be the domain above the
graph of the function | - |* with @ € (0,00) \ {1}, that is , Q, = {(X', x,41) €
R" X R : x,41 > |¥'|*}. When @ > 1 the lower ADR condition fails at O since
a(B0,r) N dQ,)/r" — 0as r — co. However, it is easy to see that the lower ADR
condition “locally for small scales” and hence WLADR follows. For @ < 1, there
is a cusp at 0, and one can see that the lower ADR condition at small scales fails
since o"(B(0,r) N 9Q,)/r" — 0 as r — 0*. However, one can easily obtain the
(0Q4)« = 9Q, \ {0} (recall the notation in Definition 3.3) and hence the WLADR
condition holds. See Figure 1.

Qq

/ B(0,r) N 09
( B( P r) N0, ‘J “
\\\1/‘/0 / |- - /]j'”"'() |

Q, when «a < 1 for r small Q, when a > 1 for r large

FiGure 1.

Our next definition introduces a subset of the boundary of a set in the spirit of
the measure theoretic boundary (see [EG, Section 5.8]) but, here we only look at
the infinitesimal behavior from the “interior”.

Definition 3.6 (Interior Measure Theoretic Boundary). Given a set Q C R+
the Interior Measure Theoretic Boundary 0. Q is defined as

3.7) 0,Q = {x €90+ limsup PN 0}
r—0* |B(x, I")|

Let us note that if an open set  satisfies a local (interior) corkscrew condition
at x € 0Q, that is, if there is 0 < r, < diam(0Q) and 0 < ¢, < 1 such that for every
0 < r < ry there exists B(Xp(x,), cx 1) C B(x,r) N Q then clearly x € 4,Q.

Remark 3.8. Consider the domains Q, as in Remark 3.5. If @ > 1, Q, does not
have interior corkscrews (for very large scales, the domain is too narrow and one
cannot insert a ball of comparable radius), but it does have interior corkscrews for
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small scales. Hence 0,Q = 0Q2. When « < 1, one can see that 9,Q = 0Q \ {0}:
with the exception of O there are interior corkscrews for small scales, but at 0 not
only corkscrews fail to exist but also the lim sup becomes 0.

Definition 3.9 (Truncated Cones). If z = (', z,41) € R**! then we write '}, 4(z)
for the open truncated cone with vertex at z, with axis e,., in the direction e, |,
with height 4 > 0 and with aperture « € (0, 7), that is,

Cpa(z) == {y = (Vs ynr) 2 Y =21 < Onr1=2ns1) tan(@/2), yui1 € (Zn+lazn+l+h)}-

We will often suppress a as what will matter is that the aperture is some fixed
positive number. We will sometimes use the notation I'* (in place of I') and I'™ for
the truncated cones in the direction e, and —e, respectively, this will only be
necessary for the proof of Theorem 2.5.

The following result can be found in [Mat, Theorem 15.11] with the additional
assumption that H"(E) < oo, however since the n-linear approximability is a local
property it immediately extends to any £ having locally finite H"-measure.

Theorem 3.10 (n-linear approximability, [Mat, Theorem 15.11]). Let E c R""! be
a n-rectifiable set such that H"|g is locally finite. Then there exists Ey C E with
H"(Ey) = 0 such that if x € E \ Ey the following holds: for every n > O there exist
positive numbers ry = rv(n) and 1y = A,(n) and a n-dimensional affine subspace
P, = P(n) such that forall 0 <r < r,

(3.1D) HY(E N B(y,nr)) > A4,r", forye P, N B(x,r)
and
(3.12) H"((E N B(x,r)\ PI") < nr.

Here PEZV) is an nr-neighborhood of Py, that is, chnr) = {y e R"™! : dist(y, P,) <
nr}.

Theorem 3.13 (Dahlberg’s Theorem, [Dah]). Suppose Q is a bounded Lipschitz
domain with surface measure o := H"\9q then the harmonic measure associated

to Q, w, is in Ax(do). In particular, harmonic measure and surface measure are
mutually absolutely continuous.

