DYNAMIC ALPHA-INVARIANTS OF DEL PEZZO
SURFACES

IVAN CHELTSOV AND JESUS MARTINEZ-GARCIA

ABSTRACT. For every smooth del Pezzo surface S, smooth curve C €
| — Ks| and S8 € (0,1], we compute the a-invariant of Tian «(S, (1 —
B)C) and prove the existence of Kéhler-Einstein metrics on S with
edge singularities along C of angle 2x3 for 8 in certain interval. In
particular we give lower bounds for the invariant R(S,C), introduced
by Donaldson as the supremum of all 8 € (0, 1] for which such a metric
exists. The pairs (S, C) considered are strongly asymptotically log del
Pezzo surfaces. We study one of the two classes of such pairs for which
such metrics are expected to exist for all small 8 > 0.

1. INTRODUCTION

In the last fifty years, the existence of canonical metrics on complex
manifolds has attracted a lot of interest from complex differential geome-
ters. In the case of Fano manifolds the Yau-Tian-Donaldson conjecture
(recently solved by Chen, Donaldson, Sun [6] and Tian [21]) predicted that
the existence of Kadhler—Einstein metrics should be equivalent to the algebro-
geometric concept of K-stability.

In recent decades, many geometric problems have been generalized to
a log setting, initially in an attempt to solve these problems and later on
their own merit. This was indeed the approach successfully suggested by
Donaldson to solve the K&hler-Einstein problem (see [9]). In this article,
we study the Kahler—Einstein problem for surfaces in a natural log setting:

Definition 1.1 ([5]). Let (X,D = I, D;) be log smooth, i.e. X is
non-singular and D is a reduced Z-divisor whose irreducible components
are smooth and intersect with simple normal crossings. Consider 8 =
(B1,---,Br) € (0,1]". The pair (X, D) is strongly asymptotically log Fano if
for all sufficiently small 0 < ||5|| < 1, the R-divisor —(Kx + > (1 — 5;)D;)
is ample.

Strongly asymptotically log Fano varieties are a natural generalization of
log Fano varieties (X, D), for which —(Kx + D) is ample. Furthermore,
both concepts generalize Fano varieties. Indeed, a (strongly asymptotically)
log Fano variety (X, D) such that D = 0 is a Fano variety.

Given a strongly asymptotically log Fano pair (X, D), we may consider
Kdhler—Einstein metrics on X with edge singularities (KEE metrics) of an-
gles 2w(31,...,276, along D1,...,D,, respectively. In this log setting, the
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Kahler—Einstein edge problem consists of two parts. On the one hand we
must decide if (X, D) admits a KEE metric for all small values of ||3||. On
the other hand, it is interesting to describe the geometry of the space of
B € (0,1]" such that (X, > (1 — 8;)D;) admits a KEE metric, and in partic-
ular on the boundary of this space.

The particular case when r = 1 (i.e. Supp(D) consists of one smooth
component) and D € | — Kx| is of special interest, since a Kahler-Einstein
metric with singularities along D of angle 27 is a Ké&hler—Einstein metric
in the usual sense. Moreover, in this case we can pick any 8 € (0, 1], since
—(Kx + (1= p5)D) ~g —fKx is ample. Hence, in that case, studying the
geometry of 8 € (0,1] is equivalent to computing the following invariant
introduced by Donaldson:

Definition 1.2 ([9]). Let X be a smooth Fano variety, and let D be a
smooth divisor in | — Kx|. Then R(X, D) is the supremum of all 5 € (0, 1]

such that X admits a Kahler—Einstein metric with edge singularities along
D of angle 27 0.

It follows from [10] that the smooth Fano variety X admits a Kéahler—
FEinstein metric with edge singularities of angle 273 along D for every posi-
tive 8 < R(X, D).

Remark 1.3. If X is a smooth Fano variety, D € | — Kx| is a smooth
divisor and X admits a K&hler-Einstein metric, then R(X, D) = 1.

Cheltsov and Rubinstein [5] have classified all strongly asymptotically
log Fano varieties (S, D) in dimension 2. In their classification, (S, D) is
conjectured to admit KEE metrics for all small 0 < § < 1 [5, Conjecture
1.6.] if and only if (Kg + D)? = 0. The main subcase of this classification,
and the focus of this article, is the case in which S is a del Pezzo surface
(—Kgisample) and D € |—Kg|is asmooth curve. This is the natural setting
in which R(S, D) above is defined. Before explaining our contribution, let
us discuss the main tool used: Tian’s a-invariant.

Let (V,A) be a log Fano variety, where A is an R-divisor. Its a-invariant
can be defined as

a(V,A) =sups A e R ) o
for any effective R-divisor B ~g —(Ky + A

the log pair (V, A+ )\B) is log canonical
) € Ryo.

If A =0, we denote a(V,A) by a(V).

Remark 1.4. For every effective R-Cartier R-divisor B on V', the number
let(V, A; B) = sup{)\ eR } the log pair (V, A+ )\B) is log canonical}

is called the log canonical threshold of B with respect to (V,A). Note that

a(V,A) = inf{lct(V, A; B) ! B is an effective R-divisor such that B ~g —(KV+A)}.
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The role of a-invariants in the study of KEE metrics arises from the
following theorem:

Theorem 1.5 ([10, Theorem 2, Lemma 6.13], c.f. [15, Theorem 5.4]). Let
X be a smooth projective variety of dimension n, and let D be a smooth
irreducible hypersurface in X. Let B € (0,1] and suppose that the divisor
—(Kx + (1 = B)D) is ample. If a(X,(1 - B)D) > 5, then X admits a
Kahler—FEinstein metric with edge singularities of angle 2w along D.

The a-invariants of smooth del Pezzo surfaces were computed in [1, The-
orem 1.7] (see [7], [16] for an analytic approach and [14] for a characteristic
free approach). The computation implies

Theorem 1.6. Let S be a smooth del Pezzo surface. Then
a(S) = inf{lct(S,O;B) ( B € |-Ks| and B=Y _ B;, where B; 2 P' and —Kg-B; < 3\1@}.

Let X be a smooth Fano variety and D € | — Kx| be a smooth divisor.
By the definition of a-invariant, and Theorem 1.5 it follows that there is
a KEE metric for all sufficiently small 0 < § < 1. On the other hand, it
well known that the existence of KEE metrics is a convex property for .
Therefore (X, D) admits a KEE metric for all 0 < § < R(X, D).

By a theorem of Tian (see [20]), a smooth del Pezzo surface S admits a
Kahler-Einstein metric if and only if S 2 F; and Kg # 7. Thus, we have

Corollary 1.7 ([20]). Let S be a smooth del Pezzo surface such that S % Fq
and K% # 7, and let C be a smooth curve in | — Kg|. Then R(S,C) = 1.

Unless R(X,D) = 1, we do not know a single example for which the
invariant R(X, D) is known precisely (cf. [12, Theorem 1.7]).

In this article we generalize Theorem 1.6 to the case of strongly asymptot-
ically log Fano surfaces (5, C'), where S is a del Pezzo surface and C' € |- Kg|
is smooth.

Theorem 1.8 (Main Theorem). Let S be a smooth del Pezzo surface, let C
be a smooth curve in | — Kgl|, and let B be a real number in (0,1]. Then

(S, (1-B)C) = inf{lct(S,(l ~ 8)C; 8B) B € | — Kg| such that B=C or B = ZB"’}‘

where B; 2 P! and — Kg- B; <3 Vi

Moreover, we establish how the a-invariants of del Pezzo surfaces vary
under blow-ups:

Theorem 1.9. Let S1 and Sy be smooth del Pezzo surfaces, let C and
Cy be smooth curves in | — Kg,| and | — Kg,|, respectively. Suppose that
there is a birational morphism f: Sy — Si such that f(Co) = C1. Then
a(S1, (1 — B)Cy) < a(S2, (1 — B)Cs) for every B € (0,1] except for the

following cases:
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(1) Sy = P2, Sy =Ty, and f is the blow up of an inflection point of the
cubic curve Cy C P?,
(2) S; = P! x P!, K%Q =7, and [ is the blow up of a point in C1.

We will prove Theorems 1.8 and 1.9 in Section 4. In Section 2, we will give
very explicit formulas for the invariant (S, (1 —/3)C). Instead of presenting
them here, let us consider their applications.

Corollary 1.10. Let S be a smooth del Pezzo surface, and let C' be a smooth
curve in | — Kg|. Then a(S, (1 — B)C) is a decreasing continuous piecewise
smooth function for B € (0,1].

If S is a smooth del Pezzo surface such that either S = F; or Kg =1,
and C' is a smooth curve in | — Kg|, then R(S,C) > % by [5, Proposition
6.10 (i)]. We improve this bound:

Corollary 1.11. Suppose that S = Fy. Let C' be a smooth curve in | — Kg|.
Then R(S,C) > . Furthermore, if C is chosen to be general in | — Kgl,
then R(S,C) > 2.

Corollary 1.12. Let S be a smooth del Pezzo surface such that Kg =17, and
let C be a smooth curve in | — Kg|. Then R(S,C) > 2. Furthermore, if C

does not pass through the intersection point of two intersecting (—1)-curves
in S, then R(S,C) > %

In [22, Theorem 1], Székelyhidi proved that R(S,C) < % when S = Fq,
and R(S,C) < % when K% = 7 and C passes through the intersection point
of two intersecting (—1)-curves in S.

Structure of the article. In Section 2 we define explicit functions &(S, (1—
B)C): (0,1] — R for all smooth del Pezzo surfaces S and all smooth curves
C € | — Kg|. These functions coincide with specific values of lct(S, (1 —
B)C, BB) where B € | — Kg| and B = C or B = Y B; where B; = P! and
—Kg - B; <3 for all 4.

