Journal of Algebra 587 (2021) 1-19

Contents lists available at ScienceDirect

Journal of Algebra

www.elsevier.com/locate/jalgebra

Matrices in companion rings, Smith forms, and the n

Check for

homology of 3-dimensional Brieskorn manifolds

Vanni Noferini *, Gerald Williams "

& Department of Mathematics and Systems Analysis, Aalto University, P.O. Box
11000 (Otakaari 24), FI-00076 Aalto, Finland

Department of Mathematical Sciences, University of Essex, Wivenhoe Park,
Colchester, Essex CO4 35Q, UK

ARTICLE INFO ABSTRACT
Article history: We study the Smith forms of matrices of the form f(Cy) where
Received 9 April 2021 f(t),g(t) € R[t], where R is an elementary divisor domain and

Available online 2 August 2021

) . C, is the companion matrix of the (monic) polynomial g(¢).
Communicated by Eamonn O’Brien ‘

Prominent examples of such matrices are circulant matrices,

MSC: skew-circulant matrices, and triangular Toeplitz matrices. In
11C20 particular, we reduce the calculation of the Smith form of
11C99 the matrix f(Cy) to that of the matrix F(Cg), where F,G
15A15 are quotients of f(t),g(t) by some common divisor. This
15A21 allows us to express the last non-zero determinantal divisor
15B33 of f(Cy) as a resultant. A key tool is the observation that a
15836 matrix ring generated by C; — the companion ring of g(t) —
ggi/?& is isomorphic to the polynomial ring Q, = R[t]/ < g(t) >.
S7M12 We relate several features of the Smith form of f(Cy) to the
57M27 properties of the polynomial g(¢) and the equivalence classes
57M25 [f(t)] € Q4. As an application we let f(t) be the Alexander
57M50 polynomial of a torus knot and g(t) = t™ — 1, and calculate

the Smith form of the circulant matrix f(Cy). By appealing
Keywords: to results concerning cyclic branched covers of knots and

Smith form

Elementary divisor domain
Circulant

Cyclically presented group

* Corresponding author.
E-mail addresses: vanni.noferini@aalto.fi (V. Noferini), gerald.williams@essex.ac.uk (G. Williams).

https://doi.org/10.1016/j.jalgebra.2021.07.018
0021-8693/© 2021 The Author(s). Published by Elsevier Inc. This is an open access article under the CC
BY license (http://creativecommons.org/licenses/by/4.0/).


https://doi.org/10.1016/j.jalgebra.2021.07.018
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jalgebra
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jalgebra.2021.07.018&domain=pdf
mailto:vanni.noferini@aalto.fi
mailto:gerald.williams@essex.ac.uk
https://doi.org/10.1016/j.jalgebra.2021.07.018
http://creativecommons.org/licenses/by/4.0/

2 V. Noferini, G. Williams / Journal of Algebra 587 (2021) 1-19

Brieskorn manifold cyclically presented groups, this provides the homology of all
Homology Brieskorn manifolds M (r, s,n) where r, s are coprime.
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1. Introduction

Let R be a commutative ring (with unity) other than the trivial ring, fix a monic
polynomial g(t) = t" + ZZ;S gt € R[t], and let Cy be the companion matrix of g(t).
For n > 2, the subset of R"*" consisting of matrices f(C,) that are polynomials in C,
with coefficients in R forms a commutative ring, which we call the companion ring of g(t)
and denote by R,. Important and well studied rings of matrices arise as special cases: if
g(t) =t", then R, is the commutative ring of lower triangular n x n Toeplitz matrices
[2] with entries in R; if g(¢) = ¢t — 1, then Ry is the commutative ring of n X n circulant
matrices [10] with entries in R; if g(t) = t" + 1, then R, is the commutative ring of n x n
skew-circulant matrices [10] with entries in R.

When R is an integral domain, g(¢) has n roots (counted with multiplicities) in some
appropriate extension of R and, for f(t) € R[t], the determinant of f(Cy) can be ex-
pressed as the resultant

det f(Cg) = [ £(0) =:Res(f,g). (1.1)

0:9(6)=0

Note that in the last equality we are implicitly fixing the normalization in the definition
of the resultant; we will follow this choice throughout. (See Section 2 for definitions of
undefined terms and notation used in this Introduction, together with relevant back-
ground.) Restricting to the case that R is an elementary divisor domain, such as the ring
of integers, one may seek to study the Smith forms of matrices f(Cy). Our first main
result shows that f(Cy) is equivalent to the direct sum of a matrix F(Cq) and a zero
matrix, where F, G are quotients of f, g by any of their (monic) common divisors, and
so relates the Smith forms of f(Cy) and F(Cg).

Theorem A. Let g(t) € R[t] be monic of degree n, and let f(t) € R[t] where R is an
elementary divisor domain. Suppose that g(t) = G(t)z(t), f(t) = F(t)z(t) where z(t)
is a monic common divisor of f(t) and g(t). Then f(Cy) ~ F(Cq) ® Omxm, where
m = deg z(t). In particular, F(Cg) has invariant factors si,...,s, if and only if f(Cy)
has invariant factors sy, ..., $,0 (repeated m times).

