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ABSTRACT. We derive exact tail asymptotics of sojourn time above the level u > 0

IP’(v(u)/OT]I(X(t)—ct>u)dt>ac)7 x>0

as u — oo, where X is a Gaussian process with continuous sample paths, ¢ is some constant, v(u) is a positive function

of w and T € (0,00]. Additionally, we analyze asymptotic distributional properties of

Tu(x) = inf{t >0:v(u) /Ot I(X(s) —ecs > u)ds > m} ,

as u — 0o, > 0, where inf ) = co. The findings of this contribution are illustrated by a detailed analysis of a class of

Gaussian processes with stationary increments and a family of self-similar Gaussian processes.
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1. INTRODUCTION

Let Y (t),t € R be a centered random process with cadlag sample paths and let for T > 0

T
(1) / L(Y (1))dt

be the sojourn time of Y above the level w € R in interval [0, T], where I,,(x) = I(z > u). The asymptotic properties
of (1), as u — oo for Y being a centered Gaussian process has been extensively studied by Berman, see e.g., [1-4]. An
explicit form of the distribution of (1) is known only for very few special processes. In particular, for Y = Bj being a

standard Brownian motion, by the arcsin law of Paul Lévy, we have

(2) P </T]IO(Bl(t))dt > x) =1- 2arcsin(\/§), 0<a<T <o
0 T

An extension of this arcsin law is obtained in [5] for the case of Y (¢t) = By (t) — ct, ¢ # 0. For the infinite time horizon,
ie.,, T =00 and ¢ > 0, in view of [6][Eq. (3), p. 255]
o V2e 2y 262 [ 2
P (/ Io(B1(t) — ct)dt € dy) =—=e"7 -— eV dv|dy, y>0,
0 VY VT e
which implies that for any = > 0

cV2x _%
e
VT ’

where ¥ denotes the tail distribution of a standard normal random variable N (0, 1).

(3) P (/OOO To(Ba(t) — et)dt > x) = 2(1 + 22)¥(ev/T) —

The above result can be extended to the class of spectrally negative Lévy processes with a negative drift and a general

level u. Indeed, let X be a spectrally negative Lévy process. Then for any non-negative A

E {e)\X(t)} — N >,

with 1 being a strictly convex function such that limy_,o ¥(A) = co and ¢'(0+) = E{X (1)}.
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Theorem 1.1. Suppose that X (t),t > 0 is a spectrally negative Lévy process such that E{X (1)} < ¢ for some ¢ > 0.
Then for any u > 0

) P (/OOO I(X(t) - ct)dt > x) —oup (/OOO Io(X(£) — ct)dt > x) ,

where o > 0 is the unique positive solution to ¥ (a) = ca.

In the particular case that X = Bj, we have E{B;(1)} = 0 < ¢ and further ¢ («) = 0‘72 = ca has the unique positive

solution « = 2¢. Consequently, for any > 0 and u € R Theorem 1.1 combined with (3) implies

(5) P (/000 I, (B (t) — ct)dt > x) = (2(1 +22)U(ev/x) — C\/72er£29;> e 2eu,

The study of distributional properties of occupation-type functionals for Lévy processes is crucial for many applications
in finance and insurance (e.g. the occupation time in red or the inverse occupation time - the time of cumulative Parisian
ruin), see for instance [5, 7-10]. The number of papers dealing with occupation times (sojourn times) is huge; most
of the articles discuss the derivation of Laplace transform, see the recent contributions [11-14] and references therein.
Recent paper [10] derives the density of occupation time for spectrally negative Lévy processes with exponential time
horizon.

In this paper we shall focus on analogues of Theorem 1.1 for a wide class of Gaussian processes. Since the distribution
of (1) is not tractable in the general Gaussian case, our investigation is concerned with the derivation of the exact

asymptotic behavior of

T
(6) pr(u,z) =P (v(u)/o I(X(t) — ct)dt > m) L 23>0

as u — 0o, where X is a Gaussian process with continuous sample paths, v(u),u > 0 is a positive function (will be
specified below) and T' € (0, c0]. In order to avoid trivialities, we suppose that ¢ > 0 if T' = oo, while for T' < co we
allow ¢ € R. In contrast to the classical results for centered Gaussian processes X by Berman, see e.g., [1-4], where the
asymptotics of P (v(u) fOT L, (X (t))dt > ac) as u — oo is given for a.e. > 0, an important advantage of the technique
used in this contribution allowed us to show that the asymptotics of (6) holds for all 2 > 0. This is due to continuity
of Berman-type constant which shall be proven in Lemma 4.1.

Additionally, motivated by recent investigations on the ruin time, see e.g., [15] and [16], we shall analyze asymptotic

distributional properties of

(7) Tu(2) := inf {t >0:v(u) /Ot I, (X(s) —es)ds > x} )

as u — 00, x > 0, with the convention that inf () = co. Note that 7,(x) is called the cumulative Parisian ruin time in
[9], which is of interest in risk theory; 7,,(0) is the first passage time of the level u by the process X (t) — ct, which is

referred to as the ruin time in [15]. In Section 3 a distributional approximation, as u — oo, of 7. (21, x2) defined by
(8) T (1, 22) = Ty (x2) |Tu(21) < 00, 0< 21 <29 <00

is derived.

Brief outline of the paper: In Section 2 we derive an exact approximation of sojourn times for general Gaussian
processes. In Section 3 we apply this result to (6), for X being a centered Gaussian process with stationary increments
and a self-similar Gaussian process. Both scenarios T € (0,00) and T = oo are considered. Section 4 contains some

lemmas that are useful in the proofs of the main results, while the proofs are presented in Section 5.
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2. MAIN RESULT

In this section we provide a general result preparing us to derive exact asymptotics of (6) for a wide class of centered
Gaussian process X (t),t € R with continuous trajectories. In order to motivate the study of this section write first

for u > 0,z > 0,c¢ > 0 and v(u) representing an arbitrary positive function
Poo(u,z) = P (v(u)/ I,(X(t) —ct)dt > :v)
0
= P <v(u)u/ Io(X (ut) — cut —w)dt > x)
0

) - P (v(u)u /0 " L (MM(@) dt > a?)

% is assumed to be positive. Then u)((l(fg)

where M (u) = inf;c[, o) M (u) is a Gaussian process with mean

X (ut)
u(1l+ct)

0 and sup,>, Var ( M(u))zl. As it will be proven in Section 5, for §,, a properly chosen function of u with

limy, 00 6, = 0, and ¢, = arginf;>g % for x > 0 we have

X (ut)
pocluz) ~ P vuu/ I u(MU)dt>1‘
) ( “ [tu—8u,tutou] M{w) u(1+ ct) (u)

B X (uty + t/v(w)) " .
= <~/[—’u(u)u6u,v(u)u6u] ]IM(u) (u(l + Ctu) + Ct/v(u)M( )) ar= ) .

A similar transformation for pr(u,z),T € (0,00) shows that in general the problem to deal with can be reduced to

(10) pT(uv .’E) ~P (/E( )Hn(u)(Zu(t))dt > (E) y U —> 00,

where > 0, n(u) is a function of u and Z,,u > 0 is a family of centered Gaussian processes with continuous
trajectories defined on the interval E(u) = [a;(u), az(u)].

In the rest of this paper we shall impose some standard assumptions on the behaviour of the variance function o, and
the correlation function r, of Z,. In particular, we shall assume that

1—o0u(t)
w(g(u)lt])

where w is a positive regularly varying function at 0 with index 8 > 0, and g(u) satisfies lim,_,o, g(u) = 0.

(11) lim  sup
U0 4 £0,te E(u)

—1’:0,

In the following A(u), n(u),w > 0 are positive functions such that

(12) lim A(u) =p € [0,00], lim n(u) = occ.

U— 00 U—r 00
For the correlation function of Z,, we shall assume that for A(u) satisfying (12) we have
n?(u) (1 — ru(s, 1))

or(A(w)|t—s|)
o5 (A(w))

(13) lim sup -1/ =0,

U00 5Lt s, tEE(u)

where 7(t),t € R is a centered Gaussian process with continuous trajectories, stationary increments and variance

2
n

respectively.

function o2(t) > 0,t > 0, being regularly varying at 0 and at oo with indexes 2a¢ € (0,2] and 2a,, € (0,2),
Assumptions (11) and (13) are satisfied for large classes of Gaussian processes, see e.g., [17], [18], [19] and [20]. For
example, they are compatible with those in Theorem 3.2 in [21].

Next, for any ¢ € [0, 00] set

Ban (t)? ¥ = 0

ne(t) =4 2B pe(0,00)

BZaoo (t)7 Y =00,
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where B, is a fractional Brownian motion (fBm) with self-similarity index «/2 € (0, 1] and process 7 is defined above.
For a random process W (t),t € R with continuous trajectories, x > 0, E' a compact subset of R and h a continuous

function on F we define
B (z,E) = /RIP (/E Io(V2W (t) — Var(W(t)) — h(t) + z)dt > x) e *dz

and when the limit exists, we set X
Bl (o) = Jim PHGES,

Moreover, set below

B, () = lim B (z,[=S,5)),
provided that the above limit is finite. For h = 0, we suppress the superscript and write By (x) or Bw (z, E). If
W = B, with B, fractional Brownian motion, then Bg_(0) is simply the Pickands constant, see e.g.,[22], [18], [19]
and [20].
If h is strictly positive, then B (0) and g%a (0) reduce to Piterbarg constants. We refer to [17-20] for the existence
and properties of Pickands and Piterbarg related constants. All our asymptotic results below hold for all > 0, which
generalize the results in [1]-[4] and [23], where the asymptotics hold for almost all = € [0, c0).
Throughout this paper, 7 stands for the generalized asymptotic (unique) inverse of a regularly varying function f;
see [24].

