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Summary

Krivelevich, Lee and Sudakov proved the following theorem. Let k be either
3 or an even integer satisfying k > 4, and let G = (V, E)) be a (n, d, \)-graph
satisfying d*~*/n > M2 then G has local resilience (1/2+ 0(1))d with
respect to containing cycles of length t for all £ <t < n. They conjectured
that this can be extended to cycles of an arbitrary but fixed odd length.
All notation will be defined in detail later. Aigner-Horev et al proved a
substantial step towards this result, namely the following theorem:

For every integer k£ > 1 and every 0 > 0 there exists a v > 0 such that
for every sequence of densities p = p(n) there exists an ny such that for

any n > ng the following holds. If T" is an n-vertex, (p, 5)-jumbled graph

satisfying
B8 = B(n) <4p TV nlog 2y (1)
then
1 n
eX(F,CQk+1) < (5 + (5)]3 9 ) (2)
They also speculated that the logarithmic ‘fudge’factor log=2*~Y n could be

removed. In this MPhil thesis we give an orderly and critical examination of
the result of Krivelevich, Lee and Sudakov, the progress made on it by Aigner-
Horev, Han and Schacht, and we also critically examine, to the extent that
time allows, a very recent result by Berger, Lee and Sudakov which does in-

deed succeed in removing the logarithmic factor (https : //arxiv.org/pdf/1906.05100.pdf).



1 Introduction

A random graph G(n,p) as described in [9], consists of a set V' of n vertices
and a set E of unordered pairs of vertices, called edges. We are interested
in what happens when we start from a graph G(n,p) and each edge in it,
independently of all other edges, is either retained (with probability p) or
discarded with probability 1 —p. Here p is a probability between 0 and 1, and
all edges make this decision as to whether they are retained independently.
Equivalently, the probability of a graph G(V,FE) with V' = {1,...,n} in
G(n.p) is Pr(G] = pP@l(1 - p) ()@,

A pseudo-random graph G = (V, E) as also described in [9], is a graph
that behaves like a truly random graph G(|V], p) of the same edge density p =
|E|/ (“2/‘). The most important characteristic of a truly random graph is its
edge distribution. A pseudo-random graph is a graph with edge distribution
resembling the one of a truly random graph with the same edge density.
The pseudo-random graphs we will study are (n, d, \)-graphs with A = o(d),
where an (n,d, \)-graph is a d-regular graph on n vertices whose second
largest eigenvalue of the adjacency matrix is bounded by .

A graph property P is called monotone increasing (decreasing) if it is
preserved under edge addition (deletion). The resilience of G with respect
to P is a measure of how much one should change G in order to destroy P.
There are two kinds of resilience: global and local. Formally, following [10],

we define the following.

Definition 1.1 Let P be an monotone increasing (decreasing) property. The
global resilience of G with respect to P is the minimum number r such that

by deleting (adding) r edges from G one can obtain a graph not having P.

Definition 1.2 Given a monotone increasing (decreasing) property P. The
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local resilience of a graph G with respect to P is the minimum number r such
that by deleting (adding) at each vertex of G at most r edges one can obtain
a graph not having P.

Krivelevich, Lee and Sudakov in [7] stated an open problem. They believe
that the theorem: Let k be either 3 or an even integer satisfying £ > 4, and
let G = (V, E) be a (n,d, \)-graph satisfying d*~1 /n > A\*=2, then G has local
resilience (1/2 + o (1)) d with respect to containing cycles of length ¢ for all
k <t < n can be extended to cycles of an arbitrary but fixed odd length.
More specifically, it is plausible that for an odd k& > 5, if G is an (n,d, \)-
graph and d*~'/n > M2 then the local resilience of G with respect to
containing a cycle of length k is (1/2 —o(1))d. The validity of the conjecture

below would allow us this extension.

Conjecture 1.3 Let k > 5 be an odd integer and G be a (n,d,\)-graph
satisfying d*=1 > X2, Then G has global resilience (1/4 + o(1))nd with

respect to being Cl-free.

The result of Aigner-Horev et al in [2], is the first step towards proving
an open problem in section 7.3 in [7]. Aigner-Horev et al in [2] stated the

following theorem.

Theorem 1.4 Let k > 1 be an integer. If T is an (n,d, \)-graph satisfying

2%k—1 d? 2(k—1)(2k—1)
AT —(1 e -
< ——(logn) (3)
then
1 dn
el Conin) = (5 +0(1)) 5 (1

The main part of this thesis will be an overview of their result. We shall also

describe, to the extent which time allows, a more recent paper by Berger et

b}



al. which proves a stronger form of the result in which the ‘fudge factor’

)~2(k=12k=1) g removed.

(logn
Theorem 1.4 is a consequence of Theorem 1.5 below for the so called

jumbled graphs. Aigner-Horev et al proved the following result:

Theorem 1.5 For every integer k > 1 and every 6 > 0 there exists a vy > 0
such that for every sequence of densities p = p(n) there exists an ng such
that for any n > nq the following holds. If T is an n-vertex, (p, 3)-jumbled
graph satisfying

ﬁ _ 5(”) < 7p1+1/(2k71)n10g—2(k—1) n,

then
1 n
ex(T, Coprq) < (5 + 5)p(2>.

Berger et al. eventually succeeded in removing the fudge factors. The pre-
cise statement they prove is the following - they use slightly different language

from Aigner-Horev et al, but their result leads to the desired conclusion.

Theorem 1.6 Let k > 1 be an integer and 6 > 0. Then there exist n > 0
and ng such that the following hold. If T is an (n,d, \)-graph satisfying

AZ < nd_zk (5)
n
then, if G is a subgraph of ' with > (1/2—1—5)%(;‘) edges, then there is a copy
of Coy1 in G.

We shall say more about the proof of Berger et al’s result later. Summaris-
ing very briefly and crudely, the additional information used is a ‘spectral’
estimate - that is to say, one dependent on knowledge about the eigenvalues
of relevant adjacency matrices - for the number of even cycles in (n,d, \)

graphs.



1.1 The structure of this thesis

We now explain more the structure of this thesis. In Chapter 2 we give
basic background on graph theory and resilience. Chapter 3 collects basic
information on pseudorandom graphs and in Chapter 4 we restate the result
of Aigner-Horev et al and turn it from a problem about (n,d,\) graphs
into one about (p, 5)-jumbled graphs. Chapter 5 outlines the structure of
their proof, reducing to two substantial Lemmas which need to be proven.
In Chapter 6 we provide an overview of the structure of the argument for
one of these in the technically special case k£ = 3: in Chapter 7 we make
these arguments more precise. Chapter 8 deals with counting shortest paths
and Chapter 9 with counting cycles. These two chapters are perhaps the
weightiest of the thesis.

Chapter 10 deals with the complete answer provided by Berger et al. We
do not have time in this thesis to give all details of their argument, as this
work appeared very late in our investigation, but we attempt to outline some

of its main features and to convey some flavour of the result.



2 Basic graph theory definitions and Local

Resilience of graphs

2.1 Basic graph theory definitions

Definition 2.1 A graph G consists of a set V' of vertices and a set E of

unordered pairs of vertices, called edges.

This definition implies that our graphs have no loops, no multiple edges, and
no directions. We shall deal exclusively with finite graphs, where V' (and
hence E) are finite sets.

So, G has n vertices and m edges usually. We often informally write edges
as vw rather than {v, w}.

) =n(n —1)/2 possible edges.

As there are n vertices, there are (2

Definition 2.2 A complete graph on n vertices is the graph on n wvertices

where all () = n(n — 1)/2 possible edges are present. We denote it by K,.
We now give some other definitions related to graph theory.

Definition 2.3 A verter w is said to be adjacent to a vertex v if vw € E(G).

Definition 2.4 The degree of a vertex v is the number of vertices adjacent

to it. The degree of a vertex v is denoted by d(v).

Definition 2.5 The average degree d of a graph G with n verticesisy ., d(t)/n.

This is a measure of how rich in edges the graph is.
The next few notions are to do with the idea of being able to move, along

edges, from any vertex of the graph to any other.



Definition 2.6 (i) A path between two vertices x and y in a graph G is a
sequence of distinct vertices xg = x,x1, T, ...x, =y with the property that,
for each 1 <i <r —1, we have that x;x;y1 is an edge of G.

(i1) A graph G is connected if and only if for every pair of vertices x,y € V(G)
there is (at least one) path from x to y.