An immediate corollary (Corollary B) expresses the last non-zero determinantal divi-
sor as the resultant of F'(t) and G(t). This therefore generalizes the expression (1.1) to
the case of singular matrices f(Cly).
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Corollary B. In the notation of Theorem A, suppose that z(t) is the monic greatest com-
mon divisor of f(t) = z(t)F(t) and g(t) = z(t)G(t). Then the last non-zero determinantal
divisor of f(Cy) is (up to units of R)

w= ]| F(6)=Res(F,G).
0:G(6)=0

As an application, in Theorem C, we calculate the Smith form of the integer matrix
f(Cy) where f(t) is the Alexander polynomial of the torus knot K(r,s), i.e.

(s —-1)(t—-1)
t)= ——F———= 1.2
0 = =) (12)
and g(t) = t" — 1. As we explain in Section 2.2 this allows us, in Corollary D, to calculate
the homology of all 3-dimensional Brieskorn manifolds M (r, s,n) where r, s are coprime.
This generalizes (part of) [6, Proposition 5], which deals with the case r = 2.

Theorem C. Let r,s be coprime positive integers, n > 2, such that x := (r,n) < y :=
(s,m) and let f(t) € Z[t] be the Alexander polynomial of the torus knot K(r,s) asin (1.2),
g(t) = t" — 1 € Z[t]. Then the Smith form of f(C,) has non-unit invariant factors: -
(repeated y — x times); T+ (repeated x — 1 times); 0 (repeated (x —1)(y — 1) times).

We note that there is no loss of generality in assuming, as in the statement of Theo-
rem C, that (r,n) < (s,n) for if not we may simply swap the roles of r and s.

Corollary D. Let r,s,n > 2 where r and s are coprime. Then setting x := (r,n) and
y := (s,n), the homology of the 3-dimensional Brieskorn manifold M = M (r,s,n) is

Yy—z z—1 (x—1)(y—1)

Hy (M) = {Zr/x @ ZTS/l(acy) @ ZE DD if g <y,
YA (z—1)(y—1) ;

Ly ®Lygyiny) LT iy < w.

2. Preliminaries
2.1. Smith forms and elementary divisor domains

Given a GCD domain R, we denote the greatest common divisor! of the n-tuple
a,...,an € R by (a1,...,a,). An elementary divisor domain (EDD) [12, p.16] is an
integral domain R such that, for any triple of elements a, b, ¢ € R, there exist z,y, z, w €
R satisfying (a, b, c) = zza + zyb + wyc.

L Although, strictly speaking, the greatest common divisor is only defined up to multiplication by units
of R, we assume here and throughout that a choice is made by some arbitrary, but fixed, choice of normal-
ization. To give a concrete example, for R = Z one may choose gcds to be always non-negative integers.
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By choosing ¢ = 0 in this definition, it follows that every EDD is a Bézout domain;
it is conjectured, but to our knowledge still an open problem, that the converse is false
[20,21]. Every principal ideal domain (PID) is an EDD see, for example, [12, Theorem
1.5.3]; a classical example of an EDD that is not a PID is the ring of functions that are
holomorphic on a simply connected domain [16,32].

The following classical theorem is named after H. J. S. Smith, who studied the case
R = Z [34]. Frobenius proved the Smith Theorem in [13] assuming that R is a ring of
univariate polynomials with coefficients in a field. For a proof of the theorem when R is
an EDD (the weakest permissible assumption under which it can hold) see, for example,
[12, Theorem 1.14.1].

To state the Smith Theorem, recall [29, p. 12] that a square matrix U € R"*"™ is called
unimodular if det U is a unit of the base commutative ring R. Equivalently, unimodular
matrices are precisely those matrices that are invertible over R, i.e., whose inverse exists
and also belongs to R™*™.

Theorem 2.1 (Smith Theorem). Let R be an EDD and M € R™*™. Then there exist
unimodular matrices U € R™™™, V € R™*™ such that UMV = S where S is diagonal
and satisfies S;; | Six1,441 for alli = 1,...,min(m,n) — 1. Further, let vp = 1 € R,
and for i = 1,...,min(m,n) define the i-th determinantal divisor ~y; to be the greatest
common divisor (ged) of all minors of M of order i. Then

Sii= RLE 5i(M),
Yi—1
where the diagonal elements s;(M), i =1,...,min(m,n), are called the invariant factors
of M. The matrix S is called the Smith form of M, and it is uniquely determined by M
up to multiplication of the invariant factors by units of R.

To make the Smith form S uniquely determined by M, one might consider an ap-
propriate normalization of the determinantal divisors, or equivalently of the invariant
factors. This “appropriate normalization” is a conventional, albeit arbitrary, choice that
depends on the base ring R. For instance, typical requirements are that the invariant
factors are non-negative integers when R = Z; or that the invariant factors are monic
polynomials when R = F[z] (univariate polynomials with coefficients in a field F). To
avoid pedantic repetitions of sentences like “up to multiplication by units of R”, we
assume that one such normalization is tacitly agreed on.

Generally, if there are two unimodular U € R™*™ V € R™ "™ such that UMV = N,
we say that M and N are equivalent (over R) and write M ~ N. If furthermore V = U1
then M and N are said to be similar over R. The Smith Theorem can therefore be stated
as follows: every matrix with entries in an EDD is equivalent to a diagonal matrix whose
diagonal elements form a divisor chain. This is, in fact, a characterization of an EDD,
usually taken as a definition [20,21,32]: an EDD is an integral domain R over which the
Smith Theorem holds. We mention two immediate consequences of the Smith Theorem
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that will be useful to us: firstly, any pair of m x n matrices with entries in R are equivalent
if and only if they have the same invariant factors; secondly, since rank is preserved by
multiplication by invertible matrices, M has rank r if and only if its invariant factors
satisfy s;(M) = 0 precisely when i > 7.

