THE TIME OF ULTIMATE RECOVERY IN GAUSSIAN RISK MODEL

KRZYSZTOF DEBICKI AND PENG LIU

Abstract: We analyze the distance Ry (u) between the first and the last passage time of { X (t) —ct :
t € [0,7)} at level v in time horizon T' € (0, 00|, where X is a centered Gaussian process with
stationary increments and ¢ € R, given that the first passage time occurred before 7. Under some

tractable assumptions on X, we find A(u) and G(x) such that

lim P(Rr(u) > A(u)x) = G(z),

U—00
for x > 0. We distinguish two scenarios: T" < oo and T = oo, that lead to qualitatively different
asymptotics. The obtained results provide exact asymptotics of the ultimate recovery time after the
ruin in Gaussian risk model.

Key Words: Gaussian risk process; exact asymptotics; first ruin time; last ruin time; generalized

Pickands-Piterbarg constant.
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1. INTRODUCTION
For given threshold v > 0 and time horizon T € (0, cc], let
r(u) :=inf{t >0: X(¢t) —ct >u,0<t<T}

and
Tr(u) :==sup{t >0: X(s) —cs >u,0<t <T},

be the first and the last passage time of process X (t) —ct,t > 0 at level u respectively, with convention
that inf ) = oo and sup () = 0.

The analysis of properties of 7 (u) and Tr(u), due to their obvious importance in extreme value theory
of stochastic processes, attracted substantial interest, being additionally stimulated by relations of
passage times with important problems in applied probability. More specifically, in risk theory 77(u)
and 7r(u) have the interpretation as the first and the last ruin time of the risk reserve process
S(t) :=u+ ct — X(t), where u > 0 is the initial capital, ¢ > 0 is the premium rate and X (¢),t > 0
is the accumulated claim amount in interval (0, t]; see e.g. [3, 18].

In this contribution we suppose that X is a centered Gaussian process with stationary increments,
a.s. continuous sample paths, X(0) = 0 and ¢ > 0. We note that in the context of risk theory,
there are strong application-based and theoretical reasons for modelling accumulated claim amount
by Gaussian processes with stationary increments. On one hand the family of Gaussian processes
provides flexibility in the adjustment of suitable correlation model, since it covers wide range of cor-

relation structures. On the other hand, there are theoretical results that legitimate approximation of
1
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the accumulated claim amount in highly aggregated models by Gaussian processes; see the celebrated
work by Iglehart [22] for the Brownian approximation and, e.g., [7, 18, 26] for more general models,
including e.g. fractional Brownian motion approximations.

This contribution is devoted to analysis of the distribution of
Rr(u) =T (u) = 77(u),
where

(1) (77 (), Tr (u)) = (7 (w), Tr(w)) |(7r(u) < 00),

both for T € (0,00) and 7" = oo. Referring again to risk theory, Ry(u) has the interpretation as
the ultimate time to recovery, which is the difference between the last and first ruin time, under
the condition that ruin occurred; see also [14, 23] and references therein. We note that Ry(u) is
also closely related to the so-called Parisian ruin time, which is the first time that the length of
the consecutive excursion period of the surplus process S under level 0 exceeds a pre-specified time
threshold; see, e.g., [2], [25], [4] and [5], with straightforward observation that Ry (u) gives an upper
bound for the appropriately chosen pre-specified time period in Parisian model. Another related
notion is the cumulative ruin time, which is based on the total time spent below 0 (in red) by the
underlying risk process; see, e.g., [15]. Clearly, Rr(u) is greater than the corresponding occupation
time.

For T' = oo, the asymptotics of the distribution of conditional first and last ruin times in Gaussian
risk context were studied in, e.g., [20] and [21]; see also [18], [24] and [7] for related y—reflected
Gaussian models. Specifically, under some tractable assumptions on X, the following asymptotics
was found in [7, 20, 21]:

o (™ Sty =) e oo

where %(t) = Var(X(t)), t, = arginf;~g “fyl(zgt), N ~ N(0,1) and C is some known constant.

However, the above result is too crude in order to deal with R, (u), since it follows straightforwardly
from (2), that
Too () = 75 (u)
o(ut,)

in probability; see also Corollary 4 in [21]. This implies that o(ut,) acting as a scaling function is

—0, u—o00

too big, so in order to get a nontrivial result one has to scale by asymptotically smaller function.

The main results of this contribution provide A(u) and distribution function G(-) such that

lim P (Rp(u) > zA(u)) = G(z),

UuU—00

for x > 0, both for T' € (0,00) and T = oc.

As it is shown in Theorems 2.1, 2.3, both A(u) and G(z) depend on T" and on the local behavior of
variance function of X, which leads to several scenarios. Interestingly, the limit function G is given
in terms of generalized Pickands-Piterebarg-type constants. In order to obtain the main results of this
contribution we accommodate to our needs recently developed uniform double-sum method applied

for relevant continuous functionals; see [6].
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Organization of the paper: Section 2 is devoted to introduction of notation and presentation of main

results. In section 3 we present proofs of the main results.

