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Abstract

We study cyclically presented groups of type F to determine when
they are perfect. It turns out that to do so, it is enough to consider
the Prishchepov groups, so modulo a certain conjecture, we classify
the perfect Prishchepov groups P (r, n, k, s, q) in terms of the defining
integer parameters r, n, k, s, q. In particular, we obtain a classifica-
tion of the perfect Campbell and Robertson’s Fibonacci-type groups
H(r, n, s), thereby proving a conjecture of Williams, and yielding a
complete classification of the groups H(r, n, s) that are connected La-
belled Oriented Graph groups.

Keywords: Prishchepov groups, cyclically presented groups, perfect groups,
LOG groups.
MSC: 12E05, 20F05, 20F65, 57M07, 57M15.

1 Introduction

Let Fn be the free group of rank n with basis X = {x0, x1, · · · , xn−1}. Let
θ denote the shift automorphism of Fn of order n such that xi 7→ xi+1 (0 ≤
i < n), where the subscripts are taken modulo n. A group presentation is
called a cyclic presentation if it is of the form

Pn(w) = ⟨x0, x1, · · · , xn−1 | w, θ(w), · · · , θn−1(w)⟩ (1)

for some positive integer n, where w is a (cyclically) reduced word on X±1 =
{x±1

0 , x±1
1 , · · · , x±1

n−1} (see [29]). A group is said to be cyclically presented if it
has a presentation of the form (1), in which case the group is often denoted by
Gn(w). The shift defines an automorphism of Gn(w) with exponent n and
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the resulting Zn-action on Gn(w) determines the shift extension En(w) =
Gn(w)⋊θ Zn, which admits a balanced presentation of the form

En(w) = ⟨x, t | tn,W ⟩,

where W = W (x, t) is obtained by rewriting w in terms of the substitutions
xi = tixt−i (see [29, Theorem 4]), and the shift on Gn(w) is then realized by
conjugation by t in En(w). The group Gn(w) is recovered as the kernel of
the retraction ν0 : En(w) −→ Zn = ⟨t | tn⟩, such that x maps to the identity.

Cyclically presented groups have been an object of various investigations
not just from the algebraic point of view as in [1, 3, 10, 13, 14, 19, 39] for
example, but also from topological perspectives due to their close connections
with the topology of closed orientable 3-manifolds (see for example, [7, 8, 9,
12, 26, 35, 37]). This article takes the former viewpoint and concerns the
family of cyclically presented groups of type F from [1], which are defined by
presentations

P =

〈
x0, · · · , xn−1

∣∣∣∣∣
r−1∏
i=0

xj+iq

(
s−1∏
i=0

xj+k−1+iq

)ϵ

(0 ≤ j < n)

〉
, (2)

where k, q, r, s ≥ 1 and n ≥ 2 are integers, ϵ ∈ {±1} and subscripts taken
modulo n. Our aim is to determine when cyclically presented groups of type
F are perfect or trivial. According to [1, Lemma 1], a group with presentation
P is the kernel of the retraction

νq : E = ⟨y, t | tn, yrtAyϵst−B⟩ −→ Zn = ⟨t | tn⟩,

such that νq(x) = tq and νq(t) = t; and the parameters r, n, k, s, q, ϵ, A,B are
related by the relations q(r + ϵs) ≡ (B − A) mod n and

k ≡
{
(qr + A+ 1) mod n, if ϵ = 1
(q(r − s) + A+ 1) mod n, if ϵ = −1

where the second relation comes from rewriting as in [1, 33, 39]. The Pr-
ishchepov groups P (r, n, k, s, q) are of principal interest in this article and
they arise as the groups defined by P in the special case where ϵ = −1,
which means that

A ≡ (k − q(r − s)− 1) mod n, and

B ≡ (k − 1) mod n.

As the name implies the Prishchepov groups were first considered in [33]
by Prishchepov; and later by others (see for example [11, 36, 37, 39], not-
ing that the roles of A and B are interchanged in [36, 39]). For particular
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choices of parameters these groups are known: Conway’s Fibonacci groups
F (2, n) = P (2, n, 3, 1, 1) of [15], the groups of Fibonacci type Gn(m, k) =
P (2, n, k + 1, 1,m) of [9, 28] and more (see [3, 4, 5, 6, 23, 35]). Therefore
the Prishchepov groups provide a means to obtain a generalized treatment
of these groups. More important to us in this article is that to classify the
perfect cyclically presented groups of type F, it is enough to do so for the
Prishchepov groups (see Lemma 2.1), hence the rest of this work focuses on
the groups P (r, n, k, s, q).

In describing the properties of P (r, n, k, s, q) in terms of the parameters
k, n, r, s, q it is often helpful to make the following assumptions. Firstly, we
can assume that r ≥ s since the groups P (r, n, k, s, q) and P (s, n, n − k +
2, r, q) are isomorphic by [39, Lemma 14]. For the second let N = n/(n, q, k−
1), Q = q/(n, q, k − 1) and K − 1 ≡ ((k − 1)/(n, q, k − 1)) mod N . Then as
described in [18] (see also, [39, Corollary 3]) the group P (r, n, k, s, q) decom-
poses as a free product of (n, q, k−1) copies of P (r,N,K, s,Q). In particular
P (r, n, k, s, q) is perfect (resp. trivial) if and only if P (r,N,K, s,Q) is perfect
(resp. trivial). Hence, when suitable we may assume that (n, q, k − 1) = 1,
which is the same as saying that P as given in (2) is irreducible. We may
further assume that q = 1, since P (r, n, k, s, q) being perfect and (n, q, k −
1) = 1 implies (n, q) = 1 (see Lemma 2.3), in which case P (r, n, k, s, q) ∼=
P (r, n, q̂(k − 1) + 1, s, 1) where qq̂ ≡ 1 mod n by [39, Theorem 16]. The
results in the general setting can then be obtained as corollaries of the ones
with the above assumptions.