2.2. Cyclically presented groups and Brieskorn manifolds

Any finitely generated abelian group A is isomorphic to a group of the form Ay ® Z7
where Ay is a finite abelian group and 8 > 0. The number g = 3(A) is called the Betti
number (or torsion-free rank) of A. Clearly A is infinite if and only if S(A) > 1 and A is
a free abelian group if and only if Ag = 1.

Given a group presentation P = (zq,...,&Zn—1 | Ro,..., Rm—1) (n,m > 1) the relation
matriz of P is the n x m integer matrix M whose (i,j) entry is the exponent sum
of generator x; in relator R;. If the rank of M is r and the invariant factors of the
Smith Form of M are s1,...,s,—, then the abelianization of the group G defined by the
presentation P is

G =7, ®.. 0L, ©L"".

(See, for example, [23, pp. 146-149, Theorem 3.6] or [19, pp. 54-57, Theorem 5].) Thus
B(G*™) = n —r and if G*® = Ay @ Z? then |Ag| = |[];_; si|, i-e. the last non-zero
determinantal divisor v, of M.

A cyclic presentation is a group presentation of the form

Po(w) = {xg,...,2n-1 | w(Ti, Tix1,- ., Tign—1) (0 < i< n))

where w = w(xp,x1,...,%,—1) is some fixed element of the free group F(zo,...,Tn—1)
and the subscripts are taken mod n, and the group G, (w) it defines is called a cyclically
presented group. If, for each 0 < ¢ < n, the exponent sum of z; in w(zg,...,Tn-1)
is a; then the relation matrix of P,(w) is the circulant matrix C whose first row is
(ap,ai,...,an—1). The representer polynomial of C is the polynomial

50 = fult) = Y ait* € 21

and setting ¢g(t) = t" — 1 € Z[t], R = Z, the relation matrix of P,(w) is the circulant
matrix f,,(Cy). Thus, results concerning the Smith forms of such matrices f(C,) provide
information about the abelianization of the cyclically presented group G, (w).

This, in turn, allows us to calculate the homology of certain 3-dimensional manifolds,
as we now describe. For a 3-manifold M, the first homology H; (M) is isomorphic to the
abelianization of its fundamental group (see, for example, [15, Theorem 2A.1]). Thus,
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given a 3-manifold whose fundamental group has a cyclic presentation P, (w) with rep-
resenter polynomial f,(t), the Smith form of the integer circulant f,,(C,) provides the
homology of M. Suitable manifolds include, for example, all Dunwoody manifolds [11].

Brieskorn manifolds were introduced in [3] and the 3-dimensional Brieskorn manifolds
M(r,s,n) (r,s,n > 2) were studied by Milnor in [24]. As noted in [24, p. 176], the order
of the homology of M(r,s,n) was computed by Brieskorn [3], who showed that the
homology is trivial if and only if r, s,n are pairwise relatively prime. An algorithm for
computing the homology itself, conjectured in [31], was proved in [33]. Further, the
homology was calculated for the case » = 2 in [6]. The manifolds M (r,s,n) can be
described as n-fold cyclic branched covers of the 3-sphere S branched over the torus
link K(r,s), or torus knot K(r,s) when (r,s) = 1 [24, Lemma 1.1]. Torus knots lie in a
very general class of knots called (1,1)-knots. A special case of [25, Theorem 3.1] is that
if a manifold M is an n-fold cyclic branched cover of S® branched over a (1, 1)-knot then
its fundamental group m (M) has a cyclic presentation P,(w) for some w. Moreover,
by [5, Proposition 7] (see also [4, Theorem 4]) w can be chosen so that the representer
polynomial f,,(t) of P, (w) is equal to the projection of the Alexander polynomial Ak (¢)
of K to Z[t]/ < t™ — 1 >. Thus, in particular, if (r,s) = 1 then the 3-dimensional
Brieskorn manifold M (r, s,n) has a cyclic presentation P,(w) where f,(t) is equal to
the projection of the Alexander polynomial f(t) given at (1.2) to Z[t]/ < g(t) > where
g(t) = t™ — 1. Hence, for coprime r, s, the calculation of the Smith form of f(Cy) given
in Theorem C provides the homology of M (r, s,n), as in Corollary D.

3. Quotient polynomial rings as a ring of matrices

As in the Introduction, let R be a commutative ring (with unity) other than the
trivial ring and fix a monic polynomial g(t) = t" + ZZ;I grt® € R[t]. The quotient ring

Qg = R[t]/(g(t)) is the ring of the equivalence classes of polynomials in R[t] modulo the
ideal generated by g(t). Specifically, given any f(¢) € RJ[t], one defines the equivalence

class [f(t)] € Qg as

[f()] == {h(t) € R[t] : h(t) = f(t) mod g(t)};

here and below, h(t) = f(t) mod g(t) is a compact notation to mean that there exists
q(t) € R[t] such that f(t) = h(t) + q(t)g(t). On the other hand, associated with g(¢) is
its companion matriz

—9n—-1 .- —g91 —9o0
Cy= _ € R™",
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(where, as throughout this paper, entries not explicitly displayed are assumed to be 0);
observe that the matrix C, is a representation of the multiplication-by-[t] operator in
the quotient ring @4, in that

Co[tr o ¢ 11" =¢[tmt o ¢t 1]7 mod g(2). (3.1)
For more details on this viewpoint on companion matrices, as well as some generaliza-
tions, see, for example, [27, Section 2|, [30, Section 9], and the references therein. It is
well known in matrix theory that the characteristic polynomial of C, is precisely g(t):
see, for example, the proof of [14, Theorem 1.1]; although there it is assumed that R = C,
the proof is purely algebraic and only requires that R is a commutative ring.

