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Abstract

We study the value of public information in competitive economies with incom-
plete asset markets. We show that generically the welfare effect of a change in
the information available prior to trading can be in any direction: there exist
changes in information that make all agents better off, and changes for which
all agents are worse off. In contrast, for any change in information, a Pareto
improvement is feasible, i.e. attainable by a planner facing the same informa-
tional and asset market constraints as agents. In this sense, the response of
competitive markets to changes in information is typically not socially optimal.

Journal of Economic Literature Classification Numbers: D52, D60, DS8O0.

Keywords: Competitive Equilibrium, Incomplete Markets, Value of Informa-
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1 Introduction

The objective of this paper is to analyze the value of public information in the setup
of a competitive exchange economy under uncertainty in which agents trade in asset
markets to reallocate risk. It is well-known that when markets are complete, and
agents are initially uninformed, the receipt of a public signal prior to trading impairs
risk sharing and cannot improve welfare. Indeed, if the true state of the world is
revealed before markets open, no mutually beneficial risk sharing trade is possible.
This effect has come to be known as the Hirshleifer effect, after Hirshleifer (1971) who
produced an early example of it. If markets are incomplete, the arrival of information
still reduces the possibilities of trading gains from risk sharing, but a second welfare
effect arises. Provided some residual uncertainty remains, agents can hedge it more
effectively by conditioning their portfolios on the available information. We refer
to this as the Blackwell effect, after Blackwell (1951) who compared the value of
different information structures in single-agent decision problems.

We begin our analysis with an example of the welfare impact of the arrival of
information before markets open in which the Hirshleifer and Blackwell effects can be
clearly disentangled. We show that, depending on the nature of this information, one
or the other effect dominates so that in equilibrium welfare can worsen or improve. In
the rest of the paper we extend the analysis to a general two-period exchange economy
with a single consumption good and a single round of asset trade wherein we study
the welfare effects of arbitrary changes in information, starting from a situation
where agents may have some initial information, changes that do not necessarily
entail an increase or decrease in the information available to agents prior to trading.
While in our general analysis the welfare impact of a change in information cannot
be interpreted in terms of the Hirshleifer and Blackwell effects, it is nevertheless
possible to provide an analogous interpretation that is helpful in understanding how
competitive markets deal with changes in information.

For this purpose it is instructive to compare the change in agents’ welfare in
equilibrium to welfare changes that can be achieved by a hypothetical planner who
faces the same constraints as agents in terms of the available assets and information.
We show that for a generic economy a (strict) Pareto improvement can be attained,
for any change in information, by tailoring agents’ portfolios to the new informa-
tion. When we compare competitive equilibria associated with different information
structures, an additional welfare effect obtains because of adjustments in equilibrium
asset prices. We find that the overall effect on welfare may be positive or negative.
More precisely, we show that generically, if markets are sufficiently incomplete, there
exists a change in information that makes all agents better off as well as a change
that makes all agents worse off; indeed, there is a change in information such that
any subset of agents is better (or worse) off.

Thus agents’ welfare can vary in any direction, depending on the change in in-
formation, in line with our findings in the example. Moreover, we can interpret
the welfare effect of a change in information as having a positive component due to



agents being able to tailor their portfolios to the available information, and a second
component that may be positive or negative for any individual agent arising from
the adjustment in equilibrium asset prices induced by the change in information.
This is in the same spirit as the decomposition of the overall welfare effect in the
example into the Blackwell and Hirshleifer effects.! Our analysis provides an answer
to the question of how competitive markets respond to changes in information, and
how equilibrium changes in welfare compare with welfare changes that are attain-
able. Our results lead to the conclusion that competitive markets typically do not
deal with changes in information in a way that is welfare-improving even though it
is feasible to do so.

There is an extensive literature on the value of information in a competitive pure
exchange setting. A number of papers have followed Hirshleifer’s lead in comparing
competitive equilibrium allocations before and after the arrival of information. As-
suming complete markets, Schlee (2001) derives some conditions under which more
information is Pareto worsening.? In an economy with incomplete markets, Green
(1981) and Hakansson et al. (1982) provide (quite restrictive) conditions under which
better information leads to a Pareto improvement, while Milne and Shefrin (1987)
present an example showing that welfare can also decrease. In contrast to the various
examples in the literature, the example in the present paper allows a clear under-
standing of the welfare impact of the arrival of information by explicitly decomposing
the overall change in welfare into the Hirshleifer and Blackwell effects.

In our general welfare analysis we utilize the analytical apparatus developed
by Geanakoplos and Polemarchakis (1986), and later generalized by Citanna et al.
(1998), to study the welfare effects of local perturbations in competitive economies
with incomplete markets. These methods have been employed in particular by Cass
and Citanna (1998) and Elul (1995) to show that generically the welfare effect of the
introduction of a new asset can be in any direction. We provide an analogous result
on the effect of a change in public information prior to trading.> While there are
some parallels between these two problems, they are analytically quite distinct. The
introduction of a new asset enlarges the set of feasible allocations, while this is not

!Unlike the Blackwell effect, which we can properly speak of only for an increase in information,
the first (positive) component is present for any change in information. The second component bears
a closer relationship to the classical Hirshleifer effect. Indeed, Gottardi and Rahi (2001) argue that
the Hirshleifer effect is due to changes in equilibrium prices, induced by a change in information,
that alter agents’ budget sets. See footnote 13 for further discussion in the context of this example.

2For the case of complete markets, an alternative to the welfare analysis of competitive equilib-
ria is provided by Campbell (2004), who compares welfare at allocations associated with different
information structures when these allocations have to be feasible and, in addition, satisfy ex-post
individual rationality constraints. He shows that any increase of information in the sense of Black-
well (1951) has a negative effect on agents’ welfare in the sense that each allocation associated with
the better information is ex-ante Pareto dominated by some allocation associated with the worse
information.

3We are able to exploit differential techniques by employing a smooth parametrization of changes
in information, just as Cass and Citanna (1998) and Elul (1995) are able to use these techniques
by modeling the introduction of an asset in a way that avoids discontinuities.



in general true for a change in information.* Furthermore, the price changes that

underpin the welfare effects are different. In our single-good setting, only the current
asset prices are affected by a change in information. In contrast, the results of Cass
and Citanna (1998) and Elul (1995) also depend on adjustments in the future relative
prices of physical commodities that modify the set of transfers of state-contingent
consumption achievable through asset trading.’®

The aforementioned techniques have also been used by Citanna and Villanacci
(2000) to study the effect on welfare of the information revealed by prices in an
asymmetric information economy with multiple physical goods and nominal assets.
In their model, there is a continuum of equilibria which can be parametrized by the
future (state-contingent) price level. The authors compare a non-revealing equilib-
rium to a nearby equilibrium of the same economy at which asset prices reveal some
information, and show that generically there is an arbitrary change in welfare when
going from one equilibrium to the other, with the utility of any individual agent go-
ing up or down. In contrast, we consider an exogenous change in public information,
and show that the welfare change is arbitrary when we move from any equilibrium
of a generic economy to a nearby equilibrium associated with the new information
structure. Moreover, in our model with a single physical good and real assets, the
welfare change can be attributed entirely to the change in information under con-
sideration; it arises from agents being able to condition their portfolios on the new
information and from the adjustment in equilibrium asset prices resulting from the
change in information. In the analysis of Citanna and Villanacci (2000), on the other
hand, welfare effects cannot be traced solely to the change in information, which is
endogenous, being the information revealed by asset prices. In their welfare results,
an important role is played by two additional price effects which do not arise in our
model: adjustments in relative spot commodity prices in the future, and changes in
real asset payoffs induced by changes in the future price level. The latter effect is
unrelated to the change in information.

The paper is organized as follows. We describe the economy in Section 2. In
Section 3 we provide an example to illustrate the welfare effects of changes in infor-
mation. The remainder of the paper is devoted to our formal results, on attainable
welfare changes in Section 4, and on equilibrium changes in welfare in Section 5.
Proofs are collected in the Appendix.

2 The Economy

There are two periods, 0 and 1, and a single physical consumption good. The econ-
omy is populated by H > 2 agents, with typical agent h € H (here, and elsewhere,

4We elaborate on this point in footnote 12.

