NOTE ON AN EIGENVALUE PROBLEM WITH APPLICATIONS

TO A MINKOWSKI TYPE REGULARITY PROBLEM IN R"

MURAT AKMAN, JOHN LEWIS, AND ANDREW VOGEL

ABSTRACT. We consider existence and uniqueness of homogeneous solutions v > 0
to certain PDE of p-Laplace type, p fixed, n — 1 < p < oco,n > 2, when u is a

solution in K(a) C R™ where

K(a):={z=(z1,...,2,) : 1 > cosa|z|} for fixed a € (0, 7],

with continuous boundary value zero on 0K («) \ {0}. In our main result we show
that if u has continuous boundary value 0 on OK(w) then w is homogeneous of
degree 1 — (n — 1)/p when p > n — 1. Applications of this result are given to a

Minkowski type regularity problem in R™ when n = 2, 3.
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Let u > 0 be a homogeneous p-harmonic function in the cone K(a) C R", n > 2

with continuous boundary value 0 on 0K («) \ {0} where
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K(a) :={z = (xq,..

L Tp) x> cosalz|} for a € (0, 7).
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More specifically, for fixed p, 1 < p < 0o, u is a weak solution to V- (|Vu|(p’2) Vu) =0
in K(«) and

(1.1) u(tr) = t*u(x) for some real A whenever t > 0 and 2 € K(a).

Given z € R™\ {0}, introduce spherical coordinates r = |z| and z; = rcosé for
0<6<m Ifuasin (1.1) is p-harmonic in K(«) and u(1,0,...,0) = 1 then using
rotational invariance of the p-Laplace equation, it turns out that u has additionally
the following form

(1.2) u(z) = u(r,0) =r*¢(@) for 0 <O <aandr >0

with ¢(0) = 1 and ¢(a) = 0 for some A(a) = A € (—o00,0) and ¢ € C([0, a]).

It was first shown by Krol” and Maz’ya in [KM72] that if 1 <p<n—1and a €
(0,7), « is near enough 7, then there exists a unique solution to (1.1) in K(«) of the
special form (1.2) with A(«) > 0. Tolksdorf in [Tol83] showed that given a € (0, 7),
for ¢ = 1,2, there exist unique \; with Ay < 0 < A; and ¢; where ¢; is infinitely
differentiable on [0, a] satisfying ¢;(a) = 0 and ¢;(0) = 1 and u;(r,0) = r*i¢;(0) are
solutions to the p- Laplace equation in K («). Also Porretta and Véron gave another
proof of Tolksdorf’s result in [PV09]. A similar study was made in more general
Lipschitz cones by Gkikas and Véron in [GV18].

Next we discuss what is known about “eigenvalues” X in (1.2) for various a and n.
Krol” in [Kro73] (see also [Aro86]) used (1.2) and separation of variables to show for
w as in (1.2) that

0 = {N6(0) + (8 (0))7 272 ' (6) (sin 6)"~2)
+ AP = 1) + (n = p)I[N¢*(9) + (¢)())P~226(6) (sin )" .
Letting 1) = ¢’/¢ in the above equation he obtained, the first order DE
0=((p— )¢ + 1) 3/
+ N+ — 1) Y* + (n—2) cot 01 + N(p — 1) + A(n — p)].

If n = 2 the cotangent term in the above DE goes out and variables can be separated
in (1.3) to get

(1.3)

Ad A—1)d
v _ ( )&y +df = 0.
N2 N2+ A2=-p)/(p—1)
The boundary conditions imply that ¢ is decreasing on (0,«) so ¥(a) = —oo and
¥(0) = 0. Using this fact and integrating it follows that

A—1 e

1— —

VA+A2-p)/(p—1) 7
where +1 is taken if A > 0 and —1 if A < 0. For later discussion we note that if
a=7/2,ie., K(m/2) is a half-space, then (1.4) gives

39/ _3p13
A =1 and M =2 pm—opts

3(p—1)

(1.4)
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We remark that Ay = A\(7/2) = 1 for n > 2 since x; = rcosf is p-harmonic for
l<p<oo Alsoifa=mand n =2, ie., K(r)=R?\ (—o0,0], then (1.4) yields

M=1-1/p mdquuwwm—M—¢mﬁ—%@+%@mp4)

For other values of Ay = Ay(a) when n = 2, see [LV13]. For n > 3, @ = 7/2, and
p = 2, one can use the Kelvin transformation to get As(7/2) = 1 — n while if p = n,

it follows from conformal invariance of the n-Laplacian that Ao(7w/2) = —1. Also if
p = (4n — 2)/3 then

p+1—n n+1

2X(7) = p—1 =p= dn —5
since u(r,0) = r=#/2(cos(6/2))? in (1.2) for & = 7. DeBlassie and Smits in [DS16]
obtained estimates on —A2(7/2), 1 < p # 2 < 00, by leaving out the cotangent term in
(1.3). In fact their solution to the DE in (1.3) with the cotangent term omitted leads
to a supersolution of the form (1.2) for the p-Laplace equation, so leads to a lower
estimate for —\o(7/2) in (1.3). Upper and lower estimates for As(«) for o € (0, 7/2]
were also obtained by these authors in [DS18], by finding p-harmonic subsolution and
supersolution of the form r*¢(6) where k < 0 and ¢ is the solution to (1.2) when p = 2
in K(a). Sub and super p-harmonic solutions of the form r* cos 6 were also found in
K(m/2) by Llorente, Manfredi, Troy, and Wu in [LMTW19]. These estimates were
then used to find upper and lower bounds for Ag(7/2) in K (7/2). In [LMTW19], the
authors also use shooting methods to give a strictly ODE proof for existence of a
solution to (1.3) on [0, 7/2] satisfying 1(0) = 0 and limg_,, /2 1(§) = —oo when p and
n are fixed with 1 < p < oo and n > 2.

In this paper we consider problems similar to the above for certain PDEs of p-
Laplace type. Our results, when specialized to the p-Laplace equation for fixed p >
n — 1, give a unique solution u to (1.2) in K (7) with continuous boundary value 0 on
OK(m) and A = A\i(7) =1 — (n—1)/p when n > 3 (compare with Krol’s n = 2 and
a = 7 result). To be more specific we need some notation. Put

B(z,r)={y € R": |z —y| <r} whenever z € R" and r > 0.

Let {-,-) denote the standard inner product on R” and let |y| = (y,%)"/? be the
Euclidean norm of y. Let dy denote n-dimensional Lebesgue measure on R™ and let
HY, 0 < v < n, denote y-dimensional Hausdorff measure on R"™ defined by

H(E) = (lsi_rf(l)inf {ZT;, E C UB(xj,rj), r; < 5}
j J

where the infimum is taken over all possible é-covering { B(z;,7;)} of E. If O C R™ is

open and 1 < ¢ < oo, then by W19(0) we denote the space of equivalence classes of

functions h with distributional gradient Vh = (hy,, ..., hy, ), both of which are ¢-th

power integrable on O. Let

1Pllg = [1llg + 11 TVAL g
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be the norm in W4(0O) where || - ||, is the usual Lebesgue ¢ norm of functions in the
Lebesgue space L(0). Next let C5°(O) be the set of infinitely differentiable functions
with compact support in O and let Wy9(O) be the closure of C5°(O) in the norm of
Wh(0). Given p,1 < p < oo, suppose f : R"—[0, co0) satisfies:
(1.5)

(a) f(tn) =t*f(n) when ¢t >0 and n € R™.

(b) There exists a; > 1 such that if n,£ € R™ \ {0}, then

ayt €[ < )& & < an [€P P
PR < 3 5 < el
(¢) There exists as > 1 such that for H"-almost every n € B(0,2) \ B(0,1/2),
n 83 )
> |l tn)| <
On;On; O

1,5,k=1

To conform with the notation in [AGH"17] and [ALSV18] we put A = Vf for
fixed p > 1 and given an open set O we say that v is A-harmonic in O provided
v € WIP(Q) for each open G with G C O and

(1.6) /(A(V@(y)), VO(y))dy =0 whenever § € W, ?(G).

As a short notation for (1.6) we write V - A(Vv) = 0 in O. Note that if f(n) =
p~Yn|P then v as in (1.6) is p-harmonic in O. In this paper, we first prove

Theorem A. Fiz f as in (1.5), n > 2,a € (0,7], and suppose 1 < p < oo when
a € (0,m), while p > n—1 when a = 7. Fori = 1,2, there exists a unique A-harmonic
function u; > 0 in K(a) with u;(1,0,...,0) =1 satisfying

(+) uy has continuous boundary value 0 on 0K ().
(++) | l‘im us(z) =0 and ug has continuous boundary value 0 on 0K (a) \ {0}.
T|—00

Moreover, (1.1) holds with A\ = \;(«), fori = 1,2, where A\y(a) < 0 < Ai(«). Finally,
M(m)=1—=(n—1)/p forp>n—1 and

n — 1 ptl—n
~(rm—a) T asa— .

(1.7) AM(a) =1+

Remark 1.1. We remark that if 1 < p <n —1 then a slit has p-capacity zero in R™
for n >3 and so one can show (see [HKMO6, chapter 2]) that there are no solutions
to (1.3). In fact, Krol’ and Maz’ya in the paper mentioned earlier obtained that

as o — .

W—an;:p orl<p<n-—1
WW{( )T for 1<p

—m forp=n—1

Here and in (1.7), = means the ratio of the two functions is bounded above and below
by positive constants depending only on p,n, and possibly ai, as in (1.5). We regard
(1.7) as our main contribution in Theorem 1.2. For an outline of our efforts in trying
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to prove this equality we refer the reader to [ALV19]. As mentioned above, our proof
of existence and uniqueness in Theorem A for p-harmonic functions when 0 < a <
is considerably less general than the proof in [PV09] given for “Lipschitz cones”. Our
proof, however, differs somewhat from the proof of these authors (even for p-harmonic
functions). We include a proof in our setting mainly to facilitate the proof of (1.7)
but also for completeness.

In order to give an application of Theorem A we need some background material.
Let £ C R" be a convex set with nonempty interior. Then for H"~! almost every
x € OF, there is a well defined outer unit normal, g(z, F) to dE. The function
g(-, E) : OE — S"! (whenever defined) is called the Gauss map for OF. Let u be a
finite positive Borel measure on S"~! = {x € R" : |z| = 1} satisfying

(i) / 00,V du(C) > 0 for all § € S,
(1.8) s

(i) | ¢du(C) = 0.

Sn—1
Then in [ALSV18], it was shown that

Theorem 1.2. Let p be asin (1.8), f asin (1.5), and p fized, n < p < oo. Then there
exists a compact convexr set E with nonempty interior and an A-harmonic Green’s
function U for R™\ E with pole at infinity satisfying

(a) 1imVU(y) = VU(z) exists for H" '-almost every x € OF
y—}(l?
as y € R"\ E approaches x non-tangentially.