Theorem 3.1 below is a special case of the First Isomorphism Theorem for rings, but
we will give an elementary matrix theoretical proof. It illustrates how to expand the
idea of mapping [t] to Cy, and why it generates a matrix algebra. Given an equivalence
class [f(t)] € Qg, it is natural to consider the coefficients f; € R of its expansion in the
monomial basis of @y, i.e.,

0] =3 Al
k=0

Note that the above notation is generally equivalent to f(t) = Z:;é frth mod g(t);
the actual equality f(t) = ZZ;& fxt* holds if and only if deg f(t) < n. Before stating
Theorem 3.1 we recall that the Cayley-Hamilton theorem holds for matrices over any
commutative ring [18, Problem 2.4.P3]. Thus, if f(¢) = h(¢) mod g(t) then for some ¢(t) €
R[t] we have f(Cy) = h(Cy) + g(Cy)q(Cy) = h(Cy). Hence, writing Zz;é fkCh = f(Cy)
is consistent even if, in general, one may be taking deg f(¢) > n so that the coefficients
of f(t) differ from the coefficients of [f(¢)].

It is easy to show that, under the usual matrix addition and multiplication, the subset
of R™*™ consisting of matrices that are polynomials in C, with coefficients in R forms a
commutative ring, which we will denote by R,. Theorem 3.1 shows that this is isomorphic
to the quotient ring @4, and is fundamental to our methods.

Theorem 3.1. The map M : Q4 — R, given by

n—1 n—1
[F@] = flt"] = M(F0) = Y fuCy = F(Cy)
k=0 k=0

s a ring isomorphism.

Proof. The map M is clearly bijective, maps [0] to 0 and [1] to I, and satisfies M ([f1(¢)]+

[fo()]) = M([A1(®)]) + M([f2(0)]). I f1(1) f2(t) = f3(t) + q(t)g(t), deg f5(t) < n, then
using the Cayley-Hamilton theorem
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M([frODM([f2(8)]) = f1(Cy) f2(Cy) = f3(Cy) +q(Cy)g(Cy)
= f3(Cq) = M([f3(1)]) = M([/r(®) f2()]). O

Theorem 3.1 shows that, for every monic polynomial g(t) € R[t], we can define a ma-
trix algebra R, that satisfies the important property of being isomorphic to the quotient
ring Q4. It is also useful to observe that, by (3.1), for all j =0,...,n —1 the (n — j)-th
row of f(Cy) contains the coefficients of [t/ f(¢)] in the monomial basis [1],..., [t"7!]. In

particular, the last row of f(C,) is precisely

ot - Fi fol.

As mentioned in the Introduction, the commutative rings of lower triangular n x n
Toeplitz matrices, of circulant matrices, and of skew-circulant matrices all arise as special
cases of R,.

If we now specialize to the case where R is an EDD then, given g(¢) € R][t] (monic) and
[f(?)] € Qg, it makes sense to study the Smith canonical form of f(Cy). An important
example of an EDD is the ring of the integers Z and in this setting, g(¢) is a monic
integer polynomial, [f(t)] is an equivalence class of integer polynomials modulo ¢(t), and
f(Cy) is an integer matrix whose Smith form is sought. In the next sections, we derive
results describing some features of the Smith canonical forms of f(Cy) in terms of [f(t)]
and g(¢).

4. On the Smith form of f(Cy)

If the base ring R is an integral domain, it can be embedded in a closed field F, namely,
the algebraic closure of the field of fractions of R. Hence, the matrix C, has n eigenvalues
(counted with multiplicities) in F. In particular, these eigenvalues are the roots of g(t).
Moreover, it is well known [2,14,27,28,30] that the eigenvectors of the companion matrix
C, associated with an eigenvalue 6 have the form, up to a nonzero constant,

w=1[0""1 . 9 1]TeF",  0:g(8)=0.

If we assume that g(t) has n distinct roots, then this implies that Cy is sent to its
Jordan canonical form (over F) via similarity by a Vandermonde matrix. If g(¢) has
multiple roots, the similarity matrix is a confluent Vandermonde. For more details on
these classical facts see, for example, [2,14,27,28] and the references therein. The matrix
f(Cq) = M([f(t)]) therefore has eigenpairs of the form (f(f),vg), and in particular,
its rank r is equal to the number of the roots of g(t) which are not also roots of f(¢),
counted with multiplicity. Furthermore, this simple argument shows the determinant
formula (1.1) of the Introduction. Although typically not stated in this generality, this
result is well known at least for some popular choices of R and ¢(t), for example, when
R is any subring of C and ¢(¢) =t™ — 1 (so Ry is the ring of circulant matrices) [2,10].
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We now focus on the case where R is an EDD (note that this implies that R is an
integral domain, as in the discussion above), with the goal of studying the Smith form
of f(Cy). Recall that every EDD is a Bézout domain, and therefore a GCD domain.
This implies that R[t] is also a GCD domain; that is, given any pair of polynomials
f(t),9(t) € RJt] their ged exists in R[t]. In the following, we will use this fact without
further justification.