Definition 2.7 A cycle in a graph is a path that starts at the same vertex
at which it ends. Also a cycle can be defined as a closed path in which n > 3.
The graph Cy is a k length cycle, consisting of k vertices and k edges that

form a cycle.

Definition 2.8 A Hamilton cycle is a cycle of the graph which contains all

the vertices.

This thesis is not much about connectivity: however we make occasional

passing references to it and as such we record two standard definitions.

Definition 2.9 The edge-connectivity \(G) of a graph G = (V, E) s the
smallest size of a set of edges S such that, if we remove all the edges in S
from the set E we get a disconnected graph. When \(G) > X\ we can simply
say that G is A-edge-connected.

There is a very similar notion for vertex-connectivity, where instead of re-
moving edges we remove vertices. The next definition will be important when

we come to talk about pseudo-random graphs.

Definition 2.10 The adjacency matriz of a d-regular graph G on n vertices
labeled be 1,2, ...,n, is the n x n binary matriz, A = A(G), where A;; =1 iff
(i,5) € E(G).



2.2 Local and Global Resilience of graphs
2.2.1 Introduction

The rough idea is that the resilience should be a measure of how strongly
the graph possesses some property P it does, in the sense of how many edges
have to be removed to stop it having P. There are however at least two ways
in which one could interpret this: the first is in terms of just removing edges
overall, without any restrictions on how many are removed at any particular
vertex. Since this depends only on the number of edges removed, not local
information about which vertices they are removed at, let us call this the

global resilience. Here is a formal definition.

Definition 2.11 (Global resilience in general). Let P be a property of graphs.
Then the global resilience of G = (V, E) with respect to P is the number of
edges m in the graph H on vertexr set V with the smallest number of edges

such that G /N H does not have P.

For example, the next result, which is just a way of stating Turédn’s theorem,
answer the question how many edges have to removed from the complete

graph K, to make it Kj-free.

Theorem 2.12 (Turdn). The largest Ky-free subgraph of a graph on n ver-
tices is a complete (k — 1)-partite graph with all vertex classes as equal as
possible in order. In particular, it has (for k fixzed and n — o)

1 nn-1)
k—l) 2

<(1- (1+0(1))

edges. Putting it another way, one has to remove ﬁn(”;l)

edges from K,
to make it Ky-free: the global resilience of K, with respect to having a copy

of Ky isn(n—1)/(2(k —1)).

10



Definition 2.13 For two graphs G and H, the Turan number ex(G,H) of
H in G is the largest integer e, such that there is an H-free subgraph of G
with e edges.

The other definition we shall need is local resilience.

Definition 2.14 Let G and H be two graphs on the same vertex set V.
G A H is a graph on vertex set V(G) where we say xy € E(G A H) if and
only if either (a) xy € E(G) but xy ¢ E(H) or xy ¢ E(G) but xy € E(H).

That is, H represents those edges whose status (present or not present) is
reversed as compared with G. We fix a property P and consider all graphs
on the same large vertex set. Local resilience is a graph function fp(G). The
value of this function depends on the graph and the property, and for some

graphs it will be very difficult to determine.

Definition 2.15 Consider a random graph G (n,p) and a fized property P.
The local resilience of the graph with respect to P is the minimum number r

so that there is a graph H on [n| with mazximum degree at most r such that

the graph G (n,p) AH does not have P.

We emphasise that the graph G is chosen at random first, and then an
adversary is allowed to find a graph H with the smallest possible maximum

degree in order to destroy the property P.

11



3 Basic properties of pseudorandom graphs

Following [7] and [9] we define some useful properties below.

Definition 3.1 A graph on n vertices is called pancyclic if it contains cycles
of length t for all 3 <t < n. A graph on n vertices with girth g is called
weakly pancyclic if it has cycles of every length t with g <t < n.

In this section we study the resilience of random and pseudorandom graphs

with respect to this property.

Definition 3.2 A random graph G(n,p) is a probability space of all labeled
graphs on n vertices 1,2, ...,n, where for each pair 1 <i < j <mn, (i,7) is an

edge of G(n,p) with probability p = p(n), independently of any other edges.

A pseudo-random graph G = (V| E) is a graph that behaves like a truly
random graph G(|V|, p) of the same edge density p = |E|/ ('g').

Definition 3.3 A graph G(V, E) is said to be (p, 3)-jumbled if p, B are real

numbers satisfying 0 < p < 1 < B if every subset of vertices U C V' satisfies:

@) -(')) < s

We will now give another, somewhat more restrictive definition of a pseudo-

random graph below.

Definition 3.4 A (n,d,\) graph is a d-regular graph on n vertices for which,
writing the eigenvalues of G (i.e. the eigenvalues of the adjacency matriz

A(G)) as A\y = d, g, ..., A\, we have X = maxaoc;<p |-

Lemma 3.5 An adjacency matriz A is real and symmetric. It has an orthog-
onal basis of real eigenvectors and all its eigenvalues are real. The eigenvalues
of A are denoted in descending order by Ay > X > ... > \,, where A\ = d

and its corresponding eigenvector is 1, (the n x 1 all ones vector).

12



Theorem 3.6 Let G be a d-reqular graph on n vertices. Let d = Ay > Ao >

... 2> A\ be the eigenvalues of G. Denote

A = max |\ .
—~——~
2<i<n

Then for every two subsets U W C V,

d|\ul||w U 14
e ) — L, A\/rm wi (1-51) (1= B1) <aviem
Theorem 3.7 A (n,d, \)-graph is (p, ) jumbled with p = d/n and § = X.
The next proposition given by Krivelevich and Sudakov in [9].

Proposition 3.8 Let k > 1 be an integer and let G be an (n,d, \)-graph
such that d** /n > N\?*=1. Then G contains a cycle of length 2k + 1.

This proposition implies that when d > nzt and A < O(V/d) then any
(n,d, \)-graph contains a cycle of length 2k + 1.
The start point for this dissertation is the following theorem given by

Krivelevich, Lee and Sudakov in [7].

Theorem 3.9 Let k be either 3 or an even integer satisfying k > 4, and let
G = (V,E) be a (n,d, \)-graph satisfying d*=*/n >> \¥=2. Then G has local
resilience (1/2 4 o (1)) d with respect to containing cycles of length t for all

kE<t<n.
Aigner-Horev et al proved the following result:

Theorem 3.10 For every integer k > 1 and every § > 0 there exists ay > 0

such that for every sequence of densities p = p(n) there exists an ng such that

13



for any n > ng the following holds. If T is an n-vertex, (p, B)-jumbled graph
satisfying
B = B(n) < yp T Nplog 2+ p,

then

2 2

This is clearly a resilience type result. In the rest of this chapter, we will

ex(T, Coprr) < (= +8)p (”) |

try to show that the local resilience must be at most (1/2+o0(1))d. In
subsequent chapters we will try to prove that this is the right asymptotic.

Theorem 3.11 Any d-reqular graph H can be made bipartite (which implies

it has no (2k+1)-cycle) by removing about w edges from each vertez.

Proof. Colour each vertex of the graph H red or blue equiprobably, each
vertex being coloured independently of all other vertices. Our aim is to show
that the graph G with only the red-blue edges retained has the required
property. Since each vertex has Binomial (d, 1/2) neighbours of the opposite
colour to itself, the probability that any particular vertex has degree at least
d/2 — d2/3 and at most d/2 + d2/® is at most 2e~%/*/4. This comes true by

Chernoft’s inequality below:
Theorem 3.12 If X ~ Bin(n,p) and € > 0, then
P(|X — E[X]| > €E[X]) < e EXD
Consequently the probability that any vertex has degree not in the range
(d/2—d?/3,d/2+d?/3) is (using the union bound) at most 2¢~%""*/4, Provided
that d is at least (say) n® for some « > 0 this will result in the relevant

probability going to 0 as d (or equivalently n) goes to infinity. The fact that

d is of this form follows from the condition d*~!/n > A2,

Corollary 3.13 The local resilience is < w by this partition argument.

