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A new rejection sampling method without
using hat function
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This paper proposes a new exact simulation method, which simulates a realisation from a proposal density
and then uses exact simulation of a Langevin diffusion to check whether the proposal should be accepted
or rejected. Comparing to the existing coupling from the past method, the new method does not require
constructing fast coalescence Markov chains. Comparing to the existing rejection sampling method, the new
method does not require the proposal density function to bound the target density function. The new method
is much more efficient than existing methods for certain problems. An application on exact simulation of
the posterior of finite mixture models is presented.
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1. Introduction

1.1. Background of exact Monte Carlo simulation

Monte Carlo methods are widely used in statistics, engineering and physics for generation of
realisations from a probability distribution, optimization, numerical integration and so on. They
are particularly important for many complex models where analytical analyses are infeasible.
Markov chain Monte Carlo (MCMC) methods have been the most popular methods in more than
20 years for analysis of complex probabilistic models. MCMC methods generate statistically
dependent and approximate realisations from the target distribution. A potential weakness of
these methods is that the simulated trajectory of a Markov chain will depend on its initial state.
Concerns about the quality of the sampled realisations of the simulated Markov chains have
motivated the search for exact Monte Carlo methods, that is, methods that can be guaranteed to
provide independent samples from the target distribution.

A breakthrough in the search for exact Monte Carlo simulation methods was made by [26].
Their method, named as coupling from the past (CFTP), is an MCMC-based algorithm that pro-
duces realisations exactly from the target distribution. CFTP transfers the difficulty of running
the Markov chain for extensive periods (to ensure convergence) to the difficulty of establishing
whether a large number of coupled Markov chains have coalesced. The CFTP algorithm is only
practical for small discrete sample spaces or for a target distribution having a probability space
equipped with a partial order preserved by an appropriate Markov chain construction. Although
in recent decades, there have been many theoretical developments and applications in this area
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such as [4,8,15,16,20,24,28] and [9], the CFTP algorithm is still not practical for complex statis-
tical models.

Exact simulation can also be achieved via rejection sampling method. This involves sampling
from a density that bounds a suitable multiple of the target density, followed by acceptance or
rejection of the sampled value. In general, it is a very challenging task to find a bounding density,
although efficient rejection sampling methods have been developed for the special class of one-
dimensional log-concave densities [17].

For certain complicated problems, existing methods do not work. An example in Bayesian
statistics, for which all existing exact Monte Carlo simulation fails, is the Monte Carlo simulation
problem for the posterior of finite mixture models (see Section 5 for details). This motivates us
to search for new exact Monte Carlo simulation methods.

1.2. The new idea and the structure of the paper

To introduce the idea of the new method in this paper, we first consider the decomposition of the
target density f, as f(-) = g1(-)g2(-), where g| and g, are also (proportional to) proper density
functions and it is easy to simulate from them. Note that here f, g; and g are density functions
up to a multiplicative constant. If we can find M such that g>(-) < M, then traditional rejection
sampling can be used to draw samples from f with the hat function M - g1. In practice, we may
not be able to find M or M is too large to make the rejection sampling efficient.

Our idea is not to find the hat function for f, but to independently simulate x; and x, from g
and gy, respectively. If the two independent samples x| = X, =y, then it is easy to show (at least
for discrete variables and heuristically for continuous variables) that the value y must be from
f () < g1(-)g2(-). Note that for discrete random variables, f, g1 and g» correspond to probability
mass functions and it is possible to simulate y from f using the above idea since P(x; = x3) > 0.
For continuous random variables, however, this is impossible since P(x; = x3) =0.

Although it is impossible to achieve x; and x, with distance O for continuous case, the simu-
lated x1 and x», if they are very close (defined in later sections), can be viewed as approximately
from the target f. Our idea is to use X; (or X») as a proposal and then accept x; (or Xx;) as a perfect
sample from f based on exact Monte Carlo simulation of diffusion bridges [1,2]. We will show
that the new method is an exact simulation algorithm theoretically and via simulation studies.
The new method is more efficient than all existing exact simulation methods when applying to
simulations from the posterior of Bayesian mixture models.

This paper is organized as follows. In Section 2, we present the new methodology and show
it is an exact simulation algorithm theoretically and via simulations for a toy example. We also
demonstrate that the new algorithm is related to the CFTP algorithm. In Section 3, we present the
detailed exact simulation algorithm. In Section 4, we provide a generalised version of the new
method. Then we apply the new method to the mixture of normal densities and demonstrate that
the new method is more practical than all existing algorithms in Section 5. Section 6 provides a
discussion.
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2. Methodology

2.1. Preliminaries

Consider the target density f(x) with support R? for a g-dimensional random variable X. Sup-
pose that it is non-trivial to simulate from f and that f can be decomposed as a product of two
proper density functions, f(x) o« g1(x)g2(x). Note that here f, g; and g, are densities up to a
multiplicative constant. Assume that g% is also a proper density up to a multiplicative constant
and that we can easily simulate from g; and g>. We can further write f(x) o f1(X) f2(x) with
fi=giand fr=gr/g1.

Let

1
A(x) = 7 log f1(x) =log g1().

(D
ax) = (@V,...,a )" (x) = VA®),

where V is the partial derivative operator for each component of x.
Then we consider a ¢g-dimensional diffusion process X, (@), € [0, T] (T < o), defined on
the space & = (C[0, T'17, B(C[0, T19)), given by

dX[ =a(X[)dt+dB[, (2)

where @ = {wy, 7 € [0, T']} is a typical element of . Let Wy, be the probability measure under
which the coordinate mapping process B;(®) = w; is a Brownian motion starting at By = wy.
Let W be the probability measure for a Brownian motion with the initial probability distribution
Bo=wo ~ f1(*).

From the equations in (1), we know that the above X; is a Langevin diffusion [18] with the
invariant distribution fi(x), which means X; ~ fi(x) for any ¢ € [0, T'] if Xo ~ f1(x). Let Qq,
be the probability law induced by X;, ¢t € [0, T'], given Xy = wo. Let Q be the probability law
induced by X;, t € [0, T], with Xg = @¢ ~ f1(-), that is, under Q we have X; ~ f(x) for any
tel0,T].

We shall assume that « satisfies the following standard conditions. Note that under careful
variable transformations it is usually possible to guarantee that o satisfies these conditions. We
will demonstrate this by the toy example in Section 2.5 and via the posterior of mixture models
in Section 5.

Condition 2.1. « is continuously differentiable in all its arguments.

Condition 2.2. There exists | > —oo such that

¢x) = = (lel|* + dive)(x) — 1 >0, A3)

N =

where div is the divergence of a, defined in (6).
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Condition 2.3. The following

t t
exp( [ oo, 1 [ fatanlas)
0 2Jo

is a martingale with respect to each measure W, .

