DRAWDOWN AND DRAWUP FOR FRACTIONAL BROWNIAN MOTION WITH
TREND

LONG BAI AND PENG LIU

Abstract: We consider the drawdown and drawup of a fractional Brownian motion with trend, which cor-
responds to the logarithm of geometric fractional Brownian motion representing the stock price in financial
market. We derive the asymptotics of tail probabilities of the maximum drawdown and maximum drawup as
the threshold goes to infinity, respectively. It turns out that the extremes of drawdown leads to new scenarios
of asymptotics depending on Hurst index of fractional Brownian motion.
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1. INTRODUCTION AND PRELIMINARIES

Drawdown, defined as the distance of the present value away from its historical running maximum, is an
important indicator of downside risks in financial risk management. For instance, the drawdown and the
maximum drawdown have been customarily used as risk measures in finance where they measure the current
drop of a stock price, an index or the value of a portfolio from its running maximum; see, e.g., [1, 2]. Instead
of Value-at-Risk, the Maximum Drawdown-at-Risk has been proposed to capture the cumulative losses; see [3].
Moreover, maximum drawdown and maximum drawup also appear in the portfolio sensitivities of underlying
asset; see [4]. They can also be deployed in the context of portfolio optimization as constrains; see, e.g.,[5, 6].
Drawdown processes also appear in other applications, such as applied probability and queueing theory; see,
e.g., [7-10]. Complementary, drawup, the dual of drawdown, which is the distance of current value from its
historical running minimum, has been encountered in many financial applications; see, e.g., [11, 2].

In the literature, e.g., [12, 13], the stock price S can be modeled by the so-called geometric fractional Brownian
motion, i.e.,

1
(1) Sy = Spexp (,ut +oBy(t) — 202t2H) ,

where 0 > 0, 1 € R and By is a fractional Brownian motion (fBm) with Hurst index H € (0,1) and covariance

function satisfying
Is[2H 4 [¢[2H — |s — t|2H

2
Note that S; is reduced to geometric Brownian motion if H = 1/2 which has massive applications in finance.

Cov(Bg(s),Bu(t)) = , 8,0 > 0.

To facilitate our analysis, we shall work with the log-prices. This motivates us to consider the drawdown and
drawup for fBm with trend. Let X; = ut + 0By (t) — %azt”[7 u € R. Without of loss of generality, we assume

that 0 = 1. The drawdown and drawup processes of X are defined, respectively, by
Di=Xi— X, U=X,—-X,,

where X; = Supg<s<; Xs and X, = info<s<¢ X. For some fixed T' € (0, 00), we are interested in, for any u > 0,

(2) ]P’{ sup Dt>u} and IP’{ sup Ut>u}.
0<t<T 0<t<T
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Notice that the maximum of drawdown over [0, 7] has the interpretation as the largest log-loss up to time T
and accordingly, the maximum of drawup can be viewed as the largest log-return; see e.g., [9]. Additionally,
for H = %, in the context of queueing theory, D; is the transient queue length process starting at 0 and the
corresponding probability in (2) represents the overload probability over [0, T]; see, e.g., [7, 8].

Note that for the special case H = 1/2, the exact expressions of (2) were obtained in [14, 15]; see also [16] con-
cerning the joint distribution of maximum drawdown and maximum drawup up to an independent exponential
time. Due to the fact that fBm is neither a semi-martingale nor a Markov process, the exact expressions for
H # % are not available in the literature. Hence in this paper we focus on the asymptotics of (2) as u — oo.
It is worthwhile to mention that infinite series representation of (2) in [14, 15] for H = 1 is quite complicated.
In contrast, we get concise asymptotics for H = 1/2 in this paper. Theorems 2.1 and 2.2 in Section 2 show
that, for H = %, as u — 00,

U+(u—1T)} { } { u+ (3T — )
PS sup Dy >up ~4PIN > ————2 20 P sup Uy >up ~4PIN > —2 "2 4
{OStET ' } { VT 0srer | VT

where A is a standard normal random variable and ~ means asymptotic equivalence when the arguments go
to 0 or infinity.

The technique used in this paper is uniform double-sum method in [17], which is the development of the so-called
double-sum method widely applied in extreme value theory of Gaussian processes and random fields; see, e.g.,
[18]. As it is shown in Theorem 2.1 in Section 2, the special trend renders the asymptotics for drawdown quite
different from those of non-centered Gaussian random fields related to fBm in the literature (see, e.g., [19-22]),
leading to new scenarios of asymptotics for some H.

Our results can be applied to calculate the Maximum Drawdown-at-Risk and the probability of stock market
crashes and rallies for (1); see [3] and [1].

We next introduce some useful notation. We begin with Pickands constant, which is defined by

1 2
Hp = lim 5 Hp((0,b])  with Hp([a,b]) = E{ sup eV2Bu )=l H} , a<b.

—oo0 b t€la,b]
Further, Piterbarg constant is given by, for v > 0,
Py = lim P4([0,8]) with PY%([0,8]) = E{ sup eV2Br@-mltl?" L g o g
b—oo0 te[0,b]
We refer to [18, 23-27] for the definition, properties and extensions of Pickands and Piterbarg constants, and

to [28-32] for the bounds and simulations of Pickands and Piterbarg constants. In particular, by [28], we have

that

1
3 Vg =14 — 0.
( ) P1/2 +I/7 v >

Our paper is organized as follows. In Section 2, we establish our main theorems. The proofs of these results
are given in Section 3. Proofs of some technical lemmas are postponed in Appendix A, followed by some useful

lemmas in Appendix B.

2. MAIN RESULTS

In this section, we present our main results concerning the asymptotics of (2) as u — oco. In contrast to the
infinite series representation in [14, 15], the asymptotic expressions in the following theorems are quite concise,
which allows us to readily understand the asymptotic behavior of the probability that the maximum drawdown
( maximum drawup) exceeds a threshold over finite-time horizon. Let ¥(u) := P{A > u}. Then we have the

following results.
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Theorem 2.1. Assume that 0 < T < co.

If H > 1/2, then
u—|—,uT—§T2H)
PS sup Diy>up~V | ——mMm—=— | .
{OStET t } ( ™

If H=1/2, then

u+pT —iT
P{ sup Dt>u}~4\II <M)
0<t<T

If1/4 < H < 1/2, then
2
IP’{ sup Dy > u} ~ (H7127ﬁT2H71’HH) ui Ay (
0<t<T

If H=1/4, then

2 o0 11 w4+ ul — 13
P{ sup Dy >u} ~ (’H;) T_l/ e 2 ThE2 oyt ,u—12 .
0<t<T B 0 Ta

If0 < H < 1/4, then

e L _ 1 3 w4 pT — 2720
P{ sup D ~ H 9 emT?H2p (4 Zysm 2y (P27 )
e, D> v o ) "

Theorem 2.2. Assume that 0 <T < co.