Next we present the main result of this contribution.

Theorem 2.1. Let Z,(t),t € E(u) with E(u) := [a1(u),a2(u)] be a family of centered Gaussian processes with
continuous trajectories. Suppose that (11)-(13) hold, 8(u) = W (n=2(u))/g(u) and

(14) lim n*(u)w(g(u)) =7 € [0,00],  lim g(u)|ai(u)| =0,i=1,2.
i) If v=10 and
lim n*(u)w(g(u)la;(u)]) = 2, lim n(ww(g(u)la;(u))) =0, i=1,2,
then
Y2
(15) P (/ L) (Zo (2))dt > z) ~ B%(x)l/ |tV dt O (u) T (n(u)),
B(u) By
with yo —y1 > 0 and
(16) y; = x;l(x; > 0, lim a;(u) = oo}) — z;l(x; > 0, lim a;(u) = —00), i=1,2.
uU—00 uU—+00

i) If v € (0,00) and limy, o0 ai(u) = a;,7 = 1,2, with a1 € [—00,0], az € [0,00] and az — a1 > z, then

(17) P </E( )]In(u)(Zu(t))dt > m) ~ B,}’f'ﬂ(x, [a1, a2]) ¥ (n(u)).

it1) If v = oo and

lim a;(u)

= bia | = ]-7 27
uU—00 Q(u) L

with by € [—00,00),by € (—00, 0], and by — by > x, then
(18) P ( / L) (Zu ())dt > 9(u)x> ~ Byl (a, [by, ba]) T (n(w)).

Remark 2.2. i) If we assume that lim, o A(u) = 0 and 0,27 in (13) is a non-negative regularly varying function at
0 with index 20y € (0,2], then Theorem 2.1 still hold with 7, replaced by Bag,, .
it) The case x = 0 in Theorem 2.1 generalizes the results in [17], [18], [19] and [20] and together with i) of this remark

covers the results for one dimensional case in [22].

In the following lemma we calculate the exact value of two special Berman constants.
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Lemma 2.3. For~,8>0

e 1@=)" oy < x/2

19 B'ytﬁ T :B’Ytﬁ z, 0,00 :e*’Y"I/ﬁ’ B’Ylt‘ﬂ x,(—oQ, =
(19) 3 (0) = By (2,10,00)) i R

and Bo“/mﬁ(x, [b1,b2]) is continuous for all x > 0. For any x>0 and v >0

~ 1 1 z2
(20) BY (z) = | e
Y

3. APPLICATIONS

In this section we apply Theorem 2.1 to two classes of Gaussian processes: Gaussian processes with stationary incre-

ments and self-similar Gaussian processes.

3.1. Gaussian processes with stationary increments. Given X (¢),t € R a Gaussian process with stationary

increments and continuous sample paths, we consider

T
(21) pr(u,z) =P (v(u)/o L, (X(t) — ct)dt > x> , x>0,

where the positive scaling function v will be specified later, and T' € (0, 00]. Let 02(t) = Var(X(t)). We distinguish

two cases, leading to qualitatively different asymptotics, namely T € (0, 00) and T = cc.

3.1.1. Infinite time horizon. By the stationarity of increments of X the covariance function of X is completely deter-

mined by its variance function o2. Along the same lines as in [20] or [25], we assume that

AT: 62(0) = 0 and o?(t) is regularly varying at oo with index 2a., € (0,2). Further, o2(t) is twice continuously

differentiable on (0, 00) with its first derivative o2(t) := % (t) and second derivative o2(t) == djg‘; (t)

being ultimately monotone at oo.

ATIIL: 02(t) is regularly varying at 0 with index 2aq € (0, 2].

Assumptions AI-AII cover a wide range of Gaussian processes with stationary increments, including two impor-
tant families: (1) fractional Brownian motions By (t), o € (0,2] and (2) Gaussian integrated processes, i.e., the case
where X (t) = fot Z(s)ds, with Z a centered continuous stationary Gaussian process with variance 1 and correlation
function r(s) = Cov(X(t), X (t + s)),s,t > 0 satisfying some regularity conditions; see, e.g., [18], [19], [20], [25] and
[26].

Suppose that ¢ > 0 and let in the following (? stands for the asymptotic inverse of o)

_ e (V20 (ut) e _ Qoo
(22) 1v(u) =% <u(1+ct)> » U= (1 — )

According to (9), recall that

(23) Poo(,z) = P (uv(u) /O h Ty () (mM(u)) dt > :17> ,

where
X (ut 1+ct
M (u) = inf Var~1/? X(ut) = inf ull +ct) )
>0 u(1l+ ct) t>0 o (ut)
We note that
X (ut)
u(l+ ct)
is a family of centered Gaussian processes with the maximum of their variance functions equal to 1.

M(u), t>0

Applying Theorem 2.1 we arrive at the following results, where

(24) 1= (a=g) e B- (ﬁ%)m 0




6 KRZYSZTOF DEBICKI, PENG LIU, AND ZBIGNIEW MICHNA

Theorem 3.1. Let X(t),t € R be a centered Gaussian process with continuous trajectories and stationary increments
satisfying AI-AIL and ¢ > 0. If

2
© = lim o (u) € [0, 00],
u—oo U
then for any x > 0
2Am U
Pos(u, ) ~ Bx, (x) U (M (u)),
@ B — \/502 ut*
M(u)o ( u(1+(ct*)))
where
B2a0 (t)7 ngD = 0
(25) Xp(t)={ X (7 (2Z2)t), i e (0,0)
B (1), if ¢ = oo.

Application of Theorem 3.1 to X = By with comparison to (5) leads to the following corollary.

Bg, () = (2+2)¥ <\/§> - \/Zefi.

Next we analyze the asymptotic distribution of 7.f(x1, z2) defined in (8), assuming that these random variables are

Corollary 3.2. For any x > 0,

defined on the same probability space.

Corollary 3.3. Under the assumptions of Theorem 3.1, for 0 < x1 < xo < 00, the following convergence in distribution
holds

7 (X1, T2) — Uty d
M_)le,x27 U — 00,

A(u)
where By (22) By (22)
PV . <y < BreE)y R PO . ooy —1_ Bxe(m)
Nay o <) Bx (21) WN<y), yeR, PN, =00) Bx. (@1)

with A(u) = 245 /122~ and N an N(0,1) random variable.

(&

3.1.2. Finite time horizon. In this subsection we consider the finite-time horizon case, i.e., we are interested in the
asymptotics of pr(u,x) as u — 0o, where X has stationary increments,x > 0, T € (0,00) and ¢ € R. Due to the

finiteness of T', we allow in this section ¢ € R. Clearly,

pr(u,z) = P (v(u) /OT I (ji(tc)t - 1) dt > :z:)

T
(26) = P (v(u)/o I () < X_itc)tm(u)> dt > x) .
where -
_u+c
m(u) = o)

We shall impose the following assumptions on o.

BI ¢(0) =0 and o € C([0,T]) with the first derivative &(t) > 0,t € (0, T].
BII o is regularly varying at 0 with index ag € (0, 1].

We note that both fBm and introduced in Section 3.1.1 Gaussian integrated processes fg Z(s)ds with correlation

of Z such that r(t) > 0 satisfy conditions BI-BII (note that o2(t) = 2f0t Jo r(u)duds, t >0 and ag = 1).
o(t)

u—+tct
and equals T for sufficiently large u. Assumption BII gives the correlation structure of

Lemma 4.4 ii). Thus under the assumptions of BI-BII, fﬁg

Assumption BI ensures that the first derivative of

is positive and further its maximizer over [0,7] is unique
X(t)
u+ct
m(u),t € [0,T] is a centered continuous Gaussian process

around time ¢t = T (see
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with the maximum of variance function attained at ¢ = T and equal to 1.
Set
< (V25*(T ; t
]./0' (UUT(T)) s hmtﬁo % € [0,00)

v(u) = )
(m(u))2, lim;_,¢ 22qm o

Theorem 3.4. Suppose that X (t),t € [0,T] is a centered continuous Gaussian process with stationary increments
satisfying BI-BII and let x > 0, ¢ € R be given.
i) If t = 0o(0?(t)) ast — 0, then

pr(u, ) ~ By, (1)~

i) If limy_,o 02(¢)/t = 6€ (0,00), then
20 (T)&(T)
pru,a) ~ By 7 (@) (m(u)).
iii) If 0%(t) = o(t) ast — 0, then

(1)
pr(u,x) ~e” G<;)$\I/(m(u)).

With the convention that inf ) = oo, define 7, (), T > 0,2 > 0 by
t
(27) Tu,r(z) = inf {t : v(u)/ I,(X(s) —es)ds >2,0<t< T} .
0
Further, let

(28) T;:’T(l‘l,xg) = Tu’T(,TQ) Tu,T(-'L'l) < T7 0< 21 <29 < 0.

Corollary 3.5. Suppose that X (t),t € [0,T] is a centered continuous Gaussian process with stationary increments

satisfying BI-BII, 0 < 1 < 29 < 00, ¢ € R are given and

tgr(l)ﬂ'(t”ﬂ) € [0, o0].
Then
:3(?) u?(T — Tu1(T1,72)) < Eri ey 0< 21 <29 <00, u— 00,
where
P(Epyny >y) = D1, 22)e™Y, P(Epymy = —00) =1 —T(x1,20) >0, y>0,
with

BBQaO (12)
352(10 (z1)
20(D)o (1) |,

[(z1,22) = Bp, ____ (w2) o2ty ~0t , 0<mz <@y <oo0.