°In a single-commodity environment, Elul (1999) shows that it is generically possible to intro-
duce an asset in order to make all agents better off (while it can never be the case that all agents
are worse off). The argument relies on identifying an asset whose introduction leaves the prices of
all existing assets unchanged. Thus price effects play no role in this result.



we use the same symbol for a set and its cardinality). Uncertainty, which is resolved
at date 1, is described by S states of the world.

Agent h € H has endowments w} > 0 in period 0 and w" € Rir in period 1.
He has time-separable expected utility preferences with von Neumann-Morgenstern
utility functions ul : R,, — R for period 0 consumption and u" : R,, — R for
period 1 consumption. We assume that u and u" satisfy the standard smooth
preference assumptions, i.e. they belong to the set U := {¢ : R, , - R|¢p € C* ¢ >
0,¢" < 0,lim, 0 ¢'(x) = oo}.

Asset markets, in which J > 2 securities are traded, open at date 0. At date 1
assets pay off. The payoff of asset j in state s (in terms of the physical consumption
good) is denoted by 77, and the vector of asset payoffs in state s by r, € R7. By
default all vectors are column vectors, unless transposed. Thus r] = (rl...rJ/). Let
R be the S x J matrix whose s’th row is r]. We assume, without loss of generality,
that R has full column rank J. Markets are complete if J = .S, and incomplete if
J < S.

Prior to trading, agents observe a public signal correlated with the state of the
world s. This signal does not directly affect utility functions, endowments or asset
payoffs. We fix a finite set of “signal realizations” X, #3 > 2, with a typical element
of ¥ denoted by o. The uncertainty over fundamentals, parametrized by s € S,
and the public signal, parametrized by o € 3, can then be jointly described by a
probability measure on Sx 3, i.e. by the probabilities 7 := {7}, soes € Riz, where
Tso denotes Prob(s, o). Let 7y, := Prob(s|o), ms := Prob(s), and m, := Prob(c).°
The uncertainty over fundamentals is thus given by the marginal distribution over
S; {ﬂ-s}SES'

We refer to the vector 7 as an information structure.” More precisely, an infor-
mation structure lies in the set®

.= {weR?‘ws>O,VSGS;7TU>O7V0€Z;Zﬁsazl}'

s,0

This specification admits a range of possible information structures. It includes
information structures that have full support over S for every o, ie. S;(o) :=
{s € S|ms, >0} = S for all . The set of these information structures is the interior
of II, given by II° := {m € R% | >, 75 = 1}. A subset of II° consists of infor-
mation structures satisfying the independence condition m,, = m,7,, for all 5,0, in
which case the public signal provides no information about s; we refer to such infor-
mation structures as uninformative. The set II also includes information structures

6Note that 7, and 7, are scalars.

"This is a slight abuse of terminology since 7 represents both the uncertainty over funda-
mentals and the information of agents. Describing information in terms of the joint distribution
{7so }ses,oex is clearly equivalent to using the conditional distributions {7, }scs and the marginal
distribution {7, }sex, with 75, = Ts|oTo- But working directly with the joint distribution, captured
by the single vector 7, is notationally more convenient.

8The restriction on the marginal distributions over S and ¥ is without loss of generality.



for which the support S;(o) is a strict subset of S for some signal realizations. A
special case of the latter is one where the signal induces a partition over S.

We take as given the date 0 endowment wf and preferences u} of all agents h € H,
and parametrize economies by agents’ date 1 endowments and preferences, and the
information structure. Let w := {w"}pepy € Q := R and u := {u"}pey € UH
An economy is then a tuple (w,u,m) € £ = Q x UH x II, specifying the period
1 endowments and utility functions of agents and the information structure. We
formalize our notion of genericity as follows. The sets (2 and II are endowed with the
usual (Euclidean) topology. The set U is endowed with the C? uniform convergence
topology on compact sets, i.e. the sequence u” in U converges to u” if and only if
ul, uhl and u? hll converge uniformly to u”, u® and uh” respectively, on any compact
subset of R;,. The set of economies £ is endowed with the product topology. By
“generic subset of €2,;” we mean “for an open, dense subset of (2,7 and likewise for
U T and €. By “generically” or “for a generic economy” we mean “for an economy
in an open, dense subset of £.”

Consider an economy (w,u, ) € €. For signal realization o, let p, € R’ be the
vector of asset prices (date 0 consumption serves as the numeraire), and yg € R/
the portfolio of agent h. The consumption of agent h for signal ¢ is then given by
ch = wh —p, -yt at date 0, and ! = W' + r, -y in state s at date 1. Let

Yo .= Y nem, ¥ = {Yo toes, co = {ch }neroes, and p := {p, }oex. A competitive
equilibrium is defined as follows:

Definition 1 Given an economy (w,u, ) € €, a competitive equilibrium consists of
a portfolio allocation y, and prices p, satisfying the following two conditions:

(a) Agent optimization: Yh € H and o € 3, y" solves

max (ug[wg—pa-a:] +Zﬂs\ouh[w§+rs-x]>. (1)

zeRJ

(b) Market clearing: Yo € X,

> yh=o. (2)

We will often refer to an equilibrium (y, p) of the economy (w, u, ) as a T-equilibrium
in order to emphasize the dependence of the equilibrium on the information struc-
ture. Since portfolios uniquely determine period 1 consumption, we can write a
m-equilibrium allocation as (co, y).

We wish to study the welfare consequences of changes in information. Given 7 €
IT, we consider the set of alternative information structures ﬂ(w) C II that represent
purely a change in information relative to m without affecting the uncertainty over
fundamentals. Formally, ﬂ(’/T) is the set of vectors 7 in II satisfying the following
conditions:

al. ) <7 =7, for all s € S; and



a2. {7s }ses is not proportional to {7, }ses, for some o € 3.

Condition al says that 7 does not alter the marginal distribution over S implied by
7, while condition a2 says that there is an actual change in information.? If # € II(r)
we say that (7, 7) is an admissible pair of information structures.

We begin with an example to illustrate the welfare effects of changes in informa-
tion.

3 An Example

Consider an economy with four equally likely states and two assets. The state space
is S = {s1, 82, $3, 54}, and the asset payoff matrix is

146 0
0 1
R= -1 0
0 1+6

)

for some § > 0. There are two agents. For simplicity we assume that no consumption
takes place at date 0 and agents have no endowment in that period. Both agents
have the same quadratic utility function, u(c) = ¢ — %02, for period 1 consumption,*’
where the parameter a is positive and chosen to be small enough to ensure that the
marginal utility of consumption is positive in every state in equilibrium. Agents’
endowments are given by the matrix

w—a+p w+a-—p

w—a—f wWH+a+p

wta—p0F wW—a+p

ta+pf w—a—p
the (s, h)’th element of which is the endowment in state s of agent h. The parameters
a and [ are positive, and w > a+ . Notice that there is no aggregate uncertainty in
this economy. We can think of endowments as being subject to two kinds of shocks,
the a-shock and the §-shock, which affect the agents in opposite directions.

The information of agents is described by a signal ¢ that can take values oy or o9
with equal probability; thus ¥ = {07, 02}. We consider an initial situation in which
agents have no information; the information structure is 7, which is uninformative
with 7y, = %, for all s,0. We analyze the welfare effect of two alternative changes
in information, to either 7 or #’; in both cases the signal conveys information about

9As an example of a “change” in information that does not satisfy a2, suppose 7 is uninforma-
tive, g, = T4)o = s for all 5,0, and 71, # 7, for some o. Clearly 7 is also uninformative.

10WWhile for our general results we assume that utility functions lie in the set I/ specified in
Section 2, for the purpose of the example it is convenient to use quadratic utility which is clearly
not a member of this class.



the state of the world s, inducing a partition over S represented by the event trees
in Figures 1 and 2 respectively. Thus 7 reveals the a-shock, while 7’ reveals the
[-shock. In both cases, the two states in each cell of the partition are equally likely.
Conditional probabilities are shown on each branch.

Asset Payoffs wt w?
146 0 w—a+B w+a-}B
0 —1 w—a—p wt+a+p
-1 0 wt+a—p w—a+p
0 146 D+a+hB w—a-B

Figure 1: Agents are worse off under # (Hirshleifer dominates Blackwell)

As a benchmark it is useful to consider the first-best symmetric allocation in
which both agents consume their ex-ante (i.e. evaluated prior to the receipt of the
public signal) expected endowment @, in all states.'’ The ex-ante expected utility
of both agents is given by

1 This is the unique competitive equilibrium allocation of this economy if markets are complete
and the signal is uninformative.