If H > 1/2, then
u— pT + 21720
P{ sup U,>u}~\1/<2 )
{0<t<T ’ TH

If H=1/2, then
—uT + 3T
]P’{ sup U >u} ~ 40 (W)
0<t<T T2
If0 < H < 1/2, then

L(2H _ 2H
P {OiltlETUt > u} ~ Q- sT3H 7H3(I§ Y (Hu)’ wi 3 (OgirsliT u— (T _(Zzt z)(l_j; —° )> )
Remark 2.3. i) In the extremes of Gaussian processes and random fields associated with fBm over finite-
time horizon, e.g.,[19-22], one usually has three different types of asymptotics depending on the fact that H >
1/2, H =1/2 and H < 1/2. However, Theorem 2.1 gives more types of asymptotics due to the complexity of the
trend that is the combination of linear function (ut) and power function (—%\tPH). As we can see from the proof
of Theorem 2.1, for 1/4 < H < 1/2 only the linear part of trend contributes to the power part of the asymptotics;
for H = 1/4, both linear and power parts of the trend affect the power part of the asymptotics; whereas, for
0 < H < 1/4, the power part of the trend has the magjor influence on the power part of the asymptotics. However,
this phenomena does not appear in Theorem 2.2, where both of linear trend and power trend contribute to the
power part of the asymptotics for 0 < H < 1/2.

it) We here interpret that the analysis of drawdown and drawup for the case T = oo is meaningless. Let T = oo
and EH = —By. Then

sup Dy = sup (BH(s) — By (t) + 1(752H — ) — p(t — s))

0<t<oo 0<s<t<oo 2

- Oéfgioo <§H(t) - EH(S) + %(tQH — SQH) — M(t _ S))

> sup  (Bult) = Bu(s) = (Iul + 1)t )

0<s<t<0

= sup Q(s),

s>0
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where

Qs) = sup (Bua(t) = Bua(s) = (Jul + Dt = 5) ) -

t>s

Corollary 1 in [33] (see also Corollary 1 in [34]) shows that for H € (0,1)

lim sup QL)

——2-  =C>0 as.
s—00 (logs)m

Therefore we have that for H € (0,1)

sup D; >supQ(s) =0 a.s..
0<t<o0o s>0

Note that fort > s > 1 and H € (0,1/2], there exists C1 > 0 such that
t2H 21 < Oy (t - s).

Hence for H € (0,1/2]

1
sup U; = sup <BH(t) — By (s) — i(tZH — 2y 4 u(t — s))
0<t<oo 0<s<t<oo
> sup (Bg(t)— Bg(s)—Cy(t—s)) =00 a.s.,
1<s<t<0

where Cy is a positive constant. We can also show that for H > 1/2

sup Uy =0 a.s.,
0<t<o0o

which needs more technical analysis similarly to [33, 34).

3. PROOFS

In this section we give the proof of Theorems 2.1-2.2. In order to prove the aforementioned theorems, we first
present several lemmas related to the local behavior of variance and correlation functions of the underlying
Gaussian random fields. In the rest of the paper, denote by Q,Q;,i = 1,2,... some positive constants that may
differ from line to line.

Let
or(s,t)

+
,t == 9
7 (5:1) uF p(t —s) + 5(2H — s2H)

(s,t) e A:i={(s,t) : 0<s<t<T},

where

1(s,t) == /Var(Bg(t) — Bu(s)) = |t — s|™.

Lemma 3.1. For any H € (0,1) and u large enough, argsupg<s<i<r 0, (8,t) is unique and equals (0,T).
Moreover for any function &, such that §,, > 0 and lim, . §, = 0, we have
o, (s,t)

o (0,T)
H(T-t) | H 1 2H
T tTst3s

lim sup -1 =0.

U0 (5,6)#(0,T),(5,8) €[0,8.] X [T =6, T)

Lemma 3.2. i) For H > % and u large enough, argsupg< i< o (s,t) is unique and equals (0,T). Moreover,
for any function §,, such that §, > 0 and lim,_ .~ 6, = 0, we have

UI (s,t)
oif (0,7)

—1/=0.

lim sup —
U0 (5,0 £(0,T), (5, €[0,8u) X [T, 7] | L= 4 H
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i) For 0 < H < 3 and u large enough, argsupyc,c,<p oy (s,t) is unique and equals (su,T) with s, ~

TT=2m ¢~ T2R ,u — 00. Moreover, for any §,, such that §, > 0 and lim,_,., 6, = 0, we have

oz'(s,t)
O'j; (Su 7T)

+ H(Ql;zH) (S _ Su)2

lim sup -1 =0.

U0 (5,6) £ (50, T),(5,t) €[0,5u 484 X [T =04, T]

H(T—1)
T

Lemma 3.3. For any function §, such that d, > 0 and lim,_, ., 4, = 0, we have

1—Corr (By(t) — Br(s), Bg(t') — By (s'))
lS _ SI‘QH + |t _ t/|2H

lim sup x 27?7 1| = 0.

U200 (5,8)A£(s!,t'),(5,t), (8"t )E[0,8,] X [T =8, T

Proof of Theorem 2.1: Observe that

]P’{ sup D >u} —]P’{ sup (X — Xi) > U}
0<t<T (s,t)eA

_ ]P’{ sup (BH(S) — By (t) +u(s—t) — %(5211 _ t2H)> > u}

(s,t)EA

(s,t)EA

:]P’{ sup Zu(s,t)>m(u)}7

where

Br(s) — Bu(t)
ut plt—s) + 22 -
In the first step of the proof, we subdivide the set A into two subsets:

u+ pT — 3T

Zy(s,t) = TH

() m) =

By = [0, (nm(u))?/m?(u)] x [T = (nm(u))? /m?(u), T),

the neighborhood of the point (0,77), which maximizes the variance of Z,(s,t) (with high probability the
supremum is realized in F,) and the set A\ E,, over which the probability associated with supremum is

asymptotically negligible. Then we have

IP{ sup  Zy(s,t) >m(u)} g]P’{ sup Dt>u}

(s,t)EE, 0<t<T

(s,t)EE, (s,t)EA\E,

4) < ]P{ sup  Zy(s,t) > m(u)} + IP’{ sup  Zy(s,t) > m(u)} .

