UNSTABLE POLARIZED DEL PEZZO SURFACES
IVAN CHELTSOV AND JESUS MARTINEZ-GARCIA

ABSTRACT. We provide new examples of K-unstable polarized smooth del Pezzo surfaces
using a flopped version first used by Cheltsov and Rubinstein of the test configurations
introduced by Ross and Thomas. As an application, we provide new obstructions for
the existence of constant scalar curvature Kéhler metrics on polarized smooth del Pezzo
surfaces.

All varieties are assumed to be algebraic, projective and defined over C.

1. INTRODUCTION

K-stability is an algebraic notion of polarized varieties which has been of great im-
portance in the study of the existence of canonical metrics on complex varieties. This is
mainly because of the following

Conjecture (Yau-Tian-Donaldson). Let X be a smooth variety, and let L be an ample
line bundle on it. Then X admits a constant scalar curvature Kdhler (cscK) metric in
c1(L) if and only if the pair (X, L) is K-polystable.

It is known in different degrees of generality that K-polystability is a necessary condition
for the existence of a cscK metric, with the most general result due to Berman, Darvas and
Lu [4] following work of Darvas and Rubinstein [9]. For smooth Fano varieties polarized
by anticanonical line bundles, Conjecture 1 was recently proved by Chen, Donaldson and
Sun in [8].

In spite of the above (conjectural) characterizations, deciding whether a given polarized
variety is K-stable is a problem of considerable difficulty. In this paper, we study this
problem for del Pezzo surfaces polarized by ample Q-divisors. Using Q-divisors does not
affect the original problem, since K-stability is preserved when we scale the polarization
positively.

Let S be a smooth del Pezzo surface, and let L be an ample Q-divisor on it. Recall
that S is toric if and only if K% > 6. In this case, the problem we plan to consider is
completely solved. In the non-toric case, few results in this direction are known. For
instance, if S is not toric, then it admits a Kéhler—Einstein metric by Tian’s theorem [25],
so that (S, —Kg) is K-stable. Moreover, a result of LeBrun and Simanca [16] implies that
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the same holds for every divisor L that is close enough to —Kg. On the other hand, many
K-unstable pairs (S, L) have been constructed by Ross and Thomas in [22, 23].

In the prequel to this article [5], we gave a simple condition on L that guarantees
that (S, L) is K-stable. The goal of this article is to obtain new simple conditions on L
that guarantee that (S, L) is K-unstable. In addition our technique recovers all previous
obstructions to K-stability on polarized del Pezzo surfaces (S, L) found in the literature.

To present our results, it is convenient to split ample Q-divisors on .S into three major
types: P2-type, Fi-type, and P! x Pl-type. To be precise, up to a positive scaling of L,
one always has

L~g—Ks+bB+Y aF,
i=1

where F, ... F, are disjoint (—1)-curves, B is a smooth rational curve such that B? = 0,
and b, aq,...,a, are some non-negative rational numbers such that 1 > a, > --- > a; > 0.
Moreover, if b # 0, then the curve B is disjoint from the (—1)-curves Fy,..., F,.. Since
the (—1)-curves are disjoint, their contraction gives a birational morphism ¢: S — 5. We
say that L is of P2-type, Fi-type or P! x Pl-type in the case when S = P2, § = F, or
S=P!x P!, respectively. In particular, if L is of P%-type, then r = 9 — K2. Similarly, if
L is Fi-type or P! x Pl-type, then r = 8 — KZ. It is easy to see that every ample Q-divisor
on S is of one of these three types. To make the types mutually exclusive, we also require
b> 0 and a; > 0 in the Fi-case, and we ask that b > 0 or a; > 0 in the P! x P!-case.

We believe that our newly introduced language may shed a new light on this problem.
The indication of this can be seen from the K-polystability criterion in the case Kz = 6.

Translating it into our language we recover a result originally due to Donaldson and
Wang-Zhou:

Theorem 1.1 ([11, 28]). Suppose that K% = 6. Then (S, L) is K-polystable and it accepts
a cscK metric in c1(L) if and only if either L is of P*-type and a1 = ay = as, or L is of
P! x P'-type and a; = as.

The above result was originally proven using properties of toric geometry. In Exam-
ple 4.5, we used our technique of flop slope test configurations, which have a non-toric
nature, to prove K-instability.

In particular, if K2 = 6 and L is of F-type, then (S, L) is always K-unstable. By the
aforementioned result of LeBrun—Simanca [16], this is no longer true in the non-toric case.
Nevertheless, in this case we prove a somewhat similar result:

Theorem 1.2. Suppose that K% < 5, the divisor L is of Fi-type or P' x P'-type, and
a?+6— K2 <Za?.
i=2
Then (S, L) is K-unstable for b > 0 and S does not accept a cscK metric in c¢;(L).

In their seminal works [22, 23], Ross and Thomas introduced the notion of slope stability
as an obstruction to K-stability. In particular, their [22, Example 5.30] implies
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Theorem 1.3. Suppose that K% < 6. If L is of P*-type and ay > ay, then (S,L) is
K -unstable and S does not accept a cscK metric in c1(L). Similarly, if L is of Fi-type
and a; > 0, then (S, L) is K-unstable and S does not accept a metric in ¢y(L).

In [7], Cheltsov and Rubinstein considered a modification of Ross and Thomas con-
struction using flops. In this article, we adapt their method to obtain several criteria for
K-instability of the pair (S, L). In particular, we prove that (S, L) is K-unstable for every
ample Q-divisor L in the case when K3 = 7, and we give a short proof of the only if part
of Theorem 1.1. Moreover, we improve Ross—Thomas result by obtaining the following

Theorem 1.4. Suppose that K2 < 5. If L is of P?-type and a4 > az > ay, then (S, L)
is K-unstable and S does not accept a metric in ¢, (L). Similarly, if L is of P! x P!-type
and az > ay > ay, then (S, L) is K-unstable and S does not accept a metric in cy(L).
Finally, if L is of Fy-type and a3 > ay, then (S, L) is K-unstable and S does not accept
a metric in ¢y (L).

We use the same approach to prove the following quantitative result.
Theorem 1.5. Suppose that K% < 5. If L is of P*-type and
(0.8717 if K2 =1,
0.8469 if K2 = 2,
(1.1) ag —ay > 4 0.8099 if Kz =3,
0.7488 if Kz = 4,
| 0.6248 if K§ = 5,

then (S, L) is K-unstable and S does not accept a metric in c¢y(L). Similarly, if L is of
P2-type and
(0.9347 if K2 =1,
0.9206 if K2 = 2,
(1.2) as —a; > < 0.8985 if KZ =3,
0.8595 if K2 = 4,
| 0.6798 if Kg =5,

then (S, L) is K-unstable and S does not accept a metric in c1(L). Likewise, if L is of
P! x P -type and
(0.9305 if K2 =1,
0.9150 if K% = 2,
(1.3) ag —a; > { 0.8911 if K& = 3,
0.8480 if K2 = 4,
| 0.7452 if K§ = 5,
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then (S, L) is K-unstable and S does not accept a metric in c1(L). Finally, (S,L) is
K -unstable and S does not accept a metric in c1(L) if L is of Fi-type and

(0.9347 if K2 =1,
0.9206 if K2 = 2,
(1.4) ag —a; > < 0.8985 if KZ =3,
0.8595 if K% = 4,
| 0.7701 if K3 = 5.

Observe that only the differences a3 — a; and ay — a; are considered in Theorem 1.5.
There is a good reason for this. For example, if L is of P2-type, K2 < 5 and a; = ay = ag,
then S admits a cscK metric in ¢; (L) for 1 > a4 > as, so that (S, L) is K-stable. Similarly,
if L is of P! x P'-type, K% < 5 and a; = ay, then (S, L) is K-stable for 1 > az > a,. This
follows from the lifting results of Arezzo, Pacard, Rollin and Singer (see [1, 2, 3, 20]). A
related non-exhaustive list of lifting results for cscK metrics in non-del Pezzo situations
includes LeBrun—Singer [17], Kim—Pontecorvo [14], and Kim-LeBrun—Pontecorvo [12].

At this point, it is probably a good idea to have some critical commentary of our results,
reflecting on our contribution to the problem and the relation of our work to that of the
aforementioned authors. Ideally, a complete solution to the problem of the existence of
cscK on a del Pezzo surface S would consist of having some parametrization of the ample
cone Amp(S), so that one could tell for each ample line bundle L € Amp(S5) if a cscK
metric exists in ¢;(L) or not. This viewpoint is informed by the case of toric del Pezzo
surfaces (i.e. when K2 > 6), where the problem is completely solved (see theorems 1.1
and 1.3). Aside of the toric case, the aforementioned existence results [1, 2, 3, 20] are
qualititative, and follow the following lifting strategy: it is assumed that a cscK metric
wg,r, is known to exist in ¢;(L), where L is and ample line bundle of a del Pezzo surface
S. Another del Pezzo surface S’ is obtained as the blow-up 7: 8" — S of S and the
metric wgy, is lifted to a cscK metric wg ;v € ¢;(L') where L' is an ample line bundle
of S’. However, it does not seem to be possible to say much about where L' lies with
respect to m*(L) even assuming that a parametrization of Amp(S’) is available. In [5],
we gave existence results where, if desired, coordinates for L in Amp(S) would be easy
to obtain. In the current article, we have taken a complementary approach, providing
results on non-existence of cscK metrics in ¢;(L) for L € Amp(S).

The first task we undertake is to give an effective parametrization of the ample cone
Amp(S). Then, we construct test configurations that obstruct the K-stability of (S, L)
for L in a precise region of Amp(.S), described using the parametrization. The test config-
urations constructed generalize slope test configurations introduced by Ross—Thomas and
Ross—Panov [22, 23, 21] using deformations to the normal cone by performing flops on
the slope test configurations. Ross—Thomas’s test configurations are limiting, in the sense
that they do not detect K-instability for many ample line bundles, even in the toric case,
for instance in the setting in Theorem 1.1. The approach we follow was first pioneered by
the first author and Rubinstein in [7] in a very special case, where L ~ —Kg — (1 — 3)C
for C' a curve and 8 a small parameter. Their motivation was studying asymptotical
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K-stability of asymptotically log Fano pairs (S5, C'). We generalize their work to any po-
larization L. Once it has been established that a pair (S, L) is not K-semistable, one can
use the fact that K-stability is an obstruction to the existence of cscK metrics [9, 4] to
determine that there is no cscK metric in ¢;(L).

While a complete characterization of the ample cone according to K-stability is the
main motivation for this article and [5], it is probably an unattainable goal. This is due
to two reasons: firstly, the ample cone becomes very complicated when K2 is small and
detecting obstructions to K-stability using our method eventually boils down to describing
the negative locus of many polynomials of degree 4 in 9 — K2 variables. As a result, a
simple description of such loci is not expected. The second complication has to do with the
intrinsic limitations of the method. As it happened with the slope test configurations of
Ross—Thomas, it is expected that some polarizations are not obstructed by our flop slope
test configurations. While we have not found any method in the literature which obstructs
a polarization that we fail to obstruct, this is no reason to believe better methods will be
develop in the future to obstruct polarizations that we are unable to tackle. Nevertheless,
our article recovers all currently known obstructions to the existence of cscK metrics on
polarized del Pezzo surfaces, including Theorem 1.1 and Ross—Thomas’s obstructions, and
provides many new ones (see theorems 1.2, 1.4 and 1.5).

Let us outline the structure of this article. In sections 2 and 3, we recall the K-stability
setting, including the flopped version of slope stability. In Section 4, we study ample
divisors on del Pezzo surfaces, giving coordinates to elements of the ample cone, and
prove Theorem 1.4. In Section 5, we prove technical results on ample divisors on del
Pezzo surfaces. In Section 6, we prove Theorems 1.2 and 1.5. The proof of Theorem 1.5
relies on symbolic computations presented in Appendix A.

2. WHAT 1S K-POLYSTABILITY?

Let X be an n-dimensional smooth projective variety, and let L be an ample line bundle
on it. In this section we will remind the reader of the notion of K-stability of the pair
(X, L), which was originally defined by Tian in [26]. A more refined, algebro-geometric
definition was introduced by Donaldson in [10], which eventually led to Conjecture 1.

First we need to define the notion of test configuration. We will always assume that
the total space of the test configuration is normal (see [18] for an explanation).

Definition 2.1. A test configuration of (X, L) consists of

e a normal variety U with a G,,-action,

e a flat G,,-equivariant map py: U — A, where G,, acts on A! naturally,

e a G,,-equivariant py~ample line bundle £;; — U such that there exists a positive
integer r, called exponent, and a G,,-equivariant isomorphism

(2.1) (w0l )= (0 (A (0,91,

with the natural action of the group G,, on A'\ {0} and the trivial action on X,
where p;: X x (A!\ {0}) — X is the projection to the first factor.

We also say that (U, Ly, pu) a product test configuration if U =2 X x A and Ly, = pi(L®").
A product test configuration is trivial if G,, acts trivially on the left factor of X x Al
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Given an arbitrary test configuration (U, Ly, py) of the pair (X, L) with exponent r,
one can naturally compactify it by gluing (U, L) with (X x (P'\{0}), p;(L®")) as follows.
In the G,,-equivariant isomorphism (2.1), each ¢t € G,, acts on its right hand side by

to ({p} X {CL},S) = ({p} X {ta}75)

for any p € X, a € A and s € (Ly),. So, we can define the gluing map using the diagram
. Ly) (X x P\ {0}, pi (L))

J J

(4 \ 2 (0). £ (X < (a1 {0}).pi(2™)).

U\PM1(0)>
where the map ¢ is given by
o: (p, a,s) — ({a‘l op} x {a},a o s),

where G,, only acts by multiplication on the factor P*\ {0} of (X x P\ {0}, pi(L®")).
Using this gluing map, we obtain a triple (X, £, p) consisting of

e a normal projective variety X with a G,,-action,

e a flat G,,-equivariant map p: X — P! such that p,'(t) 2 X for every t € P!\ {0},

e a (G,,-equivariant p-ample line bundle £ — X', such that

L =
p7(t)
for every t € P!\ {0}, where we identify p,,'(t) with X.

For further details and examples, see [18, Section 8.1].

Remark 2.2. In [18], the triple (X, L, p) is called oo-trivial compactification of the test
configuration (U, Ly, py). Since we will always work with compactified test configurations
in this article, we will simply call the triple (X, £, p) a test configuration of the pair (X, L).
Moreover, if the original test configuration (U, Ly, py) is trivial, then we say that the test
configuration (X, L, p) is trivial. In this case, X = X x P! and £ = p}(L®"). Similarly,
if (U, Ly, py) is a product test configuration, then we say that (X, L, p) is a product test
configuration. In this case, we have p~1(0) = X, so that p is an isotrivial fibration.