4. PROOFS OF THE MAIN THEOREMS

We shall require two auxiliary lemmas. As mentioned in the introduction, our
arguments here are similar in spirit to the proof of McMillan’s Theorem as given
in [GM].

Lemma 4.1 (Existence of Truncated Cones). Let E C R"™! be a n-rectifiable
set with locally finite surface measure, write o := H"|g and use the notation in
Theorem 3.10. Given x € E \ Eq assume that there exists py, c, > 0 such that

4.2) o(B(y,r)NE)>c,r", VYyeB(x,p)NE, 0<r<p,.

For every 0 < i < no(cy) := min{27*", ¢}, there exists a two sided truncated
cone with vertex at x, height h(n) := nTIn min{r,(n), px} and aperture a(n) :=
2 arctan (77_4%1/2) > 1/2 which does not meet E. (Note that a(n) — masn — 0%.)
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We would like to call the reader’s attention to the following fact. It is well-
known that rectifiability is not affected by adding/removing sets with null H"-
measure. Hence we could augment E by adding a countable dense set in R”*!
and the resulting set will meet any truncated cone. This does not contradict the
conclusion of Lemma 4.1 since (4.2) will not hold for the new set as it requires to
have a lower ADR condition for all small balls near x with the same constant c,.

Proof. Without loss of generality we may take x = 0 and P, = R" X {0}. Given
0 < 1 < no(cy) we are going to see that 'y o) (0) C R™ 1\ E with h(n) and a(1)
are in the statement. Notice that a(r) > /2 from the choice of 1 and also that
a(n) —» masn — 07. A similar argument shows existence of similar truncated
cone in the direction of —e,.;. Suppose (for the sake of contradiction) that there
exist r € (0, h(n)) and z € D, N E where

’/ L /7 r
4.3) D, = {z = (2 2n41) 1 Zus1 =M1 |7 < 5}.

Then since 179 < 27*" it follows that

(4.4) E N Bz nr) C (EN B, )\ P,

On the other hand, the fact that 5y < ¢2 yields

4.5) o(E N B(z, 7721_" r)) = cxn%r" > nr',

which together with (4.4) contradicts (3.12). m]
Lemma 4.6 (Existence of Interior Truncated Cones). Let Q) be an open set and
whose n-rectifiable boundary, 0Q), has locally finite surface measure H"|sq. As-
sume that x € 9Q \ (0Q). (recall the notation in Definition 3.3) satisfies the hy-

pothesis of Lemma 4.1 with E = 0Q, p, and cy as above. Given € > 0 there exists
flo = 7jo(€) < no(cy) such that if 0 < n < fjg and

B(x, )N Q
4.7) lim sup (2D N €<
r—0* |B(X, I")l

then one of the cones constructed in Lemma 4.1 must be in the interior of €.

Proof. We may assume again that x = 0 and P, = R? X {O}and let 0 < 1 < fjp <
no(cy), where 7jg is to be chosen momentarily. If O < r < h(n) then by a rescaling
argument

1B 1)\ W atp Y Tnopaa)l _ 1BE A\ Ty g Y Tiigpa)!
|B(x, 1) |B(x, h(m)

and since a(r7) — mas 7 — 07 one sees that

1BCx, hD) \ Thigyatm Y Do)
IBCx, ro(m)

as 7 — 0*. Choosing 7o sufficiently small (depending on €) we have that

IBCx ) \ Wit Y Thip.acp)!

|B(x, h(m))|
for any fixed 0 < 1 < fjg. On the other hand by (4.7) there exists 0 < r < h(n) such
that

(4.8)

4.9)

10

(4.10)

<€/2

|B(x,r) N Q|

4.11
@1h |B(x, r)|
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It follows from (4.8), (4.10) and (4.11) that at least one of the cones must meet
Q. Recall that neither of the cones meet £ = 0Q, hence one of the cones must be
interior. O

Proof of Theorem 2.3. We show that E being n-rectifiable implies (2.4) (the other
implication is trivial). Choose {v,,})_, c S" (the unit sphere in R"*!) such that
for every v € S” there exists v,,, 1 < m < M, such that angle(v,v,,) < /8. Set
Pn:=vy, 1<m< M.