Two subfamilies of P (r, n, k, s, q) play a vital role in this article for com-
pletely opposite reasons as we shall see. These are the groups H(r, n, s) =
P (r, n, r + 1, s, 1) of [5], and the generalized Sieradski groups S(r, n) =
P (r, n, 2, r−1, 2), (r ≥ 2) of [8]. In fact, the main motivation for attempting
to classify the perfect cyclically presented groups of type F is the following
conjecture by Williams regarding the perfectness of the groups H(r, n, s).

Conjecture 1.1. [40, Conjecture 1] Let r, s ≥ 1 and n ≥ 2 such that r ̸≡
0 mod n, s ̸≡ 0 mod n. Then H(r, n, s)ab ̸= 1.

Our main result completely describes when the group H(r, n, s) is perfect
or trivial in terms of the parameters r, n, s. As an immediate consequence,
we obtain proof of Conjecture 1.1. The precise statement of our main result
is the following.

Theorem A. For integers r, s ≥ 1 and n ≥ 2, the following are equivalent:

1. The group H(r, n, s) is perfect;
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2. The group H(r, n, s) is trivial;

3. |r − s| = 1 and either r ≡ 0 mod n or s ≡ 0 mod n.

In [40] an incomplete classification of the groups H(r, n, s) that are con-
nected Labelled Oriented Graph (LOG) groups (see [22, 23, 24, 25, 40] for
more details about LOG groups) was given, the missing ingredient being a
proof of Conjecture 1.1. Therefore, with the conjecture now proved we have
a complete classification result which can be stated as follows.

Corollary B. Let r, s ≥ 1 and n ≥ 2. Then the group H(r, n, s) is a
connected LOG group if and only if one of the following holds:

1. r = s and (n, r) = 1, in which case H(r, n, s) is the (n, r)-torus knot
group.

2. (n, r, s) = 2 and either r ≡ 0 mod n or s ≡ 0 mod n, in which case
H(r, n, s) ∼= Z.

Next, we turn attention to the Prishchepov groups of type Z̃.

Definition 1.2 (type Z̃). The group P (r, n, k, s, q) is of type Z̃ if any of the
following holds:

type Z : q(r − s) ≡ 2(k − 1) mod n (eqivalently A ≡ B mod n); or

type Z′ : q(r + s) ≡ 0 mod n.

The type Z was introduced in [30] and notably contains the generalized
Sieradski groups. The two types are related in the sense that P (r, n, k, r−1, 1)
is of type Z (resp. type Z′) if and only if P (k−1, n, r+1, k−2, 1) is of type Z′

(resp. Z), and Lemma 2.6 shows that the abelianizations of the two groups
are related. Also, if (n, q) = 1 and P (r, n, k, s, q) is both of type Z and
of type Z′, then it can be shown that either n is odd and P (r, n, k, s, q) ∼=
H(r, n, s) or n is even and P (r, n, k, s, q) maps onto H(r, n/2, s). The latter
observation together with Theorem A, is crucial in describing the perfect
groups P (r, n, k, s, q) of type Z̃. Indeed, part (2) of Theorem C essentially
excludes the groups that are both of type Z and of type Z′.

Theorem C. Let n ≥ 2, k, q ≥ 1 and r ≥ s ≥ 1 be integers such that
(n, k − 1, q) = 1. Suppose P (r, n, k, s, q) of type Z̃. Then the following are
equivalent:

1. The group P (r, n, k, s, q) is perfect;

2. |r − s| = 1, (n, q) = 1 and (k − 1− qr, n) = 1.
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The classification of the trivial cyclically presented groups of type Z easily
follows from Theorem C, but can also be deduced from [39, Theorem 20].

Corollary D. Let n ≥ 2, k, q ≥ 1 and r ≥ s ≥ 1 be integers such that
(n, k − 1, q) = 1. Suppose P (r, n, k, s, q) is of type Z. Then the following are
equivalent:

1. The group P (r, n, k, s, q) is trivial;

2. |r − s| = 1 and either k ≡ 1 mod n or k ≡ 1 + q(r − s) mod n.

The type Z̃ condition assumed in Theorem C is not a mere convenient re-
striction as it is satisfied in all known examples where the group P (r, n, k, s, q)
is perfect and nontrivial, assuming (n, k − 1, q) = 1 and r < n. In fact, the
following conjecture implies that under these conditions, being of type Z̃ is
a necessary condition for P (r, n, k, s, q) to be a perfect group.

Conjecture 1.3. Let n, k, q ≥ 1 and 2 ≤ r < n be integers such that (n, k−
1, q) = 1. Suppose that k ̸≡ 1 mod n and k ̸≡ 1 + q mod n. If P (r, n, k, r −
1, q) is perfect, then it is of type Z̃.