The goal of this article is to prove Theorems 1.8 and 1.9. Both results
follow from showing that «(S, (1—3)C) = &(S, (1—5)C) (see Theorems 4.1
and 4.10). Proving that this equality holds boils down to show that given
any effective R-divisor D ~g —Kg and any point p € S, the pair

(5, (1 =P)C+a(S, (1 - p)C)BD)

is log canonical at p for all 8 € (0, 1].

The proof consists of several cases according to the pair (S, C) and the
position of p € S. These are covered in Section 4. A particularly involved
case is when 4 < K2 < 7, p belongs to a unique (—1)-curve £ and p = LNC.
This case is treated separately in Section 5. In Section 3 we provide a few
local inequalities for pairs (S, D) which are not log canonical. We use these
inequalities in the proofs in sections 4 and 5.

Most of the results in this article were obtained in the Ph.D. Thesis of
the second author (see [13]). This article contains simplified proofs and, in
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some cases, completely new proofs. A part of this work was done during
a visit of both authors to the National Center for Theoretical Sciences in
Taipei. We are grateful to Jungkai Chen for making this visit possible.

Throughout this article, we assume that all considered varieties are pro-
jective and defined over C.

2. ExpriciT FORMULAS

Let S be a smooth del Pezzo surface. If Kg > 3, then —Kg is very
ample (see [11, Proposition I11.3.4]. In this case, we will identify S with its
anticanonical image, and we will call a curve Z C S such that Z - (—Kg) =
1,2, 3 a line, conic, cubic, respectively. Let C' be a smooth curve in | — K],
and let 8 be a positive real number in (0, 1]. Let

(9, (1-p)C) = inf {lct(S, (1- B)C; 5B) B € |- Ks|such that B=Cor B=) B, } |

where B; 2 P! and — Kg- B; <3 Vi

Then a(S, (1 — B)C) < @S, (1 — B)C). Theorem 1.8 states that «(S, (1 —
B)C) = a(S, (1-p£)C). In this section, we will define a number &(S, (1-3)C)
such that &(S, (1 —5)C) = &(S, (1 — 8)C). In Section 4, we will prove that
a(S,(1-5)C) = a(S, (1 —p)C). The latter inequality implies Theorem 1.8,
since &(S, (1 — (1-p8)C) = a(S,(1—p5)0).

n ~

2.1. Projective plane. Suppose that S = P?. Then C is a smooth cubic
curve on S. Let

1for0<6<%,
) (1438 1 1438 . 1 2
- = — = for — <8<,
a(9,(1-8)0) mln{l, 95 ,35} o5 or & 6] 3
1 2
— for - <8 <1
35 lorgsp

Let P be an inflection point of the curve C, and let T be the line in P? that
is tangent to C' at the point P. Then &(S, (1 —38)C) > &a(S, (1—5)C), since

&S, (1—p)C) = min{lct(S, (1-8)C; BC),1ct(S, (1 - B)C; SBT)}.

2.2. Smooth quadric surface. Suppose that S = P! x P'. Let

1
) . 1+923 1f0r0<5§1,
a(s,(1-p8)C) = 1n{1, 65 =91 1+23 1
for - <f<1
6 4

Let T be a divisor of bi-degree (1,1) on S that is a union of two fibers of
each projection from S to P'. Suppose in addition that one component of T
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is tangent to C' at some point, and another component of T passes through
this point. Then &(S, (1 — 8)C) = a(S, (1 — B)C), since

a(S, (1 - B)C) = min{lct(S, (1— B)C; BC), Iet(S, (1 — B)C; 2[3’T)}.

2.3. First Hirzebruch surface. Suppose that S = F;. Let Z be the
unique (—1)-curve in S, and let F' be the fiber of the natural projection
S — P! that passes through the point C N Z. Then C ~ 2Z + 3F. If F is
tangent to C' at the point C N Z, let

( 1
1for0<[3<6,
. 1428 1 1428 1 5
A (S, (1 B)C) = ER g for = < B< 2,
a(s,(1-p8)0) mm{l, %5 735} 35 or & g G
1 5
— for - < B <1.
g5 T g s”P
If F' is not tangent to C at the point C'N Z, let
1
].fOI'O<B<Z7
. : +4 1 1+5 . 1 2
- 9)C) = L for 7 <A<,
a(s,(1-8)0) mln{l, 55 ,35} 55 or - I6] 3
1 2
— for - <fA<1
55 rg s f

In both cases, we have &(S, (1 — 8)C) = a(S, (1 — 8)C), because
a(s,(1-p8)C) = min{lct(S, (1-B)C;BC),lct(S, (1 — B)C; B(2Z + 3F)) }

2.4. Blow up of P? at two points. Suppose that Kg = 7. Then there
exists a birational morphism m: S — P? that is the blow up of two distinct
points in P2. Denote by E; and E; two m-exceptional curves, and denote
by L the proper transform of the line in P? that passes through 7(FE7) and
m(E2). Then Ej, Es, and L are all (—1)-curves in S.

The pencil |Ey + L| contains a unique curve that passes though C N
E;. Similarly, |E7 4+ L| contains a unique curve that passes though C' N Es.
Denote these curves by L and Lo, respectively. Then L is irreducible and
smooth unless L1 = E9 + L (in this case F1 N L € C'). Similarly, the curve
Lo is irreducible and smooth unless Ly = E; + L and LN Ey € C.

If C' does not contain the points Fq1 N L nor Es N L, then there exists
a unique smooth irreducible curve R € |E; + E3 + L| such that R passes
though CN L and is tangent to C at the point C'N L. If either E1NL € C or
EsnNL € C,welet R = Ej+ Fy+ L. In the former case, either R and C' have
simple tangency at the point C'N L or the curve R is tangent to C' at the
point C'N L with multiplicity 3 (in this case, we must have RNC =CNL,
because R - C = 3).
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If either EyNL € C or EaN L € C (but not both, since C' - L = 1), then
we let

1for0<ﬁ<%,
. . +8 1 1+p 1 2
Oé(S,(l—B)C'):mln{l,T,%}: Wf 1<6<§7
1 2
— - <8<
| 35 for3\6\1

If the curve C does not contain the points F1 N L nor Fy N L, and either
Ly is tangent to C' at the point C'N E; or Lo is tangent to C' at the point
C N Es, then we let

1
1for0<ﬁ<1,
N . 1428 1 1428 1 1
a(S’(l_/B)C):mln{l) GB 7%}: 6,8 forzgﬁgiv
1 1
— for - <A<
| 35 or2 I5}

If the curve C' does not contain the points E1 N L nor Ey N L (this implies
that the curve R is smooth), neither L; is tangent to C' at the point C'N E;
nor Lo is tangent to C at the point C' N E5, and the curve R is tangent to
C at the point C' N L with multiplicity 3, then we let

1for0<[3<%,
. 1438 1 1433 1 4
A - = — = for —< B <,
a(s,(1-8)0) mm{l, 75 735} 73 or - g 5
1 4
— for - <8< 1.
35 T g S

Finally, if the curve C does not contain the points F1 N L nor Es N L (and
hence the curve R is smooth), neither L; is tangent to C' at the point C' N E}
nor Lo is tangent to C at the point C'N Es, and R is tangent to C' at the
point C'N L with multiplicity 2, then we let

1

lfor0< g <o,

R ) 1 3
oz(S,(l—B)C’) :mln{l,%} = 1 1

— for = <A<
35 3

We have &(S, (1 — 8)C) = a(S, (1 — 5)C). Indeed, if either Fy N L € C

or FaNL € C, then

1.

(S, (1-B)C) = min {lct (S, (1-B)C; BC), 1ct (S, (1—B)C; B(3L+2E1+2Ey)) }
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which implies that &(S, (1 — 3)C) = &(S, (1 — §)C). If neither Ey N L € C
nor Es N L € C, then

1
min {lct (S, (1-8)C; BC), 1t (S, (1-8)C; B(3L—|—2E1—|—2E2))} = min {1, ?)ﬁ} :
If the curve C does not contain the points E1 N L nor Fo N L, and Ly is
tangent to C' at the point C'N E7, then

(S, (1 - B)C) = min {1, 31[3, let (S, (1 — B)C; B(2L + 2B + L)) }
and similarly if Lo is tangent to C' at the point C' N Es. If the curve C' does
not contain the points E1 N L nor Fy N L (this implies that the curve R is
smooth), neither L; is tangent to C' at the point C'N E} nor Ly is tangent to
C' at the point C' N Es, and the curve R is tangent to C at the point C' N L
with multiplicity 3, then

min {lct (S, (1-8)C; BC), 1t (S, (1-8)C; B(3L+2E1+2E3)), 1ct (S, (1-8)C; B(L+2R)) }
equals &(5, (1 —5)C). We conclude that &(S, (1—8)C) = a(S, (1 —5)C) in

every case.

2.5. Blow up of P? at three points. Suppose that K% = 6. Then there
exists a birational morphism 7: S — P? that is the blow up of three non-
colinear points. Denote the m-exceptional curves by FEj, Es, Es, denote
the proper transform on S of the line in P? that passes through 7(FE1) and
7(E3) by L12, denote the proper transform on S of the line in P? that passes
through m(E;) and w(E3) by L3, and denote the proper transform on S of
the line in P? that passes through 7(Fs) and 7(E3) by Lss. Then Ej, Es,
Es3, Lqs, L3 and Log are all the lines in S.

If the curve C contains an intersection point of two intersecting lines in
S, then we let

1

lfor0< <=,

A 148y 3
a(S,(l—B)C)*mm{l’ﬂ}i ﬂforl<ﬂ<1
a3 T

If the curve C does not contain the intersection points of any two intersecting
lines, and there are a line Z; and an irreducible conic Z5 in S such that Zs
is tangent to C' at the point C' N Z1, then we let

1for0<[3<é,
. 1+28 1 1+28 1 3
A - = == for - <pB <,
a(s,(1-p8)0) mm{l, 55 ,25} 55 or 3 g 1
if0r§§6<1.