5. Proving Theorem A

In this section we prove Theorem A. The first step is the technical Lemma 5.1, which
shows that if a(t), b(t) € R]t] are two monic polynomials yielding the factorization g(t) =
a(t)b(t) then Cy is similar over R to another matrix X,;, € R"*™ which somehow
explicitly displays the factorization of g(t); furthermore, the similarity can be expressed
via a special matrix U,: a unit of R™*™ that is completely determined by a(t).

Lemma 5.1. Suppose that g(t) = a(t)b(t) is a polynomial of degree n where a(t),b(t) are

two monic polynomials in R[t]. Assume that the degree of a(t) is m, define r :=n —m,
and write

m—1 r—1
alt) ="+ Y ait’,  b(t)=t"+ Y bit'.
=0 =0

Denote by Cy, C,, Cy the companion matrices of the polynomials g(t), a(t),b(t) respec-
tively, and let U, be the n X n unimodular upper triangular Toeplitz matrix

1 Ay —1 [N ap
1 Am—1 . ag
Ua = D | e R

1 Um—1 Qm—2

1 Am—1

L 1 -
Then
Cy 0

-1 _ .
UanUa N Xa,b o 616? LngLm
where e; denotes a vector of size coherent with the matriz partition whose i-th entry is 1
and all of its other entries are 0, and L, is the m x m flip matriz (i.e. the matriz with
1’s on the antidiagonal and zeroes elsewhere).

Before proving Lemma 5.1, we observe that (Cy, el e;) and, respectively, (L,,CT L,,,
el 'e1) are standard triples [14] for, respectively, b(t) and a(t). It is therefore a conse-
quence of (a minor modification of) [14, Theorem 3.1] that for all ¢, for some matrix S

invertible over the field of fractions of R
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g(t)_l = eg(cg - tI)_lel = GZ(SXaQbS_l — t[)_lel;

see also [7, Theorem 2] for a related result, also stated for R = C but discussing more
general pencils. It follows in particular that C; and X, ; are similar over the field of
fractions of R. Lemma 5.1 goes a step further by showing that one can take S = U,, i.e.,
UoCy = X4 pUyg; this is crucial in our context, as it implies that C; and X, 3 are actually
similar over R, and hence, equivalent.

Proof of Lemma 5.1. Introduce the vectors

a = [amfl v a9 0 - O]T c R"*l’
B=[bp_1 - by 0 --- 0]" R,
y=1[gn-1 - q) eR".

Partition first
1 o7 [_~T _ aTi,YT —g
U,C, = ~ T T o,
A
On the other hand, partition

— BT 0 U, L,.a —BTU, —BTL,_1a
X — 6 a n—1 — ’ VYa n )
@pUe [ I —Ln_la] {OT 1 Ua 0

Expanding ¢(t) = a(t)b(t) in the monomial basis gives
(1 pT]U.=[1 77],
and hence,
BTU =~T —al.

Moreover, since by construction the last m — 1 entries of the vector 5 and the last r — 1
entries of the vector a are zero, if i # r then B;(L,_1a); = 0. Hence, 8TL, 10 =
ﬁr(Ln—la)r = b0a0 =go- O

Remark 5.2. Combining Lemma 5.1 with Lemma 5.4 below and known divisibility re-
lations between invariant factors of a submatrix and a matrix (see e.g. [32]) yields a
potentially interesting consequence. Namely, if b(¢) is any monic polynomial that divides
g(t), one can write down divisibility relations between the invariant factors of f(Cy) and
those of f(Cp). This is a useful property when degb(t) < degg(t), as in this situation
the size of f(C%) is much smaller than the size of f(Cy) and so it is easier to compute
the invariant factors of f(C%) than those of f(Cy). A full discussion is beyond the scope
of the present paper.
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We now exhibit explicitly the Smith form of a(C,), where a(t) is any monic divisor
(in R[t]) of ¢g(t) having degree m.

Lemma 5.3. If a(t) is a monic divisor (in R[t]) of g(t) having degree m = n — r, then
there exists a unimodular U € R™™ such that

_ I, 0
Ua(Cy)U, t= [0 0]
is in Smith form, where U, € R™*™ is the unimodular matriz defined in Lemma 5.1.

Proof. We can partition

_|Un Ui A B
Ua = [ 0 Uzz]’ a(C) = {Un U12}

where U1 € R"™*", Ui € R™*™, A € R™*", Uy, B € R™*™. Construct the unimodular

matrix
g |0 IL||[Ln —AUL'| _ |0 L
I, 0[]0 I, I, —AU;;
so that
_ U U Ul —USULUS I, 0
1 _ 11 12 11 11 Y12Vaoo | _ | 1Ir
Ua(Cy)U,; " = [ 0 B—AUnlUm][ 0 Us,! “lo K|

where K = (B — AUﬁlUlg)UQ_zl. However, the invertibility of U and U, implies that
r +rank K = ranka(Cy) =r, and hence, K =0. O

The next technical lemma is useful to reduce the amount of explicit matrix calculations
in other proofs; it is well known in matrix theory at least for the case where R is a field
[17, Theorem 1.13(f)], and it can be proved similarly for a general R.