2. MAIN RESULTS

In this section we provide main results of this contribution, which is the limit theorem for
Rr(u) =Ty (u) — 77(u),

as u — oo, for T' € (0, 00]. Due to specific asymptotic nature of Ry (u) we distinguish two separate

scenarios: infinite-time horizon (7" = o0) and finite-time horizon (7" < c0).

2.1. Infinite-time horizon. Suppose that T' = oco. Consider a centered Gaussian process X with
continuous trajectories, stationary increments and variance function o?(t) := Var (X (t)) such that
AT: 6%(0) = 0, o%(t) is regularly varying at co with index 2a,, € (0,2) and ¢(t) is twice continuously
differentiable on (0, 00) with its first derivative o2(t) := % (t) and second derivative o2(¢) := % (1)
being ultimately monotone at oco.

ATIL: 0%(t) is regularly varying at 0 with index 2aq € (0, 2].

For given z > 0 and f € C([0,25]), S > 0, let

(3) I(z,5;f) = sup min (f(f% sup f(5)> :
t€[0,5] s€[t+z,25]

Then, for given n(t),t > 0, a centered Gaussian process with stationary increments and continuous

sample paths, we introduce
Hy(w,S): = E (exp (T(z, 8 V2n(t) = Var(n(1)))) )
H(x,9)
TN, — 1 n\"

providing that the limit exists. We note that 7-[11;(0) coincides with the notion of generalized Pickands

constant, since

te[0,5]
see [27], [10], [19], [11] [8], [16], [13], [12] and [17] for properties of generalized Pickands constants.

In order to simplify notation, let

#,(0,5) =E (exp ( sup (V2n(t) — Var(n(t))))) :

(5) Hy:=H;(0), and H,([0,S5]) :=H,(0,5).

Let By(t) denote the standard fractional Brownian motion with mean 0 and correlation function

tistyi
satisfying P R o
Cov(Bg(s), Bu(t)) = 5 . s,t>0,H € (0,1].

Let t* = C(lof’; ) and ?(t),t > 0 stand for the asymptotic inverse function of ¢ at value of ¢.

Furthermore, let

(6) Alw) =% (M> .

u(1 + ct*)
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In the rest of this section we tacitly assume that

)
P i =

€ [0, o0].

Theorem 2.1. Let X(t) be a centered Gaussian process with continuous trajectories and stationary

increments satisfying AI-AIL. Then for any x > 0

i 7 (50 o) ) o

woe” \A(u) ~HE(0)
where
B, (t), =0
(7) n(t) = fﬁ:‘;ﬁ’ ¢ € (0,00)

B, (1), = o0.

Remark 2.2. Due to the covariance decomposition in Lemma 3.2, process n(t) in the general-

1zed Pickands-Piterbarg constant is determined by lim, %. In particular, if ¢ = 0, then

lim, 0o A(u) = 0 and thus, by the reqularity of o(t) at 0, it follows that lim, . ‘222(&((1; ))t)) = 200,

which is the variance of fractional Brownian motion Ba,(t). The case p = oo leads to Ba, (t) by the

same argument. If ¢ € (0,00), then lim, .o A(u) € (0,00), implying that lim,,_,« ZZ((AA((?;)) — ‘;22((‘?))’

X(ept)
o(p) *

which corresponds to the variance of

2.2. Finite-time horizon. In this subsection we focus on the finite-time case, i.e. we suppose that
T € (0,00). Let X(t),t € [0,T] be a Gaussian process with stationary increments, a.s. continuous
trajectories, zero-mean and variance function o satisfying

BI 0%(0) = 0 and o2 € C(0,T] with the first derivative being positive.

BII o2 is regularly varying at 0 with index 2aq € (0, 2].

V202(T) o(T) \°
&@:?<7EF> aw= ()

Denote by

and

P%I/Q(x) = /000 VP < sup min < sup \/531/2(3) —(1+4d)s, \/531/2(15) —(1+d) t) > w) dw

te[xz,00) s€[0,t—x]

—00 t€[z,00)

(8) —i—/o e'lP ( sup <\/§Bl/z(t) —(1+d) t) > w) dw,

with By, a standard Brownian motion and d > 0. We note that

Pt ,(0)=E (eXp ( sup (V2Bipa(t) — (1 + dﬂ))) ,

te[0,00)

is the classical Piterbarg constant (see [1] and reference therein) and hence

1
7)1%1/2(0) =1+ 7

see, e.g., [27].
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Theorem 2.3. Let X(t),t € [0,T] be a centered Gaussian process with continuous trajectories and
stationary increments satisfying BI-BII and x > 0.
i) If t = o(0?(t)),t — 0, then

_ Ror(u) _ Hp,, (@)
Jim P <A1(u) > “”) =~ 0 <0

i) If 0?(t) ~ at,t — 0, a > 0, then for d = M,

, Ror(u)  Pg, (@)
uh—>nolo]P)(A1(u) >1‘) = ———¢€(0,1].

iii) If o2(t) = o(t),t — 0, then

lim P R (u) >z | = e—igiw'
U—00 AQ(u)

3. PROOFS

In this section, we give proofs of Theorem 2.1 and Theorem 2.3. Hereafter, denote by Q, Q;,i =

o, . . . =y o X o .
1,2,3,... positive constants that may differ from line to line and X := NS for any nontrivial

random variable X. Moreover, f(u) ~ g(u),u — oo means that lim, . % = 1. In our proofs,

multiple limits appear. We shall write for instance
b(u,S,€) ~a(u), u— 00,5 —00,e—0

to mean that

lim lim lim —b(u, 5,¢)
e—0 S—o0 u—00 a(u)

=1.

