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Abstract—Zero correlation zone (ZCZ) sequence sets play
an important role in interference-free quasi-synchronous
code-division multiple access communications. In this paper,
for the first time, we investigate the periodic correlation
properties of polyphase sequences obtained from parauni-
tary (PU) matrices, which shows the inherent relationship
between PU matrix and ZCZ sequence sets. Our investigation
suggests that any arbitrary PU matrix can produce ZCZ
sequence sets by controlling its expanded form. The key idea
is to impose certain restrictions on the expanded forms of the
PU matrices to enable precise computation of the periodic
correlation functions of the constructed sequences. We show
that our proposed construction leads to near-optimal ZCZ
sequence sets with regard to the ZCZ set size upper bound.

I. INTRODUCTION

Code-division multiple-access (CDMA) has been an
important multiuser communication scheme based on sig-
nature sequences. Among many CDMA proposals, quasi-
synchronous CDMA (QS-CDMA) is interesting as it helps
to simply the system design and offers enhanced error rate
performance [1]. In a QS-CDMA system, the relative time
delay between the signals of different users is random but
limited to a certain time range T , where T is smaller than
the sequence length. The spreading sequences characterize
the associated multiple-access interference and multi-path
interference properties in the system [2]. In a QS-CDMA
system, it is desirable that the spreading sequences can
have zero correlation zone (ZCZ) within the time delay
T for the elimination of both multiple-access interference
and multi-path interference. In addition, ZCZ sequence
sets have also been used in channel estimation [3], radar
[4], pilot design [5], and so on.

From the definition, ZCZ sequences possess zero peri-
odic auto-correlation function (PACF) and periodic cross-
correlation function (PCCF) over a region around the
origin. That is, the PACF and PCCF of the sequences are
zero within the range |τ | ≤ T , where τ refers to time-
shift variable and T is the width of ZCZ. In this paper,
the time window spanning from −T to T is referred to
as the interference free window of ZCZ sequence set. In
[6], Tang, Fan and Matsufuji have derived the theoretical
upper bound T ≤ L/M − 1, where L is the sequence
length and M refers to the number of sequences in the set.
To support large number of users, it is preferable that M
should be as large as possible. According to the theoretical
bound on T , the performance parameter η, defined by
η = (T+1)M/L [7], can be used to evaluate the efficiency

of the construction method. So far, an interesting research
direction has been to construct ZCZ sequence sets with
performance parameter greater than 1/2.

In the literature, ZCZ sequence sets have been con-
structed based on Boolean functions [8], [9], perfect
sequences [10], [11], mismatched filtering [12], and so
on. An important research direction is to generate ZCZ
sequence sets based on complementary sets of sequences
(CSSs) [13], [14]. By definition, a set of sequences is
said to be a CSS if the sum of aperiodic auto-correlation
functions is zero for any non-zero time-shift. Two distinct
CSSs are called mutually orthogonal CSSs (MOCSSs) if
the sum of aperiodic cross-correlation functions between
them is zero for any time-shift. The concept of MOCSSs
was introduced by Tseng and Liu [15]. Recursive and
direct (Boolean) algorithms for generating CSSs were
proposed by Budišin [16] and Davis [17], respectively.
MOCSSs with maximum number of CSSs are also called
complete complementary codes (CCC) [18].

In [19], a compact formulation described in Z-domain
framework has been proposed for complementary se-
quence pairs (and CSSs) by using paraunitary (PU) ma-
trices. The concept of PU matrices was introduced by
Vaidyanathan in the theory of filter banks [20]. A PU
matrix is a matrix of polynomials in the indeterminate
variable Z−1 which is unitary on the unit circle, i.e.,
|Z| = 1. Recently, the applications of PU matrices have
been extended to q-ary CSSs [21] and QAM CSSs [22].
[21] introduced the use of Butson-type Hadamard (BH)
matrices to produce q-ary sequences. In [23], it has been
shown that the use of equivalent forms of BH matrices
can significantly increase the number of generated se-
quences in the PU matrix approach. It is worth mentioning
that all sequences constructed by the direct (Boolean)
approach have length 2n, while the PU matrix approach
can generate sequences with length non-power of two
as well. In addition, the Z-domain framework greatly
simplifies the derivations of the construction methods.
Another important advantage of PU matrices is the energy
balance property which can avoid the noise amplification
problem [20]. In recent years, there has been a surge of
research interest on PU matrices in the construction of
CCCs [23]-[27]. In [24, Th.1], it is shown that there exists
an equivalence between a square PU matrix and CCC,
when the latter is expressed with polynomial entries. That
is, each column is a CSS and two distinct columns are