Asset Payoffs w!l w

1+6 0 O—a+p T+a—f
0 1+46 U+a+p T—a—f
0 -1 w—a-—p w+a+p
-1 0 wt+a—p w—a+p

Figure 2: Agents are better off under 7’ (Blackwell dominates Hirshleifer)

where Uy, is the expected utility of both agents in autarky. Thus the first-best utility
gain from sharing the a-shock is %&2, while the corresponding gain from sharing the
f-shock is 432

Under the assumed incomplete asset structure, agents are not able to insure fully.
It is straightforward to check that there is a m-equilibrium in which the two assets
have the same (nonzero) price. Agent 1 buys an amount #ﬁ%)? a of asset 1 and
sells an equal amount of asset 2. Agent 2 trades the same amounts in the opposite
direction. The ex-ante expected utility of both agents is given by

— a a
=U—--Aa*— =3
U.=U 5 o 2/8,
where
52
21+ (146)?)

By going long in one asset and short in the other, agents can transfer consumption
between the events {si,s2} and {ss,s4}. Thus they are able to partially insure

10



the a-shock. The proportion of the potential welfare gain from insuring this shock,
202, that is not realized in equilibrium is given by A. In other words, $Aa? is
the magnitude of the unrealized welfare gain from trading the a-shock. Notice that
A € (0,3) and is strictly increasing in 6. As § tends to zero, risk sharing relative to
the a-shock approaches the first-best, i.e. full insurance. On the other hand, agents
are not able to insure the -shock at all, since that would require them to trade the
assets in one direction in the event {si, sy} and the opposite direction in the event
{s3,s4}. Since the equilibrium relative price of the assets is 1, it is not optimal to
insure the S-shock in one of these events at the cost of exacerbating it in the other.

Given the information structure 7, markets are complete conditional on .2
There is a unique equilibrium in which the consumption of each agent, conditional
on o, is riskless. The consumption of agent 1 is W — « and W + a in oy and oy
respectively, while for agent 2 it is the other way around. The ex-ante expected
utility of both agents is given by

Up =U — 5
Since 7 reveals the a-shock, this risk cannot be shared in equilibrium; hence the
utility loss £a? relative to the first-best. On the other hand, agents can trade the
assets in opposite directions in the events {sy, s} and {ss, s4}, which allows them to
fully insure the S-shock. The equilibrium welfare gain from changing the information
structure from 7 to 7 is

a a
= U, =—(1—-A)a? + = 52
U. — U, 2( )a+26

The Hirshleifer effect is captured by the term %(1—A)a?, which is equal to the welfare
loss, relative to the m-equilibrium, arising from agents’ inability under 7 to share the
a-shock.'® The second term 4 is the magnitude of the Blackwell effect, the welfare
gain from being able to trade the (-shock under 7, which was not possible under
7. The Hirshleifer effect is increasing in « and decreasing in ¢, while the Blackwell

12Tn this example, the release of information leads to an increase in the asset span (conditional
on o), and is thus analogous to the introduction of new assets. This is not the case in general,
however. For example, for information structures in II° (which is a generic subset of the set of all
information structures II), i.e. those for which the conditional distribution over S has full support
for every realization of the signal, the asset span conditional on the signal is the same for every
realization and equal to the asset span with no information.

13 As mentioned in footnote 1, the Hirshleifer effect can be interpreted in terms of changes in
equilibrium prices induced by the change in information. In the present example, agents face two
budget constraints, one for each value of o. Under m, these constraints are identical, and hence
reduce to a single budget constraint which allows agents to transfer wealth between the events
{s1, 82} and {s3, s4}. The change in information from 7 to 7 causes equilibrium prices to diverge in
the two events, resulting in two distinct budget constraints. Agents cannot transfer wealth between
these events without violating one of the budget constraints. In Hirshleifer’s original two-state
example, each of the two events consists of a single state; thus in each event the budget set faced
by an agent is trivial, containing only the agent’s endowment in that event.

11



effect is increasing in . For sufficiently large o and/or sufficiently small § and /3,
the Hirshleifer effect dominates the Blackwell effect, and both agents are worse off.

Next consider the information structure #’. As with #, markets are complete
conditional on o. Again there is a unique equilibrium, with riskless consumption for
both agents conditional on ¢. Ex-ante expected utility is given by

77 @ o
Up =T -5 8"

Since 7" reveals the S3-shock, this risk cannot be traded in equilibrium; hence the
utility loss %52 compared to the first-best. On the other hand, the a-shock can be
smoothed out completely. The equilibrium welfare gain from changing the informa-
tion structure from 7 to 7’ is

U — U, = ngﬂ.

It consists of only one term, which is equal to the unrealized welfare gain from trading
the a-shock under 7. This is the Blackwell effect. The Hirshleifer effect is zero in
this case. While agents are unable to insure the $-shock under 7', due to this shock
being revealed prior to trading, it was not insurable even under the uninformative
information structure 7, because of the structure of asset payoffs. Clearly both agents
are better off under 7’ for all values of o, 8 and .

Let us assume that the parameters a, $ and 0 are such that the Hirshleifer
effect dominates the Blackwell effect under 7. Comparing competitive equilibrium
allocations before and after the release of information, we see that agents are ex-ante
worse off under 7, and ex-ante better off under 7', relative to the m-equilibrium. We
now consider what a hypothetical planner is able to achieve, when he is restricted by
the same feasibility condition as competitive markets, i.e. >, y" = 0 for all o, and
has access to the same information. We show that, for both # and #’, the planner
can attain an allocation that is Pareto improving ex-post (i.e. conditional on both
values of o), and hence also ex-ante.

Under 7, the planner can improve ex-post upon the m-equilibrium by assigning
to each agent the sum of his 7-equilibrium and 7-equilibrium portfolios, for both
values of 0. He is thus able to exploit the Blackwell effect (in this case, insuring the
B-shock) just as competitive markets can under 7, while also insuring the a-shock
to the extent that competitive markets can under w. Under #’, the competitive
equilibrium is itself an ex-post (not just ex-ante) Pareto improvement relative to the
m-equilibrium. Clearly the #’-equilibrium allocation is feasible for the planner as well
(though he cannot improve upon it since it is ex-post efficient).

14The first-best allocation in which both agents have a riskless consumption of @ is a feasible
allocation under both # and #’, and is an ex-ante Pareto improvement relative to the m-equilibrium.
However, it is not in general an ex-post Pareto improvement. The ex-post expected utility of both
agents at this allocation is U for both values of . One can verify that, under #, the expected
utility of agent 1 conditional on o9 is higher than U, for sufficiently small 3. Similarly, under #’,
the expected utility of agent 1 conditional on o; is higher than U, for § sufficiently small relative

to 3.

12



To summarize, when markets are incomplete, the release of information expands
the set of achievable utility levels via the Blackwell effect. The planner can take
advantage of this and so can competitive markets. At the same time, the release of
information can impair risk sharing due to the Hirshleifer effect, by precluding the
sharing of risks that have already been resolved. The planner is not subject to this
effect since the initial equilibrium allocation remains feasible even after the arrival
of information. The example suggests that while equilibrium welfare effects can go
in either direction, depending on the nature of the information being released, the
planner can achieve an ex-post (hence also ex-ante) Pareto improvement for any
increase in information.

In the remainder of the paper we extend the analysis to a general economy wherein
we consider the effects of arbitrary changes in information. In the case of non-
ordered information structures, welfare changes cannot be interpreted in terms of the
Blackwell and Hirshleifer effects. Nevertheless, there is a sense in which the findings
of the example remain valid. In Theorem 1 we establish that, for any change in
information, an ex-post welfare improvement can generically be attained by tailoring
agents’ portfolios to the new information structure. An additional welfare effect arises
in equilibrium because of the adjustment in asset prices induced by the change in
information; we show in Theorem 2 that this may have a positive or negative effect
on welfare. More precisely we show that, for a generic economy, there is a change in
information that makes all agents (ex-ante) better off as well as a change that makes
all agents worse off. Identifying the set of information changes that lead to a welfare
improvement (or worsening) is not possible, however, at the level of generality of this
result; clearly such a characterization can be obtained only under strong restrictions
on the environment as in the example. We combine Theorems 1 and 2 in Corollary 1
to argue that the conclusions drawn from the example, summarized at the end of the
previous paragraph, have generic validity, i.e. competitive markets typically do not
respond to changes in information in a way that is welfare-improving even though it
is feasible to do so.