The removed cases k ≡ 1 mod n and k ≡ 1 + q mod n in Conjecture
1.3 give rise to the trivial group by Lemma 2.2. Also if r ≡ 0 mod n and
(n, q) = 1, then P (r, n, k, r − 1, q) is perfect by Lemma 2.7. (Note that
although (n, q) = 1 is not given as a condition in the statement of Conjecture
1.3, if P (r, n, k, r − 1, q) is perfect and (n, k − 1, q) = 1, then (n, q) = 1 by
Lemma 2.3). Finally, Theorem E can be used to reduce the cases where
r > n to the cases r < n. Hence, all the removed cases are well-understood.
Therefore, a proof of Conjecture 1.3, together with Theorem C, will yield the
complete classification of perfect groups P (r, n, k, s, q). Note that following
the irreducible assumption (n, k − 1, q) = 1, Conjecture 1.3 implies that for
even n ≥ 2 and r ̸≡ 0 mod n, the group P (r, n, k, r − 1, q) is perfect if and
only if the conditions of Lemma 2.2 hold, that is, P (r, n, k, r − 1, q) is the
trivial group.

Our final result shows that to determine if P (r, n, k, r − 1, q) is perfect,
then it can be assumed that 1 ≤ r ≤ n.

Theorem E. Let k, q ≥ 1, 1 ≤ r ≤ n, α, β ≥ 0 and n ≥ 2 be integers such
that (n, k−1, q) = 1. Then P (αn+ r, n, k, βn+ r−1, q) is perfect if and only
if α = β and P (r, n, k, r − 1, q) is perfect.
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1.1 Method of proof

The proofs presented in this article make use of the theory of circulant ma-
trices. The circulant matrix C = circn(c0, c1, · · · , cn−1) is the n × n matrix
whose first row is c0, c1, · · · , cn−1 and where each subsequent row is a cyclic
shift of its predecessor by one column. Hence, for each 0 ≤ i < n, if the
exponent sum of the generator xi in the word w is ci, then the relation
matrix of the abelianization Gn(w)

ab of Gn(w) is the circulant matrix C.
The representer polynomial of C (alternatively of Gn(w)

ab or Gn(w)) is the
polynomial

f(t) =
n−1∑
i=0

cit
i.

It is well-known (see for example [17, Equation 3.2.14] or [27, Theorem 3, page
78]) that the absolute value of the determinant of C is given by |

∏
λn=1 f(λ)|,

where the product is taken over all nth roots of unity λ. Therefore the
order of Gn(w)

ab, denoted by |Gn(w)
ab|, is equal to the absolute value of the

determinant of C when it is nonzero, and Gn(w)
ab is infinite otherwise. This

is a well-known fact (see [27, Theorem 3, page 78]) that has been commonly
used in the study of cyclically presented groups. For the Prishchepov group
P (r, n, k, s, q) with the cyclic presentation given in (2) but with ϵ = −1, the
corresponding representer polynomial is given by:

f(t) =
r−1∑
i=0

tiq − tk−1

s−1∑
i=0

tiq. (3)

Therefore, if P (r, n, k, s, q)ab is a finite group, then its order is is given by the
formula

|P (r, n, k, s, q)ab| =
∣∣∣ ∏
λn=1

f(λ)
∣∣∣. (4)

It is not hard to see that if the representer polynomials of Gn(u) and Gn(u
′)

are equal to
∑n−1

i=0 cit
i, say, then Gn(u)

ab ∼= Gn(u
′)ab ∼= Gn(x

c0
0 x

c1
1 . . . x

cn−1

n−1 )
ab.

In general, if Gn(w) has representer polynomial f(t), then Gn(w)
ab is iso-

morphic to the additive group of the quotient of the ring Z[t] by the ideal
⟨f(t), tn − 1⟩ so Gn(w) is perfect (alternatively Z[t]/⟨f(t), tn − 1⟩ is the zero
ring) if and only if f(t) is a unit in the quotient ring Z[t]/⟨tn − 1⟩ by [27,
Theorem 4, page 78]. This provides an alternative method of proving perfect-
ness which is sometimes easier to use than the formula in (4). In particular
we apply it to obtain an alternative proof of the classification of the perfect
generalized Sieradski groups S(r, n) (see Section 4), and we expect that it
may be easier to prove Conjecture 1.3 using this approach.
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1.2 Structure

The rest of this article is organised as follows. In Section 2 we obtain various
preliminary results that are used in subsequent sections. In Section 3 we
prove Theorem A and deduce Corollary B. In Section 4 we prove Theorem
C and deduce Corollary D. In Section 5 we prove Theorem E. In Section 6
we conclude and pose a question concerning trivial Prishchepov groups.

2 Preliminaries

This section contains preliminary results that are used in the subsequent sec-
tions. In terms of the parameters r, n, k, s, q, these results give necessary con-
ditions for P (r, n, k, s, q) to be perfect, sufficient conditions for P (r, n, k, s, q)
to be trivial, and the relationship between the abelianizations of a certain
pair of Prishchepov groups.

Lemma 2.1. Let k, r, s, q ≥ 1 and n ≥ 2 be integers and let P be as in (2).
If P defines a perfect group, then |r + ϵs| = 1, so ϵ = −1.

Proof. By adding the relations xi = x0 for i = 1, 2, · · · , n − 1 to P , the
resulting presentation is equivalent to ⟨x0 | xr+ϵs

0 ⟩, which defines the cyclic
group of order |r+ϵs|. Therefore if P defines a perfect group, then |r+ϵs| = 1,
so ϵ = −1 since r, s ≥ 1.

When ϵ = −1 the presentation P in (2) defines the Prishchepov groups
P (r, n, k, s, q). The next result gives a sufficient condition for P (r, n, k, s, q)
to be the trivial group.

Lemma 2.2. ([39, Theorem 17(b)]) Let k, r, s, q ≥ 1 and n ≥ 2 be integers.
If |r − s| = 1 and either k ≡ 1 mod n or k ≡ 1 + q(r − s) mod n, then
P (r, n, k, s, q) is trivial.