Consider a biased diffusion process X = {)_(,; 0 <t < T} defined as follows. First, the
joint density for the pair (Xo, X7) (the starting and ending points of the biased diffusion pro-
cess), evaluated at point (X,y), is fi(X)t*(y|x) f2(y), where t*(y|x) is the transition density
for the diffusion process X defined in (2) from Xy = x to X7 =y. Note that we must have
[ izt (yIx)dx = fi(y), since X follows the stationary distribution f; at all time points, if
Xo ~ f1i®). o _

Second, given (Xo, X7) the process {X;,0 < < T} is given by the diffusion bridge driven
by (2). B

Note that X is actually a biased version of X. Conditional on the ending points, the two pro-
cesses X and X have the same distribution. Clearly the marginal distribution for X7 is f (y). This
is because [ f1 (O (YIX) 2(¥) dx = fo(y) f1(¥) o f(¥).

To draw a sample from the target distribution f(x), we need to simulate a process )_(,, tel0,T]
from Q and then X7 ~ f(x). The following lemma gives us an implication of how to simulate
the process X, which will be introduced in the next subsection.

Lemma 2.1. Let Q be the probability law induced by X. Then we have the Radon—Nikodym
derivative:

dQ

—(w) X f2(wr). 4

dQ( ) X fa(wr) “
Proof. The proof of the lemma follows easily from the proof of Proposition 3 in [3]. ]

2.2. Simulating the process X

We here use similar rejection sampling ideas as that in [2] and [1]. Under Conditions 2.1 to 2.3
and following [2], we have

dQ

] 1T
T @ = exp[A(wT) — Awo) - 3 /0 (leell® + diva)(w,)dr} 6)

where

9 ool
divax) =) ';TJ()X) (6)
j=1
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and x) is the jth component of X.
Then we consider a biased Brownian motion {B;; 0 <t < T}, defined as (Bo, B) following a
distribution with a density A (X, y) and {B,, 0 <t < T} to be a Brownian bridge given (Bg, Br).

Lemma 2.2. Let Z be the probability law induced by {]_3,; 0 <t < T}. We have that the Radon—
Nikodym derivative of 7 with respect to W is given by

%@) _ h(@o, ®1)
dW " fi(wo)(1/3/21 T)e~lor—wol?/@T)

@)

Proof. Let W% be the probability measure, under which B;(®) = ; (given By = wp,
Br = wr) is a Brownian bridge. Let Zwo "“T be the probability law induced by B, (given

By = wy, By = w7). From the definition of B,, we know that B, and B, have the same dis-
tribution law given Bg = Bg and By = B7. Choose any set F € B(C[0, T']7). We have

“’0 wT{weF} w° “’T{weF}
Therefore,
Ez[ll®€F]]| = / / Ezg"""T [1[& € Fl]h(wo, @7) dwo dor
R¢ JRY .T
= / Ewwo-wr [I[(:) € F]]h(a)o, wr)dwodeT
RY JRY 0,7
- h(wo, wr)
=Ew|l F
W[ et (wo)(l/ﬂnne—'wf—wo""’/@“}
which implies (7). O
By letting
h(wo, 1) = f2(@r) exp[A(@r) — A(@0)] fi (@0) ﬂlﬂ_Te""T‘”‘)'z/ G0 ®)
and using (4), (5) and (7), we have
dQ . dQ . dQ
77 (@) x 40 (w)—(w) — (w)

1 T
= f2(w7) .exp[A(wT) — A(wg) — 5/0 (”“||2+diVOC)((x)t)dt:|
il (@0)(1/+/27 T e~ l0r—w0l*/CT)

h(wo, wT)

T
:expl:—%/o (leell? +diva)(w,)dt}.

€))
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Then under Condition 2.2, we can rewrite (9) as

%) wcexp| - / plwar|. (10)
which has a value no more than 1. Now it is ready to use rejection sampling to simulate X,
from Q. First, we simulate a proposal B, from Z and then we accept the proposal as X; according
to the probability in (10). Note that this rejection sampling can be done using similar methods as
that in [2] and [1].

Note that to simulate a proposal B; from Z, it is necessary to simulate (@g, @) from h given
in (8). This is not difficult, because according to f; = g% and f> = g»/g1 we have

1 2
h(@o, ©r) = fr(@r) exp[A(@r) — A(wo)] f1(@0) me—"“’f—‘"ﬂ“ /@n)
(11)

o~ lor—woll>/QT)

= g2 (w7)g1(®0)
21

We can easily simulate wg from g; and w7 from g, and then accept (wg, @7) as a sample from
llor —woll* 1.
2T

h according to the probability exp[—

2.3. Rejection sampling for f(x) « g1(x)g2(x) without using hat function

The previous subsection demonstrated how to simulate )_(t,t € [0, T'] from @ via the rejection
sampling technique. From the definition of X; in Section 2.1, we then have that X7 is actually a
sample from fi(x) f2(x), the target distribution f (x). Therefore, the following rejection sampling
algorithm (Algorithm 1) can be used to simulate x from f x g1g2 = f1 f2.

Remark 1. Step 9 of Algorithm 1 can be done using the method in [2] and [1].

Remark 2. Algorithm 1 is a rejection sampling algorithm but it does not require finding a hat
function to bound the target density, which is usually the main challenge of the traditional re-
jection sampling for complicated target densities. The above algorithm uses g» as the proposal
density function, which does not have to bound the target f.

Choosing an appropriate value T is important for Algorithm 1 to achieve a larger acceptance
probability. We can see that the proposal w7 will be accepted if U < exp[—||wo — w7 ||>/(2T)]
and if Z =1, where Z is the indicator simulated in Step 9 of Algorithm 1. Define

APy =P{U < exp[—llwo — 7]/ 2T)]}, 1)
AP, =P(Z =1|(wo, w7)).
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Algorithm 1: Rejection sampling for f o< g1g2 = f1 /2

1 Simulate wg from g; and @r from g»;

2 Simulate a standard uniform variable U;

3 if U < exp[—|wo — w7 |?/(2T)] then

4 | (@0, wr) is from h;

5 else

6 | Go to Step 1;

7 end

8 Simulate the Brownian bridge B= {w;,t € (0, T)} conditional on (wg, @T);
9 Simulate 7 = 1 with probability given by (10);
10 if Z =1 then

1 | Output wr;

12 else

13 | return to Step 1;

14 end

If T is large, the probability A P; will be relatively large, but the probability A P, which can also
be written as

T
P(I= ll(wo,wr))=exp<—/(; ¢(wr)dt), 13)

will be small. On the contrary, if T is small, the probability A P> will be relatively large, but
A P; will be small. Therefore, it is important to choose an appropriate value of 7' to make the
acceptance probabilities AP} and AP, to be as large as possible. In practice, it may be more
desirable to have a larger value of A P,, the acceptance probability for the diffusion bridge, since
Steps 8 and 9 (simulation of the diffusion bridge) in Algorithm 1 are not easy to implement [1,2].
We will discuss the choice of T in later sections via simulation studies.