(23 4
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If C' does not contain the intersection point of any two intersecting lines,
and for every line Z; in S, there exists no irreducible conic Zs in .S such
that Z5 is tangent to C at C' N Z1, then we let

1
lfor0< <=
. . 1 2
a(9,(1-B)0) = mln{l, —} =
26 S for 1 <p<1
23 2 0 T
One has &(S, (1 — 5)C) = &(S, (1 — B)C). Indeed, we have 2F; + 2L19 +
Lis+ FEy ~ —Kg. Thus, if EyNLio € C, EyNLi3 € C and Es N Lo & C,
then

9

1for 0 < <
min {lct (S, (1-B)C; BC), et (S, (1—B)C ﬁ(2E1+2L12+L13+E2))} =3
— for — < B
238 2
Otherwise, this minimum is &(S, (1—3)C). This shows that &(S, (1-8)C) >
a(S, (1 —B)C) except for the case when C' does not contain the intersection
point of any two intersecting lines, but there are a line Z; and a conic Zs in
S such that Z, is tangent to C at the point C' N Z;. In the latter case, we
may assume that Z; = Fy and Zy € |Li2 + Es|, which implies that

)

N N

1.

6(5,(1-6)C) = min {1ct (8, (1-B)C; BC), 1et(S, (1-5)C; (220 Fy L)) },

since 27y + E1 + Loz ~ —Kg. Thus, in all cases we have &(S5, (1 — §)C) >

2.6. Blow up of P? at four points. Suppose that ng = 5. Then there
exists a birational morphism 7: S — P? that contracts four smooth rational
curves to four points such that no three of them are colinear. Denote these
curves by E1, Fo, E3, E4. For and integers ¢ and j such that 1 <7 < j <4,
denote by L;; the proper transform on S via 7 of the line in P? that passes
through 7(E;) and 7(E;). These gives us six lines Lio, L13, Li4, Lo3, Lo
and L34. Moreover, El, EQ, E3, E4, L12, L13, L14, L23, L24 and L34 are all
the lines in S. Let

1
lforO0< <=
. . 1 2
a(S,(1-p)0) = mln{l, —} =
23 1 1
— for - < /<1
25 " 2
Then &(S, (1 - 8)C) = a(S, (1 — p)C), since 2E1 + L1+ L1+ L1y ~ —Kg
and

9

(S, (1-B)C) = min {lct (S, (1-B)C; BC), 1ct (S, (1—B)C; B(2E1+Lia+Lig+L14)) }
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2.7. Complete intersections of two quadrics. Suppose that K% = 4.
Then there exists a birational morphism 7: S — P? that is the blow up
of five points such that no three of them are colinear. Denote by Ei, Fs,
FEs5, E4 and FE5 the m-exceptional curves. For any integers ¢ and j such that
1 <@ < j <5, denote by L;; the proper transform via m on S of the line in
P? that passes through 7(E;) and 7(E};). Denote by E the proper transform
on S of the unique smooth conic in P? that passes through 7(FE;), 7(Fs),
7(Es3), m(Ey) and w(Es). Then Ey, Eo, E3, Ey, Es, L2, L13, L1a, L5, Lo,
Loyg, Los, L34, L35, Lys and E are all the lines in S.

If the curve C contains the intersection point of any two intersecting lines,
then we let

1
1f0r0<5<7a
) (148 2
a(S,(1-p)C) =ming 1, —— ¢ =
( ) { 35 } 1;_Bﬁf0r;</3<1-

If the curve C does not contain the intersection point of any two intersecting
lines, but there are two conics C7 and Cs in S such that Cy + Cy ~ —Kg,
and C7 and Cs both tangent C' at one point, then we let

1
1for0<ﬁ<§,
. (. 1428 2 1+28 . 1 5
a(S,(l—B)C):mln{l, 13 ,%}: 15 foriéﬂgg,
2 )
— for - <A1
35 TSP

Finally, if the curve C' does not contain the intersection point of any two
intersecting lines, and for every two conics C; and Cs in S such that Cy +
Cy ~ —Kg, the conics (7 and Cs do not tangent C at one point, then we
let
2
9 1for 0 < B <
a(S,(1- B)C) :min{l,—} - )

3
3 2
— for - < B <1
35 r3sp

We claim that &(S, (1 — 8)C) > &(S, (1 — §)C). Indeed, the lines Lo
and L34 intersect at a single point. Let Z be the proper transform on
S of the line in P? that passes through 7(FE5) and 7(Lia N Las). Then
Lis+ L3y + Z ~ —Kg. Moreover, if L1o N L34 € C, then

)

1
lfor0<p< -,

min lct(S,(I—B)C;BC),IC‘E(S,(1—5)0;6(1) +L —i—Z)) =
{ 12+L:34 } 1;—Bﬁfor;<,8<1.

However, if Lo N L3y ¢ C, then this minimum equals min{1, %} Since we

[\

can repeat these computations for any pair of intersecting lines in S, we see
that &(S, (1 — B)C) = &(S, (1 — B)C) except possibly the case when C' does
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not contain the intersection point of any two intersecting lines, but there
are two conics C7 and Cs in S such that C7 + Cs ~ —Kg, and Cq and Cy
both tangent C' at one point. In the latter case, &(S, (1 — 3)C) is equal to

min {lct (S, (1-8)C; ,BC),Ict (S, (1-8)C; [5’(L12+L34+Z)),lct (S, (1-8)C; ,B(C'H-Cg))},

since C1 + Cy ~ —Kg. This shows that &(S, (1 — 8)C) > &(S, (1 — f)C) in

all three cases.

2.8. Cubic surfaces. Suppose that Kg = 3. Then S is a smooth cubic
surface in P3. Recall that an Eckardt point in S is a point of intersection
of three lines contained in S. General cubic surface contains no Eckardt
points. If S contains an Eckardt point that is contained in C, then we let

1
< —
143 1f0r0<5\2,

SB}: 1+8 . 1
735 f0r2<3<1.

a(S,(1-p)C) = min{l,

If S contains an Eckardt point and C' contains no Eckardt points, then we
let

If S contains no Eckardt points, but .S contains a line L and a conic M such
that L is tangent to M and L N M € C, then we let

2
< —
21y Lfor 0< <3,

&(S,(l—,@’)C):min{l,W RS

If S contains no Eckardt points, for every line L and every conic M on S
such that L is tangent to M, we have L N M ¢ C, but there is a cuspidal
curve T' € | — Kg| such that T'N C = Sing(T'), then we let

1for0<[3’<§,
. 24358 3 2438 2 )
A - = — = for - <8<,
a(s,(1-8)0) mm{l, 65 ,45} o3 or o g G
3 5
— for - < B <1,
| 15 or B

Finally, if S contains no Eckardt points, for every line L and every conic M
on S such that L is tangent to M we have LN M ¢ C, and every irreducible
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cuspidal curve T € | — Kg| intersects C' by at least two point, then we let

3 lfor0< <
(S, (1 - B)C) :min{l,@} =5
— for - <
43 " 4
One can easily check that &(95, (1—5)C) > &(S, (1—5)C) (see [13, Theorem
4.9.1)).

9

N\ W

1.

2.9. Double covers of P2. Suppose that Kg = 2. Recall that C' is a non-
singular curve in the linear system |—Kg|. Different choices of C' will give rise
to different invariants & (S, (1 — 3)C) whose values depend on the existence
of certain singular irreducible curves Z € | — Kg| such that C' contains the
singular point of Z. We give the different values of d(S, (1-— ﬂ)C) for all
smooth C € | — Kg| distinguishing four possible cases for the curve Z.

If | — K| contains a tacnodal curve Z whose singular point is contained
in C, then we let

2
1f01‘0<,6<§,

. 24P
a(S,(l—ﬁ)C) —mm{l,w}— 248 9
— for - < B < 1.
43 3
If | — Kg| contains at least one tacnodal curve Z, but C' does not contain

singular points of any tacnodal curve in | — Kgl, then we let

3
R . 3 1f0r0</3<1,
oa(S,(l—B)C) :mln{l,@}: 3 . 3
— - < B <1
13 0r4\6\1

If | — Kg| contains no curves with tacnodal singularities but there is at least
one cuspidal rational point Z € | — Kg|such that C' contains the cuspidal
singular point of Z, then we let

3
lfor0< <=
. . 3+ 23 4’
a(S,(l—ﬂ)C’):mm 1, — ¢ =
{ 65} 3120 i3 <p<a
63 4

Finally, if | — K| contains no curves with tacnodal singularities, and C' does
not contain the cuspidal singular point of any cuspidal rational curves in
| — Kgl, then we let

1for 0 < B <

)
&(S, (1= B)C) = min{1, @} i

60 6

5
67
<1
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Clearly, this four cases exhaust all possibilities for smooth curves C' €
| — Kg|. One can easily check that &(S, (1 —5)C) > &(S, (1 —8)C) (see [13,
Theorem 4.10.1]).

2.10. Double covers of quadric cones. Suppose that K% = 1. As above,
C is a non-singular curve in the pencil | — Kg|. If | - Kg| contains no cuspidal
curves, then we let &(S, (1 — 8)C) = 1 for every 8 € (0,1]. Otherwise, we
let

lfor0< B < %’
(s, (1 - B)C) :min{l,@ = .
— - < B <1
63 for 5 S 6<1
In the former case, we have &(S5, (1 — 5)C) = lct(S, (1 — 5)C; BC). In the

latter case, we have
(S, (1 B)C) = min {lct(S, (1—B)C; BC), 1et(S, (1 — B)C; BZ) }

where Z is a cuspidal curve in |— Kg|. Thus, &(S, (1-8)C) = a(S, (1-8)C)
in both cases.

3. LOCAL INEQUALITIES

Let S be a smooth surface, let D be an effective R-divisor on S, and let
P be a point in S.

Lemma 3.1. Suppose that (S, D) is not log canonical at P. Then multp(D) >
1.