4 Attainable Changes in Welfare

In this section we consider allocations attainable by a hypothetical planner who
is subject to the same asset market and informational constraints as agents. We
say that an allocation (¢g,9) = {éga,ﬁg}heH’gez is feasible if >, ¢h = >, wl and
Yo,k =0,foraloeX.

Note that a feasible allocation is defined as an allocation contingent on o, and
is therefore trivially measurable with respect to the information available to agents.
Moreover, since all signals have the same set of possible realizations ., allocations
that are measurable with respect to 7 are the same as those that are measurable
with respect to m. Thus a change in information does not affect the set of feasible
allocations. However, it does affect the set of attainable utility levels: the value to

13



an agent of making his consumption conditional on ¢ depends on the information
conveyed by it. For example, if 7 is uninformative and 7 induces a partition over .S,
under 7 nothing is gained by (nontrivially) conditioning on ¢, but under 7 this is
typically not true for values of ¢ associated with distinct cells of the partition. Even
if 7 does not induce a partition, it is in general beneficial to condition on ¢ as long
as the conditional distribution over S varies with o.

Given a m-equilibrium, if no welfare improvement is feasible under the new infor-
mation structure 7, i.e. when agents evaluate consumption using the beliefs deter-
mined by 7, we say that the m-equilibrium is 7-efficient. As in the example in the
previous section, this gives rise to two welfare notions according to whether agents
evaluate allocations ex-ante or ex-post, i.e. before or after the observation of the
signal. Formally:

Definition 2 A 7w-equilibrium (y,p) is ex-ante 7-efficient if there does not exist a
feasible allocation (¢o,y) that ez-ante Pareto dominates the m-equilibrium allocation,
given the information structure m, i.e.

> o (wh[el,] + ol 4 ] — bl — o yh] = el 4 yl]) 20,

for all h € H, where at least one of these inequalities is strict.
Definition 3 A w-equilibrium (y,p) is ex-post w-efficient if there does not ezist a

feasible allocation (¢, ) that ex-post Pareto dominates the m-equilibrium allocation,
given the information structure w, i.e.

Zﬁw<u8 e, ] +u [wh + 7 - 92 — uf [wh — po - yl] — Ul [l + - yﬂ) >0,

for all h € H and o € X, where at least one of these inequalities is strict.

Notice that both the allocations (co,y) and (¢o,y) are evaluated at the same odds,
given by 7.1°

It is well-known (Diamond (1967)) that competitive equilibria of a two-period,
single-good economy with incomplete markets are (ex-post) constrained Pareto effi-
cient. Thus, in our terminology, m-equilibria are ex-post m-efficient. This condition
can be characterized in terms of the equality of agents’ marginal rates of substitution
between assets and period 0 consumption, for every o, i.e.

, Py P
D ek 4 K D DR P e R T

Mk i/

. - , Vh,ﬁEH;jEJ;JEE.
uf Wi = po - Y2 ug [wh — po - Y]

(3)

151t would not be sensible to evaluate (cg,y) at 7, and (ég,9) at #. Doing so can lead to the
possibility of a “Pareto improvement” with no change in the allocation (unless the allocation under
consideration is o-invariant for any given s).
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This means that, if there is no change in information, an ex-post welfare-improving
reallocation of portfolios cannot be found. In this sense, competitive markets make
efficient use of the available information. In contrast, we show that if markets are
incomplete m-equilibria are generically ex-post 7-inefficient, for every 7 € ﬂ(ﬂ') In
other words, while a competitive equilibrium makes efficient use of the available
information, a Pareto improvement can typically be achieved for any change in in-
formation.

We begin by verifying that incompleteness is necessary for this result. When
markets are complete (and the initial information structure has full support), at a
competitive equilibrium there are no further gains from trade, whatever the change
in agents’ information is. Hence no portfolio reallocation can be found that allows
an improvement in agents’ welfare.

Lemma 1 Suppose markets are complete and (7, 7) is an admissible pair of infor-
mation structures with m € 11I°. Then every m-equilibrium is ex-post T-efficient.

Proof :

If markets are complete and m € II° condition (3) for the m-efficiency of a -
equilibrium (y, p) is equivalent to the equality of agents’ marginal rates of intertem-
poral substitution for every o:

K[, \h o LT,k ok ]
uh/[wz + 7 yo}'L:| _ uu/[wf + yC\TJi| ’ Vh,h e H7 s € SW(O')7 oy (4)
ug [wf — po - yh] uf [wh — po - 2]

Since S;z(0) C Syr(0) = S for all o, condition (4), and hence also (3), must in fact hold
when 7 is replaced by 7. r?herefore, the m-equilibrium (y,p) is ex-post 7-efficient,
and this is true for all 7 € II(7). O

When markets are incomplete, condition (3) still holds at a m-equilibrium, but
does not imply (4). In fact for a generic economy competitive equilibria are Pareto
inefficient, so that (4) does not hold (this is a standard result; see, for example, Magill
and Quinzii (1996)). We now show that, in addition, a m-equilibrium is generically
ex-post 7-inefficient, i.e. condition (3) is violated when 7 is replaced by 7, indeed for
any 7 € II(7). Intuitively, when we change 7 to #, (3) continues to hold only under
restrictive conditions on agents’ marginal utilities for state-contingent consumption.
These conditions are not satisfied for a generic economy. We prove the result under
the assumption that the asset payoff matrix R is in general position, i.e. every J x J
submatrix of R is nonsingular.!®

Theorem 1 Suppose markets are incomplete and R is in general position. Suppose
further that (w,7) is an admissible pair of information structures such that at least
one element of the pair (7, 7) lies in TI°. Then there is a generic subset of € such
that every mw-equilibrium is ex-post T-inefficient.

16General position is a generic property of the set of S x J matrices, for S > J.
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Theorem 1 allows for arbitrary changes in information,'” including those that
entail an increase or decrease in the support of the information structure.!® In
particular, it implies that generically an increase in information generates additional
gains from trade, so that agents would trade again if asset markets were to reopen
after the increase in information. This idea is developed more fully in Gottardi and
Rahi (2012), which provides several extensions of Theorem 1 in the specific context
of retrading after the arrival of information. However, Theorem 1 suffices for our
present purpose, which is to contrast welfare changes in equilibrium to those that
can be achieved by a planner.

5 Equilibrium Changes in Welfare

We have shown that, for any m-equilibrium, and for any change in information from
7w to 7, generically there is a feasible allocation that is ex-post Pareto improving.
While this is no longer true if we restrict attention to feasible allocations that are
also m-equilibrium allocations, we show in this section that generically there exists
an information structure © and a corresponding 7-equilibrium such that all agents
are better off ex-ante. But there also exists a 7’ and a corresponding 7’-equilibrium
such that all agents are worse off. Indeed, the effect of a change in information on
equilibrium welfare can be in any direction. Unlike the welfare changes considered
in the previous section, the change in equilibrium welfare is attributable not only to
the effect of the change in information on the available gains from trade, but also to
the effect of this change on equilibrium asset prices. The proof of this result exploits
the general framework laid out in Citanna et al. (1998), and exposited more fully in
Villanacci et al. (2002), Chapter 15, to analyze the effect on equilibrium welfare of
perturbing a parameter of the economy.

Given a m-equilibrium (y,p), and a 7w-equilibrium (g, p), let W(g,p,7;y,p) be
the vector of differences in the ex-ante expected utilities of agents between the two
equilibria. This vector is given by

{Zﬁw(ug[wg—ﬁg-zjg] +uh[w2+7“s-?jg] —ug[wg—pa-yﬂ —uh[w§+rs-y2}>}

We consider local changes in (¢, p, 7) in a neighborhood of (y, p, 7). An ex-ante Pareto
improvement is attained in equilibrium if W (g, p, 7; y, p) is nonnegative and nonzero.
We show in fact that for a generic economy, for any vector in R, there exists a 7
and a corresponding equilibrium (g, p) such that the change in equilibrium welfare
given by W (y, p, 7;y, p) is equal to the specified vector. In other words, it is possible

1"The assumption that either 7 or # has full support is just a matter of convenience. The result
holds even if neither has full support, provided a2 and the market incompleteness condition apply
for the relevant subset of S.