oy (s:t)
0w (0,T)
over 0 < s <t < T at a unique point, with coordinates (0,7"). Moreover, there exists a positive constant Q

such that
1
2u

In light of Lemma 3.1, it follows that for u sufficiently large, v/Var (Z,(s,t)) = attains its maximum

. H(T —1) H

su Var (Z,(s,t 1—= inf —
(S,t)Ezg)\Eu ( ( )) 2 (s,t)EA\E, < T T
H

T

1. (H —1)
- = inf
2 (s,t)EA\E.,
Inm(u)\>
1
(")

In m(u)
m(u)

IN

IN

)

IN

2
Notice that the length of E, on each coordinates being ( ) guarantees that the last inequality above

holds. Moreover,

E ((Zu(svt) - ZU(5/7t/))2) § Ql (|5 - S/‘zH + |t - 5/|2H) ) (Svt)a (Slat/) € Aa
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with @ a positive constant. Hence by Piterbarg Theorem (Theorem 8.1 in [18]), we have for u sufficiently large

m(u)

1 Q(nmin)”

T

v
(s,t)EA\E,

(5) P{ sup  Zy(s,t) > m(U)} < Q2(m(u))

Next we analyze P {sup(&t)EEu Zy(s,t) > u} Let

A(u) = 228 T(m(u))" 7,  Eyu1 = [0, (Inm(w))?/(m?(u) Au))]*

)

Then rewrite

IP{ sup  Z,(s,t) > u} = IP’{ sup  Zy(A(u)s, T — A(u)t) > u} .

(s,t)EEy, (s,t)€EEu 1

We distinguish between H > %, H = %, i < H< %, H = i and 0 < H < i.

Case H > % In order to apply Lemma 4.1 in Appendix, we need to check conditions. By Lemmas 3.1 and 3.3,

we have
1— /Var(Zu(Aws. T — Au)t
(6) lim sup \/ ar( (H(U)SH (u) )) —1| =0,
U (5,0)£(0,0),(5,) € B Afu) (7t + 75)
and
1 — Corr (Zu(Aw)s, T — A(u)t), Zy(A(w)s', T — Au)t!

- - 2y Lo (Zu(Aw, T~ Ao, ZUAWST =AW [

U0 (5 4)£ (57 ), (5,),(" ) € B 1 s — &2 + [t —t|
(7)
This implies that (27) and (28) hold. Following the notation in Lemma 4.1, we have for H >

H 1 1
v, = uhﬁrrolo(m(u))zfA(u) = ul;rrgo 2z T 2Hy2~ 1 = 00, i =1,2.

Noting that (0,0) € E, 1 and by case iii) of Lemma 4.1 in Appendix, we have

]P’{ sup  Zy(A(u)s, T — A(u)t) > m(u)} ~ U(m(u)),

(s,t)€Eyu 1

which together with (4) and (5) establishes the claim.
Case H = 4. Note that (6) and (7) still hold for H = 1. Following the notation in Lemma 4.1, we have for

H:%andi:l,Z,

Au) = 2% [ = 1, lim a;(u) =0, lim b;(u) = lim (Inm(u))?/(m?(u)Au)) = oco.

U— 00 T U—00 U—00 U—00
Thus by case ii) of Lemma 4.1 in Appendix, we have
2
]P{ sup  Zy(A(w)s, T — Au)t) > m(u)} ~ (Pl)2) wlm(w),
(s,t)EEw 1

which combined with (4), (5) and (3) establishes the claim.
Case i < H< % The idea of the proof: we first divide E,, ; into many sub-rectangles (the Pickands rectangles)

and derive the uniform asymptotics on each rectangle; then with the aid of Bonferroni inequality we show that
the double-sum term is negligible and the asymptotics over E, ; is the summation of the asymptotics on these

rectangles. For any fixed S, let

Iy = kS, (k4 1)S] x [IS, (I 4+1)S],k,1 >0, N(u)= { (Inm(u))? } |

m?(u)A(u)S
Ay(w) = {(k, LK) 0 < kLK U < N(u) + 1, Loy N Ly # 0, (k1) # (K, 1)},

Ag(u) = {(k, K1) : 0 < ke, 1K I < N(u) + 1, Ity N Ly = 0}
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Note that in the following proof, we may let S — oco. Bonferroni inequality gives that
(8) 7 (u) — X8 (u) — E¥5(u) < IP’{ sup  Zy(A(u)s, T — A(u)t) > m(u)} < ¥t (u),
(SJ)EEu,l
where
(u)£1
SEHw) = > PR osup Zy(A(u)s, T — A(u)t) > m(u) o,
k,l1=0 (s,t)E1k,1

and for i =1,2

¥3i(u) = Z ]P’{ sup  Zy(A(w)s, T — A(uw)t) > m(u), sup Zy,(A(u)s, T — A(u)t) > m(u)} .
YeA

(k,LE" 1) e (s,t)€lk,1 (S,t)elkg,/

Upper or Lower bounds for ¥*(u). By Lemma 3.1, we have

1-— \/Var(Zu(A(u)s,T — A(u)t))
Au) it + A(u) s 4 BT 2m

u

9) lim sup
oo (Sat)¢(070)7(57t)6Eu,1

—1/=0.

Thus for any 0 < e < 1, let

(1+£1)S+ Aw)

ﬂ\m
%\m

wiitn) =m(w) (1+ 10 (A0

Moreover, denote by

Zy (A ( )(kS+ s), T — A(u)(IS +1))

Zukl(s t) \/VCLT )(kS+s),T—A(U)(lS+t)))~

Then we have

N(u)+1
ZJr(u) < Z P { sup Zu,k,l($7t) > ml;j(u)} ’

k,1=0 (s,t)€[0,5]2
N(u)—1
X (u) > P sup  Zy (s, t) > mﬁ(u) .
k,1=0 (s,t)€[0,5]2 ;
Note that (7) implies that

1—Corr(Zyki(s,t), Zygi(s',t))
‘8 _ Sl|2H + |t t/‘QH

(10) lim sup
U=00 (5. 1)#£(s",t),(s,t),(s",t')€[0,5]2

migi (u))?
Thus by Lemma 4.2, we have that

P {SUP(s,t)e[o,S]Q Zu (s t) > mf?(u)}

i su — 2l = 0.
B e B W (w) (a0 517 =0
This implies that
N(u)+1 2
(1) 2w < 05D Y w0 = (L) wimwyer(us.0.
%,1=0
and
N(u)—1 2
(12) 52 (M (O.5)2 3wt = (L) winwyer w s
k,1=0
where

(ki1)s+WI(ki1)2HS2H>).