Let us recall the definition of E. in (3.4) and note that for every x € E, there
exists ¢y, px > 0 such that

o(B(y,nNE)>c,r", VyeB(x,p) NE, 0<r<p,.
We use Theorem 3.10 and its notation. For every k e Nan 1 <m < M we set
(4.12)  G(k,m) := {x € E. \ Ey : max{cy, px, 1} > 27%, angle(Py,, Py) < 1/8}.
Notice that setting Z = (E \ E.) U Ey we have that 0(Z) = 0. Also,

M
(4.13) E:ZU<U UG(k,m)).
m=1 keN
Hence, (2.4) follows at once if we show that each G(k,m) can be covered by a
countable union of boundaries of bounded Lipschitz domains missing E.

Fix then k € N and 1 < m < M and we work with G = G(k, m). By rotation, we
may assume without loss of generality that P, = e, ,. Write n; := 170(27%) (see
Lemma 4.1) and note that by Lemma 4.1 and the definition of G it follows that if
0 < 17 < n¢ then for every x € G the cone with vertex at x, axis e, (in the direction
of e,+1), aperture a(n)/2 aperture and height /(17)/2 misses E. At this stage we fix
0 <1 < 1 and write I'y, = 'y, Where hg = h(1)/2 and oy = a(n)/2. What
we have obtained so far is that I',(x) C R™!\ E for every x € G. Now define the
“slices”, S¢, for € € Z, as follows

h h
— n+l 7o 0
(4.14) S¢:= {XER : X1 € [t’ 10,(£’+1)10>}-

Set Fy := G N S,. Let my be the projection of R™"! onto R” defined by 7o(x) =
mo(x’, x,41) = X’. Now let p; € N be chosen so that the diameter of a n-dimensional
cube of sidelength 277/ is less than %" tan(ag/2) and let Dy, be the collection of
closed n-dimensional dyadic cubes with sidelength 277/,

Claim 4.15. For every Q € D) such that Q) NF, O,

h h
@16) Qo= | rh0<x)m{<z',zn+1)eR"+l:zn+1<<f+1)%+3°}
xenr 1 (Q)NF;

is a bounded star-shaped domain with respect to a ball and hence a bounded Lips-
chitz domain.

Proof of Claim 4.15. Without loss of generality we may assume £ = —1. Let yp be

the center of Q and set Yo = (yp, Z—O). Take an arbitrary x = (x', x,41) € 7r61 (O)NFy.
Since

h
(4.17) Fimax (%) := T () N {(Z',zrm) eR™: z < 70}
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is convex, it suffices to show that B(Yp, R) C I'nax(x) for some R independent of x.
Note that Fho (x',0) C I'nax(x), so we instead show that B(Yp,R) C Fho (x’,0) for

some R mdependent of x’. Recall that
@18) Ty, 0) = {E zn1) | = ¥'| < Zusr tan(@o/2), Zusr € O, D}

so that K, = {(Z, h(’) =X <L h" tan(ao/2)} is a compact subset of Fho (x,0).
Set

1
4.19) R := 3 dist (K, 0, (x,0)) >0
2

and notice that R has no dependence on x’. Also, by choice of p;, we have that

lyo — x| < %" tan(ap/2). Hence Yy € K and B(Yp,R) C I'ny (x',0) C Imax(x) as
2

desired. For a proof that bounded star-shaped domains with respect to a ball are

bounded Lipschitz domains see [Maz, Section 1.1.8]. O

Once the claim is proved we observe that by construction, Y Q)NF, c 0Q0 ¢,
to see this we need only to observe that if z1,z2 € F¢then zo ¢ I'y,(z1), since I'y(z1)
does not meet E. Then we have that