2.4. The advantage of the new algorithm and its relation to CFTP and
direct sampling

2.4.1. The advantage of the new algorithm

Note that in the new algorithm, we do not need g, (or g1) to bound the target density f. In-
stead, Algorithm 1 makes use of the proposals from both g and g and the acceptance/rejection
of a diffusion bridge to draw samples exactly from the target. We can see that the acceptance
probability A P> in (12) depends on the lower bound / for (||e||? 4 div &) /2. Therefore, this algo-
rithm will be attractive when it is possible to find good lower bounds for (le||? + dive) /2, but
difficult to find a good hat function for the target density f. In Section 3, we will demonstrate
how to find good lower bounds for (||et||> + diver) /2. The new method in Section 3 does not re-
quire any specified properties for the target function f or «, such as log-concativity. This makes
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the new method more practical than existing adaptive rejection sampling methods. We will also
demonstrate this when dealing with the posterior of mixture models in Section 5.

2.4.2. The link to CFTP — A heuristic interpretation

In summary, Algorithm 1 first simulates wo from g; and w7 from g, and then accepts (wg, @7)
as a sample from & with probability exp(—|lwo — @7 ||?/(2T)). To accept the proposal w7, the
algorithm simulate Z = 1 via acceptance/rejection of a diffusion bridge.

To explain the link of the new algorithm with CFTP, we temporarily assume that f; is a proper
density. Note that this assumption is not required by the algorithm.

From Lemma 2.1, we know that dQ(®) fr(w7)dQ(®). Therefore, the biased diffusion X
can be generated from Q via the following heuristic steps. Step 1: we generate @y ~ f1 and then
the diffusion process w;, 0 <t < T, which is governed by (2). This means that {@;,0 <t < T}
is generated from Q. Step 2: we generate @ ~ f>, independent of {®;,0 <t < T}. Then if
wT = w/T, we can accept that {w;, 0 <t < T} as a realisation of the biased diffusion X.

We can also imagine that the above Step 2 simulates another diffusion process w},0 <t <T
with invariant distribution f>, but only output the process at time 7. The two processes are
simulated independently and coalesce at time 7', a pre-determined value. This means that two
random variables (but having the same value) w7 and @’ are simulated independently from f;
and from f5, respectively. Their joint distribution must be f(@7) f>(@r) = f(@w7r). Therefore,
w7 is a sample from f.

Recall that the CFTP algorithm simulates Markov chains starting from all possible states and
uses the same random numbers for each chain. The challenge of CFTP is to monitor coalescence
for many different Markov chains. The new method can be viewed heuristically as running two
independent diffusion processes, where the product of the invariant distributions of the two diffu-
sions is the target distribution. When the two processes coalesce at a predetermined time point 7
(independent of the diffusions), the coalesced point is from the target distribution. The challenge
here is to guarantee that the two independent processes coalesce at a predetermined time point.
This challenge is solved via rejection sampling for diffusions, that is, we choose a value of T
first and then use rejection sampling to find the diffusion.

2.4.3. The link to sampling directly from f — A heuristic interpretation

Note that theoretically, we can choose any value of T in Algorithm 1, although T affects the
algorithm efficiency. When we choose T = 0, Algorithm 1 actually ignores the diffusion simu-
lations, but only involves simulation of wg from g; and @7 from g;. The proposal wr will be
accepted if wg = w7, since exp(—|lwg — w7 ||>/(2T)) = 1 with T =0 and ||@g — w7 ]| = 0 if we
define 0/0 = 0. This means that we independently simulate @wg from g; and w7 from g>. When
®) = WT = @, We accept w, as a sample from f. Although it is impossible to have oy = @7,
this approach can be viewed as simulate @, ~ g1 - g2 = f.
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2.5. A toy example

We end this section by providing a toy example to demonstrate the density decomposition and
necessary variable transformation to guarantee Conditions 2.1 and 2.2 are satisfied. The variable
transformation will also be used in Section 5.

Example 2.1. Consider a Dirichlet distribution as the target, having density proportional to
f»® = ptp3(1 — p1 — p2)*, 0 < p1, p» < . Since Algorithm 1 requires that the target f()
should have support in R2, we first consider the transformed variable x = (x1, Xx7) with

p1 = p1(x) :==exp(x1) /[1 + exp(x1) + exp(x2)],

(14)
= pa(x) :=exp(x2) /[1 + exp(x1) + exp(x2)].
We have
Ip1 1 5
v Al Ip(x) - p1(®)° —pi®)p2(x) | _
‘ i ’ B ’ PP o) — pax? | T P1OP(=P100 = pa()
0x1 dxp
since according to (14) we have
Apr(®)/0xx = pr(x) — pr (),
(15)

0pj(x)/dxx = —pj(X) px (%), J#k.

Therefore, the Jacobin associated with the transformation is

J(x) = p1(x)p2(x)(1 — p1(X) — p2(x)).

Then the density function for X can be written as fx(x) = f,(p1(x), p2(x))J (x). Therefore

£ [ exp(x1) ﬂ exp(x2) ﬂ I ]5
X 1+ exp(x1) + exp(x2) 1 4 exp(x1) + exp(x2) 1 4 exp(x1) + exp(x2)
and can be decomposed as f; (x) = g1(Xx)g2(x), with

0 = [ exp(x1) T[ exp(x2) ] [ T
s1i0) = 1 4 exp(x1) + exp(x2) 1 4 exp(x1) + exp(x2) 1+ exp(x1) + exp(x2)

= [ exp(x1) ﬂ exp(x2) ] [ T
£200 = 1 4 exp(x1) + exp(x2) 1 4 exp(x1) + exp(x2) 1+ exp(xl) + exp(x2)

Note that a(x) satisfies Conditions 2.1 and 2.2, since A(x) = log(g(x)) = 2(x; + x2) —
6[log(1 + exp(x1) + exp(x2))] and

o(x) = [2] _ 6[ I+exp(x)+exp(x2) }

2 exp(x)
14+exp(x1)+exp(x2)
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Figure 1. Left figure: marginal empirical distribution for py; right figure: marginal empirical distribution
for py. Light curve: empirical distribution based on ‘rdirichlet’; black curve: empirical distribution based
on the new method. For both p;| and py, the light and black curves overlap.

We further have
divar(x) = —6[1 + exp(x)) + exp(x2)]72[exp(x1)(l + exp(x2)) + exp(x2) (1 + exp(x1))]

and [e(x)||> + diver(x) > —3. Therefore, the proposed algorithm can be applied.

We simulate 5000 realisations using the proposed new method and another 5000 realisations
using the ‘rdirichlet’ command of MCMCpack package of R. The marginal empirical distribu-
tions for p1 and p, are plotted for both methods. We can see that the empirical distributions under
different methods overlap everywhere, that is, the empirical distribution for the two methods are
almost exactly the same for p; (the left figure) and p, (the right figure).