Proof. This is a well-known fact. See [8, Exercise 6.18], for instance. O

Lemma 3.2. Suppose that (S, D) is not log canonical at P. Let B be an
effective R-divisor on S such that (S, B) is log canonical and B ~g D. Then
there exists an effective R-divisor D' on S such that D' ~g D, the log pair
(S, D’) is not log canonical at P, and Supp(D’) does not contain at least
one irreducible component of Supp(B).

Proof. Let p be the greatest real number such that D' := (1 4+ p)D — uB
is effective. Since D # B, the number u does exist. Then D’ ~r D, the
log pair (S, D’) is not log canonical at P, and Supp(D’) does not contain at
least one irreducible component of Supp(B). O

Let m1: S1 — S be a blow up of the point P, let F} be the m-exceptional
curve, and let D! be the proper transform of D via ;. Then Kg, + D! +
(multp(D) — 1)Fy ~g 7 (Kgs + D).

Lemma 3.3. Suppose that (S, D) is not log canonical at P. Then multp(D) >
1 and there erists a point Py € Fy such that (Sy, D' + (multp(D) — 1)Fy)
is not log canonical at Py. Moreover, one has multp(D) + multp, (D) > 2.

If, in addition, multp(D) < 2, then such point Pj is unique.

Proof. This is a well-known fact. See, for example, [3, Remark 2.5]. O
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Let C be an irreducible curve on S that contains P. Suppose that C' is
smooth at P. Write D = aC + (), where a € Ry, and (2 is an effective
R-divisor on S with C' ¢ Supp(Q2).

Theorem 3.4. If (S,aC + Q) is not log canonical at P and a < 1, then
multp(Q . C) > 1.

Proof. See, for example, [8, Exercise 6.31], [14, Lemma 2.5] or [2, Theo-
rem 7. O

Denote the proper transform of the curve C on the surface S; by C*', and
denote the proper transform of the R-divisor € on the surface S; by Q.

Lemma 3.5. Suppose that a < 1, the log pair (S, aC+Q) is not log canonical
at the point P, and multp(Q) < 1. Then (S1,aC' + Q' + (a + multp(Q) —
1)Fy) is not log canonical at C' N Fy, it is log canonical at every point in
E1\ (C'NF), and multp(Q-C) > 2 —a.

Proof. Since a < 1 and multp(©2) < 1, we have multp(D) < 2. By
Lemma 3.3, there exists a unique point P; € F; such that the log pair
(S1,aCt + Q! + (a+mult p(Q) — 1) F}) is not log canonical at P;. If P; ¢ C*,
then multp(Q) = Fy - Q' > multp, (2! - F) > 1 by Theorem 3.4, which is
impossible, since multp(2) < 1. Thus, P, € C'. Then, by Theorem 3.4
again:

multp (Q : C) > multp(Q) + multp, (Ql . Cl> >2—a.

Let us consider an infinite sequence of blow ups

Tn+1 Tn Tn—1 ™3 )

Sh Sn—1 Sa

S

such that each m, is the blow up of the point in the proper transform of the
curve C on the surface S,_1 that dominates P. Denote the m,-exceptional
curve by F,,, and denote the proper transform of C' on S,, by C™. For every
n > 1, write P, = C" N F,, denote the proper transform of the divisor 2 on
Sy, by Q") let m,, = multp, (") and let my = multp($2). For every positive
integers k < m, denote the proper transform of the curve Fj, on S, by F}'.
Finally, we let

n k—1
DS =aC" 4+ "+ Y (ka—k+ > my) By
k=1 i=

for every n > 1. Then Kg, 4+ D% ~p (1 0mp0---0m,)*(Kg + D) for every
n > 1.

Theorem 3.6. Suppose that (S, aC+8) is not log canonical at P and a < 1.
Then mo +a > 1 and multp(2- C) > 1. Moreover, the following additional
assertions hold:

(i) if mo < 1, then the log pair (S1, D) is not log canonical at Py,
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(i) if (Sp, D7) is not log canonical at some point in Fy, then D is an
effective divisor,

(iii) if (Sn, D7) is not log canonical at some point in F, and 3"~ o mi <
n + 1 — na, then such point in F,, is unique,

() if (Sn, D) is not log canonical at P,, then (n+1)a+> "1 m; > n+2,
the log pair (Spy1, D5*+1) is not log canonical at some point in Fy 1,
and multp(2-C) >n+1— na

(v) ifn>2 mp_1 <1and > 0 m; < n+1—na, then (Sy,, D5 ) is log
canomcal at every point of F, different from P, and F, N F)'_

(vi) if n > 2 and Z 0 m; <n — (n— 1)a, then (Sp, D) is log canom’cal

at Fp, N F
(vii) ifn > 2, ZZ o mi <n—(n—1)a, and Y S mi42mn_s < n+1—na,
then (Sn, D5n) s log canonical at F,, N E™

Proof. By Lemma 3.1, we have mg + a > 1. By Theorem 3.4, we have
multp(Q2 - C) > 1 — a. Assertion (i) follows from Lemma 3.5.

For assertion (ii), it is enough to show that k(a — 1) + ZZ o m; =0 for
1<k<n Ifa>1, thisis clear. If 0 < a < 1, then mg > 1 by Lemma 3.1
and hence D! is effective. Assertion (ii) follows by induction. Indeed, since
(Sn, D) is not log canonical at some point in Fj,, then (Sl 1, D%=1) is not
log canonical at P_j for 1 <l <n. If (I —1)(a—1)+ ZZ omi = 0, then

-1
la—1)+> mi>(a—1)+m_1 >0
i—0
For the last inequality, we notice that the induction hypothesis gives us that
Dy, is effective and (Sg, D) is not log canonical for 0 < k < I — 1. Hence
Lemma 3.1 implies that m;_; > 1, proving assertion (ii).

Inequality Z?;ol m; < n+ 1 — na is equivalent to multp, ,(D"-1) <
2. Thus, assertion (iii) follows from Lemma 3.3. If (S,, D) is not log
canonical at P, then (n+ 1)a+ > ym; > n+ 2 by Lemma 3.1, the pair
(Spi1, D"+1) is not log canonical at some point in Fj,;; by Lemma 3.3, and

n—1 1
multP<Q'C> — iz;mi = multpn(Q"-C'”) >1-— (na—n-l—iz;mi),

by Theorem 3.4. This proves assertion (iv).

Suppose that n > 2. Let O = F, N E? ;. If Y7 m; <n+1—na
and (S, D) is not log canonical at some point in F, \ (P, U O), then
Myp—1 = F,-Q" > 1 by Theorem 3.4, Which implies assertion (v). If (S, D)
is not log canonical at O and > 0 m; < n+1—na, then

Mpy—1 = F, - Q" > multo(F Q”>>1—((n—1)a—n+1+2mz>
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by Theorem 3.4. If (S,, D) is not log canonical at O and ZZZOQ m; <
n — (n — 1)a, then

n—1
Mp—g —Mp_1=F' - Q" > multo( MR Q”) >1-— (na —n+ Zml>
i=0

by Theorem 3.4. This proves assertions (vi) and (vii). O

Corollary 3.7. Suppose that (S,aC + Q) is not log canonical at P, C ¢
Supp(2), a < 1 and mo < min{1,1+4 L —na} for some integer n > 1. Then
multp(Q-C) >n+1—na.

Corollary 3.8. Suppose that (S,aC + Q) is not log canonical at P, a < 1
and mg < 1. Suppose that 2mg < 3 — 2a or mg+my1 < 2 — a. Suppose
that mo + 2my < 4 — 3a or my+ mq +ma < 3 —2a. Then multp(Q-C) >
4 —3a. If mg+my +2mo <5 —4a or mg+my + ms +mg < 4— 3a, then
multp(Q2-C) > 5 — 4a.

Let us conclude this section by recalling

Theorem 3.9 (]2, Theorem 13]). Let C1 and Cs be two irreducible curves
on S that are both smooth at P and intersect transversally at P. Let D =
a1C1 4+ a2Cs + A, where a1 and as are non-negative real numbers, and A
is an effective R-divisor on S whose support does not contain the curves
Cy and Cy. If (S,D) is not log canonical at P and multp(A) < 1, then
multp(A - Cp) > 2(1 —az) or multp(A-Cs) > 2(1 —ay).

4. THE PROOF

Let us use the notation of Section 2. The goal of this section is to prove
Theorem 4.1. One has (S, (1—-8)C) = &(S, (1—3)C) for every 5 € (0,1].

This theorem implies Theorem 1.8, since &(5, (1 —5)C) = &(S, (1 —8)C)
(see Section 2) and &(S, (1 —5)C) > «(S, (1 —3)C) (by definition) for every
g€ (0,1].

Let D be any effective R-divisor such that D ~gr —Kg, and let P be any
point in S. Since a(S, (1 —5)C) < &(S, (1 — B)C), to prove Theorem 4.1, it
is enough to show that the log pair

(4.1) (5.1 = B)C +a(s, (1 - B)C)BD)
is log canonical at P for every f € (0,1]. We will do this in several steps.

Lemma 4.2. Suppose that (4.1) is not log canonical at P. Then P € C,
we have 1

&S - o)

and (4.1) is log canonical outside of the point P. Moreover, if there exists
a (—1)-curve Z C S such that P € Z, then Z C Supp(D). Furthermore,
there exists an effective R-divisor D' ~g D such that C ¢ Supp(D’) and
(S, (1=5)C+a(S, (1 —p)C)BD") is not log canonical at P.

multp(D) >
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Proof. If P ¢ C, then (S, &(S, (1—8)C)BD) is not log canonical at P, which
is impossible, since a(S) < Ba(S, (1 — B)C) by [1, Theorem 1.7]. We have
&(S, (1 — B)C)multp(D) > 1 by Lemma 3.1. In particular, if there exists a
(—1)-curve Z C S such that P € Z, then Z must be contained in Supp(D),
because otherwise we would have 1 = Z - D > multp(D) > 1.