MOCSSs. Since CCC can be efficiently generated by PU
matrices, and CCC can lead to ZCZ sequence sets, we ask
the following question:
“How can we directly construct ZCZ sequence sets from
PU matrices?”

In this paper, we extend the application of PU matrices
to the construction of ZCZ sequence sets with perfor-
mance parameter greater than 1/2. Specifically, we draw
out the inherent connections between ZCZ sequences and
PU matrix. Our proposed method can produce a large class
of ZCZ sequences with more flexible parameters (e.g.,
sequence lengths other than power of two) by using the
equivalent forms of BH matrices. The key idea of our
proposed construction is the intrinsic periodic properties
of the row sequences of a specific unitary matrix for the
expanded form of PU matrix. We show that our proposed
construction can generate near-optimal ZCZ sequence sets.

The rest of the paper is organized as follows. In Section
II, we give some preliminary definitions and notations.
In Section III, we propose a simple construction of ZCZ
sequence sets based on PU matrices. Finally, we conclude
our work in Section IV.

II. PRELIMINARIES

We will extensively use the following notations
throughout this paper.

1) The Z-transform of aperiodic cross-correlation
function (ACCF) Rx,y[τ ] between two length-L
complex-valued sequences x and y is denoted by
Rx,y(Z) =

∑L−1
τ=0 Rx,y[τ ] · Z−τ = x(Z−1) · y∗(Z),

where (·)∗ denotes complex conjugate (see [23]).
2) For a matrix X(Z) of polynomials over Z−1, the

tilde operator is defined by X̃(Z) = XH(Z−1),
where H is the Hermitian operation.

3) A diagonal matrix is denoted by ‘diag(·)’.
4) Butson-type Hadamard matrix BH(M,Q) refers

to a complex Hadamard matrix of size M × M
with Qth roots of unity entries [28]. BH(M, 2)
represents a Hadamard matrix denoted by HM for
M = 2, 4m and BH(M,M) represents discrete
Fourier transform (DFT) matrix denoted by FM .

A. PCCF and PACF
Given two length-L complex-valued sequences x and

y, the periodic correlation function between x and y is
defined by

R̂x,y[τ ] =

L−1∑
k=0

x[k] · y∗[(k + τ)L], 0 6 τ 6 L− 1 (1)

where (k + τ)L is understood to be modulo L.
The function R̂x,y[τ ] is called the periodic cross-

correlation function (PCCF) when x 6= y; otherwise, it
is called periodic auto-correlation function (PACF). For
simplicity, the PACF of x will be denoted by R̂x[τ ]. Since
R̂x,y[−τ ] = R̂∗y,x[τ ], it is sufficient to calculate the PCCF
R̂x,y[τ ] only for 0 ≤ τ ≤ L− 1. For DFT matrix FM , the
PCCF between any two rows fm and fm′ of FM is given
by

R̂fm,fm′ [τ ] = ω−mτδ (m−m′) . (2)

That is, the PCCF of two different rows of DFT matrix
is zero for all shifts. These rows are referred to as
uncorrelated sequences. Note that DFT matrices form a
subclass of BH matrices.