2o (T)e(T) |,
g 1)

By
ea (T17T2) 5204y = o(¢)

t = o(0*(1))

&(T)

3.2. Self-similar Gaussian processes. In this subsection we apply our findings to the class of self-similar Gaussian
processes with drift. We focus on the exact asymptotic probabilities of sojourn time, without specifying analogs of
Corollaries 3.3 and 3.5, since they essentially lead to the same type of results as given in Section 3.1.

Suppose that X is a centered self-similar Gaussian process with self-similarity index H € (0, 1), i.e.
(29) (X(bt),t >0} L (B X(¢),¢ > 0},

where £ means the equality of finite dimensional distributions.
Equality (29) implies that o2(t) = Var(X(t)) = Var(X(1))t*#. Without loss of generality, in what follows we assume
that Var(X(1)) = 1 and hence o%(t) = 2.

Moreover, we assume that
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S There exist a function p which is regularly varying at 0 with index « € (0,2], p(0) = 0 and p(t) > 0,t > 0, and

to € [0,T] such that

1—Corr(X(s), X(t))
p([t = s])

Condition S is satisfied by such classes of self-similar Gaussian processes as fBms, bi-fractional Brownian motions,

(30) lim sup
€0 gz¢, |s—to|<e,|t—to|<e,s,t€[0,T]

1‘—0.

sub-fractional Brownian motions or generalized fractional Brownian motions; see, e.g., [27], [28], [29] or [30].

3.2.1. Infinite-time horizon. Suppose that T'= oo and ¢ > 0. Then, by self-similarity of X, we have

P (v(u) /Om T, (X(t) — ct)dt > x> _p (uv(u) /OOO Taon (l)i(tc)t) dt > x) .

Note that the maximizer of 4 /Var (ﬁ(Z) = fTHct is unique and equals C(lil_fH) Further, referring to [17],
~tH B H \° H

31 A —1- = (t—— ) 1+0(1), t——t

(31) 1+t 2,4( c(l—H)> (1+0(1)) c(1—H)

with

() ()

We arrive at the following result.

Theorem 3.6. Let X (t) be a centered self-similar Gaussian process with self-similarity index H € (0,1) satisfying
(29) and S with tg = c(lI—{H)' Suppose that

.t
tlgr(l)m—’ye[omo]

and let © > 0, ¢ > 0 be given.
i) If v =0, then

1 o 2Ax 1 oy
P <u<ﬁ((A\u1—H)—2) /0 L(X(t) = t)dt > m) ~ Bp. (o) B ?((ﬁul—H)d)A\ul—H ¥ (Au )-

it) If v € (0,00), then

P / L(X(0) — eyt > 2| ~ 4| AT BY 222y 3 1my
(Aut=)-2) Jo By

iii) If v = oo, then

P (u_H/ L, (X(t) — ct)dt > x) ~ e 2B (A1),
0

3.2.2. Finite-time horizon. Let T € (0,00). We arrive at the following result.

Theorem 3.7. Let X (t) be a centered self-similar Gaussian process with self-similarity index H € (0,1) satisfying
(29) and S with ty = T. For given = > 0 and ¢ € R, let pr(u,z) be defined in (21) with v(u) = 9 ((uzi;)z)
lim o % € [0,00) and v(u) = (“;53) if limy_y0 % = 0.

i) If t = o(p(t)) as t — 0, then

pr(u,z) ~ Bp, ()

1) If limy 0 p(t)/t = 0, then

T2H+172H/a 1 w4+ T
25 (0 —2 v
H u?p (u?)

iit) If p(t) = o(t) ast — 0, then
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4. TECHNICAL LEMMAS

We first present a modification of Theorem 5.1 in [23], which is crucial for the proofs below. Then we present two
lemmas related with the local behavior of the variance and correlation function of the investigated Gaussian process.

Let {&ux(t),t € E\k € K, }, with K,, an index set and E = [a,b] with a < 0 < b be a family of centered continuous

Gaussian random processes with variance function ag .- We impose the following assumptions:
ok

CO: Let {gx(u),k € K,} be a sequence of deterministic functions of u satisfying

S, 2K, o) = oo

C1: o¢, ,(0) = 1 for all large u and there exists a continuous function A on E such that
lim  sup |(gi(u) (1 —o¢, () — h(t)| = 0.
U0 e B keK, ’

C2: There exists a centered Gaussian process with continuous trajectories and stationary increments ((t),t € R,
satisfying AI-AII, and

gi(u) (1 — Corr (§uk(5), Eur(t)))

g, supsup AW =) —1=0
S2(A0@)
where A(u),v(u),u > 0 are positive functions such that
(32) le A(u) = ¢ € [0, 00], ILm v(u) = v € [0, 0).

Let, for given x > 0 and continuous function A

Bt (¢, E) = /

P (/ To(V2¢,(t) — ai (t) — h(t) + z)dt > z) e “dz,
R E
with
Bsq, (V) =0
Gt)=4 L2 pe(0,)
B, (vt) =00

In the special case v =0, (,(t) = 0. Note that by Borell-TIS Inequality [31, 32|, we have
B (x,E) < B! (0,E)

/R]P’ <sup (\/5@,(15) - aao (t) — h(t)) > z) e*dz

telE

oo 2

a _Lma)t

e’ + e 2 efdz < oo,
a

IN

with

a=E (sup (\/igp(t) - O’?(p (t) — h(t))) <00, b=sup Var(\/ﬁcjw(t)) < oo.

tek tekE

Lemma 4.1. Let {&{ux(t),t € E.k € K,} with E = [a,b] be a family of centered continuous Gaussian processes
satisfying C1-C2. If gi(u), k € K, satisfies CO and for any x > 0

P (/ To (€ur (£) — gi(w) dt > sc) >0, Vke K,
E
then

P (fTo (§uk(t) = gr(w) dt > z)
V(gk(u))

holds for all x > 0. Additionally, Bg& (z,E) is a continuous function over [0, mes(E)).

=0

(33) lim sup

U0 LK,

- B} (z,E)
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Remark 4.2. i) In the special case v =0, for all x > 0, we have

(34) lim sup P (fE Io (uic(t) — gr(w)) dt > :1:)

— Bz, E)| = 0.
=00 pe ke, U(gr(u)) (. B)

it) There exists a non-negative function p which is a regularly varying function at 0 with index 2 € (0,2] such that

2(u)(1-C u uk(t
(35) lm sup  sup gi:(w) ( p(v(fiv;z Efn’tk_(j?’f k(1))
keK, s#t,s,teE ST PN (7))
with A(u),v(u),u > 0 positive functions satisfying (32) for ¢ = 0. If C2 is replaced by (35), then Lemma 4.1 still

holds with ,(t) replaced by Baqa,(vt).

—1| =0,

Proof of Lemma 4.1. In order to prove this lemma it suffices to check the conditions of Theorem 5.1 in [23]. That

Eu,k(t)
e )

is we have to prove that (with £, ,(t) =
1) limy o0 infrek, gr(u) = 0.
ii) o¢, , (0) = 1 for all large v and any k € K, and there exists some bounded continuous function h on E such that
lim  sup |gi(u) (1~ E{€ur(t)€ur(0)}) — 0f_(t) — h(t)| = 0.
U= e B kEK,
iii) For any s,t € E,
Jim sup [g}(u) (Var @, () = Eur(9) = 2Var(Co(t) = ols)] = 0.
iv) These exist positive constants C, v, ug such that
— — 2 v
sup gi(W)E {€,k(t) = Eur(s)} < Clls — 1]
keK.,
holds for all s,t € E,u > ug.
It follows that i) holds straightforwardly from CO. Next we verify ii), iii) and iv).
We first prove iii). Uniform convergence theorem (see, e.g., [24]) gives that, for all v € [0,00) and ¢ € {0, 00},
)

im su U?<U<U)A(u |t — Sl)
(36) M S T2 A W)

= Var (Co(t) = Co(5))| = 0.
For v € [0,00) and ¢ € (0,00), the above limit is still valid by the continuity of Uf@. Hence it follows from C2 that
(37) lim sup sup [gi(u)Var (€,,(s) = €k (t) — 2Var (Gu(s) = Co(1)] = 0.
U keK, s,teE
This confirms that iii) is satisfied.

2
We next focus on iv). Let f(¢) = ";ﬁ” with 0 < A < 2min(ag, @ ). Then f is a regularly varying function at 0 and

oo with index 2ag — A > 0 and 2o, — A > 0, respectively. By C2, we have that, for u sufficiently large,
2
e o2(o(u)A(w)]t )
sup gx(W)E (€, 1 (t) — &y k(s
sup 2B {(Eun(D) ~ Eus(9)?) AW)
A (A@)o(u)lt — s|)
f(Aw))
Uniform convergence theorem yields that for 0 < A < 2min(ap, @) and ¢ € {0,000}, v € [0,00)
b ap [TA@@I =)
U—00 gty s tEE J(A(u))

< 4(v+1) It —s|*, s,teE.