3.1. Infinite-time horizon. Observe that for any = > 0

T (u) — 75 (u) P (Too(u) = 7o (u) > 2A(u), T < 00)
®) ¥ ( Aw) ) - P (reo(u) < o)

with A(u) defined in (6). In order to derive the limiting distribution of the above ratio, we need

I

to derive the asymptotics of P (T (u) — Too(u) > 2A(u), Too < 00) and P (7o (u) < 00) respectively.
Using that
P (Too(u) < 00) =P <sup X(t) —ct > u> =P (sup Xu(t) > m(u)> ,
>0 >0
where X, (t) = u)((l(fg)m(u) with m(u) = infi~g ”gl(;rgt), Proposition 2 in [11] (or Theorems 3.1-3.3 in
[9]), implies the following Lemma.

Lemma 3.1. Let X(t) be a centered Gaussian process with continuous trajectories and stationary

increments satisfying AI-AIL. Assuming that lim,_ . ()

€ [0, 00], we have

P (Too(u) < 00) ~ H, (0)

where A(u) is defined in (6), n is defined in (7) and

— Qoo — Qoo —2
Ao (0 N g (e T
(1 — o) 1— (1 — ay)
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Thus, by (9), we are left with finding the asymptotics of P (750 (u) — Too (1) > 2A(u), Too < 00), as
U — 0.

In the next lemma we focus on asymptotic properties of the variance and correlation functions of
relevant Gaussian processes; we refer to, e.g., [9] for the proof. Let

X(ut) )m(u)) A4>0, t,= arginfM.

ou(t) == Var'? (X, (t)) = Var'’? (m >0  o(ut)

Lemma 3.2. Suppose that AI-AIl are satisfied. For u large enough t, is unique, and t, — t* =

c(ﬁ";w), as u — 0o0. Moreover, for any 6, > 0 with lim, .., 6, =0
1—o,(t
lim sup B#()Q — 1| =0,
U—00 te(t11._611,t11+6u)\{tu} ﬂ(t - tu)
and
1—Cor (X (us), X (ut
lim sup 0(2(u|<s_t|>) (ut) _ 1| = 0.
W00 g2t 5,6€ (ty—OustutOu) 302 (ut™)

Proof of Theorem 2.1 Due to (9) and Lemma 3.1, we focus on the asymptotics of
P (Too(t) — Too(u) > zA(U), Too < 00)
=P(3s,t >0,s —t > A(u)z, X(t) — ct > u, X(s) —cs > u),

as u — 0o, for any x > 0. We have
(10) m(u) <P (Too(u) — Too(u) > xA(u), Too < 00) < my(u) + mo(u),
where

m(u) = P3s,t€ Ey(u),s—t>A(u)z, X(t) —ct > u, X(s) —cs > u)

m(u) = P(3(s,t) €[0,00)%\ Ef(u),s —t > Alu)z, X (t) — ct > u, X(s) — cs > u),
with

Ey(u) = [utu _ulnm(u) ulnm(u)] ‘

m(u) b m(u)

It follows that for u > 0

t€[0,00)\ E1 (u)

mo(u) < 2P ( sup  X(t) —ct > u) :
Hence, following Lemma 7 in [11] (or Lemma 5.6 in [9]), we have that
(11) mo(u) < 2P sup  X(t)—ct>u | =0(P(10(u) <)), u— .
te[0,00)\ E1 (u)

Thus we are left with finding the exact asymptotics of m(u) as u — oco. Replacing t by ut, + A(u)t
and s by ut, + A(u)s, we rewrite

(12) m(u) =P (3s,t € Es(u),s —t > x, Z,(t) > m(u), Z,(s) > m(u))

with

ulnm(u) wlnm(u)

o X(uty + Au)t) _
Zu(1) Au)m(u)” Alu)m(u)

~u(l+cty) +cAu)t

m(u), Fs(u) =
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Bonferroni inequality gives that for S > z,

(13) Y(u) — 22 (u) < m(u) <27 (u) + X38s(u),
where
N(u)F1
YE(u) = Z P(3t e [kS,(k+1)S],s € [t +z,(k+2)S] : min(Z,(t), Z.(s)) > m(u))
k=—N (u)£1

(u)+1 (u)+1
SSi(w) = Y Y Pl sup Z(t)>m(u), sup  Z,(t) >m(u)
k=—N(u)—1 l=k+1 te[kS,(k+1)S] te[lS,(1+1)8]

N(u)+1
¥ (u) = Z Z P ( sup  Z,(t) > m(u), sup Z,(t) > m(u)) ,

k=—N(u)—1 l=k+2 te[kS,(k+1)S] te(lS,(1+1)S]

where N(u) = [A"(lqj—m] To get the asymptotics of 7 (u), in next steps of the proof we show that
Y (u) ~ 37 (u) and X5 (u) < B3 (u) = o(Z] (u)), as u — oo and S — oo.
Asymptotics of ¥F(u). Setting