B. ZCZ Sequence Sets

Let x(Z) =
[
x(0)(Z), x(1)(Z), · · · , x(M−1)(Z)

]T
be a set of M sequences, each of length L. The zero
periodic auto-correlation zone TACZ and the zero periodic
cross-correlation zone TCCZ of this sequence set x(Z) are
defined to be

TACZ = max
{
T : R̂x(m) [τ ] = 0,∀ m, |τ | ≤ T, τ 6= 0

}
TCCZ = max

{
T : R̂x(m),x(m′) [τ ] = 0,∀ m 6= m′, |τ | ≤ T

}
.

Then, the interference free window (IFW) of the sequence
set x(Z) is defined by T = min {TACZ , TCCZ}.

Definition 1: The set x(Z) with IFW of T is said to
constitute a ZCZ sequence set of M sequences of length
L and is denoted by (M,L, T )-ZCZ.
A set of sequences is called ZCZ-CSS if it is both CSS and
ZCZ sequence set. The performance parameter is defined
by η = (T + 1)M/L, which can be used to evaluate the
efficiency of the construction method.

C. Paraunitary (PU) Matrices
A PU matrix refers to a matrix of polynomials over

Z−1 which is unitary on the unit circle, i.e., |Z| = 1 [20].
That is, PU matrix is a generalization of unitary matrix. A
matrix X(Z) of polynomials with size M ×K is defined
as X(Z) = [xlm(Z)], where xlm(Z) is a polynomial over
Z−1 and 0 6 l 6M − 1, 0 6 m 6 K − 1.

Definition 2 (see [20]): A polynomial matrix X(Z) of
size M ×K is said to be a wide sense PU matrix if the
following equation is satisfied:

X̃(Z) · X(Z) = c · IK , (3)

where c is a real positive constant, IK is an identity matrix
of size K ×K.
According to [20], any arbitrary PU matrix can be factor-
ized into a product of unitary and diagonal matrices. This
factorization is said to be an expanded form of PU matrix.
The degree of a PU matrix refers to the minimum number
of delays required to implement it. The length of a PU
matrix refers to the length of the constituent sequences.
A PU matrix is called a unimodular PU matrix if it has
only unimodular coefficients. For example, a PU matrix
with ±1 coefficients refers to a binary PU matrix.

Based on the definitions of CCC and PU matrices, we
state the previous result on PU matrices.

Result 1 (see [24]): The matrix X(Z) represents a
polyphase (M,M,L)-CCC if and only if it is an M ×M
unimodular PU matrix of degree L− 1.

Example 1: Let M = K = 2. Then, a 2× 2 binary PU
matrix X(Z) with sequence length 4 is given by

X(Z) =

[
1 + Z−1 + Z−2 − Z−3 1 + Z−1 − Z−2 + Z−3

1 − Z−1 + Z−2 + Z−3 1 − Z−1 − Z−2 − Z−3

]
.

It is easy to verify that Sxµ,xν (Z) = c · δ(µ− ν), µ, ν =
0, 1. Thus, X(Z) represents a set of (2, 2, 4)-CCC.



III. CONSTRUCTION OF ZCZ SEQUENCE SETS
BASED ON PARAUNITARY MATRICES

In this section, we will first state our previous con-
struction of unimodular PU matrices with more flexible
sequence lengths. Then, we will propose a new construc-
tion of ZCZ sequence sets based on PU matrices.

A. Unimodular PU Matrices [24]
Lemma 1 (PU Matrices [24]): Let M and P be two

positive integers which are greater than one such that
P |M . We consider BH matrices An and U0 of size P×P
and M ×M , respectively. We first take the following two
matrices

Un =IM
P
⊗ An, (4)

D(Z) =IM
P
⊗ diag

(
1, Z−1, · · · , Z−(P−1)

)
, (5)

where n ∈ {1, 2, · · · , N} for each positive integer N and
⊗ is Kronecker product. Then, our recursive generator for
unimodular PU matrix is given by

Gn(Z) = Un ·D
(
ZDn

)
· Pn · Gn−1(Z) ·Qn, (6)

where G0(Z) = U0, Dn = Pπ(n−1), π is an arbitrary
permutation of the numbers {0, 1, · · · , N−1}, and Pn,Qn

are two arbitrary permutation matrices of equal size M ×
M . Then, GN (Z) is a unimodular PU matrix of degree
PN − 1.
The expanded form of the PU product from (6) is given
by