(b) . f(VU(x))dH"* < oo.

(¢) / f(VU(x))dH" ' = un(K) whenever K C S"! is a Borel set.
g (K,E)

(d) FE is the unique set up to translation for which (c) holds.
Also in [AGH"17] the authors proved

Theorem 1.3. Let p be as in (1.8) and f be as in (1.5). Then for fived p with
1 <p#n—1<n, there exists a compact convex set E with non-empty interior and
an A-harmonic capacitary function, U for E, satisfying (a)— (d) of Theorem 1.2 with
U="0. If p =n—1, then there exists a compact convex set E with nonempty interior
having A-capacity 1, and a corresponding A-capacitary function U for E satisfying
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(a) and (b) of Theorem 1.2 with U = U, as well as,

() There ezists b,0 < b < oo, with
l;/ F(VU)dH" ™ = u(K) whenever K C S*' is a Borel set.
g ' (K.E)

(d') E is the unique set up to translation satisfying (') with A-capacity 1.

The definition of A-capacity, a A-capacitary function, and of the .A-harmonic
Green’s function with pole at oo are given in section 2. As an application of Theorem
A when n = 2,3, we prove the regularity of the Minkowski problem.

Theorem B. Let pu be as in (1.8) and f as in (1.5). Suppose also that & € (0,1),k is
a non-negative integer, and dy = © dH" ' on S"~! for some 0 < © € CF%(S"1). If
k> 1, assume f € Ck*24(R™\ {0}). Let E be the compact convex set with non-empty
interior in Theorem 1.2 or Theorem 1.3 corresponding to w. If either n = 2,3, and
l<p<oo,orn>4andl<p<2 then OF is locally the graph of a C*+24(R"1)
function.

Remark 1.4. Theorems 1.3 and B were first proved by Jerison in [Jer96] for Laplace’s
equation (i.e., when f(n) = |n|?/2) and after that generalized to p-harmonic functions
when 1 < p < 2 in [CNST15] forn > 2. It will turn out that it suffices to assume that
© s bounded above and below on S"~1 in order to conclude OF is strictly convex and
locally the graph of a CY¢ function where € > 0 depends on @y, as, p,n, the eccentricity

of £, and the bounds for ©.

1.1. Outline of the proof of Theorems A and B. Existence in Theorem A for
a € (0,7) follows easily from interior regularity results and Wiener type estimates
for A-harmonic functions listed in section 2. Uniqueness in Theorem A for « € (0, )
follows from boundary Harnack inequalities, originally proved for positive p-harmonic
functions vanishing on a portion of a Lipschitz domain in [LNO7, LN10]. These
inequalities were updated to A-harmonic functions for fixed p with 1 < p < n in
[AGH"17] and for p > n in [ALSV18]. Uniqueness in the case & = 7 is somewhat
more involved (since K (m) N B(0, p) is not a Lipschitz domain), using not only the
above boundary Harnack inequalities but also arguments from [LLNO8] and [LN18].
To outline the proof of (1.7) we now write u(-, &) and A(«) for u; and A\; in Theorem
A relative to K (). First it follows easily from our existence and uniqueness results
that liin A(a) = A(m). From boundary Harnack inequalities for A-harmonic functions,

as well as an integral identity proved in [AGH"17] for n—1 < p < n and in [ALSV18]
for p > n, we eventually obtain

(1.9) &(6)! < /a e sin(r — &) f(Vu(y))dH"" < &(5).

in (4.10) where
O0<7m—a<<d<<]andd is fixed.
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Also ¢(d) > 1 is a positive constant depending only on p,n, and ay,as in (1.5). To
estimate the integral in (1.9) we use a boundary Harnack inequality for .A-harmonic
functions on lower dimensional sets from [LN18] to essentially obtain

(1.10) IVu(-, )| < ¢ (r—a)r1  on dK(a)N[B(0,2)\ B(0,1/2)]

where ¢ depends on p,n, and @i, a in (1.5). From (1.9), (1.10), and homogeneity of
u(-, ) we finally get

1
6(5)_1 < (/ r()\(a)—l)p-&-n—er) (71' B a) p_pﬁTl
0

C(é) p—ﬁ-l&-l
= B@ - prn-1
where ¢(9) has the same dependence as ¢(d) above and we have also used the fact

that an element of surface area on K () is of the form [sin(m — )" ?r"~2dr. From
(1.11) and some arithmetic we conclude

(1.11)

n—1 % p—n+1
(1.12) Ma)<l———4+c(m—a) 7T asa—7
p
for some ¢* = c¢*(p,n,a;,a;) and so get the desired upper estimate for A\;(«) in

Theorem A. The lower estimate is similar. We note that a slightly different proof
of Theorem A for p-harmonic functions when n — 1 < p < n (with more details) is
outlined in [ALV19].

As for the proof of Theorem B, armed with Theorems A, 1.2, and 1.3., we can
follow closely the proof in [CNST15], who in turn followed closely the proof in [Jer96].
Indeed, Jerison in [Jer96], first converts Theorem B into a regularity statement for
the solution, say @ to a Monge Ampere equation whose right-hand side corresponds
to a measure 1 on S"~!. To show regularity of 4, he first generalized the Alexandrov-
Bakelman inequality (see [Jer96, Lemma 7.3]) and then used this generalization to
prove a certain integral inequality for i in Theorem 6.5 of [Jer96]. This inequality was
then used to show that arguments in [Caf89, Caf90a, Caf91, Caf90b] could be used
to eventually obtain Theorem B (see also [GH00]). Theorem A is used in Theorem B
to prove the analogue of Theorem 6.5 in [Jer96] when n = 2,3 and p > 2.

As for the plan of this paper, in section 2, we state some basic properties of A-
harmonic functions, give the definitions mentioned after Theorem 1.3, and prove
existence in Theorem A. In section 3, we state several boundary Harnack inequalities
and then apply these inequalities to prove uniqueness in Theorem A. In section 4
we state integral identities from [AGH™17, ALSV18| and then use these identities to
prove Theorem A. Theorem B is proved in section 5.

2. BASIC ESTIMATES AND DEFINITIONS FOR A-HARMONIC FUNCTIONS

In this section we first introduce some notation and then state some fundamental
estimates for A = V f-harmonic functions when p is fixed, 1 < p < oo, and f satisfies
(1.5) with f = f. Second, we define the A-capacitary function when 1 < p < n
and A-harmonic Green’s function with pole at co when p > n of a compact convex
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set E. Third, we show existence of u; for ¢ = 1,2, in Theorem A relative to K(«)
when « € (0,7). Concerning constants, unless otherwise stated, in this section, and
throughout the paper, ¢ will denote a positive constant > 1, not necessarily the same
at each occurrence, depending at most on p,n,ay, as, which sometimes we refer to
as depending on the data. In general, c(t1,...,t,,) denotes a positive constant > 1,
which may depend at most on p,n,aq,as and tq,...,t,,, not necessarily the same at
each occurrence. Also, as in the introduction, if B ~ C' then B/C is bounded from
above and below by constants which, unless otherwise stated, depend at most on the
data. Let e, be the n tuple with one in the kth position and zeros elsewhere. Let
d(E,, Es) denote the distance between the sets E; and Es. For short we write d(z, E»)
for d({z}, Es). Also put By + Es ={x+y: 2 € B,y € Ex} and \E ={\z:z € E}
for A > 0. Let diam(E), E, and OF denote the diameter, closure, and boundary of E
respectively. We write max u, mbinﬂ to denote the essential supremum and infimum

of @ on F whenever £ C R™ and @ is defined on F.

Lemma 2.1. Given p,1 < p < oco,n > 2, and f as in (1.5), let @ be a positive
A =V f-harmonic function in B(w,4r) for r > 0.Then

1) U < c(max u)",
N\ .p—1 ValPdy < ~\p
(2.1) B(w,r/2) B(w,r)

(7i) max @ < c¢ min 4.
B(w,r) B(w,r)
Furthermore, there exists 6 = a(p,n,ay,as) € (0,1) such that if z,y € B(w, ), then
e _ lz—y[\? _
i) fito) = il < e (E21) o 0
Proof. A proof of this lemma can be found in [Ser64]. O
Lemma 2.2. Let p,n, f, A, @, w,r, be as in Lemma 2.1. Then @ has a representative
locally in WYP(B(w,4r)), with Holder continuous partial derivatives in B(w,4r) (also

denoted 1), and there exist B € (0,1] and ¢ > 1, depending only on p,n,ay, as, such
that if x,y € B(w,r), then

(2.2)
(@ '|Va) - Valy)| < (|lz—yl/r)’ pnax [V < cr™ (o —yl/r)’ a(w).
(b) / > VP g, Pdy < er™ P Pi(w).
B(w,r) i =1
Proof. A proof of Lemma 2.2 can be found in [Tol84]. O
Definition 2.3. Fiz p,1 < p < oo and let f be as m~(1.5) with f = f. :fff( is a

compact subset of the connected open set D, define the A = V f-capacity of K relative
to D by

Cap ;(K,D) = inf{ /Df(Vw(x))dx w € CP(D) and w(x) > 1 forx € f(} :
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In case f(n) = p~!|n|? for n € R", we write Capp(f(, D) instead of Cap ;(K, D). If

D = R" we also write Cap 5(K) and Cap,(K) for short. We note from (1.5) that
(2.3) Capp(f(, D) = Cap;(K,D) and Cap (7K + {x0}) = 7" PCap ;(K)

for 7 > 0 and xo € R". Ratio constants depend only on the data. If n < p < oo then
Cap 4(K) = 0.

Definition 2.4. Let p, f, A, be as in Definition 2.5. A compact set K C R" is called
uniformly (ro, p)-fat if there exists ¢ > 1 such that
C’app(_f( N B(w,r), B(w,2r))

_ > ¢!
Cap,(B(w,r), B(w,2r)) ~ ‘

forall 0 <r <rg and w € K.

Lemma 2.5. Let p, f, A, be as in Definition 2. and suppose that K is a uni-
formly (ro,p)-fat compact set wirh K N B(z,3p) # 0, where ro = diam(K). Let
¢ € C°(B(z,4p)) with ¢ =1 on B(z,3p). If 0 < @ is A-harmonic in B(z,4p) \ K,
and 0¢ € WyP(B(z,4p) \ K), then @ has a continuous extension to B(z,3p) ob-

tained by putting 4 = 0 on K N B(z,3p). Moreover, if 0 < r < min{ro, p} and
w e KN B(z2p), then

p
(2.4) (¢) rP7" / \ValPdy < ¢ (ér(lax) 11) :

B(w,r/2) 7
where ¢, depends only on p,n,ay,as, and the uniform (rg, p)-fatness constant for K.