Zux(t) = Zy(kS + 1),
we have that

N(u)+1
Yi(u) = Z P sup  min [ Z,(t), sup  Z,(s) | > m(u)
[ ] )S]

k=—N(u)—1 tekS,(k+1)S s€lt+xz,(k+2)S

N(u)+1

=Y B8 Zu) > mlw)

k=—N(u)—1
N(u)+1

7 m(u)
< > P(F(x,s,zu,kp — KT (t))>,
k=—N(u)—1 Ptefo,25] u,k

where I' is defined in (3). By Lemma 3.2, for any 0 < e < 1

m(u) mu . 2 *A(U) 2 .
SUDte ks, (k-+1)8) V VT (Zuk(t)) =l )<1+(1 34 (lk‘ u S) ) = kel

with |k|* = min(|k|, |k + 1|, |k 4+ 2|) as u sufficiently large. Thus for 0 < € < 1 and w sufficiently large

N(u)+1
Y (u) < Z P (D(z, S5 Zug) > mye(u)).
k=—N(u)—1
Using that
202 (ut*) ‘
lim  sup 1} =0,
u=20 <N (w)+1 | 02 (A(w)) (mp,e(u))?
by Lemma 3.2
1—Cor(Z, s Zug(t
(14) lim  sup sup  |mj . (u) O;((A(;S(j_)ﬂ) #(t) _ 1| =0.
U0 | k| <N (u)+1 s#t,5,t€[0,25] “oZAW)
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Hence in light of Proposition 2.3 in [6],

P (F (x, S;Eu,k(t)) > mk,e(u))

lim su —H (2, 9)| =
5% [N ()41 W (g e(u)) (@)
where 7 is defined in (7). Furthermore,
N(u)+1
Siw) <> Hy (3, 8)U(my(u)
k=—N(u)—1
N(u)+1 A
~ H(@, S)U(m(u)) Y e U9z @k s)°
k=—N(u)—1
HE(2,8) (1—e)"2 (£) 0 ©
~ \Ij —t
5 oo O B
HE (z, S
(15) ~ %@(u), U — 00,€ — 0,
where
2AT U
16 = v .
(16) O) =\ T sy Ym()
Similarly,
H (2, S
(17) ET(U)Z#@(u)(l—i—o(l)), U — 0.

Upper bound for ¥%;(u),i = 1,2. Similarly as in (14), Lemma 3.2 gives that

1 —Cor(Z,(s), Z,(t))

o?(A(u)]s—t])
o?(A(u))

-1

lim  sup m?(u)

U0 54t s.t€Fo(u)

=0,

By Corollary 3.2 in [6], there exists C,C; > 0 such that for all |k, |l] < N(u) + 1,1 > k + 2,
P ( sup  Zy(t) > mp(u), sup  Z,(t) > ml,e(u)) < CS%e RIS W (i, 1)),
te[kS,(k+1)S] te[lS,(1+1)S]

with v = min(ay, a) and my,(u) = min(mm(u), my(u)). Consequently, with aid of (15),

222(u) < Z Z CS2 —C1|k— l|WSw (Ahl(u))

k=—N(u)—1 l=k+2
N(u)+1 N(u)+1

< Z Z CS2e Culk=l"S” (U (mpe(u)) + Y (mpe(u)))
k=—N(u)—1 I=k+2
N(u)+1
< 2 Z \I](mke )) Z Cs2€fC1|kfl|WS”r
k=—N(u)—1 |k—1|>1
N(u)+1
< 20 U(my(u)CSe
k=—N(u)—1

(18) < QSe¥Ou), u— oco.
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Thus, again by Proposition 2.3 in [6], taking into account (14) and noting that I'(0, S; f) = sup;c(o ¢ f (1),

we have
P (su Zuiw(t) > 1m0 U
lim sup ( Ptefo,9] - ,k( ) k,k—H( )) —’H,,([O,S]) —o.
U0 <N (u) +1 W (rive o1 (w))
Hence,
N(u)+1
Y(u): = Z P sup  Zy(t) > m(u), sup Zu(t) > m(u)
k=—N(u)—1  \IEFS(E+D)S] te[(k+1)S, (k+2)5]
N(u)+1
= Z P sup Zujk(t) > mmﬂ(u) + P sup Zu7k+1(t) > mk7k+1(u))
k=—N(u)—1 t€[0,5] t€[0,5]
N(u)+1
— > P sup Zit) > g (u)
k=—N(u)—1 t€[0,25]
0,5 0,28

which together with (18) and the fact that

~

Y3 (u) = X0 (u) + X(u)

leads to

(19) Y3 (u) < (27{”({2’ S _ an?g’ 25) +Q56_QSV> O(u), u— oo.