18Notice that an ex-post Pareto improvement can typically be attained even if # resolves all the
uncertainty in the economy, since there is still room for intertemporal reallocation of consumption.
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to choose 7 in order to generate a local change in welfare in any direction. Our result
requires that markets be sufficiently incomplete, and that the heterogeneity of agents
not be too large.

Theorem 2 Suppose S > 2JH, J > H — 1, and R is in general position. Then,
for a generic subset of £, for any w-equilibrium (y,p), there exists a local change in
information di satisfying (7 + d7) € ﬂ(ﬂ'), and a corresponding local change in the
equilibrium (dy, dp), such that W (y + dy, p + dp, ™ + d7;y,p) is any desired nonzero
vector in RY.

We can now summarize the sense in which Theorems 1 and 2 generalize the
example in Section 3.

Corollary 1 Suppose S > 2JH, J > H—1, and R is in general position. Then, for
any (u, ) in a generic subset of UM x 11, there is a generic subset of 2 such that for
any m-equilibrium, there exist ©# and 7' in I(7) for which the following statements
hold:

1. There is a w-equilibrium at which all agents are worse off ex-ante.
ii. There is a 7' -equilibrium at which all agents are better off ex-ante.
iii. The m-equilibrium is ex-post 7-inefficient as well as ex-post 7' -inefficient.

The proof, which is in the Appendix, is not an immediate consequence of Theorems
1 and 2. For a given economy (w,u,7) in the generic subset for which Theorem 2
applies, statements (i) and (ii) of the corollary hold. However, the generic subset of
endowments for which statement (iii) holds, given by Theorem 1, may not contain
w. An additional argument is required to establish the result.

Corollary 1 tells us, in particular, that while there is (almost) always a change in
information that makes all agents worse off in equilibrium, for the same change in
information there is a feasible allocation at which all agents are better off (even ex-
post). Thus, while competitive markets make efficient use of the available information
(in the sense of being constrained efficient for a given information structure), they
typically do not deal with changes in information in a welfare-enhancing manner
even though it is feasible to do so.
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A Appendix

In our analysis we use the following shorthand notation for matrices. Given an index
set N with typical element n, and a collection {z,},enr of vectors or matrices, we
denote by diag,,cx[zn] the (block) diagonal matrix with typical entry z,, where n
varies across all elements of . For a given vector or matrix z, diag,c\[z] is then
the diagonal matrix with the term z repeated #N times. In similar fashion, we write
[... 2y .. .nen] to denote the row block with typical element z,, and analogously for
column blocks. We drop reference to the index set if it is obvious from the context:
for example diagy,.j; is shortened to diagy,, and [. .. 25 . . .seSss,] 1O [ .- 25 . . 525,]. We
use the same symbol 0 for the zero scalar and the zero matrix; in the latter case we
occasionally indicate the dimension in order to clarify the argument. We denote by
Iy the N x N identity matrix. A “x” stands for any term whose value is immaterial
to the analysis. We will sometimes need to order the set S (and similarly the sets ¥
and H) as {s1, S9, ...}, $1 being the first state, and so on.

We begin by providing a characterization of competitive equilibria. The first-
order conditions for the utility-maximization program (1) are:

Zﬂ'sa (uh/[w? + 7y y(}j] rg — ug/[u}g — Do - y(};] p0> =0, Vhe HyoeX. (5)

The tuple (y,p) is a competitive equilibrium if and only if it satisfies equations (2)
and (5). Let 17 := {74 }ses, and define

fa(ya,Pa,OJ,% Wa) = Z"Tsa <uh/ [W? + T y(ﬂ s — u(})l/[w(})Z — Do - y(ﬂ po> ) Vh € Ha

9o (Ys) == > Uh-

Then the equations that characterize a competitive equilibrium, (2) and (5), can be
written as

Eo (Yo, Py w0, U, ) 1= ( fo(Yos Poryw, u, ) ) =0, Yo €3, (6)
9o (Yo)
or more compactly as
f(y,p,w,u, m) )
F y D, W, U, T) 1= - 07 7
(v.p ) ( o) (7)

where f := {f,}sex, and g := {g,}sex. Here the endogenous variables are (y,p),
while (w, u, ) are parameters.'?

19For ease of notation, we will often drop parameters that remain fixed and play no role in
the argument at hand. For example, in the proof of Theorem 2, we write F(g,p,#) instead of
F(9,p,w,u, ).
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Suppose 7 € TI°. Consider the equilibrium system (6) for a given value of o.
These are JH + J equations, equal to the number of unknowns (y,p). The Jacobian
of this equation system can be written as follows:

— Dympafo Dwa'
DycrzpowaO' - < Dy(ﬁpago— 0

with
"
D, f, = diag, [ T Ul [w? +ry - yf;] Ts.. .S}

and
Dympagg: (]Jh O)

The matrix D, f, has full row rank since R has full column rank and the term
Toot" [ + 7 - Y] is nonzero, for all h,s,o. Clearly, D,, ,. g, has full row rank as
well (indeed, D, g, has full row rank). By a standard argument, for a generic subset
of endowments Qg,, the number of equilibria conditional on o (zeros of F,) is finite,
and positive. Hence, for endowments in the generic subset Qr := Nyex Qr,, the
number of equilibria (zeros of F') is finite as well.

Since we exploit the transversality theorem repeatedly in the proofs below, it is
useful to summarize the argument at the outset. Consider a function ¥ : R* x £ — R™,
m > n. For e € &, let ¥, be the function (-, e). The argument involves identifying
such a function ¥, such that the desired result can be formulated as ¥_'(0) = &, for
every e in a generic subset of £. We show that the Jacobian D, V¥ has full row rank
at all zeros (z,e) of W, i.e. W is transverse to zero. By the transversality theorem,
there is then a dense subset & of £ such that for each e € £, U, : R* — R™ |
transverse to zero. It follows that ¥;1(0) = &. In other words, the equation system
U, (z) = 0 has no solution since the number of (locally) independent equations m
exceeds the number of unknowns n. A standard argument (see, for example, Citanna
et al. (1998)) establishes that the set & is open, and hence a generic subset of £.

n! h
In order to economize on notation, we use the shorthand uOJ = uo [wo Do - ya] ,

h/ hl/

ul! = [wh + 7, - y"], and similarly for the second derivatives, ul” and u)
Proof of Theorem 1:

A m-equilibrium (y, p) is ex-post 7-efficient if and only if the marginal rates of sub-
stitution between assets and period 0 consumption, evaluated at 7, are equal across

agents, for every o, i.e. condition (3) holds with 7 replaced by 7. Letting

y ul
1o (Yo, o) = 5 .
uOJ
we can rewrite this condition as follows:
Zwsg( Wb Qg)rgzo, Vi h e H:jeJ oey. (8)
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Fix a o for which {74, }ses is not proportional to {my, }ses. We will show that a
Pareto improvement can be achieved conditional on every o with this property.

We assume that 7 € I1° in the following argument, outlining in the last paragraph
of the proof how it extends to the case where m does not have full support. Let

R = <diags 7o) R diags[ﬂsg]R>
We claim that rank(R*) > J 4 1. If Sz(0) = 5, this is immediate from the following

result in Geanakoplos and Mas-Colell (1989) (Step 4, page 31):

FAcT Suppose markets are incomplete, and R is in general position. Consider
nonzero scalars 65,0%, s € S, such that {0s}scs is not proportional to {0.}scs. Then,
diag 0] R and diag,[0.|R do not have the same column span.

On the other hand, if S;(c) € S, R* is row-equivalent to

R* - diagsesfr(g) [ﬁ—sg] I’y | diagsESﬁ(U) [77-50] Ry
0 | diag8$5ﬁ—(0) [77'50] Ry

)

where R; consists of the rows of R corresponding to the states in S; (o), while Ry
consists of the remaining rows. If we delete the rows of R* corresponding to the
redundant rows of its upper left block, and also delete the rows corresponding to the
redundant rows of its lower right block, we are left with a block-triangular matrix
whose diagonal blocks have full row rank, and hence whose rank is equal to the
sum of the ranks of the diagonal blocks. It follows that for the full matrix R,
rank(R*) > rank(R;) + rank(Rs), which is at least J + 1 due to the general position
of R. Consequently, rank(R*) = rank(R*) > J + 1.