_ ( |t _ SD(QO‘O*)‘)I{gp:O}+(204367>‘)I{(p:oo} — 0

)

which implies that for u large enough

FA@v(u)|t = s)
wrarer  F(A)

with Q a positive constant. For ¢ € (0,00) and v € (0,00) the above inequality follows straightforwardly by noting

< Q.

the continuity of f. Hence for u sufficiently large, for all ¢ € [0, 00] and v € [0, o)

(38) kseull() glzf(u)E {(gu,k(t) - gu,k(s))Q} S Q|t - 5|)\3 S>t € Ea
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with 0 < A < 2min(ap, @ ). This implies that iv) hold.
Finally, we prove ii). Notice that

1= E{&ur(H)€ur(0)} = (1 —o¢, . () + (L = Corr(&up(t), §ur(0))) — (1 = o¢, . (£))(1 = Corr(&uk(t), §ur(0)))-
In view of (37),
lim  sup [gi(u)(1 — Corr(€u,(t), &k (0))) — oZ_(t)| = 0,

U= 0B keK,
which combined with C1 leads to

lim  sup |gi(u)(1 — Corr(€un(t), €uk(0)))(1 — o, , ()] = 0.

U=t B kEK,

Hence in view of C1 and the above limits,

lim  sup [g¢(u)(1 — E{€uk(t)6ur(0)}) — 0f_(t) — h(t)| = 0.

U= e BkEK,

This confirms that ii) holds. Thus, applying Theorem 5.1 in [23], the claim is established for all the continuity points

of B?(m,E).

Continuity of BZ‘ (z, E). Next we show that B?(m, E) is continuous over [0, mes(FE)). Since B? (z, E) is right-continuous

11

at 0, then we are left with the continuity of B?((ﬁ,E) over (0,mes(E)). The claimed continuity at = € (0, mes(E))

follows if

/RIP (/E]I(\/i@,(t) — 02 (t) = h(t) +5 > 0)dt = x) e *ds = 0.

Assume that the probability space (C(E), F,P*) with E = [a, ] is induced by the process {v/2{,(t) — Ugw (t)—h(t),t e

E} with C(F) denoting the collection of all continuous functions over E and equipped with sup-normal, and F being

the Borel o-field on C(FE). Thus in order to complete the proof, it suffices to prove that for any x € (0, mes(E))

/R]P’* (/E]I(w(t) + s> 0)dt = x) e *ds =0,

where w € C(E). For any x € (0,mes(E)), let

As:{wEC(E):/EH(w(t)—i—s>O)dt:x}, sER.

If [,I(w(t)+s > 0)dt =z with z € (0,mes(E)), then inf,epw(s) < —s < supycp w(t). By the continuity of w, for

s< g,
/ I(w(t) + 5" > 0)dt € (z, mes(E)].
E
This implies that
A,NAy =0, s+#5,s5s cR.

Since Ag, s € R are measurable sets and

sup Y P (A) <1,
ACR,#A<0 seA

where #A means the cardinality of set A, then
{s:s€R suchthat P*(A;) >0}

is a countable set, which indicates that
/ P* (As) e *ds = 0.
R

Hence Bé; (z, E) is continuous over (0, mes(E)). This completes the proof.

Let

ok (t) = Vart/? ( X (ut) X (us) X (ut) ) . s5,t>0.

MM(u)) >0 7ry(s,t) =Corr (u(lJrcs)’ (i + cb)

Assume that §,, > 0 with lim,_, 0, = 0. The following lemma is due to [25].
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u(14-ct)
o(ut)

Lemma 4.3. i) Suppose that Al is satisfied and let t,, = arginf;~g . If u is large enough then t, is unique and

M P R (o)
lmy, ooty = t* = ey Moreover,

1—0ok(t

(39) lim sup 5 7ul )2 —1| =0,

U0 e (1B, tu+6\{tu ) | 2 (E — tu)
with A, B defined in (24).
ii) If A1, AII hold, then

1—ry(s,t

(40) lim sup %j‘)) 1| =o.

U0 st s e (tu—bu tut0u) | TpgT )
Let next

X(t X X(t
Gu(t) = Varl/? ( ®) m(u)) €0, T], Tuls,t)= C’orr( (5) , ®) ) ,8,t €10,T].
u+ct u—+cs u—+ct
Lemma 4.4. i) If BI holds, then
. 1—Gu(t) c‘r(T)'
41 lim sup — = 0.
e e T @)
it) If BII holds and t = o(o(t)) as t — 0, then
1—7u(s,t
(42) lim sup %Ef‘)) —1|=o0.
U—00 s#t,s,te(T—08,,T) T(T)
5. PROOFS

Hereafter, denote by Q, Q;,7 = 1,2,3,... positive constants that may differ from line to line. The equivalence
fu,S) ~ h(u) as u — 00, S — oo means that limg_, s limy, oo ff(;&ﬁ) = 1. Moreover, for any non-constant random
variable X, denote by X = \/V%(X)

Proof of Theorem 1.1 By the lack of upward jumps and using the strong Markov property, for any x,u > 0 we have

P (/ L (X(t) — ct)dt > :l:> =P </ To(X (t) — ct)dt > z) P (sup(X(t) —ct) > u>
0 0 >0
and using e.g. [33][Theorem 3.3] we get P (sup,so(X(t) —ct) > u) = e~ **, where « is the positive solution to the
equation () = ca which by the strict convexity of ¢ and the assumption ¢’(0+) < ¢ exists and is unique. This

completes the proof. O

Proof of Theorem 2.1 We consider each case i)-iii) separately. The following notation is valid for all three cases.

Put foru >0,z >0and S >0

m(u) =P (/E(u) Io(Zy(t) — n(u))dt > x) ,

Zui(t) = Zu(kS +1), I = [kS, (k+1)S], Nl(u){aléu)]L NQ(U){GQ(U)]+17

and for some € € (0,1) set

=t (14 1= 0 juf w(gwl)).

’ tely

njk =n(u) (1 + (1+¢€)sup w(g(u)|t|)) .

tely
Note that
No(u)+2

P > /]IO(Zu(t)—n(u))dt>x

k=N (u)—2" T

m(u)

IN

< P (EiNl(u) —2<k<Ny(u)+2 such that / Io(Zy(t) — n(w))dt > m)
Iy
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+P <EIN1(u) —2<k,l<Ny(u)+2,k+#1 such that /I Io(Zy(t) — n(w))dt > O,/I Io(Zy(t) — n(u))dt > O> ,

and

%

7(u)

No(u)—2
TS /Ho(Zu(t)—n(u))dt>m

k=N (u)+2 " Tk

> P (EJNl(u) +2 <k < Ns(u)—2 such that / Io(Zy(t) — n(u))dt > ac) .
Iy

Hence in view of (11) and using Bonferroni inequality, we have
(43) 7t (u, 8) — L1 (u) — Ba(u) < w(u) < 7 (u, S) + 1 (u) + a(u),

where

Na(u)F2
Wi(u7S) = Z P (/ Iy (Zu,k(t) — nik) dt > x) ,

Io

k::Nl(u)iQ
Yi(u) = Z P <sup Zy(t) > Ny j» SUP Zu(t) > n;’k+1> ,
Ni(u)—2<k<Na(u)+1  \I€lk tele
Yolu) = Z P (sup Z,(t) > n . sup Z,(t) > n;l) .
tely ’ tel; ’

N1(u)—2<k<k+1<I<Na(u)+1

o Case i) The idea of the proof is to divide F(u) into a large number of tiny intervals for each of which we give a

uniform exact asymptotics of sojourn times. For notational simplicity define

O(u) =" /y |t|1/ﬁ7167|t‘dtM\P(n(u)).
i glu
Without loss of generality, we assume that x1 > 0,lim, o a1(u) = 0o and zg > 0,lim, o, as(u) = —oo. Then by
(16)
Y = x;l(z; > O,ulirr;o a;(u) = oo}) — x;l(x; > O,UILH;O a;(u) = —00),i=1,2
we have y; = 1 and y2 = —x2. By (43), in order to complete the proof, it suffices to prove that, as u — 0o, S — o0,

7 (u,S) ~ 7t (u, S) and to show that ¥;(u) = o(r*(u, S)), i = 1,2.

Analysis of 7% (u, S). We apply Lemma 4.1 to derive the uniform asymptotics for each term in the above sum. For

this, we have to check conditions C0O-C2. Following the notation in Lemma 4.1, let
Cur(t) = Zui(t), e, =1, gr(u) = Ny E=1Iy, K,= {k: Ny(u) — 2 <k < No(u) + 2}.

Conditions CO-C1 hold straightforwardly with A(¢) = 0. By (13), C2 holds for ( =7, v(u) = 1 and A(u) given in
(12). Hence we have that (,(t) = n,(t). Thus by Lemma 4.1, we have that for S >«

P ( [ To (Zuo() = g(w)) dt > x)

(44) lim sup - B, (z,[0,5])| =0.

u=00 e K, V(gr(u))
Consequently,
Na(u)+2
7 (u,S) = Z P </ Ty (7u,k(t) - n;k> dt > x)
k=N1(u)—2 To
Na(u)+2
~ YL B [0.8)W(ng )
k=N (u)—2
No(u)+2
(45) ~ By (2,00,S)¥(n(u) Y e (roni@infien weith gy oo,

k:Nl (u)72
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To get an upper bound for 7~ (u, S), it suffices to compute the sum above. Note that

lim g(u)|a;(u)| =0, i=1,2.

uU—r 00

Thus by Potter’s theorem (see [24]) or Lemma 6.1 in [34], we have for any 0 < € < min(1, 8) and all u sufficiently large

wlgls) |\ o (s
(46) w(g) = 42 (M ’

implying that for v large enough

s|Bte
E‘ ), s,t € E(u),t #0

B—e
inf wg()lt) > (1 - €/2) (k|_1> sup w(g()lt]), k€ Ko,k £0.
tely |k| tely

Consequently, for any 0 < € < 1, there exists k. € N such that for |k| > ke and k € K,, when u is sufficiently large

Inf w(g(u)ft]) = (1 —¢) sup w(g(u)lt]).