We see that (4.1) is log canonical outside of the curve C. Moreover, the
coefficient of the curve C' in the divisor (1—8)C+a&(S, (1—5)C)BD does not
exceed 1, since D ~r C. Hence, the log pair (4.1) is log canonical outside
of finitely many points. Now the connectedness principle (see, for example,
[8, Theorem 6.32]) implies that (4.1) is log canonical outside of P.

Since (S, (1 — B)C + &(S, (1 — B)C)BC) is log canonical, it follows from
Lemma 3.2 that there is an effective R-divisor D’ ~g D such that C ¢
Supp(D’) and (S, (1 — B)C + &(S,(1 — B)C)BD’) is not log canonical at
P. O

Thus, to prove that (4.1) is log canonical at P, we may assume that
P e C ¢ Supp(D).

Lemma 4.3. If S = P2, then (4.1) is log canonical at P.

Proof. Suppose (4.1) is not log canonical at P. Let L be a general line in §
that contains P. Then multp(D) < D-L = 3. But 3&(S, (1-8)C)8 < %—i—ﬂ
(see §2.1). Thus, if § < %, then

&(S, (1 = B)C)pmultp(D) < 3&(S, (1 - B)C)B <
Similarly, if 3 < 8 < 1, then &(S, (1 — 8)C)Bmultp(D) < tmultp(D) < 1.
Applying Corollary 3.7 with n = 3 to (4.1), we get
98a(8, (1-8)C) = &(S, (1-8)C)B(C-D) = &(S, (1 —5)C)Bmultp(C~D> > 1438,
which contradicts the definition of &(S, (1 — 8)C) in §2.1. O

Lemma 4.4. Suppose that S = P! x P!, Then (4.1) is log canonical at P.

Proof. Suppose that (4.1) is not log canonical at P. Let Ly and Ly be
the fibers of two different projections S — P! that both pass through P.
Since (S, (1 —38)C+a(S, (1 —5)C)B(2L1 +2Ls)) is log canonical and 2L +
2Ly ~g D, we may assume that either L; ¢ Supp(D) or Lo ¢ Supp(D) by
Lemma 3.2. This implies that multp(D) < 2, since D - Ly = D - Ly = 2.
Then

4(5, (1~ £)C)priltp(D) < 24(5, (1~ A)C)B < min {1, + 6},
(see §2.2). Applying Corollary 3.7 with n = 4, we get
84(S, (1-8)C)8 = (S, (1-B)C)B(C-D) > a(S, (1-3)C)Bmultp (C-D) > 1448,
which contradicts the definition of &(5, (1 — 8)C) in §2.2. O
Lemma 4.5. Suppose that K% < 3. Then (4.1) is log canonical at P.
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Proof. Suppose that (4.1) is not log canonical at P. By [3, Theorem 1.12],
there is T" € | — Kg| such that (S,T) is not log canonical at P, and all
irreducible components of the curve T are contained in the support of the
divisor D. Moreover, such T is unique.

Since (S,T) is not log canonical at P, we have very limited number of
choices for T' € | — Kg|. Going through all of them, we see that (.5, (1 —
B)C +a(S, (1—p)C)BT) is log canonical at P (for details, see the proofs of
[13, Theorems 4.9.1, 4.10.1, 4.11.1]).

By Lemma 3.2, there is an effective R-divisor D’ on the surface S such that
D' ~g D, the log pair (S, (1—3)C+a&(S, (1—B)C)BD’) is not log canonical
at P, and Supp(D’) does not contain at least one irreducible component of
T. The latter contradicts [3, Theorem 1.12]. O

Corollary 4.6. Theorem 4.1 holds in the following cases: S = P?, S =
P! x P! and Kg < 3.

Lemma 4.7. Suppose that 4 < K% < 7, and P is the intersection point of
two intersecting (—1)-curves in S. Then (4.1) is log canonical at P.

Proof. Suppose that (4.1) is not log canonical at P. Denote by Z; and Z,
the two (—1)-curves in S that contain P. We write D = aZ; + bZ5 + €,
where a and b are non-negative real numbers, and (2 is an effective R-divisor
whose support does not contain Z; and Zs. By Lemma 4.2, one has a > 0
and b > 0. Let x = multp(Q2). Then 1 —b+a = Q- Z; > z, which gives
b—a+x < 1. Similarly, we obtain a —b+2 < 1. Thena <1+b,06<1+a
and x < 1. Thus, we have

(1-A)C+a(S, (1-A)C)BQ) = 1=F+a(S, (1-B)C)fr < 1-F+a(S, 1-A)C)B < 1,
&(S,(1—p)C) < 1. Applying Theorem 3.9 to (4.1), we see that

N

multp

/N

becaus

2(1-a(8, (1-8)C)Ba) < Z1-(a(S, (1-B)C)B2+(1-B)C ) = &(S, (1-B)C)B(1—a+b)+1-5,

2(1-@(5, (1_5)0)517) < Z2~(d(5, (1—6)C)BQ+(1—,8)C> — a(S, (1—ﬁ)C)ﬁ(1—b+a)+l—ﬁ.

In both cases, we obtain &(S, (1 — 8)C)B(1+a+b) > 1+ .

Suppose that KL% = 7. Let us use the notation of §2.4. We may assume
that Z; = Ey and Zy = L. Since 3L+2FE, +2FE; ~ —Kg and (S, (1—5)C+
a(S, (1= p5)C)B(3L+2E1 +2E»)) is log canonical, we may also assume that
Ey ¢ Supp(2) by Lemma 3.2. Then 1 —b = Ey-Q > 0, which gives b < 1.
Since a < 1+ b, we get a+ b < 3. Thus, we have

4B4(S, (1 — B)C) = &(S, (1 — 5)0)5(1 ta+t b> >1+6,

which contradicts the definition of &(S, (1 — 3)C).

Suppose that K% = 6. Let us use the notation of §2.5. Without loss of
generality, we may assume that Z; = Fj and Zy = Lj. Since (S, (1-5)C+
a(S, (1= 58)C)B(2L12 +2E1 + L1z + E9)) is log canonical and 2L19 4+ 2E7 +

@
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Li3+ E2 ~ —Kg, we may assume that Supp(Q2) does not contain Li3 or Es
by Lemma 3.2. If Lig ¢ Supp(Q2), then 1 —a = Q- L1 > 0, which implies
that @ < 1. Similarly, if Es ¢ Supp(Q2), then b < 1. Since a < 1+ b and
b <1+ a, we see that a + b < 3. Thus, we have

484(S, (1 — B)C) = a(S, (1 — ﬂ)C)B(l fat b) > 144,

which contradicts the definition of &(S, (1 — 8)C).

Suppose that K% = 5. Let us use the notation of §2.6. Without loss of
generality, we may assume that Z; = Fy and Z3 = L. Since (S, (1—-5)C+
a(S, (1 — B)C)B(2E1 + Lia + L1s + L14)) is log canonical and 2F; + Lo +
Lis+ L1y ~ —Kg, we may assume that Supp(€2) does not contain Lz or Ly
by Lemma 3.2. Since (S, (1—5)C +a&(S, (1 —5)C)B(E1 +2L12 + Eo + L3y))
is log canonical and Ej 4+ 2L19 + E2 + L3y ~ —Kg, we may assume that
Supp(£2) does not contain Es or L3y by Lemma 3.2. If L1z ¢ Supp(£?), then
1—a=Q- Lz >0, which gives a < 1. Similarly, if L14 ¢ Supp(?), then
a < 1. If By ¢ Supp(Q2), then 1 —b = Q- Ey > 0, which gives b < 1.
Similarly, if L3qs ¢ Supp(Q2), then b < 1. Thus, we have a < 1 and b < 1.
Then

38a(S, (1 — B)C) = a(S, (1 — B)C)B(l Yat b) > 144,

which contradicts the definition of &(S, (1 — 3)C).

We have K% = 4. Let us use the notation of §2.7. Without loss of
generality, we may assume that Z; = Lis and Z = L3s. Let Z be the
proper transform on S of the line in P? that passes through m(FEs) and
m(L12 N Layg). Since (S, (1 — B)C + &(S, (1 — B)C)B(Li2 + Lss + Z)) is log
canonical and Lis + L3g + Z ~ —Kg, we may assume that Z ¢ Supp(£2) by
Lemma 3.2. Then 2—a—b = Q-Z > 0, which implies that 35&(S, (1-5)C) >
a(S,(1—-p)C)B(1+a+b) > 1+ B. The latter contradicts the definition of
a(s, (1 —p)0). O

Lemma 4.8. Suppose S = Fy, and P is contained in the unique (—1)-curve
in S. Then (4.1) is log canonical at P.

Proof. Let us use the notation of §2.3. Then P = Z N, since P € C.
Suppose that (4.1) is not log canonical at P. By Lemma 4.2, we have
Z C Supp(D ) By Lemma 3.2, we may assume that F' ¢ Supp(D), since
(S, (1-8)C+a(s, (1— ) )B(2Z+3F)) is log canonical and 2Z+43F ~ —Kg.
Then multp(D) < F-D = 2. On the other hand, we have 2&(S, (1-5)C)5 <
1+ 8 and 24(S, (1 - ﬂ)C)ﬁ 1. Applying Corollary 3.7 with n = 4 to (4.1),
we get

8a(S, (1-8)C)8 = (S, (1-B)C)B(C-D) > a(S, (1-3)C)Bmultp (C-D) > 1448,
which contradicts the definition of &(S5, (1 — 3)C). O

Lemma 4.9. Suppose that 4 < K% < 7, and P is contained in a (—1)-curve
in S. Then (4.1) is log canonical at P.
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Proof. See Section 5. ([
The following result implies Theorem 1.9 modulo Theorem 4.1.