Let 7 € R be the payoff of asset j. Since rank(R*) > J + 1, we can pick j such
that diag,[7s,| 7 lies outside the column span of diag,[ms,] R, and hence the matrix

...ﬁsgrg...s
(mere) o
has full row rank J -+ 1.

We will show that, for a generic subset of €2, there is no solution to the equation
System

Fy (Yo, Poy w3 T°)
\Ill(y(”po_,w;ﬂ'U?'ﬁﬁ) = ( = 07

~ hi' hiha, ko \,.j
Zs Tso (usé - /1,01 2us§>rg

i.e. the ex-post 7-efficiency condition (8) is violated. The Jacobian of W, is

. h//
* | diag), [ C Tso e Ts .S]
Dyavpaawl:[jl = ‘Dyaapagg | 0
~ h 1/
* | [...ﬂsousg rg...s} *

20



which is row-equivalent to

* ‘ e U hl rg ceg ‘ *

* ‘ T W e L ‘ 0

* ‘ 0 ‘ dla’gh;éhl [ Tso uh//rs s]
ya "Po Yo ‘ O ‘ O

This matrix is in turn column-equivalent to

§ ‘ . ‘ R O &

e Mg Ts e v g
* ’ diagy, p,, [  Tso u?!rs . .s] ‘ 0
Dy, 90 | 0 | 0

(10)

This is a block-triangular matrix. The top right block is the same as (9) which has
full row rank. The other two diagonal blocks of (10) have full row rank as well, by
the properties of m-equilibria established at the beginning of the Appendix. Hence
the matrix (10) has full row rank.

We have shown that the Jacobian D, , .¥; has full row rank, at every zero of
U,. Thus ¥, is transverse to zero, and W;}(0) = @, for every w in a generic subset
of €.

In this proof we assumed that = € II°. If not, then # € II°, due to the as-
sumption in the theorem that at least one of these information structures has full
support. Then rank(R*) > J+ 1 by the same argument as above, swapping the roles
of m and 7. Dropping any assets that are redundant with respect to the states in
Sr(0), let 7, and p, be the portfolios and prices of the remaining assets. The above
argument shows that, for a generic subset of €2, there is no solution to the equation
system Wy (Y,, po, w; 7%, 77) = 0. In particular, Dy_; .F, has full row rank, and
consequently so does Dy, 5, V1. This establishes the result. O

Proof of Theorem 2:
We fix an economy e = (w,u,m) € Q x UH x TI°, and consider a m-equilibrium (y, p).
Thus F(y,p,m) = 0. We consider (¢,p,7) in a neighborhood of (y,p, ) such that
(g,p) is a w-equilibrium, i.e. F(y,p,7) = 0.
Let
W (g, p, 73y, p)
(g,p, Ty, p, ) 1= F(g,p, 7

)
{20 For =T} s

Notice that ®(y,p, m;y,p,m) = 0. As we vary (¢, p, 7) in a neighborhood of (y, p, 7)
we move locally along the equilibrium manifold. The theorem is established by show-
ing that the Jacobian of ® with respect to (7, p, 7) has full row rank at (g,p,7) =
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(y,p,m), i.e. Dyy#P®(y,p,m;y,p,m) has full row rank. This full rank property im-
plies that there is a local change (dy, dp, d7) such that d®(y, p, m;y,p, ) is any de-
sired vector. In particular, (dy,dp,dw) can be chosen so that dW (y,p,m;y,p) :=
W (y +dj,p+ dp, 7+ dit;y,p) is any desired nonzero vector in R¥ dF(y,p,7) :=
F(y+dy,p+dp,m+dr) =0, and > __d7ns =0 for all s € S. The condition dFF =0
ensures that (y + dy,p + dp) is a (7 + d7)-equilibrium. The condition ) _das, =0
implies that (7 + d#) satisfies condition al in the definition of the set II(r). Con-
dition a2 in this definition must also be satisfied, for otherwise there is no change
in the equilibrium allocation and consequently no change in welfare. Therefore,
(m +dr) € H(n).
The matrix Dy ;+®(y, p, 7y, p, ™) is given by

0 .= Wgug;ygT o 0
h
* * diag, | ... ( g;rs — ug(/,pa) s
h
diag,[... Iy ...n] | 0 | 0
0 | 0 | s,

The top left block is zero because of the first-order condition (5). This matrix is
row /column-equivalent to

. ug;ygT. o | 0 ' 0
h (11)
0 | diag,[...1;....) | 0
* | * | Q)
where
ding, | oo (ullr—ullps) .o
Qy) = ' (12)
‘h
s o,

Later in the Appendix we show that, for every competitive equilibrium of a generic
economy, under the dimensionality restrictions in the statement of the theorem, the
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portfolios and marginal utilities of agents satisfy the following conditions:

C1. The vectors {2}, cpr i, are linearly independent, for all A, heHandoeX.

C2. The vectors (...ulY ...,) and (...u? ...,) are not collinear.?!
C3. Q(y) has full row rank.

Each of these conditions holds for a different generic subset of £ (see Lemmas A.1, A.3
and A.5). In the remainder of the proof, we assume that the economy e considered
in the foregoing analysis is in the intersection of these three generic subsets. Thus
e is a generic economy for which conditions C1, C2 and C3 hold. We will prove
that, for such an economy, (11) has full row rank, and hence so does the Jacobian
Dy 7P7T(I)<y b, 7Y, D, T )

Since (11) is a block-triangular matrix, it suffices to show full row rank of the
three diagonal blocks. The middle block clearly has full row rank. The bottom right
block @(y) has full row rank due to C3.

It remains to show that the top left block of (11) has full row rank. The last
H — 1 rows of this block are linearly independent by condition C1. We claim that
the first row is not in the span of the last H — 1 rows. Suppose not. Then the first
row |.. .uoc,/y(7 . .o] can be written as a unique linear combination of the remaining

rows {[.. ug;ygT. o) thaths, 1.€. there exist unique coefficients {y"} ., such that

ul
h1—27 f?",ya, Yo € X.
hhy Upg

By the market-clearing condition, this linear combination must in fact be y™ =

> L y" for all o. Tt follows that the ratio ug},/ / ugf,/ is o-invariant, violating con-
dition C2. O

In the remainder of the Appendix we establish conditions C1, C2 and C3, that
were used in the proof of Theorem 2, for a generic subset of £, and provide a proof
of Corollary 1.

Lemma A.1 Suppose J > H — 1 and m € II°. Then, for a generic subset Qy of €,
condition C1 1is satisfied at any w-equilibrium.

20The upper bound on the number of agents relative to the number of assets, J > H — 1, is
clearly necessary for condition C1, which in turn is used in the proofs of conditions C2 and C3. In
addition, C2 and C3 rely on a property that agents’ marginal utilities for assets vary sufficiently
with respect to 7, across both s and o (see Lemma A.2); a lower bound on the number of states,
S > J(H+1)+1, is needed to establish this property. Finally, the proof of condition C3 requires
a tighter lower bound on S, given by S > 2JH.

2IThe choice of agents hq and hs is just a matter of convenience.

22Notice that, in order to establish the full rank property of D®, we do not apply a transversality
argument to the map ®, i.e. we do not perturb parameters of ®. Instead, we use transversality to
show the generic validity of conditions C1, C2 and C3.
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Proof :
Without loss of generality we can take h = hy. Consider the equation system

Eo (Yo, poy W)
qj?(ydupoww%w) = ["'yg"'h¢h1]¢2 :07
T
o o — 1

where v, € R¥~1, with typical element vy, h € H, h # h;. Thus we have appended
J + 1 equations and H — 1 unknowns to the equilibrium system F, = 0. Under the
dimensionality condition J > H — 1, the number of equations exceeds the number of
unknowns, for given w. We will show that, for a generic subset of endowments, this
system has no solution, and hence the vectors {y/},., are linearly independent at
any equilibrium.

