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Abstract

In this paper, we develop the dressing method to study the exact solutions for the vector sine-
Gordon equation. The explicit formulas for one kink and one breather are derived. The method
can be used to construct multi-soliton solutions. Two soliton interactions are also studied. The
formulas for position shift of the kink and position and phase shifts of the breather are given.
These quantities only depend on the pole positions of the dressing matrices.

1 Introduction

This paper is devoted to the study of an O(n)-invariant generalisation of the sine-Gordon equation

B

where the dependent variable @ = (a!,---,a™)T is n-dimensional real vector field and 3 € R. Here

and in what follows the upper index 1" denotes the transpose of a vector or a matrix. We use the
notation (-, -) for the Euclidean dot product of two vectors.

Equation (1) was first appeared in [1] viewed as a reduction of the two-dimensional O(n)
nonlinear o-model [2]. Its integrability properties were further studied afterwards. The Lax pairs
was given in [3] and its Lagrangian formulation in [4]. Later, this equation reappeared in the study
of connection between finite dimensional geometry, infinite dimensional geometry and integrable
systems [5]. It was derived as the inverse flow of the vector modified Korteweg-de Vries equation

D, (“) —a (@) =1, (1)

> 3, "
Ur = Uggg + *<uau>u$7 U=

2

Ay
ﬂ )
whose Hamiltonian, symplectic and hereditary recursion operators were naturally derived using
the structure equation for the evolution of a curve embedded in an n-dimensional Riemannian
manifold with constant curvature [6]. These have been recently re-derived in [7]. Besides, a partial
classification of vector sine-Gordon equations using symmetry tests was done in [8].

Equation (1) is a higher-dimensional generalisation of the well-known scalar sine-Gordon equa-
tion

(2)

0.+ = sinf. (3)
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Indeed, it can be obtained by taking the dimension n = 1 and letting 3 = cosf and o' = sin6.
The scalar sine-Gordon equation originates in differential geometry and has profound applications
in physics and in life sciences (see recent review [9]). Vector generalisations of integrable equations
have proved to be useful in applications [10]. They can be associated with symmetric spaces [11].

The rational dressing method was originally proposed in [2, 12] and developed in [13]. This
method enables one to construct multi-soliton solutions and analyse soliton interactions in detail
using basic knowledge of Linear Algebra. In this paper, we develop the dressing method for the
vector sine-Gordon equation (1) and show that similar to the scalar sine-Gordon equation (3) there
are two distinct types of solitons, namely kinks and breathers. One kink solution is a stationary
wave propagating with a constant velocity. We show that a kink solution of the vector sine-Gordon
equation can be obtained from a kink solution of (3) by setting & = asinf, 3 = cos@, where a is
a constant unit length vector in R™. A general two kink solution of (1) cannot be obtained from
solutions of (3), but it can be seen as a two kink solution of a vector sine-Gordon equation (1) with
n = 2. One breather solution is a localised and periodically oscillating wave moving with a constant
velocity. One breather solution of the general O(n) invariant equation (1) can be obtained from
a breather solution of (1) with n = 2 by an appropriate O(n) rotation. Two breathers solution
can be obtained from the corresponding solution of (1) with n = 4, etc. Surprisingly, the effects of
interaction, such as the displacement and a phase shift (for breathers) are exactly the same as in
the case of the scalar sine-Gordon equation (3) [14]. Such interaction properties are naturally valid
for the vector modified Korteweg-de Vries equation (2). The detailed study of soliton interactions
for (2) when n = 2 can be found in [15].

2 Dressing method for the vector sine-Gordon equation

In this section, we begin with the Lax representation of the vector sine-Gordon equation (1) given
in [5], which is invariant under the reduction group Zs x Zg X Zy. We then study the conditions
for the dressing matrix (assumed to be rational in spectral parameter) with the same symmetries.
The 1-soliton solutions of (1) correspond the dressing matrix with only simple poles belonging to
a single orbit of the reduction group. For one kink, it has two pure imaginary simple poles and for
one breather, it has four complex simple poles. Using the dressing method, we explicitly derive one
kink and one breather solutions starting with a trivial solution.

The vector sine-Gordon equation (1) is equivalent to the compatibility condition [5] [£, A] =0
for two linear problems

LU =0, AU=0, (4)
where
L=D,—M —-U and A=D;+ "'V, (5)
and
0o 1 of 0 0 o’ 0 B a
J=| -1 00" |, U=|0 0o -=at/g|,v=| -8 0 o |, (6)
0 0 0, 0 a,/p 0, —-a 0 0,

where 0 is n-dimensional zero column vector and 0,, is the n X n zero matrix. Without causing
confusion, we sometimes simply write 0 instead.



The Lax operators £ and A are invariant under the (reduction) group of automorphisms gen-
erated by the following three transformations: the first one is

L L) — —LT(N), (7)

where L£T()) is the adjoint operator defined by £f(\) = —D, — AJT — UT. The invariance under
this transformation implies the matrices J and U are skew-symmetric. The second one is

r: L) — LN, (8)

where £(\) means its complex conjugate. The invariance under this transformation reflects that
the entries of matrices U and V are real. The last one is called Cartan involution

s: L) = QL(-NQ, (9)

where @ = diag(—1,1,...,1), which leads to the reduction to the symmetric space.
These three commuting transformations satisfy

P=r?=s=id

and therefore generate the group Zo X Zo X Zo. Indeed, the operator A is also invariant under it,
that is,
L(AR) = AQ),  r(AN) = AR),  s(AQ) = A(N). (10)

Thus we say the Lax representation of (1) is invariant under the reduction group [13, 16, 17]
ZQ X ZQ X ZQ.