Theorem 4.10. Let S1 and So be smooth del Pezzo surfaces, let C; and
Cy be smooth curves in | — Kg,| and | — Kg,|, respectively. Suppose that
there exists a birational morphism f: So — S1 such that f(Co) = Cy. Then
a(S1, (1 — B)Cy) < a(S2, (1 — B)Cq) for every B € (0,1] except for the
following cases:

(1) Sy = P2, Sy =Ty, and f is the blow up of an inflection points of the

cubic curve Cy C P2,
(2) S1 = P! x P!, K§2 =17, and [ is the blow up of a point in C1.

Proof. Since f(Cy) = C1, the morphism f is the blow up of Kgl — K§2 >0
distinct points on the curve Cy. Suppose that &(Si, (1 —8)C1) > &(S2, (1 —
B)C2). Going through all possible cases considered in Section 2, we end up
with the following possibilities:

(1) S; =2 P2, Sy =Ty, and f is the blow up of an inflection points of the
cubic curve Cy C P?,

(2) S1 = P! x P!, K?% =17, and f is the blow up of a point in Cf,

(3) K§1 =4, K§2 = 3, the morphism f is the blow up of a point in Ci,
the curve C does not contain intersection points of any two lines,
for every two conics Z; and Z3 in S; such that Z; + Z3 ~ —Kg,, the
conics Z; and Z, do not tangent C; at one point, and So contains
an Eckardt point and this point is contained in Cj,

(4) Kgl =3, KgQ = 2, the morphism f is the blow up of a point in Cft,
the surface S1 contains no Eckardt points, for every line L and every
conic M on S; such that L is tangent to M we have LN M ¢ C1,
and every irreducible cuspidal curve T' € | — Kg, | intersects C; by
at least two point, the linear system | — Kg,| contains a curve with
a tacnodal singularity and this tacnodal singular point is contained
in CQ.

The first two cases are indeed possible. Let us show that the last two cases
are impossible. Denote by E the f-exceptional curve. Then f(FE) € C;.

Suppose that Kgl = 4 and K§2 = 3. Then (5 contains an Eckardt
point O. Denote by L1, Lo, L the lines in Sy that passes through O. Then
either F is one of these three lines, or F intersects exactly one of them.
Without loss of generality, we may assume that either £ = Lg or EN Ly =
E N L3 =@. In the former case, f(L1) and f(L2) are two conics in S such
that f(L1) + f(L2) ~ —Kg,, and both f(L;) and f(L2) tangent the curve
Cy = f(Cy) at the point f(P) € C;. Since we know that such conics do not
exist by assumption, we conclude that E N Ly = FN Ly = &. Then f(L;)
and f(Lgy) are two lines in S7 that both pass through the point f(P) € C}.
Such lines do not exist either. Thus, this case is impossible.

Now we suppose that K§1 = 3 and K§2 = 2. Let Z be a curve in | — Kg, |
such that Z has tacnodal singularity @) € Cy. Then Z = L + Lo, where L
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and Ly are two (—1)-curves in So that are tangent each other at the point
Q@ € Cy. Then either E is one of these two curves, or F intersects exactly
one of them. Without loss of generality, we may assume that either £ = Lo
or ENLy = @. In the former case, f(L1) is a cuspidal curve in |— K, | whose
intersection with the curve Cj consists of the point f(Q) = Sing(f(L1)). By
assumption, such a cuspidal curve does not exist. Thus, F N L; = @. Then
f(Ly) is a line, and f(L2) is a conic. Moreover, the line f(L;i) tangents to
f(Lg) at the point f(Q) € C1. The latter is impossible by assumption. [

To prove Theorem 4.1, we have to prove that (4.1) is log canonical at P,
where P is a point in C' ¢ Supp(D). The latter follows from Corollary 4.6,
Lemmas 4.7, 4.8, 4.9 and

Lemma 4.11. Suppose that KS 3, and neither S = P? nor S = P! x P!,
Suppose that P is not contained in any (—1)-curve in S. If Theorem 4.1
holds for all smooth del Pezzo surfaces of degree Kg — 1, then (4.1) is log
canonical at P.

Proof. Suppose that (4.1) is not log canonical at P. Let f: S — S be a blow
up of P. Then S is a smooth del Pezzo surface of degree K = KZ%—1, since
P is not contained in any (—1)-curve in S. Denote the f- exceptlonal curve

by E, denote the proper transform of C' on S by C, and denote the proper
transform of D on S by D. Then C € | — K g|, since P € C. The log pair

(42) (8,(0-8)C+a(s, (1-B)0)5(D+ (multp(D)—M>E>>

is not log canonical by Lemma 3.3. Let D’ = D + (multp(D) — 1)E. Then
D ~p —K 2 and D' is effective by Lemma 4.2. Furthermore, the log pair
(S,(1—B)C + &(S, (1 — B)C)BD’) is not log canonical, because (4.2) is not
log canonical. This shows that (S, (1 — 8)C) > a(S, (1 — 8)C). But it
follows from Theorem 4.10 that &(S, (1 — 8)C) > a(S, (1 — 8)C). Thus, we
see that &(S, (1—5)C) > a(S, (1—B)C). Hence, Theorem 4.1 does not hold
for S. O

This completes the proof of Theorem 4.1 modulo Lemma 4.9.

5. THE PROOF OF LEMMA 4.9

In this section, we will prove Lemma 4.9. Let us use its notation and
assumptions. Then 4 < K% < 7 and P is a point in C ¢ Supp(D) that is
contained in a (—1)-curve in S. Let us denote this (—1)-curve by £. We
must prove that (4.1) is log canonical at P. By Lemma 4.7, we may assume
that £ is the only (—1)-curve in S that contains P. We write D = al + €,
where a is a non-negative real number, and €2 is an effective R-divisor such
that £ ¢ Supp(©2). By Lemma 4.2, we have a > 0. Let z = multp(Q).
Thenl+a=L-Q >z

Corollary 5.1. One has x <1+ a.
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Let A = &(S, (1 — 5)C). Consider a sequence of 4 blow ups

T4 3 2 1

Sy S3 Sa S S

such that 7 is the blow up of the point P, w5 is the blow up of the intersec-
tion point of the m-exceptional curve and the proper transform of the curve
C on Sy, w3 is the blow up of the intersection point of the ms-exceptional
curve and the proper transform of the curve C on Ss, and 74 is the blow up
of the intersection point of the m3-exceptional curve and the proper trans-
form of the curve C on S3. Denote by Fi, Fs, F3 and Fj the exceptional
curves of the blow ups 71, 7o, m3 and 74, respectively. Denote by C!, C?,
C? and C* the proper transforms of the curve C on the surfaces S, Sa, Ss
and Sy, respectively. Let P, = C' N Fy, P, = C’NFy, Py = C® N Fy and
Py = C*N F,. Denote the proper transform of the divisor Q on the surfaces
S1, S2, S3 and Sy by 1, Q2 Q3 and Q*, respectively. Let x1 = multp, (),
xg = multp, () and xzz = multp, ().

Lemma 5.2. Suppose that (4.1) is not log canonical at P. Then at least
one of the following four conditions is not satisfied:

(1) AB(a+x) <1,

(1) 2X\B(a+xz) —2B8 <1 or \Bla+x+ 1) — B < 1,

(iii) A\B(a+x+2x1) —368<1orA\dla+z+x1+2x2) —26 <1,

(iv) \B(a+x+x1+2w2) —4B < 1 or A\B(a+x+ 21 +x2+23) — 36 < 1.
If \BKZ% < 1+ 30, then at least one of the conditions (i), (ii) or (iii) is not
satisfied.
Proof. If conditions (i), (ii), (iii) and (iv) are satisfied, then Corollary 3.8

gives
1445

A8
which is impossible, since ABK% < 1+ 48 by the definition of A = &(S, (1 —
B)C) for 4 < K% < 7. Similarly, if conditions (i), (ii), (iii) are satisfied, then
ABKZ > 1+ 383 by Corollary 3.8. O

Lemma 5.3. Suppose that K% = 7. Then (4.1) is log canonical at P.

K%=D-C>multp(D-C) >

Proof. Suppose that (4.1) is not log canonical at P. Let us use the notation
of §2.4. Without loss of generality, we may assume that either £ = F; or
L = L (but not both).

Suppose that £ = L. Since P ¢ FEy U Fs, the curve R is smooth and
irreducible. Since (S, (1 — B8)C,A\3(L 4+ 2R)) is log canonical and L + 2R ~
—Kg, we may assume that R ¢ Supp(Q2). Denote the proper transform of
the curve R on S; by R!, and denote its proper transform on Sy by R2.
Then 3 —a —z — 21 = R?-Q? > 0, which gives a + z + 21 < 3. Since
x —a < 1 by Corollary 5.1, then x; < % and all conditions of Lemma 5.2
are satisfied, giving a contradiction.

We have £ = Ej. Then L; is irreducible, since P ¢ L. Since (5, (1 —
B)C,A\B(2L1 + 2E; + L)) is log canonical and 2Ly + 2E; + L ~ —Kg, we
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may assume that Lj or L is not contained in Supp(f2) by Lemma 3.2. We
write 2 = bL1 + A, where b is a non-negative real number, and A is an
effective R-divisor on S such that L; ¢ Supp(A) and E; ¢ Supp(A). Then
l1—-b+a=EFE-A >y, which givesb+y <1+ a. If b > 0, then a < 1.
Indeed, if L ¢ Supp(A), then 1 —a=L-A > 0.

Denote the proper transform of the divisor A on S; by Al | denote the
proper transform of the divisor A on S3 by A2, and denote the proper trans-
form of the divisor A on S5 by A% . Let y = multp(A), y; = multp (Al),
yo = multp, (A?) and y3 = multp,(A3). Then z = b+ y. Since Ly - C = 2,
either multp(L; - C) =1 or multp(L; - C') = 2. Thus, we have, x9 = yy and
T3 = y3.