14



4 The result of Aigner-Horev et al

Aigner-Horev et al consider extremal problems for subgraphs of pseudoran-
dom graphs. For graphs F' and I the generalized Turdn density 7(I") denotes
the relative density of a maximum subgraph of I', which contains no copy of
F. Extending classical Turan type results for odd cycles, they showed that
mr(I') = 1/2 provided F' is an odd cycle and I is a sufficiently pseudorandom
graph.
In particular, Aigner-Horev et al showed that for (n,d, \)-graphs T, i.e.
an n-vertex, d-regular graph with all non-trivial eigenvalues (i.e. those # d)
in the interval [—\, A] their result holds for odd cycles of length ¢, provided
A2 < E log(n)~(¢-2(=3)
n
Upon to the polylog-factor this verifies the conjecture of Krivelevich, Lee and
Sudakov. It is natural to ask if the polylogarithmic factor log(n)~(¢=2(¢=3)
can be removed and this is what we discuss in the rest of this dissertation.
In Chapter 10 we summarise some very recent work of Berger et al. which
gives a full answer to this question.
We mention in passing a global resilience conjectures similar to ours.
However it is not the main focus of what follows. Here is an open problem

from [7], which is stated as a conjecture.

Conjecture 4.1 Let k > 5 be an odd integer and G be a (n,d,\)-graph
satisfying d*=1 > X2, Then G has global resilience (1/4 + o(1))nd with

respect to being C-free.

The Theorem 1.4 of Aigner-Horev et al will be a consequence of Theorem
5.4 which is stated for jumbled graphs below. The fact that Theorem 5.4

implies Theorem 4.2 is for the same reason as in Aigner-Horev et al’s paper,
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namely that a (n,d, \)-graph is (p, ) jumbled with p = d/n and g = A\
We noted this fact at Theorem 3.7. We explain briefly how the relevant

conditions will hold.

Theorem 4.2 For every integer k > 1 and every 6 > 0 there exists a vy > 0
such that for every sequence of densities p = p(n) there exist an ng such that

for any n > nq the following holds. If I is an n-vertex (p, 5)-jumbled graph

satisfying
B = B(n) < yp" T/ plog 2y (6)
then
e, ) < (5 + (3 ) )

For k = 1, the same problem was studied in [11]. In this case, we obtain
the same result which is known to be best possible due to a construction
of Alon in [1]. For & > 2, Alon’s construction can be extended as to fit for
general odd cycles, implying that for any k& > 2 the equation 3 is best possible
up to the polylog-factor. We also remark that Theorem 1.4 was essentially
(up to the polylog-factor) conjectured by Krivelevich, Lee and Sudakov with
Conjecture 7.1 in [7].

Proof of Theorem If we have A =  and p = d/n as given by Theorem
3.7, then we get

ﬂ _ 5(”) < ,.)/p1+1/(2k71)n10g72(k71)n

=A< 'y(d/n)% n
2%k

d
2k—1 2%k—1 2%k—1
= A <~ —n%n

d2k
= < —
n
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and

Theorem 5.4 in turn with follow from Lemma 5.8 (which is unchanged

from the paper by Aigner-Horev et al) and from Lemma 5.13, which will be

more complicated.

17



5 First reduction of the problem

We start this article by giving some useful definitions following [2].

Definition 5.1 Let ' be a graph and X,Y C V(I'). By vol(X,Y) we denote
the number of all pairs with one element from X and the other element being

fromY.

Definition 5.2 By er(X,Y) we denote the number of actual edges xy €
E(T) satisfying x € X andy € Y. As usual, let ep(X) = ep(X, X).

Consider the following as an interpretation, in terms of volume, of the earlier

Theorem 3.7.

Definition 5.3 Let p = p(n) be a sequence of densities, 0 < p < 1 and
B = p(n). An n-vertex graph I is called (p, B)-jumbled graph if

ler(X,Y) — prol(X,Y)| < Buol(X,Y)"/? (8)

for all XY C V(L)
For disjoint sets X,Y

er (X, )~ pIXIIV1] < XY )2 )
For X =Y,
er0) = (1) 1< 611 (10)

Theorem 5.4 For every integer k > 1 and every 6 > 0 there exists a vy > 0
such that for every sequence of densities p = p(n) there exist an ng such that
for any n > nq the following holds. If I' is an n-vertex (p, 5)-jumbled graph
satisfying

B = B(n) < yp* TV Dplog 2k p (11)

18



then

ea(T, Copr1) < (% + 5)p<g>. (12)

To prove Theorem 5.4 we need the help of two important Lemmas and

some other definitions.

Definition 5.5 For a graph G and disjoint sets X,Y C V(G), G[X,Y] is
the bipartite subgraph of G whose vertex set is X UY and Eq(X,Y) is the
edge set which consists all the edges of G with one in X and the other in Y .
Also, we write Eg(X) to denote the edge set of G[X].

Definition 5.6 For a graph R and a positive integer m, R(m) is the graph
obtained by replacing every verter i € V(R) with a set of vertices V; of
size m and adding the complete bipartite graph between V; and V; whenever

ij € E(R). A spanning subgraph of R(m) is called a R(m)-graph.
Definition 5.7 A G C R(m) is called an (o, p, €)-degree-reqular graph if
degaiv,,v;)(v) € [(o = €)pm, (a + €)pm] (13)

holds whenever ij € E(R) and v € V; UV;. The notation R(m’), for m" a

positive real number, is a shorthand for R([m']).

The following Lemma asserts under a certain assumption of jumbledness, a
relatively dense subgraph of a sufficiently large (p, 8)-jumbled graph contains
a degree-regular C;(m)-graph with large m.

Lemma 5.8 For any integer £ > 3, all p > 0, ag > 0 and 0 < € < qp
there exist a v > 0 and a v > 0 such that for every sequence of densities
p = p(n) > logn/n there exists an ng such that for every n > ngy the following
holds.

19



Let T be an n-vertex (p, 3)-jumbled graph with 3 = B(n) < vp***n and
let G C T' be a subgraph of I' satisfying e(G) > ozop(;). Then, there exist
an « > o such that G contains an («, p, €)-degree-reqular Cy(vn)-graph as a

subgraph.

Using the above Lemma we try to prove Theorem 5.4.

When we have Cj(m) large degree-regular graphs which are hosted in a
sufficiently large jumbled graph I" we should, in our search for odd cycles,
concentrate on those cycles which have all but one of their edges in the hosted
graph Cj(m) graph, with the remaining one being in I

Let us fix one vertex w of the cycle Csy1 and the other 2k vertices will
be

(ukaukfla ceey U, 01,09, ,Uk)-

Definition 5.9 For a given graph T let H C T be a Copy1(m) with the
corresponding vertezx partition (U, ..., U, W, Vi,..., V). U; is the set of m

vertices corresponding to u; and V; is the set corresponding to v;.

Definition 5.10 Using H and I" as in the previous definition by C(H,I") we
denote the set of all cycles of length (2k+1) of the form (uj,, ..., u},w', v}, ..., v})
such that w' € W, € U;, v} € Vi, vpuy, € E(T), and all edges other than vju;,
are in E(H). In other words, a member of C(H,T") is a cycle of I of length
2k 4+ 1 which respects the vertex partition of H and which has all edges but

possibly v,uy, being in H.

Definition 5.11 For a real number p > 0, an edge of U'[Vy, Uy] is called
p-saturated if it is contained in at least p(upm)®*=1 members of C(H,T).

Definition 5.12 A cycle in C(H,T") containing a u-saturated edge is called
a p-saturated cycle. We write S(u, H,T') to denote the set of u-saturated
cycles in C(H,T).

20



We expect that an edge of I'[Uyg, Vi] extends to (ap)®*m?*~1 members of
C(H,T"). For p =~ «a, a p-saturated edge overshoots this expectation by a
factor 1/a.

Lemma 5.13 For any integer k > 1 and all reals 0 < v, a0 <1 and 0 < € <
ap/3 there exists a vy > 0 such that for every sequence of densities p = p(n)
there exists an ng such that for any n > ng the following holds.

If T is an n-vertex (p, B)-jumbled graph with
B = B(n) < yp" M Dnlog 2ty (14)
then for any m > vn and any o > ag an (o, p, €)-degree-reqular Copy1(m)-
graph H C T satisfies
C(H,T)| > (a — 2¢)* (pm)**! (15)
and
IS(a + 26, H,T')| < (3¢)**(pm)** . (16)

With the lemmas 5.8 and 5.13 above we will try to show how they imply
Theorem 5.4.