Hence, for u large enough

Na(u)+2

O e L CEUSRT U 571/ o= (1= 2n2 (Ww(g(w)t) g
k=N (u)—2 K€Ky, k| >k. Tk
az(u) .
< ok 45 o~ (1= n2 (W (g()lt]) g
a1 (u)
g(w)as (u) .
(47) < %+ s—l(g(u))—l/ o~ (1= n? wu((t]) gy
g(u)ai(u)
We have that for S > z
g(u)az(u) 5 5 (1—€)%yz
(48) / e~ (=2 @t gt o (1 — )23 (n=2(u)) 3! )18 1 e~ Mg,
g(u)ai(u) (1=e)*y
The proof of (48) is postponed to Appendix. Further by (45)-(48) we obtain for S > z
B, (x,[0,5
(49) 7 (u,S) < %[])@(u)(l +o(1)), u— o0
and similarly,
B ,10,8
(50) wt(u, S) > W@(u)(l +o(l), u— oo

Upper bound of ¥;(u),i = 1,2. (44) with x = 0 gives that

. P (suptelk Zu(t) > n;k>
(51) lim sup

U0 N (1) —2< k< N (u)+2 U(n, )

s

- B,,(0,[0,5])| = 0.

Thus in light of (45)-(49) we have that

Z (P (sup Zu(t) > n;k) +P ( sup Z,(t) > ”q:,k-i-l)
)+1

N1 (u)—2<k<Na(u tely t€lk+1

—P sup  Zy(t) > Ny
telp Ul

(52) < > By, (0,0, S)¥(n, ) (1 + o(1))

Ny (u)—2§k§Ng(u)+1

+ > By, (0,10, S (ny ., )(L+ (1))

Ni(u)—2<k<Na(u)+1
-~ > By, (0,[0,28])¥ (7,,) (1 + o(1))
Ni(u)—2<k<Na(u)+1

(53) < QS (2B,,(0,[0,5]) — By, (0,[0,25])) ©(u), u— oo,

El(u)

IN



SOJOURN TIMES OF GAUSSIAN PROCESSES WITH TREND 15

where 7,5 = max(n, ;,n, ;). Moreover, by [21][Corollary 3.1] and (13) there exists C,C; > 0 such that for
Ni(u) —2<k<k+1<l<Ny(u)+1and all ularge enough

v (SUpZu< ) > s supZat) > ) < 052 IS W, ),
tely tel)
with 7y, = min(n, ,,n, ;) and v = min(ag, @), which combined with (45)-(49) leads to

So(u) < > CS2e=Clk="ST g (7, 1)

N1 (w)—2<k<k+1<I<Na(u)+1

S Z \Ij(nl—b’k) ZC‘SQefcll"fS’v

N1 (u)—2<k<Na(u)+1 1>2
< > U )esTe
Nl(u)72§k§N2(u)+1
(54) < Q8% U Ou), u— oo

Consequently, by (52) and (54), for any S > 0
(55) S(w) + Ta(u) < Q (S71 (28, (0,0, 5)) - By, (0,10,28])) + 5% 057) O(u).

Ezact asymptotics of w(u). Inserting (49), (50) and (55) into (43) and dividing each term by ©(u), we have that for
S>z

: 7T(’LL) B’? (‘T7[05 S]) Bﬂ (07 [075]) Bﬂ (07 [0725]) 2 —Q187
1 < s 9_1¥ — ® 1
(56) T s @ S g t5e
: : 7T(’LL) Bn (I7[03 S]) Bﬂ (07 [075]) Bﬁ (07 [0725]) 2 —Q187
> ® _ ® _ ® 1 )
(57) lim inf o > 5 Q|2 S 5 + 5%
Combination of (56)-(57) and the fact that (see [22] and [20])
B,.(0,]0,S
lim M € (0, 00)
S—o00
e By, (2, 0.9) By, (2.[0.5)
. Ny Zz, |V, T Ne z,|Y,
lgrglt)réf 5 = hénjolip 5 < 0.
We next prove that
By, (z, [0, S)

Note that for P (fE(u) (Usenlar) Io(Zy(t) — n(u))dt > x ), similarly as in (56)-(57) we have for S > x

lim inf ’ (fE( ) N(Ukezlar) lo(Zu(t) = n(u))dt > x) > By, (z,[0,S])
U—00 O(u) - 25
which together with (56) gives that that for any S; > x
lim inf Bng:(z?[oas]) > Bﬁap(l‘v [0751})
S—o0 S Sl
Notice that for S > x, B,_([0, 5], ) is non-decreasing with respect to S for S > x and

B,,([0,S],z) 2/R ( inf (f%( ) — Var(n¢(t))) > —z) e *dz > 0.

te(0,S]

p— Yy
— Q8% @S ,

— QS2e~ 5T,

Hence for some S > z,

tim ing 216220 8) 5 B, (2,10, 51)
S—o0 S Sl

which confirms that (58) holds. Hence we have

—QS2e @S 5,

Letting S — oo in (56)-(57), we derive
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This completes the proof of case i).

o Case i) Let us first assume that
lim a;(u) = —o0, lim as(u) = co.
uU—r 00 U— 00

By (11) observe that for u sufficiently large
(59) po(u) < m(u) < po(u) + m1(u),

where
No (u)+2

po(u) =P </[_S7S] Io(Zu(t) — n(uw))dt > :c) , m(u) = Z P (sup Z i (t) > nuk> )

k=Ni(u)—2,k%—1,0 €0

In order to complete the proof, we shall derive the asymptotics of pg(u) and show further that
m1(w) = o(po(u), u = 00,5 — oo,

The analysis of po(u). In order to apply Lemma 4.1, we need to check the validity of C0-C2. CO holds straightfor-

wardly. By (14) and uniform convergence theorem (e.g., in [24])

lm sup [n(wyu(g(w)t]) |
U0 ¢e[-8,8]
. w(g(w)|t]) :
< lim  sup n?(u)w(g(u)) — ) ———-%|+~ lim sup
U= X 4[5, 9] ( (wywlgu)) ) w(g(u)) U0 ¢e[-8,8)
)

w(g(u)[t])
w(g(u))
, we have that for any S > 0
lim sup ‘nQ(u)(l —ou(t)) — 7|t|ﬁ‘ < lim sup ’nQ(u)w(g(u)|t|)’ ‘H‘u(t) — ‘
U—00 e[S, 5] U= 4[5, 8] w(g(u)[t])

+ lim  sup [n?(u)w(g(u)|t)) — |t
U700 4e[—5,8]

—|t|ﬁ‘ =0.

By (11), (14) and uniform convergence theorem (e.g., in [24]

which confirms that C1 hold with h(t) = v|t|°. By (13), C2 is satisfied with (,(t) = 1, (t). Thus we have
(60) po(u) ~ BV (2, (=S, 8)¥ (n(w)).

Upper bound of 71 (u). By (44)

NQ(’M)—‘,-Q
mi(u) ~ Y. B (0,00,5)%(ng )
k=N (u)—2,k#—1,0
No(u)+2
B 2
< By, (0,[0,8])¥(n(u)) Z e~ (=) infier, n7(Wwlg(Ith 4 5 0.

k=N; (u)—2,k#—1,0

Further, using (46) for u sufficiently large and S > 1 we have

: 7. wlg(wlt])
Jnf n*(w(g(ult) = 5 inf (gt 2 Q(Ik[S)P2,  Ni(u) —2 <k < Na(u) + 2,k # —1,0.

Thus we have

Na(u)+2 o
m(u) < By, (0,[0,8])¥(n(u)) 3 e~ QUIKIS)
k=N (u)—2,k#—1,0
(61) < B,,(0,]0,5)Qee @5 W(n(u)), u— oo.

Ezact asymptotics of w(u). Inserting (60) and (61) into (59) and dividing each terms by ¥(n(u)), we have

B (2,[~8,5]) < liminf, s xp?ﬁi))
. m(u)
< thUPu—woW

|?

(62) < B (2,[-8, 5]) + By, (0,[0, S])Qze~ 5"
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This implies that for S; > =
. _ B8/2
0< lim B (2,[=S,5)) < By (&, [-51, S1]) + By, (0,10, 1)) Qee™ @ < oc.

Moreover, by case i)

_ B,.(0,0,9])
s S0
Therefore, letting S — oo in (62), we have
m(u) ~ B (2, (—00,00))¥(n(u)), u— oo,

This establishes the claim for a; = —o0, as = oco.
Next we focus on the case a; € (—00,00),7 = 1,2 with as — a; > . Note that for ¢ > 0 sufficiently small and u

sufficiently large

P (/{Mem_d Io(Zu(t) — n(u))dt > x) <m(u) <P </[a1—e,a2+e] Io(Zy(t) — n(w))dt > x) .

Applying Lemma 4.1 it follows that
(63) Bg}f‘ﬁ(m‘, [a1 + €,a2 — €))¥(n(u)) < m(u) < B;Y]Ltlﬁ(m, [a1 —€,a2 + €))¥(n(u)), u— oco.