In what follows, we use the method of rational dressing [2, 12, 13] to construct new exact
solutions of (1) starting from an exact solution @y, [p. Let us denote by Up, Vp the matrices U, V'
in which @, [ are replaced by the exact solution @y, By of (1). The corresponding overdetermined
linear system

LoWo = (Dy — A\ — Up) ¥y =0 AW = (Dy + X110 =0 (11)

has a fundamental solution Wy(\,x,t) invariant under transformations (7)—(9). Following [2, 12]
we shall assume that the fundamental solution W(\, z,t) for the new (“dressed”) linear problems

LY =Dy~ N -U)T =0 AV = (D;+\"'V)T =0 (12)
is of the form
U =d(\)Ty, detd #0, (13)

where the dressing matrix ®()\) is assumed to be rational in the spectral parameter A and to be
invariant with respect to symmetries

o) =T, BN =2(N),  QI(-N)Q =N (14)

Conditions (14) guarantee that the corresponding Lax operators £ and A are invariant with respect
to transformations (7)—(9).



It follows from (11), (12) and (13) that

B(Dy — N —Up)® ' = -\J - U; (15)
O(Dy + A" p)e Tt = ATV (16)

These equations enable us to specify the form of the dressing matrix ¢ and construct the corre-
sponding “dressed” solution &, /3 of the vector sine-Gordon equation (1).

Let us consider the most trivial case when the dressing matrix ® does not depend on the spectral
parameter A. In this case the dressing results in a point transformation (O(n) rotation) of the initial
solution aj.

Proposition 1. Assume that ® is a \ independent dressing matriz for the vector sine-Gordon
equation (1). If it is invariant with respect to symmetries (14), then

1 0 of
o=+ 0 1 o |, (17)
00 Q

where © € O(n,R) is a constant (x,t— independent) matriz. The corresponding “dressed” solution
is @ =Qady, B=0o.

Proof. Under the assumption that the dressing matrix ® is independent of the spectral parameter
A, it follows from (15) and (16) that

[J,®]=0; &, =U0—dUp; P:=0; V& —-IVp=0. (18)
It follows from the first condition [J, ®] = 0 that the matrix ® is of the form

miy1 miz 07
= —mi2 mu; 0 |,
0 0 Q

where € is an n X n matrix. Substituting it into the last condition in (18), we get mj2 = 0 and
(8= Boymu =0; @' Q=mydy; mnd=Qd.

This implies that 3 = 3y since det ® # 0 and QOT = m?,I,,, where I,, is the n x n identity matrix.
The rest two conditions in (18) imply that matrix ® is independent of x and ¢t. Finally, since ®
satisfies (14), we have that matrix (2 is real and m?, = 1, i.e. my; = £1. O

A A\—dependent dressing matrix ®(\), which is invariant with respect to symmetries (14) has
poles at the orbits of the reduction group. Simplest “one soliton” dressing correspond to the cases
when matrix ®(A) has only simple poles belonging to a single orbit. There are two non-trivial cases:

(i) Matrix ®(\) has two pure imaginary poles at +iv, v #0, v € R.

(ii) Matrix ®(A) has four complex poles at +u, +i, p=v+iw, yw #0, v,w € R.



These cases correspond to the “kink” and “breather” solutions respectively. We will show that the
case of two real poles at = € R leads to a trivial dressing.

A more general case in which the poles belong to a finite union of orbits corresponds to a multi-
soliton solution. Using this approach we can construct explicitly multi-kink-breather solutions and
analyse the result of kink-kink, breather-breather and kink-breather collisions.

The explicit forms of matrix ®(A) corresponding the above two cases and satisfying the last two
conditions in (14) are

. A QAQ 3 :
(i) @(A)—C’—I—m—m, A=—-QAQ, p=1iv;
A QAQ A QAQ
P )\+u+)\—ﬂ A+ @’

(ii) O(N)=C+ w="y+iw,

where C' = QCQ is a real matrix of size (n + 2) x (n + 2) independent of A.
We now derive the conditions on matrices A and C such that ®(\) is an invariant dressing
matrix, i.e. satisfying conditions (14). First we have

Proposition 2. If ®()\) is a dressing matriz satisfying ®(N)®T(\) = I,42, then matriz C is a
constant matriz of the same form as (17).

Proof. All identities must be satisfied for all values of A. For (15), the linear terms in A as A — oo
leads to [J,C] = 0. So matrix C' is of the form

ci1 c1a 0T
C=| —c2 en 07 |,
0 0 Q

where €2 is an n X n matrix. Substituting it into the last condition C = QCQ), we get c12 = 0.
The constant terms of (15) in A as A — oo leads to

C, =UC — CU, — [B, J], (19)

where B is the coefficient at A~! in the expansion ®(\) = C + BA™! + .-+ as A — oco. Substituting
the form of C into it, we get C; = 0 implying that matrix C is independent of z. For (16) and
®(N\)®T(N\) = I,,10, taking the limit A\ — oo, we get Cy = 0 and CCT = I,, ;5. Thus we proved the
statement. O

Note that a composition of two dressing matrices is also a dressing matrix. Therefore, without
loss of generality, from now on, we take C' = I,, 12 in the dressing matrix ®(\).