GN (Z) =

{
1∏

n=N

(
Un ·D

(
ZDn

)
· Pn

)}
· U0 ·Q0. (7)

Example 2: Let M = P = 3 and N = 2 with
π = [1, 0]. Then, we have D1 = Mπ(0) = 3 and
D2 = Mπ(1) = 1. Let A1 = A2 = U0 = F3 and
P1 = P2 = Q0 = I3. According to (7), a 3 × 3 PU
matrix G2(Z) of sequence length PN = 9 is given by

G2(Z) = F3D (Z) F3D
(
Z3
)

F3, (8)

where D (Z) = diag
(
1, Z−1, Z−2

)
.

B. Proposed PU Construction of ZCZ Sequence Sets
In this subsection, we will first propose a new construc-

tion of sets by using PU matrices from Lemma 1. Then,
we will study the periodic correlation properties of the
constructed sets.

Let M and P be two positive integers which are greater
than one such that P |M . By using (7), a construction of
ZCZ sequence sets is given by

x(Z) =

{
1∏

n=N

(
Un ·D

(
ZDn

)
· Pn

)}
· U0 ·Q0 · DP

N

· FM · DMPN · fT , (9)

where D = diag
(
1, Z−1, · · · , Z−(M−1)

)
and f is any

arbitrary row vector of a DFT matrix of size M ×M .
The above column vector x(Z) represents a set con-

sisting of M sequences with equal length M2PN . Due to
the suitable delays and the product of unimodular complex
numbers is unimodular complex number, the constructed

sequences are unimodular sequences having equal length
M2PN . Note that we can use any arbitrary PU matrix in
(9) instead of just using the PU matrices from Lemma 1.

Remark 1: According to the previous works [23] and
[24], it is easy to show that the constructed set x(Z)
represents a CSS when we consider AACFs. Later, we
will show that it is a ZCZ-CSS.

Let x(Z) =
[
x(0)(Z), x(1)(Z), · · · , x(M−1)(Z)

]T
be

the column vector constructed by (9). Then, the sequences
x(m)(Z) can be expressed by

x(m)(Z) =

M−1∑
n=0

M−1∑
k=0

akfnkgmn(Z) · Z−(kM+n)PN , (10)

where gmn(Z) is the mn-th sequence of the PU ma-
trix given by (7) with m,n ∈ {0, 1, · · · ,M − 1} and
f = [a0, a1, · · · , aM−1] is any arbitrary row vector of FM .
Note that each am is an M -th root of unity. Equivalently,
we can write (10) in time-domain as follows

x(m)[t] = cnk · gmn[t− (kM + n)PN ], (11)

where cnk = akfnk and k ∈ {0, 1, · · · ,M − 1}. Let us
take C = [cnk]. Clearly, the matrix C has size M ×M .
Later, we will study the periodic correlation properties of
the row sequences of this matrix C.

Since the values of each sequence gmn[l] outside the
range 0 ≤ l ≤ PN − 1 will be zeros, then, (11) becomes

x(m)[t] = x(m)[(kM + n)PN + l] = cnk · gmn[l], (12)

where t = (kM + n)PN + l. According to (12) and the
product of unimodular complex numbers is unimodular
complex number, one can observe that the generated
sequences are unimodular sequences with length M2PN .

Remark 2: Based on our previous work [23] and [29],
we can derive an efficient implementation of our proposed
algorithm based on PU matrices for ZCZ sequence sets.

We are now ready to show that the column vector x(Z)
represents a ZCZ sequence set.

Theorem 1: The column vector x(Z) given by (9) is a
polyphase (M,M2PN , (M − 1)PN )-ZCZ sequence set.