Using the compactified test configuration (X, L,p), Li and Xu gave an intersection
formula for the Donaldson—Futaki invariant of the original test configuration. This formula
first appeared in work of Odaka [19] and Wang [27], c.f. [18, Proposition 6] for a new
proof. We will use this formula as a definition of the Donaldson—Futaki invariant. The
slope of the pair (X, L) is

n—1
v(L) = &
Ln
The (normalized) Donaldson-Futaki invariant of the (compactified) test configuration
(X, L, p) with exponent r is the number

(2.2) DF(X,L,p) = i(

n 1

—y(L)L" 4 L7 <KX —p" (K]Pl))) ;

rm\n+1r



UNSTABLE POLARIZED DEL PEZZO SURFACES 7

where n is the dimension of the variety X. Observe that the number DF(X, £, p) does
not change if we replace £ by £ + p*(D) for any line bundle D on P*. Moreover, if the
test configuration (X, £, p) is trivial, then the formula (2.2) gives DF(X, L, p) = 0.

Definition 2.3. The pair (X, L) is said to be K-polystable if DF(X, L,p) > 0 for every
non-trivial test configuration (X, L, p), and DF(X, £, p) = 0 only if (X, L, p) is a product
test configuration . Similarly, the pair (X, L) is said to be K-stable if DF(X,E,p) >0
for every non-trivial test configuration (X, £, p). Finally, if DF(X, £, p) > 0 for every test
configuration (X, L, p), then (X, L) is said to be K -semistable.

If the pair (X, L) is not K-semistable, then DF (X, £, p) < 0 for some test configuration
(X, L, p) of the pair (X, L). In this case, we say that (X, L) is K-unstable, and (X, L, p)
is a destabilizing test configuration.

Remark 2.4. The K-polystability of the pair (X, L) implies its K-semistability. Similarly,
the K-stability of the pair (X, L) implies its K-polystability. Moreover, if the group
Aut(X, L) is finite, then all product test configurations of the pair (X, L) are trivial, so
that (X, L) is K-stable if and only if it is K-polystable.

The pair (X, L) is K-polystable (respectively, K-stable or K-semistable) if and only
if the pair (X, L®*) is K-polystable (respectively, K-stable or K-semistable) for some
positive integer k. Thus, we can adapt both Definitions 2.1 and 2.3 to the case when L is
an ample Q-divisor on the variety X. This gives us notions of K-polystability, K-stability,
K-semistability and K-instability for varieties polarized by ample Q-divisors. Similarly,
we can assume that £ in the test configuration (X, L,p) is a p-ample Q-divisor on X.
Because of this, we can assume that » = 1 in the formula (2.2) for the Donaldson-Futaki
invariant.

3. SLOPE STABILITY AND ATIYAH FLOPS

Let S be a smooth projective surface, and let L be an ample Q-divisor on the surface
S. In this section, we will compute the Donaldson—Futaki invariant of some explicit test
configurations of the pair (5, L). One of them is a very special case of a much more general
construction studied by Ross and Thomas in [22, 23]. Namely, fix a smooth irreducible
curve Z in the surface S. By a slight abuse of notation, let us identify the curve Z with
the curve Z x {0} in the product S x P*. Let mz: X — S x P! be the blow-up of the
curve Z. Denote the exceptional divisor of 75 by E, let p = pp1 0 7z, and let

Ly= (psomz) (L) — AEz,

where A is a positive rational number. Denote by o (S, L, Z) the Seshadri constant of the
pair (S, L) along Z. Recall that o(S, L, Z) is usually very easy to compute, since

o(S,L,7) = sup{u € Q-9 ‘ the divisor L — pZ is nef}.

By [23, Proposition 4.1}, if A < o(S, L, Z), then L, is p-ample (see also [7, Lemma 2.2]),
so that (X, L,,p) is a (compactified) test configuration of the pair (S, L). This test
configuration is often called a slope test configuration centred at Z. If DF(X, Ly, p) < 0
for some A < o(S, L, Z), then (S, L) is said to be slope unstable. This implies, in particular,
that (S, L) is K-unstable.
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One good thing about the test configuration (X', Ly, p) is that its Donaldson—Futaki
invariant is very easy to compute. Namely, let g(Z) be the genus of the curve Z, and let

2
(3.1) DF(N) = sv(L) </\322 ~ 3L Z> +A2(2-2g(Z)) +2ML - Z.
Recall from Section 2 that v(L) = =55 is the slope of the pair (S, L).

Lemma 3.1 ([22, 23]). If A < o(S,L,Z), then DF(X, Ly, p) = DF(N).
Proof. Since —FE3 is the degree of the normal bundle of Z in S x P!, we get
£3 =3\ ((ppl o WZ)*(L)> B N3ER = —3NL . Z + \3Z2,

Moreover, we have

L3 (KX —p° (Kuﬂ)> = ((puﬂ omz)" (Ks) + EZ> : ((PX omz)*(L) — >\Ez>2 =
=-2\(pxomz) (L) E3 + X (pm o7mz)" (Ks) - B3 + N°E} =
=2\L-7 — NKg-7Z — N Z>.
Now the result follows from substituting in (2.2) the above identities. U
If A\ < o(S,L,Z) and Z? > 0, then DF(X, Ly,p) > 0 by [21, Theorem 1.3]. Thus, if
we want (X, Ly, p) to be a destabilizing test configuration, then Z? must be negative. In

particular, if S is a del Pezzo surface, then Z must be a (—1)-curve. In this case, we have
finitely many choices for the curve Z.

Example 3.2 ([22, Example 5.27]). Suppose that S = Fy, and Z is the (—1)-curve. Then
DF(X,Ly,p) < 0 for some A < o(S, L, Z). Indeed, denote by f the fiber of the natural
projection F; — P, Up to positive scaling, either L ~g —Kg+ aZ for some non-negative
rational number a < 1, or L ~g —Kg + bf for some positive rational number b. In the

former case, we have v(L) = 8+82:fa2 and o(S, L, Z) = 2 + a, so that Lemma 3.1 implies
that DF(X, Ly, p) < 0 for some A < 2 + a, because
) .2 8+a 9 3 9 B
AE{%@S(A) = [lim - s (=3N(1—a) =A%) + 2\ + 2\(1 — a) =
4 a®+3a®—4 “0
3 4-a ’

for all @ € [0,1). Similarly, in the latter case, we have v(L) = 4‘%’[) and (S, L,e) =2, so
that
. .2 440D
I DSV =lm 3 1o
which implies that DF(X, £y, p) < 0 for some A < 2.
The leading term of the cubic polynomial ®F(A) defined in (3.1) is 2v/(L)Z%. Thus, if
Z? < 0 and S is del Pezzo surface, then DF(\) < 0 for A > 0. Unfortunately, in this
case DF(A) is usually positive for A < o(S, L, Z), simply because the Seshadri constant

o(S, L, Z) is often too small. In particular, this happens in the case when S is a blow-up
of P? in two distinct points and L = —Kj (see [21, Example 7.6]). On the other hand,

81+1b
“3N2(14+0) = X)) + 22+ 22N1 +b) = ————
(=3X*(1+0) ) 4227 + 2X(1 4 b) 32+b<a
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if S is a blow-up of P? in two distinct points, then the group Auto(S, L) is not reductive
for every ample divisor L, which implies that (S, L) does not admit a constant scalar
curvature Kahler metric by Matsushima’s obstruction. In particular, by Donaldson’s
resolution of Conjecture 1 for toric surfaces, (.S, L) is not equivariantly K-polystable, and
in particular (S, L) is not K-polystable.

Recall that the pseudo-effective cone is the closure of the cone of effective divisors.
There is another famous threshold that one can relate to the triple (S, L, Z), which is
commonly known as the pseudo-effective threshold. 1t can be defined as

(3.2) (S, L, Z) = sup{u € Q-9 ‘ the divisor L — uZ is pseudo—effective}.

Since nef divisors are pseudo-effective, we always have o(S,L,Z) < 7(S,L,Z), and the
inequality is strict in many interesting cases. In [7], Cheltsov and Rubinstein introduced
a birational modification to the slope test configuration in order to increase the value of
A up to the pseudo-effective threshold. Let us briefly describe their construction.

Suppose that there exists a birational morphism 7: S — S such that the surface S is
smooth, and 7 is a blow-up of k > 0 distinct points Oy, . .., Oy, in the surface S. Moreover,
we assume that the image of the curve Z in the surface S is a smooth curve that contains
all these points. Let Z = 7(Z), and denote by C1,...,C} the m-exceptional curves that
are mapped to the points Oy, ..., Oy, respectively. For every point O; € S, let T'; be the
curve O; x P! in the product S x P'. Then there exists a commutative diagram

T

S x P! S x P!
ps l l%
s _ S
where ¢g is a natural projection, and 7r is the blow-up of the the curves I'y, ..., I'y. Let

us expand this commutative diagram by adding the threefold X, the blow-up 7z, and
few other birational maps. Namely, recall that we identified Z with the curve Z x {0}
in the product S x P'. Similarly, let us identify the curve Z with the curve Z x {0} in
the product S x P!, so that Z is a proper transform of the curve Z via the blow-up 7.
Thus, the threefold X is obtained from S x P! by blowing up the curves I'y,..., I}, with
a consecutive blow-up of the proper transform of the curve Z. If we change the order of
blow-ups here (first blow-up the curve Z, and then blow-up the proper transform of the
curves I'1,...,T'x), we obtain another (smooth) threefold, which differs from X by exactly
r simple flops. To be precise, let m: X — S x P! be the blow-up of S x P! along the
curve Z, and denote by I'y,..., T} the proper transforms on X of the curves I'y,..., T,
respectively. Let my: X — X be the blow-up of the curves I',...,Ts. Then there exists



10 IVAN CHELTSOV AND JESUS MARTINEZ-GARCIA
a commutative diagram:

(3.3)

T

IP)l
Here p is a composition of flops, gp: is the natural projection, and g = gp1 o 75 o 7.

Let us describe the curves flopped by p. To do this, identify the surface S with the
fibre of pp1 over the point 0 € P!, and denote by Sy its proper transform on the threefold
X. Then Sy = S, and the union Sy U Ey is the fibre of p over the point 0 € P!. Denote
the proper transforms of the curves C,...,Cy C S on the threefold X by C,...,Cs,
respectively. Then the curves Cq, ..., C; are contained in Sy. These are the curves flopped
by p. Observe that each C; is a smooth rational curve that is contained in Sy, and its
normal bundle in X is isomorphic to Opi(—1) ® Op1(—1) (see [7, Lemma 4.1]). Thus, the
map p is a composition of r simple flops, commonly known as Atiyah flops.

Remark 3.3. Let us identify the surface S with the fibre of f gpr over the point 0 € P!,
and denote its proper transforms on the threefolds X and X by Sy an So, respectively.
Then S, = SO &~ S and p maps Sy onto SO, Moreover, the map p induces a birational
morphism Sy — SO that contracts the curves Ci,...,C,, which is just the morphism
m: 8 = S, since S = S and Sy 2 . Let FE> be the mz-exceptional surface. Then p~*
flops the proper transforms in X of the fibers of the projection E — Z over the points
Oy x {0},...,0 x {0}.

m«(L). Then

Let EA)\ = p«(Ly). When is EA g-ample? To answer this question, let L = .
L,7) and

L
L is an ample Q-divisor on the surface S. Observe that o(S, L, Z) < (S,

Then o(S, L, Z) < L - C;, since (L — \Z) - C; = L - C; — \. Furthermore, we have
k
L—AZ g (L=MZ)+ Y (A= L-C)C;
i=1

is pseudo-effective if L - C; < A < o

A <o(S,L
every i, then o(S,L,Z) < o(S,L,Z) <1

7) for every i. Thus, if L - C; < o(S, L, Z) for
S, L

(S.L.2).
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Lemma 3.4 ([7, Lemma 4.7)). If L-C; < A < (S, L, Z) for every i, then Ly is g-ample.

Hence, if L-C; < X\ < o(S, L, Z) for every i, then (/\Af, E,\, q) is a test configuration of
the pair (S, L). Its Donaldson—Futaki invariant is also easy to compute. Namely, let

(3.4)

DF(N) = DF() + §U<L> (Z (AL ci)3> _

i=1

k
2
= sv(L) <A3Z2 ~3NL-Z+Y (A-L- Ci)3> + X (2-29(Z)) +2\L - Z,
i=1
where ©F(A) is the rational function defined in (3.1).

Theorem 3.5. If L-C; < X\ < o(S, L, Z) for every i, then DF(/'?, EAA, q) = Z/)\S()\)

Proof. By [7, Lemma A.3], we have
p«(H1) - p«(H2) - pu(Hs) = Hy - Hy - H3 — i (Hy - Ci) (Ha - Ci) (H - C)
for any three Q-divisors Hy, Hy, H3 on the threefcilz(; X. Therefore, we have
B = (£~ Y (6
Similarly, as C; are floppable curves contained 1121:; fibre of p, then Ky-C; = 0 = p*(Kp1)-C;

and we have . ,
() (Kg = () = (22 (K= (Ror)).
Since L - C; = L - C; — A, the assertion follows from (2.2) and Lemma 3.1. O

Corollary 3.6. Suppose that L - C; < o(S,L,Z) for every i, and @@@, L,7)) < 0.
Then there is a positive rational number A such that L -C; < A < o(S, L, Z) for every i,
and DF(X, Ly, q) < 0. In particular, the pair (S, L) is K-unstable.

In this article we will apply this corollary to polarized smooth del Pezzo surfaces.
Which curve Z should we choose in this case? Should it be a (—1)-curve? If the answer
is positive, then which (—1)-curve should we choose? Once the curve Z is chosen, how
should we choose the contraction 7: S — S? Is it uniquely determined by the curve Z?
We will answer all these questions in the remaining part of this article. But first, let us
show how to apply Corollary 3.6 in the simplest case.

Example 3.7 (cf. [7, 6.1]). As in Example 3.2, suppose that S = F;. Let Z be a fiber
of the natural projection F; — P!, let C; be the (—1)-curve, and let 7: S — S be the
contraction of Cp, so that k = 1, S = P2, and Z is a line. Up to positive scaling, either
L ~g —Kg+aC, for some non-negative rational number a < 1, or L ~g —Kg+bZ for some

positive rational number b. In the former case, we have v(L) = g +822ia2 ando(S,L,Z) = 3,

so that (3.4) gives 5\3’(0(3, L,Z) =% % < 0. Similarly, in the latter case, we
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have v(L) = er—*'be and 0(S,L,Z) = 3+ b, so that ﬁ’(a(g,f,?)) =-Z- %lj < 0. Thus,

in both cases, the pair (S, L) is K-unstable by Corollary 3.6.