—1‘:0.
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Next we analyze ©%(u, S, €). Note that for 1 < H < 1

- 0<k<N( )+1m2(u)(A(Quz)L)ZHMj — 1S < Q(m(u))%m( u

Inm(u))*

< Qut* (Inuw)*® - 0.

Hence, setting

H

(14) v(u,e) = (1 — e)mQ(u)A(u)?,
it follows that

N (u)+1

@_(U,S, 6) < S2 Z e—(v(u,e)(l—l)S+v(u,e)(k—1)S)
k,1=0
N(u)+1 N(u)+1
= (v(u,€)) 2 Z e VW A=DS (4, €)S Z e V=S, €)8
1=0 k=0
oo 2
< (v(u,€))? (/ etdt>
0

2 (TN o trer-1\? 24
(15) ~ (W) Aw) 7 (5 :(H 9T T ) uf =t u— o00,e— 0,
which together with the fact that

. He((0,5) _
ST T
leads to
1 2 2

(16) SH(u) < (H*12*WT2H*1HH) WF M (m(w)), u— oo.

Similarly, we can show that

0" (u, S, ¢) > (H_12_ﬁT2H_1)2u%_4, u— 00,6 — 0,5 — oc.
Hence
(17) Y7 (u) > (H_12_ﬁT2H_1”HH)2 wm N (m(u)), u— oo.

Upper bounds of ¥3;(u),t = 1,2. For (k,1,k',l") € Ay, without loss of generality, we assume that &' = k + 1.

We next split I;/ ;- into two parts: the first part has smaller volume than the original one and the second part
is separated by a positive distance away from I ;. Then we can show that the double-sum term with index in
A4 (u) is negligible due to the smaller volume of the first one and the positive distance of the second one from

1Ij;. Denote by
10, = [(k+1)S, (k+1)S + V58] x [I'S, (' + 1)S], I, = [(k+1)S + V5, (k +2)S,] x [I'S, (I' +1)8].

Hence, for (k,1,k',l') € Ay,

PSS sup  Zy(A(w)s, T — A(uw)t) > m(u), sup Zy,(A(u)s,T — A(u)t) > m(u)
(s.t)EI 1 (s,)EL 1

<P sup  Zu(A(u)s, T — Au)t) > myj(u),  sup Zu(A(uw)s, T — Au)t) > my . (u)

(s,t)€Xk 1 (s,t)elfj?l/

+P sup  Zyu(A(u)s, T — A(u)t) > mpS(u) o,

(S,t)EI’i}?l/

where
Zu(A(u)s, T — A(u)t)

T Var(ZJAws, T - Aw)h)

Zu(A(u)s, T — A(u)t)
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Noting that (10) holds and

P sup  Zu(A(u)s, T — A(u)t) > myS, (u) p = IP’{ sup Zy g 1 (8,1) > mk,el/(u)} )
(s)el), (s,£)€[0,v/8]x[0,5] ’

by Lemma 4.2 in Appendix, we have that

+e
. P {S“p<s,t>e[o,\/§]x[o,51 Zuer v (8,1) > My,
lim sup

U0 < fr 1/ <N (u)+1 W (my,p (w)

<u)} — Hu([0,VS))H#([0, )| = 0.

Using also the fact that I;; has at most 8 neighborhoods and

i OV HaOVSD e gy 54—,
S—o0 S S—o0 \/g S—o00 S—o00

in light of (11) and (15), we have

Z P sup  Zu(A(u)s, T — A(u)t) > myS, (u)
(B LkDEN | (sDEL,
N(u)+1
<8 > Hu(0,VS)Hu ([0, )W (my , (u))
K 1'=0
_ HO.VS) (0.
S S

(18) =o0 (u%*‘L\I!(m(u))) , u— 00,5 — 00.

J (HflzfﬁT”H)Q w40 (m(u))

Lemma 3.3 shows that for u sufficiently large and (s,t), (s',t') € Ey1

Corr (Zu(A(w)s, T — Aw)t), Zu(A(u)s', T — A@w)t')) > 0

and
lim sup m(w)? 1= Corr (Zu(A(w)s, T — A(w)t), Zu(A(u)s', T — A(u)t')) 1l =0
U0 (5 1) £(57,17), (5,8),(5 ) E Bt s = &'[PH + [t — 1|2

Hence by Lemma 4.3 in Appendix, there exist constants C,C; > 0 such that for (k, 1, k’,1') € A; and u sufficiently

large

P sup  Zu(A(u)s, T — A(u)t) > myj(u),  sup Zu(A(u)s, T — A(u)t) > my . (w)

(s,t)€1k,1 (sﬂf)EIfj?U

H
<este @S (mgf (W) 5

and for (k,1,k',1") € A2 and u sufficiently large

P<S sup  Zyu(A(uw)s, T — A(u)t) > m; 5(u), sup  Zu(A(u)s, T — A(u)t) > mp, 5 (u)
(s,t)EIk,l ’ (svt)eIk/,l/ ’

(19) < Cglem K PHI-U ) B ST g (i (@)
< kLKl )

i (0) = min (5 (), m (w)
Consequently, noting that Ij;; has at most 8 neighborhoods and in light of (11) and (15)
P{ sup  Zu(A(w)s, T — A(u)t) > m(u), sup  Zu(Au)s, T — Au)t) > my ()

kLK) EA (s:t)€ k.0 (s,t)ell?,
( Kk’
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3 CS46_615%\I/(m;777k,7l,(u)>

(k1K' 1) EA;

S este S (w (mfw) + 0 (mpS ()

(k 1k 1) EA,

IN

IN

N(u)+1 "
< Y a6este St (mpf(w)
k,l1=0

2

H
< Q8% 197 u%74\11(m(u)) =o0 (uﬁfﬁl\ﬂ(m(u))) ,  u— 00,5 — 00.
Therefore, we can conclude that
(20) S¥i(u)=o0 (u%_4\11(m(u))> , u— 00,8 = oo.