(4.20) G = UF[cU U a9,

¢ QeD,
where we take Qg = @ if 771(Q) N F; = @. This completes the proof. O

Proof of Theorem 2.1. Let Q; be as in the statement of Theorem 2.3 and F C E
be such that o(F) > 0. Then there exists Q; such that oo(F N dQ;) > 0. Ple
XeQ;cC R™1\ E, let “’Q,- be the harmonic measure for Q; with pole at X and w¥

be the harmonic measure for R**! \ E with pole at X. By the maximum principle
and Dahlberg’s Theorem (Theorem 3.13) it follows that

4.21) w¥(F) 2 wiy (F N0Q)) > 0,

and the proof is complete. |

Proof of Theorem 2.5. We first show that dQ being n-rectifiable implies (2.6) (the
converse is trivial). For every x € 0Q we set

lim sup |B(x,7) N Q)

T, ;= limsup ————

' ro0t |B(x, 1)l

and recall that 0,.Q = {x € 9Q : 7, > 0} and, by hypothesis, o(0Q \ 9.Q) =0

We follow the proof of Theorem 2.3 with E = 9Q with the following modifica-
tions. The set G(k, m) is now defined as

G(k,m) := {x € (0Q). \ (0Q)o : max{cy, Ox, Fy, Tx} > 27k angle(P,,, Py) < 7r/8}

so that (4.13) holds where now Z = (9Q \ ((0Q). N :Q)) U (8Q)o which again
satisfies 0(Z) = 0 (recall that (9Q).. and (0Q), given respectively in Definition 3.3
and Theorem 3.10). Again we just need to work with some fixed G(k, m). Now
we pick i, = f]O(Z"‘) (see Lemma 4.6) and take 0 < i < 7. Next, we construct
the domains as in the proof of Theorem 2.3. Recall that in that construction we
used the cones I'y, in the direction e,,;. To emphasize this, let us write the cones
as I'; and also in (4.16) we put Q) , in place of Qg . We know already all these
are bounded Lipschitz domains. We then may repeat the construction using the
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cones F;O (in the direction —e,41) with the appropriate change in (4.17) and obtain
that €2, , is another bounded Lipschitz domain. Note that by Lemma 4.6, for every
x € G(k,m), we have 7, > 27 and then either F,J;O(x) or F,;O(x) is contained in
Q. This implies that, if 77'(Q) N F, # @, either Qa{, or Q) , is contained in Q
(recall that both QZQJ and Q , connected domains that do not meet Q) and we

int

write Q7 , for the one that is contained in € (if both have this property we just pick
one). As before, 77 1(Q) N F; GQB}, to see this we observe that if 71,20 € Fy
then zo ¢ 1",”—;0 (z1) since I'Z,(z1) does not meet £ = 9Q. Then much as before

(4.22) G=|JF clJ | oaf,
4

{ QeDp,

where we take QB; =@ if 7~1(Q) N F; = @. This shows that Q can be covered
by the boundaries of interior bounded Lipschitz domains, the proof that o < w is
just as in the proof of Theorem 2.1. |

Remark 4.23. From the proof of Theorem 2.3 one can see that given a closed set
E c R"! if we write & for the subset of E containing all “cone points” (x €
E is a cone point if there is a truncated open cone I" with vertex at x, such that
I' ¢ R*™! \ E) then one has & c U ;0 ; where the Q’s are bounded Lipschitz
subdomains of R"*!\ E. Hence, for any F c & with H*(F) > O there is X € R\ E
for which wX(F) > 0. Note that the hypotheses in Theorem 2.1, 2.3, with the help
of Lemma 4.1, guarantee that & has full H*-measure on E. Analogously in the
context of Theorem 2.5, if we take the set of “interior cone points” (i.e., cone
points whose associated cone is contained in Q) we can cover it by boundaries
of bounded Lipschitz subdomains contained in ) and we get the corresponding
absolute continuity. Again the hypotheses of Theorem 2.5 yield, after using Lemma
4.6, that the “interior cone points” have full H"-measure on 9.