Let us conclude this section by one observation inspired by [22, Corollary 5.29]. To do
this, fix a point P € S that is not contained in the curves Z,C4,...,Cy. Let g: 8" — S
be the blow-up of the point P, and let G be the exceptional curve of the blow-up g¢.
Denote by Z',C1, ..., Cj the proper transforms of the curves Z, (1, ..., Cj on the surface
S’  respectively. Let P = w(P). Then P ¢ Z, and there exists a commutative diagram

g —2 =35
S — S
g
where 7’ is a contraction of the curves CY, ..., C}, and g is the blow-up of the point P.

Note that the g-exceptional curve is the proper transform of the curve G on the surface
-/ . - . . . . .
S'. Denote this curve by G. Merging this commutative diagram together with the large
commutative diagram (3.3), we obtain the even larger commutative diagram

Tz

X’ S’ x Pt S x P! ik X
| & y p
\
[~ X
T/ 7 l/ Lﬂ
_/ —
S — S
P \ / ! \ P
Tz’ g’ a5
S x P! - S
h
q];d

Here h is the blow-up of the curve P x P!, h is the blow-up of the curve P x P!, and the
maps Tz, T, Trr, T, 0, Qp1, ¢ Pst» P and ¢ are defined similarly to the maps 7, 77,
r, TF, P @pt, 43, Ps, P and ¢, respectively. To get their detailed description, one just has
to add / to every geometrical object involved in the definition of the maps 7z, 7, 7r, 7p,
P, qpt, ¢35, p and ¢, We leave this to the reader.

To polarize the surface S’, choose a positive rational number ¢, and let L' = ¢*(L) —eG.
Then L’ is ample provided that the number ¢ is small enough. Let us assume that this is
the case. Let Ez be the exceptional divisor of 7z, and let £\ = (pgr o w2 )*(L') — AEz,
where A is a positive rational number. If A < ¢(S’, L/, Z’), then the divisor £ is p’-ample
by [23, Proposition 4.1], so that (X', £}, p’) is a slope test configuration of the pair (S’, L').
In this case, its Donaldson—Futaki invariant is given by Lemma 3.1. Namely, we have

DF (X', L}, p) = %y(L’) <A3Z2 —3\°L - Z) + X (2-29(2)) +2\L- Z.
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Here we used the fact that the point P is not contained in the curve Z. This assumption
also implies that
lim o(S', L', 2") =0o(S, L, Z).

e—0t
— . —Kor L' — L— . .
Moreover, we have v(L) = =2E and v(L') = =35~ = =5L=. This gives

Corollary 3.8 ([22, Corollary 5.29]). Suppose that A\ < (S, L, Z) and DF(X, Ly,p) <0.
Then A < o(S', L', Z") and DF(X', L, p") < 0 for sufficiently small € > 0.

Note that this corollary together with Example 3.2 imply Theorem 1.3. A similar corol-
lary exists for the flopped version of the slope test configuration described in Section 3. To
present it here, let £5 = pl(£}) and L' = 7/(L'). Then L is ample. Since L-C; = L' - C!
for every curve C;, we have

k
L' ~g g'(L) = G ~g () (L) = Y (L~ CC;.
i=1
By Lemma 3.4, if L-C; < A\ < (S, L, Z) for every i, then L, is g-ample, so that (2?, Z)\, q)
is a test configuration of the pair (S, L). Similarly, if L-C; < A < 0(3/, f,, 7’) for every i,
then £ is ¢’-ample, so that (X", L}, q’/)\is a test configuration of the pair (S’, L’). In this
case, its Donaldson-Futaki invariant DF(X”, £, ¢’) is given by the formula
k

%y(L’) <)\322 — 3\’L- Z> + X (2-29(2)) +2)\L- Z + %y(L’) <; (A—L- Ci)3>

by Theorem 3.5. As above, we have
lim o(S',I',Z') = (S, L, 7).
a—1>0+0( L,Z)=0(S,L,2)

This gives

Corollary 3.9. Suppose that L -C; < A\ < o(S, L, Z) for every i, and ]5?(2?, E,\, q) <0.
Then L-C; < A\ < a(gl,f/,?) for every i, and DF(X’, L, q") < 0 for sufficiently small €.

We will use this corollary to prove Theorem 1.4.

4. AMPLE DIVISORS ON DEL PEZZO SURFACES

In this section we describe basic facts about smooth del Pezzo surfaces. The simplest
examples of such surfaces are P?, P! x P! and the first Hirzebruch surface F;. To work
with them, we fix notations that we will use throughout the remaining part of this article.
Namely, we denote by ¢ the class of a line in P?2. For P! x P!, we denote by f; and f5
the fibres of the two distinct projections P! x P! — P!, Similarly, for the surface F;, we
denote by e the unique (—1)-curve in F;, and we denote by f the class of a fibre of the
natural morphism F; — P!

Remark 4.1. Note that the divisor af; + bfs on P! x P! is nef (respectively, ample) if
and only if @ > 0 and b > 0 (respectively, a > 0 and b > 0). The classes f; and f; also
generate the Mori cone NE(P! x P1). Similarly, a divisor ae+bf on F is nef (respectively,
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ample) if and only if b > a > 0 (respectively, b > a > 0). The classes e and f generate
the Mori cone NE(IFy).

Now let S be a smooth del Pezzo surface such that K2 < 7, so that S ¥ P?, S % P! x P!
and S 2 F,. Then the Mori cone W(S ) is a polyhedral cone that is generated by all
(—1)-curves on the surface S, i.e. smooth rational curves with self-intersection —1. Recall
that there is a finite number of (—1)-curves on any del Pezzo surface. The description of
these curves is well-known. Nevertheless, we decided to partially present it here, because
we will need this description later.

First, we choose a birational morphism 7: S — P? that contracts 9 — K% > 2 disjoint
(—1)-curves. Such morphism always exists, since we assume that K2 < 7. However, it
is never unique for K2 < 6. We let r = 9 — K%, and denote the vy-exceptional curves
by Ei,...,E,.. Let L;; be the proper transform of the line in P? that contains the points
v(E;) an y(E;), where 1 < ¢ < j < r. Then

Lij ~ ’)/*(l) — Ez — Ej,

and each L;; is a (—1)-curve. In fact, if r < 4, then these are all (—1)-curves on S aside
of the curves Ey, ..., E,.. If r > 5, let C} 4yi,i,5. be the proper transform of the conic in P?

Ci1i2132'4i5 ~ 7* (2l) - Eil - Eiz - Eis - Ei4 - Eif;'

If r =5 orr =6, then C;, L;;, E; describe all the (—1)-curves in S. If r = 7, then we
denote by Z; the proper transform of the cubic in P? that contains the points v(E}),
v(E2), v(E3), v(Ey), v(Es), v(Es), v(E7), and Z; is singular at the point v(E;). In this
case, each Z; is a (—1)-curve, and

ZiNﬁy*(3l)_(El_EQ_EB_E4_E5—E6—E6—E7>—Ei.

We have described all (—1)-curves on S in the case when K2 > 2. If KZ = 1, then S
contains many more (—1)-curves. For example, the class

7*<3l)—<E1—E2—E3—E4—E5—E6—E6—E7—E8>—Ei+Ej

contains a unique (—1)-curve for every ¢ # j, which we denote by Z;;. This curve is the
proper transform of the cubic in P? that contains all points y(E), v(Es), v(F3), v(E,),
Y(Es), v(Es), 7(E7), 7(Es) except for v(E;), which is singular at the point v(E;). There
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is also a unique (—1)-curve defined in each of the following classes:

8
V@)=Y B -E -E-E, 1<i<j<k<s,
=1

8 8
Y-y E-y E  1<i<j<s,
=1 =1
1#£4,j

8
V(6l)—E;—2) E 1<i<8,
=1

completing the description of all (—1)-curves when K2 = 1.

Let L be an ample Q-divisor on the surface S. Then L - C > 0 for every (—1)-curve C
on the surface S. In fact, the latter condition is equivalent to the ampleness of the divisor
L. Moreover, we have

(41) L ~Q ’)/* (&Tl) — Z&Ez
i=1
for some positive rational numbers €, 1, . .., €,. Unfortunately, this Q-rational equivalence

is not canonical, since the contraction v is not unique for K% < 6. There is a better way
to work with ample divisors on S. To present it, we let

1y = inf{)\ € Qs ‘ Ks+ ML € ﬁ(S)}.

Then puy is a positive rational number, known as the Fujita invariant of (S, L). Let Ap
be the smallest face of the Mori cone NE(X) that contains Kg + prL. If Ay = 0, then
prL ~g —Kg. If dim(Ap) # 0, then Kx + prL is a non-zero effective divisor. Applying
the Minimal Model Program, we obtain a morphism ¢: S — Y where Y is smooth and
such that ¢ contracts all curves contained in Ay, i.e. ¢ is the contraction of the face Ay.
Then either

e ¢ is a birational morphism that contracts dim(Ay) < r disjoint (—1)-curves, or
o dim(Ar) =r, Y 2 P! and general fiber of ¢ is P!, i.e. ¢ is a conic bundle.

It seems quite natural to split ample divisors in Amp(S) according to the type of
contraction ¢. However, we prefer to use a slightly different splitting into types that is
based on the contraction of one of the largest faces of the Mori cone NE(S) that contains
Kx + pur L. The contraction of a face of maximum dimension guarantees that the image
of ¢ will not contain any (—1)-curve (in fact, the image of ¢ may not even be a surface,
but P!, giving ¢ the structure of a conic bundle). Namely, observe that if ¢ is birational
and Y = P! x P!, then

r—1

(4.2) prL ~g —Ks+ > a;F;,

=1
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where Fy,..., F._; are disjoint (—1)-curves contracted by ¢, and each a; is a positive
rational number such that a; < 1. Similarly, if ¢ is birational and Y % P! x P!, then there
exists a (possibly non-unique) birational morphism v : Y — P? such that the composition
1o ¢ is a contraction of r disjoint (—1)-curves Fi, ..., F,, which generate a maximal face
of the Mori cone NE(X) that contains Kg 4 pz L. In this case, we have

,
(4.3) prl ~g —Ks+ Y a;F;,

i=1
where each a; is a non-negative rational number such that a; < 1. Observe that F; € Ap,
if and only if a; > 0, and, a priori, the contraction 1 o ¢ does not need to coincide with

7. Note that in both cases, we have a very simple formula for the slope v(L) of the pair
(S, L). Namely, we have

—KS . L d + Zz 1 @i

R d+221 D

If ¢ is a conic bundle, then Y = P! and A} is a maximal face of the Mori cone NE(X)
that contains Kx + pz, L. Note that the morphism ¢ has exactly r — 1 = 8 — K2 reducible

fibers, each of them consisting of two (—1)-curves, and the face Ay is generated by these
(—1)-curves. Then we have

v(L) =

r—1
(4.4) prL ~q —Ks+bB+ Y a;F,
i=1
where B is a general fiber of ¢, and Fi, ..., F,_; are disjoint (—1)-curves contained in the

singular fibers of ¢, each a; is a non-negative rational number such that a; < 1, and b is
a positive rational number. Then

—Kg-L d+2b+30" ) a
L? d+4b+2221a1—2211a2

In addition, there exists a commutative diagram

(4.5) S
% ¢
g v/ \Pl

where 1) is a birational morphlsm that contracts the curves I, ..., F,._q, and w is a natural
projection. Then either S 2 F; or § = P! x P!. Observe that the morphism v in (4.5) is
uniquely determined by L only if every a; in (4.4) is positive. Thus, if at least one of the

v(L) =

numbers a, . .., a,_1 in (4.4) is not positive, then we may assume that S = P! x P!.

Definition 4.2. We say that
e the divisor L is of P2-type if ¢ is birational and Y % P! x P!;
e the divisor L is of P! x P!-type if either ¢ is a conic bundle and S = P! x P!, or
¢ is birational and Y = P! x P!,
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e the divisor L is of Fi-type if ¢ is a conic bundle, = Fy, and every a; in (4.4) is
positive.

We will always assume that 0 < a; < --- < a, < 1if L is of P2 -type. Similarly, if L is
of P! x P'-type or of Fi-type, then we will assume that 0 < a; <--- < a,_1 < 1.

Remark 4.3. Suppose that L is of P! x P!-type. Then we can combine numerical equiv-
alences (4.2) and (4.4) together by allowing b to be zero in (4.4). Thus, if b = 0 in (4.4),
then f is birational and Y = P! x P!, so that every a; in (4.4) is positive.

If K2 =7, then r = 2, and 7 is uniquely determined. Thus, if L is of P*-type, then we
may assume that I} = E; and Fy = F5. Similarly, if L is F;-type, then we may assume
that Iy = ;. If L is of P! x Pl-type, then F} = Ly5. In this case, we may assume that
B~ L12 + El ~ ’}/*<l) - EQ.

If K2 < 6, we can choose the contraction v: S — P? according to the type of the divisor
L. Namely, if L is of P*-type, then we can assume that v = 1) o ¢ and E; = F; for every
i. Similarly, if L is of either F;-type or P! x Pl-type, then we can assume that

B~ Llr + El ~ ’}/*(€> - Er,

so that B is a proper transform of a general line in P? passing through the point v(E,).
Similarly, if L is of Fi-type, then we can assume that F; = F; for every i such that
r—1>1i > 1, so that v is a composition of ) with the birational morphism F; — P2,
which contracts the curve (FE,). If L is of P! x Pl-type and r = 3, then we can assume
that I} = E; and Fy = Lo,. Finally, if L is of P! x P!-type and r > 4, then we can assume
that Fy = Ey, F5y = Ls,., and F; = E; for every i such that r — 1 > i > 3.

Let us illustrate the introduced language by two examples that show how to apply
Corollary 3.6 to the pair (S, L) in the case when S is toric (cf. Examples 3.2 and 3.7).

Example 4.4. Suppose that K2 = 7. Let Z = L5, C; = E;, Cy = E, S = P2, and
let 7: S — S be the contraction of the curves C; and Cy and Z ~ [. Then we can use
the notations and assumptions of Section 3. We claim that there is a positive rational
number A such that L-C; < A\, L-Cy < A\, A < (S, L, Z) and DF(X, Ly, q) < 0, which
implies, in particular, that (S, L) is K-unstable. By Corollary 3.6, it is enough to show
that L-Cy < 0(S,L,Z), L-Cy < o(S,L,Z), and 55?5’(0(?,3,7)) < 0. To do this, we
may assume that p, = 1. Using (3.4), we see that

5\3()\):I/(L)<—3)\2L-Z—)\3+()\—L-Cl)3+()\—L-C2)3>+2)\2+2)\L-Z.
J =

L -
7.7)

If L is of P%-type, then
which implies that o(S,

1—|—CL1—|—CL2,L'ClIl—al,L'ngl—(lg,zNQ?)g,
3>L-Cy>L-(Cy, so that

95(c(5,L,2)) = 2 (1 + a1 +ap)(a} + 3a} — 6araz + 6a; + a3 + Gay + 3a3 — 14) -0
3 7+2(a; + a) — a3 — a3
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because

a3 + 3aj — 6aas + 6a; + ay + 6ay + 3a5 — 14 = —(ay — a;)*—
- 3(1 - CLQ)(CLQ - CL1)2 - 3(&2 - al)(l - a2)2 - 6(&2 - al)(l —as + al)—
—2(1 —ay)® — 3(ay — a1)as — 3(1 — az)(a; + ay +4) < —2(1 —ay)® < 0.