Proof: From (12), it is clear that the constructed se-
quences are polyphase sequences. To calculate the PCCF
between any two constructed sequences, we first calculate
PCCF between any two row sequences cn and cn′ of the
matrix C = [cnk] as follows

R̂cn,cn′ [τ ] =
M−1∑
k=0

cnk · c∗n′(k+τ)M

=
M−1∑
k=0

ak · fnk · a∗(k+τ)M · f
∗
n′(k+τ)M

=
M−1∑
k=0

f(n+j)k · f∗(n′+j)(k+τ)M
(0 ≤ j ≤M − 1)

= R̂f(n+j),f(n′+j)
[τ ] = ω−(n+j)τ · δ(n− n′). (13)

To calculate PCCF between two sequences x(m)[t] and
x(m

′)[t], we will use a similar logic used in [13]. So, the



PCCF between two sequences x(m)[t] and x(m
′)[t] is given

by

R̂x(m),x(m′) [τ ] =

M2PN−1∑
t=0

x(m)[t] · x(m′)∗ [(t+ τ)M2PN ]

=

M−1∑
n=0

M−1∑
k=0

PN−1∑
l=0

x(m)
[
(kM + n)PN + l

]
· x(m′)∗

[
(k + k′ + ∆n)MPN + (n+ n′ + ∆l)P

N + (l + l′)
]

=

M−1∑
n=0

PN−1∑
l=0

gmn[l] · g∗m′(n+n′+∆l)
[l + l′]

·
M−1∑
k=0

cnk · c∗(n+n′+∆l)(k+k′+∆n)

]

=

M−1∑
n=0

Rgmn,gm′(n+n′) [l
′] · R̂cn,cn+n′

[
k′ + ∆n

]
+ (1 − δ(l′)) ·

M−1∑
n=0

Rgmn,gm′(n+n′+1)

[
l′ − PN

]
· R̂cn,cn+n′+1

[
k′ + ∆n

]
, (14)

where

τ = (k′M + n′)PN + l′, t = (kM + n)PN + l

∆l =

{
1, l + l′ ≥ PN

0, l + l′ < PN ,
∆n =

{
1, n+ n′ + ∆l ≥M

0, n+ n′ + ∆l < M

For k′ = 0 and n′ ≤ M − 1, we have τ ≤ (M − 1)PN

and (n+n′)(mod M) 6= n. From (13) and (14), we have

R̂x(m),x(m′) [τ ] =
M−1∑
n=0

Rgmn,gm′(n+n′)
[l′] · R̂cn,cn+n′ [∆n]

=

M−1∑
n=0

Rgmn,gm′(n+n′)
[l′] · δ(n+ n′ − n)

=
M−1∑
n=0

Rgmn,gm′n
[l′] = c · δ(m−m′) · δ(τ), (15)

where τ ≤ (M − 1)PN . Therefore, the IFW of x(Z) is
T = (M − 1)PN . This completes the proof.
We observe that the periodic correlation properties of the
matrix C play an important role in the expanded form
of PU matrix in order to construct ZCZ sequence sets.
The matrix C is designed by the entries of the last two
unitary matrices in the expanded form (9). Therefore, the
ZCZ property of the constructed sequences depends on
the specific structure of the individual row sequences of
the unitary matrices. On the other hand, in [23], it is
shown that the use of equivalent forms of BH matrices
can significantly increase the number of constructed se-
quences. Consequently, we can construct a large class of
ZCZ sequences based on PU matrices.

Remark 3: Note that x(Z) represents an (M,M2PN )-
CSS when we consider AACFs and (M,M2PN , (M −
1)PN )-ZCZ sequence set when we consider PCCFs.
Therefore, the column vector x(Z) is a ZCZ-CSS of M
sequences with equal length M2PN .

The performance parameter η of our proposed method
is given by

η =
(M − 1)PN + 1

MPN
≡ 1− 1

M
. (16)

Consequently, η is greater than 1/2 as M ≥ 2. According
to (16), the performance parameter η tends to 1 as
M increases. That is, the constructed sequence sets are
asymptotic optimal ZCZ sequence sets. In other words,
they are near-optimal ZCZ sequence sets.