Moreover, by (19) and (11)-(15)

3o (u) < Z ]P’{ sup  Zu(A(uw)s, T — Au)t) > myj(u),  sup Zu(A(u)s, T — A(u)t) > m,:,fl,(u)}
(klk1)ehy  (EDEk (s,)E D

IN

Z CS4e_Cl(lk_kllu‘l_l/lz)%SH\I/ (mﬁk'w(u))
(ky Lk 1) €A
N(u)+1 .
< Z v (mﬁ(u)) 2054 Z e~ Cr(K+1%) 2 s
k,1=0 k!, 1 >0,k 41/ #0
N(u)+1
< > st @S w (mf(w)

k,i=0

(21) < QSQe_leHu%_‘l\If(m(u)) =o0 (u%_4\11(m(u))) ,  u— 00,5 = o0.

Inserting (16)-(17) and (20)-(21) into (8), we deduce that

1 2 2
IP’{ sup  Zyu(A(u)s, T — A(u)t) > m(u)} ~ (H_12_WT2H_1’HH) w4 (m(u)), u— oo,
(s,t)EFEy 1

which together with (4) and (5) establishes the claim.

Case H = 1. Note that (8)-(12) still hold for H = }. We proceed along the same line of reasoning in the proof

of the case % < H < % We begin with the analysis of ©%(u, S, ¢). In contrast to the case i < H < %, it will

be shown that

A 2H

m2(u)( (;L)L) (k _ 1)2H SQH

is not negligible and also contributes to the asymptotics of ©F (u, S, ¢). Recalling that

H

vl €) = (1= PmA(W)A ),

it follows that

RS (A
0 (u, S, €) = S? Z exp (— (’U(U,E) (l-1)S+v(u,e)(k—1)S+ mQ(u)T (k—1)*" SQH>>
k,1=0
N(u)+1 N(u)+1 (A(u))2H
= Z e vwal-1)Sg Z exp (— (U(u, e)k—1)S+(1- e)mQ(U)T (k—1)*" SQH)>S.
u
1=0 k=0

The first sum satisfies

N (u)+1 N(u)+1

Z e V(e (-1)Sg _ (U(%G))—l Z e—v(u,e)(l—l)SU(u7€)S
1=0 =0
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(22) < (v(u, €)™ /000 e tdt ~ (m%u)A(u)é{) , u—00,e— 0.
For the second one
& (D@ oy

> exp ( (U(u,e) (k—1)S+(1 - e)m2(u)T (k—1) SQH>>S

k=0

N &P dr o (m(u)) ¥ Adu 2
= (w(u,e)™" Y] exp( v(u,€) (k—1)8 + <(1 )72 — 6)( ()7 A )v(u,e)(kl)S> )U(U,E)S.
k=0 )

Note that for H = i

u— 00
v(u,€)
Thus
N(u)+1
A 2H
Z exp (— (U(u,e) (k—1)S+(1- e)m%u)% (k—1)* 52H>)S
k=0
H\ ' > 3
~ <m2(u)A(u)T) / e TIVE w00, — 0.
0
Consequently,
H\ 2 [>™ 1
07 (u, S, e) < (m2(u)A(u)T> / e TIVEdr u— 00,e — 0.
0
Similarly,

H\ 2 [ 1
0t (u, S, ¢) > (m2(u)A(u)T) / e TIVEr w00, e — 0.
0

In light of (11) and (12), we have that
H\ % [ 1
Hull O S) > (mg(u)A(u)T) / e TIVE Qe W (m(u))
0

2 [ 1
( 9~ zm T2H - 1HH) / e_’”_T4\/Edacu%_4\I/(m(u))7 u — 00,8 = 00,
0

2 [ 1 5
w21y ) / e TV dpu T (m(u)),  u— 00,8 — oo,
0

The negligibility of £3;(u),i = 1,2 holds due to the fact that (18)-(21) are also valid for H = 1. Therefore we

have, as u — oo,

2 [ 1
P sup  Zu(A(w)s, T — A(u)t) > m(u) p ~ (H 2 mm T2H-19 ) / 6717T4ﬁdmu%74\1/(m(u)),
(8,t)EEw 1 0

which combined with (4) and (5) establishes the claim.

Case 0 < H < %. For 0 < H < 1, (8)-(12) are still satisfied. Thus we proceed as in the proof of 1 < H < 1.
We next analyze ©F (u, S, ¢). As it will be shown below, term

(Au)*H

2u

plays a crucial role to the asymptotics of ©%(u, S, ¢). Denote by

m?(u) (k—1)* g2H

V' (u,€) = (1 — )77 2720~ 27 (m(u)) 7 A(u),

it follows that
N (u)+1

O (5.0 =5 5 e (- (A

k,1=0

(-1)S+ A(w)

H\m
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N(u)+1 N(u)+1

= Z e~ v(wal-DSg Z exp (— (U(u7 €)(k—1)S+ (V' (u,€e)(k — 1)S)2H)>S,
k=0

=0

where v(u, €) is defined in (14). The first sum satisfies (22) with 0 < H < 1/4. For the second sum

N(u)+1
3 exp (_ (U(u, ) (k—1) S+ (v'(u, e)(k — 1)3)”))5
k=0
N(u)+1
= (W) > exp (=A@ () (k= 1) S = (v () (k= 1) 8)* )/ (w, 95,
k=0
where
1—e)m?(u)A(u) 4 .
y(u) = v(u,€) = (1 ezm (ul) (u)7 . ~QuTH =0, u— o0
v'(us€) (1 —e)zm2-zmu—zim (m(u)) 7 Au)
Thus
N(u)+1 e -
Z exp (— (U(u, €)(k—1)S+ (v'(u,€)(k — 1)S)2H)>S ~ (V' (u, e))fl/ e " dr
k=0 0
r(L +1) Ttz — -0
SH w2, U — 00, €
Consequently,
O~ (u,S,¢) < H'2-=mT2H-21 (22 + 1) uﬁfz, u — 00, € — 0.
Similarly,

1
Ot (u,S,e) > H-'2-2mT?H-21 <2H + 1) wzm "2 4 — 00,6 — 0.

In light of (11) and (12), we have that, as u — 00, S — o0,

S (u) < H 127 s 7221 (22 + 1) (M) u? =20 (m(u)),

St (u) > H 12 sm 7221 (22 + 1) (Hp)* wm =2 (m(u)).

Following line by line the same as in (18)-(21), we can show that, for i = 1,2,
Y¥i(u)=o0 (u%_Q\P(m(u)D , U — 00,8 = 00.