Suppose that multp(L; - C) =1. Then 1 =y and 2 —a = L1 - A > y.
We have b+ 1y < 1+ a by Corollary 5.1. If b > 0, then a < 1. Therefore, we
have A\B(a+x) < 1, \Bla+x+z1) — B <1, A\B(a+ 2+ 221) — 38 < 1 and
A3(a+ x + x1 + 2x9) — 48 < 1, which contradicts Lemma 5.2.

Thus we see that multp(L; - C) = 2. Then z; = y1 +b and 2 —a =
Ly - A > y—+y1, which gives a +y +y1 < 2. Since L; is tangent to C at the
point P, we have

1428 i}
78 381

Moreover, we have b+y < 1+a by Corollary 5.1. Furthermore, if b > 0, then

a < 1. This gives A\B(a+z) < 1, 2AB(a+x)—28 < 1, A\B(a+z+z14+22)—20 <

1 and A3(a+z+x1 +2x2) — 48 < 1, which is impossible by Lemma 5.2. O

A=a(S,(1-B)C) < min{1,

Lemma 5.4. Suppose that K% =6. Then (4.1) is log canonical at P.

Proof. Suppose that (4.1) is not log canonical at P. Let us use the notation
of §2.5. Without loss of generality, we may assume that £ = F;. Denote
the proper transform of the curve E; on the surface S; by E. Let L be the
proper transform on S of the line in P? that is tangent to 7(C) at the point
m(P). Then —Kg-L = 2, since P ¢ Lja U L13 U Las. Denote the proper
transform of the curve L on S; by L', denote the proper transform of the
curve L on Sy by L?, and denote the proper transform of the curve L on S3
by L3.

We claim that L C Supp(Q2). Indeed, suppose that L ¢ Supp(€2). Then
a+x < 2,since2—a =Q-L > x. But x < 14a by Corollary 5.1. Therefore,
we have 11 < 7 < % These inequalities give Af(a+x) < 1, 2A\B(a+x)—5 < 1
and A\3(a + x + 2x1) — 38 < 1. Therefore, \3(a + = + x1 + 222) — 458 >
1 and 6A8 > 1+ 38 by Lemma 5.2. The former inequality implies that
a+ x4 x1 + 2x9 > 6. The latter inequality implies that L is not tangent to
C' at the point P (see §2.5).

Let Z be the proper transform on S of the conic in P? that passes through
the points m(E1), m(E2), m(Es3), and is tangent to w(C') at the point 7(P).
Then Z is irreducible, F41 + L+ Z ~ —Kg and —Kg - Z = 3, since L is not
tangent to C' at P. Then multp(Z - C) < 3, since —Kg-Z = 3.
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We write Q = ¢Z + Y, where c is a non-negative real number, and T is
an effective R-divisor on S whose support does not contain Z. Denote the
proper transform of the divisor T on S; by Y!, denote the proper transform
of the divisor Y on Sy by Y2, and denote the proper transform of the divisor
YT on S3 by Y3. Let z = multp(Y), 21 = multp, (T!), 22 = multp,(T?),
z3 = multp,(T3). Then x = c+2, 11 = c+ 21, ¥3 = 2z3. f multp(Z-O) = 2,
then 2o = 2o and 3 —a —c— 2z = Z' - T! > multp, (Z' - Y1) > 21, which
implies that

6 < at+x+x14+219 = a+z4+21+229+2¢ < 34+220+¢ < 3+229+2¢ < 342z < 6,

since z+¢ < 3 anda+e+z < 2. Thus We see that multp(Z-C) = 3. Then
ro=ct+mand3—a—c—2z—2 =2Z% T? > multp,(Z%  T?) > 29, which
gives a +c+ z + 21 + 20 < 3. Then

6 < at+x+x1+2x2 = a+z2+21+220+3¢c < 3+290+2¢ < 3+2290+2¢ < 3+2x < 6,

which is absurd. This shows that L C Supp(£2).

We write Q = bL + A, where b is a positive real number, and A is an
effective R-divisor on S such that L ¢ Supp(A). Let y = multp(A). Then
2—a=A-L >y. Denote the proper transform of the divisor A on S; by
A, denote the proper transform of the divisor A on Sp by A2, and denote
the proper transform of the divisor A on S3 by A3. Let y; = multp, (Al),
Yo = multp,(A?) and y3 = multp,(A3). Then z = b+ y, 2 = yo and
x3 = y3, which implies that b +y < 1+ a by Corollary 5.1. Then

(5.1) (Sl, (1—B)C + ABaB}! + ABDL! + ABA! + (Aﬂ(a thty) — /3) F1>

is not log canonical at some point Q1 € F} by Lemma 3.3.

We claim that L is tangent to C' at the point P. Indeed, suppose that L
is not tangent to C' at P. Then x1 = y1. Let Z be the proper transform on
S of the conic in P? that passes through m(E}), 7(E2), 7(E3), and is tangent
to w(C) at w(P). Then Z is irreducible and —Kg - Z = 3. Moreover, we
have By + L + Z ~ —Kg, and the log pair (S, (1 — 8)C + \3(E1 + L + Z))
is log canonical. Thus, we may assume that Z ¢ Supp(D) by Lemmas 3.2.
Then3—a—b—y = Z1 Al > multp (Z - Al) > y;. Since we also have
b+y<l+4+a,a+y<2, x—y+b x1 = y1 and x2 = Y2, We see that

AByr < 1, Mla+b+y) —B<ABla+b+y+y) — B <1,

5.2
(5:2) ABla+b+y+2y)—36 <1, AB(a+b+y +2y2) —4B < 1

In particular, (5.1) is log canonical at every point of Fj that is different
from Q1 by Lemma 3.3. If Q; # L' N Fy and Q1 # Py, then A\3(a +y) =
Fi-(\3(aE1+A')) > 1, by Theorem 3.4. But A\3(a+y) < 1, since a+y < 2.
This shows that Q1 = L' N F; or Q1 = P;. Since b—a +y < 1 and
a+b+y+y <3, wehave b+ y < 2. So, if Q1 = L' N F, then

1 < \3F, - (bL1 +A1) =MB(b+y) <228<1
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by Theorem 3.4. If @ = P, then 6 = D - C > 3% by (5.2) and Theo-
rem 3.6. The latter contradicts 6A8 < 1+ 43.
We see that L is tangent to C' at the point P. Then 1 = y; + b and

1428 1
58 25}’

which gives 658 < 1 + 38. Moreover, we have a + y + y1 < 2, because
2—a—y—1y = L?.A? > 0. Furthermore, since 2L + Lo3z + F1 ~ —Kg and
(S, (1—=pB)C+AB(2L+ Los+ F4) is log canonical, we may assume that Log ¢
Supp(A) by Lemma 3.2. This gives us b < 1, because 1 —b = A - Loz > 0.
Since L+ Lio+L13+2F, ~ —Kg and (S, (1—B)C+)\B(L+L12—|—L13+2E1))
is log canonical, we may assume that Lis ¢ Supp(A) or L3 ¢ Supp(A) by
Lemma 3.2. If L15 ¢ Supp(A), then 1 —a = A - L1s > 0, which gives a < 1.
Similarly, we get a < 1 if L3 ¢ Supp(A). Thus, we have

A< min{l,

(53) a<17 bgla b—a—l—y<1, a+y+y1<23

which implies that A\3(a+b+y)— < 1. In particular, (5.1) is log canonical
at every point of Fy that is different from ()1 by Lemma 3.3. If Q1 # P,
and Q1 # E} N Fy, then A3y = A\BA! - F} > 1 by Theorem 3.4. The latter
is impossible, since ABy < 2A8 < 1 by (5.3). If Q1 = E{ N Fy, then

1< Bj- (ABN + (MBla+b+y) - ,B)Fl) = AB3(1+2a) -

by Theorem 3.4. The latter is impossible, since Af(142a)—8 < 3\G—-0 < 1
by (5.3). Thus, we see that Q) = P.

By (5.3), one has a + 2b+ y + y; < 4. This implies that \3(a +2b+y +
y1) — 26 < 1. Then

(52, (1—,6)C’2+/\66L2+>\BA2+(Aﬁ(a+b+y)—ﬁ) F12+()\ﬂ(a+26+y+y1)—2ﬁ> Fg)

is not log canonical at a unique point Q2 € F» by Lemma 3.3. If Q2 &
L2UF2UC?, then A\Bys = ABAZ%.F, > 1 by Theorem 3.4, which is impossible,
since A\By2 < 1 by (5.3). Similarly, if Q2 = Fy N L%, then A\3(b + y2) =
AB(bL? 4 A?)- Fy > 1 by Theorem 3.4, which is impossible, because b+ g3 <
b+y<2by (5.3). If Qo = Fr, N FZ, then

A+ +a+b) =B = (AAZ+ (AB(a+b+y) — B)FE) Fp > 1

by Theorem 3.4, which is impossible, since y +y1 +a+b < 3 by (5.3). Then
Q2 = Ps.

We have A\3(a+2b+y +y1 +y2) =38 < 1, since a+2b+y+y1 +y2 <5
by (5.3). Then

(Sg, (1—B)C3+/\BA3+(Aﬁ(a+2b+y+y1)—26> F§’+(Aﬁ(a+2b+y+y1+yz)—3ﬁ) F3).

is not log canonical at a unique point Q3 € F3 by Lemma 3.3. If Q3 &
F$ U C3, then A\Bys = A\BA3 - F3 > 1 by Theorem 3.4, which is impossible,
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because A\Bys < 1 by (5.3). If Q3 = F3 N F3, then Theorem 3.4 gives
1< Fg"<A6A3+()\B(a+2b+y+y1+y2)—35)F3> = A\B(a+2b+y+2y1)—36 < bAS—30,

which is impossible, since a+2b-+y+42y; < 5 by (5.3). Thus, we see that Q3 =
P;. By Theorem 3.6 (iv), we have 6 = D - C > multp(D - C) > % The
latter is impossible, since we already proved earlier that 6A8 < 1+35. U

Lemma 5.5. Suppose that K% = 5. Then (4.1) is log canonical at P.