5. COUNTEREXAMPLES

In this section we produce examples of domains with rectifiable boundaries for
which surface measure fails to be absolutely continuous with respect to harmonic
measure. The first example is a domain that does not have locally finite perimeter
and the second one, based on a construction presented by Jonas Azzam in January
2015 at ICMAT (Spain), fails to satisfy the WLADR condition. These examples
show that in Theorem 2.5 we cannot drop any of our background hypotheses. As
we will observe below the same constructions allow us to obtain that in Theorem
2.5 we cannot also drop any of our background hypotheses.

Let us point out that the assumption dQ being n-rectifiable is also necessary
by Theorem 2.9. We further note that in [ABHM, Section 4] there is an example
in R? of a domain which is 1-sided NTA (in particular it is connected and the
Interior Measure Theoretic Boundary has full H*-measure) and its boundary is
ADR (hence it has locally finite H"-measure and the WLADR condition holds).
The boundary is not rectifiable (it is a cylindrical version of the “4-corner Cantor
set” of J. Garnett) and surface measure is not absolutely continuous with respect to
harmonic measure.

In what follows, for a given domain Q we will use the notation wg for the
harmonic measure for Q with pole at X € Q. In both examples we make use of the
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maximum principle, that is, if X € Q' € Q and F' € 9 then
(5.1) we (F N 0Q) < wi(F).
Example 5.2. Fork > 1,and n > 1, set
Se={neRM =27 |x > 27}
and define
Q=R (U2,Z), Q:=R™N\%, Q=R"'xQ27F ).

Then Q is an open connected domain whose boundary clearly does not have locally
finite H"-measure (any surface ball centered at R" X {0} contains infinitely many
n-dimensional balls of fixed radius). It is immediate to see that JQ satisfies the
WLADR condition as (0Q2), = 0 (recall the notation in Definition 3.3). Notice
also that Q satisfies the interior Corkscrew condition (as the sets X; are located at
heights which are separate enough) and hence 0.Q = 90Q. Finally 0Q = (R" X
{0}) U (U2, Zy) which is n-rectifiable.

Take X* = (0,...,0,2) € Q and we are going show that wg(F) = 0 with
F = R" x {0} C 8Q. Since Q C Q, (5.1) implies that w§ (F) < wg (F), hence
we just need to see that wéZ(F) — 0as k — co. Write A} = {(x,) e R . ¢ =

27k 1x] < 27%) ¢ 0Q;. Using the fact that harmonic measures for Q; and € are
probabilities, that Q; C € and maximum principle (5.1) we see that

Wi, (F) =1-wi 0%\ F)=1-w§ (X)) <1 - wéi(zk) = ng(A;).

Since Q; is a translation of R”*! we can use the classical Poisson kernel for the
upper-half space P(x, ) and one has that

(5.3) wgg;(A,;) = / P(y,2-2"dy > 0, as k — oo.
Iyl<27%

This shows that surface measure fails to be absolutely continuous with respect to

harmonic measure wg and hence with respect to wé for every X € Q since Q is

connected.

To summarize, we have constructed €, an open connected set, satisfying all
the conditions in Theorem 2.5 with the exception that dQ has locally finite H"-
measure, and for which the conclusion of Theorem 2.5 fails.

Remark 5.4. If we repeat the same construction of Example 5.2 in the lower half-
space and let E be the boundary of the resulting open set (which has now 2 con-
nected components), then clearly E satisfies all the hypotheses in Theorem 2.1,
except for E having locally finite H"-measure. In this case we can analogously
prove that for the same set F as before w*(F) = 0 for every X € R"*! \ E, hence
the conclusion of Theorem 2.1 does not hold.