Therefore, we conclude that, as u — oo,
1
P{ sup  Zu(A(u)s, T — A(u)t) > m(u) p ~ H- 12772 72021 ( + 1) (Hp)? u?m =20 (m(u)),
(5.)€E. .1 2H

which establishes the claim with the aid of (4) and (5). This completes the proof.
Proof of Theorem 2.2: We distinguish between H > % and H < %
Case H > % We have that

]P’{ sup Ut>u}:P{ sup (Xt—XS)>u}

0<t<T (s,t)EA

P{ up (Bir(t) = Ba(s) = 22 — 52 + (e = 5)) > u}
(s,t)EA

= [F’{( sup Zy1(s,t) > ml(u)} )

s,t)EA



DRAWDOWN AND DRAWUP FOR FRACTIONAL BROWNIAN MOTION WITH TREND 13

where
BH(t) — BH(S)

uw— pT + 3T
u— p(t —s)+ 5(t2H — s2H) '

TH

Zu71(S,t) = ml(u)v ml(u) =

Furthermore,

IP’{ sup Zuyl(s,t)>m1(u)}<IP>{ sup Ut>u}

(s;t)EEu,2 0<t<T
(23) < ]P’{ sup  Zya(s,t) > ml(u)} + ]P’{ sup  Zy (s, t) > ml(u)} )
(s,t)EEY 2 (8,t)EA\E, 2
where
Eup = [0, (Inmy(w))®/(ma(u))?] x [T = (Inma (u)?/ (m (u)?, T].
In light of Lemma 3.2, it follows that, for u sufficiently large,

sup VCLT(qu,,l(S’t)) s1- Q ( ml(u)

(s,t)EA\Ey 2

Moreover, direct calculation shows that
E ((Zu,l(sa t) - Zu,l(sla t/))Q) S Q1(|t - t/IQH + |8 - S/|2H)a (S,t), (Slvt/) € A.

Using Piterbarg Theorem (Theorem 8.1 in [18]), we have, for u sufficiently large,

mq (u)
-0 (5z)’

Next we focus on P {sup(s’t)eEu)2 Zya(s,t) > ml(u)}. Lemmas 3.1 and 3.3 lead to

(24) P {( sup Zya(s,t) > ml(u)} < Qa(my (u))%\ll

5,t)EA\Ey 2

. 1—/Var(Z,1(s,t))
lim sup HT—1) ’H -1/ =0,
U0 (5,1)#£(0,T),(s,t) EEy 2 —F— + Fs
1-— Z Z "
lim sup Corr (Zua(s,t), Zua(s', 1)) =0,

‘S—S/‘2H+|t—t/|2H
2T2H

which coincide with the local variance and correlation behavior of Z,(s,t) in proof of Theorem 2.1 for case

W00 (5,6)# (5" ,t),(5,8), (5"t ) EEu 2

H > % Similarly as in proof of Theorem 2.1, we derive that, for H > %,
P sup  Zya(s,t) > mi(u) p ~ ¥ (my(u)), u— oo
(s,t)EEy, 2
and for H = %
2
P sup  Zya(s,t) >mq(u) p ~ (Pll/g) U (mq(u), u— oo.
(S,t)EEuYQ

Inserting the above asymptotics, (24) and (3) in (23), we establish the claim.
Case 0 < H < 3. Observe that

]P’{ sup Ut>u}=P{ sup (Xt—XS)>u}

0<t<T (s,t)EA

P{ sup (Bir(t) = Ba(s) — 22 — 52 + e = 5)) > u}
(s,t)EA

=P {( sup Zyo(s,t) > mg(u)} )

s,t)EA



14 LONG BAI AND PENG LIU

where

Bu(t) — Bu(s)

T o(s,t) =
72(5 ) U—/,L(t—s)—f—%(tZH—SzH)

mao(u), mao(u)= inf
Thus we have

IP’{ sup  Zy2(s,t) >m2(u)} §IF’{ sup Uy >u}

(s,t)EEu,3 0<t<T
(25) < ]P’{ sup  Zya(s,t) > mg(u)} + ]P’{ sup Zy2(s,t) > mg(u)} ,
(s,t)EFEuy,3 (s,t)EA\Ey 3

where
Eus = (0,50 + (lnma(u)) /ma(u)] x [T — (Inma(u))?/(ma(u)?, T).
In light of Lemma 3.2, it follows that, for u sufficiently large,

ma(u)

sup Var(Z,2(s,t)) <1-Qs (
(svt)eA\Eu‘B

and direct calculation shows that
E ((Z%Q(Sa t) - Zu72(5/1 t/))z) < Q4(|t - tlle + |5 - S/|2H)a (S7t)a (Slvt/) €A
By Piterbarg Theorem, we have, for u sufficiently large,
ma(u)
2
In ma(u)
-0 ()

Next we analyze the asymptotics of P {sup(si)eEu‘3 Zup2(s,t) > mo (u)} Rewrite

(26) P {( sup Zy (s, t) > mg(u)} < Q5(m2(u))%\ll

s,t)EA\E, 3

]P’{ sup  Zyz2(s,t) > mg(u)} = IP{ sup  Zyo2(sy + A1(u)s, T — Aq(u)t) > mg(u)} ,

(sat)eEu,S (57t)eEu.4
where
Bua = [—su/A1(u), (Inma(w))/(ma(u) Ay (u))] x [0, (Inma(u))?/((ma(u)? A ()], A (u) = 277 T(my(u)) "7,
and s, is defined in Lemma 3.2. Lemmas 3.2 and 3.3 lead to
) 1=/ Var(Zy2(sy + A1(w)s, T — A1 (u)t))

lim sup HO—H) I, — 1 =4

U0 (5 £):£(0,0),(5,t)E By 4 s (A1 (u))?s? + FAq(u)t
and

. 1—Corr(Zy2(su + A1(w)s, T — A1 (u)t)), Zy2(su + A1(uw)s, T — A1 (u)t)))

lim sup — Y oI -1 =0.
U0 (5 1) (" t7),(5,0), (' ) € B a (ma(u))=2(|s — '[P + [t — ¢/|*7)

Next we check the conditions of Lemma 4.1 in Appendix. Following the same notation as in Lemma 4.1, we

have that, for 0 < H < %7
LH( -~ H)

. H 1 . _ 1 .
v = ul;rglo(mz(u))2?A1(u) = 22HHu1Ln;O(m2(u))2 H=0, vy= ul;rrgo(mg(u)) 5T% (Aq(u))* =0,
o = Jim ma(u)/ LI A ) )/ (o) () = o0,

P21 =0, g = lim (o)) o Ay () (s ()2 (o) A 1)) = ox.