Proof. Suppose that (4.1) is not log canonical at P. Let us use the notation
of §2.5. Then \ = min{l,%}. This implies that 503 < 1 + 38. By
Lemma 5.2, at least one of the conditions (i), (ii) and (iii) in Lemma 5.2 is
not satisfied. In particular, if a + = < 2, then A\g(a + = + 2x1) — 38 > 1.

Without loss of generality, we may assume that £ = Ljs. Let B3 be
the proper transform on S of the line in P? that passes through 7(P) and
7(E3), and let By be the proper transform on S of the line in P? that passes
through 7 (P) and 7(E4). Since L1z + B3 + By ~ —Kg and (S, (1 — 5)C +
AB(L12 + B3+ By)) is log canonical, we may assume that at least one curve
among Bz and By is not contained in Supp(f2). Intersecting this curve with
Q, we get a +x < 2. Then A\3(a + = + 2x1) — 38 > 1. This implies that
a+x+ 2z > 5.

Denote the proper transform of the curve Bz on the surface S; by Bai,
and denote the proper transform of the curve By on the surface S by Bj.
Recall P, = C' N F,.

Suppose that P; ¢ B§ U Bi. Then Bz and B, do not tangent C at
P. Let R be the proper transform on S of the line in P? that is tangent
to w(C) at the point 7(P), let R; be the proper transform on S of the
conic in P2 that tangents to 7(C) at the point 7(P) and passes through
the points 7(E2), m(Es3) and 7(Ey), and let Ry be the proper transform on
S of the conic in P? that tangents to m(C) at the point 7(P) and passes
through the points 7(E1), 7(E3) and 7(Ey). Since P; ¢ B3 U B], the curves
R; and Ry are irreducible. Hence %ng + %R + %Rl + %Rg ~r —Kg and
(S,(1=B)C+AB(3L12+ 2R+ 1 R1 + 3 R»)) is log canonical. By Lemma 3.2,
we may assume that one curve among R, R; and Ry is not contained in
Supp(D). Denote this curve by Z, and denote its proper transform on S;
by Z'. Then P, € Z' and 3 —a — 2 = Z'- Q! > 24, which is impossible,
sincea+zx <2and a+x+ 221 > 5.

We see that P, = Bgl) NFEF or P = Bi N Fy. Without loss of generality,
we may assume that Py = B3N Fy. Then B3 C Supp(f2), since otherwise we
would have 2 —a —z = B} - Q! > x1, which is impossible, since a + = < 2.
We write Q = bB3 + A, where b € Ry and A is an effective R-divisor on
S such that Bs ¢ Supp(A). Denote the proper transform of the divisor A
on S by Al. Let y = multp(A) and y; = multp, (Al). Then z = b+ y and
x1 =b+y;. Wehave b—a+y < 1 by Corollary 5.1 and a+b+y = a+x < 2,
which implies a contradiction a + x + 227 < 2+ 2y + 2b < 5. (|
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Lemma 5.6. Suppose that K% = 4. Then (4.1) is log canonical at P.

Proof. Suppose that (4.1) is not log canonical at P. Let us use the notation
§2.7. Then A\f < % Without loss of generality, we may assume that P € E.
Then P = ENC. By Lemma 4.7, the point P is not contained in any other
(—=1)-curve. By Lemma 4.2, we have E C Supp(D).

The log pair (S, (1 — 8)C + AB(3E + 4(Ey + Eo + B3 + E4 + E5))) is log
canonical and 3E + 1(Ey + Es+ E3+ Ey 4+ E5) ~g —Kg. By Lemma 3.2, we
may assume that Supp(£2) does not contain one curve among Fj, Fs, Fs,
FE,, E5. Intersecting this curve with 2, we get a < 1. Let L1, Lo, L3, Ly, L5
be the proper transforms on S of the lines in P? that pass through 7(P) and
m(Ey), m(E2), m(E3), m(E4), m(Es), respectively. Then 2E+1(Ly+La+Ls+
Ly+Ls) ~g —Kg, and (S, (1—B)C+AB(3E+ (L1 + La+ Ls+ Ly + Ls)))
is log canonical. By Lemma 3.2, we may assume that Supp(€2) does not
contain one curve among Ly, Lo, L3, Ly, Ls. Intersecting this curve with
Q, we get a + z < 2. Recall that a < 1 by Corollary 5.1. Thus, we have

(5.4) a <1, r—a<l, a+z <2,

which implies that z < % and A\3(a 4+ x) — B < 1. In particular, we have
Az < 1.

Denote the proper transform of the curve E on S; by E'. Then A\3(a +
r) — B < 1, since a + x < 2. Thus, the log pair (S1, (1 — 8)C! + A\BaE! +
ABQ 4+ (AB(a+ z) — B)F1) is not log canonical at the unique point Q1 € Fy
by Lemma 3.3. Note that Af(a+z)— [ > 0 by Lemma 3.1. Moreover, either
Q1 = P, or Q1 = E'N Fy, since otherwise we would have Az = ApQL-F} > 1
by Theorem 3.4. If Q1 = E' N Fy, then Theorem 3.9 implies

)\B(l—i—a—x):)\BQl-El>2<1+6—)\6(x+a))

or \Bx = A\BQL-Fy > 2(1—\Ba). The former inequality gives A\3(1+3a+x) >
24203, which is impossible since 1+3a+x < 5 by (5.4). The latter inequality
gives that AB(x + 2a) > 2, which is impossible since = 4+ 2a < 3 by (5.4).
Thus, we see that Q1 = P;.

Let R be the proper transform on S of a line in P? that is tangent to m(C)
at the point 7(P). Then either —Kg- R = 3 or —Kg - R = 2. Moreover,
—Kg - R = 3 if and only if 7(R) does not contain any of the points w(E}),
w(Es), n(Es), m(Ey4), 7(Es).

Suppose that —Kg - R = 2. Without loss of generality, we may assume
that R = Li. We write Q = bLy + A, where b is a non-negative real number,
and A is an effective R-divisor on S whose support does not contain the
curve L. Denote the proper transform of the curve L; on S; by Li, and
denote the proper transform of A on S; by Al. Let y = multp(A) and
y1 = multp, (Al). Then z = y+b. Since (S, (1 —B)C +\B(E+ E1 + Ly)) is
log canonical and E+FE1+L; ~ —Kg, we may assume that b = 0 or Supp(A)
does not contain £ by Lemma 3.2. Thus, if b # 0, then 1—a—b = A-FE; > 0.
With (5.4), this gives y+2b < 2 and 2+a+y+2b < % On the other hand,
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we have 2—a—y = Al -L% > y1, which implies that a+ 2y, < 2, since y > ;.
Thus, we see that y; < 1. Then multp, ((1—8)CT+ABAY) = 1—-8+\By; < 1.
Applying Theorem 3.9, we see that

1-B+M\3(2—a—y) = ((1—ﬂ)Cl+)\BA1) AR 2(1+B—>\B(a+b+y)>

or 1—B+ A3y = ((1—B)C + A BAY) - Fy > 2(1—\Bb). This gives \3(2+a+
y+2b) > 1435 or A\B(y+2b) > 1+ 5. The former inequality is impossible,
because 2+ a+y + 2b < % The latter inequality is also impossible, because
y+2b<2.

We have —Kg - R = 3. Then R is irreducible and R + F ~ —Kg. Since
(S, (1-B)C+AB(R+E)) is log canonical, we may assume that R ¢ Supp(£2)
by Lemma 3.2. Denote the proper transform of the curve R on the surface
S1 by R'. Then 3 —2a —z = Q' - R' > 2, which gives z + 21 + 2a < 3.
Then M\3(a +x 4+ x1) — 28 < 1 by (5.4). Thus, the log pair

(Sg, (1— B)C? + ABO + (AB(a+ ) — B)F2 + (AB(a + o + 1) — 25)F2)

is not log canonical at a unique point ()2 € F5 by Lemma 3.3. Note that
M3(a+ x +x1) — 28 > 0 by Lemma 3.1. If Q2 # P, and Q2 # F2 N Fy,
then Theorem 3.4 gives A\fx; = A\BQ? - Fy > 1, which is impossible, since
A3z < A3z < 1 by (5.4). If Q2 = F2N Fy, then Theorem 3.4 gives

A(a+22) =28 > (ABD? + (MBla+x +21) — 28)F)  FE > 1

which is impossible, since a + 2z < %, by (5.4). Hence, we see that Q2 = P;.

One has A\f(a+z + 1+ x2) — 38 < 1 by (5.4), since z 4+ x1 + 2a < 3 and
T9 < 21 < 2. Thus, it follows from Lemma 3.3 that

<53, (1=B)CP+ABY+ (AB(a+a+21)—28) F3 +(AB(at+a+21 +:1:2)—3ﬁ)F3>

is not log canonical at a unique point Q3 € F3. Note that A\G(a + x + x1 +
12)—38 > 0 by Lemma 3.1. If Q3 # P3 and Q3 # F$NF3, then Theorem 3.4
gives A\Bxo = A3 - F3 > 1, which is impossible, since A\Bzy < Az < 1 by
(5.4). If Q3 = F N F3, then Theorem 3.4 gives

MB(a+x+2x1) —38 = ()\BQS +(NBla+z+ 21 +22) — 3B)F3> CF3>1

which contradicts (5.4), since © + 21 + 2a < 3. Thus, we have Q3 = Ps.
Then Theorem 3.4 gives

B> N8 —38=C%- (ABQ® + (AB(a+ + a1 +22) = 3B)Fy) > 1,
which is impossible, since 8 € (0, 1]. O
This completes the proof of Lemma 4.9.
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