3. The new rejection sampling algorithm with layered Brownian
motion

We can see that in Algorithm 1, there are two rejection steps: line 3 and line 10. The accep-
tance probabilities are given in (12). These two probabilities can be very small, especially when
the dimension, g, of ; is large. In this section, we provide details on how to improve Algo-
rithm 1.

3.1. Improvement on the diffusion bridge simulation — The
one-dimensional case

The method proposed in this subsection relies on the concept of layered Brownian motion in [1].
So we first briefly introduce in Section 3.1.1 the layers defined in [1] and the methods developed
therein.
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3.1.1. The layered Brownian motion in [1]

Define the probability measure W(,%“", under which w; is a Brownian bridge with (wo, wr) as

the starting and ending points. Let {a;};>1 be an increasing sequence of positive numbers and
ap=0. Let x =wy A wr, y = wo V wr. Define the ith layer, D;(x,y;0,T) =U;(x,y; 0, T)U
Li(%,5:0,T), where

Ui(x,y;0,T)
= {(Z): sup wy € [)'1+ai_1,)')+ai]} N {5): inf w; >x —a,-},
0<s<T 0=s<T
(16)
Li(x,y;0,T)
= {5): inf ws €[x —aj,x —ai,l]} N {6): sup s <)7~|—a,-}.
O<s<T 0<s<T
For simplicity of notations, we use D; to represent D; (x, y; 0, T).
In fact, it will be easier for us to understand the event O;, defined as
i
0; =D (17)
k=1

If ® € O;, then the Brownian bridge is bounded by [x — a;, y + a;]. Because {D;,i = 1,...}
forms a partition for the space of @, we can also write D; = O; — O;_;. Therefore, the Brownian
bridge in layer i, {w;,0 <t < T} € D;, means that w; € [x —a;, ¥ +a;],0 <t < T, but w; is not
bounded by [x —a;—1,y +ai_1].

In Algorithm 1, the acceptance indicator Z can be simulated via the following subroutine (Al-
gorithm 2) [1]. Algorithm 2 simulates a layer / according to the probability P({ = i|wg, wr) =
W('f ‘;wT {® € D;}. Then conditional on the layer I, the Brownian bridge is simulated. Thus, the
simulated Brownian bridge will be bounded by the boundaries of the /th layer, that is, bounded
by [x — ay,y + aj]. Based on the boundaries of the Brownian bridge, an upper bound r; for
SUP;[0.7].€D, {[az(w,) + a(w;)]/2 — I} can then be found and a Poisson thinning algorithm
can be used to simulate the event Z.

3.1.2. Improve the diffusion bridge simulation by re-weighting the layer probabilities

The acceptance probability for the diffusion bridge can be very small, if the lower bound [ is
very small. Therefore, Algorithm 2 may be very inefficient due to the low acceptance probability
and the complexity of diffusion bridge simulation. To improve the efficiency, we should increase
the lower bound /. For one-dimensional case, [10] proposed an adaptive approach to increase
the lower bound, which uses different lower bounds of (a2 + &) (wy) /2 for different layers. We
here briefly introduce the idea as follows and then extend the method in [10] to multi-dimensional
processes in Section 3.2. Note that [25] proposed a method using more flexible layers to simulate
one-dimensional jump diffusions.

Given @ € D; (the Brownian bridge is in layer i ), Condition 2.2 implies that we can find /; such
that [; < infse[oj],(;,ep‘.{(oz2 +a')(ws)/2} and I; — 1. Obviously, for all i, such [; satisfies [; > .
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Algorithm 2: Simulation for Z, one-dimensional case

1 Given wg and wr, simulate a Brownian bridge wy, t € [0, T'] via the following Steps 1a and
1b:;
// la: Simulate layer I with probability P(I) =W %" (@€ D)
// 1lb: Given wp and wr, simulate a sample path ®, from WS)OT’M

conditional on ®é€ D;, using the algorithm in [1]
2 Calculate [ = infla®(u) + o’ (u)]/2, for all u € R;
3 Calculate r; such that r; > sup;¢jo 716D, {le®(wp) + o (w)]/2 = 1};
4 Simulate ¥ = {1, ..., ¥, } uniformly distributed on U[0, 7] and marks Y = {vy, ..., v,}
uniformly distributed on U[0, 1], where p is from Poi(r;T);
5 Compute the acceptance indicator Z := ]_[;7: " [r71¢(w¢_j) <v;l;

Define a process {EI, 0 <t < T} which has the probability law Z given by the Radon—Nikodym
derivative, with respect to W,

h(wo, wr)

fi(@o) - (1/3/27 T )e~(@o—wr)?/2T)

dZ(*) i (=TI} {® e D;}
— (W) X eXpr—1 ¢ (0] if-.
dW pr

‘We then have

dQ . dQ _ dQ _ dW _
d—z(ﬁ)) X m(ﬁ))m(w)d—z(w)
1 T
=f2(wT)'eXp[A(wT)—A(wo)— 5/0 (062+0t/)(wz)dt]
(18)
f1(@0)(1//2x T e~ lor =0/ @T) 1
. h(wo, wr) ' Y2 exp{—Tl;} I {® € D;}

00 T
1 -
0% Zexp{— / |:—((¥2 + o) (w5) — lii| ds}l{w e D;},
i=1 o L2
which is also a value no more than 1. Therefore, we can also use rejection sampling to simulate
from Q if we can simulate from Z(®). The acceptance probability ratio in (18) will be larger than

the acceptance probability ratio in (10), since [; > [.
Note that, simulating from Z(®) can actually be done based on the method in [10] if @ is a

one-dimensional process.
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3.2. Improvement on the diffusion bridge simulation, when x € R?

The methodology in Section 3.1 can be extended to g-dimensional processes. Suppose that
® = (w(l), e w(q)) and @) = {wﬁj), s € [0, T]}. Given wg and w7, define ) = w(()j) A w(TD
and y) = a)(()j) Va)(Tj).

We define the events D) (), 50);0,T) = U W), 30,0, T) U £V WD, 50, 0,T),
where Z/{i(j)(~, 30, T) and ng)(-, -;0,T) are defined similarly as that in (16) for each compo-
nent /). For simplicity, the sequence {g;} in (16) is chosen to be same for all components (/)
j=1,...,q. With these definitions, the event w/) € UZ:] D,((j ) means that the Jjth component
of the g-dimensional Brownian bridge is bounded by xV) — g, )—,(j ) +a;].

Further, by defining
. l .
o= oy (19)
k=1

the event @ € ®j:1 (’)fj ) means that all components of the g-dimensional Brownian bridge are
bounded by the ith layer boundaries, [x) — a;, y) +a;], j =1, ..., q, respectively. Here the
sign ® is the direct product.

Define Q; = ;1.:1 (’)i(j) — 3‘:1 (’)l.(i)l. Clearly, {Q;,i =1, ...} form a partition for the space
of the g-dimensional @. We say that Q; is the ith layer.