Furthermore, there exist ¢ € (0,1) and ¢y > 1, having the same dependence as ¢y,
such that

(i) [alx) — ()] < o (ﬂ) max i

r B(w,r)
whenever x,y € B(w,r/2) and 0 < r < min{ro, p}.
Proof. Here (i) in (2.4) is a standard Caccioppoli inequality and (ii) for y € K

follows from uniform (ro, p)-fatness of K and essentially Theorem 6.18 in [HKMOG6].
Combining this fact with (2.1) (4i7) we obtain (7). O

Lemma 2.6. Let A,p, f, K, ro, 2, p,u be as in Lemma 2.5. Then there exists a unique
finite positive Borel measure v with support contained in K N B(z,3p) such that

@5) [V Vowhdy = — [ 6dv uhenever o € CR(B(=,20).
Moreover, there exists ¢ > 1, with the same dependence as ¢y in Lemma 2.5, for which

(2.6) e P "o (B(w,r/2)) < g(lax) a’ ! < e "p(B(w, 2r))
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whenever 0 < r < min{rg, p} and w € Kn B(z,p). Furthermore, suppose for some
constant A > 1 that if w € KNB(z,p), and 0 < s < r, there exists as(w) € B(w,r)\ K
with

Ad(as(w),0[B(z,2p) \ K]) > s.

Suppose also that whenever wi, wy € B(z,2r) \ K and 0 < r < p/A, there ezists a
rectifiable curve 7 : [0,1]—B(z,2p) \ K with 7(0) = wy and 7(1) = we, and such that

(2.7)
(@) H'(7) < Afwy —wl,

() min{H(7([0.4))), H'(r([t, 1))} < Ad(7(1),0[B(2,2p) \ K]), t € (0,1).
If w € B(z,7/2) N K then

(2.8)  [P""u(B(w, 2r))]1/(p—1) ~ u(a,.(w)) ~ g(lﬁi{) i~ [rP"o(B(w, ,',./2))]1/(1)—1)‘

Ratio constants depend only on the data, the uniform fatness constant for K, and A.

Proof. For the proof of (2.5), see [HKMO06, Theorem 21.2] The left-hand inequality
in (2.6) follows from (2.5), (1.5), and Hoélder’s inequality, using a test function, ¢,
with ¢ = 1 on B(w,r/2). The proof of the right-hand inequality in (2.6) follows from
[KZ03] (see also [ELI1]). Here (2.7) is equivalent to a Harnack chain condition used in
the definition of an non-tangentially accessible domain (see [JK82]). The proof of the
middle inequality in (2.8) follows from an argument often attributed to Carleson (see
[AS05]) and just uses (2.4) (i), (2.1) (i7), and (2.6). The first and last inequalities in
(2.8) give the “doubling property” of v measure. O

Remark 2.7. Uniform (ro,p)-fatness of R™ \ D for some ro > 0 is a sufficient
condition for solvability of the Dirichlet problem for A-harmonic PDEs in a bounded
domain D in the sense that if ¢ is a continuous function on 0D, then there exists an
A-harmonic function ® in D with continuous boundary values equal to ¢ on dD. In
fact, if every point in R™\ D is uniformly (ro, p)-fat, then

Cap,(B(w,r), B(w,2r)) r o

[ [Capp«w \ D) N B(w,r), B(w,2r)) |7 dr

0

That is, uniform (ro,p)-fatness implies Wiener regularity (see [HKMO06, Theorem
6.33]). We also remark that if E C B(0,p) is a convezr set with diam(E) = 1 and
HE(E) > 0 for some positive integer k > n — p then E is (1,p)-uniformly fat and
Cap ;(E, B(0,2p)) = 1 with ratio constants depending only on the data when 1 < p <
n while for p > n these constants depend on the data and also p. On the other hand,
if HF(E) < oo for some positive integer k < n — p then Cap z(E) = 0 (see [HKMOG,
chapter 2| ).
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2.1. Definition of A-capacitary and .A-harmonic Green’s functions.

Definition 2.8. Let 1 <p <n and f be as in (1.5) and let E be a compact convex
set with Cap,(E) > 0. Then the A-capacitary function of E, say U, is the unique
continuous function U # 1,0 < U < 1, on R"™ satisfying

(a) U is A-harmonic in R\ E.
(b) U=1onE and U(z) — 0 uniformly as |z| — oo.

(2.9) (¢) |VU|€e LP(R") and U € LP" (R™) for p* = n?ﬂf) .

(d)  Capy(E) = / A(VD), VD) dy.

For existence and uniqueness of U see Lemma 4.1 in [AGHT17]. We note that if
v denotes the measure associated with U as in Lemma 2.6 then 7(E) = Cap4(F)
(see [AGHT17, Lemma 4.2]). Therefore, if £ C B(0,1) with diam(F) > 1/2 and
n —1 < p <n then from (2.8) and Remark 2.7 we have
2.10 1 < Capy(E) < 1-U
(2.10) ¢ < Capu(E) < emax(1 - U)

where ¢ depends only on the data.

In order to define an A-harmonic Green’s function with pole at co when p > n, we
first have to define a fundamental solution, say F, with pole at 0 in R™ when p > n.
Definitions for p = n and n < p < oo are different and we start with p = n.
Definition 2.9. If p = n we say that F is a fundamental solution to V- A(VF) =0
i R™ with pole at 0 if

(i) F is A-harmonic in R™\ {0},
(ii) F € WELR™) for1 <1 <mn, F(e;) =1, and

(2.11) |F(z)| = O(log |z|) in a neighborhood of oo,
D) /(A(VF(z)), VO(2))dz = —0(0) whenever 6 € Cg°(R").
If p > n we say that F is a fundamental solution to V - A(VF) =0 in R™ with pole
at 0 if
(1) F is A-harmonic in R™\ {0},
(i) F € WP(R™), F is continuous in R", F(0) =0, F >0 inR"\ {0},

loc

(2.12)
(i11) /(A(VF(z)), Vl(z))dz = —0(0) whenever § € C5°(R™).
Existence and uniqueness of F' in (2.11) and (2.12) are proved in Lemma 4.4 and
Lemma 4.6 of [ALSV18], respectively.

Definition 2.10. Given a compact, convexr set E C R™ we say that U is the A-
harmonic Green’s function for R™ \ E with pole at oo, if U : R*\ E — (0,00)
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has continuous boundary value 0 on OF, U is A-harmonic in R" \ E, and U(z) =
F(z) + k(z) where k(x) is a bounded function in a neighborhood of co.

Remark 2.11. In [ALSV18] the authors show that U exists and is unique if and only
if the convex compact set E is either (a) nonempty when p > n or (b) contains at
least two points when p =n. If U exists then it was also shown that k <0 in R"\ F
and k is Holder continuous in a neighbourhood of oo with lim k(z) = k(co). They

T—r00
then define

| ek when p = n,
Ca(B) := { (—k(o0))P~!  when p > n.

If E is a single point and p = n (so U does not exist), set C4(E) := 0. Here y is
a constant depending only on the data which occurs in the asymptotic expansion of
F(z) as © — oo. From the definition of CA(E) and translation, dilation invariance of
A-harmonic functions it follows as in (2.3) that if zo € R™, r > 0, and E is a convex
compact set then

_ | rCu(E) when p = n,
(2.13) Ca(rE +{xo}) = { P "C4(F) when p > n.

Also if v is the measure associated with U as in Lemma 2.6 then (see Lemmas 5.2,
5.3 in [ALSV18]), v(E) = 1. Hence if E C B(0,1) with 1/2 < diam(E) it follows
from (2.8) that

(2.14) g(lax) U =~ 1 where the proportinal constants depend only on the data.

0,2
Finally, if E1 C E5 are compact convexr sets and U; and U, the corresponding A-
harmonic Green’s functions with pole at oo then

(215) U1 Z U2 m R™  so C_A(E1> S CA(EQ)

2.2. Existence in Theorem A. To show existence and uniqueness for u; and usy in
Theorem A we shall also need the following lemma.

Lemma 2.12. Fiz p with 1 <p < oo and a € (0,7) and suppose 0 < r < R/10. Let
v be the A-harmonic function in D = [K(a) \ B(rey, {55)] N B(0, R) with continuous
boundary values v =1 on 0B(rey, 155) and v = 0 on [0B(0, R) N K ()] U [0K () N

B(0, R)]. Then there exists ¢ > 1 such that

(2.16) —c(Vo(z), ==4) > v(x) whenever z € D.

) |lxz—req|
Here ¢ depends on the data and o if 1 < p < n — 1, while ¢ depends only on the data
ifp>n—1.

Proof. Let D = {y : y+re; € D} and define % on D by 0(y) = v(y + re1) for y € D.
Given A with 1 < A < 1001/1000, set D(A) ={y € D : Ay € D}. From the definition
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of D, f), v, 0, and translation and dilation invariance of A—harmonic functions we see
that y — 0(y) and y — 0(\y) are both A-harmonic in D()\). If

By = 2 =0 e poy
A—1
we claim that
(2.17) ¢h(y) > d(y) for y € D())

where ¢ > 1 has the same dependence as ¢ in Lemma 2.12. Using the boundary
maximum principle for A-harmonic functions and continuity of A and © we see that
it suffices to prove (2.17) when y € dD()). To do this we note from the definition
of D(\) that if y € D()), then either y = z/\ for some z € D with 9(z) = 0 or
y € OD and 0(y) = 1. In the first case we see that 0(\y) = 0 so (2.17) is trivially
true. In the second case let f(n) = f(—n), and note that 1 — ¢ is A-harmonic in D.
Using this note, uniform fatness of K (o) N B(0, R), the definition of D, (2.4) (i) for
0, and Harnack’s inequality we deduce that if ' = %, then 1 — 9 > ¢! on 0B(0, 1)
for some ¢, > 1 with the same dependence as ¢ in the statement of Lemma 2.12.
Thus ¢,(1 —9) > 1 on 9B(0,7') and (1 —9) = 0 on dB(0,r'/2). Also this function is
A-harmonic in T = B(0,7) \ B(0,7'/2).

Using these facts and a barrier type argument as in [AGH 17, section 7] or [ALSV18,
(4.6)-(4.9)], it follows (since |y| = r’'/2) that

(2.18) 0(y) —o(Ay) = 1= 0(dy) = (A= 1)/(cc.)

where ¢ > 1 depends only on the data. From (2.18) we conclude that (2.17) also
holds in the second case when y € dD()A). Thus (2.17) holds on dD(A) so by the

above maximum principle is valid in D()\). Letting A — 1 in (2.17) and using (2.2)
(@), as well as the chain rule, we get

—c(Vo(y),y/lyl) = o(y)
for y € D. Clearly this inequality implies (2.16). O

To begin the proof of existence in Theorem A for uq, let v and D be as in Lemma
2.12 and put R =1,r =1/10, for [ = 2,3,.... Set vy, = M;v where M; > 0 is chosen
so that vj(e;) = 1. Extend v; to a continuous function in B(0,1) by defining v; = 0
on [B(0,1) \ K(a)] U8B(0,1) while v; = M; on B(*d, -%). Using Lemmas 2.1, 2.2,
2.5 and letting [—o0 it follows from Ascoli’s theorem that a subsequence of (v;), also
denoted (v;), converges uniformly to uy, an A-harmonic function in K («) that is also
Holder continuous in R™ with u; =0 on R™\ K(«).