Lemma 5.4. Suppose that f(t) € R[t] and A, B are square matrices. Then

T = {; g] € RV = f(T) = [f(*A) f(%)} € R,

Here x denotes a, possibly nonzero, block of the same size as X.
We now have all the ingredients to prove Theorem A.
Proof of Theorem A. In this proof, we specialize the notation of Lemmata 5.1 and 5.3

to the choice a(t) = 2(t), b(t) = G(t). Then Uz(Cg)Uz—l = I1,40. By Lemma 5.1, writing
F(t) = Z::_ol Fit', we have
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r—1 T—
U.F(CHU =Y FU.CIUZ' =Y FXlg

=0

=F(X.c)= [F(SG) F(ngf Lin)

where we used Lemma 5.4 and x denotes a block element whose precise nature is unim-
portant. Hence, using Lemma 5.3,

Uf(CHU =U2(Cy)U; U F(C,)U; ' = F(Ce)®0. O
6. Factorizing f(t), g(t)

In this section we consider factors of f(¢) and of g(¢). Our first result considers a
factorization f(t) = fi(t)f2(t) of f and relates the Smith form of f(Cy) to the Smith
forms of f1(Cy), f2(Cy). It is known [29, Theorem II.15] that if A and B have coprime
determinants then the Smith form of AB is the product of the Smith forms of A and B.
This immediately proves the following theorem as a special case.

Theorem 6.1. Let f(t) = f1(t) f2(t) and suppose that Res(f1,g) and Res(fa2,g) are co-
prime. Denote by S, S1, So the Smith forms of, respectively, f(Cy), fi1(Cy), f2(Cy). Then
S = 515;.

The following result is a corollary of Theorem 6.1; however, we provide a more ele-
mentary proof that does not rely on this theorem.

Corollary 6.2. Let f(t) = fi(t)f2(t) and Res(f2, g) is a unit of R. Then f1(Cy) ~ f(Cy).

Proof. By (1.1) the determinant det(f2(Cy)) is a unit so fo(Cy) is unimodular. Hence
F(Cq) ~ f(Co)f2(Cy)™h = F1(Cy). O

Our next result considers a factorization g(t) = g1(t)g2(¢t) of g(t) and relates the
matrix f(Cy) to the matrices f(Cy,), f(Cy,)-

Theorem 6.3. Let g(t) = ¢1(t)g2(t) and suppose that Res(f,g1) and Res(f,g2) are co-
prime. Then f(Cy) ~ f(Cq,) @ f(Cy,).

Proof. It follows from Lemma 5.1 and Lemma 5.4 that

£(Cy) 0
FCo)~ 1K™ L f(Cy)TL

By [22, Lemma 6.11] (which is stated for R = F[z], but in fact only relies on the
existence of the Smith form and on Bezout’s identity, both valid over every EDD), if the
determinants of A and B are coprime then
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A 0 A 0
C B|7|0 B|
To conclude the proof note that Ly, f(Cy, )T Ly, ~ f(Cy)T ~ f(Cy,). O

Corollary 6.4. Let g(t) = g¢1(t)g2(t) and Res(f,g2) is a unit of R. Then f(Cy) ~
Tieg(ga(t)) @ f(Cyy)-

Proof. Since Res(f,g2) is a unit, (1.1) implies that f(Cj,,) is unimodular and hence is
equivalent to the identity matrix. The result then follows from Theorem 6.3. O

7. Application to cyclically presented groups and Brieskorn manifolds

The polynomial g(t) = ¢" — 1 and Alexander polynomial f(t) of the torus knot K (r, s)
— see (1.2) — can each be written as a product of cyclotomic polynomials. Before we
calculate the Smith form of f(C,) in Theorem C, we first calculate the Smith form of
®,,(Cs, ) in Theorem 7.4: this simpler case is potentially useful per se, and it serves the
purpose of illustrating some of the basic ideas that we will also use later. Theorem 7.4
can be viewed as a considerable generalization of [1, Theorems 2 and 3] which assert that
if m > n > 1 then the resultant Res(®,,,, ®,,) is zero if m = n, is p?(™) if m = np* where
k > 1 and p is prime, and is 1 otherwise. In [9, Theorem 3] one step further is taken to
derive an expression for Res(®,,,t"™ — 1). We make repeated use of both these resultant
formulae in the proofs of Theorem 7.4 and Theorem C.

The first step is to characterize the first determinantal divisor which we do in
Lemma 7.1. Recall that the content of a polynomial f(t) = >.I" fit' € R[t], where
R is a GCD domain, is cont(f) = (fo, f1,-- s fm)-

Lemma 7.1. Let g(t) € R[t] be monic of degree n, and let f(t) € R[t] where R is a
GCD domain; moreover let h(t) be the unique polynomial of degree less than n such that
f(t) = h(t) mod g(t). Then the first determinantal divisor of f(Cy) is (up to units of R)
~v1 = cont(h).

Proof. Write h(t) = Z;é hit*. Recalling Theorem 3.1 and the remarks before it, we

)
have f(Cy) = h(Cy). It is readily verified, by finite induction, that the bottom row of

C§ is equal to el _, for all k = 0,...,n — 1 (see also the remarks after Theorem 3.1).
It follows that the bottom row of h(C,) contains as entries precisely the hy, and hence,

~1 | cont(h). On the other hand,

n—1
(h(Cg))is = > hil(Ch)ij,
k=0

and therefore all the entries of h(Cy) are R-linear combinations of the coefficients of
h(t). This implies cont(h) | 71, and concludes the proof. O
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The next steps are Lemmata 7.2 and 7.3: two simple properties of polynomials that
will also be handy in proving Theorem C. Lemma 7.2 is a simple consequence of the fact
that the p-th power map is a ring homomorphism on integers modulo p.