We illustrate our proposed construction of ZCZ se-
quence sets based on PU matrices by the following
example.

Example 3: Let M = P = 3 and N = 2. Let G2(Z) =
F3DF3D3F3 be a 3 × 3 PU matrix of sequence length
9 given in Example 2. Let f be the third row vector of
F3. According to our proposed construction, the IFW is
T = (M − 1)PN = 2 · 32 = 18 and sequence length
is M2PN = 32 · 32 = 81. Therefore, the constructed
(3, 81, 18)-ZCZ sequence set x(Z) is given by

x(Z) = F3DF3D3F3D9F3D27fT , (17)

where D = diag(1, Z−1, Z−2). We give this (3, 81, 18)-
ZCZ sequence set in Table I, where only exponents of
ω = e−2π

√
−1/3 are shown. The performance parameter

is η = (18+1)3
81 = 0.704.

The above example shows that we can generate ZCZ se-
quence sets with more flexible parameters (e.g., sequence
lengths other than power of two) compared to the other
techniques.

C. Comparison with Previous Works
In the literature, there are mainly three types of con-

struction methods for ZCZ sequence sets. The first type is
the direct construction method based on Boolean functions
[8], [9]. The second type is based on perfect sequences
[10], [11]. And the third type is based on MOCSSs [13],
[14]. However, the sequence lengths and the set sizes for
the constructions given in [8] and [9] are restricted to
the powers of two only. In addition, for the constructions
given in [10] and [11], the ZCZ parameters are limited by
the existence of perfect sequences for the given number
of phases. For instance, it is conjectured that no 4-phase
perfect sequences of lengths other than 2, 4, 8, and 16,
exist [30]. Also, there does not exist a binary perfect
sequence of length other than 4 [31]. Therefore, the
method based on MOCSS is of strong interest since it
has several benefits such as a wide variety of set sizes
and sequence lengths compared to the other techniques.

Our proposed approach offers not only more choices
in ZCZ parameter values compared to [8], [9], [10], and
[11], but also provides a compact notation in treating
matrix representations of multiple ZCZ sequence sets with
performance parameter greater than 1/2. For example, a
(3, 81, 18)-ZCZ sequence set given in Example 3 cannot
be obtained by the previous works [8], [9], [10], and [11].
In addition, our proposed method has an advantage over
the previous works [13] and [14] about the fact that we can
directly construct ZCZ sequence sets without constructing
MOCSSs in advance.

IV. CONCLUSION AND FUTURE WORK
In this paper, we have explored the application of PU

matrices in the construction of ZCZ sequence sets. We
have shown a connection between ZCZ sequence sets
and PU matrices. More precisely, the periodic correlation



Table I: A (3, 81, 18)-ZCZ-CSS when M = P = 3 and N = 2

000012021000120210000201102222201210000120210111012210111120102000120210222120021

x 012021000012102222012210111201210222012102222120021222120102111012102222201102000

021000012021111201021222120210222201021111201102000201102111120021111201210111012

properties of the constructed sequences are entirely gov-
erned by the last two unitary matrices in the expanded
product form of PU matrix. In addition, the number of
constructed ZCZ sequences can be increased by using
the equivalent forms of BH matrices. The proposed ZCZ
sequence sets can be used in a QS-CDMA system to cope
with asynchronous interference in multi-user transmission.
An interesting future work is how to construct multiple
ZCZ sequence sets with good inter-set cross correlation
properties based on PU matrices.
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[23] S. Das, S. Budišin, S. Majhi, Z. Liu, and Y. L. Guan, “A multiplier-
free generator for polyphase complete complementary codes,”
IEEE Trans. Signal Process., vol. 66, no. 5, pp. 1184–1196, Nov.
2017.

[24] S. Das, S. Majhi, and Z. Liu, “A novel class of complete com-
plementary codes and their applications for APU matrices,” IEEE
Signal Process. Lett., vol. 25, no. 9, pp. 1300–1304, Jul. 2018.
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