To construct ug, we let r =1/1, R =1, and let v; = Mv for | = 2,3,..., where M,
is chosen so that v;(e;) = 1. Extend v; to a continuous function on B(0,1) by putting
vy =0 on [B(0,1)\ K(a)]UdB(0,1) and v; = M; on B(e, /1, 661)- Also from Lemmas
2.1, 2.2, 2.5 and (2.8) we deduce for | > p > 2/1, that there exists ¢ > 1 and 3 € (0, 1)
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such that

2.19 < < 2p P
(2.19) BONBO) | culper) < ¢p

Here ¢ and B depend on the data and « if 1 < p < n—1 while these constants depend
only on the data if p > n — 1. Letting [ — o0, it follows from the above lemmas, and
Ascoli’s theorem that a subsequence of (v;), also denoted (v;), converges uniformly
to ug, an A-harmonic function in K («) that is locally Holder continuous in R™\ {0}
with ug = 0 on R" \ (K () U{0}). Moreover, (2.19) holds with v; replaced by us and
from (2.16) we have

(2.20) —c(Vug(x),x/|z|) > uz(xz) whenever x € K(a).

3. BOUNDARY HARNACK INEQUALITIES AND UNIQUENESS IN THEOREM A

To prove that u; and uy are unique and satisfy (1.1) in Theorem A we use a variety
of boundary Harnack inequalities, mostly in Lipschitz domains. To set the stage for
these inequalities, let K C R™! n > 2, be a nonempty compact set and recall that
¢ : K — R is said to be Llpschltz on K provided there exists b 0<b< 00, such that

(3.1) |6(2") — p(w')] < b|z' —w'| whenever 2w’ € K.

The infimum of all b such that (3.1) holds is called the Lipschitz norm of ¢ on K,

denoted by ||qbﬂ k- It is well-known that if K C R"! is compact, then ¢ has an
extension to R"! (also denoted by ¢) which is differentiable almost everywhere in
R"1 and

Igllre-r = 11V lloo < cll@ll-
Now suppose that D is an open set, w € 0D, 7 > 0, and
0D N B(w,47) = {y = (¥, yn) € R" 1y = 6(y)} N B(w, 47),
DN B(w,47) ={y = (', ya) € R" 1y, > ¢(y)} N B(w, 47)
in an appropriate coordinate system for some Lipschitz function ¢ on R"! with

¢(w') = w,. Note from elementary geometry that if { € 0DNB(w,27) and 0 < s < T,
we can find points

as(¢() € DN B((,s) with d(as(¢),0D) > c's

(3.2)

for a constant ¢ depending on H¢ﬂ In the following, we let as(¢) denote one such
point. Also let A(w,r) =0D N B(w,r),r > 0, and if ( € A(w,27) and ¢t > 1 let

() =T(¢,t) ={y € DN B(w,47) : |y — (| < td(y,0D)}.

Unless otherwise stated we always assume that ¢ is fixed and so large that I'(()
contains the inside of a truncated cone with vertex at (, height 7, axis along the
positive e, axis, and of angle opening § = 6(t) > 0. We note for D and 7 as above
that R™ \ (D N B(w, 7)) is uniformly (7, p)-fat for 1 < p < co. Thus, if v satisfies the
same hypotheses as u in Lemmas 2.5 and 2.6, then these Lemmas are valid with @
replaced by v in the above D. It follows that (see [ALSV18, Section 8] and [AGH" 17,
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section 10| there exists ¢ > 1, depending only on the data and H(bﬂ, such that if
0<r<7and7=r/c then

(3.3) R / |VolPde < é(v(az(w)))?.
B(w,T)

Moreover, there exists ¢ € (0, 1), depending only on the data and ||gbﬂ, such that

r

(3.4) lv(z) —v(y)| <¢c (u)av(a;(w)) whenever z,y € B(w, 7).

Finally, there exists a unique finite positive Borel measure v on R", with support
contained in A(w,r), such that

(a) /(Vf(VU),V@dJE = —/wdu whenever ¢ € C5°(B(w, 1)),
() et y(Aw, 7)) < (v(ax(w)))Pt < e (A(w, 7).

Also in [AGH"17, section 10] for 1 < p < n and in [ALSV18, section 8] for p > n we
updated to A-harmonic functions the following Lemmas proved in [LNO7], [LN10],
for p-harmonic functions when 1 < p < oco.

(3.5)

Lemma 3.1. Let D,7,w, ¢ be as in (3.2), p fized, 1 < p < oo, and 0 < r < 7. Also let
v be A-harmonic in DN B(w,r) and continuous in B(w,r) withv =0 on B(w,r)\ D.

There exists ¢, > 1, depending only on the data and ||¢||, such that if 47 = r/c, and
x € B(w,7)N D, then

o) v(x)
@) & 4.aD) d(z,0D)’
(b) lim Vo(x) = Vu(y) exists  for H" '-almost every y € A(w, 7).

T—Y
z€l'(y)NB(w,2r)

<(Vu(z),e,) < |Vo(z)| < e
(3.6)

Moreover, A(w,7) has a tangent plane for H" '-almost every y € A(w,7). If n(y)
denotes the unit normal to this tangent plane pointing into D N B(w, 27), then

(3.7) Vo(y) = |[Vou(y)|n(y) for H" -almost every y € A(w, 2F)
and
(3.8) d;[l:_l (y) = p% for H™ -almost every y € A(w, 2F).

Finally, there exists ¢ > p/(p — 1) and c. with the same dependence as ¢, such that

(39) / (f<vv))q dHnil < Cox r(nfl)(lf‘I) (/ f(vv) dHnl>q )
A(w,7) ’vv‘ - A(w,F) |V1}|

To prove uniqueness for u; in Theorem A we need the following boundary Harnack
inequality.
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Lemma 3.2. Let D,7,w,¢,p, be as in Lemma 3.1 and 0 < r < 7. Also let v;, for
i = 1,2 be A-harmonic in D N B(w,r) and continuous in B(w,r) with vy = vy = 0
on B(w,r)\ D. Then there exist f; € (0,1) and ¢ > 1, depending only on the data
and |||, such that if r* =r/c* then

o - == () o

whenever z,y € DN B(w,r").

(3.10)

3.1. Uniqueness in Theorem A for 0 < a < m. To prove uniqueness for u; when
p,1 <p<oo,and a € (0, 7) are fixed, suppose 4 > 0 in K («) and is also .A-harmonic
as well as continuous in R" with « = 0 on R" \ K(«) and 4(e;) = 1. Using Lemma
3.2 with D = B(0, R) N K(«),v; = uy,v2 = 1, and w = 0,7 = R/2, we find that

S | <o (7)) 5

in B(0, %) for some ¢, and (B, depending only on the data and Lipschitzness of
0K («). Fixing z,y, and letting R — oo it follows that u; = 4. To show that u; has
the form (1.2) observe that for fixed ¢ > 0, the function z — wu;(tz) for x € K(«) is
positive, A-harmonic, and has boundary value 0 on 0K («), so by uniqueness of u,
we have

(3.12) uy (tr) = uy(ter)ur(z) whenever z € K(a).

(3.11)

Differentiating (3.12) with respect to ¢ (permissible by Lemma 2.2) and evaluating at
t =1 we see that

(x,Vui(x)) = (e1, Vuy(er))us(z) whenever z € K(a).
If we put p = |z|,z/|z| = w € S"™!, in this identity we obtain that

p (u1)p(pw) = (e1, Vui(er))ur (pw).

Dividing this equality by pu;(pw), integrating with respect to p, and exponentiating,
we find that u; (rw) = r*u; (w) whenever w € S"~1 where A\; = (e, Vuy(e1)).
To prove uniqueness for uy in K(a) with p and « fixed with 0 < a < 7,1 <

p < oo, we let 0 < @ be A-harmonic in K(«) with continuous boundary value 0 on

0K (a)\ {0},4(e;) =1, and
(3.13) lim a(x) =0.

|z| =00
From Lemma 3.2 we see that if w € 0K (a) \ {0}, r = |w|/4, v1 # ve € {1, us}, then
(3.10) in Lemma 3.2 is valid. Now (3.10) for @, us, (3.13), (2.19) for us, Harnack’s
inequality and the maximum principle for A-harmonic functions yield that

(3.14) 1< B2@)

= @) <c¢ forze K(a)
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where ¢ > 1 depends only on the data. Indeed, if for example
lim iélf u?(x) =0
xgl?(a) U(Z‘)

then the above program first gives us(z)/tu(x) — 0 as  — 0 in K («) and second that
us = 0, clearly a contradiction.

Now (3.14), (3.6) (a) for 4 and uy when w € 0K () \ {0} and r = |w|/4, and (2.20)
imply that there exist ¢, > 1 and B € (0,1), depending only on the data and «, such
that

B
(3.15) ) for z,y € R™\ B(0, ¢, p)

(2) u'<y>‘ ) u’<x>( /

w(2)  wly)| = we) \mindle] o}

whenever 0 < p < 1/c, and v’ # u” € {G,us}. Fixing z,y, and letting p — 0 we
conclude that & = uy. The proof of (3.15) is quite similar to the proof of (3.10)
(given the above assumptions) only arguments are made in R\ B(0, p) rather than
B(0,r). For the proof of a somewhat stronger inequality than (3.15) when @ and wus
are p-harmonic functions, see the proof of Theorem 3 and Corollary 5.25 in [LN10].
The proof of (3.15) when @ and u, are A-harmonic is essentially unchanged, so we
omit the details. Homogeneity of us, i.e., (1.1), assuming uniqueness, is proved in the
same way as for u; when a € (0, 7).

3.2. Existence and uniqueness in Theorem A for a = 7. It remains to show
existence and uniqueness in Theorem A when o = 7w and p > n — 1. To do this, for
1 = 1,2, we temporarily write

w(tr, ) = "Dz, ) for z € K(a) and o € (0, )

for the functions in Theorem A corresponding to K («). From the maximum principle
for A-harmonic functions it follows that if 0 < oy < ag < 7, then uy (-, 1) < cuy (-, az)
in K(ay) N B(0,1) so necessarily

0< )\1(@2) < )\1(0&1).

Also strict inequality must hold since otherwise from (1.1) it would follow that
u1(+, 1) /ui (-, az) has an absolute maximum in K (a;) which again leads to a con-
tradiction by way of the maximum principle for A-harmonic functions. Similarly , if
0 < a; < as <, then us(-,aq) < Cus(-,a2) in K(ay) \ B(0,1) and Ao(a) < 0 for
a € (0,m), thanks to (2.19) for us(-, ). Thus

0 < —Xa(a2) < —Ag(ay).