Notice that

B;Y;Lﬂﬁ(x, a1 —€,a2 +¢]) = / P (/ Io(7(t) + z)dt > x) e "dz
R a1 —€,a2+€]

/ P ( / Io(7(t) + 2)dt + / To(() + 2)dt > x) edz,
R la1,a2] a1 —€,a1]U[az,az+¢€]

where 7j(t) = V21, (t) — Var(n,(t)) — ~|t|?, and

0< / To(F(¢) + 2)dt < 2.
[a1—¢,a1]U[az,a2+¢]
Hence
[t)? < pltl? _ < P (o
Byt (@, a1, a2]) < By (@, [a1 —€,a2 +€]) < By (x = 2¢, [ar, az)).
|t

The continuity of By, (z,[a1,az2]) ( see Lemma 4.1) leads to

lim 57/ (x — 2¢, [a1, az]) = B! (2, [as, as)),

e—0
implying that
64 lim B1t° _ _ gltl”
( ) 51—1;1(1) Ny (l‘, [al €,02 + 6]) Ne (-/11'7 [a17 GQ]).
We can analogously show that
. B B
(65) lim By (2, [a1 + €,a2 — €]) = Bl (2, [as, aa]).

Letting € — 0 in (63), we have that
m(u) ~ B (2, [ar, az)) W (n(u), u— oo,

This establishes the claim for case a; € (—00,00),i = 1,2 with ag — a; > x.

For the case that a; = —o0, as € (—00,0), and a1 € (—00,0), as = 00, we can establish the claim by using same
approach.

o Case 11i) Let us first consider the case that

ulggo a1 () (n=2(u)) u—00 (n=2(u)) -
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By (11) we have

3
(66) p1(u) < ma(u Z ) + 73 (u
where
mo(u) = P (/ Io(Zy(t) — n(u))dt > 9(u)x>
E(u)
pi(u) = P </ Io(Zyu(t) — n(u))dt > 9(u)x> ,
[—0(u)S,0(u)S]
pi(u) = P sup Zut) >n'(u) ], i=2,3,
tel;_3\[—60(u)S,0(u)S]
Nz(u)+2 o
m3(u) = Z P (Sup Zy(t) > n;,k) )
k=Ni(u)—2,k#0,—1 €Ik
with P
(n=(w) < >
Ou)=—=, n(u)=n(u)[1+(1—c¢ inf w(g(u)lt])) ], 0<e<l.
(1) = S ) =) (1 (=) k)

We shall derive the exact asymptotics of pi(u) and then prove that ps(u), ps(u) and 73(u) are all negligible compared
with p1(u) as u = oo and S — co.

Analysis of p1(u). Substituting ¢ by 6(u)s we obtain

p1(u) =P / Io(Zu(0(u)t) — n(u))dt >z | .
-5,5]

Next we check C0-C2 in Lemma 4.1. CO holds straightforwardly. Moreover, by (11) and uniform convergence theorem
(e.g., in [24]), with noting that n?(u) = (w(w (n"2(u))))~", we have that for any S > 0

im su n?(u)(1 — o U —|t8 im su w(%(n |t‘ 1—au(9(u))
ulﬁoote[—g,s]’ (u)(1 u(O(u)t)) — |t | < ”l—mote[—g,s} w(%(n* H (n—2(uw)t) 1’
. wmm <u>>|t|> s
#hm e Sty

= 0.

This confirms that C1 holds with h(t) = [t|®. It follows from (13) that

n%(u)(1 — Corr(Z,(0(u)t) — Z,(0(u)s))) B

lim sup 2 - 1l =0
U0 5 te[—5,8], 57t %
n
with
W (n*(u)

lim A(u) = lim =0.

u—00 u—00 g(u)
This means that C2 is satisfied with (, = 0. Therefore we have that
s
(67) pi(w) ~ By (2,[~5, S)¥ (n(w)).

Upper bound for ms(u), pi(u),i = 2,3. Next we find an upper bound of 73(u). Similarly as (61), by (44), we have

(68) m3(w) < B, (0,0, ) Qae~ %5 ¥ W(n(u)), u— oo

Finally, we focus on deriving an upper bound of p;(u),i = 2,3. In light of (44), we have that

(69) pi(u) <P (tg?p Zu(t) > n'(”)) ~ By, (0,[0,S) ¥ (n'(u)), i=2,3.
i—3

By (46), we have that

2 . 1
() inf w(g(wlt = 5

te[—S,S)\[—0(u)S,0(u))S]

2
inf w(%(n gu))|t|) } inf ||[i/2 |S|ﬁ/2
tef0,5/0N\-5,5] w(W(n=2(uw))) = 4 tef0,5/0(uw)\[-5.5]
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which together with (69) leads to
(70) pi(w) < B, (0,10, S])e U550 (n(u)), u — o00,i=2,3.

Ezact asymptotics of ma(u). Inserting (67), (68) and (70) into (66), we have that

.. (U) |t|ﬂ
liminf o0 = By (@,[=5.S)),
™) timsup A < BT (o, [-5.5) + B, (0,0, S)e 2",

u—oo ¥(n(u))
which implies that

0 < lim B (x,[-5,8)) < B (2. (=51, 81)) + By, (0,[0, S1)e™ @ < o0, 81>
—00

Letting S — oo in (71) yields that
B
ma(u) ~ Byl (2, (—00,00)) (n(u)).
This establishes the claim for by = —o0, by = 0.

Next we focus on the case by, by € (—00,00) with ba — by > 2. For € > 0 sufficiently small and u sufficiently large, we

have

P </ To(Zyu(t) — n(uw))dt > 0(u)m> <m(u) <P (/ Io(Zyu(t) — n(u))dt > 0(u)x> .
[0(w)(b1+€),0(u)(b2—€)] [6(w) (b1 —€),0(u)(b2+e)]

Applying Lemma 4.1, similarly as in (67), we derive that
BY (@, + e.by — ) W(n(u) < mo(u) < BYY (@, b1 — e.bo + ) T(n(u)), u— oo.
In light of (64) and (65), letting ¢ — 0 in above inequality, we get
ma(w) ~ B (2, (b1, o)) W (n(w)), w— oc.

Hence the claim for case by, by € (—00,00) is established.

The proofs of claims for other cases of b; and by can be done by the same line of reasoning.

This completes the proof. (I

Proof of Theorem 3.1 We set A(u ( u(1+('t* ) By (23) observe that for any v > 0 (recall the definition of
n (22))

(72) ma(w) < o) / —ct)dt > x) < ma(u) + 75 (u)

where

ma(u)

X (ut)
P < . (MM(U) - M(u)) dt > :z:) ,

(73) rs(u) — P( X(ut) M(u)>M(u)>,

telo, oo]\E1 w u(l+ct)

with
B In M (u) In M (u)

™ 00 = [t = g
The idea of the proof is to derive the exact asymptotics of m4(u) using Theorem 2.1 and to show that 75(u) = o(m4(u))
as u — 0.

The analysis of m4(u). Scaling time with Aq(‘u), we have
(75) ra(u) = P / I (Zu(t) = M(w)dt > | ,

E3(u)
where
X (uty, + A(u)t) uln M(u) wuln M(u)

76 Zy(t) = , Ea(u) = |- )

(76) ®) u(1+ cty) + cA(u)t 2(u) A(u)M(uw)” A(u)M (u)
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It follows from (39) and (40) that

B A ?
L=/ Var(Zu(t)) ~ <\/; iu) t|> . te BEy(u),

1 — Corr(Z,(s), Z,(t))
o2 (A(u)|s—t])
a2(A(u))

(77) lim sup M?(u)

U200 gLt s tEE, (u)

—1| =0,

which imply that (11) and (13) hold with

B Au) V202 (ut*)
= ¢ =/ = =M =X, Aw=% "1
wit) = o) =y 3 S nw) =M, =X Aw = | T
B uln M (u) ~ uln M(u)
el = R wmay =Y T Awm )
Next we check the assumptions of i) in Theorem 2.1. Following the notation in Theorem 2.1, we have
: —h B Au) _ . . [BmM@ .
(79) uhHH;O g(u) = ulgrgo A u 0, ul;rrgo g(uw)|a;(u)| = ulgr;o 94 M) 0,2 =1,2.
Note that

n?(uu(g(u)) = 1 (W) ~Q (W)

is a regularly varying function at oo with index 27 with

20(200 1 oo, o= 0
(80) T= — oo ¢ € (0,00)
2aao;—1 oo, Y =00
Since 7 < 0 for all ¢, then for all ¢ € [0, 0]
(81) v = ILm n?(u)w(g(u)) = 0.
Moreover,
(82) lim 72 (uw)w(g(u)|a;(u)|) = lim E(ln M(u))? =oco0, i=1,2
u—s00 ¢ u—oo 24 ’ ’
and by (80)
. . ulnM(u) . o(u)nM(u)
(82) T N T R o = ) R

which imply that y; = —oo. Similarly we can check that yo = co. Additionally,

(84) lim () (g(w)|a;(w)]) = 2 tim 2T

=0 =1, 2.
u—00 A u—oo M(u) v ’

Hence all the assumptions in i) of Theorem 2.1 are satisfied, leading to

ma(u) ~ BX¢(I);/O:O |t|1/21e|t|dt\/?mqj(M(u))

(85) ~ By g VM), u e

where X, is given in (25).
Upper bound of ms(u). By [20][Lemma 7] or [25][Lemma 5.6], we have

(56) 5(0) =0 (5 YMW))  u
which combined with (72) and (85) leads to

1 > 2AT n
P (g [, 100 it > 2) ~ B 0 2B s M), w oo
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This completes the proof. (Il
Proof of Corollary 3.3 We also set A(u) = b (%) Observe that for 0 < 1 < 29 < 0o and u > 0 the
conditional distribution can be rewritten as the ratio of two sojourn probabilities over different intervals, i.e.,

7o (21, T2) — uty, q(u)
87 Pl V——< =
57 (e <)

P (ﬁ I (X (8) — et)dt > m1> ’

where y € R and

1
q(u) =P <A(u) /[OVUt“-FA(u)y] Hu(X(t) — Ct)dt > .%‘2) .