Moreover, by Lemma 3.2, s,, ~ TT==m g~ 1712H, which implies that

A - H)Al(u)su/Al(u) =—Q lim u'" T =0.

yra == Jim ma(u)\ = s
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Thus by case i) of Lemma 4.1, we have that

IP’{ sup  Zyo(sy + A1(u)s, T — Ay (u)t) > mg(u)}

(s,t)€Ey 4
~ (Hn) /L_ i e [ e dstma () S 8 0) 2 ma(w)
— g —3573H -3
~2 T W(HH) uH \I/(mg(u))
Inserting the above asymptotics and (26) into (25) establishes the claim. This completes the proof. O

4. APPENDIX

4.1. Appendix A. This subsection is devoted to proofs of Lemmas 3.1-3.2.

Proof of Lemma 3.1: Note that for any § > 0 and u sufficiently large, the maximum of o (s,t) over
0 < s <t < T is only attained at [0,0] x [T — §,T]. Next we consider the variance function o, (s,t) over
[0,0] x [T'—6,T)]. It follows that

on (s,t) [t — s|H u+ pT — 37T
0w (0,T) u+ p(t —s) — 5(t2H — s2H) TH
[t—s|”
—1_ TH
utp(t—s)— 3 (12H —g2H)
utpT—3T2H

O ut p(t—s) = 52 — s*7)
— (1 — ) (1+o(1)) + ( T _2%T2H - 1) (1+0(1))

H —u(T —t+s)+ SQHT*H YT —t) 4+ *H)
=—(T—-t 1 1 1 1
(T =t 5)(1+o(1)) + T (1+0(1))
_(H H L on
(F@ =0+ gt 5o Qa0 (1) € 0.8] x [T - 0.7],
as 0 sufficiently small and u sufficiently large, where lims_,0 400 a@(d, ) = 0. The fact that
H H 1 .y
?(T—t)+?s+%s >0
for (s,t) € ([0,0] x [T'—6,T]) \ {(0,T)} implies that the maximizer of o, (s,t) over 0 < s < ¢ < T is unique and
equals (0,7). This completes the proof. O

Proof of Lemma 3.2: For any > 0 and u sufficiently large, the maximum of o, (s,¢) over 0 < s <t < T is
attained in [0, 8] x [T — 6, T]. Next we focus on o} (s,t) over [0,8] x [T — §,T]. For § > 0 sufficiently small and

u sufficiently large,

of(s,t) |t —s|H u—pT + $7%1
o (0,T) u— p(t —s) + (120 — s2H) TH
lt—s|7
=1— il

u—p(t—s)+3 (12H —s2H)
u—pT+3T2H

—s” U — —g) 4 L(42H _ g2H
=(1- |t THI )(1+o(1)) + ( u(i—u)T+4-2(;T2H ) 1) (14 o(1))
H w(T —t+s)— LHT* YT —t) 4 s2H)

1 1
S (1+0(1))

_ (I;(T 4 ;Is) (1+ av(6,u)) — %SZH(l +as(5,u)), (s,) € [0,6] x [T =6, T,
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where lims_,0 o0 @i(0,u) =0,0 =1,2. If H > %, then

1- % = (?(T—t) + 1;13) (1+ai(d,u), (s,8) € [0,8] x [T — 8,7,

which implies that the maximizer of o;f (s,t) is unique and equals (0,7)). For 0 < H < 3,

of(s,T) H 1 .y
].—m = ?8(1—'—&1(6,“))— %S (1+a2(5,u))
H 2H

= s (81—2H(1 + a1(6,u)) — iu + as(4, u))) <0,

(1+az(8,u))
2u(1+aq (6,u))

(0,9) for § > 0 sufficiently small and u sufficiently large. We denote this point by s,,. Using the fact that
00 (50, T) _ —H(T = s)" " (u= (T = 5.) + 3T = 5)) = (T = 5.)" (= Hsy ™)

= =0
s (u= (T =) + 57 =57 |

as s < ( ) RN (2u)™ 727 . This implies that the maximum of o (s,T) over [0,T] is attained over

we have that

u 1 ogy  p(1-—H) 1 p(l—H) N2t
w = _ 7T2H 1 r 7 = g2H P\ ) w ~ T1-—2H 1—2H |
3 <T+2 Tt apt TH ° “
Next we show that the maximizer of o;f (s,t) is (sy,T) for 0 < H < % and u sufficiently large. Observe that
_ U;(Svt) __UJ<57T)_U1T(SU’T> U;(SvT)_UIT(S’t)
of (5, T) o (54, T) o (54, T)
Direct calculation gives that, as u — oo,
TH
+ T) ~ ——
oy (su, T) ~ =,
10%c} (sy, T H(H - 1)TH-2
7t 5,1) — ot (0, T) = 2 200D gy oy ~ BEE 2,
+ T HTH71
aj(s,T)—aj(s,t):%(T—t)(lﬂ)(l))N (T—t), t—T
u
Thus we have
(s, t H(1-H H
- J?(ii” T>) = I (6 (1 o) + L@ - )1+ 0(1), w008 — 8Tt 0,

which implies that the maximizer of o/ (s, ) is unique and equals (s,,T’) for u large. This completes the proof.
O
Proof of Lemma 3.3: Recalling that oy (s,t) = |t — s|*, we have, for (s,t) # (s',t),

1— Corr(Bg(t) — Bu(s), Bu(t') — Bu(s"))
_E{((Bu(t) = Bu(s)) — (Bu(t') — Bu(s)))*} — (ou(s,t) — ou(s',t))
20 (s, t)og(s,t)
_ E{((Bu(t) - Bu(t')) = (Bu(s) - Bu(s)))*} — (|t = s|" —|t' —&|")?
2t — s |t — o7
N P s P (e P P e P ) (s )

B 20t — s/ |t — 5|2

Using Taylor formula, we have that for (s,t) € [0, d,] X [T — 04, T'], with lim,—, o 6, = 0 and u sufficiently large
‘t _ S|2H _ ‘t _ S/|2H _ (|t/ _ 8‘2H _ |t/ _ S/|2H) _ 2H(|91 _ 8‘2H_1 _ |91 _ S/|2H—1)(t _ t/)
= 2H(2H — 1)(0; — 02)*772(s — &')(t — 1),