We can write

q
Wgofwr (e Q)= Wr&oT,wT (a c ®Ol{1)>
j=1

On the other hand, with the definitions above, we can find /; such that

i< inf {(llel® + dive)(w,)/2}

T 5€[0,T],0eQ;
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and /; — [. Let {]~3,, 0 <t < T} be the process having probability law Z, given by

h(@o, ©T) > R
fi(wg)e~lwo—orI>/T) ; expi—Th}lw € G} @b

@z (@)
— x
aw '
We have that the Radon—Nikodym derivative of Q to Z becomes
dQ . & Tre, o ,
ﬁ(w) x Zexp - 5(||oz|| +diva) () — 1 |ds {1{® € Qi) (22)
i=1 0
Similarly as before, if we can simulate from Z((D) then we can simulate from Q(®) via rejection

sampling.

3.2.1. Simulation from Z(a)) given by (21)

We can rewrite (21) as

I (@, @7) > exp{—TI}{@ € Qi}
fi(wo)e~lwo—orl?/QT) 3" exp{—TI; }Wwo T (% e Qi)

Yo exp{—TL} {® e Q;}
> 2 exp{—TI }W“’0 CT D e Q;)

= h* (@0, wr) - dZy5" (@),

d7(®) dW(@)

= h*(wo, wr) - AW (@) (23)

where h*(wg, w7) = h(wo,wr) Y2 exp{—TI; }Wwo o e Qi}, Wwo T is the Brownian
bridge measure and d ZO yo T is given by

dZe%T YR exp(~TI} @ € Qi)

B : 24
dWaOTwT ((x)) Zl : eXp{ Tl }Ww() ,OT {(t) c Ql} ( )

To simulate from %(5)), we can first simulate @, @7 from h*(@o, @7) and then conditional
on (wg, w7), we simulate {w;, 0 < ¢t < T} from ZS’,"T""T (@) given by (24). It is simple to simulate
from A* via rejection sampling since we can simulate from 4 and A* - exp(T'l) < h.

Now the key step to be solved is to simulate from Z")" “T (@) given by (24). By rewriting (24)
as,

dZ‘&OvaT & - i{ exp{—T1I; }Wwo O e Q;) Hwe Qi} } 25)
de’%wT P > e exp{— le}VVw0 CT D e Q) Wwo T @ e Q;)
we know that its simulation can be achieved via the following two steps.
Step 1: we can first simulate the layer / according to the probability
- exp{—T1I;} wowT{wGQ}
P =i)= P ! (26)

S expl—THIWEST (& € Qp)
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this step can be done using the same method in [10].
Step 2: then conditional on the layer I = i we simulate @ from dWS’}’wT (@) 1{® € Q;}, which
will be discussed later in Lemma 3.2. '

Remark. Recalling Q; = (]1‘=1 O;j) - (]I-:l O,@l, the event @ € Q; means that /) e O;j),

j=1,...,q, but @) ¢ Ol(j_ )1 for at least one component j, say w0l ¢ (’)l(j_ i Therefore, for
the above Step 2, a simple way of simulating @ conditional on layer I =i (i.e., conditional on

® € Q;) is to independently simulate each component, conditional on that @ € ®;1.:1 Oi(j ). Then

if all simulated component are such that @ € ®3=1 Ol(i )1’ we have to reject the simulated @

and restart; otherwise we accept it. This simple approach, however, is not efficient as there is a
rejection step involved. Thus, we consider a more efficient approach in Lemma 3.2.

First, we need to provide another expression for Q; in Lemma 3.1.

Lemma 3.1. We denote ng/) = [®j;£j/ (’)l-(j)] ® Dl-(j/)for j e{l,...,q}. Then we have

27)

-0l ]ew{ %]

J=j'+1

where the operator ®7: g+1 gives an empty set.

Proof. Recalling the definition of Q; and the fact that @ € Q; means o) e Oi(j ), ji=1,...,q,
but @) ¢ (9,(]_ )1 for at least one component j, we have

Q= LqJ {[@ (9}”} ® Dl.(j/)}

=10 EiA
q q q (28)
() () h
= JsV :U(s/ - U 5,?)),
j'=1 j'=1 h=j'+1

where the last equality sign is just an exercise of expressing a union of sets to a union of non-
intersecting sets.

Given any two sets ) D )», using the facts Ol.(j )= Dl.('i K U Ol(i, ; and that Dl.('j K N (’)l(i, ;
is empty, we have Di(“ @V — (’)l.(j) R = Di(j '@V — Dl.(j) @M = D,‘('I '@ (1 — D).
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Therefore, we have

y q q _ _
®{D(’) (@ om)—o}“@ U (( X 0§”)®D§”) (29)
j=j+1 h=j"+1 \ \j=j'+1; j#h
—_———
Vi W
j/,] ) . q ) q q . .
[@er|errs| @ - U (( & a)ory)
j=1 j=j+l1 h=j'+1 N\ \j=j'+1; j#h
Vi W
j-r ) q _
j=1 j=i'+1

by noting that )1 D ), and their difference is ®j’=j/ 41 Ol(]_ )1' This together with (28) proves the
lemma. O

Lemma 3.1 implies that we can represent Q; as a union of ¢ mutually exclusive events, S l(’ D
h —j+1 S(h) j ' =1,...,q. Then the simulation of ®, conditional on @ € Q;, can be carried
out via the following steps. First, we can simulate an event from these mutually exclusive events,
which tell us the layers (or boundaries) of each component of @. This step can be done via
a uniform random variable simulation, if we can work out the probabilities of these mutually
exclusive events. Second, conditional on the layers or boundaries for each component of @, the
path for each component of @ can be simulated.

Now it is ready to introduce the following lemma.

Lemma 3.2. Suppose that we already simulated a layer i, that is, @ € Q; and suppose that
random variable U is uniformly distributed in the interval

oo e
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that is, the interval
[l_[ Wes " (@7 € O, [TWo5*" (0 € O )} (30)
j=1 j=1

For a given value j', we define

-1
Al(j) l‘[wwo wr( ) eO(J) l—[wwo wr( () EO(J))
Jj=1 j=J

J’ q
(" _ @0, ( (j) ) ®0,07 (. (j) )
Ay _HWO,T "V e0;”)- 1_[ Wor "oV e0”).
j=1 j=iH
Note that Al(j D and Aﬁj g depend on the layer i. For simplicity of notations, we omit the sub-

script i.
Then we have

P(Ue[a?, AY))

j/_l i i . . ./
= Wo5*" (®{w(j> coV], Q) {0 € 0P )0 e 1@ e Q,-).