Moreover, strict inequality holds in this equation since otherwise we could get a
contradiction by the same argument as above. We conclude from our considerations
for ¢ = 1,2, that

(3.16) |Ai(c)] is decreasing on (0, 7).

For i =1,2, let
Ai(m) = lim A\ ().

a—T
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We note that if & € (0,7] and n — 1 < p < oo then Lemmas 2.1, 2.2, 2.5, and
(2.8) are valid for u; in K(«) N B(0, p) with constants depending only on the data
as follows from uniform (p, p)-fatness of (R™\ K(«)) N B(0, p) when n — 1 < p < 0.
Using these facts and Ascoli’s theorem we find that as m — oo, a subsequence of
{uy (-, m —1/m)}, converges uniformly on compact subsets of R" to u; (-, ), a Holder
continuous function on R™ which is A-harmonic in K(7) with u; = 0 on 0K(m).
Similarly, Lemmas 2.1, 2.2, 2.5, (2.8), (2.20), and (2.19) (with v; replaced by us) are
valid for us(+, ) in K(a) N B(w, p) whenever w € 0K (a) \ {0} and p < |w|/4. All
constants depend only on the data for n — 1 < p < co. Using these facts as above,
we obtain us(+, ), a uniform limit on compact subsets of R™ \ {0}, of a subsequence
of (ug(-,m—1/m)) as m — oco. Also us(+, 7) is A-harmonic in K («) \ {0} and locally
Hoélder continuous on R™\ {0} . Moreover, (2.19), (2.20) hold with v, us, replaced by
us (-, m). From (1.1) for @ € (0,7) and (3.16) we deduce for i = 1,2, that

(3.17) w;(te, w) = t"y;(z, ) whenever z € R"\ {0}.
To prove uniqueness of u;(-, ) for i = 1,2, we need several Lemmas analogous to

Lemmas 3.1 and 3.2 for Lipschitz domains.

Lemma 3.3. Fiz p withn—1 < p < oo, n > 2,t >0, and let I be the line
segment with endpoints —3tey/2 and —tey/2. Let 0 < v be A = V f-harmonic in
B(—tey,t/2) \ I with continuous boundary value 0 on I. Then there exists ¢ > 4,
depending only on the data, such that

1 (@) v(x)
(3.18) c i) < |Vou(z)| <c

for x € B(—tey,t/c)\ I.
Proof. See Lemma 7.1 in [LN18]. O

Lemma 3.4. Let p,n, f,t,f, be as in Lemma 3.3. For fized p,0 < p < t/2, let
0 <w;,i=1,2, be A-harmonic in B(—tey, p) \ I. There exist ¢, > 1 and B, € (0,1),
depending only on the data, such that

v(z) Ul(y)' <. v1(z) (|x_y|>6*

(3.19) @ w)| = “wl \

whenever ©,y € B(—tey, p/e.) \ 1.
Proof. See Lemma 6.2 in [LN18]. O

We now prove uniqueness of u;(-,7) when p > n — 1 and n > 2. Suppose 0 < @ is
also A-harmonic in K () with continuous boundary value 0 on 0K (7) and u(e;) = 1.
Then from (3.19), Harnack’s inequality, and the maximum principle for A-harmonic
functions we deduce for n > 3 as in (3.14) that

(3.20) &t < —"—2<¢ whenever z € R"\ 0K (r)
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where ¢ depends only on the data. To prove (3.20) for n = 2 we note that both com-
ponents of B(—tey, p) \f are Lipschitz domains so we can use the boundary Harnack
inequality for Lipschitz domains (Lemma 3.2) to estimate the ratio of uy (-, 7)/@ in
B(—tey,t/c) \ I. Doing this and using Harnack’s inequality, the maximum principle
for A-harmonic functions, once again, it follows that Lemma 3.4 and (3.20) are also
valid when n = 2. Next observe from homogeneity of uy,u; > 0, and Lemmas 2.1,
2.2, that given 0 < § < 7 there exists ¢(d) > 1, depending only on the data and ¢,
such that
(3 21) 0(5)—1 ul(xﬂﬁ) ul(l’,ﬂ)
' d(z,0K(m)) d(x,0K())

for x € K(m—9). Using Lemma 3.3 for u; (-, 7) when n > 2 and (3.1) (a) on both sides
of 0K (m) when n = 2, we deduce for fixed 6 = Jy near enough 7 that (3.21) is valid
when x € K (m) for some ¢(dy), depending only on the data. Finally (3.20), (3.21),
and Lemmas 3.3, 3.4, can be used for n > 3 as in [LN18, subsection 4.2, Assumption
1] and for n = 2 as in [LLNO8] to show first that (3.21) with wu; replaced by @ holds
when x € K(7) for some 0 < § = d; < dp. Second that (3.19) of Lemma 3.4 is valid
for z,y in K(m) N B(0, p) whenever v; = uy, vy = 4. Letting p — oo in this inequality
it follows that @ = wuy (-, m) so uy is unique.

To briefly outline the strategy in the proof of Lemma 3.4, assuming (3.21) for @, u;,
in R™\ 0K (7), when n > 3, suppose a,b € (0,00). Then using Lemmas 2.1, 2.2, and
(3.21), one can show that x(z) = (a |Vi(z)| + b|Vui(2)])P~2 is an Ay weight on R”
with Ay constant < ¢ where ¢ depends only on the data. That is,

(/ Xd:c) . (/ dex) < ¢r®™ whenever y € R” and 7 > 0.
B(y,r) B(y,r)

Also ( = auy; —bu is a weak solution to the degenerate elliptic divergence form PDE,

< |Vuy(z,7)| < ¢(9)

)Ca,)
22 BN L SrA L=
(3:22) -y (%Z 0
2,7=1
where
1
(3.23) bij(x) = / Joim; (tauy (2, m) + (1 —t)ba(x)) dt
0
whenever z € K (7). Moreover, for some ¢ > 1 depending only on the data,
(3:24) DIEE < 3 by < clefx(e) for € € B o,
i,j=1

Using (3.22)-(3.24) the authors then use boundary Harnack inequalities from diver-
gence form linear degenerate elliptic PDE whose degeneracy is given in terms of an
Ay weight to get Lemma 3.4 (see section 4 in [LN18]) . On the other hand, (3.21) for
@ is proven by a perturbation type argument as in (4.42)-(4.45) of [LN18].
Uniqueness of usy(-,7) is proved similarly. Indeed suppose 4 is also .A-harmonic
in K(m) with continuous boundary value 0 on 0K (w) \ {0}, and lim,_,o @(z) = 0.
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Then (3.20) and (3.21) in K(m) are valid with wu;(-,7) replaced by us(-,7) by the

same argument as the one we gave for u; (-, 7). These inequalities can then be used

as outlined above to show that for some ¢* > 1 and * € (0,1), depending only on
us(z,m)  ualy, )

the data, that
<ot (o )”
i(z) aly) | = a(e)  \min{fz],[y[}

whenever |z, |y| > 2p. Letting p — 0 we then get uy(-,7) = u. This completes the
proof of uniqueness for u; (-, 7) and wus(-, 7).

(3.25)

4. PROOF OF (1.7) IN THEOREM A

To show A\(7m) =1 — (n—1)/p for fixed p >n —1,n > 2, and f as in (1.5), we let
0 <6 < 10719 be a small but fixed number. Also € > 0, 0 < € << 619 is allowed to
vary. Put

E={z:2>—-1}\ K(7m —e).

Given € R"\ {0}, let f(n) = f(=p) when n —1 < p <n. Ifn—1<p < nlet
U =1-U where U is the A = V f—capacitary function for E as in Theorem 1.3, so U
is A = V f-harmonic. If n < p < oo let U be the A = V f-harmonic Green’s function
for £ as in Theorem 1.2. We also write v and A for u;(-,7 —€) and A\ (7 — €) in
Theorem A when there is no chance of confusion. We shall need the following lemma
(see Definition 2.8, Remark 2.11 for notation).

Lemma 4.1. We have
%CapA(E) whenn—1<p<n
p/ (x+e,n) f(VU)AH" ' = ¢ ~ when p=n R C
oF = CA(E)Y®=D  when p >n

where n(x) denotes the outer unit normal at x € OE and ¢ depends only on the data.

Proof. Lemma 4.1 is proved in [ALV19] (see Remark 11.3) for p > n and in [AGH"17]
(see Remark 13.4) for n — 1 < p < n, using the Hadamard variational formula. The
integral in these remarks is defined in terms of a measure on S*~! obtained by way of
the Gauss map, so for example as in (¢) of Theorem 1.2 for p > n, and the support
function of a convex set relative to zero rather than —e;. However, using (1.8) (i7) and
the definition of a support function it is easily seen that both integrals are equal. [J

To obtain estimates on U near OF we note that in [LN18, Lemma 5.3], it was shown
that for fixed p with n —1 < p < oo and n > 3, a continuous function w on R" exists
with w = 0 on T" where

T:={z: zx=0for2<k<mand —oo <z < 0}.
Also w is A-harmonic in R* \ 7" and for z € R,
p+1—n

(4.1) w(z) ~ |z — x1e1/” where § = .
p R
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Ratio constants depend only on the data. We use (4.1) to show that there exists
¢1 > 1 depending only on the data with

(4.2) c1U(x) > w(z) when z € B(0,2) N{y: |y — yie1]| > e}

To prove (4.2) observe from Lemma 4.1, (2.10) with A replaced by A forn—1 < p < n,
and (2.14) when p > n that w < ¢U on 0B(0,2). Using (4.1) and the boundary
maximum principle for A-harmonic functions it follows that for some ¢’ > 1,

(4.3) w< U+ in K(m—¢€) N B(0,2)

where constants depend only on the data. Using (4.1) in (4.3) we see for € > 0,
sufficiently small, that (4.2) is valid. Next we show for some ¢, > 4, depending only
on the data that

(4.4) U/w<é in B(—%el,é)\T.

To prove (4.4) let v1 be the A-harmonic function in B(—3e, 1) \ T’ with continuous
boundary values v; = u on B(—3e1, 1) and v; = 0 on T N B(—3ey, 3). Comparing
boundary values of v and vy, we see from the maximum principle for A-harmonic
functions that u < vy in B(—3ey, 1) \ 7. This inequality, (4.1), and Lemma 3.4 with
vy = w, give (4.4) since u(—1e; + 1e,) ~ w(—3e1 + e,).