IfLisofIFl—type,theg[i-g:l%—al,L-Clzl—al,L-ngl—l—bandiQ(B—i-b)E,
which implies that o(S,L,Z) =3+b> L-Cy > L- (Y, so that
o~ o — 2 1+ a4 2 IT+a 2 2
2 S, L.7Z))=—- - 3a; — 3)b
SO L 2) = 3 o — @ T 3T bt om0 A
2 1—|—CL1

37+ 4b + 2a; — a2

Finally, if L is of P! x P'-type, then L-Z =1—ay, L-Ci =14a;, L-Co =1+ a1 +b
and L ~q (3 + b+ a;)l, which implies that o(S,L,Z) =3+4+a+b>L-Cy > L-Cy and
—~ 2 (a; — 1)(2a3 + 4a2b + 3a1b* 4+ 10a? + 16a1b + 3b* + 22a; + 16b + 14)

DF(0(S, L, 2)) = =
8(o(8,L,2)) = 3 7T+ 4b+ 24 — ’

((—16 — 6ay + 1202 + 2a3)b — 8a1 + a? + 942 + 4a® — 14) <.

so that 35\8(0(3 L,7)) <.

Example 4.5. Suppose that K% = 6. Then it follows from [28] (see also [16, Example 3.2])
that (S, L) is K-polystable if and only if £1 = €3 = 3 or € = €1 + &3 + &5 in (4.1). Thus,
if L is of P%-type, then (S, L) is K-polystable if and only if a; = ay = a3, because

g, =L -F; = L= a
228
and e = L-v*(1) = u% in this case. Similarly, if L is of Fy-type, then e; = 1;;“, €9 = 1;32
and g3 = L—*Lb and € = i—J;l’, which implies that (S, L) is not K-polystable, because a; > 0,
as > 0 and b > 0 in this case. Finally, if L is of P! x P!-type, then ¢, = 1;;“, €9 = %,

g3 = HZ—EH’ and € = SJ“S—EM, so that (S, L) is K-polystable if and only if a; = as. Thus,
we see that (S, L) is K-polystable if and only if either L is of P%-type and a; = ay = as,
or L is of P! x P-type and a; = as. In fact, if none of these conditions is satisfied, then
(S, L) can be destabilized by the flopped version of the slope test configuration described
in Section 3. To show this, let Z be one of the (—1)-curves on the surface S, let C; and
Cy be two disjoint (—1)-curves that intersect Z, and let m: S — S be the contraction
of the curves C; and Cy. Then S =2 F; and Z ~ f + e. Let us use the notations and
assumptions of Section 3. As in Example 4.4, it is enough to show that we can choose
Z such that L-Cy < o(S,L,Z), L-Cy < 0(S,L,Z) and ®F(c(S,L,Z)) < 0. To do
this, we may assume that pu; = 1. If L is of P?-type, then we let Z = Ly, C; = E; and
Cy=FEy sothat L-Z=14a;+as, L-Cy =1—ay, L-C’gzl—ag,7~f+eand
L ~q (2 + as)e + 3f, which implies that

0(?,5,7):2+a3>L-C’2>L-C’1,
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and it follows from (3.4) that
2(@1 + as + CL3>h1(CL1, as, a3)
3(6 +2(ay +as + az) —a} — a3 — a3)’

where hy (a1, ag, a3) = a3 +a3—2a3+3a?—6aias+3a1a3+3a3+3aza3 —6a3 +3a; +3a2 —6as.
If a; < as, then

53(0(3.1.2)) -

hi(a1,as,a3) = —3a2(ay — ay) — 6a3(as — az) — 3a1(ag — a1)* — 12a1(ay — a1)(as — az)—
—6a1(as — az)?® — (ay — ay)® — 6(ay — a1)*(as — az) — 6(ay — ay)(as — az)*—
—2(as — az)® — 3a1(ag — ay) — 6a1(az — az) — ay — a1)(az — az)—
—6(as — az)® — 3(ay — a1) — 6(as — as) < 3(ag — ay) — 6(asz — az) <0,
so that 2‘5\3'(0(5 L,Z)) < 0 in this case. Similarly, if L is of Fi-type, we let Z = L3,
Cy=F;and Cy = E3,sothat L-Z =1+a, L-Cy =1—ay, L-Cy =1+, 7 ~ e+ f and

L ~g (2+b+as)e+ (3+b)f, which implies that o(S, L, Z) =2+b+ay > L-Cy > L-CY,
so that

= m TS 2(a1 + az)ha(ay, as, b)
D S, L,
8 (o ) = 3(6 +4b+ 2(ay + az) — af — a3)’
where hs(ay, ag, b) is the polynomial
3(ay — ag)b® + (247 + ayay — 4a5+9(ay — ay) — 3)b+aj — 2a3 + 3a] + 3a,ay — 6a3 + 3a; — 6as.

Since a; < ag, it follows that h(aj, as,b) < 0 unless b = a; = a; = 0, and we conclude

that DF(c(S, L, Z)) < 0 in this case as well. Finally, if L is of P! x Pl-type, let Z = E,
01 = L13 and CQ = ng, so that L - Z—l—al, L - 01 = 1+CL1, L - 02 = 1+b+CL1,
~f+eand L ~qg (2+b+a; +ax)e+ (3+b+ap)f, so that

(SLZ)—2+b+a1+a2>L 02 L- Cl,
which implies that

—~ 2(ay — as)hs(a, as, b)
L 7)) =
D5 L. 2) = 365 b1 200 T ) — @ — )’

where hs(ay, as, b) is the polynomial

2a% + 4a? + 4a3b + 4afas + Tajash + 3a,b* + 2a3 + 4a3b + 3amb®+
+ 6a? + 4a3a; + 12a1a5 + 9a,b + 6a3 + Yagh + 6a, + 6ay + 3b.

This shows that 5&'(0(3, L, 7)) < 0 provided a; # as.

Proof of Theorem 1.4. The assertion follows from Example 4.5, Corollary 3.9 and the fact
that S is a del Pezzo surface. O

In the remaining part of this article we will apply Corollary 3.6 to the pair (S, L) in
the case when S is not toric. To do this in a concise way, we need to prove several very
explicit technical results about polarized del Pezzo surfaces. We will do this in the next
section.
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5. SESHADRI CONSTANTS AND PSEUDO-EFFECTIVE THRESHOLDS

Let us use all assumptions and notations of Section 4. Suppose, in addition, that
K2 < 5, so that S is not toric. In this case, the group Aut(S) is known to be finite, and
the pair (S, —Kg) is K-stable by Tian’s theorem [25].

Let Z be a (—1)-curve in the del Pezzo surface S, and let p be a positive rational
number. In this section, we study numerical properties of the divisor L — uZ. Since this
problem depend on the scaling of L in an obvious way, we will assume, for simplicity, that
that the Fujita invariant of the pair (S, L) equals 1, i.e. up = 1.

The first threshold that controls the numerical properties of the divisor L — pZ is the
Seshadri constant o (S, L, Z). In our case, it can be computed as follows:

L-C
Z-C

(5.1) o(S,L,7) = min{

C'is a (—1)-curve on S such that C'N Z # (Z)}.

Using this formula, one can easily compute o(S, L, 7). The second threshold one can
relate to the triple (S, L, Z) is the pseudo-effective threshold 7(S, L, Z) defined in (3.2).
Observe that o(S, L, Z) < 7(S, L, Z).

Remark 5.1. It S 2 P! x P! or S =2 P2, then 7(S, L, Z) = 0(S, L, Z). Similarly, if S = F,

and o(S,L,7Z) = é—:;, then o(S,L,Z) =7(S,L, 7).

For the simple reason of applying results of Section 3 to the pair (S, L), we are mostly
interested in the case when o(S,L,7) < p < 7(S, L, Z). Because of this, we will always
assume that

0(S,L,2) < p < 7(S, L, 2).

Then L — pZ is a pseudo-effective divisor. Moreover, it is not nef if p > o(S, L, 7).
Taking its Zariski decomposition (see [15, Theorem 1:2.3.19]), we see that there exists a

birational morphism 7: S — S that contracts k > 0 disjoint (—1)-curves C, ..., Cj such
that
k
(5.2) L—pZ ~gn*(L—pZ) + Z ¢;iCi,
i=1
where L = 7,(L) and Z = 7(Z), the divisor L — puZ is nef, and cy, . .., ¢; are some positive

rational numbers. Then S is a smooth del Pezzo surface, KZ= Kg+kand 7' =—1+k
Note that k = 0 if and only if the divisor L — 2 is nef. In this case, the morphism 7 is
an isomorphism. If & > 1, from (5.1), we see that

L-C;
>
7., >o0(S,L,7)

c(S.T.7) > >

L-Ci < L’Cj
7Z.C; X 7.0

for every ¢. Without loss of generality, we may assume that for i < j.

Remark 5.2. Let C4,...,C,, be disjoint (—1)-curves on S such that C;-Z =1 for every 1.
Let n: S — S be the contraction of the curves C,...,Cy,, let L = n.(L), and let Z =
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n(Z). Then Z is smooth and

m

(5.3) L—0(S,L,2)Z ~gn'(L—0(S,L,Z2)Z)+> (0(S,L,Z) - L-C;)C:.

=1

Suppose that o(S, L, Z) > L-C; for every 7, and suppose also that o(S, L, Z) = 7(S, L, Z).
Then 7(S,L,Z) = o(S, L, Z). Moreover, if we also have o(S,L,Z) > L - C; for every i,
then (5.3) is the Zariski decomposition of L — 7(S, L, Z)Z. In this case we may assume
that 7 = 7, because the Zariski decomposition is unique by [15, Theorem 1:2.3.19].

In Section 6, we will apply Corollary 3.6 to the pair (S, L) using the curve Z, the
contraction 7: S — S, and a positive rational number A such that 0 < A < p. To do
this we need the curve Z to be smooth. This is always the case when Kg > 3, because
then any two (—1)-curves intersect at most at one point. However, this is an additional
condition in the case K2 < 2. Recall that we assume that K2 < 5.

Lemma 5.3. Suppose that L is of P*-type, Z = Ey, = 7(S,L,Z) and

(2
S ifKi=1
3 Zf S 9
3 .
ngng:Q,
(5.4) as = %ingziﬁ,
1.
ngK§:4,
L0 if K% =5.

Then k =1r — 1, we may assume that C; = Lqy, Cy = L13, C3 = Lyg,...,Cy = Ly, and

U(S,L,Z):L-L12:1+a1+a2<L-L13:1+a1+a3<~~
---<L-L1r:1+a1—|—aT<2+a1:0(§,f,7) =71(S,L, 7).

If K2 is even, then S = . If K2 is odd, then S = P* x P'. The curve Z is smooth.

Proof. Let n7: S — S be the contraction of Lis, . .., Ly, let L = n,(L), and let Z = 5(Z).
Then Z2 = r — 2, and the curve 7 is smooth. Moreover, either S = [Fy or S~ Pl x Pl
In the former case, we have n(E;) ~ f for every i > 2. Similarly, in the latter case, we
may assume that n(E;) ~ fy for every i > 2.

Suppose that K% is even. Then there is a (—1)-curve F C S disjoint from the curves
L12, ey Ll?"y which 1mphes that g = Fl and T](E) ~ €. Indeed, if Kg« = 4, then £ = 012345.

Similarly, if K% = 2, then F = Z;. Moreover Z - f = 1, from which we can deduce that
Z ~e+ % f, which in turn implies that

r—1 d
L ~q (2—|—a1)e—|—<3+ 5 a1+Z;ai>f.
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Using Remark 5.1 and inequality (5.4), we conclude that

_~ o~ ~ — e~ 3_|_ﬂa +ay+---+a,
i { 2“1 T712 ’2_‘_&1}:2_‘_&1.

2

Suppose now that K2 is odd. We claim that the surface S contains an irreducible curve
C such that n(C) - n(Ey) = 1 and n(C) - n(C) = 0. Indeed, if K2 = 1, then C' = Z; 5.
Similarly, if K2 = 3, then C' = Cla345. Finally, if K2 = 5, then C' = Ly3. Thus, we see
that S 22 P! x P!. Then Z ~ fi+ %fg, which implies

— 2CL1 + Z%)fz
i=2

Lrg@ta)fi+ (2+

Using Remark 5.1 and (5.4), we deduce that

r—2

T<§,z,2):a<§,z,z>=mm{“ Pt ”*,zm}:zm.
2

Hence, we see that T(g, Z, Z) = a(g, Z, Z) = 2+ a7 in all cases. On the other hand,
we have

(5.5) L—24a)Z~gn(L—2+a)Z +Zl—alL1,

Using Remark 5.2, we sece that = 7(S,L, Z) = 0(S,L,Z) = 2 4 ay, and (5.5) is the
Zariski decomposition of the divisor L —pZ. Since the Zariski decomposition is unique by
[15, Theorem I:2.3.19], we may assume that = 7 and S = S, so that k = r — 1. Hence,
we may also assume that Cy; = Lia, Cy = L3, C3 = Lyy4,...,Cy = Ly,.. Note that (5.5)

and (5.1) imply that o(S, L, Z) = 1+ a; + as. O
Lemma 5.4. Suppose that L is of Fi-type, Z = Ey, u=7(S, L, Z) and
5— K?
5.6 > =
(56) 26— K?2
Then

o(S,L,Z) = L-Li, = 14+a; < L-Ly; = 14+b+a1+a; < 24a1+b=0(S,L, Z) = 7(S,L, Z)

Jor every i such that 2 <i <r. One has k =r—1, Cy = Ly, and C; = Ly; forr >1i > 2.
If K% is even, then S = Fy. If K% is odd, then S =P' x P'. The curve Z is smooth.
Proof. Observe first that 2+ a; + b > L - Ly; for every ¢ > 2, because

r—1

L~g—Ks+ ) a;E;+b(Ly, + Ey).

=1

Let n: S — S be the contraction of the curves Ly, . .., Ly,, let L = n,(L) and Z = n(Z).
Then Z is smooth and Z2 = r — 2. Moreover, either S I or S = P! x P! Furthermore,
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if K2 =9 —r is even, then 72 is odd, so that S = . Arguing as in the proof of
Lemma 5.3, we see that § = P! x P! if K2 is odd. Let E; = n(E;). Then

Oifi>2and j >
Ei-Ej: 11f]>Z:101"Z>j:1,
r—2ifi=5=1.