Combination of (13), (15), (17)-(19) yields
m(w) _ Hy(@S)  H,([0.8) | Hy([0,2S])

lim inf —2 — QSe™®"
e ewm T TS s T 3 Q5™
: 1 (u) ,Hg (IE, S) —QS”
2 1 _
(20) msup gy S g Qe
Thus under the proviso that
HE (2, S)
IR n\"
(21) H,(z) = sh—{go 5 € (0, 00),
letting S — oo in (20) leads to
()
e =M, (z) € (0,00),

which combined with (9)-(11) establishes the claim.
Ezistence of H; (x). In order to complete the proof, we are left with proving (21). By (20), we have

M@, S) H,(z,5)
h&ng = lu;l_)sip — g

By the fact that
,Hg(%s) S HW([OJS])a

we have
. H, (z,5)
lim sup

<H, < oo.
S—o0 S K
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In order to prove positivity of 7—[5(3:), we follow the same argument as in the proof of Theorem D.2
in [27]. Replacing 7 (u) in (12) by

P (Els € Ey(u),t € Ey(u)N U[QkS, 2k +1)S],s —t > x, Z,(t) > m(u), Z,(s) > m(u))

ke
and following the same arguments as for m (u), we derive that for sufficiently large S>uz

r ~
H S
lim inf 77<x’ ) > Hﬂ([?? SD .

& ,—Q(S)
m in 5 > QSe > 0,

where the last inequality follows by the fact that #,([0,.5]) is increasing with respect to S. Hence,

(22) i Tn(75)

Jim —— € (0,00).

This completes the proof. U

3.2. Finite-time horizon. Let

V202(T) o(T) \°
A““):?(H—a)’ Aalu) = (u+cT) -

Observe that for any = > 0

)  p(TO, ) PO AW,

P (rr(u) <T)
In the following lemma we give exact asymptotics of P (7p(u) <T) =P (Supte[O,T] X(t) —ct > u),

referring for the proof to Theorem 2.3 and Remark 2.4 in [7] (choose v = 0).

Lemma 3.3. Let X(t),t € [0,T] be a centered Gaussian process with continuous trajectories and
stationary increments satisfying BI-BII.
i) If t = o(0?(t)),t — 0, then

B (7r(u) < T) ~ H, (0)%

ii) If 0*(t) ~ at,t — 0, a > 0, then for d = 2200

Prr(u) < 7) ~ P, 0

iii) If o(t) = o(t),t — 0, then

P (rp(u) < T) ~ W (“J;)T )

Thus in order to derive the limit of (23) as u — oo, it suffices to find the asymptotics of
P (Tr(u) — 7o(u) > 2i(u), mp(u) < T) i = 1,2, u — oo,
Let

- o(t) u+cl
7u(t) = u+ct o(T)

,0<t<T.
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Lemma 3.4. Suppose that BI, BII hold. Then for u sufficiently large, 7,(t) attains its maximum
over [0,T] at T, and for any 6, > 0 with lim,_,., §, = 0

| L-5.(t)  o(T) '
lim  sup - =0
U0 4 [T—6,,T] |t - T| U(T)
Moreover,
1 —Cor (X(s), X(t
lim  sup Oiisfﬁf’ Do
U—>00 s;ﬁt,s,tG[T—éu)T} QUQ(T)

Proof of Theorem 2.3 By (23) and Lemma 3.3 it suffices to analyze asymptotics of
P (Tr(u) — 7p(u) > 2A;(u), 7p(u) < T)
=P (Tr(u) — 7r(u) > zAj(u), 7p(u) <T,X(T) - CT < u)
+P (Tr(u) — 7r(u) > xAj(u), 7p(u) < T, X(T) — CT > u)
=P(30<s,t<T,s—t>xA;(u),X(t)—ct>u,X(s)—cs>u,X(T)— T <u)
+P (30 <t <T —2Aj(u), X(t) —ct >u, X(T)— T >u),
where j = 1 for cases i), ii) and j = 2 for iii).
Thus, for j =1,2

4 4

(24) Y m(u) S P(Tr(u) = 7p(u) > 28y(u), mr(u) < T) < Y (u) + m5(w),

=3 =3

m(u) = P(3T — (Inu/u)* < s,t <T,s—t > axAj(u), X () — ct >u,X(s) —cs > u, X(T) — T <u),
m(u) = P (3T — (Inu/u)® <t <T —xAj(u), X(t) — ct > u, X(T) — T > u) ,

ms(u) = P ( sup X(t) —ct > u) :

t€[0,T—(lnu/u)?]

Upper bound of ms(u). Rewrite m5(u) as

(W) = P X(t) u+cT  u+cl
m5(u) = sup
° 1€0,7—(nu/wy?) U+t o(T) o(T)

By the stationarity of increments of X and BII, we have

{(X(t)u—l—cT X(s) u+cT

2
- — 2 — _ o|min(ag,1)
u+tct o) u+cs oT) ) } <Q (It —s|+o*(Jt —s]) <QJt — 5]

for s,t € [0,T]. Moreover, following Lemma 3.4, we have that for u sufficiently large

Var X(t) u+cT
u+ct o(T)

) <1-Q(Inu/u)?

sup
t€[0,7—(Inu/u)?)