Hence in order to complete the proof it suffices to derive the asymptotics of g(v). Using notation for Eq(u) and 75 (u)

introduced in (73) and (74), we have that

(88) a1 (u) < q(u) < qi(u) + ma(u),

with
B u X (ut)
mi =¥ <A<u> /[M PR (gt e = M)t > ) |

Scaling time by ﬁ, we rewrite

o) =P (/E( o (Zu(0) = M) e > xz) ,

where

2D = T et + cA(u)t A(w)M () Aw)”

Using the same notation as introduced in (78) with the exception that as(u) = E 7y, we have that (77), (79), (81)
and (84) also hold. We next get the value of y;,7 = 1,2. For this, note that

M(u)A(u)y)2 Qoo B ,

X (uty, + Au)t) [ ulnM(u) A(uw)
= |- st
©)

lim n®(w)w(g(u)az(u)|) = lim i( Pl-axyp24” 2

U—>00 u—00 2

where A and B are given in (24). Moreover, by (80)

im Aw) = im o(w) =00
whte M)~ Sute Fluto?(w)

Hence yo = %I{yw} — %I{y@}. Additionally, it follows from (82)-(83) that y; = —oco. Thus applying i) in Theorem

q(u) ~ BX¢(x2)”2A7r2\1/> " |t| =12 _|t|dtm\ll(M(u))

(89) ~ Bx,(x2)

2.1 we have

Combination of (86), (88) and (89) leads to

q(u) ~ BXLP (1’2) B (I)(y)M(U)A(U)
Consequently, by Theorem 3.1 and (87)

establishing the proof. (]

Proof of Theorem 3.4 We set A(u) =7 (ﬂfc(T )) Following (26), we have

u

(90) Au) <P (v(u) T]IU(X(t) — ct)dt > x) < Aw) + A1 (u),



22 KRZYSZTOF DEBICKI, PENG LIU, AND ZBIGNIEW MICHNA

where
= X() —m(u x
AMu) = P <v(u) /E4(u) Iy (u+ctm(u) ( )) dt > ) ,
= su X(®) m(u) > m(u
A(u) = P <tE[O’T]\pE4(u) wt (u) >m( )) 5
- Eyfu) - T—(lnm“‘)f 7|, vlw) = 1/A@)
4\u) = m(u) s , vlu) = U

if lims_o %\‘tl) € [0,00) and

if limy_,q #\‘tl) = 0o. We shall derive the exact asymptotics of A(u) by applying Theorem 2.1, and show that

A1(w) = o(A(u)), u— 0.

We distinguish three cases: lim;_q % =0, (0,00) and oo, respectively.

Case limy_,q #I‘t\) =0.

Asymptotics of A(u). Noting that v(u) = 1/A(w) and scaling time by A(u) we get

(91) Au) =P (/ I (Z,(t) — m(uw)) dt > x) )
Es5(u)
with
L OX(T - Au)t) B _ (Inm(u)\?
(92) Z,(t) = —u—i—cT—cA(u)tm(u)’ BEs(u) = lo, (A(w)) < ) ) ] .

In light of Lemma 4.4, we have that
o(T)
1=/ Var(Z,(t)) U(T)A(u)|t|,t € E5(u),

m2(u)(1 — Corr(Z,(t), Z,(s)))

(93) lim  sup (A ()]s “H=0
uU—>00 s#t,s,tEE5(u) %
With the notation introduced in Theorem 2.1, (93) implies that
(1) o (Vi@
n(u) =m(u), w=t, gu) o(T) (W), Alw)=7% uter |7 7
Inm(u)\>
(94) B =m0, 00], 010 =0, aafe) = (30 (7 )

Next we check the conditions in i) of Theorem 2.1. It follows that

©) i gt = fim ZHAW =0, gl =0, Jim gl = tm (HEE) —o
and
_ — i 70 N 2 Uy B
7=l o) = i, Sy A" =@l Gt
Moreover,
a(T)

r1 = lim n?(w)w(g(u)|ai(v)]) =0, z2= lim n?(uw)w(g(u)|az(uw)]) = Q lim '

uU—00 U—00 uU—00 J(T)

imply that y; = 0 and y2 = co. Additionally,
lim n(u)(w(g(u)|ar (u)|) + w(g(uw)|az(w)])) = lim —=-—F>-=0, lim A(u)=0.
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Consequently, by i) of Theorem 2.1 and Remark 2.2 we have

o(T) 1

6(T) (m(u))*A(u)
Upper bound of A1 (u). From (41) we have for sufficiently large u that

w  Var ( X(®) m(u)) < 1-@(1“(7”(“))>Q.

te[0, T\ Ea(u u+ct

(96) A(u) ~ Bp,,, (¢)

W(m(u)).

Further, by BII
X(t X(s (|t —s o?(s)c*(t — s)?
(m(u))QVar< ®) — (s) ) < 2(m(u))’ ( (u(|+ ct)2|) + (u—i—(c)t)2gu+c)5)2>
< QP(t—sh+lt—s") <Qlt—s|*, st [0,T).

Consequently, in light of Piterbarg Theorem [Theorem 8.1 in [22]] we have that for u sufficiently large

(97) A (u) < Qu(m(u)? 0w

Combination of (90), (96) and (97) leads to

P(AWLAH“X“) hi= ) a0 ) a5 Y

establishing the claim.
Case lim;_, 02|(t|‘t\) =1/60 € (0,00). First note that (91)-(95) still hold. Next we check the conditions of ii) in Theorem

2.1. Following the notation in Theorem 2.1, we have that

ot

v = lim n?(ww(g(w)) = 20(T)5(T) lim o~ ‘E(L(Lui)l)) 20(ng(T)

U—r 00 uU—r 00 U—» 00

a1 = lim a;(u) =0, as= lim as(u) = lim (A(u))~" (lnm(“)>2 = 0.

Consequently, in light of case ii) in Theorem 2.1 and Remark 2.2

20 (1)5 (7))t
Au) ~ BB%U ) (m(u)), u— oo,

which together with (90) and (97) establishes the claim.
Case lim;_0 — |(|‘t\) oo . Noting that v(u) = (m(u))?, scaling of time by A(u) we have

with Fs(u) defined in (92) and

X(T — A(u)t)
u+cl — cA(u)tm(u)'
Next we verify conditions of case iii) in Theorem 2.1. Notice that (91)-(95) still hold. Using notation in Theorem 2.1,

Z,(t) =

we have
v = UILH;O n?(w)w(g(u)) = 20(T)(T) UILIEO ‘(% 00,
— lim a1 (w)g(u) _ ~ lim b(u)g(u) &(T) (Inm(u)? N
NS w) R T AT W) Tk e m)
Moreover,
s W) e, ()
A(u)(m(u))? g(u)  o(T) o(T)"

Consequently, by case iii) in Theorem 2.1 and Remark 2.2

)\(U) =P (/E( )HO (Zu(t) — m(u))dt > WO’(ﬂm) N B(IJt\ (:—(T)x7 [0,00)) \Il(m(u)), u — 00,

g(u)  o(T)
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which combined with (90), (97) and (19) yields that

&(T)

P ((m(u))2/0 L,(X(t) — ct)dt > x> ~e @ W (m(u)), u—oo.

This completes the proof. O
Proof of Corollary 3.5. Observe that for any y > 0
o(T) , * P (ru,7r(22) < Tu(y))
98 P| ——%u" (T — > = . ,
(98) (g = riataran) > ) = Eoer ) < el
with T, (y) =T — u_Q%y. By the definition of 7, 7 (), we have

T
P(ryr(z1) <T) = P (v(u)/o I, (X (t) — ct)dt > x1> ,

Tu(y)
(99) P(ryr(ze) <T,(y) = P (v(u)/o L, (X(t) — ct)dt > I2> ,

with v(u) = 1/% (%) if limy_,¢ Ll‘t\) € 10,00), and v(u) = (m(u))? if lim;_,o #\‘tl) = 00. Since limy, 00 T3, (y) =

a2 (
T, we get that the asymptotics of (99) is the same as in Theorem 3.4 with T replaced by T, (y) and = replaced by z5.