Proof of Theorem 5.4

These parameters are all we need. Let k > 1, m a positive integer, 6 > 0

and p = p(n) be given. We assume that ¢ < % We set that

_ §
£=2k+1,p=£1,6:4+32k+62k+1,a0:1/2+5 (17)

Also, v > 0 and v; > 0 will be the values obtained by applying Lemma 5.8.
With these choices of [, p,e and o and also 5 > 0, k> 1,0 < v,ap <1
0 < € < /3 as obtained in Lemma 5.13. We set
) ov
~v = min{~q, 72, Z} (18)
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For the remainder of the proof, we shall let ng be large enough that both
Lemma 5.8 and 5.13 are operational.

Continuing with the proof of Theorem 5.4, let I" be a (p, §)-jumbled graph
with (8 satisfying

ﬁ _ ﬁ(n) < ,yp1+1/(2k—l)nlog72(kfl) n.

We need to show that every subgraph G of I' satisfying e(G) > aop(g)
contains a Cy,,1. Let G be such a subgraph of I' and let H C G be an
(e, p, €)-degree-regular Cor1(m)-graph - this of course exists by Lemma 5.8,
where o > oy and m > vn. Recall that a Cyy1(m)-graph has vertex classes
V; of order m for each 1 < i < k, U; of order m for each 1 < i < k, and a

further class W.

Definition 5.14 Let F' = F(Uy, Vi) C Er(Uk, Vi) denote those edges of
LUy, Vi.] met by a member of C(H,T"). Every edge in F' completes a path of
length 2k in H into a cycle of length 2k + 1.

In what follows, we prove that F'N Ey(Uy, Vi) # 0 which then implies that
Cor1 € H C G completing the proof of Theorem 5.4. To this end it is

sufficient to show that

712 (0 Dpm. (19)

As H is an (a, p, €)-degree-regular and € < g we can see that

(U Vi) 2 (0 — 2ypm. (20)

We now consider § = (n). By our condition on § in the statement of

the Theorem 5.4, we have

Bm < yp'tETmlog 2 Y n < ypttPum (21)
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as p = {1 and ¢ = 2k + 1. Thus we conclude that Sm < yp'*tPnm.

We next need to prove that yp'+nm < $pm?. To see this, divide both
sides by pm, getting vypfn < gm. But v < %” as v = min{vy, v, %”}, so it is
enough to show %”p"n < %m. Simplifying, this is equivalent to vp’n < 2m.
As m > vn, it is enough to show vp’n < 2vn, and this is just the simple fact
that p» <2 aspe (0,1).

We now use our upper bound on S to finish off. We have, by jumbledness
of I' withm > vnand v < %” and using the definition 5.3 of jumbled graphs at
the beginning |er (U, Vi) —p|Us|[Ve|| < B(|Ul|Vi)"/?. Since [Uy| = [Vi| = m,

ler (Ur, V)| < pm? + Bm < pm? + vp*™nm. We have already shown that

ov

1 2
yp'tPm < Fpm? so

) 1)
pm?* + fm < pm® + Spm?® = (14 2)pm”. (22)

Suppose we could show that |F| > (o — £)pm?. Then we would, using
the fact we have just proved that er(Uy, Vi) < (1 + $)pm? and splitting the
above in two factors we have that

) )
(1+ §)pm2 =(a— §)pm2 + (1 — o+ 0)pm?

and

)
er(Ur, Vi) < (a = 5)297”2 + (1 —a+d)pm?
<|F|+ (1 —a+68)pm?
2

)
<|F|+(a = Dpm

< |F|+ en(U, Vi). (23)

To get this sequence of inequalities to work, we need to show that 1 —a+6 <

o — g. This claim is equivalent to 1 + 375 <2a. But a > ag = % + 4, so

30
2a21+25>1+?
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as required.

This now gives us that ep (U, Vi) < |F| + ex (U, Vi) and this will indeed
imply that F' and Ey(UgVy) have non-empty intersection. It remains to
show that |F| > (a — 2)pm?. We need some additional notations first. By
definitions 5.1, 5.2 and 5.5 recall that F' = F(Uy, Vi) C Er(Uy, Vi) denote
those edges of I'[Uy, Yi] met by a member of C(H,T"). Each member of F is
contained in at most p(a + 2¢)*~1(pm)?*~t members of ' = C(H,T')\S(a +
2¢, H,T"). To see this, note that C’ is those cycles in C(H,I") which are
1

not (a + 2¢)-saturated, and thus are contained in at most p(a + 2€)pm?<~

members of C(H,T") so that

FI2 s 21
However we also have that, using the estimates from Lemma 5.13.
C(H,T)| = (a = 2€)* (pm)***! (25)
and
|S(a+ 26, H,I)| < (3€)**(pm)?*+1, (26)

Combining the above three inequalities (29), (30) and (31) we have that

(a _ 26)2k(pm)2k+1 _ (36)2k(pm)2k+1

pla -+ 267 (pm)

|F| >

Factorising using the common factor and simplifying that fraction we obtain

(o — 2)* (3¢)* 2
F 2 a1 ~ (o agm P

Separate the fractions above and work independently. Let

7= 0297 (o

o — 26)%—1
(a + 2)21 ‘

o+ 2e
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(=

We now claim that for a,b > 0 that 2=

> 1— 2b. To see why this is true,

+

note that
(a —b)a > ala+b) — 2b(a + b)

which is the same as
a? —ab > a®+ ab — 2ab — 2b°

making the inequality obvious. Simplifying, b*> > 0 as required as any a, b >

0. As a > 1/2 we get that
T> (- 20(1— 220%7 > (o~ 20(1 — 86
Definition 5.15 Bernoulli’s inequality states that
(I+z) >1+rz

for every integer r > 0 and every real number x > —1

By Bernoulli inequality (1 — 8¢)%**~! > (1 — 8¢(2k — 1)) > (1 — 16ke). In
detail,

T > (a—26)(1 —8¢)** 1 > (ar — 2€)(1 — 16ke) = @ — 16ake — 2¢ + 32ke>.
We need to show that
a — 16ake — 2¢ + 32ke® > o — 2¢ — 16ke.

So, —16ake + 32ke? > —16ke.
As, a<1so0

16ake < 16ke
—16ake > —16ke

and 32ke? > 0. Since, § < 1/2 it follows that
T > o — 2¢ — 16ke. (27)
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Combining the fact that the second fraction is, using that o > 1/2; at most

(36)% 2k—1492k 2k
m S 2 3%"e S 6°"¢

SO

|F| > (a — 2¢ — 16ke — 6*%¢)pm?.

Before we set that € = i czrrr and it is obvious that € = < %

4132k+ 4+32k+62RFT
so that 2e + 16ke + 6%F¢ < g. At the end we get what we want:

FI> (a— D)o (28)
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6 Proofs of the two Lemmas: initial steps

The form of Lemma 5.8 we are going to use is exactly the same as in Aigner-
Horev at al’s paper and so no modification of it is required. However, we
need a better form of Lemma 5.13 that is in that paper, and that is what we
shall now try to prove.

Recall that I" denotes an n-vertex (p, 5)-jumbled graph and H denotes
an (a, p, €)-degree-regular Cyy,1(m)-graph which is a subgraph of I'. H has
a partition (Ug, ..., Uy, W, Vi, ..., V}) of its vertex set, as given by Definition
5.6.

The proof has two parts.

The first is the one that concerns C(H,I'). By definition 5.9 this set
consists of all (2k + 1)-cycles of the form (ug,...,u, w,vy,...,vx), where
w; € Upj,w € Wyu; € V;, the edge ugvg is an edge of I'[Uy, Vi] and the
remaining edges are that of H. So what we want to prove first is that
C(H,T)| = (o — 2€)* (pm)* .

To see this, the fact that H is an almost degree regular graph means,
using the definition 5.7 that all degrees in H[V;, V;] are in the range ((o —
e)pm, (a + €)pm) whenever ij € E(I'(Uy, Vi), 1 < 4,5 < kand v € V;UV,.
This implies that the number of paths of the form (ug,...,u;, w, vy, ..., vx)
in H is in the set((a — €)pm, (o + €)pm))?*. As H is an arbitrary subgraph
of I' it may occur that this set of paths ”clusters” on a small number of pairs
of vertices (ug,vy) € Uy x Vi. (We should be a little careful here: of course
one of the edges is, for most vertices, ruled out as it is the edge by which
one entered that vertex, but this will be not be significant, e.g. replacing
e by a slightly smaller value). The lower bound stated above asserts that
these many paths are NOT clustered on a small number of pairs (ug, vx) of

vertices: they are spread out in a ‘random-like’; way. In fact, approximately
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a p proportion of these paths extend to cycles in C(H,T") as one would expect
in a purely random setting.