Therefore, if S = IFl, then Z = Ey ~ e+ " f and E ~ f for every ¢« > 2. In this case,
we have 1,(B) ~ Z, so that

~ T
L~(2~|—b+a1)e+<3—|— 5 b+ 5 a1+ag+---~|—ar_1>f,

which implies

24520+ Fay +ag + -+ an_
T(S,L, Z) = O’(S, L, Z) = min{2+b+a1, 2 2 :72 2 1} = 2+b+ay,
2

because of (5.6) and Remark 5.1. Slmllarly, if § = P! x P!, then we may assume that
E ~ fy for every i > 2, so that Ey ~ fi+ = fg In this case, we have

~ r—1_ r
L~(2+b—|—a1)f1—|—<2+ 5 b+ 5 a1+a2+"'+@r—2>f27

which implies that 7(S, L, Z) = o(S, L, Z) = 2+ b+ ay, because of (5.6) and Remark 5.1,
On the other hand, we have

(57)  L—(@2+b+a)Z~gn (L—(2+b+a)Z)+ Y (2+b+a — L+ L)Ly

=1

Using Remark 5.2, we see that 7(5, L, Z) = 24+b+ay, and (5.7) is the Zariski decomposition
of the divisor L — puZ. Since the Zariski decomposition is unique, we may assume that
n=mand S =5, sothat k =r —1, C; = Ly, and C; = Ly; for for every i such
that 2 < ¢ < r. Thus, to complete the proof of the lemma, we have to show that
0(S,L,Z) =1+ a;. This follows easily from (5.7) and (5.1). O

Lemma 5.5. Suppose that K2 =5, L is of P' x P'-type, Z = Ey, u=17(S,L,Z). Then
o(S,L,Z)=L-Lyy=14a <L-Lis=1+b+a <
SL-Lis=1l+b+ta+a+a3<2+b+a+a=0(S,L,Z)=1(5L,2).
Moreover, one has k=3, S =P! x P!, C, = Ly, Cy = L1s, C5 = L.
Proof. Recall that
L ~g —Kgs+ a1 Ey + as Loy + a3 + b(Lyz + Ey),

and the only (—1)-curves on the surface S that intersect Z are the curves Lis, Li3 and
Ly4. Intersecting L with these curves, we see that o(S,L,Z) =L - L1y =1+ a; by (5.1).
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Let : S — S be the contraction of the curves Lia, L1z and Lyy. Then S =~ P! x P!
Let Z = n(Z), Ly = n(L24) and By = n(Es) . Then L24 Es =1 and L24 — E2 =0.
Thus, we may assume that L24 ~ fl and E3 ~ f5. Since Z 72 — 2, we have 7 ~ ~ f1+ fo.

Let L = n,(L). Since ,(B) ~ Z, we have

L ~Q —K§ —f- (b —I— (11)2 —f- CLQZQ4 —f- agﬁg ~Q (2 + b + aq —f- ag)fl + (2 —I— b + aq + ag)fg,
so that a(g, L, 2) = T(g, L, 2) =2+ b+ a; + ay. Moreover, we have

(5.8) L—(2+b+a+a)Z~gn (L—2+b+a+a)Z)+
+24+b+ar+ay—L-Liyy)Liya+ (2+b+a;+as— L-Lig)Lia+
+(2+b+ay+ay— L Li3)Lys.
Using Remark 5.2, we see that 7(S,L,Z) = 2 + b+ a; + ag, and (5.8) is the Zariski

decomposition of the divisor L — uZ, so that k£ = 3. Thus, we may assume that n = m,

g = g, and also Cl = L14, CQ = L12 and 03 = L13. O
Lemma 5.6. Suppose that K2 =4, L is of P' x P'-type, Z = Ey, u=17(S,L,Z). Then

U(S7L7Z):L'L15:].+CL1 L'L12:1+b+a1\
<L -Lis=14+4b+a1+as+tas<L-Liy=14+b+a1+as+tas <

3
<min{§+b+al+w

,2—|—b+a1+a2} :a(?,f,?) =7(S,L, 7).
Moreover, one has k > 4, Cy = L5, Cy = L1y, C3 = Li3, Cy = L1y and

(a) either k=4, S =TFy, a3 +ay > 1+ay and 7(S,L,Z) = 2+ b+ a, + ay,

(b) 07‘1{3—5, C5—Cl2345,S—IP>,a3+a4<1+a2, and

as + az + ag

3
L'C'12345=1+b+a1+a3+a4<T(S,L,Z):§+b+a1+ 5

Proof. Recall that

L ~Q _KS —+ a1E1 -+ a2L25 —+ Z CLiEi -+ b<L15 + El)
=3

Observe that the only (—1)-curves on S that intersect Z are the curves Fy, Lis, L13, L1,
Lys5 and C9345. Intersecting the divisor L with these curves, we get
L-Lis=14+a;<L-Lis=1+b+a1<L-Lis=1+b+a;+as+a3<
KL-Liyy=1+b+ar+ay+ays <L -Ciazas =1+b+ay +az+ aqg,
which implies that o(S, L, Z) = 1+ a; by (5.1).

Note that the curves Lia, Liz, Lia, L1 anfl Cl2345 are disjoint. Let n: S — P2 be the
contraction of these curves, L = n,(L), and Z = n(Z). Then Z is a conic and

L ~g (34 2b+ 2a;y + as + as + ay)l,
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so that (S, L,2) = 7(S,L, Z) = 34 b+ ar + 28t Moreover, az + 1 > az + ay, if
and only if 0(S, L, Z) > L - Cias45 = 1 + b+ ay + az + a4. Observe that

(5.9) —U(SLZZNQZ< (S.L,Z) - L-Lu)Lli—l—

+ (O’(g, Z, Z) —L- Cl2345> C12345.

Using Remark 5.2, we see that if as+1 > az+ay, then 7(S, L, Z) = T(§, L, Z) = 0(5, L, Z),
so that (5.9) is the Zariski decomposition of the divisor L — uZ. Hence, if ay+1 > ag+ay,
then we may assume that n = m, S = S, Cy =Lz, Cy = Ly, Cy = Ly3, C4y = Ly and
Cs = Cla345.

To complete the proof, we now assume that as + 1 < az + ay. Let v: S — Fy be the
contraction of the curves Lis, Li3, L4 and L5, let L= v,(L) and 7 = v(Z). Then

(510) L—(2+b+a;+as)Z ~gu*(L— (2+b+a;+a)Z)+
+(2+b+a1+a2—L-L15)L15~|—(2—|—b+a1+a2—L-ng)Lm—{—
+2+b+ar+ay—L-Lig)Liz+ (2+b+ a1 +ay — L - Li4) L,

where the coefficients on the right hand side of (5.10) are all positive. Furthermore,

o(E;) ~ fifi>2, 0(Es)- Z =1and Z2 = 3, so it follows that Z ~ e + 2f. Similarly
o(Las) ~e+ f. Hence, we have

ZNQ (2+b—|—a1+a2)e+(3+2b+2a1+a2+a3+a4)f.
Since 1 + ay < az + ay, it follows from Remark 5.1 that
J(S,L,Z) :T<S,L,Z) =2+b+a;+ as.

Using Remark 5.2, we see that 7(S, L, Z) = 2+ b+ a; + ag, and the Zariski decomposition

of the divisor L — uZ is given by (5.10). Hence, we may assume that v = 7 and S=75, so0
that £ = 4 in this case. Moreover, we may also assume that C; = L5, Cy = Lig, C3 = L3
and Cy = Ly4. This completes the proof of the lemma. O

Lemma 5.7. Suppose that K% =3, L is of P' x P'-type, Z = Ey, u=17(S,L,Z). Then
J(S,L,Z):L-L16:1+a1\L~L12:1—|—b—|—a1\
KL-Lis=14b+a14+as+a3s<L-Lyy=14+b+a;+as+ay <

as + a3z + ag + as
2

gmin{1+b+a1+ ,2+b+a1+a2}—0(§,z,7)—T(S,L,Z).

Moreover, one has k > 1, Cy = Lig, and one of the following cases holds:

(@) ifay =as=a3=a4=a5=0, thenk =1 and p =1+ b,

(b) ifas =az3=ay =a5 >0, thenk =2, Co = L1s and p =1+ b+ ay + 2ay;

(c) if ag = az < ay = a5, then k =3, Cy = Lyg, C3 = L1z and p =14+ b+ a3 + as + as;

( ) Zfa2+a5 = a3+ a4 and ay < G5, then k = 4, 02 = ng, 03 = L13, 04 = L14 and
p=1+b+a +as+as;
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()zfa2+a5<a3+a4 anda3+a4+a5<2+a2, thenk:—5 CQ—ng, Cg—ng,
Cy= L, Cs=Ly5, S = IF’lxIP’land,u—l—i—b—i—a—l—w'

(f) ifaz +as < az+aq and az + ay +as = 2+ as, then k =5, Cy = L1y, C3 = L3,
O4ZL14,C5:L15,§:P1X]P)1 andu=2+b+a1—|—a2;

(9) if ag + a5 > az + aq, then k =5, Cy = Ly, C3 = L3, Cy = L4, C5 = Clogag, S =4
and p1 =14 b+ ay + wFeatastes,

Proof. Recall that

5
L ~Q _KS -+ a1E1 + (IQLQG + Z CLiEi + b(Llﬁ —+ El)
i=3
Observe also that the only (—1)-curves on S that intersect Z are the curves L, L3, L1,
Lys, Lis, Ch23ss, Ch2as, Cl23s6, Cr2as6 and Cizase. Moreover, we have

L-Lig=1+a1<L-Liz=14+b+a1<L-Lizs=1+b+a;+as+az<
<L -Lyy=1+b+a+ay+as <L -Ciazu¢=1+b+a;+as+as <
SL-Cigss=1+b+ar+az+as < L-Cragse =1+b+a;+as+as <
< L-Cizgs6 = 1+b+aytaz+az+as+as < L-Crazas = 14+ 2b+ay +az + az + as + as,

and L - L14 L. L15 = 1—|—b+a1+a2+a5 NS L- 012356 Then O'(S L Z) = 1+CL1 by (5 1)

If ag +as < az+ aq, let n: S — S be the contraction of the curves Lig, Lio, L1, L1y
and Li5. Similarly, if as +as > a3+ a4, let n: S — S be the contraction of the curves Lqg,
Lia, Lz, L1y and C1a3s6. In both cases, let L = n«(L) and 7 = n(Z). Similarly, denote
by L%-, E'g7 E4, E5 and 012345 the images on S of the curves Log, B3, Ey, E5 and o35,
respectively. If ay 4 a5 < a3 + a4, then 72 =4 I% =2 E2=E? = E2 = 0122345 =0,
Z-F53 =1, the curves Es, E, and E5 are disjoint, and 612345 E, =1, so that S P! x P!,
In this case, we may assume that Ey~ Ey~ By ~ f2, which implies that Z ~ fi+2f

and ng ~ f1 + f2, so that
Lrg (24 b4ay+a)fi + (2+ 2b+ 2a1 + ag + a3 + ag + as) fa,

which in turns implies that

o(8.1.2) =7(5.1,2) = min {24 b+ a1+ ap, 14 b o 2T WL

2

Slmllarly, if as +as > ag + ag, then 72 = 4, E2 = —1, L%G Ez Ez = 1, and
E5 L26 = E5 E3 E5 E4 =7. E5 =0, which implies that S = [F; and E5 ~ e. In this
case, we have 7 ~ 2e + 2f and L26 ~ E3 ~ Ey ~ e+ f, so that

LNQ (24 2b+42a; + ag + a3 + ag + as)e + (3 4+ 20+ 2a1 + as + a3 + aq) f,

which also gives o(S, L, Z) = 7(S, L, Z) = 1 + b+ a; 4 2F%tatas by Remark 5.1,
If as + a5 < as + a4, then

610 L 0B LA ~o (I~ 0(B.L2Z) + 3 (6B L2) ~ L+ L)

1=2
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and the coefficients in front of each Ly; in (5.11) are all non-negative, so that Remark 5.2
gives 7(S, L, Z) = a(g, L, Z) Moreover, if ay + a5 < as + a4, then all coefficients in front
of each Ly; in (5.11) are positive, so that (5.11) is the Zariski decomposition of the divisor
L — pZ by Remark 5.2. In this case, we may assume that n = 7 and S = S, C1 = Ly,
Cy = Ly, C3 = L1z, Cy = L4 and C5 = Ly5, which gives us the cases (e) and (f).
Similarly, if as + a5 > a3 + aq, then 7(S, L, Z) = 0(5, L, Z) by Remark 5.2, since all the
coefficients in front of the right hand side of

(5.12) L-0(5,L,2)Z ~ou'(L-o(S.L2)Z) + (0(S,L,Z) = L Lug) Lo+
+ Z ( S L, Z —L- Lli)Lu + (a(g, L, Z) - L- 012346>0123467

are positive. Using Remark 5.2 again, we see that if as + a5 > ag + a4, then (5.12) is the
Zariski decomposition of the divisor L — uZ. In this case we may assume that n = ,
S = g, Cl = L16, 02 = L12, 03 = L13, 04 = L14 and 05 = 0123467 which giVGS us the

case (g).
To complete the proof, we may assume that as+as = az+as. Then yp = 1+b+a+as+as,

so that (L_/,LZ>L16 =—b—ay—az < 0, (L-/LZ)ng = —a9—as, (L—MZ)ng = as—as
and (L —puZ)- L1y = ay—as. Let v: S — S be the contraction of the curve Lig, and those
curves (if any) among Lo, L13 and Ly, that have negative intersection with L — 2. Let

L= v.(L) and Z = v(Z), so that

4
(5.13) L—pZ ~qu'(L—pZ) + (u—L-Lig)Lig+ Y _(n— L+ L)Ly,
=2

By Remark 5.2, the Zariski decomposition of the divisor L — uZ is (5.13), so that we may
assume that n = m, S =S and Cy= L. f p—L-Lis =0, then k£ = 1, which is case
(a). Moreover, if p — L - Ly > 0, then k£ = 4, and we may also assume that Cy = Ly,
C3 = L3 and Cy = Ly4, which is case (d). Similarly, if y— L- L1y =0and p— L-Ly3 > 0,
then k = 3, and we may assume that Cy = Lj5 and C3 = Li3, which is case (c). Finally,
if p—L- L13 =0, then k£ = 2, and we may assume that Cy = Lq5, which is case (b). This
completes the proof of the lemma. O

If K% =2, let us denote the (—1)-curve curve Z; also as Zi.

Lemma 5.8. Suppose that K2 < 2, L is of P! x P*-type, and Z = E,. Then

o(S,L,Z)y=L-Li,=1+a3 < L-Lis=1+b+a; <
KL -Lis=14b+a1+as+a3<L-Lyy=14+b+a;+as+ay4 <
KL-Lis=1+b+a1+ar+as<L-Lig=1+b+a;+ as+ a.
Moreover, one has L - L1y < L - Cio34r = 1+ b+ a1 + as + a4. Furthermore, one has

L-Z; B 14+2b+2a; +as + as + as + as + ag
7 Zin 2 ’
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and the curve Zy7 is disjoint from the (—1)-curves Ly, L1, L1s, L4, L1s, L1g and Clazy,.
Let C' be a (—1)-curve on the surface S such that the curve C' intersects the curve Z, C

- 2
is not one of By, L1y, Lz, L13, L4, L1s, L1, Cr234r, Z17 and az = 3- Then

L-C } L-Z
TC 211111’1{[,'[116,[/«012347",2.—21:}.