As earlier mentioned to classify the perfect groups P (r, n, k, s, q) it is
enough to restrict to the case where (n, q, k) = 1. With this restriction,
it becomes a necessary condition for P (r, n, k, s, q) to be perfect that k ≡
1 mod (n, q) as the following result shows.

Lemma 2.3. Let n, k, r, s, q ≥ 1 be integers. If P (r, n, k, s, q) is perfect, then
k ≡ 1 mod (n, q).

Proof. Let P (r, n, k, s, q) be a perfect group. Then |r−s| = 1 by Lemma 2.1.
Let N be any divisor of (n, q). Then the map from the group P (r, n, k, s, q)
to the group P (r,N, k, s, q) sending the generator xi to the generator xi mod N
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is a surjective group homomorphism. The group P (r,N, k, s, q) has a pre-
sentation P of the form

P =

〈
x0, · · · , xN−1

∣∣∣ r−1∏
i=0

xj+iq =
s−1∏
i=0

xj+k−1+iq (0 ≤ j < N)

〉
where the subscripts are taken modulo N . As q ≡ 0 mod N , we have that

P = ⟨x0, x1, · · · , xN−1 | xr
j = xs

j+k−1 (0 ≤ j < N)⟩
= ⟨x0, x1, · · · , xN−1 | xr

jx
−s
j+k−1 (0 ≤ j < N)⟩.

Suppose that k − 1 ̸≡ 0 mod N . Then in particular N > 1. Let m =
N/(N, k−1) > 1. Note that P is a presentation of the free product of (N, k−
1) copies of the group Gm(x

r
0x

−s
1 ). Since (r, s) = 1, we have Gm(x

r
0x

−s
1 ) ∼=

Z|rm−sm| by [1, Lemma 6]. Hence P (r,N, k, s, q) is not perfect since |rm −
sm| > 1. Therefore k − 1 ≡ 0 mod N , as required.

Theorem E gives a connection between the abelianizations of P (r, n, k, s, q)
and P (r′, n, k, s′, q) when r ≡ r′ mod n and s ≡ s′ mod n. We will deduce
Theorem E from Corollary 2.5. The main ingredient used in the proof of the
latter is the following.

Lemma 2.4. Let n, q, s, s′ ≥ 1 be integers. If s − s′ = αn where α > 0,
(n, q) = 1, λ ̸= 1, and λn = 1, then

s−1∑
i=0

λiq =
s′−1∑
i=0

λiq.

Proof. Assume s ≥ s′. Since (n, q) = 1, we have λq ̸= 1 so

s−1∑
i=0

λiq =
s′−1∑
i=0

λiq +
s−1∑
i=s′

λiq

=
s′−1∑
i=0

λiq + λs′q
s−s′−1∑
i=0

λiq

=
s′−1∑
i=0

λiq + λs′q
αn−1∑
i=0

λiq

=
s′−1∑
i=0

λiq + λs′q(
λαnq − 1

λq − 1
)

=
s′−1∑
i=0

λiq.
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Corollary 2.5. Let r, s, k, q ≥ 1 and n ≥ 2. Let r = αn+ r′ and s = βn+ s′

for some integers α, β > 0 and 1 ≤ r′, s′ ≤ n. Suppose r′ ̸= s′, (n, q) = 1
and |P (r′, n, k, s′, q)ab| is finite. Then

|P (r, n, k, s, q)ab| =
∣∣∣ (r − s)

(r′ − s′)

∣∣∣× |P (r′, n, k, s′, q)ab|.

Proof. Let f(t) and f ′(t) be the representer polynomials of P (r, n, k, s, q)ab

and P (r′, n, k, s′, q)ab respectively. If λn = 1 and λ ̸= 1, Then f(λ) = f ′(λ)
by Lemma 2.4, so we have

|P (r, n, k, s, q)ab| =
∣∣∣ ∏
λn=1

f(λ)
∣∣∣

= |f(1)| ×
∣∣∣ ∏
λn=1,λ ̸=1

f(λ)
∣∣∣

= |f(1)| ×
∣∣∣ ∏
λn=1,λ ̸=1

f ′(λ)
∣∣∣

= |f(1)/f ′(1)| × |P (r′, n, k, s′, q)ab|.

It is easy to show that f(1) = r − s and f ′(1) = r′ − s′, as required.

Lemma 2.6. Let n, k ≥ 2 be integers. Then P (r, n, k, r − 1, 1)ab ∼= P (k −
1, n, r + 1, k − 2, 1)ab.

Proof. If k = 2 or r = 1 then P (r, n, k, r − 1, 1) ∼= P (k − 1, n, r + 1, k − 2, 1)
is the trivial group by Lemma 2.2. Assume then that n, k > 2 and r > 1.
As explained in the introduction it suffices to show that the representer
polynomials of the two groups P (r, n, k, r−1, 1) and P (k−1, n, r+1, k−2, 1)
are the same. Suppose r ≤ k. Then the representer polynomial of the group
P (k − 1, n, r + 1, k − 2, 1) is

f(t) =
k−2∑
i=0

ti − tr
k−3∑
i=0

ti.
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Therefore

f(t) =
k−2∑
i=0

ti −
k−3∑
i=0

ti+r

=

(
r−1∑
i=0

ti +
k−2∑
i=r

ti

)
−

(
k−2∑
i=r

ti +
k+r−3∑
i=k−1

ti

)

=
r−1∑
i=0

ti −
k+r−3∑
i=k−1

ti

=
r−1∑
i=0

ti − tk−1

r−2∑
i=0

ti

which is the representer polynomial of the group P (r, n, k, r − 1, 1). By
replacing k with r + 1 we obtain a proof for the case when k < r.