The second part of Lemma 5.13 concerns the set S(a + 2¢, H,T') of (o +
2¢)-saturated cycles. This consists of all cycles (ug, ..., uy,w,vy,...,v) in
C(H,T') for which the edge upvy € E(I'[Ug, Vi]) is (a4 2¢)-saturated, meaning
that it is contained in at least p((a + 2€)pm)?*~! members of C(H,T'). The
aim is to show that this set is not too large: indeed that it is negligible by
comparison with |C(H,T")| by bounding it above appropriately. Informally,
IC(H,T)| > (o — 2€)**(pm)?**! and er[Uy, V4] is approximately pm?, so we
expect an edge of I'[Uy, Vi] to be contained in at least approximately p(a —
2€)(pm)?*~! members of C(H,T"). In short, for a small ¢, the number of cycles
in C(H,T") an (a + 2¢)-saturated edge is contained in overshoots this lower
bound by a factor 1/a.

We include a brief and rough sketch of our approach for £ = 3 in which
H has the partition (Us, Uy, Uy, W, Vi, Vo, V3). For a vertex w € W, we write
C(H,T',w) to denote the cycles in C(H,I") that contains w. To estimate the
size of C(H,T",w) we shall repeatedly apply the jumbledness condition as
described in the definition 5.3 |ep(X,Y) — pvol(X,Y)| < Bvol(X,Y)Y? to
pairs of subsets (L, R) where L C Us and R C V3 consist of certain vertices
connected to w by a path of length 3. The way we shall do this - details
below - will be such that the edges in I'[L, R] C I'[Uy, Vi] will be contained
in roughly the same number of cycles in C(H, ', w).

To achieve this, consider the neighborhood X,, = Ny (w)NU; of w in U;.
We partition the set Us with regard to the “backwards” degrees of its vertices
into X,,. For example, the ith partition class will consist of all vertices u € U,
satisfying (1 +7)"' < |Ny(u) N X,| < (14 n)* for some small 1. Some of

these classes may be empty: certainly they together cover all vertices in U,
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which are connected to X,,.

We proceed to Us in a similar way. Each partition class of Uy will define
a partition of Uz. Us is defined in a similar manner to the partition just
defined for U, using X,,. Given the ith partition class of Us, say Z,(i, X,,),
we assign a vertex u € Uz to the j-th partition class of Uj if it satisfies
(14+n)~t <|Ny(u)N Z,(i, X)| < (1+n)?. The resulting partition class is
denoted Z, (1, 7, Xu)-

We partition the sets V5 and V3 in a similar manner where we use Y,, =
Ny (w) N Vi, the neighbourhood of w in Vj, instead of X,,.

The number of paths between w and any vertex u € Z,(i, j, X,,) C Us,
confined to the set Z,(¢, X,,) - i.e., paths of the form (w,w’,u) where v’ €
Zn(i, Xy)- is at least (1 +n)™7~2 and at most (1 + 7). This number is
known up to a factor of (1+n)%. The same bounds hold for w and any vertex
ve Z,(i,j",Y,) C Vs, where Z, (7, j',Y,,) is the set obtained by partitioning
with respect to Y, V5 and V3.

If we take a path from w to u € Z, (1, j, X,,), confined to Z,(i, X,,), and
another path from w to v € Z, (7, j/,Y,,), confined to Z, (', X,,), then these
two paths yield a path from w to v. The number of such (u,v)-paths is at
least (1 + 7)™ ++'~% and at most (1 + n)"+" 7+,

Since w and v were arbitrary vertices from Z, (i, j, X,,) and Z, (7', j', Ya),
respectively, we conclude that if wv is an edge of I', then the number of
cycles in C(H,T,w) is in the interval ((1 4 n)™+" 7+ =4 (1 4 p)i+d+i+'+1)
that contain the edge uv and are confined to Z,(i, X,,) and Z,(i', X,,).

On the other hand, jumbledness of I' yields that the relevant number of
edges in I' between Z,(i, j, X,,) and Z, (7', j',Y,,) is in the interval

(D120, 5. X1 2y Y| = 57|25 X Z(00, 57, Vo),

Pl Zy (i, §, X1 2y (1", ', Yio) | + 5\/|Zn(i’ja Xo)[1Zy(#", 5", Yu))-
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Summing over all 1 < 5,4, 5 < ﬂoan ”W + 1, we obtain a good estimate

for |C(H,T,w)|. The main term of the contribution of w is in the range
(S D1l Xl 2 7, Y1+ 47,
1,5,4,5'

S P12y 4y X1 2@ 7 V) (1 4 ) H+4+4)
i7j7i/7j/

This, we will show to be

(1Xu|[Yulp((a = e)pm), [ Xol[Yalp((e + €)pm)*).

The main obstacle will be to show that the error term is negligible compared

to the main term, i.e., that

S° 812,03 X 12,037, Y| (1 )99 = o(p(pm)®),

1,554,
where 1 <14,75,7,7 < ﬂog1 +n nw + 1, provided I is sufficiently jumbled. This
was the approach for establishing the first part of Lemma 5.13.

For the second part, we shall estimate |S(a+2¢, H,I')|. This will be done
by employing similar arguments to those above, but applied to a rearrange-
ment of the partition (Us, Uy, Uy, W, Vi, Vo, V3). We will use the rearrange-
ment

((?37 UQ; Ul,W, ‘717 ‘727 ‘73) = (W) U17 U27 U37‘/E37‘/27‘/1)‘

This is a valid partition of the C7(m)-graph H.

The interest is to estimate the number of (« + 2¢)-saturated cycles. The
(a + 2¢)-saturated cycles that these cycles contain now lie between the sets
W = Us; and V; = V. For a given vertex @ € W, we set Xg = Ny(w) N U,.
Unlike before, we shall define the set 171;, C ‘71 to consist of those vertices of

V; that are incident to @ through (a + 2€)-saturated edges.
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The same arguments as above, yield bounds corresponding to
| Xo||Yaulp((a £ €)pm)*

and

S 81 Zalids X2l 7, Y [(L -+ 054 = op(pm)®)

,L'7j7i/7j/
will lead to an upper bound on the number of (« + 2¢)-saturated cycles
containing w. We shall have that since every (a + 2¢)-saturated edge is

contained at least p((a + 2¢)pm)® cycles containing w, then
Yalp((a +26)pm)® < [ Xy |[Yalp(((a+ e)pm)* + o(p(pm)°).

As, | X,| < (a+¢€)pm, we conclude that this inequality can hold provided
that |Yy| = o(pm), implying that the number of (o 4 2¢)-saturated cycles
containing @ is bounded from above by | X,||Ya|p(((o + €)pm)* + o(p(pm)®)
which is o(p(pm)%). Summing over all @ € W yields the desired bound.
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7 Starting to make the above more precise

This section will start the process of making the above overview precise not
only for £ = 3 but for all k.

Partitioning the neighborhoods For arealn > 0, we set L,, = ﬂogl +n 2pmw +
1 and let Z, = {0} x [L,]*~! where [n] denotes the set {1,2,...n}.

Definition 7.1 Bys we mean a tuple of integers (s1, Sa, ..., Sx) € L, (so that
s; = 0), and we write s; to denote the prefix (s1,Sss,...,5;), where j € [k],

and write s instead of sy.
Be careful not to confuse s; and s;.

Definition 7.2 For a set X C U, we put Z,(s1,X) = Z,(0,X) = X C Uy,
and for j =2,...,k we define

Zy(s;; X) ={z € Uj: (L+n)¥ " < [Ny(2) N Z,(sj-1, X)| < (1+m)"}
so that Z,(s;, X)) C U; for each j € [k].

For n € (0, 1], the value (1+7)% is essentially bounded by the maximum
degree of H for any j € [k]: more precisely, we have for such n that (1+n)% <

8pm, for any s; € [L,], since
L, <log,,,(2pm) + 2 <log, ,(2pm) + log,,,(4) = log, ., 8pm

whereas in the other direction (1 +n)%~! > 2pm > (a + €)pm, and that the
maximum degree of a vertex in H is (a+¢€)pm. This means that Z, (s;, X) =
{z eU;: (14n)%t <|Ny(z)NZ,(sj-1,X)| < (14n)%} defines a partition
of the neighborhood of Z,(s;_1, X) in Uj, i.e.
U Zi((s1,- 0 5jm10), X) = Nu(Zy(sj-1, X)) N U;
1<i<Ly

where some of these sets may possibly be empty.
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8 Counting shortest paths

We count shortest (X, Ug)-paths in H.