Let S=EnN{y:y1 > —1+40} and let V be the A-harmonic Green’s function
for the complement of S; = EN{x : ;1 < —1 4 49} with a pole at infinity when
p > n while V. = 1 =V where V is the A-harmonic capacitary function for S, if
n— 1< p < n. We note from (2.15) that V' > U in R" when p > n. Using this note,
(3.6) (b), (3.7), and the Hopf boundary maximum principle we deduce for n < p < oo
that

/ (v + 0, VO) (VU () [V U ()|~ db!
0S1NOE

(4.5) < /a (- en V) ATV @) TV (o)

lp—n|
< cd =

thanks to Lemma 4.1 with E replaced by S; and (2.13), where ¢ depends only on the
data. If 1 < p < n we see from (2.9) (b) that U(x),V(z)—1 as |z|200soU <V

in R”, by the maximum principle for A-harmonic functions. In view of this fact and
lp—n]|

(2.3) we conclude that (4.5) remains valid when 1 < p < n if 6 »=T is replaced by
§lP=nlIf p = n it follows from (2.4) (i), (2.8), for U with w = —e;, and (2.14), (2.8),
dilation invariance and Harnack’s inequality for A-harmonic functions, as applied to
V, that for some ¢ > 1,6 € (0, 1), depending only on the data,

max U <cd? <c?6° min V.
OB(—e1,86) OB(—e1,86)

Then by the boundary maximum principle for A-harmonic functions,
(4.6) U<c*°V  in B(—ey,8) \ Si.
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Using (4.6) and arguing as above it follows for some ¢ > 1 that

(4.7) / e VOSTUG)IVUG)| < o,

From (4.5), (4.7), Lemma 4.1, we see for § > 0 sufficiently small that

/ (v + er,VU) (VU () |VU ()|~ dH!
(4.8) oF

~ / (v + 0, VU F(VU ()| VU ()| dbm
OSNOE

where constants depend only on the data. Finally, we claim for some ¢(0) > 1,
depending only on the data and ¢ that

(4.9) c(6) < % < ¢(8) in B(0,1—26)NK(r —e).

Once (4.9) is proved we get Theorem A as follows. Note that S C B(0,1 — 26) and
in Lemma 4.1, (x 4+ e;,n(z)) = sine when = # 0 and x € 95 N JE. Using this note,
Lemma 4.1, (4.8). (4.9), and the Hopf boundary maximum principle we find that for
some ¢(0) > 1, depending only on the data and 6,

(4.10) a(6)! < /a _ sinfe)f(Vu(y) i < efo)

We also note that OE N B(—1/2,1/4) is Lipschitz on a scale of €¢/100. That is, if

2z € OENB(—1/2,1/4), there exists ¢ : R" 1R satisfying H(bﬂ < 100 such that after
a possible rotation of coordinates,

E N B(z,¢/100) = {x = (2/, z,) : &, > ¢(2')} N B(z,¢€/100),
OFE N B(z,¢/100) = {z = (', z,) : &, = ¢(2')} N B(z,€/100).

From (4.11), (3.8), (1.5) (a), (3.9) with ¢ replaced by p/(p—1) (permissible by Holder’s
inequality), (3.5) (b), and Harnack’s inequality all applied to u and U we see that

(4.11)

(4.12) / f(V0)dH" ! =~ " P 1wP(2 4+ 10ee,) whenever v =u or v = U
OENB(2,755)
where ratio constants depend only on the data. Using this inequality, (4.9), (4.2),
(4.4), (4.1), and the Hopf boundary maximum principle once again, we obtain that

(pt1—n)
(4.13) / F(Vu)dH" ~ " P lw(z + 10ee, )P ~ ¢ =
OENB(2,7555)

where ratio constants depend on the data and . Integrating (4.13) over z € OE N
B(—1/2,1/4), and interchanging the order of integration or giving a covering argu-
ment, we conclude after some arithmetic that

(4.14) / F(Vu)dH ™~ er i,
OENB(—1/2,1/4)
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Using (4.14), (A(m — €) — 1)p-homogeneity of f(Vu), and 0 < A(m —¢€) < 1 in (4.10)
we arrive at

1~ /as sin(e) f(Vu(y))dH™™

1
(4.15) ~ / pOA-1)+n-2 3
0
1 (pt+1-—n)
~ € pr—1
pA—1)+n—-1

where for brevity we have written A for A(m — €). Also ratio constants depend only
on 0 and the data. Clearly (4.15) implies that

(p+1-n)
/\—1+(n—1)/pzepp71
So if &« = m — € and we use the notation in Theorem A it follows from this inequality
that there exist dy and €y with 0 < ¢y << dg, and a positive constant k£ > 1 depending
on 0y and the data such that if 7 — ey < a < m, then

] (p+1—n) (p+1-—n)
(4.16) E(m—a) 71 < M(a)—1+(n—1)/p<k(r—a) »1
Thus Theorem A is true once we prove claim (4.9).

Claim (4.9) is easily proved for n = 2 using (3.10) on both sides of 0K (7 — €)
in each of the Lipschitz domains obtained from removing the positive z; axis from
B(0,1—-26)NOK (m—¢), as well as Harnack’ s inequality and u(e;) =~ U(e;) ~ 1. Thus
we assume n > 2. In this case we give an argument which was first used in [BL05,
Lemma 2.16] and later in [LN18, section 6.1]. To begin note that (4.9) follows from
- u((6 — 1)eg + dey,) < i u o Cu((5 — 1)es + dey)

U((6 —1)ey +de,) — B((6—1)er,s/200\E U U((6 —1)ey + dey)
for some ¢ > 1, depending only on the data, as we see from 0 < € << § << 1,
U(e1) = u(er) ~ 1, and Harnack’s inequality for A-harmonic functions. To prove the
right-hand inequality in (4.17) let

Coi={r=(r,2)eR": (6 —t—1) <z < (6+t—1), |2| <§/1000}

when ¢ € [0/200, §/10] and suppose that u/U > ¢ at some point in 0Cs /900 \ £. Given
t € (§/200,9/100) observe from Harnack’s inequality and the maximum principle for
A-harmonic functions that either we have u(y)/U(y) > ¢ at some y in 0C; \ E with
y1 = 6 £t — 1 or the right-hand inequality in (4.17) holds. If ¢ is large enough this
observation implies that there exists I = [§/200,/100] or I = [—3/100, —3/200] such
that for all ¢t € I there is y” = y”(t) with 0 < |y”| < §/1000 and

u(d+t—1,9")
Ud+t—1,9") > 6

If for example there exists t' € [—6/100, —0/200] such that for all y = (0 +¢ — 1,7")
in 0C_y \ E we have u(y)/U(y) < ¢, then we can apply the above analysis in

{r=(x,2)eR": 6+t —1) <z < (0+t—1),z'| <§/1000}

(4.17)

(4.18)
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whenever t € [0/200,6/100] to conclude the existence of I = [§,/200,/100].

Let v and 7 denote the measures associated with u and U restricted to Cs1o.
We observe from (3.5) (b) that v and 7 are doubling measures in the sense that if
2 € Csp100 NOE and 0 < s < 6/200, then

(4.19) 0(B(z,10s)) < ¢0(B(z,s))

for 6 € {v,7} and some ¢ > 1 depending only on the data.

Given t € I, choose y"(t) as in (4.18). If |y"(t)| > 4e we put p(t) = |y"(¢)|.
Otherwise since as noted earlier 0F N B(—1,1/4) is Lipschitz on a scale of €/100, we
deduce from (3.10) of Lemma 3.2 that there exists ¢ = ¢”(¢) with |J”| = 4e and

— " _ A1
C<u(5—|—t 1,y)§cu(5+t y)‘
Uld+t—1,y") Ulb+t—1,9")
In this case we put p(t) = 4e. Set §”(t) = y"(t) when |y’ (t)| > 4e while §"(t) = 3" (¢),
otherwise. Using (4.19) and (3.5) (b) once again it follows that

1 s p—1 _
aa) o e o(MHZLIONT B D)
U@ +1t—1,9"(t)) T(B((0+1 = Dex, p(t)))

Next using a standard covering lemma we see there exists {¢; },¢; € I, for which (4.20)
holds with ¢, 3" (¢), p(t), replaced by t;, 9"(t;), p(t;). Also if k(t;) = (6 +t; — 1)ey, then
L:={y:y=0+t—1tel}ndE C|JB(x(t), p(ty)),

(4.21) j
B(k(t), p(t4)/5) N B(k(tr), p(t)/5) = 0 when | £ k.

From (4.19), (4.20), (4.21), (3.5), and Harnack’s inequality it follows, for some ¢ > 1,
depending only on the data, that

ey
(4.22) <Y T(B(s(ty), p(t))

J

< e ) v(B(s(t), plt;)/5)) < Ev(L).

J

Also from (2.8) and Harnack’s inequality we see that
P (L) = U((0 — 1)ey + dep)? ' and 6" "v(L) ~ u((d — 1)e; + de, )P

where ratio constants depend only on the data. Using these inequalities in (4.22) we

find that
u((0 — 1)ey + dey)

U((6 —1)ey + dey)
The righthand inequality in (4.17) follows from this display and Harnack’s inequality
for A-harmonic functions with 2¢ = max(u/U) on 0Cj5/200 \ E. Interchanging the roles

(<c
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of w and U in this argument we get the left-hand inequality in (4.17). This completes
the proof of claim (4.9) and so also of Theorem A.

5. PROOF OF THEOREM B

We begin this section with a discussion of some familiar concepts from convex
geometry which were used in [Jer96, CNS™15] to prove analogues of Theorem B. Let
E C R" be a compact convex set with nonempty interior. Translating and dilating E
if necessary we may assume that B(0,1) C E is a ball with largest radius contained in
E while B (0, Ry) is the ball with smallest radius and center at the origin containing E
for some Ry > 0. Then é = 1 / Ry is called the eccentricity of E. From basic geometry
one sees that if w € OF there exists ¢ = ¢(n) > 1, depending only on n such that
OF can be covered by at most N = ¢2(¢)1™" balls, B(w,7), with w € dE,7 > 1/8,
and the property that after a possible change of coordinates there exists a real valued
convex function ¢ on

B'(w',7):={a' = (z1,...,0p_1) : |2 — | <7}

which extends to a Lipschitz function on R"~! with Hgbﬂ < ¢/é. Moreover, if we let
w = (w',w,) and ¢(w') = w,, after a possible change of coordinates, we also have

{(2',2,) : 2, = $(2) and 2’ € B'(w',7)} C OF,

(5.1) {z =(2',2,) : 2, > (')} N B(w,7) C E\ B(0,1/2).

Definition 5.1. Let v be a real valued convex function on a bounded convex open
set @ C R If o/ € Q we write 0 = (01,...,0,_1) € O(z') provided (y') >
(') + {0,y — x') whenever y' € Q. If T is a finite positive Borel measure on § then
¥ is said to be a solution to the Monge-Ampére equation

(5.2) det(V*) =1 onQ

in the sense of Alexandrov provided that

(5.3) H"! ( U 0Y(x ) =H"1 (0W(K)) = 7(K) for each Borel set K C .