We close this section with a result that allows one to assume that r ̸≡
0 mod n when proving that P (r, n, k, s, q) is perfect.

Lemma 2.7. Let k, r, q ≥ 1 and n ≥ 2 be integers. If r ≡ 0 mod n and
(n, q) = 1, then the group P (r, n, k, r − 1, q) is perfect.

Proof. Let r ≡ 0 mod n and (n, q) = 1. Then P (r, n, k, r−1, q) ∼= P (r, n,K, r−
1, 1), 1 ≤ K ≤ n, where K − 1 ≡ q̂(k − 1) mod n, qq̂ ≡ 1 mod n. If K = 1
or n = 2, then P (r, n,K, r − 1, 1) is the trivial group by Lemma 2.2. As-
sume n,K ≥ 2. Then, by Lemma 2.6 we have that P (r, n,K, r − 1, 1)ab ∼=
P (K−1, n, r+1, K−2, 1)ab. The result follows since the group P (K−1, n, r+
1, K − 2, 1) is isomorphic to the trivial group P (K − 1, n, 1, K − 2, 1).

3 The groups H(r, n, s)

In this section is to give a proof of Theorem A and deduce Corollary B.
To do so, we first do some calculations involving the representer polynomial
f(t) of P (r, n, k, s, q) evaluated at an nth root of unity. Recall from (3) that
f(t) = F (t)[1− tk−1] +

∑r−1
i=s t

iq where

F (t) =
s−1∑
i=0

tiq, (5)

and where it is assumed that r ≥ s. Let z̄ denote the complex conjugate of
z ∈ C and let

F(t) =

{
f(t)− 1, if t ∈ R
f(t)f(t̄)− 1, if t ∈ C− R (6)
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If r = s+1 and λ ∈ C−R is an nth root of unity, then it can be shown (see
proof of Theorem 3.1) that

F(λ) = 2F (λ)F (λ̄)[1−ℜ(λk−1)] + 2ℜ(λ̄qF (λ̄)[1− λk−1]) (7)

where ℜ(z) means the real part of z ∈ C.

We are now in the position to give our next result, which is the main
ingredient used in the proof of Theorem A.

Theorem 3.1. Let n ≥ 2, k, q ≥ 1 and r ≥ s ≥ 1 be integers and let F(t) be
as in (6). If P (r, n, k, s, q) is perfect, then r = s+1 and either |F(λ)+1| < 1
for some nth root of unity λ, or |F(λ) + 1| = 1 for all nth roots of unity λ.

Proof. Let f(t) be the representer polynomial of P (r, n, k, s, q). Since f(t)
has real coefficients, its nonreal roots come in complex conjugate pairs. Let
S(n) denote a set whose elements are z, for each distinct complex conjugate
pair {z, z̄} of nth roots of unity. (For example, S(2) = {−1, 1} and S(4) =
{−1, 1,±i}). Let P (r, n, k, s, q) be a perfect group, so P (r, n, k, s, q)ab is a
finite. For each λ ∈ S(n), set L(λ) = f(λ) if λ is real and L(λ) = f(λ)f(λ̄)
otherwise. Then by (4) we have

|P (r, n, k, s, q)ab| =
∏

λ∈S(n)

L(λ). (8)

Note that r = s + 1 by Lemma 2.1 since P (r, n, k, s, q) is perfect. Hence,
f(t) = F (t)(1− tk−1) + tsq where F (t) is as in (5). If λ is nonreal, then

L(λ) = f(λ)f(λ̄) = (F (λ)− λk−1F (λ) + λsq)(F (λ̄)− λ̄k−1F (λ̄) + λ̄sq)

= F (λ)F (λ̄)− λ̄k−1F (λ)F (λ̄) + λ̄sqF (λ)− λk−1F (λ)F (λ̄) + F (λ)F (λ̄)

− λk−1λ̄sqF (λ) + λsqF (λ̄)− λ̄k−1λsqF (λ̄) + 1.

Note that

λsqF (λ̄) = λq

s−1∑
i=0

λ(s−1)qλ̄iq

= λq

s−1∑
i=0

λ(s−1−i)q

= λqF (λ).

11



Similarly we can show that λ̄sqF (λ) = λ̄qF (λ̄). Hence

L(λ) = F (λ)F (λ̄)− λ̄k−1F (λ)F (λ̄) + λ̄sqF (λ)− λk−1F (λ)F (λ̄) + F (λ)F (λ̄)

− λk−1λ̄sqF (λ) + λsqF (λ̄)− λ̄k−1λsqF (λ̄) + 1

= 2F (λ)F (λ̄)− λ̄k−1F (λ)F (λ̄) + λ̄qF (λ̄)− λk−1F (λ)F (λ̄)− λk−1λ̄qF (λ̄)

+ λqF (λ)− λ̄k−1λqF (λ) + 1

= F (λ)F (λ̄)[2− λk−1 − λ̄k−1] + λ̄qF (λ̄)[1− λk−1] + λqF (λ)[1− λ̄k−1] + 1

= 2F (λ)F (λ̄)[1−ℜ(λk−1)] + 2ℜ(λ̄qF (λ̄)[1− λk−1]) + 1

= F(λ) + 1.

It then follows from (6) that L(λ) = F(λ) + 1 for each nth root of unity λ.
Hence by (8) we have

|P (r, n, k, s, q)ab| =
∏

λ∈S(n)

|F(λ) + 1|.