Proposition 3. The dressing matriz satisfies ®(\)®T(\) = I, 12 if and only if
AAT =0, PAT + APT =0, (20)

where

P= ((I)()\) - Ail/) \A:M. (21)



Proof. The product ®(A\)®7()\) is a rational matrix function of A and at A = oo it is equal to
the unit matrix. Now it is sufficient to show that the rest of conditions in (20) are equivalent to
vanishing all other poles of the product. The first condition of (20) is equivalent to vanishing of
the second order pole at A = u. All other second order poles of the product vanishes due to the
reduction group symmetry. The residue at A = p vanishes if and only if A satisfies the second
condition of (20). O

Therefore, the matrix A is degenerate. Here we shall study solution of rank one, that is,
rank(A) = 1 and thus represent the matrix A by a bi-vector

A =b){a, (a = (p,q, al, ... ya'), by = (bl7 N ,b"”)T, (22)

where p,q,a’,b' € C. We use different notations for the first two component of the vector (a in
order to emphasise that they play a particular role in the solutions.

Under the assumption that A is a bi-vector, we rewrite conditions (20) for A into conditions
for vectors a) and b).

Proposition 4. Let A = b)(a # 0 be a bi-vector. The dressing matriz satisfies ®(A\)®T(\) = I,42
if and only if

(aa) = 0; Pa) =0, (23)
where P is given by (21).

Proof. The first equation of (23) immediately follows from the first equation of (20). For matrix
A = b)(a the second condition of (20) is equivalent to

PAT = 0.

Indeed, the first term of the sum in the second equation of (20) is a bi-vector with image and
co-image spaces spanned by b) and (b respectively and thus it is equal to db)(b , that is,

PAT = 6b)(b

for some § € C. The second term of the sum in the second equation of (20) is just the transposition
of the first one and thus we get

PAT + APT = 26b)(b = 0.
Thus 6 = 0, that is, PA” = 0 implying Pa) = 0. O

We now investigate the conditions (15) and (16) that ®(\) must satisfy in order to be a dressing
matrix. Notice that they are rational matrix functions of \. We compare the residues of all poles
of both sides. For (15), we know that the linear terms in A vanishes as A — oo from Proposition 2
and its constant terms in A as A — oo (19) becomes

U=Uy+[B,J], (24)

where B is defined by ®(\) = I, 12 + BA™! + .-+ as A — oo. We now compute residue of (15) at
A = p. This leads to

—AJAT + A(D, — pJ — Up)PT 4+ P(D, — pJ — Up) AT =0, (25)



where A = b)(a # 0 satisfying (23). In (25) the first term vanishes since A is a bi-vector and J is
a skew-symmetric matrix. It follows from vanishing of the second order pole at A = u that

A(D, — uJ —Ug)AT = 0. (26)
Thus we can see that
Loa) = (Dy — pJ —Up)a)y =0 (27)

is a solution of (25) and (26) due to (23). In fact, the general solution should be Loa) = va), where
~ is an arbitrary scalar function of = and ¢. Without any loss of generality we set v = 0. Indeed,
the v can be removed by the rescaling a) to exp( [ ydz)a) and it will be shown that the matrix A
is not affected by the scaling of a).

We carry out the similar analysis for (16) and obtain that

V =®(0)Vp®?(0); (residue at A = 0) (28)
A(Dy + V) AT = 0;  (double pole at A = p) (29)
—u2AVGAT + A(Dy 4 = Wo) PT 4+ P(Dy + Vo) AT = 0. (residue at A = u)  (30)

For A = b){a, it is obviously AVyAT = 0 since Vj is a skew-symmetric matrix. In the same way as
we get (27) we can see that

(Dy + 5~ Vo)a) = 0 (31)

is a solution of (30) and (29). Thus for given constant vector a;) satisfying (aja1) = 0, we obtain
that

a) = Vo(z,t, n)a). (32)

To construct the exact solutions for the vector sine-Gordon equation (1) using (28) or (24), it is
required to determine the vector b) in the bi-vector A using (23). The latter depends on the choice
of the forms for ®(\). We will determine the vector b) for the kink and breather solutions in the
following sections.

In the following two sections 2.1 and 2.2, we construct the exact solutions starting with the
trivial solution By = 1 and @y = 0 for the equation (1). Then Uy = 0 and Vy = J. It is easy to see
that in this case the fundamental solution for (11) is

cosf sinf O
Uo(x,t,\) =expA\Jz —A1Jt) = | —sinh cosf 0 |, 6=xzx— "'t (33)
0 0 I

Matrix Wo(z,t, \) obviously satisfies the reduction group symmetry conditions (14).

2.1 A kink solution

Let us assume that the dressing matrix is regular at A = co and has only two simple poles at points
A = 4u # 0. The set of poles is an orbit of the reduction group if i is either real or pure imaginary.
Then, without any loss of generality, it can be written in the form

L4 Qdg
A—p  A+p

For the bi-vector A = b)(a # 0, we now determine the vector b) using Proposition 4.

O(A) = Ins2 (34)



Proposition 5. Let A =b)(a # 0 be a bi-vector . The dressing matriz (34) satisfies ®(\)®T(\) =
I 4o if and only if
2pQa)
aa) = 0; by = . 35
(aa) )= e (35)
Proof. The first equation of (35) has been proved in Proposition 4. For matrix A = b)(a the second
condition of (23) is

b b
(Lo~ 2 QL‘LQ)@ —0, thatis, a)— %‘f@
This leads to the second equation of (35) since Q? = I,,, 2. O

Remark 1. It follows from this proposition that the bi-vector A = b)(a is parametrised by a subspace

spanned by vector a) rather than vector a) itself. Indeed, scaling a) — Aa) does not change matriz
A.

Remark 2. As we mention above, there are two possibilities for a two points orbit, namely p = +v
and p = +iv, v € R. In the first case to ensure that the solutions are real we require that the
matriz A is real and consequently the vector a) is proportional to a real vector a) = Aa), where
a) € R"*2. For real a) it follows from the condition (aa) = 0 that a) = 0 and so A = 0. Thus the
case i = v, v € R leads to a trivial result.