The Jacobian of W, is

Dy, f5 | Dy fo | 0 | Dufs
Y S o0 | 0o | o0
D WUy =
Yoo V2, ? 0 [ .. wzhfj .. .h;ﬁhl] ‘ 0 | *x | 0
0 0 | 20 | 0 7
which is column-equivalent to
0 | x | D.fs
I
§ J { Iy . hth 0 0
0 | .o tbondy .. nmy
2y | 0 0

This is a block-triangular matrix. At any zero of Wy, 15 # 0 (since 14 1 = 1), and
hence the bottom left and middle blocks have full row rank. Furthermore, D, f, also
has full row rank. It follows that the Jacobian D, ,_ 4, . V2 has full row rank, at every
zero of Uy, Thus Uy is transverse to zero, and W5 (0) = @ for all w € Qy,, a generic
subset of €). The set €2y in the statement of the lemma is given by Qy := N,ex Oy,
O

In order to establish conditions C2 and C3, we will need to independently perturb
the marginal utilities of agents for different signal realizations o. This cannot be
achieved via endowment perturbations, since endowments do not vary with respect to
o. Instead, we perturb the information structure 7. More precisely, at any 7 € I1°, we
consider derivatives with respect to the probabilities over S for two signal realizations
o1 and 09, i.e. with respect to ' := {7y, }ses and 72 := {74, }scs, along directions
that leave m,, and m,, unchanged. In particular this ensures that the perturbed
probabilities remain in IT°.

24



We denote by 7,, the value of 7,, that remains fixed in such a perturbation (with
derivatives being evaluated at 7, this value is equal to ) 7). As a first step we
show in Lemma A.2 below that, for a generic subset of endowments, the Jacobian of

Jor Yors Doy, T w)

Mgy — T,
Z p Do, T, T2 W) 1= 25 Moo ~ Mo
(yal y Mo ydg sy Moo 9 9 ) fg2 <y02 ’ pag 7 7.[.2’ (.U)

Zs Msog — ﬁ02

with respect to ! and 72 has full row rank at any equilibrium. Lemma A.2 is invoked
in all the lemmas that follow.?

Lemma A.2 Suppose S > J(H + 1)+ 1, and R is in general position. Let w € 1
be an information structure with ) ey, = Ty, © = 1,2. Then, for a generic subset
Qz of Q, at any m-equilibrium, Dy 27 has full row rank.

Proof :
For 0 = 01, 09, we have

fcr = Zﬂsauh/[wg"i_rs y[l;] Ts _ﬁaug/[wg — Do Z/Z} Do, h € H.

Therefore,
| UlgTs s
le,ﬂzZ = dlagae{m,@} :
‘h
B

Let

Ly=1 ... uif;rs e s<JHA+1

h

and 17 := (1 1...1)1x@m11).- We claim that, for a generic subset of €, at a 7-

equilibrium, the square matrix

v Fo’
T, = i

has full rank, i.e. for ¢35 € R+ there is no solution to

23The assumptions in the statement of Lemma A.2 are implied by those in the statements of
Lemmas A.3, A.4 and A.5.
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Fo(Yor Poryw)
Fcr (ym Do w) ¢3

\P3(yaapa7¢37w) = 1Tw3 = 0.
Uy ths — 1
The Jacobian, D, 5 ;. Vs, is Tow-equivalent to
| ()
o ¥3
17 (13)
0 0
i |

Dy, .90 | 0 | 0

We wish to show that this matrix has full row rank at any zero of W5. As we have
seen already, D, ,, g, has full row rank. Also, 13 is orthogonal to 1 and nonzero
(since v5 13 = 1). Hence, due to the block-triangular structure of (13), it suffices to
show that the upper right block, given by

f diag, [ .. ey us(/,/ Ts s]
Dw ( ’ ) = . "
Lo s diag, [( g ul .SSJH+1) ... 0)}
has full row rank. This matrix is row-equivalent to a block-diagonal matrix, with
blocks indexed by h. The h’th block is

)

h! n!
e Tgg Ugy Ts -+ o s<JH+1 ‘ e Mg Ugy Ts o v os>JH+1 4
(14)
o 3 Uy Ts o s<TH A1 ‘ 0

This matrix is block-triangular as well, and its upper right block has full row rank
since it has at least J columns and R is in general position. It remains to show
that the lower left block of (14) has full row rank. Let S be the subset of states
for which 13, # 0. This is a nonempty subset at any zero of ¥3.2* Then we have
Y scs ¢3sui‘;rs = 0. Since R is in general position, and u?clr is nonzero for all s, we
must have #S > J 4 1. Full row rank of the lower left block of (14) now follows
from the general position of R.

We have shown that the Jacobian Dy, , 4, Vs has full row rank, at every zero
of W3. Thus U3 is transverse to zero, and U5 (0) = @ for all w € Qy,, a generic
subset of €). This establishes that fo has full row rank. It follows that D1 .22 has
full row rank for the generic subset of endowments €2y :=Qz,, N Qy,,. O

Lemma A.3 Suppose S > J(H +1)+1, J> H —1, and R is in general position.
Then, for a generic subset of Q x 11, condition C2 is satisfied at any equilibrium.

248 may depend on the zero of U3 we are considering, but this does not affect our argument.
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Proof :

Let m € II°. We restrict endowments to lie in the generic subset Qy N Qy of Q for
which condition C1 holds and D1 .27 has full row rank (see Lemmas A.1 and A.2),
and show that, for a generic subset of II, and hence of II, there is no solution to

Fo,(Yous Doy, )
Foy(Yoss Py T°)
\I/4(y017p017yogapozaﬂ'laﬂ—z) = Zs Tso1 — Moy = 0.
Zs Msgy — ﬁ02

hi!  hof hi  ho
anlang_ uOo’zan‘l

The Jacobian, D 1 2Wy, is row/column-equivalent to

Yo15,Poy:Yog,Pog T

* | Dy 2 Z
Dy01 901 O ( 1 5)
0 Dych 90'2 O O
h' ko hi  ho
* * Dpal s Pog |:u00'1u00'2 - U00_2u00.1
Furthermore,
hll hgl hll h2/ - hll h2// h2 h1” th hl
Dpol [u001u002 - uOo‘ganl - U’chguOUl yal - u00'1 u00'2 yo’1 )

which is nonzero since y* is not collinear with y”2 by condition C1. Since D,_g, has
full row rank for all o, it follows that the lower left block of (15) has full row rank.
Since D1 5272 also has full row rank, the Jacobian Dy, 5, 4. p,, 122 V4 has full row

rank. Thus W, is transverse to zero, and W,}(0) = & for all 7 in a generic subset of
. o

In order to establish condition C3, we will employ finite-dimensional perturba-
tions of agents’ period 1 utility functions. This procedure requires the following
result.

Lemma A.4 Suppose S > J(H + 1)+ 1, and R is in general position. Then, for a
generic subset Qo x Mo of Qx1IL, at any equilibrium, c&y # b for all (5,6) # (3,5),
and for all h € H.

Proof :

Consider first the case where § # § and ¢ = . Without loss of generality, we can
take § = s; and § = s, and prove the result for the first agent, h;, for a given 0. We
will show that, for a generic subset of €2, there is no solution to

Fo (Yo, Doy w
\115(y07p07w> = ( h(1y b hi ) ) = 0.

Cslo S0
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The Jacobian, D, , .¥s, is row-equivalent to

fo
S10 S0

Dy, p. 9o | 0

and

. "
fs diagy,[. .. T ul vy ...
e < e —ch - (16)
sic ~ Cszo 1 =1 Ok | 0 )

Note that the zero block in the lower right of (16) corresponds to all agents other
than h;. The matrix (16) is row-equivalent to

Tsio u?llg Ts, Tsyo u?;g oy [ Moo W'y o]
0
1 —1 0
. h!
0 | diagyp, [ - Teo Ul s ] .

(17)
The lower right submatrix of (17) has full row rank since R has full column rank.
The (1, 3) block of the upper left submatrix of (17) also has full row rank due to the
general position of R (note that the assumed dimensionality condition implies that
S > J+2). Consequently, the whole matrix (17) has full row rank, and hence so does
(16). Furthermore, due to the full row rank of D, ,_ g,, the Jacobian D,_, Vs has
full row rank as well. Thus U is transverse to 0, and V5! (0) = @ for all w € Qy,, a
generic subset of . Let 1 := Nyex Q0.