Lemma 7.2. Let p € Z be a prime and f(t) € Z[t] a polynomial. Then for allk > 1, p
divides [f(t)]P" — f(t7").

Proof. The proof is by induction on k.
When k = 1, write f(t) = Zf:o fit', where F = deg f(t). Applying the multinomial
theorem and then Fermat’s little theorem in turn, working mod p, we have

F F

FRP =D (ft P =" frer =" fit'? = f(t).

i=0 =0 =0

Now assume that, for ¢ € {1,k—1} and for any f(t) € Z]t], [f(t)]pl = f(tpl) mod p. Set
q = p"~! so that p¥ = pq. Applying the inductive assumption twice, first (for £ =k — 1)
to g(t) = [f(t)]P and then (for £ = 1) to h(t) = f(t%), we see that [f(¢)]P? = [f(t?)) =
f(#P) mod p. O

Lemma 7.3. Let R be a GCD domain, g(t) € R[t] be monic, and f(t) = h(t) mod g(t)
with deg h(t) < deg g(t). Then cont(f) | cont(h).

Proof. Let m,r,n be the degrees of f(t) =>_1"  fit', h(t) = > i_y hit’, g(t) = >0 git’
(with g, = 1) respectively. Without loss of generality we can suppose that (1) cont(f)
is not a unit of R, (2) » > 0 and (3) r < m, else, respectively, (1) cont(h) =
cont(f)[cont(f)~tcont(h)], (2) h(t) = 0 and (3) h(t) = f(t), and in all cases the statement
becomes obvious. By assumption there exists ¢(t) € R[t] such that f(¢) = h(t)+g(t)q(t).
Equivalently, there is © € R™~"*! such that ® =I' + E© where

(I):[fm fo]T, F:[O o 0 hp e ho]TERmH,
On _
g1
= . (m41)x (m—r+1)
- g1
= go

Let T be the square submatrix of F obtained by keeping the top m—r+1 rows. Manifestly,
detT = (g,)™ "1 =1 so0 T is unimodular. Hence, noting that the top m —r + 1 entries
of " are all zero and that cont(f) divides (fn, frnt1s---» fm),
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O=T""[fm - fa]" = q(t) = 0mod cont(f).
It follows that h(t) = f(t) — g(¢)g(t) = 0 mod cont(f), as required. O

Theorem 7.4. Let m > n > 1 and let ®,,,(t), P, (t) € Z[t] be cyclotomic polynomials.
Then the Smith form of ®,,(Cs, ) is

0 if m=n;
S=4<pl if m = np”®, where p is prime and k > 1;

I otherwise.

Proof. Throughout this proof we use Theorem 3.1 extensively without further reference.
The first line follows by the Cayley-Hamilton Theorem; in the third line by (1.1) the
determinant |det®,,(Cs, )| = | Res(Py, Py)| = 150 .S = I; and when n = 1 or 2 we have
Cp, = (—1)"*1, giving the result. Thus we assume that m = np¥, n > 3, p prime. We
split the proof according to three cases: either (1) n = p” for some h > 0 or (2) (n,p) = 1
or (3) n = p"f where h >0, £ > 1, and (£, p) = 1.

Case 1: n = p". Denote ¢ = p"~! and r = p*. It follows from [8, Exercise 12, p.237] that
O (t) = <I>p(tph71) and so ®,,(t) = [tP? — 1][t? — 1]71. Therefore 1 = tP? mod ®,,(t); for
all j € N, since tP7 — 1 divides t/9" — 1, this implies /9" = 1 mod ®,,(t). We conclude
that ®,,(t) = Y-?—) /%" = p mod ®,,(t) and hence ®,,(Cs, ) = pl.

Case 2: (n,p) = 1. Denote q = p*~1. Then ®,,(t) = [®,,(t"9)][®, (t?)]~* [26, p. 160]. Spe-
cializing Lemma 7.2 to the polynomial ®,,(t?), we see that p divides [®,(t2)]? — ®,,(tP?).
Dividing by ®,,(¢?) and taking into account that ®,(¢) divides ®,,(¢?), this implies the
existence of U(t) € Z[t] such that ®,,(t) = p¥(¢t) mod ®,(¢). By Lemma 7.1, the
first determinantal divisor of ®,,(Cs, ), say 71, is the content of the unique polyno-
mial, n(t) (say), of degree less than ¢(n) and equivalent to ®,,(t) mod ®,(t). Since
n(t) = p¥(¢t) mod ¥, (t) Lemma 7.3 implies that p | cont(p¥) | v;. This fact, together
with 7, = |det®,,(Cs, )| = |Res(®,,, ,,)| = p?™), yields the statement.

Case 3: n = p"f where h > 0, £ > 1, and (¢, p) = 1. Denote r = p*. Then ®,,(t) = ®,,(t")
[26, p.160]. By Lemma 7.2, p divides [®,(¢)]" — ®,,,(¢). The same argument as Case 2
can then be used. 0O

Now we can prove Theorem C.

Proof of Theorem C. It is convenient to split the proof in two cases: (1) z =1, (2) > 1.
Case 1: = 1. We have

gt) = [[@s(),  f&) =[] @at)

seg deF

with
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G={d]|n}, F={d|rs,dtr,dts}.