Definition 8.1 If L and R are two subsets of vertices, we write (L, R)-path

to denote a shortest path with one end in L and the other in R.

With this convention, and recalling that the edges in H which connect two
of the U; are between U; and Uj;, we see that, if X C Uy, an (X, Uy)-path
in H has a single vertex in each set U;, ¢ € [k]. (Only one by virtue of being

a shortest path). Instead of (X, {y})-path we write (X, y)-path.

Definition 8.2 For j € {2,...,k} and a tuple s € I,, we write ) _s; to
denote the sum Y2, s; = S20_, s; (using that s, = 0). We write 3. s instead

of > sk.

Definition 8.3 The subgraph of H induced by the vertex sets
{Zn(ShX)v Zn(S%X)v cees Zn(sij)}

is denoted by H(s;).

Note that we do not advertise the fact that this depends on 7 as well.
For a vertex z € Z,(s;, X) the number 7y (X,s;, z) of (X, z)-paths con-
fined to H(s;) clearly satisfies

J J
H(1+n)511<7rHij, H1+n

=2

We may write the above as

(L+n) U DA +n)=% < mp(X,s5,2) < (1+n)=%. (29)
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We observe that for any two vertices z, 2’ € Z,(s;, X), the variation between
(X, s, 2) and 7y (X,s;,2') is bounded by a factor of (1 +7)?~!. Conse-
quently the number

WH(X,S]') = WH(X,S]',Z)
2€7Zy,(s5,X)

<

of (X, Z,(s;, X))-paths confined to H(s;)satisfies

(1+n)"Y | Zy(s5, X)[(1+ )=
< mr(X,85) < | Zy(s5, X)|(1 + )= (30)

However, using the previously noted on page 32 fact that

U Zo((sn,- 551,00, X) = Nut(Zy (851, X)) O U, (31)

1<i<L,

every (X, U;)-path is contained in H(s;) for exactly one s;. Summing over all
s;, we obtain the following inequality for the number 7y (X, U;) of (X, U;)-
paths:

(L+m) 070 7 1Zy (s, X)I(1 4+ )

< ma(U;, X) < 312,085, )11+ m) =, (32)

We now approach the estimation of the numbers 75 (U;, X) from another

viewpoint. Using the degree-regularity of H, we obviously have, for all j € [k]
| X[((a = )pm)’ ™" < my (U, X) < X[ (@ + e)pm) . (33)

Finally, for j € {1,...,k}, a tuple t € Z,, and a set Y C V; we define the sets
{Z,(t;,Y)}:_,. The subgraph H induced by the vertex sets

{Z,(t1,Y), Z,(t2,Y), ..., Z,(t;,Y)}
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The numbers 7y (Y, t;,u), 75 (Y, t;), 7y (V;,Y) are defined in an analogous

manner to the sets and numbers just defined. These hold also,

U Zul(ts,- oty 1,0, Y) = NulZy(t; 1, Y) OV, (34)
and
YI((a = ypm) =t < 7 (V;, ¥) < ¥ I((a+ hprm) . (35)

We will use the estimates implied by these facts later on.

35



9 Counting cycles

Given u € Uy, v € Vj we let, as before, 7y (X, u) and 7y (Y, v) be the number
of (X, u)-paths and (Y, v)-paths respectively. We define
OX,Y)= >  wa(X,u)mu(Yv) (36)
u’UEEF(Uk,Vk)
to be the number of composed paths each of which comprises a (X, u)-path

and a (Y, v)-path in H connected by the edge uv € T'[Uy, V4.

Definition 9.1 Let C(H,T',w) denote the set of cycles in C(H,T') containing

the vertex w € W and observe that
IC(H,T,w)| = O(Ny(w) N Uy, Ny (w) N V7). (37)

Our next paragraph will be concerned with estimating the size of S(u, H,T').
Recall the definition of S.

Definition 9.2 A cycle in C(H,T') containing a p-saturated edge is called a
p-saturated cycle. We write S(u, H,T") to denote the set of p-saturated cycles
in C(H,T).

We rearrange the partition (Uy,...,U;,W,Vi,..., Vi) to yield a partition
(Ug, ..., U, W, V4,..., V) obtained by renaming the partition classes as fol-

lows:
W:Uk7U~1 :Uk—17“'70k—1 :Uh[jk:Wv‘?l :V]m?‘}k:‘/l (38)

The new partition is still a valid partition of the Cyy1(m)-graph H, and the

p-saturated edges now lie between W and V.

Definition 9.3 For a vertex v € W let D,,(0) denote the set of vertices in
Vi adjacent to w in T through a p-saturated edge and let S(u, H,T',w) denote

the set of p-saturated cycles containing w.

36



Then,

where O(X,Y) is defined in the same way as O(X,Y) only with respect to
the partition (Uk, L UL, \7k) and where X c U; and Y C V;.

In |S(p, H,T,w)| < O(Ng(w)NUy, D, (1)) we have an upper bound only
as cycles in O(Ny () N Uy, D, (1)) may involve edges in T' between U, and
V;, which might not belong to H.

In view of the equation |C(H,T',w)| = O(Ny(w) N Uy, Ng(w) N'V;) and
the inequality |S(u, H,T,w)| < O(Ng(w)NUy, D,(@)), we focus on O(X,Y')
in order to estimate |C(H,I',w)| and |S(p, H,T',w)|. For tuples s, t € Z,, we
write ep(s, t) for er(Z,(s, X), Z,(t,Y)) and observe that due to the inequality

(37) we may write

3, S en(s, t)(1+m)Estt
(14 n)2t=1)

SOXY) <D Y er(s t)(1+n)=52" (40)

s t

Next, we use the jumbledness of I' to get the estimates

er(s, t) € (p[Zy(s, X)[2,(t, V)| = 6\/|Zn(S’X)||Zn(t’Y>|a

plZy(s, X)|[Z, (8, Y)] + ﬁ\/|Zn(S7X)||Zn(t7Y)|)- (41)

Substituting this estimate for ep(s, t) in the inequality above we find the two

bounds for O(X,Y).

(1+n)*®VO(X,Y) = pPy(X) Py (Y) = Qy(X)Qy(Y), (42)
and
O(X,Y) < pPy(X)Py(Y) + BQy(X)Qy(Y), (43)
where
Po(X) =Y | Zy(s, X)I(1 +m)>*, (44)



Py(Y) = 126, Y)|(1+ )=, (45)
}: Zy(s, X)) (1 + )%, (46)

}: Zy(t,Y)|(1 4 n)=*. (47)
We will now argue that (’)(X ,Y) is for a small 7 essentially equal to the
main term pP,(X)P,(Y) with the error term SQ,(X)@,(Y) being small by
comparison. To see this we rewrite (30) for j = k as to obtain
Py(X) < 7y (U, X)(1+0)" 71 < By(X)(1 + )" (48)
With (33) this yields
X (e = )pm)* =" < Py(X) < [X[((e + €) (1 +m)pm)* . (49)
A similar assertion holds for P,(Y"). Clearly,
V(o = e)pm)*= < Py(Y) < [Y]((a + €)(1 +n)pm)*~". (50)
For w € W, the sets X,, = Ny(w)NU; and Y,, = Ny(w) NV; both have size
((a — €)pm, (o + €)pm) due to the degree regularity of H. With the help of
(37), (42) and (49) we have that
(1) |C(H, T, w)| B (14 1) O(Nig(w) 1 Uy, Nig(w) 1 Vi)
= (140" O0(Xy, Vo)

where we used our definitions of X, and Y,,. This in turn is

(42)
Z an(Xw)Pr](Yw) - 5Qn(Xw)Q77(Yw)
(49)

> plXul((a = pm)* 7 Yo|((a = )pm) ™ = BQy(Xw)Qy(Ya)
> p((a — e)pm)((a — e)pm) " ((a — e)pm)((a — e)pm)* ™ — BQ,(X.)Qy(Y)

> p((a = e)pm)™
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where in the second last line we used our bounds on the size of X, and Y.
Let @ € W and X = Ny (@) NU; and Yy = D, (). Also, let P,(X) and
Q,(X) be defined as

Py(X) =) 12y (s, X (1 + )=, (52)
and

Z (s, X)|(1 4 )%=, (53)
Using (39), (43) and (49) we have that

|S(p, H,T', )| < O(Ny (@) N U, Dy ()

By (Xa)By(Du()) + 5 Xa) Oy (D, ()

where we used the definition of X,,. This in turn is

< plXa|((a + €) (1 +n)pm)* [ Du(@)|((a + €) (L + mpm)*~! + BQy(Xa)Qn(

this time using bounds on the size of X;. Finally this in turn is

< p|Du(@)|((a + )pm)** ™ + BQy (X ) Qy (D ().
(54)

We will now give a key claim which we will have to use in order to finish
our proof of Lemma 5.13.