Proof. The density function of U is, with s belonging to the interval (30),

9 ] q !
oor= [0 co) - T w0 <o)
] [1

] 1 : (31)

Wos (@ e Qi)

We also have

'—1
A,(«j) A(]) ]l_[ W‘”O wT( ) e O(]) 1_[ WWO ‘UT( ) e O(]) )
j=l1 j=Jj'+1

[WEET (0 € OF) — W (0 € OF1))]

'—1
_]1_[ W“’O"’T( (])e(’)(j) 1_[ W"’O“’T( (])EO(J))
Jj=1 j=j'+1

W (@) e ).
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Therefore, Aﬁj ) Al(j ) corresponds to the probability of the event Sl(j ) _ Z: i S[(h) given
in Lemma 3.1. ) . )

On the other hand, we have AI(] )< AV = Al(/ + Al(l) <...< Al(q) and AV <... < AY
Using (31) and by noticing that [Al(l), Aﬁq)] is the same as the interval in (30), and {Al(l), Al(z) =

Agl), e Al(jﬂ) = Aﬁj), e qu)} forms a partition of the interval in (30), we have

AN
Wo% (@ € Qi)

:Wg)’OT-,wT <(w(1)’ ‘]71) ®0(1)

(U c [A(J) A(J/)])

q
(w(j/“), ...,w(q)) € ® Ol.(i)l,w(j/) € Di(j,)k?) € Q,-).
j=i'+1 O

Note that the Varlable U in Lemma 3.2 follows a uniform distribution in the interval
[H W5 () e (’)l 1) H W% T (@) € (9 ))]. The two boundary points of this
mterval are limits of certain alternatmg sequences [1] Therefore, the random variable U in
Lemma 3.2 can be easily simulated. Given @ € Q;, if U belongs to the interval [Al(j /), Aﬁj ,)],
then we have that from Lemma 3.2

0 e,
0wV e O;j) for j < j/, (32)
0 e (9,@1 for j > j/

which tells us the boundaries or layers for each @"/). Then each component @"/) can be sampled
conditional on (32), using the method in [1]. The methodology in this subsection is summarized
in the algorithms provided in the following subsection.

3.2.2. The improved algorithm

In summary, an improved version of Algorithm 2 is given below (see Algorithm 3 and Algo-
rithm 4).
Then further the improved version of Algorithm 1 is given by Algorithm 5.

Remark. Note that, based on the methods in Section 3.1 and Section 3.2, the new method is
more efficient than existing rejection sampling methods when a good hat function for f is not
readily available. The posterior of finite mixture models is not log-concave. It is nontrivial to
find a good hat function for it by partitioning the support of the posterior into several subsets
and finding a bound for each subsets. However, it is always possible to partition the space of a
Brownian bridge into many different layers and then we can find lower bounds for each layer.
This makes the new method practical for complicated target distributions.
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Algorithm 3: Simulation for Z, high dimensional case

1 Given ﬁo =xand I~$T =y, simulate a process ﬁt, t € [0, T'] via the following Steps 1a and
1b:;
// la: Simulate layer I with probability ?(1) given in (26)
[10]
// 1b: Simulate a value j €{l,...,q} via Algorithm 4

// lc: Given fio and ]~ST , simulate a sample path ﬁ,, 0<r<T,
from WS)T conditional on w) e D,ij/), 0 e Oim for j<j and
0/ e Oi(i)l for j>j', using the algorithm in [1]
2 Calculate /; such that [; < infxe[O,T],(;,egI{(||ot||2 +diva)(ws)/2};
3 Calculate r; such that r; > sup,cio.71.5eD, ([Nl (w;) + dive (w:)1/2 — 11};
4 Simulate ¥ = {1, ..., ¥, } uniformly distributed on U[0, T'] and marks Y = {vy, ..., v,}
uniformly distributed on U[0, 1], where p is from Poi(r;T);
5 Compute the acceptance indicator Z := H§:1 I[r;1 [(||oc||2 + divoc)(a)l/,j)/z =1l <vjl;

Algorithm 4: Simulation of layers (or boundaries for each component), conditional on layer
i, based on Lemma 3.2

1 Simulate a uniform random variable U from the interval given in (30);

2 Find the value j/, j' € {1,2,...,¢q} such that U € [Az(j/)» A
3 Output j'.

3.3. Simulating the event with probability A P;

Algorithm 1 simulates @7 from g» as a proposal. We can see that the proposal is more likely to
be accepted if the distance ||[@g — @1 [I> becomes smaller. Therefore, to increase the acceptance
probability, we need to find a good decomposition, f = gj - g2, to make A P; as large as possible,
where

APy =P{U < exp[—|wo — er|*/2T)]} )
= P{llwo — wr|* < —2T log(U)},

where U ~ U[0, 1], wg ~ g1, T ~ g2.

Note that it is nontrivial to find the best decomposition f = g1 - g2 to achieve the maximum
value of A Py, since there are infinite decompositions. However, we can find the best one under
a subset of all possible decompositions of f, which will provide us a direction of finding a good
decomposition.

First, we introduce the following notations: E,, = [ xg1(x)dx and Eg, = [ Xg>(x) dx. Then
we have the following lemma.
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Algorithm 5: Rejection sampling for f o g182 = f1 /2

Simulate g from g; and @7 from g, and a standard uniform variable U
if U < exp[—| @y — @7 %>/(2T)] then

| (w0, @r) is from &;
else

| return to Step 1;
end
Simulate a standard uniform variable U’ ;
if U/ <72 exp{—T (i — DYW%"" (@ € Q;) then
Simulate the reweighted layered Brownian bridge B = {w,, 1 € (0, T)} conditional on
(w0, 07);
10 Simulate Z = 1 with probability given by (22) ;
// The above two steps are based on Algorithm 3
11 if Z =1 then
12 | Output wr;
13 else
14 | return to Step 1;
15 end
16 else
17 | return to Step 1.
18 end

o X N AN R W N =

Lemma 3.3. Define A = {(g1,82) : suchthat f = g1 - goand Eq, = E,,}. Then for all
(g1, 82) € A and for independent variables wog ~ g1(-) and w7 ~ g>(-), the expectation
E|@g — a)rll2 reaches the minimum when g1(-) = g2(:) =/ f(-).

Proof. We have
E||(00—wT||2=f||X||281(X)dx+/||X||282(X)dX—2<EgnEgz)

= / X — Eg, g1 (x) dx + / X — Eg, [2g2(X) dX + || Eg, — Eg,I?

x)
=/||x—Egl ||2[g1<x>+%}dx

which reaches the minimum when g (x) = f(x)/g1(x), thatis, g; = g» = /f. 0

The above result implies that we should choose a decomposition to make g; and g; as close
to each other as possible. Indeed, we find that this is true in our simulation studies for mixture
models.
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4. Rejection sampling for the general case f = [];_; g

In general, the target density f may be decomposed as a product of ¢ terms, f = [[;_, g, where
we can easily draw a sample from g;. To draw a sample from f, we can use the following
recursive algorithm. First, we decompose f as f = fi fa, where f| = g%, = gl_1 ]_[;:2 gj-
To use Algorithm 1, we need to simulate from ]_[‘j:2 gj» which can be further decomposed as
g2 ]—[‘j=3 g ;- Keep simplifying the target until it becomes g, - g,. When running such a recursive
algorithm, we actually do it in the reverse procedure, that is, simulate samples from H[j:l gj-!
from ¢ — 1 to 1. This is given by Algorithm 6.