We shall see that the case p = +iv, v € R and A = —QAQ yields a nontrivial solution.

To get the kink solution similar to the one for the classical sine-Gordon equation, we take u to
be pure imaginary, that is, u = iv, where v € R as we stated in Remark 2.

Proposition 6. A kink solution of the vector sine-Gordon system (1) on a trivial background
(Bo =1, af =0) is given by

B = 1-2(p} —qf)(prcoshp+ g sinhp)~, (36)
& = 2aj(pysinh p+ qi cosh p)(p1 cosh p + ¢ sinh p) ™2, i=1,...,n. (37)

Here p = vx + vt with v € R and (a1 = (ip1,q1,al), where p1,q1 € R and a; € R™ is a constant
vector satisfying (a1ai) = 0.

Proof. When p = iv, the fundamental solution ¥, given by (33) becomes

coshp 4sinhp O
Uo(z,t,iv) = | —isinhp coshp 0 |, p=ve+v 't (38)
0 0 I

It follows from (32) that
a) = Wo(,t,iv)ar) = (i(p1 cosh p + g1 sinh p), py sinh p + g1 cosh p,af ).
Thus

(aQa) = 2(py cosh p + ¢y sinh p)?.



It follows from Proposition 5 that
1w
(p1 cosh p + g1 sinh p)?

by = )"

(—i(p1 cosh p + g1 sinh p), py sinh p + ¢ cosh p, al
We can now write down the matrix A. Further we use formula (28) with Vp = J and get (37) and
(36) for @ and (3 as in the statement. O

One kink solution (37) belongs to a one dimensional subspace (it is proportional to the vector aj)
and thus it can be easily reconstructed from the kink solution of the scalar sine-Gordon equation.
Indeed, if 6 is a kink solution of equation 6,; = sin @, then

B = cos, &:isine
S
is the corresponding solution of the vector sine-Gordon equation.

Later we shall show that a general two kink solution belongs to two dimensional subspace
Spang(aj,az) and it cannot be obtained from solutions of the scalar sine-Gordon equation. In
particular, for two-kink solutions we compute the position shifts after collision.

For one kink solution in Proposition 6, we rewrite their denominator in the following form:

2 9
: P — 4y —2 1 P1—q1
hp+ hp)? = h (2v(z 4+ v 2t — +1 =—In|=—=|. (39
(p1 cosh p + g1 sinh p) < 5 )(COS (1/(3: v mo)) ), o 5 n‘pl ql} (39)

Thus the kink is moving on the (z,t)-plane along the straight line and its position at time ¢ is
T = —v 2t + x0,

which is only dependent on the pole = iv and the first two components of vector a;). The width
of the kink is of the order v—!.

2.2 A breather solution

A breather solution corresponds to the only simple poles at points of a generic orbit of the reduction
group. Assuming that the dressing matrix has a simple pole at a point u = v+ iw, p # +f, where
we use [ to denote the complex conjugate of u, we have

A QAQ n A QAQ

O(N) = Lyyo + - . <
(N) = T2 A—p A+p A= A+

(40)

Assume that A = b)(a # 0. We determine the vector b) using Proposition 4 and construct the
solution on a trivial background (Gy =1, dp = 0).

Proposition 7. Let A = b)(a # 0 be a bi-vector, where (a and (b are two complex vectors given
by (a = (p,q,a',--- ,a™) and (b= (b*,b2,--- | b"F2) respectively. The dressing matriz (40) satisfies
O(N)PT(N\) = 1,40 if and only if

(aa) =0, (41)
Bl 2@'721#15’ (42)
= 209 (g2 aa) + 22 P?) - drep (o). )
2 = 2O (04 o) + 202p) — e m(pa)) . k= Ln. (44)

9



where
A = |pu*(@a) — 20°|p|* . (45)

Proof. Equation (41) has been proved in Proposition 4. For matrix A = b)(a the second condition
of (23) is B
QAQ A  QAQ
Pa) = (I42 — + — a) =20,
)= (In+ ow Tu-n atra®

that is, ~ -
o QaQa) | Bas) _ QB(aQa) o
2u W f p+
We solve this linear system of equations (46) for unknowns b', ..., b"*? by taking into account (41)
and obtain the formulas in the statement. O

Proposition 8. A breather solution of the vector sine-Gordon system (1) on a trivial background
(Bo =1, do =0) is given by

1672w?

B = 1- AT ((da>\q[2 - Q(Im(pQ))Q) ) (47)
of = 81—;" (m((z(aa) + 22|pP)aa") — 4ywIm(gp) m(pa®)) K =1,....n, (48)

where A is given by (45) and the components of the vectors (a = (p,q,a',...,a") are the following
functions of x,t given by

p = cos(¢+in)p1 +sin(¢ +in)q,
g = cos(¢+in)g — sin(¢ + in)p1, (49)
at = a’f, k=1,...,n,

where ¢ = yx — mt, n=wr+ h;:*wz)t’ vector {ay = (p1,qu,al,...,a}) is an arbitrary complex

constant vector satisfying the condition (ajai) = 0.

Proof. When p = v + iw, the fundamental solution ¥ given by (33) becomes

cos(p +in) isin(¢+in) 0
Wo(p,z,t) = | —isin(¢+in) cos(¢+in) 0 [, (50)
0 0 1

where ¢ =y (z — (2 + w?) M), n=w (z + (¥* + w?)"t). Using (32) we get (49) for a).
It follows from (28) that
V = ®(0)J®7(0),

where ®(\) is defined in (40). Making substitution of A = b)(a in (40) and taking into account (6)
we obtain
1 2 _ a1 2 R
B=Vig= W(\u\ — 4Re(apb))(|p]” — 4 Re(fugb%)); (51)

4
ag = Vi = —W(‘M‘Q — 4Re(fiph")) Re(agh*™?), k=1,--- n. (52)

10



From (42) in Proposition 7 it follows that

_ _ 2tywup
Re(pb') = Re (up VA'LL ) =0.