Using this fact and by Theorem 3.4 for all lim;_,q % € [0, o0]

v (L)

W (m(u))

- 35 (- S (-

~ F(x17x2)€7y7 Yy > 07

P (7,7 (x2) < Tu(y))
P(rur(z1) <T)

~ F(l‘l, {L‘Q)

where I'(z1, z2) is given in Theorem 3.5. This completes the proof. (]

Proof of Theorem 3.6 By self-similarity of X, we have that

1 e . L) = 1 OO X(t) _ A H "
P(uwﬁulH)?)/o e ) P(?(WH)Z)/O H°<1+ct )dt> )

Let

~ X(t ~ 4 _ _
(100 2= 320 ) = B, A = () )

ct
Observe that
1 o0
(101) w(u) <P (/ Io(Z(t) — n(u))dt > a:) < w(u) + w(u),
A(u) Jo
where
(u) P (1 / I.(Z(t) — n(u))dt > x)
™ — U - 9
AW) Jito—(nn(w) /n(u),to+(In n(w) /n(w)]
wi(u) = P ( sup Z(t) > n(u)) .
t€[0,00)\[to—(Inn(u))/n(u),to+(Inn(u))/n(u)]

First we derive the asymptotics of w(u) by applying Theorem 2.1 and then show that w; is asymptotically negligible

in comparison to w(u) as u — co. We distinguish between three cases: v =0, € (0,00) and v = oo.
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Case v = 0.
The asymptotics of w(u). In order to apply Theorem 2.1, we rewrite
(102) w(u) = P (/ Io(Z(to + A(u)t) — n(u))dt > :r) ,
[_6u75u]
with §,, = nl(r;;‘é“&). By (30) and (31), we have that, as u — co
B 2
(103) 1—/Var(Z(to + Au)t)) ~ 27T(A(u)t) . L€ [6u, 4],
and
2 _
ILm sup n?(u)(1 COTT(Z(;(OA—(Z)ﬁgl))s), Z(to+Au)t)) l—o
s#t,8,8E[—y,04] W
Thus we have that, corresponding to the notation in Theorem 2.1,
B,
(104) w(t) = il g(u) = Au), ar(u) = —0u, az(u) = by
A direct calculation shows that
B B B 2
105 lim n?(w)w(g(v)) = —= lim (n(v)A(w))? = = lim (n(u)9 ((n(v))"?))? = = lim =0.
(105)  Jim n*(uu(g(u) = = lm (n()A@) = = lim ()7 (n() ) = lim o
, B . (nn(w)?®
Jimn(u)w(g(u)lai(u)]) = 2Z Al ) 0.
. = 1 2 = — 2 = =
v = Jim n2(wu(g(la)) = = lm (nn(w)? = o, =12
By the fact that
|
uh—{r;o al(u) - uILHOlo n(r;;liléz,t) - ull)nolo GZ(U) = %%
we have that
Y = —00, Y2 = 0.
Noting that lim, oo A(u) = 0 and by i) in Theorem 2.1 and Remark 2.2 i), we have
w(u) Bp, (z)27! /Oo \t|—1/26—lt\dt7m\y(n(u))
Be oo n(u)A(u)
24 1 ~
~ Bp, (2)|| 5 _P(AuH).
B % ((Aul—H)-2) Aur-H
Upper bound of w1 (u). Observe that, for u sufficiently large,
4
mi(u) <Y @i(w),
i=2
where
wa(u) =P < sup Z(t) > n(u)) , ws(u)="P ( sup Z(t) > n(u)) )
t€[0,¢] t€le,L)\[to—(In n(u))/n(u),to+(Inn(u))/n(u)]

wy(u) = ZIE” ( sup Z(t) > n(u)) ,

h—0 te[L+k,L+k+1]
with L > to. In order to prove that @ (u) = o(w(u)),u — oo, it suffices to show that w;(u),7 = 2,3,4 are negligible
compared with w(u) respectively. We begin with ws(u). Using the fact that for € > 0 sufficiently small there exists
0 < § < 1 such that

sup Var(Z(t)) <1-4,
te[0,¢€]
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and by Borell-TIS inequality (see [31, 32]), we have

(rw-{suprepo,q 20 })°
wau) < e~ 2(1-9) =o(w(u)), u— oo.

Next we focus on ws(u). By (30) and self-similarity of X, we have that for s,¢ > € > 0 and r = %0

E{(Y(t) - Y(s))z} = 2(1— Corr(X(s), X(1)))
2(1 — Corr(X(rs), X (rt)))
<8

< dp(rls —t]) < 8(to/e)* |t — s|*/%, |s—t] =0,

which indicates that for s,t > ¢ > 0 and |s — ¢| < L; < oo with L; a positive constant

(106) B{(X(0) - X())} < @ - 51>
Hence (31) and Piterbarg inequality (Lemma 8.1 in [22]) leads to
u sup X s
wy(u) < P (te[e,]zpto]X(t) “1- Q1(lnn(u))2/"2(“)>
n(u))*/* )
< Qn(w)™*¥ (1 — @1(1nn(u))2/n2(U)>

= o(w(u)), u— oo.

Finally, we consider wy(u). Using the fact that

o~

f(L+k)H—1>

sup Var (Z(t)) <
te[L4k,L+k+1]

and (106), by Piterbarg inequality we have that, for L sufficiently large,

wy(u) < il@ < sup X(t) > n(u))

k= te[L+k,L+k+1] %(L + k)H-1

<y oy 1)

< 3 Q) <?(L+ i

< Q(n(u)Y*w (Qi[(/l;)l) =o(w(u)), u— oo.
Consequently, we conclude that
(107) @1 (u) = o(@(u)), u— oo,
Therefore,

1 > 2An 1 ~
’ (u? iy J, ) e x) ~ Bo, O\ e Gy g A )

This establishes the claim for v = 0.
Case 7y € (0, 0).
The asymptotics of w(u). Note that (102)-(104) also hold for v € (0,00). As in (105), we have that

lim n?(uw)w(g(u)) = E lim £ E'y € (0,00)
Moreover,
. ) ) Inn(u) .
uan;O g(uw)a;(u) =0, ulinolo a(u) = — uh—>Holo P —00, ulgr;o as(u) = 0.

Hence by ii) in Theorem 2.1, we have that
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which combined with (107) and (20) establishes the claim.
Case vy = 00.

The asymptotics of w(u). Using the notation for Z(t), A(u), n(u), dy, w1 (u) in (100)-(102), we have that

ws(u) <P (/000 I,(X(t) — ct)dt > qu> < wy(u) + ws(u),
where
w5 (u) = P </[_5 |, To(Z(t0 + A1) = n(w)dt > %) .

We focus on ws(u). Note that in this case, (103)-(104) still hold. Following the notation in Theorem 2.1, we have that

B t? Inn(u) )
. 2 _ Do o . ] T _ _
Moreover,
B | B
by = lim al(u)2(u) = —{/—= lim Inn(u) = —oco, by = lim ag(u)g(u) =4/ — lim Inn(u) = oco.
In this case, using the notation in (104) we have
ruf—1 AB 9

In light of iii) in Theorem 2.1, we have that

P / Io(Z(to + A(u)t) — n(u))dt > x| ATBU(nfz(u))/g(u)
[=0u,0u]

@s(u)
AB
~ By (| e (00,00) | W(n(w)),
which together with (107) and (19) completes the proof. O

Proof of Theorem 3.7 It follows that
T T
X(t) u+cl u+T
P <v(u)/0 L, (X(t) — ct)dt > x) =P <v(u)/0 I (u—|— ¢ T2H T qoH ) dt > I) ;

X(t) u+cT
w+ct T2H

where

Xu(t) =

Direct calculation shows that

. . 1—Var(X,(t) H|
uh~>nolo tal%r,?<T |T — ¢t T 0-
Moreover, by S with tq =T,
1— Xu(t), Xy
lim sup Corr (Xu(t) (5)) — 1‘ =0.
€0 o £y T e<s,t<T p(|t — s|)

The local behavior of variance and correlation functions is the same as the one in Theorem 3.4 (see Lemma 4.4). Hence
proceeding similarly as in the proof of Theorem 3.4, that is replacing % by %, %&T)) by p(-) and o(T) by TH in

the proof of Theorem 3.4, we establish the claim. O
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6. APPENDIX

Proof of (48). In order to prove (48), it suffices to prove that for ¢; > 0

g(u)az(u) c1y2
/ emerm (Wwt) gy o cfl/ﬁﬁ(n_z(u))ﬁ_l / P temtdt,  u — oo
0 0

Recall that w is a regularly varying function at 0 with index 8 > 0 satisfying

lim n?(w)w(g(u)az(u)) = y2 >0,

U—00

where az(u) > 0 and lim, o g(u) = oo and lim, o g(u)az(u) = 0. We can assume that w(z) = £(z)2z® with £
normalized slowly varying function at 0. Then from [24], we know that £(z)x” is ultimately monotone for any 3 # 0,
£ is continuously differentiable and

i xl(x)
z—0 é(x)

(108) —0.

Let c1n?(u)w(t) = s. Then we have that

(u)az(u) ern®(w)w(g(u)az (u))
/g : 6761n2(u)w(t)dt — 1 / ! g 2 1 e~ %ds.
0 cin? (u) 0 w' (U (#2()))
1 u

By (108), it follows that

Hence

u)a u C n2 u)w U )a: u #
/g< g, / 12w (g(was (w) 5 (01"2(“))6*8015
0 0 Bs

) W/Cln2(u)w(9(“)a2(u))%(clng(u))s_le—sds.
B 0 U(#Q(u))

Note that ¥ is a regularly varying function at 0 with index 1/8. Moreover, using Potter’s bound for w (see e.g. [24]
or [35] or Lemma 6.1 in [34]), we have that for any € € (0, min(1,1/4)) and all u large

@ (ot )
o -

Moreover, since W is regularly varying at 0, then for any s > 0

<(+es/P7c 0<s < en*(ww(g(u)ag(u)).

Hence the dominated convergence theorem implies that

g(u)az(u) 5 -1/8
/ e—an (Ww(t) ¢ ~ G %(n_%u))ﬂ_l/
O 0

C1Y2
sV/P1e=35ds.

This completes the proof. O
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