Note that in the for loop of Algorithm 6, the code tries to draw a sample from ]_[‘jzl gj-Ifa
sample is successfully drawn from l_[tj:l gj then [ decreases by 1; otherwise the algorithm goes
back to the beginning since the proposal from ]_[‘j:, gj is rejected.

We can also see that Algorithm 6 simulates {x; }j;i and y independently. The proposal y will
be accepted if U; < exp(—|x; — ylI?/@2T)) and Z; =1 for [ = 1,...,¢ — 1. Since simulating
the event Z; = 1 using [1,2] or the more efficient Algorithm 3 is usually complicated and time
consuming, we can revise Algorithm 6 as follows to increase the efficiency: First, simulate x;,
I=1,...,t— 1 andy; second, check if U; < exp(—|x; — y||2/(2T)) forl=1,...,t—1; third,
simulate [; =1, for/ =1, ..., — 1. The revised algorithm is given below (see Algorithm 7).

Note that Algorithm 6 and Algorithm 7 can be improved via the methods in Section 3.

Algorithm 6: Rejection sampling for f =[];_, &

1 Simulate y from g;;
2 forl < (t—1to1do
Simulate x; from g;;
Simulate standard uniform variable Uy;
if Uy > exp(—|x; — y[*/(2T)) then
‘ Goto Step 1;
end
Simulate the Brownian bridge B= {ws, t €(0,T)} given (0o =X, o7 =Y);
Simulate 7; = 1 with probability given by (10), with e(x) = VA(x) and
A(x) = log g/(x);
10 if Z; = 1 then

o e N s W

11 ‘ y can be viewed as a sample from ]_[‘jzl gjs
12 else

13 | Goto Step 1;

14 end

15 end

16 Outputy.
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Algorithm 7: Revised rejection sampling for f = ]—[;Zl I8

1 Simulate y from g(,);

2 forl < 1—1to1do

3 Simulate x; from g(;

4 Simulate standard uniform variable Uy;

5 | ifU; > exp(—|x; —y||?/(2T)) then

6 | Goto Step 1

7 end

8 end

9 for/ < (1—1to1do

10 Simulate the Brownian bridge B= {ws,t € (0, T)} given (wg = X;, 7 =Y);
1 Simulate Z; = 1 with probability given by (10), with a(x) = VA(x) and
A(x) =log g()(x);

12 if Z; = 0 then

13 | Goto Step 1;

14 end

15 end

16 Outputy;

5. Application — Exact Monte Carlo simulation for finite
mixture models

5.1. The finite mixture models and existing methods

Consider the following mixture of normal densities, where the data {z;,i = 1,...,n} are from
the finite mixture of normal densities

K
1z @)=Y prhi(@ii O v)., hi(ii O, v) = [vle /PG00 (34)
k=1

with ® = (p,v,0), where v and 6; range in R and p; is the component proportion with
0<pr<1and Zk pr = 1. Such mixture models provide a statistical description of data ob-
tained when sampling successively from randomly selected sub-populations. These models arise
naturally in the areas of statistical classification and clustering. More detailed introduction about
mixture models can be found in [22].

The Dirichlet distribution for p and the normal-gamma distribution for (6, |v|) are widely used
as the prior for ©. They are given by

K
7_[0(9) x |v|2aflefbv2|v|l( 1_[[e*((fkvz/z)(gk*ﬂ«k)zpfk_l]’ (35)
k=1
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where (o, Uk, Ok, @, b) is known. We focus on (35) in this paper for simplicity as it is conjugate
to the mixture components, though other choices of prior based on reparameterisations of mixture
models are available in [23]. Based on (35), the posterior distribution can be written as

n K
f@ ] [Z Prhu(zi; 9)}10(@). (36)

i=1Lk=1

A Gibbs sampler for (36) is readily available in [12] and a more general sampler is available
in [27] with K being unknown. However, it is very difficult to diagnose the convergence of the
MCMC algorithms for the above posterior of mixture models. Some illustrations of this are given
by [14]. Celeux et al. [6] even argue that “almost the entirety of MCMC samplers implemented
for mixture models has failed to converge.” Therefore, it is important to find an efficient method
to draw exact realisations from (36).

Note that for certain simpler versions of (34), exact simulation from its posterior is readily
available. For example for the simple mixture models with known @, methods in [19] and [13]
and the method of adaptive rejection sampling for log-concave densities base on the algorithm
in [21] can draw exact realisations from its posterior. The application of all these methods is
limited to small sample sizes and small number of components. Dai [7] proposed a rejection
sampling method, called Geometric-Arithmetic Mean (GAM) method, to draw from the posterior
of the simple mixture model. This method can deal with large sample sizes and large number of
components and is much more efficient than all the other existing methods. Although practical
methods are available for simple mixture models, it is extremely difficult to apply them to the
mixture models with unknown component parameters ®. Casella et al. [5] investigate the use of
a CFTP algorithm, called the perfect slice sampler, to simulate from (36), but this method only
works theoretically.

5.2. Reparameterisation and density function decomposition

To the proposed method in this paper, we first consider the following parameter transformation
0O = O(x), where x = (u, 1, §),

ek r
Pk = pr(X) = ————m, =1,....,.K—1,
i e+
vi=v(X) =1, 37)

O 1= 6, (x) = 8", k=1,...,K.
We consider such a transformation to make the support of the posterior f(x) to be R?, where
q =2K.

Then using the change-of-variable formula and with the definition

K
_ oy 2
Mi(zis x) = e M@0 R(zx) = pe®) ik (zii X) (38)
k=1
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the posterior distribution becomes

n K
fx) o[yl H[Z Pr(®) g (i X):|7T0(®(X)) - J (%)

i=1Lk=1

n K
= [nl" H[Z m(x)e“”“lf“k)z} (39)

i=1Lk=1

K
« {|n|2alebn2 [1—[ e(“k/z)(skﬂltk)zpk(x)é)k] }

k=1

where the Jacobin J (x) = [I—[,f=1 pr(X)]- |n|_K (see Section 2.5 for the Jacobin term related to
the transformation from p to x).
5.2.1. A decomposition of f, which only works theoretically

To use the proposed method, one may consider the following decomposition into a product of
two terms,

n K
f(x) « {n[z pk(x)e(1/2)(zm$k)2:|}

i=1Lk=1

K
% { b2 [H o~ O/ =) pk(X)Qk/2:| }
k=1

(40)

n K
. |n|n+2a—1 { l_[ |:Z pk(x)e—(l/Z)(Zﬂ]—Bk)z] }

i=n'+1Lk=1

K
% {e—bnzﬂ [1—[ e—(Uk/4)(5k—ﬂﬂk)zpk(X)Qk/2:| }

k=1

The first term can be viewed as g; and the second term can be viewed as g». We here put
all the non-differentiable terms, related to |n|, into g to guarantee that the log-transformation
of the first term is differentiable. Although we can simulate x from g; and y from g;, such a
decomposition will not work. The reason is that g is not close to g and the simulated x and y
are almost always far away from each other. This makes the probability A P; very small. For this
reason, we consider the following decomposition.