Example 5.5. Fork > 1, and n > 2, set
%= {0 e R™ 1 =27F x e A0, 27kep) + 12",

where ¢ | 0 will be chosen, and for x € R”, A(x,r) ;= {y e R": |x —y| < r} is the
usual n-disk of radius r centered at x. Define

Q=R (U ), Q=R I,
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which is clearly open and connected. Notice that € satisfies the interior Corkscrew
condition (note that the sets X; are located at heights which are separate enough),
hence 9,Q = 0Q.

We assume that c; decays rapidly enough. It is easy to see that JQ satisfies the
upper ADR condition. Also, the WLADR (and hence the lower ADR) fails. To
see this, given X = (x,0) € 9Q, we can find a sequence of balls By = B(Xy, 27k=2y
with X = (¢ l_;;x, 27%) € 9Q such that X;, — X with l_;;x € Z". But then, for k large
enough H"(By N 0Q)/(27%2)" ~ ¢, — 0 as k — oo. Hence R” x {0} € dQ \ (0Q).
(recall the notation in Definition 3.3) and the WLADR condition fails.

Remark 5.6. Note that the argument that we have just used suggests possible re-
laxed version of the WLADR condition. To elaborate on this, first one can easily
see that in the context of (3.4) one can alternatively write

E.= {x €E:lim inf r"H'BG,r)NE)> 0}

p—0* yeB(x,p)NE
O<r<p

= {xe E: liBm}n}frgn H'(BNE) > O},
X

where the liminf is taken over the balls B = B(xg,rg), xg € E, with xp — x
and rg — 0. Consider the set E.., where we replace above the inf with sup or,
equivalently, lim inf with lim sup. Note that E, C E,.. One might wonder whether
the WLADR condition can be replaced by the weaker fact H"(E \ E...) = 0. In fact,
this is not possible: in the current example with E = 9€2, one can easily see that
E.. = E. More generally, H(E \ E,.) =0 forall E C R™! p-rectifiable with H'g
being locally finite. This follows from [Mat, Theorem 16.2], which states that if
E c R"! is n-rectifiable and H" |, is locally finite then the n-density

O"(E,x) = 1ir(r)1+(2r)_”H"(B(x, rNE)
exists and is equal to 1 for H" almost every x € E. (Note that [Mat, Theorem 16.2]

is stated for H"(E) < oo but this may be easily replaced by the condition that H"|g
is locally finite.)

Let 0" := a)g and wg) = a)gz)k denote harmonic measure for the domains Q and
Q) respectively.
Claim. If ¢; decays fast enough, then w)(F) = 0, with F = R" x {0}.

Assuming this momentarily we have defined €2, an open connected set, satisfy-
ing all the conditions in Theorem 2.5 with the exception of the WLADR property,
and for which the conclusion of Theorem 2.5 fails. Again, as in Remark 5.4, we
may obtain a counterexample for Theorem 2.1 that satisfies all its hypotheses but
the WLADR condition.

Before proving our claim we need to recall some definitions. Given O c R"*!
an open and K a compact subset of O we define the capacity of K relative to O as

cap(K, O) = inf {ff Vo[> dY : ¢ € CF(0), ¢ > 1in K} .
o

Also, the inhomogeneous capacity of K is defined as

Cap(K) = inf {ff (I + Vo) dY : ¢ € CTR), ¢ > 1in K} .
R}l+l
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Combining [HKM, Theorem 2.38], [AH, Theorem 2.2.7] and [AH, Theorem 4.5.2]
we have that if K is a compact subset of B, where B is a ball with radius smaller
than 1, then

H(K)?
5.7 cap(K,2B) = Cap(K) = sup ————,
(5.7) p( ) p(K) #p WGl

where the implicit constants depend only on 7, the sup runs over all Radon positive
measures supported on K; and

" u(B(X,1)) d
W(u)(X) ::/O w%, X € supp u.