Thus (|u|? — 4Re(pb)) = |p|?, and therefore

4
5 = 1 o Re(uat?), (53
4
o = —WRe(ﬂqb’f*?), k=1,...,n. (54)
The substitution of (43) and (44) in the above equations leads to (47) and (48). O

The breather solution (47), (48) represents a periodically oscillating localized wave of a charac-
teristic width ~ w™! moving with the constant velocity (v? 4+ w?)~!. Thus the width of the wave,
its speed and frequency of oscillations depend on the position of complex pole p only. The location
of the wave and the phase of its oscillations are determined by pi,q1, i.e. the first two entries of
the vector ap). These can be found using the denominator A defined by (45) as follows:

A = |l ({arar) = [pa? = lar?) +~%(Ip1? + la1]?) cosh(2n) — 29° Im(p1g1) sinh(27) +
+w?(|q1]* — |p1[*) cos(2¢) — 20° Re(p11) sin(29)

= (?+w?) Y |ab? + |p} + ¢f| (77 cosh(2n — 2n9) — w? cos(2¢ — o)) ,

k=1
where
no = = In |PL 9L (55)
2 ‘prtaqii
and ¢q satisfies cos ¢g = I Plail® 14 sin ¢ = 2Re(1d1) - Thyg we have
T+ lpT+ai]
P+ qut
Po = arg <> : (56)
pb1—qut

Thus the breather is moving on the (z,t)-plane along the straight line and its position at time ¢ is
given by

T = —(72 + wz)’lt +x9, xo=w ‘no,

which is only dependent on the position of the pole 1 and the first two components of vector aj).
We define the phase of this breather as ¢g. In Figure 1, we plot one breather solution when n = 2
for ay and ao with =2+ iz’ and (a; = (4,2, 31, \@) at time ¢t = 3. The position of this breather
is at  ~ —2.936 and its phase ¢g = 0.

The breather solution (47), (48) also depends on the constant complex n dimensional vector
a; = (ai,...,a})’ € C", which is the last n components of the vector a;) = (p1,q1,ai,...,a})T.
In general, the vector & of the solution (48) belongs to the two dimensional subspace W(a;) =
Spang(Reaj,Ima;) € R™. If the subspace W(a;) is one dimensional (Rea; ~ Imaj;) then the

11



obtained one breather solution represents the well known breather solution of the scalar sine-
a

Gordon equation (with 6, = sinf : 3 = cosf, d = ﬁ sin @), which is a subsystem of the vector
sine-Gordon equation. Solution (48) corresponding to a two-dimensional subspace W (a) cannot be
obtained from a solution of the scalar sine-Gordon equation. However, it can be obtained from the
breather solution of the two-dimensional vector sine-Gordon equation.

Similar to the kink case (see Remark 1), the breather solution is parametrised by a point on

the complex Grassmanian Gry o4y = CP™*! rather than the complex vector a) itself.

3 Multi-soliton solutions and soliton interactions

The vector sine-Gordon equation has two types of one soliton solutions, namely the kink and
breather solutions discussed in sections 2.1 and 2.2. The set of poles of the dressing matrix ®(\)
for multi-soliton solutions is a union of a finite number of the kink and breather type orbits. We can
construct the dressing matrix recursively by presenting it as a composition of elementary dressing
factors of the kink and breather type. Another approach is based on a representation of the dressing
matrix in the form of partial fractions with respect to the spectral parameter A. The latter approach
is more conventional, but leads to a big system of linear algebraic equations, the size of which is
determined by the number of solitons in the multi-soliton solution.

In order to construct a general multi-soliton dressing of the vector sine-Gordon equation (1)
with m; kinks and mo breathers we need to choose the following data:

e a set of m; distinct positive real numbers {v s},

e aset of my vectors as), s =1,...,my of the form a,) = (ips, qs,al,...,a®)T, such that

(asas) = —pg + qf + (a;)2 4+ -+ (a?)2 =0, ps,qs,ai, coal €R

and the real “sub-vector” (al a?) is non-zero.

gy ey Ug

e a set of my distinct complex numbers {jus = s + iws |, s > 0, ws > 0} 172

s=mi1+1°
e a set of my complex vectors as) = (ps,qs,al,...,a™)T, s = my 4+ 1,...,m; + my and
Ps, (s, a’,...,a" € C such that (asas) = 0 and “sub-vectors” (ps,qs) and (al,...,a?) are

both non-zero.

Let us first construct the mi-kink solution. We start from a trivial solution of the vector sine-
Gordon equation Gy = 1, dy = 0, so that

Up=0, Vo=1J, To(\xt)=expa] — A" t]).
We denote the kink dressing matrix constructed in the Section 2.1 as

- I Qa)la 1 a)(aQ
P )\7 w,a)) = 2+ - .
ot = 2 (720 aQu) ~ (s ) (aQa)
Now the multi-kink solution of the vector sine-Gordon equation and the corresponding the funda-
mental solution for the associated linear problems can be found recursively

Vi = (0, ivs, Uy (ivs, 2, 1) as) ) Va1 BT (0, ivs, o1 (ivs, 7, t)as));

=1,2,....,my.
o, 2, 8) = BN, i, Wy (ivs, 2, ) as) ) Wyt (N, , 1); s m

12



Having constructed the mj-kink solution V;,,, and the corresponding fundamental solution of the
linear problem W,,,, (A, x, t) we can add mg breathers using the breather dressing matrix constructed
in Section 2.2 (see Proposition 7) denoted as

A QAQ, A QA

EIV))‘») = Int2 +
S A D Sy A W

in a similar recursive way

V; = (T)(O, /,Ls,gjsfl(lls, Z, t)as>)‘/571&)T(07 s, \113,1(/,65, Z, t)a8>); s=mi+ 1’ M1 4 M.
\IIS()H xz, t) = CI)()‘7 s, \IIS—I(Msa x, t)a8>)\118—1(>‘a xz, t);
Moreover, we could change the order of dressings by creating ms-breather solutions and then adding
m1 kinks, or even make dressings in an arbitrary order. Such recursive approach is useful for the
study of the effects of soliton interactions as shown in the following sections.