Note that G N F =0 so (f(t),g(t)) = 1 and hence the Smith form for f(C,) has no zero
invariant factors. Let r = pi* ---py* be the prime factorization of r and d € F. Then
| Res(g, ®4)| = 1 unless D = d/(d, n) is a positive prime power. This can only happen if
D is a positive power of a prime factor p; of r, for if D divides s then, since (r,n) = 1,
d = D(d,n) is coprime with r so d|rs implies d|s, a contradiction. In turn, this implies
that d = pfk: with 1 < 8 < a; and 1 # k | y. Indeed, it cannot be k = 1, otherwise d
divides r. Hence, in view of Theorem 6.1, the sought Smith form is the product of the
Smith forms of f;(Cy), i =1,...,¢, with

)= [[ ®a(t), Fi={plk: 1<B<a#kly}CF
deF;

Moreover, by Corollary 6.4, f;(Cy) ~ I® f;(Cy) where h(t) is the product of cyclotomics
over

G ={1#5]|y}.

Hence, f;(C},) has size precisely Zl;ﬁk‘y ¢(k) = y — 1. Furthermore, its determinant is in
absolute value

|det f;(Cn)| = [ |Res(®a, b \—H HPWC) HP P
deF; G=112ky

We now claim that f;(t) = ¥;(¢t) mod h(t), with p}*
argument analogous to that of Case 2 in the proof of Theorem 7.4, that p;* divides the

i(t). This implies, following an

first invariant factor of f;(C}), and hence, f;(Cy) ~ pj“I,_1. Since we can repeat this
argument for all i = 1,..., ¢, we conclude by Theorem 6.1 that

f(Cg) ~ AIp4l—y [e2) 7’ny1.

We now prove the claim. Observe that if d = pf k then letting g;3 = pf ~! we have
B
(I)k(tptqlﬂ h(tP)
Q4(t) = ——~ is(t), fi .
d( ) (bk(tqlﬁ H fﬁ fﬁ ) h(tqlﬁ)

By Lemma 7.2, p; divides [h(u)]P? —h(uP?) for any variable u: dividing by h(w), this in turn
implies that p; also divides the polynomial [h(u)]Pi~1 — h(uP?)/h(u). This in particular
holds when u = t%#¢, for all 1 < 8 < «;. In this case ¢;3 is a prime power and coprime
with y. Hence, for all § | y, ®s(¢) divides ®s5(u), and thus h(t) divides h(u). Therefore, for
all 5=1,...,q;, there exists a polynomial ¥;5(t) such that f;5(t) = p; ¥,;5(t) mod h(t).
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Now let W;(t) := pi" [[3Z, Wis(t). Manifestly p"* divides W;(t), and by the above remarks
it follows that

7i#) = [T pWeste) = i() mod h(t);
f=1

this proves the claim.

Case 2: x > 1. Here 2(t) = (f(t),9(t)) = [I4ex ®a(t) where ¥ consists of all divisors of
(n,rs) that are neither divisors of (n,r) nor (n, s). It follows that deg(z) = >~ cy, ¢(d) =
(x —1)(y — 1) and so by Lemma 5.3 the Smith form has (z — 1)(y — 1) zero invariant
factors. Since (r,s) = 1 we have (n,rs) = zy so after having removed common factors,
as well as the trivial factor ¢ — 1 in g(t), we are left with the index sets

G={1#6|2atU{l#5|ytu{s|n,dtzy},
F={d|sr,dtr,dts,dtay}.

Let d € F and suppose 6 | n but 6 1 zy. Then §/d cannot be a positive or negative
prime power, as otherwise d | zy or § | xy, respectively; thus | Res(®q4, ®5)| = 1 and by
Theorem 6.4 we can effectively (up to neglecting some trivial invariant factors) replace
g(t) with h(t), the product of cyclotomics over the set

{1#6[z}U{l1#6|y} =G UG,

Suppose § € Gy and d € F. If § | = then, since d { r and d 1 zy, the only possibility for
®s5(t) and P4(t) to have a nontrivial resultant is for d to be of the form 0§ where § is
the power of a prime factor of s and §|s, § { y. A similar argument holds if § € G, so
we can replace F with F; U Fo with 7y := {d§: 1 # ¢ | x,§ prime power, § | s, §{ y}
and Fp := {07 : 1 # § | y, 7 prime power, # | r, # 1 z}. Moreover, observing that s and
r are coprime, if d € F;,8 € G; ({3,5} = {1,2}) then |Res(®4, &s)| = 1. Thus invoking
Theorems 6.1 and 6.3, we also see that the Smith form of f(C},) is the product of the
Smith forms of I @ f1(Ch,) and I @ f2(Ch,), where the sizes of the identity matrices are
clear from the context and, for i = 1,2, f;(¢) and h;(t) are products of cyclotomics whose
indices vary in F; and G;, respectively. We now can, in essence, follow the first part of
this proof to show that the Smith form of f1(C},) has non-unit invariant factors s/y
(x — 1 times), and the Smith form of f3(C},,) has non-unit invariant factors r/z (y — 1
times). More precisely, a slight modification is needed to take into account that, when
writing (for example) f;(t) =[] 5 fig(t), the exponents 8 no longer vary between 1 and
a; but between «; + 1 and «y, where +; is the power of p; in the prime factorization of
z. This is a consequence of the fact that, as in the definition of F;, we must select § as
a prime power dividing s, but not y. However, as apart from this subtlety the argument
is completely analogous, we omit the details.
Finally, the statement follows by multiplying two diagonal matrices. O
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