Proof. Recall that

r—1
L~g —Ks+ @By + aaLoe + Y ;B + b(Lay + EY),

i=3
and observe that all assertions of the lemma are obvious except for the last one. Let us
prove it. Note that C'-B > C-Z > 1, since B ~ Fy + Ly, and C # Ly,.. Moreover, by
looking at the classes of the list of (—1)-curves in S, we have C'-Z < 4— K%. Furthermore,
the surface S contains a unique (—1)-curve Z’ such that Z'- Z = 4 — KZ%. We also have
Z+ 7 ~ —(3— K2)Kgs. Indeed, if K2 = 2, then Z' = Z;7; and if K2 = 1, then y(Z')
is a sextic curve that has triple singular point at v(F;), and double points in the points

7(E2)7 7(E3)7 7(E4)a ’Y<E5)7 ’Y(Eﬁ)a 7(E7) and ’Y<E8)
Suppose first that C'- Z = 1. Then

LC r—1
Z—C_L021+b+a1+a2CL2r+;a20Ez

Thus, if C' - (Lo, + E3+ -+ + Er,l) > 3, then

L.-C
Z-C

Going through the list of (—1)-curves on S, we see that if C'- (Lo, + Es+ -+ E,_1) < 2,
then either C' = L7 and Kg =1, or C is one of the curves Cy;j, with 2 <i < j <r and
(7,7) # (3,4). In the former case, we have L - C > L - L. In the latter case, we have
L-C>=L-Cis.

Suppose now that C'-Z > 2. f KZ =2, then C-Z =2asC-Z <4— K% and C =
Z' = Zy7. Thus, to complete the proof, we may assume that Kz =1and 3 > C-Z > 2.
fC-Z =3, then C=2"~g—2Kg— Z, so that

21+b+a1—|—a2+a3+a4>2+b+a1+a221+b+a1+a2+a6:L-L16.

L-C _L(—ZKS—Z) . 1+4b+3a1+2a2+2a3+2a4+2a5—|—2a6+2a7 S L'Zl7
Z-C 3 B 3 ~Z-Z

because as > % Thus, we may assume that C'- Z = 2. If C' = Zy; with 2 <1 < 8, then

L-C'>1—|—2b—|—2a1+a2—|—a3+a4+a5—|—a6—|—a7—aiZL-ZN.

For the other three types of classes of possible (—1)-curves introduced in section 4 it is
straight forward to see that L -C' > L - Zy5. O

Now we are ready to complete this section by proving
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Lemma 5.9. Suppose that K% < 2, L is of P* x Pl-type, Z = E;, and a3 > % Then

o(S,L,Z) < u<7(S,L,Z), k>2, C1 = Ly, Co = Lig, p = 0(S, L, Z) and the curve Z
18 smooth, where

. {1+2b+2a1+a2+a3—|—a4+a5+a6
min 5

,1+b+a1+a2+a6}.

Moreover one of the following cases holds:

(a) if 1+ as+as = as + a5 + ag, then k =2 and p = H2bt20totastastastas

( ) if 1+ as+as < ag+ a5+ ag and az+ a5 + ag < 1+ as + ay, then k=3, 03 L3 and
U= 1+2b+2a1+a2+a3+a4+a5+a6 .

( ) zfa3+a5+a6 > 1—|—a2+a4, as+as+ag < 1+CL2—|—CL5 anda2+a5+a6 1—|—a3+a4,
then k =4, C3 = Li3, Cy = Lyy and p = 1+2b+2a1+“2;a3+“4+a5+“6 ;

(d) ifag+as+ag > 1+ as+as and 1 + ay + ag = a3 + a4 + as, then k =5, C3 = L3,
04 — L14, 05 L15 and = 1+2b+2a1+a2+a3+a4+a5+ae.

(e) if a3+ ay + ag > 1+ as + as and1+a2+a6 < a3+a4—|—a5, then k =5, Cy = L3,
C4—L14,C5 L15 andu—1+b+a1+a2+a6,

(f) Zf az + as + ag > 1+CL3 + aq, then k = 5, Cg = L13, C4 = L14, C5 = C1234,« and
o= 1+2b+2a1+a2-&2-a3+a4+a5+a6.

Proof. Using Lemma 5.8, we see that

L'Z17 . 1+2()+2a1+&2+a3+a4+a5+a6
Z-Zv 2

>1+b4a=L-Liy>0(S L, 2),

because a3 > % So that p is the smallest number among Z—Z” and L - Lyg, so that
p > o(S,L, 7). We will show later that u < 7(S5, L, 7). Observe that u > L - Ly, and
> L- L. However, we do not know whether p is larger than the remaining intersections
L-Li3, L-Lyy, L-Lis, L-Ligand L - Cia34, or not, because % can be small. This
explains the several cases we may have.

Suppose first that either p > L - Ly5 or > L - Claag, (or both). Note that g > L - L5
if and only if ag > a5 and a3 + as + ag > 1 + as + as. Similarly, yu > L - Clag4, if and
only if as + ag > az + a4 and ay + a5 + ag > 1 +az +ag. In particular, we must have
as + as # az + aq. If as +as < az+ aq, let n: S — S be the contraction of the curves Ly,
Lyo, Ly3, L4 and Ly5. Similarly, if as 4+ a5 > a3 + ay, let tn: S - S be the contraction ¢ of
the curves Llr; ng, L13, L14 and 01234r Denote by Fjg)7 E@, E7, L16, L17, Zl5, ZlG and Z17
the images on S of the curves Es, Eg, Er, Lig, Li7, Z15, Z1¢ and Zy7, respectively. Then

S is a smooth del Pezzo surface and K2 = KS +5. If KS =1 (KS =2, respectlvely) and
as + as < as + ay, then all (—1)-curves on S are EG, E7, L16, L17, Z16 and Zl7 (EG7 L16
and 217, respectively). Similarly, if d = 1 (d = 2, respectively) and as + a5 > ag + aq,
then all (—1)-curves on S are E5, Eﬁ, E7, 215, Z1s and Z7 (Eg,, Eﬁ, 217, respectively).
Let L = n(L) and Z = 5(Z). Then Z is smooth, and p = o(S, L, Z). The latter
follows from the intersection of the divisor L — Z with (—1)-curves on S. For “example, if
a4 as > az+ ay, then u = 1+2b+2a1+a2+a3+a4+“5+a6 , which implies that (L MZ) Zv7 = 0.
Similarly, if as + a5 < az + a4 and 1+a2—|—a6 < a3+a4+a5, then p =1+b+ay + as + ag,
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which implies that (Z — ,uZ) Lig=0. In particular L— ,uZ is nef. On the other hand, if
as + a5 < a3 + aq, then L - Lis < L - 012347», and

5
(5.14) L—pZ~gn'(L—pZ)+ (=L L)Ly, + Y (= L+ L)Ly,

=2

where p — L - Ly; > 0 for every i € {2,3,4,5,r}, as u > L+ Ly5. If ay + a5 < az + a4, then

(5.15) L—pZ ~gn*(L—pZ) + (n—L- Ly) Lo+
4
+ Z(M —L-Ly;) Ly + (n— L - Cro34r)Clo34r,

1=2

where p — L - Ly; > 0 for every i € {2,3,4,r} and p — L - Cia34r > 0. Therefore, the
divisor L — uZ is pseudo-effective in both cases. In particular, we see that u < 7(S, L, 7).
Moreover, (5.14) (respectively (5.15)) is the Zariski decomposition of the divisor L — uZ
in the case when ay + a5 < as+ a4 (respectively when as + a5 > az+ay). Since the Zariski
decomposition of L — uZ is unique, we may assume that n = 7 and S = S, so that k=5
in this case. Thus, we may assume that C) = Ly, Cy = Lig, C3 = Lq3, Cy = Lyy. If
as + as < az + a4, then Cs5 = Ly5, so that we are either in the case (d) or in the case (e).
If ay + a5 > as + a4, then C5 = Cla34,-, which is the case (f). This proves the required
assertion in the case when p > L - L5 or g > L - Clogy,.

Now we suppose that u < L - Lis and g < L - Claggr. The former inequality implies
that az + a4 + ag < 1+ as + as, so that, in particular, az + a4 + a5 < 14 as + ag. Thus,
we have

. 1+2b+2a1+a2+a3+a4+a5+a6 . L'ZN
H= 2 7 i
Then (L - /LZ) : Zl7 2 O7 (L - IUZ) . 012347» } 0, (L - /LZ) : L15 2 O, (L - IUZ) : L16 > 0.

Let us use the same notations as in the previous case with one exception: now assume
that n: S — S is the contraction of those curves among L., Ly, L3, L14 that have
negative intersection with L — uZ. In particular, n contracts Ly, and Lia, since we
already know that (L — puZ) - Ly, < 0 and (L — pZ) - L1 < 0. We claim that L — puZ is
nef. Indeed, let C be a (—1)-curve on S , and let C' be its proper transform on the surface
S. Then (L —pZ)-C = (L—pZ)-C > 0 by Lemma 5.8. This implies that L — ;17 is nef.
Now arguing as in the previous case, we see that we can assume that n = 7 and S=035.

If Ly, and L5 are the only curves among Ly,, L2, L3, L14 that have negative intersec-
tion with L — pZ, then we get k = 2, and we may assume that Cy = Ly, and C5 = Ly5. In
this case, we have (L —uZ)- L1z > 0, which can be rewritten as 14 as +ag > a4+ as + ag,
which gives us the case (a). Similarly, if (L — pZ) - L1z < 0 and (L — puZ) - L4 > 0, then
1+as+a3 < ag+as+ag and az+ a5+ ag < 1+ as + ay, respectively. In this case, we have
k = 3, and we may assume that C; = Ly, Cy = L5 and C3 = Ly3, which is the case (b).
Finally, if both (L — puZ)- L3 < 0 and (L — puZ) - L1y < 0, then ag+as+ag > 1+ as+ay
and k = 4. In this case n contracts all 4 curves Ly, Lis, L13, L14, so that we may assume
that Cy = Ly, Co = Lya, C3 = Ly3, Cy = Ly4, which is the case (c¢). This completes the
proof of the lemma. O
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6. COMPUTING DONALDSON—FUTAKI INVARIANTS

In this section, we will prove Theorems 1.2 and 1.5. Namely, let S be a smooth del
Pezzo surface such that K% < 5, and let L be an ample Q-divisor on it. We will apply the
results of Section 3 to the pair (S, L) using Lemmas 5.3, 5.4 5.5, 5.6, 5.7, 5.9. To do this,
let us use notations and assumptions of Sections 3, 4 and 5. As usual, we may assume
that p;, = 1, where uy, is the Fujita invariant of (S, L).

Observe that the inequality (5.4) (respectively (5.6)) follows from (1.1) or (1.2) (respec-
tively (1.4)). Similarly, the inequality az > 2 follows from (1.3). Thus, we assume that
(5.4) holds in the case when L is of P%-type, (5.6) holds if L if is of F;-type and a3 > % if
L is of Fi-type.

Let Z7 = F4, and let u be the number defined in Lemmas 5.3, 5.4 5.5, 5.6, 5.7, 5.9.
Then = 7(S, L, Z) except the case when K2 < 2 and L is a divisor of P! x P!-type. In
this case, we have

. {1+2b+2a1+a2+a3+a4+a5—|—a6
M= 1IN 5

,1+b+a1+a2—|—aﬁ},

so that p < 7(S,L,Z) by Lemma 5.9. Moreover, there exists a birational morphism
7: S — S that contracts a disjoint union of (—1)-curves Ci,...,C}, canonically deter-
mined by (5, L, Z) and which are described in Lemmas 5.3, 5.4 5.5, 5.6, 5.7, 5.9. In each
case, we have u = o(S,L,Z), where L = 7,(Z) and Z = 7(Z). Here o(S,L,Z) is the
Seshadri constant of the pair (S, L) with respect to the curve Z. Moreover, it follows
from Lemmas 5.3, 5.4 5.5, 5.6, 5.7, 5.9 that the curve Z is smooth, and L-C; < o(S, L, Z)
for every i. Thus, it follows from Corollary 3.6 that (S, L) is not K-stable if 35:13’(;1) <0,

where ©F is the rational function defined in (3.4). The goal is to show that DF(u) < 0
provided that the divisor L satisfies the hypotheses of Theorems 1.2 and 1.5.