3.1 Interaction of two kinks

In this section, we study the interaction of two kinks. A two-kink solution corresponding to the
sets

{V17a1> :(ipluqlaa%u‘”ua?)T}7 {V25a2>:(/L-p2)q27a%7"')ag)T}u O<I/1 < 19
represents two kinks moving to the left with speeds v 2 and Vy 2 respectively. Their trajectories on

the (x,t)-plane intersect near the point (X,T"), which can be found from the system of equations
(c.f. (39))

— 1 —
Ph—aq 7 y2X+y2’1T:—ln‘p2 Q2}.
P1+ @ 2 'pptg

Far from this point as ¢t — +o0o the solution tends to the sum of two simple kinks moving along the
trajectories

1
V1X+Vf1T:§ln’

vi(x —af) vyt =0, vo(r —aF) + vyt =0

respectively. Thus, the effect of the interaction is a shift of a straight line trajectory of each kink.
In Figure 2, we plot a two-kink solutions when n = 2 for a; and «ay at time ¢ = 6 with

=09, (a1 =(001); wvy=11 {(ag=(30,1,0).

These two kinks intersect at the point z = 0. At ¢ = 6, the position of the kink corresponding to
1 is at © =~ —7.41 and the other kink is at x = —4.96.

In order to determine the shift zo = x; — x5 of the trajectory of the second kink we consider
the limits ¢ — +o0o0 assuming p2 = vox + 1/2_1t to be finite. In this case

v t
p1 :V1x+ullt:1p2+( —2> — d+o00, as t— Foo.
1) V1
Therefore

Ui\, @, t)ag) = BN, ivy, o(ive, x, )ar) ) Wo(A, 2, t)ag) — BF(N)Wo(A, 2, t)as, as t — oo, (57)

where R R
PEN) = lim (N, ivy, Uolivy, z,t)ar)).

p1—+00

13



The latter limit can be easily computed since ¥ (ivy, z,t) is a function of p; only (38). In particular
we have

I Q\Ilo(iul,m,t)a1><a1\110(iul,x,t)T 1 i jiz 8
im . i
p1—=+o0 <a1\I/0(’iV1,.Z‘,t)TQ\IIQ(iyl,QS‘,t)a1> 2 0 0 0
and therefore
N2 2 0
T+ _ 2 2
(I)l ()\) = m :F2)\7/1 A — 141 ) 0 ) . (58)
0 0 (N +vi)I

Noting that [6?(/\), Uo(A, z,t)] = 0 we can represent the limits (57) in the form

~

D (ive) W (ivg, o, t)ag) = Wo(ive, x, t)ai)

where .
L i(v1p2 F 71242) B 1/22 —l—u% 2w,
ay) = Y192 + Y2P2 ) M= 53 V2= 55
as Vo =1 Vo =1
Using formula (39) we obtain
3y = lim zo= —ln ‘ (1 +72)(p2 = g2) ;
p—too 21/2 (71 = 72) (P2 + ¢2)
5 = lim mo= —— ‘('Yl 72)(P2 — q2) .
p——00 21/2 (71 +72) (P2 + ¢2)

Therefore, the position shift for the kink with speed 1/ 1/% is

2 2
1 2
Azy=af —2; = —In (W> :1n<”1+”2) - sptn

219 Y1 — V2 Vo v — o vy Vg — 1

In a similar way one can obtain that the position shift for the kink with speed 1/ 1/% is

2
_ 1 I/1—|-V2 2 Vo — 17
Axlza:f—xlz——ln = —1In .
1%} Vo9 — 11 11 I/2+I/1

Notice that these position shifts Ax; and Ax, for kinks after collision only depend on the pole
position v and v,. They are exactly the same as that of the scalar sine-Gordon equation (3) given
n [14].

3.2 Interaction of two breathers

A two-breather solution corresponding to the sets

{p1,a1) = (pr, qu,af, .. ..af)"}, {p2,a2) = (p2, 2. ah, ..., a3)"}, 0 < || < |pel
represents two breathers moving to the left with speeds |u1|™2 and |u2|~2 respectively. Their
trajectories on the (z,t)—plane intersect near the point (X, T"), which can be found from the system

of equations (c.f. (55))

pL— qi ‘

1=1,2.
P+ qi

1
le—l-wl(’ylz +wl2)_1T = 51 ’

14



Far from this point as t — +o0o the solution tends to the sum of two simple breathers moving along
the trajectories
x—af + (v +wi) it =0, l=1,2.
with phase qﬁli. Thus, the effect of the interaction is a shift of a straight line trajectory and the
change of the phase for each breather.
In order to determine the shift 7o = 1 — 7, of the trajectory and the change of the phase for

the second breather we consider the limits ¢ — o0 assuming p2 = x + (75 + w3) "'t to be finite.
In this case

1 1
HAwl 93+

plzx—i-(’y%—i-w%)lt:pz%—( >t—>ioo, as t — +oo.