We are now ready to prove our claim. We fix k > 2, take ¢; = 272" and write
N = Ny :=c;! > 1. We are going to show that
(5.8)

cap(B(Xo, 5) N Xk, B(X0,25)) 2 5", Xo:= (20,27 e Xy, NP <5< 1.

For a fixed X and s, write K = B(Xp, s) N X and set = 25! H"| , and note
that for X € K

r, r<27kN-1,

27N 2Nt < r < N

2~k Nl<r<s

Qkngn r>s.

(5.9) u (B(X, r)) ~ 2k g

To compute W(u)(X) for X € K write

27k N1 N~ s 1
W(y)(X):/ +/ +/ +/ = I+II+1II+1V.
0 2-kN-1 N-1 s

Then, since s > N~'/2,
I+11 < 2kns—1 <2—kN—1 +2—an—n/ d_:) < 2k(n—1)N—1/2 < 1’
2-kN-1 T

where the last bound holds by our choice of N and c¢;. Furthermore, the last two
estimates in (5.9) easily imply that 771 + IV < 1 and hence W(u)(X) < 1 for every
X € K. This, (5.7), and (5.9) imply as desired (5.8):

cap(B(Xo, $) Nk, B(X0,25)) 2 u(K) 2 5"
Set
Ppi={(x27F=N""?) eRr: xeR"},
and observe that for X € Py,
N2 < §p(X) o= dist(X, 0Qy) = dist(X, %) <2N71/2.
‘We now define
u(X) = wi(F), Xey,

and observe that u € W2(Q;) N C(€y) since dQ is ADR (constants depend on
k but we just use this qualitatively) and 1 is a Lipschitz function on 9€;. Fix
Zy € Py and let Zj € X be such that |Zy — Z)| = dist(Zy, 0%) < 2N712) Let
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Qz, = O N B(Zy, %2"‘), which is an open connected bounded set. We can now
apply [HKM, Example 2.12, Theorem 6.18] to obtain a = @(n) > 0 such that

—k-2
2 ds

u(Zy) < exp <—a/ ) ~ (2kN—1/2)oz — yak(n=1)
3N-12 S

where we have used since u = 0 on 0Q; N B(Z)), 27k=1y and (5.8). Note that the last
estimate holds for any Z) € Py and therefore, by the maximum principle,

u(x, r) < 270k (x,1) €Q, t>2F N2,

In particular, if we set Xy := (0,...,0,1) € R’fl, then by another application of
the maximum principle,

WO(F) < w(F) = u(Xp) 527D 0,

as k — oo, and the claim is established.

APPENDIX A. LocAL THEOREMS

We would like to point out that our method allows to obtain a local version
of Theorem 2.5 (an analogous result can be proved for Theorem 2.1, the precise
statement is left to the interested reader). Let us recall that in Definition 3.3 we
introduced the set (0Q2). (cf. (3.4) with E = 9Q) formed by the points where the
WLADR condition holds. Also, we remind the reader that 9, denotes the Interior
Measure Theoretic Boundary as defined in (3.7) in Definition 3.6.

Theorem A.l. Let Q ¢ R"™!, n > 1, be an open connected set whose boundary
0Q has locally finite H"-measure. Suppose that F C 0Q is H"-measurable, n-
rectifiable and H"(F \ (0Q),) = H"(F \ 0,Q) = 0. Then

(A2) H'r < 0lr < w.

Additionally, by combining Theorem A.1 with the results of [AHM>TV], we are
able to decompose € as a rectifiable portion, where surface measure is absolutely
continuous with respect to harmonic measure, and a purely n-unrectifiable set with
vanishing harmonic measure.