Therefore, P (r, n, k, s, q)ab = 1 implies that either |F(λ)+1| < 1 for some nth
root of unity λ or |F(λ)+1| = 1 for all nth roots of unity λ, as required.

By restricting to H(r, n, r− 1) = P (r, n, r+1, r− 1, 1), equations (5) and
(7) become F (t) = 1+ t+ t2+ · · ·+ tr−2 and F(λ) = 2F (λ)F (λ̄)[1−ℜ(λr)]+
2ℜ(λ̄F (λ̄)[1 − λr]) respectively. Our next result shows that 2ℜ(λ̄F (λ̄)[1 −
λr]) = 0, so F(λ) = 2F (λ)F (λ̄)[1−ℜ(λr)].

Lemma 3.2. Let F (t) = 1+t+t2+ · · ·+tr−2 and let z ∈ C such that |z| = 1.
Then ℜ(zF (z)[1− z̄r]) = 0.

Proof. Notice that 2ℜ(zF (z)[1− z̄r]) = zF (z)[1− z̄r] + z̄F (z̄)[1− zr], and

zF (z)[1− z̄r] + z̄F (z̄)[1− zr] = zF (z)− z̄z̄r−2F (z) + z̄F (z̄)− zzr−2F (z̄)

= zF (z)− z̄F (z̄) + z̄F (z̄)− zF (z)

= 0.

Therefore ℜ(zF (z)[1− z̄r]) = 0, as required.

We can now give a proof of Theorem A.

Proof of Theorem A. (1) =⇒ (3). Let H(r, n, s) be a perfect group. Since
H(r, n, s) ∼= H(s, n, r) we assume that r ≥ s. Hence, r = s + 1 by Lemma
2.1. If n = 2, then there is nothing left to show since either s is even or
r is even. Assume n > 2 and let λ be a nonreal nth root of unity. Let
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F (t) = 1 + t + t2 + · · · + ts−1 and let F(λ) be as in (7) but with k = r + 1
and q = 1. Then by Lemma 3.2 we have

F(λ) = 2F (λ)F (λ̄)[1−ℜ(λr)].

By Theorem 3.1 we must have that |F(λ)+1| ≤ 1. But F(λ) is a nonnegative
real number. Hence F(λ) = 0, so either λr = 1 or F (λ) = 0. But F (λ) =
(λs − 1)/(λ− 1). So F (λ) = 0 implies λs = 1. Therefore, choosing λ to be a
primitive nth root of unity shows that either r ≡ 0 mod n or s ≡ 0 mod n,
as required.

(3) =⇒ (2). Let |r − s| = 1 and either r ≡ 0 mod n or s ≡ 0 mod n.
Then H(r, n, s) is the trivial group by Lemma 2.2.

(2) =⇒ (1). A trivial group is perfect.

Conjecture 1.1 follows from Theorem A.

Corollary 3.3. Let k, r, s, q ≥ 1 and n ≥ 2. If k ≡ qr+1, then P (r, n, k, s, q)
is perfect if and only if |r − s| = 1 and either k ≡ 1 mod n or k ≡ 1 + q(r −
s) mod n.

Proof. If the conditions in the statement of the corollary hold, then P (r, n, k, s, q)
is trivial by Lemma 2.2, and hence perfect.

Suppose P (r, n, k, s, q) is perfect, where k = qr + 1. Let N = n/(n, q).
Then P (r, n, k, s, q) is the free product of (n, q) copies ofH(r,N, s) ∼= H(s,N, r).
By Theorem A we have |r−s| = 1, and either r ≡ 0 mod N or s ≡ 0 mod N .
Therefore, either qr ≡ 0 mod n or qs ≡ 0 mod n. As k ≡ qr + 1 mod n, if
qr ≡ 0 mod n, then k ≡ 1 mod n. Suppose qs ≡ 0 mod n. If s = r + 1,
then q(r + 1) ≡ 0 mod n, so k ≡ 1 − q mod n. Similarly, if s = r − 1, then
q(r − 1) ≡ 0 mod n, so k ≡ 1 + q mod n, as required.

We now prove Corollary B.

Proof of Corollary B. It suffices by [40, Theorem A] to show that if r ̸≡
0 mod n and s ̸≡ 0 mod n, then the group H(r/2, n/2, s/2) is not perfect.
Suppose for contradiction that these conditions hold but H(r/2, n/2, s/2) is
perfect. Then in particular either r/2 ≡ 0 mod n/2 or s/2 ≡ 0 mod n/2 by
Theorem A, so either r ≡ 0 mod n or s ≡ 0 mod n which contradicts the
assumptions above.
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4 Groups of type Z̃

In this section we prove Theorem C by showing that the perfect Prishchepov
groups of type Z̃ are closely related to the generalized Sieradski groups.
But first, we mention some relevant results about the generalized Sierad-
ski groups.

Theorem 4.1. ([8, Corollary 3.2]) For r ≥ 2, the generalized Sieradski group
S(r, n) is infinite if and only if n ≥ (4r − 2)/(2r − 3).

By the main result of [8], S(r, n) corresponds to a spine of the n-fold
cyclic covering of the 3-sphere branched over the torus knot K(2r − 1, 2),
that is, the Brieskorn manifold M(n, 2r−1, 2) in the sense of [31]. By [2, 34],
the manifold M(n, 2r − 1, 2) is an integer homology sphere if and only if
(n, 4r − 2) = 1. It then follows from this that S(r, n), r ≥ 2 is perfect if and
only if (4r − 2, n) = 1. An alternative but elementary proof of this result is
given below.