' eK

Let g denote the Gauss function for OF, suppose (5.1) is valid, and set Q = B'(w', )
and ¢ = 1. If 2’ € Q) then one can define

(5.4) g2, o(x") = {% :0e 0¢($')} )

<I/771>
(14]2'[2)1/2
SN {¢: &, < 0}. Moreover, the inverse of this mapping has Jacobian |£,|™ at &
with [{] =1 and &, < 0. Using this fact, it follows from (5.2), (5.3), and (5.4) that if

K C B(w',7) is a Borel set and K := {(z/, ¢(a')) : 2/ € K} then

(5.5) H00(1) = 7(K) = [ Ll

We note that the mapping 2/ — = ¢ is one to one from R""! onto
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in the sense of Alexandrov. Next suppose for fixed p with 1 < p < oo that U, F,
and [1, are as in Theorem 1.2 or U = 1 — U where U is as in Theorem 1.3. Then for
H" talmost every y € OF we see from Theorems 1.2 and 1.3 that

_ VU(Q)

Thus g is well defined by (5.6) on a Borel set F; C E with H"'(E\ E;) = 0. If also
dp = ©dH" g1 and there exists az > 1 such that

(5.7) 0<az' <O <as for H" '-almost every £ € "1

then from [||Vé||| < ¢/é < oo, finiteness and positivity of u, as well as the Radon-
Nikodym theorem we conclude for 7 and K as in (5.5) that

r(K) = / el e
g

[ QIR o),

K O(g(#’, ¢(z')) '
Thus to prove regularity of OF, we study the Monge-Ampere equation in domains
of the form Q = B'(w',7) with measure as in (5.8). To outline some of the work of
previous authors on the Monge-Ampere equation we need several definitions.

Definition 5.2. Given ¢, Q as in Definition 5.1 and ' € Q, t > 0, 0 € oY(2'), w
put
(59) S(xla 97t) = {y/ €N: ¢(y,) - 1/’(95/) - <07y, - lj) < t}
and call S = S(a2/,0,t) a cross section of 1. Define the reduced distance §(-,S) on
S(a',0,t) by
|2 — &

5(2,9) = min{ -
(:5) ]
Note from convexity of ¢ that S(2,6,t) is a convex set. Let Z’ denote the centroid

of S and for 0 < A < 1, set
S 0,t,\) :={z":2 =Xy — %)+, such that y' € S(a',0,1)}.
For ease of writing, for 3/ € Q, we put
Sy = S(2',0,t,\),

(5.10) loo(y) = () + (0,9 — ),

() =) —lwo (y) — 1
when 2/, 0, t are understood. Then from a theorem of John (see [Figl7, A.3.2]) it
follows that there exists a unique ellipsoid, £ of maximum volume with £ C S C
(n — 1)€. Using this fact and basic geometry we deduce the existence of a positive

constant (3(n) and an affine mapping of the form 72" = A(z' — ') for 2/ € R"~! where
Ais an n — 1 x n — 1 nonsingular matrix with 7'(z') = 0 and

B'(0,8(n)) Cc T(S) Cc B'(0,1).

(5.8)

c x,y € 0S and 2 lies on the line segment from T to g)} .
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Here T'(S) is said to be a normalization of S. Note that §(2’,T(S)) = §(T~'2,5)
and if U(2') = (T~'2') for 2/ € T(S) then ¥ is convex and

ou(z') = AL OU (T

where A! is the transpose of A. Also ¥ is a solution to the Monge-Ampeére equation
in 7'(S) with measure 7 where

T(T(K)) = (det A" 7(K)

whenever K C S is a Borel set. Finally, let U(Ty') = 1(y/) for 3 € Q.
Using the above normalizations it was shown in [Jer96, Lemma 7.3] that

Lemma 5.3. Let Q, 9, 7,t,2',0, be as in Definitions 5.1, 5.2, and suppose S(x',0,t) C
Q. Then given 0 < € < 1, there is a positive constant C(e,n) such that

(511) B < Clen)8(2, T(S)) / T AT ()

whenever 2 € T(S).
Proof. See Lemma 7.3 in [Jer96]. O

Our goal is to show for ¢ = ¢, Q = B'(w’,7), and O, as as in (5.7), (5.8), that there
exists €y € (0, 1] for which

)

D=

(5.12) /S 50y, S)—odr(y) < Cr(S

whenever S = S(2/,0,t) C Q where ¢ and C depend on the data, &, and s in (5.7).
Before proving (5.12) we show as in [Jer96] and [GHO0], how (5.12) can be used to
prove Theorem B. Indeed, normalizing this problem we deduce first that if U(7'2") =

(2'), then from (5.12) it follows as in Proposition 2.10 of [GH00] that

1
2

(5.13) / 5(</, T(S))=9dT (') < CT(S1) < C' | min F["~! = Crn=.

T(S) r(s)
Using this inequality in (5.11) of Lemma 5.3 with € = ¢y and 2’ = T'(2'), U(T(z')) =
—t, we deduce

(5.14) 1~ d(T(z'),9T(S))

where ratio constants have the same dependence as C' in (5.12). Using (5.12)-(5.14),
it follows that

Lemma 5.4. Let ¢ be a real valued convex function on the convex open set §2, and
continuous on 0. If ¢ > 1 on Q) where [ is an affine function and (2') = 1(2') at
some point z' € Q, then either {y' : Y (y') = 1(y')} = {7’} or this set has no extremal
points in €.
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Proof. See Theorem 1 in [Caf91] or Theorem 4.1 in [GHO0]. The proof in either paper
is by contradiction and uses invariance of (5.11) and (5.12) under affine mappings as
well as the following result. Suppose that ’I/A)j for j =1,2,..., are convex functions and
solutions to the Monge-Ampere equation with measures 7; in an open set Q. If (zﬁj)
converges uniformly on compact subsets of Q to w a solution to the Monge-Ampere

equation in Q with measure 7, then 7; — 7 weakly in Q (see [Gut01, Lemmal.2.2]).
0

Applying Lemma 5.4 with ¢y = ¢ and Q = B'(w',7) as in (5.1) we see that OF is
strictly convex since otherwise it would follow from repeated application of Lemma
5.4 to balls (as in (5.1)), with nonempty intersection, that OF contains a line segment
of infinite length. From this contradiction we conclude that OF is strictly convex.
Now given w = (w', p(w')) € OF, with 2/ € B(w',7/4), where ¢, 7 are as in (5.1), we
choose t so that for S(2/,0,t) as in (5.10) we have

S(z',0,t) C B'(«',7/2) and S(z/,0,t)NOB'(2',7/2) # 0.
Geometrically this means there is a point z = (2/,2,) € OF with 2/ € S(2/,0,t) N
O0B'(2',7/2) which lies at most ¢ distance from the support plane y, = [ (y') to
OE at (2',¢(x')). We claim that ¢ > o > 0, where ¢, has the same dependence as C'
n (5.12). Indeed, otherwise using a compactness argument, the above convergence
result, and Lemma 5.4 we could obtain a contradiction to the strict convexity of OF.
Finally, we observe from Lipschitzness of ¢ as in (5.1) that there exists 71 > rg > 0

where 7 has the same dependence as t, with B'(z/,7,) C S. Next if ¢ is as in (5.10)
with ¢ = v, we claim there is a ¢ > 2, with the same dependence as ty, g, satisfying

(5.15) 0<t+o) <ot whenl=1,2,..., andy € 31/21.

Here Sy is defined in the same way as Sy in (5.10) only with z’ replaced by z’'.
Indeed, this inequality holds for [ = 1 since otherwise we could use Lemma 5.4 and a
compactness argument, as above, to contradict the strict convexity of JF. Iterating
this inequality we obtain (5.15). From (5.15) and arbitrariness of 2’ € B'(w’,7/4),
we get first that

Vo(x') exists for o’ € B'(w',7/4),
[6(y) = d(a’) = (Vo(a'),y — )| < Culy’ — o'+

whenever 3y € B'(w',7/4), where C,>1,d € (0,1), depend on the data, €, and as
n (5.7). Also from convexity and uniform Lipschitzness of ¢ we deduce the existence

(5.16)

of C’g > 1, having the same dependence as C’l for which

(5.17) Co[(Vo(y) = Vo(a').y —a')| = [Vo(y) — Vo(a)lly — |
whenever 2’y € B'(w',7/4). Combining (5.16), (5.17), and using the triangle in-
equality, we find that

(5.18)
OF is locally C% with norm constants depending only on the data, &, and as.
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Using (5.18) and results from [Lie88] we see that VU when 1 < p < n or VU when
p > n has a CY% extension to JE for some (' € (0,1) having the same dependence
as o. Also from [LieS8] or (5.23) (to be proved) we have min{|VU|,|VU|[} > 0 on
OF where constants depend only on the data and é. In view of this information and
(5.2), (5.5), (5.8), we find that if 0 < © € C%¥(S"!), then for some 0 < sy, Sa, v,
having the same dependence as o/,

(5.19) 51 < % < sy < oo and d’:[lz—l
From the above remarks, (5.19), and [Caf89, Caf90a, Caf90b], we conclude that ¢ €
C?*%(Q2). Further applications of [Caf89, Caf90a, Cafd0b] also give the higher order
smoothness results in Theorem B.

[t remains to prove (5.12) in order to complete the proof of Theorem B. Throughout
the proof of this inequality we let C' > 1 be a positive constant which may depend only
on the data, €, and as, not necessarily the same at each occurrence. Also if A =~ B,
proportionality constants may depend on the data, €, and @s. Let f(n) = f(—n) when
1<p<nandf( )= f(n )Whenp>n Alsoset U =1 —U when 1 < p < n and
U = U when p > n. Then U is A = V f-harmonic in R™\ E with continuous boundary
value 0 on OE. Observe from the discussion above (5.1), (5.7), and (5.8) that if K C Q
is a compact set then

(5.20) / VO, (@ )Pde = x(K).

Thus we only prove (5.12) for x(-). Recall that S = S(2/,0,t) C Q = B'(w',7). We
see that

€ 0% (Q).