Theorem A.3. Ler Q c R"™! n > 1, be an open connected set whose boundary 0
has locally finite H"-measure. Assume that 0CQ satisfies the WLADR condition and
that the Interior Measure Theoretic Boundary has full H"-measure (i.e., H"(0Q \
(0Q).) = H'(0Q\ 0,Q) = 0). Then, there exists an n-rectifiable set F C 0 such
that ol < w, OQ\ F is purely n-unrectifiable and w(0Q\ F) = 0.

To prove Theorem A.3 (assuming Theorem A.1) note that, by the Lebesgue
Decomposition Theorem (cf. [EG, page 42]), there exists a Borel set F' C 0€, such
that

(A.4) O =0 + 05 = 0T|p +Tlaa\F

with 0 < w and W(OQ\F) = 0. By [AHM>TV, Theorem 1.1 (b)], F isrectifiable.
It remains to show that 9Q \ F is purely n-unrectifiable. For the sake of a contra-
diction, suppose that F” is a Borel n-rectifiable set such that H"(F’ N (0Q\ F)) > 0.
Then, by Theorem A.1 applied to the rectifiable set F” N (0Q \ F), it follows that
w(F’' N (0Q\ F)) > 0 which contradicts the fact that w(0Q \ F) = 0.
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To prove Theorem A.1 one can follow the argument in the proof of Theorem 2.5
with the following changes. First, it suffices to see that F' can be covered H"-a.e.
by a countable union of boundaries of Lipschitz domains contained in €. To that
end, we need to modify Theorem 3.10, since we are only assuming that a piece of
0Q is n-rectifiable. We would like to emphasize that (3.11) in Theorem 3.10 was
never used in the arguments (the WLADR condition is a somehow stronger version
of it) and hence we only need a version of (3.12).

Lemma A.5. Suppose that E ¢ R™! is H"-measurable with H"| locally finite.
Let F C E be an H"-measurable and n-rectifiable set. Then there exists Fy C F
with H"(Fo) = 0 such that for every x € F \ Fy the following holds: for every
1 > 0 there exist positive numbers ry = ry(n) and a n-dimensional affine subspace
P, = P(n) such that for all 0 <r < r,

(A.6) H"((E N B(x,n)\ P{") < nr'".

Assuming this result momentarily, one can easily establish versions of Lemmas
4.1 and 4.6 for x € F \ Fy. With these in hand, we let £ = dQ and apply Lemma
A.5 to find Fy. Following the proof of Theorem 2.5, the sets G(k, m) need to be
intersected with F \ Fo, and we also take Z = (F \ ((8Q). N dQ.)) U Fy. From
this point the proof goes through mutatis mutandis, details are left to the interested
reader.

Proof of Lemma A.5. Since F is H"-measurable and n-rectifiable with H"|r locally
finite, we can apply Theorem 3.10 and find F\; C F with H"(F{)) = 0 such that for
every x € F'\ F{) the following holds: for every > 0 there exist positive numbers
ri = ri(x,n) and a n-dimensional affine subspace P, = P,(n) such that for all
O<r<n

(A7) H"((F N B(x,r)\ P") < H"((F N B(x,r)) \ PT?) < " 2.

Now by standard density estimates (see [Mat, Theorem 6.2 (2)]) we have that
H'(Fy):= H"({x € F : lim %up H'"((E\F)NB(x,r) (2n™" >0}) =0.

0

Hence, for every x € F \ F the following holds: given n > 0 there exists r, =

ra2(x,1) > O such that forall 0 < r < rp

(A8) H"((E\ F)NB(x,r)) <nr'/2.

Set Fo = F(y U F{j which clearly satisfies H"(F) = 0. For every x € F'\ F, taking

P, = P.(n) as above, (A.7) and (A.8) give for every 0 < r < r, := min{ry, r;}

H"((EnB(x, \P{) < H"((FNB(x, )\P{") +H" ((E\F)NB(x,r)) < nr",
which proves (A.6). m]
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