To simplify computations, let ©® = %QS’(M)LQ, so that ® has the same sign as 5:”3’
Using (3.4) and L - Ey =1 — ay, we get

(6.1) ©® = —KS.L<—M3—3MQ(1—Q1))+3u2L2+3uL2(1—a1)—KS.L(Z (/L_L-Oi)?)),

=1

where k, each L-C;, and i = 0(S, L, Z) are given by Lemmas 5.3, 5.4 5.5, 5.6, 5.7, or 5.9.
If L is of F-type or P! x Pl-type, then ® = 2 - > + B - b + € for some functions A, B
and € that depend only on ay, ..., a,_;. For instance, if K% =5 and L is of P! x P!-type,
then (6.1) and Lemma 5.5 imply that ® is the polynomial

(6.2) (3a§ 13- 3a2 - 3a§>b2+
—l—<4a‘;’—l—3a%ag—l—3a%a3—3a1a§—3a1a§—4a§—6a2a§—2a§+6a%—9a§—9a§+6a1+3a2—|—3a3+8) b+
+ 5+ 4ay + day + das + 2a] — 2a5 — a3 + 4a’ — Tal — 2a3 + 3atasas — 3ayaqa3 + 3ai+

2 2 3 3 3 3, 3 3 2
+ 3a1ay — 6a; — 6a3 + 2ajas + 2aja3 — 2a1a5 — a1a; + asas — axa; + 3ajas+

2 2 2 2 2 2 2
+ 3ajas — 6aja; — 6ajas + 3asas — 12asa5 + 3a1a3 + 9asas — 3asas.
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If K2 =4 and L is of F-type, then Lemma 5.4 implies that 2 = 3a} +6 — 3a3 — 3a3 — 3a?,

B = 4da’ + 3alas + 3ajas + 3alay — 3a,a3 — 3a 03—

— 3aya] — 2a3 — 2a3 — 2a3 + 3a® — 9a5 — 9a3 — 9a; + 9a; + 3as + 3as + 3ay + 16,
and

¢ = 8+ 8ay + 8ay + 8as + 8ay + 2a] — ay — a3 — aj +2a° — a3 — aj — a} — 9a’—

— 9a§ — 9a§ + 2@?&2 + 2&?(13 + 2afa4 — alag’ — alag — alai — agag — a§a4 — aQag—
— agaj — ajay — aza; + 3ajay + 3aiaz + 3ajay — 6aia; — 6aja3 — 6aja; + 3asaz + 3asas+

+ 3a2a§ + 3a2ai + 3a§a4 + 3a3ai + 3aia9 + 3aias + 3ai1a4 — 6asaz — 6asas — 6asay.
Similarly, if S is a smooth cubic surface, L is of P! x Pl-type, as + a5 < a3 + a4 and
az + a4 +as > 2 + ap, then Lemma 5.7 gives k = 5, Ci1 = Lig, Cy = Ly, C3 = L3,
Cyp = Ly, Cs = Lis, S = P! xP'and g = 2+ b+ a; + ay. In this case, we have
L'Cl = 1+a1, LCQ = 1+b—i—a1, LCg = 1—|—b—|—a1—i—a2+a3, LC4 = 1+b+a1+a2+a4
and L-Cs5 =14b+ a; + ay + as, so that (6.1) gives A = 3a} + 9 — 3a3 — 3a2 — 3a3 — 3a?,

B = 4a} + 3alay + 3aiaz + 3alay + 3atas — 3a1a3 — 3aja3—
— 3a1a; — 3a1a3 — 4ai — 6aga; — 6asa; — 6aza; — 2a3 — 2a;—

— 2a3 — 9a5 — 9a; — 9a; — 9a2 + 12a; + 15ay + 3az + 3aq + 3az + 24,

and

€ =9+ 12a; + 12ay + 12a3 + 12a4 + 12a5 — 3a3 — 6a; — 12a; — 12a; — 1203 —
— ay — asg — 9a; + 3ajas + 3ajas + 3ajas — 6aja; — 6aja; — 6aya; — 6ajaz+
+ 3aja4 + 3azas — 12aza3 — 12aga) — 12aga? + 3a3ay + 3ajas + 3azaj + 3azai+
+ 3a4a§ + 3aiaz + 3aia4 + 3aias + 9asaz + 9asay + 9asas — 6aszay — 6asas — 6asas—
— 3a§a§ — ?)(L%oz?1 — 3a§a§ + 9aqas + Qai’ag + Qai’ag + 2ai’a4 + 2a?a5 — 2a1a§—
— alag — alai — alag + agag + a§a4 + a§a5 - agag — agai - agag — a§a4—

— alas + 3asaz — azai — aza; — ajas — agai — 3ajas + 3ajasaz — 3a;aza3—

2 2 2 2 2 4 4 4
— 3ajaza; — 3a1aza; + 3ajas + 3ajazas + 3ajazas + 2a; — 2a, — as.

We clearly see the pattern for the polynomial . Indeed, if L is of Fi-type or P! x P!-type,
then

A=3a5+3r—9—3a3 — - —3a>_,.
Thus, if L is of Fi-type or P! x P-type, and a? + 7 —3 < a3 +---+ a2 |, then
g(ala"'aarfbb) <0

for b > 0. This proves Theorem 1.2.
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Now let us denote by ®p2 the polynomial

(6.3) 5+ 2a3 + 2a3 + 2aj + 243 + 2a3 + 2a} — a5 — a3 — aj — a3 — ag+
— a‘% — ag + 3aia6 — 6a1a§ — agag + 3a2a§ + 3a3a§ + 3a6a% + 2a4a§’ + 3a3a$+
+ 20ag — 18a3 — 18a; — 18a2 — 18ai — 18a2 — 18a; + 3ajas + 3aiay + 3a a5+
20ay + 3ajay + 3aiag — a1a;y — a a3 — aa; — ayaz — a1ap — aya;s + 3agag—
— alag — 6a1a§ — 6a1a§ — 6(11@21 — 6a1a§ — 6a1a(23 - 6a1a$ — basas + 3a8ai+
+ 20ag — 6asas — 6asag — 6asay — 6asag + 2a2a:1)’ — agag — agai — agag + 3a8a§—|—
+ 2a§ — a2a§ — agag + 3a2a% + 3a2a§ + 3@2%21 + 3a2a52) + 3a2a$ + 3a2a§—
— b6asas — 6asag — 6asa; — 6asag + 2a3ai’ — agag’ — agai — agag — agag—l—
— 4a‘;’ + 3aia3 — &3a§ — agag + 3a3&% + 3a3a§ + 3a3ai =+ 3a3a§ + 3a3a§—
— 6asay — 6asag — 6asas — asas + 3aza; — agap + 2a7a> + 3agai + 3asaz+
+ 20ay — 6aqas — 6asa; — 6asag — a4a§’ — a4a§ — a4a§’ — a4a§ — a4a§—|—
+ 2ag — a4ag + 3a4af + 3a4a§ + 3a4a§ + 3a4a§ + 3a4a§ + 3a4a$ + 3a4a§+
+ 20a3 — 6asa; — 6asag + 2a5ai’ — a5ag — a5a§ — 0L5a§L — a5ag — a5a§ + 3a5a%—
— 18a§ + 3a5a§ + 3a5a§ + 3a5ai + 3a5a§ + 3a5a$ — baga; — 6agag + 2a6a?+
+ 20a; + —CZGQ% — agag — aﬁai — agag — aﬁag — agag + 3a6a% + 3a6a§ + 3a8&§+
+ 3a6ai + 3a6a§ + 3a6a§ + 3a6a§ — barag — a7a§ — am% — a7ai + 3a8a§—
— 9a§ + 20a4 — a7a§ — a7ag — a7ag + 3a7a% + 3a7a§ + 3a7ai + 3a7a§ + 3a7a§+

2 3 3 3 3 3 3 2
+ 20as — 6aqaq + 3ayag + 2aga; — aga, — agay — agay — Aga; — agay; + 3asaj.

If L is of P%-type, then ® equals Dp2, Dp2 (a1, as, as, as, as, ag, 1), Dp2(a1, as, az, as, as, 1,1),
Dp2(ay, az, az,aq,1,1,1) and Dp2(ay,as,as, 1,1,1,1) in the case when Kz = 1, K% = 2,
K% =3, K% =4 and K2 = 5, respectively. This follows from (6.1) and Lemma 5.3. Now,
by Lemmas A.1 and A.2, we get ® < 0 when L is of P*-type and (1.1) or (1.2) hold.

To deal with an ample Q-divisor L of F;-type, let us denote by ®p, the polynomial

(6.4) — (1 b+ i:a) ((2 a4 b+ 3(1—a)(2+ar + b)2>+

7 7 7 7

+3(2+a+0) (144042 ) 0= Y @?) +3(1—a) 2+ 0 +) (1446423 = a? )+

=1 =1 =1 =1

7
+ (1—1—2()4—2 ai> ((1—|—b)3+(1—a2)3_|_(1—a3)3_|_(1—a4)3_|_(1—@5)3+(1—a6)3+(1—a7)3>.

Then ©® = Dy, in the case when L is of Fi-type and K2 = 1. Indeed, if K% = 1, then
it follows from Lemma 5.4 that p = 2+ ay +b, k =7, C1 = L1g, Cy = L1y, C5 = L3,
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04 = L14, 05 = L15, C@ = L16 and 07 = L17, so that LCl = 1+CL1, LCQ = 1+a1+a2+b,
L-C3 =1+a14az+b, L-Cy = 1+a1+as+b, L-Cs = 14a,+as+b, L-Cg = 14+a1+ag+b and
L-C; =1+a;+ar+0b. Thus, in this case, it follows from (6.1) that ® = Dp,. Similarly,
one can deduce from Lemma 5.4 and (6.1) that © equals D, (a4, as, as, ay, as, ag, 1,b),
Or, (a1, asz, ag, aq,a5,1,1,b), Op, (a1,a9,as3,a4,1,1,1,0), Dy, (ay,as,a3,1,1,1,1,b) in the
case when K% = 2, K2 = 3, K% = 4 and K2 = 5, respectively. Thus, it follows from
Lemma A.3 that ® < 0 in the case when L is of F;-type and (1.4) holds.

If K2 =5 and L is of P! x P'-type, then ® is the polynomial (6.2). In this case, we
have © < 0 by Lemma A.4 provided that (1.3) holds. Similarly, if K2 = 4, L is a divisor
of P! x Pl-type, and a3 + ay > 1+ ay, then it follows from Lemma 5.6 that D is given by

(6.5) (303 — 303 — 3a3 — 3a3 + 6)0° + dab + Badasb + Badah + 3adasd — 9aZh—

— 9a3b — 3a1a3b — 3a1a3b — 3ajaib — 4ajb — 6ayazb — 6azaib — 2a3b — 2aib + 3a3b—

— 9aib + 9a1b + 9asb + 3asb + 3asb + 16b + 8 + 8ay + 8as + 8as + 8as + 2a1 — 2a2—

— a3 — ay + 2a} — 8a3 — a3 — a} — 9a3 — 9a3 — 6a3 + 3atasay — 3a1a2a; — 3ajazaz+
— 12@2@?1 + 3a%a2a3 + 20};’@2 + 2&?&3 + 2afa4 — 2a1a§ — alag — alai + agag + ag’a4 — agag—
— aqa; — azay — azaj + 3ajas + 3ajas — 6aya; — 6a,a; — 6a,a; + 3asas + 3azas — 12a0a35—

+ 3a§a4 + 3a3ai + 3aias + 3aiaq + 9asa3 + 9asay — 6asas — 3a§a§ — 3a§ai + 6a;as.

IfKS—4anda3+a4 1+ as, then D is

(6.6) (3&% — 3a3 — 3a3 — 3a3 + 6) b? + 4a3b + 3atasb + 3atasb + 3aiash — 3a,a3b—
— 3a1a3b — 3aya3b — 2a3b — 2a3b — 2a3b + 3a3b — Ya3b — 9a§b 9a3b + 9a1b + 3agb—|-
+ 3asb + 3asb + 16b + 8 4+ 8ay + 8as +8a3+8a4+3a1a2 —|—2a1 —a, — a3 a4 —|—2a1 —

— ag — ai + 3a1ay — 9aZ — 9a§ — 9a§ — 6a1a§ + 3aiaz — 6asas — 6a3a2 + 2a1a2 + 3a3a4—|—

+ 2a3az + 2ajay — ayas + 3azal — ayas — ajal — adaz — asaq — axai — asa; — aza,—
— (I3CLZ + 3a§a3 + 3aiaq4 + Safa4 — 6a1a3 6a1a4 + 3a2a3 + 3a2a4 + 3a2a3 + 3a2a4 basay.

In both cases, (1.3) implies © < 0 by Lemmas A.6 and A.5.
If Kﬁ =3, L is of P! x Pl-type, and as + a4 + as > 2 + ay, then ® is the polynomial

(6.7) - (3+2b+iai> ((2+b+a1 +a)® +31—a)2+b+ay —|—a2)2>—|—

5 5
+ (3(2+b+a1+a2)2+3(1—al)(2+b+a1+a2 )(3—1—41)—1—22@2 Za§>+

=1 =1

+ (3+2b+iai>((1+b+a2)3+(1+a2)3+(1—a3)3+(1—a4)3+(1—a5)3).
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This follows from Lemma 5.7. Similarly, if az + a4 + a5 < 2 + ag, then 2 is

(68) _ (3+2b—|—a1+a2+a3—|—a4—|—a5)(2+2b+2a1+a2+a3+a4+a5)3

8
_3(1—@1)(3+2b—|—a1—|—a2—|—a3+a4+a5)(2+2b+2a1+a2+a3+a4+a5)2+
4
3(2+26+2a1+a2+a3+&4+a5)2 > ° 2
+ : <3—|—4b+2;ai—;ai>+

30— )24 2+ 201 + 4 + 4+ aa + a5) °

5 <3+4b+2§:ai—2a?>+

i=1 =1

5 5
(b+as+as+ as + as)? (as + az + a4 + as)?
+ : <3+2b+i§_1ai>+ g <3+2b+§ ai>+

i=1

5 5
(CL4 + as — az — (13)3 ((13 + as — az — CL4)3
+ < (3+20+ ;:1 @)+ < (3+20+ ;:1 @)+

4 — a3 >
n las + a4 8@2 as| (3+2b+zai>-
i=1

In both cases, (1.3) implies that ® < 0 by Lemmas A.7 and A.8.
If K2 <2and L is of P! x Pl-type, then we can derive the formulas for ® using (6.1)
and Lemma 5.9. To present them in a compact way, let us denote by § the polynomial

6.9) — é<1+26—|—2a1+gai>3<1+2b—l—gai>+
— 2(1 —a1)<1+26—|—2a1+gai>2<1+2b+izz7;ai>+

6 7 7
—I—Z(1+2b—|—2a1+;ai> <1+4b+2;ai—;ai>+
7

6 7
3 2
+§(1—a1)(1+26+2a1+ E_Q ai> (1+4b+2 E_l a; — § ai>+

i=1

1 7 6 5 1 7 6 5
+§<1+Qb+;ai><—1+26+;ai> +§<1+2b+;ai><—1+;ai> .

If K2 =1, Lisof P! x Pl-type, and 1+ ay + a3 > a4 + as + ag then ® = F by Lemma 5.9
Similarly, ing =1,14as+ a3 < ag+ as+ ag and ag + a5 + ag < 1 + as + a4, then © is
the polynomial

7
1
(6.10) S+§<1+2b+2ai>(a4+a5+a6—1—a2_a3)3.

i=1
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Likewise, if K2 = 1, a3 + a5 +ag = 1+ as + ay, a3 + ay +ag < 1+ as + as and
as + as + ag < 1+ az + ay, then ® is the polynomial

7

1 3

(611) 3+§<1+2b+ E CLZ‘> ((a4—{—a5—|—a6—1—a2—a3)3+(a3+a5+a6—1—a2—a4)3> .
=1

HKZ=1,a3+as+as>1+as+as, 1 +ay+asg > az+ as+ as and ag + a5 < az + ay,
then ® is the polynomial

7
1
(6.12) 3+§(1+26+Zai)(a4+a5+a6—1—a2_a3)3+
=1

1 ’ 1 d
—|—§ (1+2b+2 Cli> (a3+a5+a6—1—a2—a4)3+§ <1+2b+z ai) (a3+a4+a6—1—a2—a5)3.

i= i=1

If Kg =1,as+as+ag > 1+ az+ aq and as + a5 > az + a4, then © is the polynomial

7
1
(6.13) S+§<1+26+Zai)(a4+a5+a6—1—a2_a3)3+
1=1

1 ’ 1 ’
—|—§ (1—1—2()—1—; ai) (a3+a5+a6—1—a2—a4)3+§ (1—1—21)—1—; ai) (a3+a4+a6—1—a2—a5)3+

7
1 3
+—<1+2b+ E ai> a4+ as+ag—1—as —ay)".
3 - ( 2 T a5+ ag 3 4)
Finally, if K% = 1, ag+as+a¢ > 1+ay+as, 1+as+as < az+as+as and az+a5 < ag+ay,
then © is the polynomial

7
(6.14) — (1—1—21)—1—2@)(4—1—1)—2@1—|—a2—|—a6)(1+b+a1+a2+a6)2+
i=1

7 7
+3<(1+b—|—a1+a2+a6)2+(1—a1)(1—|—b+a1+a2+a6)> (1+4b+22ai—2a?>+

=1 i=1

+ (1 + 2b + Ziaz) ((ZH— as + a6)3 + (ag + a6)3 + (a6 — a3)3 + (a6 — a4)3 + (a6 — a5)3).