Lemma 4.2. Let n, r ≥ 2. Then S(r, n) is perfect if and only if (4r−2, n) =
1.

Proof. As mentioned in Section 1 it is enough to show that the representer
polynomial f(t) of S(r, n)ab, that is,

f(t) =
r−1∑
i=0

t2i − t
r−2∑
i=0

t2i

= (t2r−1 + 1)/(t+ 1)

is a unit in the ring Z[t]/⟨tn − 1⟩. Note that f(t) is a unit if and only if the
quotient R of Z[t]/⟨tn − 1⟩ by the ideal generated by (1 + t)f(t) is the zero
ring. But (1+ t)f(t) = t2r−1+1, so in R, t4r−2 = 1. Hence R is the zero ring
if and only if (4r − 2, n) = 1, as required.

We now give a proof of Theorem C. Recall that P (r, n, k, s, q) is of type
Z̃ if either 2(k − 1) ≡ q(r − s) mod n, that is, it is of type Z; or q(r + s) ≡
0 mod n, that is, it is of type Z′.

Proof of Theorem C. (1) =⇒ (2). Let P (r, n, k, s, q) be a perfect group.
Then by Lemma 2.1 we have |r − s| = 1. Since r ≥ s by assumption,
we have s = r − 1. If (n, q) > 1, then (n, q) does not divide k − 1 since
(n, q, k−1) = 1 by assumption, so P (r, n, k, r−1, q) is not perfect by Lemma
2.3. Hence (n, q) = 1. Let (n, k−1−qr) = N . Then there is an epimorphism
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from P (r, n, k, r− 1, q) to P (r,N, qr+ 1, r− 1, q) sending xi to xi mod N (0 ≤
i < n). Since (n, q) = 1, the group P (r,N, qr + 1, r − 1, q) is isomorphic to
H(r,N, r−1). Hence by Theorem A, P (r,N, qr+1, r−1, q) is perfect if and
only if r ≡ 0 mod N or r ≡ 1 mod N .

The type Z̃ condition implies that 2r ≡ 1 mod n or 2(k − 1) ≡ q mod n.
Suppose first that 2r ≡ 1 mod n. Then 2r ≡ 1 mod N . Since r ≡ 0 mod N
or r ≡ 1 mod N , we conclude that N = 1. Also if the condition 2(k − 1) ≡
q mod n holds, then 2(k − 1) ≡ q mod N . But by assumption k − 1 ≡
qr mod N . Hence q(2r − 1) ≡ 0 mod N . Since (n, q) = 1, we have that
2r − 1 ≡ 0 mod N . Therefore as before we obtain that N = 1.

(2) =⇒ (1). Let the conditions (n, q) = 1, |r−s| = 1 and (n, k−1−qr) =
1 hold. Suppose first that 2(k− 1) ≡ q mod n. Then (n, q) = (n, 2(k− 1)) =
(n, k − 1) = 1. So n is odd and

P (r, n, k, r − 1, q) ∼= P (r, n, k, r − 1, 2(k − 1))
∼= P (r, n, 2, r − 1, 2)
∼= S(r, n).

Hence, as n is odd it suffices to show that (n, 2r − 1) = 1 by Lemma 4.2.
This follows from the assumption (k−1− qr, n) = 1 for the following reason.
The condition (n, 2r − 1) = 1 holds if and only if (n, (2r − 1)(k − 1)) = 1
since (k − 1, n) = 1. But (n, (2r − 1)(k − 1)) = (n, k − 1− qr), as required.

On the other hand, suppose that q(2r − 1) ≡ 0 mod n. Since (n, q) = 1
we have that 2r ≡ 1 mod n. As before we conclude that n is odd. Also, the
assumption (n, q) = 1 implies that there exists integers 1 ≤ p, q̄ ≤ n such
that q̄q ≡ 1 mod n and q̄(k − 1) ≡ p mod n. Hence P (r, n, k, r − 1, q) ∼=
P (r, n, p + 1, r − 1, 1). Since k − 1 ̸≡ 0, q mod n by assumption, we have
that 2 ≤ p < n. Hence P (r, n, p+ 1, r − 1, 1)ab ∼= P (p, n, r + 1, p− 1, 1)ab by
Lemma 2.6. Therefore, we have

P (r, n, k, r − 1, q)ab ∼= P (r, n, p+ 1, r − 1, 1)ab

∼= P (p, n, r + 1, p− 1, 1)ab

∼= P (p, n, r + 1, p− 1, 2r)ab

∼= P (p, n, 2, p− 1, 2)ab

∼= S(p, n)ab.

As n is odd it suffices to show that (n, 2p−1) = 1 by Lemma 4.2. This follows
from the assumption (k − 1− qr, n) = 1. To see why this is true notice that
(n, 2p − 1) = 1 if and only if (n, qr(2p − 1)) = 1 since 2r ≡ 1 mod n and
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(n, q) = 1. Using q̄(k − 1) ≡ p mod n, we have that (n, qr(2p − 1)) =
(n, 2r(k − 1)− qr) = (n, k − 1− qr), as required.

We now prove Corollary D

Proof of Corollary D. (1) =⇒ (2). Let P (r, n, k, s, q) be the trivial group.
Then s = r−1 by Lemma 2.1. Since P (r, n, k, s, q) is of type Z by assumption,
it follows from the proof of Theorem C that P (r, n, k, s, q) ∼= S(r, n). First
suppose that n ≥ 3. Then by Lemma 4.2 P (r, n, k, s, q) is infinite if r ≥ 3 or
n ≥ 6. Hence we can assume that r = 2 and n = 3, 4, 5. These give rise to
finite groups of order 8, 24, 120 respectively. Therefore n = 2. Hence, either
k ≡ 1 mod n or k ≡ 2 mod n, as required.