Consequently, by Piterbarg inequality (see, e.g., Theorem 8.1 in [27]), for u sufficiently large

25 s (1) < Qqu?/ ™in(e0, )y utel ) .
(25) ()< Q (U(T)\/l—(@l(lnu/u)2
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Asymptotics of wl(u),i = 3,4,7 = 1,2. Let

X(T—t) u+tcT

Xult) = ut+c(T—t) o(T)’

0<t<T.

Then for j = 1,2

; T
m(u) = P (EIO < st < (Inufu)® t —s > xAj(u), X, (t) > ute

(1) u(s) > EGh +(0) <

; u—+ T u+ T’
m(u) = P (HxAj(u) <t < (Inu/u)? X,(t) > (T) , X4 (0) (T) ) .
In order to derive the asymptotics of 7rg (u),i = 3,4,7 = 1,2, we distinguish three scenarios: i)

t = o(0?(t)), ii) o%(t) ~ at and iii) o*(t) = o(t) as t — 0.
o Case i) t = o(o?(t)). Clearly,

(26) ml(u) <P (Xu(O) > “UJ(F;)T ) - (“;(VTC)T ) .

We are left with deriving the asymptotics of 73 (u).

Asymptotics of wi(u). We note that

() — P (Xu<o> St CT) < mh(u) < Ay(u),

a(T)
where
T
wg(u) =P <E|0 < s,t < (Inuj/u)’t —s> A (u), X, (t) > Y T;)
o
For S > x/2, let
(27) Xox(t) = Xa(As() (kS 1)), Nyfu) = |12
WA T RS ’ = u?Aq(u)S
Bonferroni inequality gives that
2y (u) = X83(u) < f3(u) < 25 (u),
where
N1(w)+1 Ny (w)+1
T
S5 () = P sip  Xu(Ai(w)t)> S qup
k=0  I=k+1 telkS,(k+1)5] o(T) " teps,it1)s]
and
Ni(u)+1
T
Yr(u) = Z P (35 €[0,9],t € [z +5,25], Xy x(t) > “ —E;)
o
k=0

M u)£l u+ cT’
= Z P ( sup min (Xu,k(t), sup Xu,k(s)> > —>
]

k=0 t€(0,S] s€lz+t,25
Ni(u)+1
u—+cT
( (l’, ) ,k) O'(T) )

u+cT
X > )
1.
X (A (u)t) > L
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with I being defined in (3). By Lemma 3.4, we have that for any 0 < e < 1

Y + cr (1 (- e)%mml(u)s) = mpper ()

u+cT

SUP¢e(0,25] V Var wk(

as u sufficiently large. This 1mphes that

U+CT u+cTl
P(r(x,s;xu,kp ) < P|D(z,5;Xup) > o@)
o(T) SUPyefo .25 vV V ar(Xux(t))

IA

P (F(x, S;Xu,k) > mk,e,l(u)) )

Moreover, by Lemma 3.4 we have

1 —Cor(X,x(1), Xy
(28) lim  sup sup  |mi ., (u) OTQ((A (k)(t>_ 5 #5) 1| = 0.
U0 0<K< Ny (u)+1 s#£t,s,t€[0,28] | %
Thus, following Proposition 2.3 in [6], we have
P (T (2,8 Xunr(t)) > mye(u
(29) sup (( K1) > Mieca (1) —HY, (z,9)] =
k| <N (u)+1 W (e, (u)) ¢
which combined with (22) implies that
Nl(u +1
SHuw) < Z My, (2,8)W(myc1(w)
Ni(u)+1 .
u+ Tl —(1—¢) ZL |k ju2 Aq (u) S
< Hp (z,9)¥ ( ) e o3(T)
G ) &
_ Hgao (z,S) a3(T) o +cT /°° -
- S (1 —€)a(T)uA(u) o(T) 0
~ Hgao (2)O1(u), u— 00,5 — 00,e — 0,
with 57)
o’ (T u+cl
O1(u) = Ay (u) MW
()= Syt ()
Analogously,

Y5 (u) > Hgao ()01 (u)(1 +o(1)), u— 00,8 — oo.

Following similar arguments as in (18)-(19), substituting n by B,, and ©(u) by ©1(u) in (18)-(19),

we derive that

Mo (0.8)  Hy,,(0.25)
S S

= 0(01(u)), u-— 00,5 — 0.

IN

Y¥3(u) + @Se@sv> O (u)

Therefore,

By the fact that
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we have
3 (u) ~ ’H%ao ()O1(u), u— o0,
which combined with (24)-(26) leads to
P (Tr(u) — 7r(u) > 2Aj(u), 7p(u) <T) ~ Hgao ()O1(u), u— 0.

Inserting the above and i) in Lemma 3.3 to (23), we establish the claim.

o ii) Case 0(t) ~ at. In this case we choose Aq(u) = & (%) as the scaling function.