Claim. For k£ > 1 and real numbers 0 < £, a,n,v < 1land 0 < e < «/3
there exists v > 0 such that for every sequence of densities p = p(n) > 0
there is an ng such that for all n > ng the following holds. If T'" is an
n-vertex (p,3)-jumbled graph with 3 < ~Ap' ™/ Dplog=2*=Dp and let
H C T be an (a, p, €)-degree-regular Cor1(m)-graph, m > vn with partition
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(Ug, Ug—1, ... U, W, V4, ... Vg). If X C Uy and Y C Vj both have size at most
(o + €)pm then

BQy(X)Qy(Y) < Ep(pm)**. (55)

We defer the proof of this claim for now, and use it to show how it implies
Lemma 5.13.
Proof of Lemma 5.13

Given k, v, gy and € we put

£ =(e/H)* n= min{fwo, 1}, (56)

and note £ € (0,1] and n € (0,1]. Let 4/ be the number obtained applying
the Claim above with k,&, a0 = ag,n,v and e. In the statement of Lemma
5.13 we now take 7 to be this 7/ and ng sufficiently large.

Using (51) we have

et > ($5) pom) - (@), (67

for any w € W, where X,, = Ng(w)NU; and Y,, = Ny(w) NV;. Since, H is
(cv, p, €)-degree-regular graph both X, and Y,, have size at most (a + €)pm.

Then, using our choice £ = (¢/4)* and n = min{;>-, 1} we have that

o — €

C(H,T.w)| > (—) p(pm)® — (1+ )2 p(pm)*

14+n
a—e)?k — (e/4)%
> (1> + n)g’“/4) vl
B o\ 26
> <%) p(pm)*
> (o — 2€)*p(pm)?* (58)

holds for any w € W. We need to show that
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Using that v = a and the definition of 7 that n = min{;5-, 1} we have
that

(= (3/2)€) = (v — 2€)(1 + 1)
1)
— da(a— (3/2)e) > (o — 2¢)(da + €)

& (o — (3/2)€) > (o — 26)(1 +

© 4a? — 6ae > 4a® — Tae — 262

so this is true.

We used in this argument the fact that
(o — 3¢/2)%% + (€2/16)* < (v — 3¢/2 + €2/16)* < (o — €)%

the last inequality being equivalent to €2/16 < €/2 which comfortably follows
from e < 1.

Summing over all the vertices in W yields (15), the first assertion of
Lemma 5.13.

We now have to prove the second assertion made in Lemma 5.13, namely
that |S(a+2¢, H,T')| < (3€)*(pm)?**+!. We use again the partition W = U,
U=Upt1,.... U1 =Urand Uy = W, Vi =V, Vo = Viy, ... Vi = Wi

Now, using the partition (38) it is sufficient to prove that for any w € W
it holds that

| Dayae(w)] < e pm. (59)

Indeed, to confirm this, note that, if we assume the inequality (59) yields

|S(av+2¢, H, T, w)| (5§4) | Dovoe ()| p((a + €)pm)?*~1 + 5Qn(Xw)Qn(Da+2e(w))
< F(a+ ) p(pm)* + Ep(pm)*
(5§6) (GQk(OJ + 6)2]@71 + (6/4)4k) p(pm)Qk

< (3€)**p(pm)*.

41



We need to show that €2*(a + €)?*~! 4 (e/4)"% < (3¢)?.
1662;’V

Dividing both sides by €** we get (o + €)*™! 4 (:55) < 3%,

As e < a <1 then (a+ €)?*71 < 2%, The other term €2*/162* < 1 so we
have that 22% + 1 < 3%, So, the inequality €*(a + €)%~ + (¢/4)%) < (3¢)%*
is true.

Summing over all the vertices in W yields (16).

It remains to prove (59). Suppose instead that |Dgioc(2)| > €*pm for
some vertex 2 € W, and choose B C Doy2c(2) C V, of size [e%pm-‘ <
(a+ €)pm as stated at the Claim on page 39. Count the number of members
of S(a+ 2¢, H,T', 2) as in the definition 9.3 with the (« + 2¢)-saturated edge
of the form Zb where b € B. We write S(B, Z) to denote this number. By

the definition of an (a + 2¢)-saturated edge, we get
S(B, 2)] > [Blp((a + e)pm)* ™ = (o + 2¢)* ' p(pm)*. (60)

On the other hand, using (54) with X; = Ny (2) N U, and B instead of D2
with claim on page 39 with X = X; and Y = B yield
[S(B.2)| < |Blp((a + €)pm)* =" + &p(pm)**

(56) _
= (¢ (a+ )t (e/4)™) plpm)**. (61)
The fact we need to prove here is that
EQk(a + E)Qk—l + (6/4)4k < 62k(a + 26)2k_1.

More clearly,
2%

(a+e)* !+ ﬁ < (a+e)* 1+ (e/16)*" ! < (a+ e+ ¢/16)* 1

< (a+26)*1 (62)

This proves (59) and completes the proof of Lemma 5.13.
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We will now give the proof of the key Claim mentioned in page 39.
Proof of Claim

Given k,&, a, €,m and v, we set

~ &(log(1 +n))*
N 28k

(63)

and choose ng be sufficiently large, and let I' be a (p, §)-jumbled graph, where
3 satisfies 5 = B(n) < yp' T/ -y log=2k=1 p,
We need to show that 8Q,(X)Q,(Y) < &p(pm)** where
=Y /12,5, X)|(1 + )%=

scly

and @, (Y") is defined similarly as 3 .7 /| Zy(s,Y)[(1 + n)=

We consider the term

an(3, X) = \[1Zy(s, X)|(1 +m)>* (64)

where s € Z,,.

We must prove that for any s € Z,

2k—1

Gn(s, X) < 2%t 20T 1 5 (65)

This estimate holds for the term g,(t,Y) with X replaced by Y and
teT,
Assuming (65), we prove that 3Q,(X)Q,(Y) < &p(pm)?* as follows:

BQy(X) =B A1 Za(s, XN+ )22 "1 /12,(s,Y)[(1 +m)>=* =

s€Z, s€l,

D83 a5, X)ay(t,Y)
s,t
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where s, t € Z,, and put L = (2log,, n)**~ > L%V which is the upper

bound on the number of summands in the equation above.

Then,
BQ,(X)Qy(Y) < BL(2%p k2T g 1)2
— ﬁL28kp2k_mm2k_l
(14) 1 L
< ,yp1+1/(2k—1)n(10g(1 +n))2k7128kp2k @ty 2k
(1<4) +( )28k 2kl k=1,
~ log(1+41)
(63) ok
< &p(pm)™.

For a tuple s € Z,, and using o + € < 2 and 1+ 7 < 2 we need to show
(65).

There are two cases:

The first case is that we suppose that |Z,(s;, X)| < p"/@*Vm for all
2 < j < k. We should show that

05, X) = 1 Z,fs. X)L+ )= < 0+ VIXT[[ M (60)

where

M; = 2maX{57P\/|Zn(Sj7X)||Zn(sj_1,X)|} < oplt/@h=1)p,
Then, (66) with the assumption that /| X| < \/(« + €)pm gives

a8, X) < (14 0)*v/(a + e)pm(2p*t7Tm)s!
< (L) Vla+ ypm2t pss <

2k2 2k 1

2k\/_\/_2k1p2k1mk1<22\/_p2k1m

dk—1 4k%2-2k—1  op_ %% 4k2-2k—1  op_1
<272 p @1 m 2 <2 p 2@k m 2,
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To verify (66), we first show for all 2 < j < k
1 Z(s5, X)I(L +m)>=1 < M/ | Zy(85-1, X)|. (67)

Note that (67) holds if (1 + n)%~ < 2p|Z,(sj_1, X)|.
On the other hand, if

(L+n)% > 2p|Z,(sj—1, X))| (68)
holds then
| (S ) B\/ |ZT](SJ—17X) < 6\/ ‘Zﬂ(sj—bXﬂ
PO T ()Tt = plZy (s, X)I T (14 p)s

It is important to mention here that the first inequality above is due to
a fact.