Now consider the case where ¢ # &, while § may or may not be equal to s.
Without loss of generality, we can take 6 = 01, & = 09, and § = s1, and prove the
result for the first agent, h;. Let m € II°. We restrict endowments to the generic
subset Q for which D1 27 has full row rank (see Lemma A.2), and show that, for
a generic subset of II°, and hence of II, there is no solution to

Fo,(Yous Doy, ")
Foy(Yoss Py T°)
\Ijﬁ(yalapany027p02777177r2) = Zs Mooy — Moy = 0.
Zs Msoy — ﬁdz

h1
6810'1 C,§0’2
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The Jacobian, Dy, ,,. yo, pey.m.m Ve, 1S TOW-equivalent to

* ’ Dy 2 Z

h
e Yor 0

0 i Dyag yPog gO’Z

Since Dy1 .27 has full row rank, it suffices to show that the lower left block of the
above matrix has full row rank. This block is itself block-triangular, and Dy, »,. 9o,
has full row rank. The other diagonal term, given by

Dy, , (021101): re | Ouam—ny | O
o1-Poy o4 I; | ...[J...h¢h1 | 0 7

also has full row rank since rg, is nonzero by the general position of R.

It follows that the Jacobian Dy, . 4. p,, =1 «2We has full row rank, at every zero
of Wg. Thus Ug is transverse to zero, and Wy '(0) = @ for all 7 € Il¢, a generic
subset of II°. The set Q¢ in the statement of the lemma is given by Q¢ 1= Q; N Q.
O

The space of utility functions U is infinite-dimensional. For the genericity ar-
guments that we use in order to establish condition C3, it suffices to consider a
finite-dimensional submanifold of ¢/. This submanifold consists of linear pertur-
bations of the von Neumann-Morgenstern utility index u" of each agent h in the
neighborhood of consumption in each state (s, o), for a given equilibrium. This is a
standard construction (see, for example, Citanna et al. (1998)).%

Consider an economy (w, @, %) € Q¢ x U x T, and a corresponding equilibrium
with period 1 consumption allocation {¢" }rem sesoex. By Lemma A.4, the consump-
tion level of agent h, ¢ | is distinct across (s,0), for all h. Therefore, we can find
open intervals B!, Bh such that ¢ € B" C B! C R,., where the intervals B"
are disjoint across (s, U) Define 62 “functions pl R, — [0,1] such that pl =1
on B! and psg = 0 on the complement of B" 2° Now consider the class of utility
functions u" parametrized by v € R5*:

ul(c, V") = u +pr h(c—éb).

It can be verified that, for " sufﬁc1ent1y small in norm, u" € U. We have

uh,(c v c) + Z psg Vi (c—él )+ Z ph () vl

25Unlike Citanna et al. (1998), we perturb the gradient of the utility functions instead of their
Hessian. Also, we have state-independent separable utility so additional care has to be exercised in
perturbing utilities in different states.

26The existence of such a “bump” function is well-known. See Guillemin and Pollack (1974),
chapter 1.
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so that

S0

Dy (e ) =1. (18)

Let v, := {V" }remses, and v := {1, },ex. In order to show that condition C3 holds,
we will perturb agents’ period 1 utility functions via perturbations of v.

Lemma A.5 Suppose S > 2JH, J > H — 1, and R is in general position. Then,
for a generic subset of £, condition C3 is satisfied at any equilibrium.

Proof :
Let A, be the JH x S matrix defined by

— h! h!
Ao =1 ... (usars - u00p0> s

‘h

v ()

has full row rank, for all & # . Without loss of generality we can take & = o and
& = 0. Let A be the (square) submatrix of A consisting of the first 2JH columns
of A. Let ¢, € R*H_ We will show that, for a generic subset of U¥ x II, there is no
solution to

We first establish that

Fal(ya1>p017V0177Tl)
FU2(y027p027V0277T2>
1 AN Z Tso _ﬁa
\117(y017pa17y027p027¢77V017V0'277T , T ) = ZZ Trso‘; _ﬁo_: = O
A(yal yPo1s Yooy Poas Vors V@W?
Yy — 1

We restrict ourselves to the generic subset of endowments and information structures
(Qr N Qc) x ¢ for which Lemma A.4 applies, so that we can parametrize agents’
period 1 utility functions by the vector v, and for which the number of equilibria is
finite. Recall that Q¢ is a subset of Qy, for which D1 ,2Z has full row rank (see
Lemma A.2).

The Jacobian, D x2W7, is row-equivalent to

Yo1+Poy,Yog,Pog 71/)711’01 Voo it

* } * | Dﬂ.17ﬂ.2 Z
* } DVf’l’”Uz <Aw7> | 0
Dy poGor O 0 (19)
0 Dy(,2 oy Jora 0 0 0
0 0 by
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We wish to show that this matrix has full row rank at any zero of ¥7. Since D1 27,
Dy, p, 90 and Dy, . g, have full row rank, and 7 # 0, it suffices to show that
the middle block of (19) has full row rank. Using (18), we see that this block is
block-diagonal with respect to h € H and o € {o1,0,}, with typical diagonal term
given by [...¢s7s .. .s<osm]. This diagonal term has full row rank by the same
argument that we used for the bottom left block of (14). It follows that the Jacobian
Yo Doy org D oy ey mtm2 7 has full row rank, at every zero of Wr7. Thus U7 is
transverse to zero, and -1 (0) = & for all (u, ) in a generic subset of U x Il¢.
Now that we have established that A has full row rank, consider the matrix @),

defined in (12). We have
diag, [A,]
Q - (
U R

The upper submatrix of () has full row rank due to the full row rank of A, and clearly
the lower submatrix of () has full row rank as well. If () does not have full row rank,
there exist vectors a, € R’ o € ¥, and b € R®, not all of which are zero, such that
al Ay +b =0, for all . Moreover, since A, has full row rank, b # 0. It follows that
the row spaces of {A,},cx have a nontrivial intersection. But this contradicts the
full row rank property of A.

The utility perturbations in this proof apply only to the particular equilibrium
under consideration. However, we can repeat the same construction for each equi-
librium, and take the intersection of the generic subsets for which the Jacobian of
U, has full row rank. This intersection is itself a generic subset since the number of
equilibria is finite (recall that endowments are restricted to Qg). O

Proof of Corollary 1:

Let £* be the generic subset of economies for which Theorem 2 applies. An inspection
of the proofs of Lemmas A.1-A.5 reveals that £* can be written as Q* x ©, where
Q) is a generic subset of 2, and © is a generic subset of U* x II (in particular, we
do not perturb endowments jointly with either utilities or probabilities in any of the
transversality arguments in these proofs). Moreover, Q* is a subset of Qp, the set of
regular economies (this condition was imposed in the proof of Lemma A.5).

Fix a (u,m) in O, and consider an w* in Q*. Since the economy (w* u, ) is
regular, it has a finite number of equilibria, which we index by ¢ = 1,...,n. By
Theorem 2, for the i’th m-equilibrium, there exist 7; and 7 in f[(w), such that
W < 0 at a T;-equilibrium and W > 0 at a #;-equilibrium (the information struc-
tures 7; and 7, are in a neighborhood of 7, and the corresponding equilibria are
in a neighborhood of the i’th m-equilibrium). Using the regularity of (w* u,7)
once again, there exists ¢; > 0, such that the preceding statement applies for all
w € B, (w*) :={w € Q* s.t. |w—w*| < ¢}, for the same choice of #; and 7.

By Theorem 1, there is a generic subset Q; of Q such that every m-equilibrium
is ex-post 7;-inefficient, and a generic subset Q; of Q such that every m-equilibrium
is ex-post 7;-inefficient. Therefore, statements (i)—(iii) of the corollary apply for all
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w € Oye 1= M, [Be,(w*) N Q; N Y. Indeed, they apply for all w € Q 1= Uyreqr O,
We claim that  is a generic subset of 2. Let € := min,; ¢;. Then, clearly, the set
O, is an open, dense subset of B.(w*). The set €, being the union of these open
subsets of Q*, is itself an open subset of Q*. Moreover, € is dense in ¥, since for all
w* € ¥, there is a corresponding set O, the closure of which contains w*. Thus

is a generic subset of {2*, and hence also of 2. O
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