Asymptotics of m3(u). Using notation introduced in (27), we have for S > z,

mo(u) < m3(u) < mo(u) + Ba(u),

where
u+cT u+cT u+ cT’
— P(30<s< <t <8, X0t X, X, ,
e (1) < 0<s<s+uzx S, Xouo(t) o (T) o(s) o (T) 0(0) o (T) )
u+cT u+cT
— ]P P, Xu Xu ’
(1o $550) > 05 eol®) < 077
with
I(z,S; f) := sup min (f(t), sup f(s)) ,
te(z,S] s€[0,t—x]
and
Nl(u +1
u+crl’
30 Pl sup X, :
30) > (1 M) > (T))
Asymptotics of mg(u). We begin with observation that
Xouolt T T
ro(u) =P (T [ 2, 5; o(t) ﬁiiwndm<“+c |
1+ (1//Var(X,o(t)) — 1) o(T) o(T)

We shall apply Lemma 3.5 from Appendix, for which we verify assumptions D0-D2 (see Appendix).
Note that DO holds straightforwardly. From (28) for £ = 0, we know that D1 is satisfied. By Lemma
3.4, it follows that

(31) lim sup

U= ¢e(0,9]

(532 (1) - 205,

This implies that D2 is satisfied with h(t) = wt. Moreover,

(32) {Xu,o(o) < %} - {Xuvo(()) - “;TC)T — %,w e D} ,

with D = (0, 00). Thus

7mmwlmwmr@smq>mmw(ﬁ2f» % = 0o,

with

(33) W(t) = V2B s(t) — (1 + M) t.

a
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Upper bound for ¥3(u). Noting that I'(0,S; f) = sup,¢o 5 f(t), by (29) we have

N1(u)+1
Ya(u) < P ( sup X, x(t) > mk@l(u))

el t€[0,9]
N1 u)+1
< Hap, , ([0, SHV (mpe1(u))
k=1
N1(u)+1 .
T —(1—e€ o(1) U 1w
< Ha,, (0S¥ (“ ) Y oS
(1) ) =
T T
(34) < QSe @5y <u+c ) ( <u—|—;) )), u — 00,5 — o0.
Therefore,

> T
(35) m3(u) ~ / e’P| sup min [ sup 7(s),n(t) | >w | dw¥ (u R ) , U — 0.
0 te[z,00) s€[0,t—x] U(T)

Asymptotics of m}(u). Observe that

(36) m7(u) < my(u) < m7(u) + Ss(u),

where Y3(u) is given by (30) and

mr(u) = P (Elx <t <8, Xyo(t) >

u+cT utcl
= P ( sup Xy o(t) > o(T)  Xu0(0) > o(T) )

te(z,S]

o(T)
with D = (—00,0). By (28), (31) and (32), applying Remark 3.6 in Appendix, it follows that

0 u+cT
7 (u) ~ /Oo VP (tg[l;%]w(t) > w) dw¥ ( (T ) ,

with W given in (33). Inserting the above asymptotics and (34) into (26) gives that

(37) () ~ / " op (ﬁi%] W(t) > w> duw (“JTC)T )  uo oo

Note that

Combination of (24), (25), (35) and (37) gives the asymptotics for P (Tp(u) — 7r(u) > 2Aq(u), 7p(u) < T),
which together with ii) in Lemma 3.3 establishes the claim.

2
o Case 11i) o*(t) = o(t). In this case we choose Ay(u) = (ﬁ%) as the scaling function.

Asymptotics of w3(u). Observe that

my(u) < mj(u) < mg(u) + Xa(w),
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where
u+cl =~ u—+ Tl
= P(dz<t< S t) > Xuo(0
u+cT ~ u—+ Tl
= P| sup ; Xu,0(0
(W ~ om0 S )
Eu t u+ T u+cl
= P | suwp - o) 00> e
€81 4 1/4/ Var(Xuo(t)) — 1
Nz(u)-i-l
u+ T
Sy(u) = P( sup X,x(t)
* ; <te[0 S o(T)
Nz(u)+1 _
< P(Sup Xup(t) > mpeal ))»
—1 te[0,9]
where

Xuk(t) = Xu(Da(u) (kS + 1)), Nﬂ“*{%}’

_u+tcl BN
Mieo(u) = o (T) (1+(1 )a(T)|k|A2< )S).

Asymptotics of mg(u). In order to apply Lemma 3.5 and Remark 3.6 in Appendix, we check D0-D2.
Note that DO hold straightforwardly. By Lemma 3.4, it follows that

_ 1— Cor(Xux(s), Xunr(t
lim  sup sup  |(mgea(u))’ 0-2((A2(;L)|(t)8) st =0
U0 k| < Na(u)+1 s#t,5,t€[0,5] To2(Ar(w)
with
A
lim 2() =
U—00 Al(u)

This implies that D1 holds with ¥ = 0. Lemma 3.4 indicates that

(uaj(LTC)T>2 (1/\/‘/@7”(5@,0(15)) - 1) - %t —0.