This gives the formulas for ® in the case when K2 = 1 and L is of P! x P'-type. In these
cases, if as — a; > 0.9347, then ® < 0 by Lemmas A.9, A.10, A.11, A.12, A.13 and A.14.

If K2 =2 and L is of P! x P!-type, then the formulas for © are obtained from (6.9),
(6.10), (6.11), (6.12), (6.13) and (6.14) by letting ar = 1. In this case, if as —a; > 0.9206,
then ® < 0 by Lemmas A.9, A.10, A.11, A.12, A.13 and A.14.

We see that © < 0 in the following cases: when L is of P2-type and either (1.1) or (1.2)
holds, when L is of Fi-type and (1.4) holds, when L is of P! x P!-type and (1.3) holds.
As we already explained above, this implies Theorem 1.5.
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APPENDIX A. SYMBOLIC COMPUTATIONS

The proof of Theorem 1.5 relies on computations which use symbolic algebra packages.
The length limitations of journals make it impractical to include such computations in
original articles. On the other hand, the code used to perform computations is hardly
ever maintained or preserved after several years, making it impossible to verify results
decades later, letting the reader to rely on the good faith and skills of the authors. In
reality this is hardly a new problem of the 21st century. Indeed, let us recall the following
quote of one of the articles of Sylvester [24] from 1871:

The manuscript sheets containing the original calculations [...] are de-
posited in the iron safe of the Johns Hopkins University, Baltimore, where
they can be seen and examined, or copied, by any one interested in the
subject.

Similarly, the online platform arXiv allows us to preserve our computations. The proofs
in this article ultimately require verifying that certain polynomials of degree 4 in up to
8 variables are negative under suitable conditions. The appendix in the online version
of this article [6] contains all details of the proofs of the following lemmas, where such
positivity is claimed, while the version submitted for publication only contains the proofs
of three lemmas, each serving as an example of the three different approaches used in the
proofs.

Let aq, as, as, ay, as, ag, a7, ag, b be real numbers such that 0 < ay <as < ... <a, <1
and b > 0. Let s; = ay — a1, So = az — o, S3 = A4 — A3, S4 = A5 — Ay, S5 = Gg — U5,
s¢ = a7 — ag and s; = ag — ay. For every polynomial f in Rlay, as,as, a4, as, ag, ar, as, b,
let us denote by ]?the polynomial in Rlay, s1, S2, 3, S4, S5, S¢, S7, b] obtained from f using
the corresponding change of variables.

Lemma A.1. Let f be the polynomial (6.3). Then the following assertions hold:

o f(ay,as,as,a4,1,1,1,1) <0 when ay — a; > 0.6248;

o flay, az,ag,a4,a5,1 1 1) < 0 when as — a; > 0.7488;

. f(al,ag, as, ay, as, dg, 1 1) < 0 when as — a; > 0.8099;

o f(ai,as,as,ay,as,aq,a7,1) <0 when as — a; > 0.8469;
o f(ay,as,as, ayq,as,ag,ar,as) <0 when ay —a; > 0.8717.

Proof. Let fs = f(ai,as,as3,a4,1,1,1,1). Then f5(0,x,0, 0) = —92*+122°—362%+122+5.
This polynomial has one positive root. Denote it by 5. Then v5 ~ 0.6247798071 and
J?g,(al, T+ 5, 59, 83) = —4dat — 26a3sy — 13a3ss — 39a3ys — 39a3r — 36a2s2—
— 42a3s37 — 63ai® — 204,85 — 3015583 — 6615575 — 660,550 — 240, 5955 — 8s553—
— 84a532x — 123?2)7? — 66a1595375 — 66a152530 — 78a182’y§ — T8ays9x% — 7als§—
— 36@%3233 — 27als§75 — 27als§a: — 39a,s32% — 39a17§’ — 1233%:;’ —39a,2% — 432 98283
— 15a153 273233$ — 303 x?— 53233 — 21323375 — 21323§:B — 30898322 — 7282’751‘—
— 42@15375 —2la;s3 — 63a1x — 185% — 185953 — 63% — 3§ — 65%75 — 245275’ — 25§ — 183‘33:—

— 24s5y0°% — 6six — 24857y50 — 125227 — 3653720 — 12532° — 92* — 6a152 — 35955—
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—4859w(1—75) —a2 (24—Ta; — 975 —3s3) —9za? (1475 —1)—6a2 5o (1475 —1) —24s32(1—75) —
— 63a2y7 — a1502 (1375 — 2) — 255(9y5 + 1) — 453(675 — 1 — 372) — a1 (6375 — 16 — 1877)—
— 6a1537(1375 — 2) — 65575(5y5 — 2) — 12852(575 — 1) — 38583(975 — 1) — 12532% (375 — 1)—

— 3a15375(1375 — 4) — 24a152(2 — ¥5) — 852(6795 — 1 — 372) — 9arysx(137y5 — 4)—

— 9a, 2% (1375 — 2) — 245927 (375 — 1) — 1289537(5v5 — 1) — 3525375(1075 — 4)—

—12(372 — 372 + 695 — 1)z — (5472 — 3675 + 36)2* — 12(3v5 — 1)2°.

All coefficients of this polynomial are negative. This shows that f5 < 0 when as —a; > ;.
In particular, if ay — a; > 0.6248, then f5 < 0. The other cases are similar, see [6] for a
complete proof. O
Lemma A.2 ([6]). Let f be the polynomial (6.3). Then the following assertions hold:
ay, as, ag,aq,1,1,1,1) < 0 when az — a; > 0.7698;
ay, as, ag, ay, as, 1,1,1) < 0 when ag — a; > 0.8595;
ay, as, ag, ay, as, ag, 1,1) < 0 when az — a; > 0.8985;
ay, as, az, Ay, as, ag, a7z, 1) < 0 when az — a; > 0.9206;
ai, as, as, ay, as, Gg, a7, ag) < 0 when az — a; > 0.9347.
A.3. Let f be the polynomial (6.4). Then the following assertions hold:
ai,as,as, 1,1,1,1,b) < 0 when ay —a; > 0.7701;
ay, s, as,aq,1,1,1,b) < 0 when as — a; > 0.8595;
ay, as, ag, ay, as, 1,1,b) < 0 when as — a; > 0.8985;
ay, as, ag, Ay, as, ag, 1,0) < 0 when ay — ay > 0.9206;
ay, ag, Gz, Gy, as, ag, a7, b) < 0 when ay — a; > 0.9347.

NN N N N

NN N N

Proof. Denote by fs5 the polynomial f(ay,as,as,1,1,1,1,b), and let gs(aq, s1, $2,b) = 1?5
Then g5(0,7,0,b) = (3 — 622)b* + (8 — 42> — 182 + 62)b — 4a* + 223 — 1822 + 8z + 5.
The discriminant of this polynomial is equal to —80x% +1922° — 108z — 1122° + 8422 + 4.
Denote by 65 its unique positive root. Then gs(aj, x + ds, s2,b) is a sum of

— (1265 + 18)bsax — (36 + 3685)arbx — (6 4 3005)aise — (1805 + 12)aib — (9 + 2155) a1 55—
— 1285b%x — 12a,0*05 — 27a1590% — 6bsya® — 18a1ba”® — 4o — 4bx® — (1205 + 18)ba*—
— 18ay2® — (862 — 362 + 1805 — 4)sy — (1665 — 2)a* — (18 + 1805)arbsy — (6 + 5485)a; 507
— 9s32% — 8590 — (5402 + 1205 + 30)ayx — (6 + 5405 )a12* — 18a2br — 12a,b*x — 30a}syz—
— 2la;s5x — 6bssx — 6b?sox — (505 + 2)s3 — 18a3x — bsyx — (2762 + 665 + 15)ars0—

— 66 0% — — (2402 — 605 + 18)s92 — (2465 — 3)s02? — (1865 + 3)s52 — (1267 + 3685 — 6)bw—
— (602 + 1895 — 3)bsy — 9a153b — 9aTssb — 6aysyb® — 12a%s5 — 6a1ss — (695 + 9)bss—
— 255b — (3002 + 1265 + 9)a? — 9ajsy — s5 — (6005 + 12)ajz — (1857 + 3605 — 12)a,b—
— 30a3x? — 3ajb® — 3s5b* — (2497 — 605 + 18)x* — (1863 + 662 + 3005 — 12)a;—
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— 18a3d5 — (1602 — 602 + 3665 — 8)x — (962 + 365 + 6)s2 — 18a1bsyx — 6b%s505

and the polynomial
(3 — 662)b* — (402 + 1802 — 665 — 8)b — 407 + 263 — 1852 + 865 + 5.

Observe that all coefficients of the former polynomial are negative, since d5 ~ 0.7700518.
On the other hand, the latter polynomial is not positive for all b > 0 by the choice of 5.
This shows that gs(ay, s1, s2,b) < 0 if 51 > 05, so that f5 < 0 when as —a; > 0.7701.
One can use the same arguments to prove that f5 < 0 if ag—aq; > 0.7698 and b > 0.2308.
See [6] for a complete proof of this lemma. O

Lemma A.4 ([6]). Suppose that f is (6.2). If ay — ay > 0.7452, then f < 0.
Lemma A.5 ([6]). Suppose that f is (6.6). If ay —ay > 0.848 | then f < 0.
Lemma A.6. Suppose that f is (6.5), a3+ a4 = 1+ as, as —a; > 0.848. Then f < 0.

VoWV

Proof. Let g(ay, s1, S2, 53,b) = f Then g(ay, v + 2 25, S9, 83,b) is a sum of the polynomial

1558 186
— 1274 — W — 3b2 4b32 — 2bs3 — 1553 202 — ?s:@ — 18322: — 6s3x—

_ 1112178x _ 1812, _ ﬁb 9 90871)3; _ 27663 22 925865 .
15625 %5 " 125 25 7 625 7
477 378
— 2—5bs§ — 60adr — 96a32* — 58a,2° — 9b*x? — %b% — 20bx® — 32s92%—

— 84a1bs9x — 42a1bs3x — 84a; 89538 — 24bSos3x — 65953 — 15a1bs§ — 6b323§—

172434 —_— 5754, 1383 46293
— a1 — a1089Sqg — atxr — S~ —
625 177278 7 To5 T 95 7° 625

441 6432
— 365327 — 16537 — Gbsss3 — %5255 — 21sy830 — 2—5afx — 6ajb’—
7204, 954 , 1923 2364 2364

T 3ug0 " g Lt T Hdmsad” = pmaisy = pmasy = =0

15513 1332

- 625 ng - 6a1b S3 — 12(11()282 — o5
4248 2412 1206
— 30albs§ — 69ba z? — Ybalx — 273353x — bsox — 18bsgz? —

954 6888 9 9 3444
_ 2 _ _ e _19 _
5% b 5% ———189x — 36bsax? 5% b S b*ssx 5%

92736 1812
625 —12bs 2 5% 8283I—3682831}2—84a18§$—

3708 126 73902
125 126(1182516'— —b%s5—6b 530 — ———°

25 625
278 54687 37176
2—533 — Walsg — WSQS:; — 40a§’32 — 20&?33 48a132 20a152

151 4 37176 3846
55 sy — G5 ° — Tays3 — 8s5s3 — 98385 — Hsass — ——aj

— 2la?s;—

Q15253 —

2664
a1bss — 42a%b32 — 21a?b<93 5% —a1bsy—

bssx—

153 —

378
—36a, s50—24bs5w— §a1b2—18a1b2x—

—6b*s5—

—57a1832% —63ais31 —69a2bx —

4 4
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1206 , 417 , 109374

— 480/%8253 — 24611828% — Tals?, — §8283 — 625 a189 — 30&15%83—
31026 412 2049 219 43779
— bsy — 8al — ——a} — 16a’b — a?b — b’ — ba;.
625 ) 25 625 625

and the polynomial

265178 1120738 385426 770852
390625 15625 = 15625 ° 15625
All coefficients of the former polynomial are negative But we have a; + 51 —i— 289 +53 > 1.
This follows from as + a4 > 1+ as. Thus, if s; > 25, then a; + 2s5 + s3 > 25, so that
265178 1120738 385426 770852
— a; — S3 — So <
390625 15625 15625 15625

Hence, if ay — a; > g—é = 0.84, then f(ay,aq,as,a4,b) <O0. O

S9.

Lemma A.7 ([6]). Suppose that f is (6.8), a3 + a4 + a5 < 2 + az, as —a; > 0.8911.
Then f < 0.

Lemma A.8 ([6]). Suppose that f is (6.7), az+as+as = 2+as, as—ay > 0.8911. Then f <
0.

Lemma A.9 ([6]). Suppose that f is the polynomial (6.9). If az —a; > 0.9305, then
f < 0. Similarly, if ay — ay > 0.915, then f(aq, a9, a3, a4, as, ag, 1,b) < 0.

Lemma A. 10 ([6]). Suppose that f is the polynomial (6.10) and 1+as+az < ag+as+ag.

Ifay—aq > 2 25, then f < 0. Similarly, if as—a; > 2 15 then f(ay, as, a3, as, as, ag, 1,0) < 0.

Lemma A. 11 ([6]). Suppose that f is the polynomzal (6.11) and az+as+ag = 1+as+ay.

Ifay—aq > 2 25, then f < 0. Similarly, if as—a; > — 15, then f(ay, az, a3, as, as,ag, 1,0) < 0.
Lemma A. 12 ([6]). Suppose that f is the polynomzal (6.12) and ag+as+ag = 1+az+as.
Ifay—a; > 2 25, then f < 0. Similarly, if as—a; > - 15, then f(ay, az, a3, as, as,ag, 1,0) < 0.

Lemma A. 13 ([6]). Suppose that f is the polynomzal (6.14) and 1+as+as < az+as+as.

Ifay—a; > 2, then f < 0. Similarly, if as—ay > <=, then f(ai, as, as, aq, as, ag, 1,b) < 0.

25’ 107

Lemma A. 14 ([6]). Suppose that f is the polynomzal (6.13) and ay+as+ag > 1+az+ay.

Ifay—a; > 2, then f < 0. Similarly, if as—ay > <=, then f(ai1, as,as, a4, as, ag, 1,b) < 0.

25’ 10’
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