Fact Let ' be a (p, §)-jumbled graph. If X, Y C V(I') are disjoint and
satisfy er(X,Y) > k| X| # p|Y || X]|, then

Proof We know that 8+/|X||Y| > |e(X,Y) — p|X||Y|| > (k — p|Y])| X|
Using algebra this implies to 82| X||Y| > (k — p|Y])?|X|?* and so
gy
S L RS e
e
More clearly, we take X = /Z,(s, X) (the notation clash is unavoidable
here!) and Y = Z,(s;_1,X). Also, we are using here that k = (1 + )% !

and this is implicit in Definition 7.2. Then, the inequality becomes

B2 Zy(sj-1, X)| |1 Z(8-1, X))
2l 01 = \/<(1+77)Sj‘1 — plZy(8j-1, X)])? : (1+77)Sj‘1 — plZy(sj—1, X))
B\/|Z77(Sj—1’X)’ 6\/‘Z Sj— 17 \/|Z Sj— 1aX)’
(1 4m)st— (”2”)5 s(1+n)s—i(1 —77) B IO ) L
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Recall (67) for all 2 < j <k
12 (85, X)I(L +m)>1 < M/ Zy(85-1, X)|. (69)

The second case is that |Z,(s;, X)| > p/#*Ym for some 2 < j < k. To

prove (65) we make ¢, (s, X) as the product of two numbers so we write it as

below
(8, X) = \/1Z,(s, X)|(1 +n)=% = Ry x Ry, (70)
where R; is
Ry = \/1Z, (35, X)I(1 +1)>, (71)
and Ry is
e o

The set Z, (s, X) is not empty and this implies that every set Z,(s,, X) is

not empty for each r € [k]. To upper bound ¢, (s, X) we prove that

R < 4jpj72(2k171)m%7 (73)

and that

To see (73) we first check that
|Zy (55 )| (1 + )= < [X|((1+n)(a+ epm)’ " < (dpm)’, (75)

where the first inequality is due to the degree-regularity of H recalling the
equation (30) and (33).
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Equation (30) says that
(L40) 97 12, (55, X)| (1 + )=

< 7p(s;, X) < Z |Z (85, X)|(1+ 7).

and equation (33) says that

| X[((a = )pm)’ ™ < my (s, X) < [X[((a+ e)pm)’ ™
Combining the two inequalities above (30) and (33), we get that
() 00 3012y, XN+ 7)< sy X) < X (0 -+ pm)P ™
Dividing both sides by the factor (1 + 1)U~ we have

(s, X) 69 | X|((a+e)pm)’!
(L4+n)-0=D = (1+n)-UD

= [XI((L+m)(a+e)pm)™

S 1Z,(5, X)L+ )T <

Due to the inequalities 1 + 7 < 2 and a + € < 2 we conclude to

|Z, (55, X)I(L+m)>% < [X|((1+n)(a + e)pm) ™
|X|<(ate)pm . A .
< (a+epm((L+n)(a+e)pm)’ ™" < 2pm(4pm)’ " < (4pm) (76)
This together with the assumption that |Z,(s;, X)| > p"/@*Ym yield
that

(1_|_77)Zsj < (4pm)j

< o < Wity (77)
|2 (5, X))

We rewrite (71) as below

1y g
Ry = /12,5, X)|(1+ =5 (1 + )3 =,
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Using (76) and (77) we have that

Ry < (dpm)?/2 (4 )~ s md —)V2 = 431221243121 12= ST /2 1/2

. 2j—1
< 4Jp]72(2k—1) m]T

and so (73) follows.
To prove (74) we rewrite (72) to the form

Zy(Sr41,
H ’ +1 )‘<1+n)sr+1

2,5, X)
7 [ Za(sri0. 0]
r+1s Sr41 Sr+41
=11\ g oy () ()
r=j n\®r;
T Za(sr41, )
r+1, Sri1 Sr41
=[G oy ) ™ (78)
r=j n\™r

For r € [k — 1] we observe that
| Z(8r1, X)L+ 0)* < (1 +n)en(Zy(sr, X), Zy(sr41, X)),

so the term |Z, (s, 41, X)|(1+n)*+' /| Z,(s,, X )| exceeds the average degree of
a vertex in Z,(s,, X) in the graph H [(Z,(s,, X), Z,(s,+1, X)] by a factor at
most 1+ 7. Owing the degree-regularity of H this average degree is bounded
by 2pm. So,

| Z(Sr41, X))

7.5 %) (L4n)" " < (1+n)2pm < 4pm.
n\Or,

To see this,

2,501, X) X
— T (1 Sr+l < 1 Sr41
Zyfs, ) ST e

i<tz (ot pml(atpm)” |

< (a+€e)pm(1 +n)
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Due to the inequalities a +e¢ <2 and 1 +n < 2

| Zn(Sr-41, X))

Z. (5. X)] (1+n)>* < 2pm(1 +n) < 4pm (79)
n\er,

Sr+1

To see the upper bound of (79) we need to bound the factor (14 n)7 2 .

So, using the same method as before

Zy(sra X)| .o
B A N AN § 1 2
Z,(s, X 0T

< (14 n)*2pm < 8pm (80)

The multiplication of the two upper bounds (79) and (80) gives us

Vapm/8pm < 6pm.
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10 The result of Berger,Lee and Schacht

In [3] by Berger, Lee and Schacht we have solutions to the following two
problems. This work appeared very late in our period of research into these
equations, we can only give a short summary of the paper here. Firstly,

Berger, Lee and Schacht proved an analogue of the Erdés-Stone theorem.

Theorem 10.1 Let k > 1 be an integer and let 6 > 0. Then there exist
n > 0 and ng such that the following holds: let n > ng and let T’ be an
(n,d, X)-graph satisfying \**=1 < nd**/n. If G C T is a subgraph such that
e(G@) > (% + 5)%(;‘), then there is a copy of Copyq in G.

The proof of the theorem 10.1 is a consequence of the theorem below.

Theorem 10.2 For 0 < p,0 < 1 and an integer k > 1, there exists n =
n(0, u, k) > 0 such that the following holds: let T be an (n,d, \)-graph satis-
fying Nk=1 < nd?* /n and let X be a 6-almost-regular vertex subset of T’ with
| X| > pun. Then, for every subgraph G of I [X], we have

1
NC?"'“(G) + NC%H(F (XT\G) > ﬁ(p ’X|)2k+1<1 — 28k5).

We need to explain some terminology here. A set X of vertices of I' is
almost regular if, letting I'[X] be the subgraph of I' induced on X, we have
drix)(z) € (1 —0)p|X]|, (14 0)p|X]| for all x € X. Further Ny(G), for two
graphs H and a (larger) graph G, is the number of copies of H in G.

The Theorem 10.2 above can be viewed as an extension of the Erdos-
Stone theorem in extremal graph theory. Recall that this theorem - see e.g.

[4] - states that if H is a (fixed) graph, then
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where x(H) is the chromatic number of H. Thus if the number of edges is at
least (1 —1/(x(H)—1)+¢€)(}) there is a copy of H in a graph on n vertices
for large enough n. The result in Theorem 10.2 is more general.

To prove Theorem 10.2, they used the spectral estimate for the number

of even cycles in (n, d, \)-graphs using the lemma below.

Lemma 10.3 Let " be an (n,d, \)-graph and let k be a positive integer.
Then,
he,, (T) < d** + \*~2dn.

where h,, (T') is the number of all homomorphisms from C?**! to I". Recall

that a homomorphism from a graph H to a graph G is a function f from

V(H) to V(G) such that if zy € E(H) then f(z)f(y) € E(G).
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11 Possible directions for future work

A question which arises is what happens when A\*~2 and d‘~!/n are of the
same order of magnitude. For example, at the moment the result of Berger
et al. is that there is some 1 such that if A\>*71 < nd?*/n then we get a
copy of Cor11 in any subgraph G of I' with more than (1/2 + 5)%(;‘) edges.
The nature of their argument makes it difficult to see what exatly n is and

it would be desirable to have better understanding of this.
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