(2) =⇒ (1). This is by Lemma 2.2.

5 On Theorem E

We deduce Theorem E from Corollary 2.5 as follows.

Proof of Theorem E. Let P (αn + r, n, k, βn + r − 1, q) be a perfect group
and let (n, q, k − 1) = 1. By Lemma 2.3 we have k − 1 ≡ 0 mod (n, q). It
then follows from the assumption (n, q, k − 1) = 1 that (n, q) = 1. Hence by
Corollary 2.5, we have

|P (αn+ r, n, k, βn+ r − 1, q)ab| = |(α− β)n+ 1| × |P (r, n, k, r − 1, q)ab|.

Therefore, α = β and P (r, n, k, r − 1, q) is perfect. The converse direction is
straightforward.

The following classification of perfect groups Gn(q, k−1) = P (2, n, k, 1, q)
provides some support for Conjecture 1.3.

Theorem 5.1 ([32, 38]). Suppose (n, q, k − 1) = 1. Then Gn(q, k − 1) is
perfect if and only if ((n, 6) = 1 and q ≡ 2(k− 1) mod n) or k ≡ 1 mod n or
k ≡ 1 + q mod n.

By combining Theorem 5.1 and Lemma 2.6 we deduce the following.

Corollary 5.2. Let n ≥ 2 and r ≥ 1 be integers. The group P (r, n, 3, r−1, 1)
is perfect if and only if (6, n) = 1 and 2r ≡ 1 mod n, or r ≡ 0 mod n, or
r ≡ 1 mod n.

Proof. If r = 1, then P (r, n, 3, r−1, 1) is trivial, so perfect. Hence, we assume
that r ≥ 2. By Lemma 2.6 the group P (r, n, 3, r− 1, 1) is perfect if and only
if P (2, n, r + 1, 1, 1) is perfect. The result follows by Theorem 5.1.
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The next result extends Theorem 5.1 to the case where r ≡ 2 mod n, and
classifies the trivial groups in this setting.

Corollary 5.3. Let k, q ≥ 1, α, β ≥ 0 and n ≥ 2 be integers such that
(n, k − 1, q) = 1. Then

1. P (αn + 2, n, k, βn + 1, q) is perfect if and only if α = β; and (i) k ≡
1 mod n; or (ii) k ≡ 1 + q mod n or (iii) ((n, 6) = 1 and q ≡ 2(k −
1) mod n).

2. P (αn + 2, n, k, βn + 1, q) is trivial if and only if α = β and either
k ≡ 1 mod n or k ≡ 1 + q mod n.

Proof. Part 1 is immediate from a combination of Theorem E and Theorem
5.1. For part 2, suppose that P (αn + 2, n, k, βn + 1, q) is the trivial group.
Then by part 1 we have that α = β and either k ≡ 1 mod n or k ≡ 1+q mod
n, so the group is trivial by Lemma 2.2; or ((n, 6) = 1 and q ≡ 2(k−1)). In the
latter case the group is isomorphic to S(αn+2, n) = P (αn+2, n, 2, αn+1, 2)
as (n, q, k − 1) = 1 by assumption. Since (n, 6) = 1, it follows that n ≥ 5.
Therefore, by Theorem 4.1 if S(αn + 2, n) is finite, then α = 0 and n = 5,
that is, the group S(2, 5), which is not the trivial group.

6 Conclusion

In this article, we dealt with the question of when cyclically presented groups
of type F are perfect or trivial. We showed that to answer this question it
is enough to restrict to the sub-family of Prishchepov groups. In terms of
perfectness, a complete classification was given for the Prishchepov groups
of type Z̃ and Conjecture 1.3 implies that this is sufficient. In other words, a
proof of Conjecture 1.3, together with Theorem C, will yield the classification
of perfect cyclically presented groups of type F.

Some evidence was provided in support of Conjecture 1.3. Also, we have
and verified the conjecture computationally for n ≤ 340. Except for the
trivial groups P (r, n, k, s, q) which occur when the conditions of Lemma 2.2
hold, the pieces of evidence in this article supporting Conjecture 1.3 imply
that if (n, k − 1, q) = 1 and P (r, n, k, s, q) is the trivial group, then the
condition 2r ≡ 1 mod n must hold. Hence it is natural to ask the following
question.

Question 6.1. Let 2 < k ≤ n and r ≥ 4 be integers. Is it true that
P (r, n, k, r − 1, 1) is not the trivial group?
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Note that Question 6.1 has a negative answer if we allow r = 3. Indeed, it
can be checked in GAP [21] that the groups P (3, 5, 3, 2, 1) and P (3, 5, 5, 2, 1)
are trivial. These groups are the only counter-examples we know that stop
the conditions in Lemma 2.2 from being necessary for P (r, n, k, s, q) to be
the trivial group, assuming (n, k−1, q) = 1. We expect an affirmative answer
to Question 6.1, and this is supported by results in this article, and also by
the list of trivial groups given in [16, 20]. Since every perfect (in particular
trivial) group P (r, n, k, r−1, q), such that (n, k−1, q) = 1 holds, is isomorphic
to one of the form P (r, n,K, r−1, 1), given Theorem C, a proof of Conjecture
1.3 together with an affirmative answer to Question 6.1, will yield a complete
classification of trivial groups of type F.
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