(t—s/® =1t = '|")2 = (HO3(t — ' — s+ )2,
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where 61 € (¢,t'), 02 € (s,8") and 03 € (t — s,t' — s"). Moreover,

lim lim ||t — s/ —T"| =0.
U—00 5,t€[0,04] X [T —0u,T]

Consequently, for limy_, o, 4, = 0,

lim sup 1—Corr (Bu(t) — Bu(s), Bu(t') — Bu(s")) “1l—o

! |2H _41|2H
U0 (5 ) (7 1), (5,0), (78 €[0,8u] X [T 61, T] le—oPoglt—¢ P2

4.2. Appendix B. In this subsection we present some useful results derived in [17]. First, we give an adaptation
of Theorem 3.2 in [17] to our setting. Let Xy(s,?), (s,t) € [[;; olai(u), bi(w)] with (0,0) € [[,_; olai(u), bi(w)],

be a family of centered continuous Gaussian random fields with variance function o, (s,t) satisfying

]-_ u )
0.(0.0) = m - d-ou(st) 41
27 0,0=1, lim P s ]t ’
(S:t)¢(070)a(57t)eni:1,2[ai(u)vbi(u)] g1(u) + gz(u)

las (|1 +bi(w)|#2

where 5; > 0,i = 1,2, limy 00 gi(u) = 00,7 = 1,2, limy 0 o) )

= 0,7 = 1,2, and correlation

function satisfying

(28) lim sup n2(u) 1—Corr(Xy(s,t), Xu(s',t'))

-1
U0 (5 1) (51 ,81),(5,8), (87 ) €T,y ol (1) b ()] s —s'|* + [t =]

0,

with « € (0,2] and lim,,—,oc n(u) = co.

We suppose that lim,, s % =y; €[0,00],i =1,2.

Lemma 4.1. Let Xy(s,t),(s,t) € [[;2; olai(u), bi(w)] with (0,0) € [, olai(u),bi(u)] be a family of centered
continuous Gaussian random fields satisfying (27) and (28).
i) Ifv; =0,i=1,2 and fori=1,2,

tim MOt _ gy, @R gy, ()P + W)
u=oo (gi(u))t/ % T wme (gi(w)!A "7 w0 (g:(u)?/%

:O’

with —oo < y;1 < Ys,2 < 00, then

N
IED{ sup Xu(s,t) > n(u)} ~ (Has2) H/
i=17Y

(5.0)€T T,y lai () bi(w)]

Yi,2

2N U
o lsl? dsl:[l (212((u))> U(n(u)).

i) If v; € (0,00) and further lim, e a;(u) = a; € [—00,0], limy 00 bi(u) = b; € [0, 00], then

7,1

2
P sup Xu(s,) > n(u) p ~ [[Posy (lai, b)) ¥ (n(u)),
(s,t) €l 21 2l (u),bi(u)] i=1

where
Py (ai, bil) =E{ sup eﬂBan(ﬂ-ltI“‘-wlt"”} € (0,00), i =1,2.
te[ai,bi]

i) If v; = 00,1 = 1,2, then

P sup Xu(s,t) > n(u) p ~ ¥(n(u)).
(s:t)€lTi—y plai(u),bi(uw)]

Next we give a simpler version of Proposition 2.2 in [17]. Denote by A(u) a series of index sets depending on u and

by [a1, az] X [b1,b2] a rectangle with a1 < ag and by < ba. Let Xy 1.:(s,t), (s,t) € [a1,a2] x [b1,b2], (k,1) € A(u)

be a family of two-dimensional continuous Gaussian random fields with mean 0 and variance function 1. There

exist ng (), (k,1) € A(u) satistying

nkJ(u)

29 lim su
(29) p o (1)

U=00 (k1) (k1) eA(u)

— 1’ =0, lim inf  ng,; = oo,
u—00 (k,l)eA(u)
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such that the correlation function satisfies

. 1—Corr ( Xy ri(s,t), Xuri(s,t
(30) lim  sup sup (1 (w))? ( /a’l( ) /’a;( )
U0 (k1) €A (u) (s,)£(s,t'),(5,8), (s 1) Ela,az] X [b1,bs] |s — s’ + [t — /]

where «; € (0,2],i=1,2.
Then Proposition 2.2 in [17] leads to the following result.

Lemma 4.2. Let X, 1(s,t), (s,t) € E, (k,1) € A(u) be a family of centered two-dimensional continuous Gauss-
ian random fields with unit variance. Assume further that (29)-(30) hold. Then

: F {Sup(me[al,az]x[bl,sz Kupals,t) > ”’“l(“)}
lim  sup —Ha

s
U0 (o 1) eA(u) W (ngi(u)) 2

Finally, we display a lemma concerning the uniform double maximum, a simpler version of Corollary 3.2 in
[17]. Let E, be a family of non-empty compact subset of R? and A; C [0,5]%,i = 1,2 be two non-empty
compact subsets of R%. Denote by Ag(u) = {(k1,l1,k2,l2) : (ki,li) + A; C Ey,i = 1,2}. Let n(u) and
N, 1; (W), (ki ;) + A; C E, be a family of positive functions such that

Nk L (u)

n(u) !

=0, i=1,2, lim n(u)=oc.
uU—r 00

(31) lim sup
U0 (il )+ A EE,

Lemma 4.3. Let X,(s,t),(s,t) € E, be a family of centered Gaussian random fields with variance 1 and

correlation function satisfying

91— Corr(Xy(s,t), Xu(s',t))
|S _ 8/|a1 + |t _ t/|a2

-1 =0.

lim sup
W0 (5,t)£(s7,t),(5,8),(s" # ) EEu

Moreover, there exists 6 > 0 such that for u large enough
COTT(XU(Sat)vxu(S/a t/)) >0 — 17 (57t)a (3/7t/) € Eu

If further (31) is satisfied, then there exit C,C; > 0 such that for all u large

P {SuP(s,t)e(kl,ll)—i-Al X (8,8) > My 1y (W) SUD (g 1) € (kg 1)+ A5 Xu (S5 1) > Ny 1, (U)}

sup T
. 5 min(ay,ag)
(k1,01ka,12) € M0 (u), As C[0,5]2, As #£0,i=1,2 e=Cr(F (k) An, (ke l2)+A2)) 2 "2 G4 (g g 0, (1)

where
F(Av B) = SEH}EGB HS - t| |7 Nkl k2l (u) = min(nkhll (u)7 Ny ly (u)),

and C and Cy are independent of u and S.
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