F={(y,0()) :y €5}
is the part of OF that lies below or on the plane

S1 =AW yn) s yn — 0(2') — (0, —2) = 1}

and above or on the support plane {(¢/,y,) : yn — ¢(2') — (0,3 — 2’) = 0} to IE at
x = (2/,¢(2")). Then S can be viewed as the projection of F' onto the plane y,, = 0
by lines parallel to e, or the y, axis. To simplify the geometry in what follows and
for use in adapting the work in [Jer96] to our situation we also project F' onto 3, by
lines parallel to e,. More specifically, given y = (¢, #(y')) € F, let m(y) € 31 be that
point with

(m(y),ei) = yll- for1<i<n-—1.
Let S = 7(F), and note that S is convex. Define the reduced distance S+, S’) as in

Definition 5.2 with S and R™!, replaced by S and 2, respectively. From (5.1) and
the discussion above this display we deduce that

(5.21) 6(2',8) ~ d(m(x),S) whenever z € F
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where ratio constants depend only on n,é. Let §(z, F) = §(w(z),S) when = € F.
Then from (5.20) and (5.21) we conclude that to prove (5.12) it suffices to show,

(5.22) / 510 (5, F) VO (2)[PdH < Cin{ VO : y € F} H=(F).
F

Remark 5.5. We note that in [Jer96, section 6], the analogue of F' is projected onto
Y1 by rays through the origin. If P(y) denotes this radial projection of y € F onto
%1, then in [Jer96] the reduced distance of y € F is defined to be equal to 6(P(y), S).
Using the definition of reduced distance and (5.1) it is easily verified as in (5.21) that
5(P(y),S) = &(n(y), S) where proportionality constants depend only onn and é. Thus
(5.22) implies the corresponding inequality in [Jer96] and vice-versa.

To prove (5.22) we shall require the following lemma.

Lemma 5.6. Let w, E, and 7 be as in (5.1). There exists C' > 1, depending only on
the data and é, such that if 0 < r <7/C then

(5.23) plon / IVUPAH" ' ~ min |VU]P =~ r?U(a,(w))?.
A(w,r) A(w,r)

Proof. Let H be an open half-space with HNE = () and 0H a support plane for OF at
w. Let £ denote a unit normal pointing into H and let v be the A-harmonic function
in G = HnNB(w,r)\ B(w+ r&/2,r/8) with continuous boundary values, v = 0 on
d(H N B(w,r)) while v = U(w + r£/2) on IB(w + r&/2,r/8). Comparing boundary
values and using Harnack’s inequality for A-harmonic functions we see that v < ¢U
in G. Also using the boundary Harnack inequality in Lemma 3.2 and comparing v to
a linear function, say I, which vanishes on dH with I(w + r€/2) = U(w + r€/2) we
arrive at
U(w+r&/2)/r < C'Uw + s€) /s

whenever 0 < s < r/C’ where C' > 1 depends only on the data. Letting s — 0 in
this display we get from Lemma 3.1 for H" !-almost every w € F that

(5.24) U(w +r€/2)/r < C'|VU(w)|.

Next observe from (3.9) with ¢ = (p — 1)/p, (3.8) of Lemma 3.1, and (3.5)(b) that
there exists C' > 1 depending only on the data and é such that for 0 < r < 7/C,

(5.25) pion /A - IVUPAH" " ~ Cr P U(w + r€/2)P.

Combining (5.25), (5.24), and using arbitrariness of w, Harnack’ s inequality for A-
harmonic functions, we conclude the validity of Lemma 5.6. U

Note from Lemma 5.6 that

(5.26) / VU < C and min|VU|>C"
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Following [Jer96, Lemma 6.7] we first note from (5.1) that if ¢ € F" and b denotes the
radius of the largest n — 1 dimensional ball contained in S (the so called inradius of

S) then
(5.27) ¢ =m(Q)] < C4b
for some C'y > 1, depending only on the data and ée. Second we state
Lemma 5.7. Ify,z € F and §(y, F) = 1, then
(5.28) min |[VU| < C min |VU].
A(y,b) A(z,b)

Proof. The analogue of Lemma 5.7 in [Jer96] is Lemma 6.8. Given Lemma 5.6 and
(5.27) we can essentially copy the clever geometric argument in [Jer96], so we refer
to this paper for details. O

Lemma 5.8. There exists €; € (0,1] and C > 2 depending only on the data, é, such
that e, > C™ when 1 < p <n—1 whilee; > 1+ (1 —n)/p+ C~' whenp>n—1.
Moreover, if ¥ € F, then

(5.29) bt / IVUPAH™ ! < C6(z, F)PtPa mgn|vU|P.
A(&,b)

Proof. As in Lemma 6.13 of [Jer96] we note that if §(z, F) ~ 1 then (5.29) follows
from Lemmas 5.6 and 5.7. Thus we assume that 6(z, F') << 1 and choose y,z € F
so that 0(y, F) ~ 1 and 7(z) = z € F N S with 7() lying on the line segment from
7(z) to w(y). Let p = |7m(2) — w(y)|. We note that if p < 100b, then (5.29) follows
from Lemmas 5.7, 5.6 with w = &, y, (5.27), and Harnack’s inequality for A-harmonic
functions with €; = 1. Thus we assume p > 100b. Then from the John ellipsoid
theorem mentioned below (5.10) we deduce

0 :=|m(@) —7(2)|/p =~ 0(2, F)
so we assume, as we may, that |7(z) — 7(2)| < p/100. Next we define the cone:
I ={r(z)+s((—n(2)): (€ ENB(y,p/2) and 0 < 5 < c0}.

Let X denote a point that lies p distance from I' U E and at most 2p from y. As in
the proof of Theorem A we first construct V a positive A-harmonic function in R” \T
which is continuous in R” with V' = 0 on I and V(X) = U(X). Second we use the
boundary Harnack inequality in Lemma 3.2 as in the proof of Theorem A to deduce
that V' is unique and satisfies

(5.30) V(z+ s(w — z)) = s*V(w) for some €¢; > 0 whenever w € R™\ {z},s > 0.

We observe that R™ \ I' is contained in a translation and rotation of K(«) for some
a € (0,7). Using this fact, Lemma 3.2, and Theorem A we see that if p > n — 1,
ei—1+(n—1)/p>C 1 1If1<p<n-—1,onecan use a compactness argument
or an argument as in [KM72] to show that ¢, > C~!. Let I'; be the convex hull of
E N B(y,p/2) and z. Also let V* be the A-harmonic capacitary function for R™ \ I'y
when 1 < p < n while V* is the A-harmonic Green’s function for R™\ I'; when p > n.
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Define f and A as above (5.20) and observe that V* = 1 — V* is A-harmonic when

1 < p < n while V* = V* is A-harmonic when p > n with continuous boundary value
0 on I';. We first let

and claim that
(@) U<CV' in B(y,4p) \ E.
(5.31) (b)) Va=V' inB(z,p/4)\T.

(¢) U~V '~V inB(y,p/8) \E.
To prove (5.31) (a) observe from (2.8) that

max U < cU(X) =¢e¢V'(X) < max V',
B(y,4p) B(y,4p)

This inequality, I'y C E, and the boundary maximum principle for A-harmonic func-
tions give (5.31) (a). On the other hand, (5.31) (b) follows from (2.8), Harnack’s
inequality for A-harmonic functions, Lemma 3.2, and the fact that T'y N B(z, p/2) =
I'N B(z,p/2). Finally, (5.31) (c) follows from these inequalities and the fact that

[N B(y,p/2) =T1N Bly,p/2) = EN By, p/2).
We conclude from (5.31) that
(5.32) U<CVinB(z,p/4)\E while U~V in B(y,p/8)\E.

If C' > 1 is large enough depending on ¢ and the data, then from (5.32), the fact that

p > 1000, (5.27), Harnack’s inequality for A-harmonic functions, and Lemma 5.6 we
deduce that

(5.33) b1V (n(y) — Cbe,) = b U(n(y) — Chey) ~ min VU
and
(5.34) b U(r(2) — Cbe,) < Cb 'V (n(3) — Chey,).

Next we draw the line segment / from = to 7(y) — Cbe,. From similar triangles and the
definition of § below (5.29), we see that (%) —dCbe,, lies on [. From this observation
and homogeneity of V' we get

(5.35) V(n(z) — 6Cbey) = 6V (n(y) — Che,).
Now since [ is convex we can repeat the argument given in Lemma 5.6 with U replaced

by V to get (5.23) with U replaced by V, w by 7(z), and r by 6Cb, Cb, provided C' is
large enough. We obtain

min  [VV[]P =~ bV (n(z) — Cbe, )",
B(n(&),Cb)NAT

min  |[VV[P = (6b) PV (n(z) — 6Cbe, ).
B(n(£),6Cb)NOT

(5.36)
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From Lemma 5.6, (5.33)-(5.36), Harnack’s inequality for A-harmonic functions, we
see that

b VU PAH" " ~ min |VU|” ~ b~?U(x(z) — Cbe,)?
A(,) A(&,b)

(5.37) < C(8b) PV (m(&) — 6Cbey, )
< ' §le-bp m}n|VU!p

where C, C" depend only on the data and é. Thus Lemma 5.8 is valid. 0

To complete the proof of Theorem B we need Lemma 6.17 from [Jer96] which in
our situation can be stated as following lemma.

Lemma 5.9. With the same notation as in Lemma 5.8 choose a coordinate system
with azes parallel to the axes of an optimal inscribed ellipsoid contained in S. Let Q
be a tiling of S by closed cubes C >, and of side-length s < b with sides parallel to
the coordinate azes. If QQ € Q, let Q* be the cube concentric to () with side-length
10((n — 1)1)%s and let

5(Q) = max iy, 3)
yeEQ*NS
There exists ¢(n) > 1 such that
(5.38) > HTHQ) < c(n)aH"(S)
{Q:6*(Q)<o}
where C' depends only on the data and €.
Let €; be as in Lemma 5.8 and put ¢y = €, if 1 < p <n—1whileeg = ¢;—14+(n—1)/p

if p > n—1. To prove (5.22) and thus complete the proof of Theorem B we first note
from Lemma 5.9 that if € € (0,1),

(5.39) D 5Q)TTHTHQ) < ClOHM(S),
{QeQo}

as follows from summing separately over cubes Q € Q with 6*(Q) < 27%s,k =

~

0,1,2,... Second from Lemmas 5.6, 5.8, we deduce that if ¢, 2 € F' and n(y),7(2) €
Q*, then

max b / IVU[PdH"™ < C min 67 T9?((, F)min |[VU?.

¢e{z.g} A(D) ¢e{9,2} F

Hence,

pln / VO PAH" < C8*(Q) 7 min |V,
= HQ)NF F
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Using (5.39) with s = b/2, and the above inequality we conclude that

/ SO ) VU AR < C Y 51 (Q) / VU [PdH™ !

F QEQ Wﬁl(Q)mF

5.40 2 * 1—eg—p+per a4 ymn—1 : TP
(5.40) <C* ¥ 5(@) 24 (Q) min |V U

< C*H™(F) m};n VU

as we obtain from (5.39) if 1 < p < 2orn = 2,3, and p > 2. Indeed , 6*(Q)'~0~Ptrer <
5*<Q>—1+(p—1)eo ifl < p < 2 while 5*(@)1—eo—p+pel —_ 5*(@)2—n+(p—1)60 < §* (Q)—l—i—(p—l)eo
ifn = 2,3 and p > 2. Thus (5.22) is valid and the proof of Theorem B is now complete.
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