Therefore
\Ill()\,x,t)a2> = (AI;()‘MUL \Ifo(,ul,x,t)a1>)\110(/\,.1‘,t)a2> - E)it()\)\llo()\,x,t)a% as t — +oo, (59)
where

(ff)it(A) = lim ‘AIS()\aMh\I’O(MI,xJ)al))-

p1—E00

The latter limit can be easily computed using Wo(u1,x,t) (50). In particular we have

w . x1 0
lim A= e A
preee n 0 0 0
and therefore
(A2—|p1]?)2—4X2w? 4wy (N2 =|p1|?) 0
- (A2—p)(A2—p1) (/\Q—uj)(Az—ﬂ?)
OF(N) = | Ry K )aVer o (60)
N2=p)(N2=q7)  (N2=p])(AN2—qf
0 0 I

Noting that [&)f()\), Uo(A, z,t)] = 0 we can represent the limits (59) in the form
OF (112) Wo (2, 7, t)az) = Wo(u2, 7, t)a3).

We denote (1,1) and (1,2) entries of matrix ® (u2) by %1 and ko, respectively. Notice that

it — g B3 lil® = 218 (= )2+ )?,
(13 — 1) (13 — 1i7) (3 — p) (13 — 7)

o1 o M — (3 — |m]? + 2M2¢fli)2 _ (p2 At pa)?(p2 — ;}1)2
(3 — 1) (13 — [i3) (3 — 1) (p3 — 1)

Using formula for 7y in (55) we obtain

2+ = 1 Yoy = iln‘(m%—mi)(m—fhi)‘ _ b n|(,u1+,u2)2(la1 —M2)2(p2—q2i)|‘
2 Wy p1—+00 2wo K1 — I-igi)(pg + q2i) 2wy (,ul _ /1'2)2(,[7/1 + M2)2(p2 + qu) )

r3=— lim mp=——In]| (K1 — Kat)(p2 — Q2i)‘ _ | (11 — p2)?(1 + p2)*(p2 — qu)|
2 Wy p1——00 2wo k1 + kat)(p2 + qat) 29 (1 + p2)2(fi1 — p2)2(p2 + q20)
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Therefore, the position shift for the breather with speed 1/|uz|? is

2 i —
szzﬂﬁ?—x;:—ln\(““r“?xm M2)}

wo (1 — p2) (i 4 p2)

Using the formula for ¢¢ in (56), we compute the phase shift for this breather. Indeed, we have

b (11 — p2)?(fir + p2)?(p2 + Q2i)> :
2 = Pllig‘loo %0 = arg ((Hl + p2)?(f1 — p2)%(p2 — q2t) )’
_ (p1 + p2)?(fir — p2)?(p2 + Q2i)>

= 1 =
02 =, im0 = e (w — p2)2 (i1 + 12)2(p2 — 420)

Hence the phase shift is

ot g — o (T ) () (= p2) (A p2)
B2 =0y — ¢y =2arg <(M1 + p2)?( —M2)2) G <(H1 + p2) (i1 — M2)> '

In a similar way we obtain that the position and phase shifts for the breather with speed 1/|u1|?

are

=z —xfzzn( ) (p1 + i)
Azy =z — 13 wll l(#rﬂm)(ﬁ “2>”
A¢1:¢1+_¢1:4arg(E I—HQ;EMH-M;) .

Similar to the case of interaction of two kinks, the position and phase shifts for breathers after
collision only depend on the pole position p; and po, which are exactly the same as that of the
scalar sine-Gordon equation (3) given in [14].

3.3 Interaction of one kink and one breather

A kink-breather or breather-kink solution corresponding to the sets

{iv,a) = (ip, g,at,...,a""Y, {w,a) = (p,q,a",...,a")7T}, 0<v<|ul,

where v, p, ¢, a',...,a" € Rand u = y+iw, p,§,a',...,a" € C, represents one kink and one breather
moving to the left with speeds =2 and |u|~2 respectively. Their trajectories on the (z,t)-plane
intersect near the point (X, T'), which can be found from the system of equations (cf. (39))

pP—q

Ptq

1 1. p—gi
vX +v'T=-In , wX+w(72+w2)*1T= fln}]? (‘ﬁ .
p+q

2

2

Far from this point as t — 00 the solution tends to the sum of one kink and one breather moving
along the trajectories

viz — i)+ vt =0, (z— i)+ (P +uw) =0

respectively, and the phase for the breather is ¢*. Thus, the effect of the interaction is a shift of a
straight line trajectory of each of them.
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In order to determine the shift A7 = T — Z~ of the trajectory and phase shift A¢ = ¢T — ¢~

of the breather we consider the limits ¢ — +oo assuming p = x + (v + w?) "'t to be finite. In this

case . )
A 1, ~
p=vr+v t—u<p+ <1/2_fy2+w2>t> — +00, as t— Foo.
Therefore
Ui (A, z,1)a) = DN, iv, Wo(iv, z, £)a)) Wo(N, z, t)a) — DF (N Wo(A, z,1)d, as t — +oo,  (61)
where
1 A —v? 2w 0
= ﬁ :FQ)\I/ )\2 B 1/2 0
T 0 0 (24

OF(N) = lim DN, iv, Uy (iv, z,t)a))
p—=too
according to (58). Noting that [Eﬁc(/\), Uo(A, z,t)] = 0 we represent the limits (61) in the form

B (1) Wo(p, ,1)d) = Wo(p, o, t)a*)

where ) ) ) )
N 2pv - 2pv o opt -ty “n
<a - <,U,2—|-V2p ,U/2+V2q’:F,U/2+V2p M2+V2q’a’ , @ )
Using formula (55) we obtain
1 1 24P — Gi
it =— lim ny=-—1In ((V+w)2 +72)|22 ?Z|;
W p—too 2w ((v = w)* +7%)Ip + qil
1 1 o 2 PAY -
1 im o= 2 ((v w)2+72)|13 gl
2w ((v+w)?+7%)Ip + gif

€T =
W p——o0

It follows that the position shift for the breather is
2 ’ 1
-z = —ln‘ﬂ+yl,‘ =—In—
p—vi' w  (v—w)?+~?