This means that D2 holds with h(t) = ”Egt Moreover,

~ u+ T ~ u+ T w
Xuo(0) > =< X,000) = - ,weD 3,
{Fu > 77} { O =Sy T }

lim sup
U0 ¢0,9]

with D = (—o00,0). Hence
0 a(T) u+cT
mg(u) ~ e“P| sup — t>w dw@( )
s(u) /oo (te[x,S] o(T) o(T)

_&(D) u -+ T
= U(T)x\ll .
‘ ( o(T) )
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Upper bound of ¥4(u). Similarly, for the summands in ¥4(u) we can show that D0-D2 hold with

h(t) = %t and v = 0. Thus by Remark 3.6 in Appendix, we have

| P (suprcpos Xunlt) > micalu)) oo 5(T)
lim  sup — / e“P| sup — t>w | dw| =0,
YO0 [k| < N2 (u)+1 W (e 2(u)) —o0 te[0,5] o(T)

where
oo . T
/ e“P | sup —mt>w dw = 1.
—c0 t€[0,5] o(T)
Hence
N2(u)+1
Sa(u) <Y (myea(u)
k=1
N2(u)+1
u+ T 2
< U —Qlk|A2(u)ussS
- <o@3)§:e
k=1
Ng(u)-i-l
- o(T)
k=1
T T
< e @Sy ute =o(V ute , U — 00,5 — o0.
o(T) o(T)
Thus

Upper bound of 72(u). Tt follows that

L)

ma(u) < P (TT(U) <T, X,00) <

= P(rp(u) <T)-P

rr(u) < T, X,(0) > 2 CT)

o(T)

= Plrp(u) <T)—P

T
V
N
+
o
~
~_

Applying iii) in Lemma 3.3, we have

2(u) = o (\p (“;(;)T» w0

Recalling (24)-(25), we conclude that

PWHw—ww>x&wwﬂMST%w*gw(in) v

which combined with (23) and iii) in Lemma 3.3 leads, for any = > 0, to

lim P ( T(qg EUT)T(U) > x) = e_iggx.
U— 00 2

This completes the proof. [l
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APPENDIX

In this section we give a variant of Theorem 2.1 in [6]. Let &,,, be a family of Gaussian random

fields given by

_ Zus (1)
Lt b, ()]

where Z, ;, is a family of centered Gaussian random fields with continuous trajectories and unit

(38) Eur (1) t €[0,5],7 € K,

variance, h, ., € C([0,5]), S > 0 and K, is a set of index. We investigate the asymptotics of

P (F/(ZL’, S 5U,‘ru) > Gu,rus DU,Tu)

as u — oo where g, -, is a series of positive functions of u,

(39) Dy, = {Zwm 0) = Gu,ry — La w e D}

with D = (0,00),(—00,0) or D =R and IV : C([0,5]) = R, 0 < z < S is a real-valued continuous
functional defined by

(40) I"(z,5; f) = sup min (f(t% sup f(8)>, f € ([0, 5]).

telz,S] s€[0,t—x]

In order to avoid trivialities, we assume that

lim P (I"(z, S; &ur) > Gures Dur,) =0

U— 00
and observe that P (I'(x, S; &ur) > Gures Dur) =P (I (x, 5 &ur) > Gur,) if D=R.
As in [6] (see Theorem 2.1), we impose the following assumptions:
DO: lim, o inf; cx, Gur, = 00.

D1: There exist p(t), regularly varying function at 0 with index 2aq € (0,2] and b;(u) > 0,7 = 1,2

satisfying lim, o b;(u) = 0,7 = 1,2 and lim,_, ., Z;EZ; = v € [0,00) such that

1-C ZuT t ,Zu‘r
lim sup sup (Gu,r )2 o0 Zur2) — =0
Tu p(b1(u)|t—s|)
U—oo TuE€EKy s,te[O,S],s;ﬁt W

D2: There exists h € C([0,S]) such that

lim sup sup ‘(gu,Tu)zhu,Tu(t) - h(t)’ =0.

U= 1, €Ky tel0,5]
Lemma 3.5. Let &, ., be defined as in (38) and I be defined in (40). Assume that DO-D2 are
satisfied. Then, for D,,T, defined in (39) with D = (0,00), (—00,0) or D =R,
IP) (F/($’ S; €u7Tu) > gu,Tu7 D'Ll/77_u)
Y (Gu,r)

Proof. Conditioning on the event that Z, ., (0) = gy, — gu% and noting that D, ., = {Z,-,(0) =

lim sup
UuU—00 TuEKy

- / e“P (T'(z, S; v By, (t) — v**°[t[** — h(t)) > w) dw‘ =0.
D

_w

Juri = g W € D}, we have

P (F/(xv S éu,m) > Guyrys Du,Tu)

2

1 (G )

- V2myg /6_29]1) <P,(x7 S &ura) > Guris Dur | Zur(0) = Gur, — - ) dw
m u,7y YR s
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2
_ (gu,Tu) 2

e ) w——Y
_c - e 2(gu,m)? P (F/(l', S, gu,n) = Gur,
\% 27Tgu,7'u /D |

Using the same procedure as in the proof of Theorem 2.1 in [6], we can show that

Zyry(0) = gury — v ) dw.

U, Ty

Zr, (0) = Gu,m, — = ) dw

U, Ty

w2
/ ew_ Q(Qu,Tu)QIP) (F/(:E, S;guﬂ—u) > guﬂ'u
D

uniformly converges to
/ e“P (I'(, S; v By (t) — V**[t[** — (1)) > w) dw
D

with respect to 7, € K,,. This completes the proof. 0

Remark 3.6. Lemma 5.5 also holds if we substitute I by sup,c, ¢ f(t), with f € Clx,S], x > 0

and D, a measurable subset of R with positive Lebesgue measure.
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