Az =zt

w

Using formula (56) we obtain
. 2 ~ ~e . 2 ~ ~
: - + qi) - (w+vi)*(p + i)
T = lim = ar ((,u m) (]2 ,); = lim = ar ( L~ Z|.
PT= g0 = e (1 +vi)*(p — qi) o= A do=aie (k= vi)*(p — qi)
Hence the phase shift for the breather is
Bo=ot o = targ (1227
n+ v

which are only dependent on the positions of poles, the values of v and p.
In order to determine the shift Az = £ — 2~ of the trajectory of the kink we consider the

limits t — 400 assuming p = v + v~ 't to be finite. In this case
L 1 t t +

— |5 ———=5t] = Foo, as t— too.
2 A2 402 T

R ™

P+ (2 +w?) N
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Therefore

Ui\, 2, 0)a) = DN, g, Yo, o, 8)a)) Yo (N, 2, 1)a) — SE(N)Wo(N, z,)a, as t — +oo,  (62)

where
(A% —|p[?)?—4X%w? Foy 4>\w(/\2 |?)
~:|: . 4 ~ (A24_>\M2())\A2|_?22)) g ‘ \22 Az/\2 2
Oy (A) = lim ©(A p, Wo(u, 2,1)a)) = iwug(v"ug) . o

according to (60). Noting that [:15{5()\), Uy (A, z,t)] = 0 we represent the limits (62) in the form
OF (i)W (iv, z, t)a) = Wo(iv, z, t)a™)

where
(('y +w?+v?)? +4u2w2)p:|:41/w(7 +w2+v2)§
( 2+w2+uz)2 41/%)2

&i> = +vw(y2+w?+v )p+(('y +w?4v?)? +4u2w2)@
VPt 122 — 40202
a

Using formula (39) we obtain

1 Ry 2N\21A 4
it = lim 29p=—1In ((v w)2 +72)2|13 ({|,
00 2v (v +w)? +2)%p + 4|

1 2 N2A A
JA/‘_ = hm To = 7111 ((V‘|‘W)2 +’Y2)2|2? ({|
p—too 2v - (v —w)?+v2)*p+ 4|

Therefore, the position shift for the kink with speed 1/12 is

. 2 2\4 _ 2 2
A:i-:j“‘fi:_:iln((y w) +'7) :Elnw_
v (r+w)i+2)r v (v+w)?+492

In Figure 3, we give the contour plot of a; to in (z,t)-plane to demonstrate the phase and position
shifts of one kink and one breather interaction, where the kink and breather are corresponding to

v=1, (akink = (10i,7,4,5.916), =2+ 0.6i, (abreather = (i, 2, 3, 2.45).

They intersect approximately at the point (—0.930,0,0626). After the collision, the position of
kink gets shifted forward by 0.455 and the position of breather gets shifted backward by 0.759.

4 Conclusion

In this paper we have found and studied kink, breather and multi-soliton solutions of the vector
sine-Gordon equation (1). The soliton solutions obtained in this paper are of rank one and are
generic. Actually a kink solution cannot be of rank more than one. For example, in order to
construct a kink solution of rank two, one needs to have two vectors

(a1 = (ip1,q1,al), (a2 = (ip2,q2,2%), p1,p2, 01,92 € R, az,ap € R"
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satisfying the conditions (aja1) = 0, (agaz) =0, (ajaz) = 0. This implies that vectors (a; and (ag
are linearly dependent. However, in the case of breathers the corresponding vectors are complex
and therefore there is no such obstacle. Thus higher rank breather solutions may exist.

Our results show that a k-kink solution of the n-component (@ € R™) vector sine-Gordon
equation (k < n) is also a solution of k-component sine-Gordon equation. Similarly, a general
k-breather solution of n-component equation (1) (k < n/2) is a solution of 2k component vector
sine-Gordon equation. In particular, a general breather solution of the vector sine-Gordon equation
cannot be obtained from any solution of the scalar sine-Gordon equation, but is a solution of a
two-component vector sine-Gordon equation.

The result of interactions (positional shifts and phase shifts) due to collisions in the m;-kink
and ma-breather solution of the vector sine-Gordon equation (1) is exactly the same as in the case
of the scalar sine-Gordon equation (3), which has been studied in [14]. It only depends on the
positions of poles in the dressing matrices. This is significantly different from the case of the vector
generalisation of nonlinear Schrodinger equation, where the result of interactions depends on the
initial polarisation of the colliding solitons [10]. This can be explained by the difference in the
spectral and symmetry properties of their Lax operators. These properties have been essentially
used in the construction of multi-soliton solutions.
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Figure 1: One breather solution. The curve (z, a1, ag) with g = 2 + 0.25 is plotted at time ¢ = 3.
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Figure 2: Two kink solution. The curve (z, a1, ag) with 3 = .9, vy = 1.1 is plotted at time t = 6.

Figure 3: The contour plot of ay in (z,t)-plane: Interaction of a kink with a breather
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Highlights

* The explicit formulas for kink and breather solutions are derived
¢ The method can be used to construct multi-soliton solutions
e The soliton interactions are studied in details