5.2.2. A practical decomposition for a hat function of f

We need to guarantee that the log-transformation of g; is differentiable (Condition 2.1) and that
g1 and g7 are similar (for large A Pj). In order to make g1 and g, similar, we need to put the
term |n|(”+2“’1)/ 2 into g1 and into g as well, but this will make log g1 not differentiable. This
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makes it non-trivial to find a good decomposition for f. Therefore, to draw samples from (39),
we consider the following hat function

f(X) I~ (772 +C)(11+2a—1)/2

n K K
. H[Z pk(x)e—(1/2)(zm—8k)2:| {e—lnﬁ [1—[ e—(o'l«/z)(ak—n/ik)zpk(x)@k:| }

i=1Lk=1 k=1

for some value ¢ > 0. We can always choose a very small value of ¢ to make f similar to f.
Clearly f always bounds f and its log-transformation is differentiable.

Let 0 =ng <n; <--- <n, =n be a sequence of positive integers. Let m; = n; — n;_ for
I =1,...,t. Then the posterior density can be decomposed as a product of ¢ terms, f (x)
[Ti—; &(x), with

n
2 2n)(2a—1
g1(X) = (n2+c)mz/ +(my/2n)(2a )|: l_[ ﬁ(zi;x):|

i=n;_1+1
(41)

K
N o= /mbi? 1—[ = (aum/@m)S—nu)? , (gymier/n } I=1,....1.
k=1

5.3. Simulation from g;, a density based on the observations in the /th
group

Let &; be the latent allocation variables for the mixture model. Define the following statistics: the
number of observations in group / from component k,

nj

A=y I&=Kkl;

i=n;_1+1

the first sample moment for the observations in group j from component k, Zl,k =

. — ny 717, 2 _ N 2
nyk Zi:nl_]-H 1[5 = k]Z{’ and Z; = Zi:nl_l-',-l Zj-
Then we can further write

gi(x) = (n” +c)

Z {ﬁpk(x)ﬁhk-kmjgk/n

fl],Z[,le k=1
1 o oxm ik Zi g+ (oxm n 717
X exp __Z i+ T |, — TekLL (oxmi i)/ .
2 n nyk + (oxmp)/n

1/ _, oxm; (ﬁ1k21k+(0kMZMk)/n)2)) 2]
xexp|—=| Z; + — — .
p[ 2( ! Z( n .k + (oxmy)/n "

my [24(m; /2n)(2a— 1)e—(m1/n)b772

(42)




A new rejection sampling method 2459

Note that we can simulate from (42) directly when K and m ; are small, that is, when the number
of statistics (1, Zl, le) is not large. For example, when the mixture model has K = 2 compo-
nents and m; = 25, the number of different (n;, Zl, le) is about 225 = 33 554 432 terms, which
can be dealt with by a standard desktop.

To simulate x from (42), the only challenge is to do the integration for n over g;(x). This can
be done via a recursive approach. The method of simulation from g; is given in Section 1 of the
supplementary file [11].

5.4. Simulate diffusions with invariant distribution g;(x)

To use Algorithm 7, we also need to simulate the multivariate diffusion, having g; as the invariant
distribution,

dX{" =a® (X" dr + aB?, 43)

where oc(l)(x) = VA(Z)(X) and AD (x) =log g1 (x).
Note that from the definition of x = (u, 77, §), we have that the vector function a® (x) =

(o) (%), ... iy (%), o) (%), e (). ..., @f (%)) is given by
0 dloggx)  dgi(x)/duy 0 loggi®  3g1(x)/dn
o, (X) = = ) o, (X) = =
dug 81(x) an 81(x) (44)
D () = dloggi(x) _ 9gi(x)/dk
g 35k g
According to
diva® Doy} (X) 3“7(71)(") £ o, () 45
iva (X)_,; Bug o +Z 28, (45)
we further have
||oc(l) (x) ||2 +diva® (x)
(46)

Z /0 Pa/on’ | < a/05]
= a® 8g1(x) = a®
whose expression can be found in the supplementary file [11]. We also show that (46) is bounded
below in Section 3 of the supplementary file [11].

Note that we also need to find the upper bound (required by Algorithm 2) and lower bounds
(required by (21)) for |la(w;) I + divee(wy) under each layer Q;. This is also straightforward
and the details are provided in Section 2 of the supplementary file [11].
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5.5. Simulation results for mixture models

We consider a mixture model with 2 components, h(z;; @) = ZLI DN (6, v~2), with the

means 07 = 1.0, 6, = 0.0, p; = 0.6 and the variance v~=2 = 0.22. We consider a small sample
size n = 20 since when n = 20 we can easily sample directly from the posterior distribution. The
results of using direct simulation can be compared with the results of the new method and we
can then justify the correctness of the proposed algorithm. We use the prior distribution in (35)
with a = 1.5, b= 1.0, 0] =0 = 1, H1 = 1.0, U2 = 0.0 and pPrL=p = 2.0.

To use the new method, we partition the 20 samples into two groups. By doing this, the hat
function f of the posterior can be decomposed into a product of g;g> where gi is a density
based on the kth group of data (e.g., see (41)). We partition the samples into two groups in the
following way: first we order the samples to z(1), 2(2), . - -, 2(19), Z(20) and then the first group is
{z@k-1), k=1, ...,10} and the second group is {z(2x),k =1, ..., 10}. By doing this, the two
functions g and g, will be similar and this can increase the acceptance probability A P;. See
Lemma 3.3 and the arguments in Section 3.3. This is also demonstrated by the simulation results
in Table 1 and Table 2, where we found that the algorithm would not work if we simply randomly
allocate the samples into two groups but it works well if we do the sample allocation as above.

For the hat function in (41), we choose ¢ = 0.05. and a layer value a¢; = 0.1 and T = 0.03.

For both methods, the proposed new method and the direct simulation method, we simulate
5000 realisations. Then we plot the marginal empirical distribution functions for each parameter,
based on the two simulation methods. The results are shown in Figure 2. We can see that the new
method and the direct simulation method output almost identical empirical distributions.

For model and priors mentioned above in the beginning of Section 5.5, we choose sample
size n = 40 and compare the running times taken by the algorithm under different grouping of
samplings and under different choices of T, ¢ and a;, which are all parameters governing the
efficiency of the algorithms.

Running time comparisons under for different sample partitions

To use the new method, we partition the 40 samples into two groups in the following way: first we
order the samples and then the first group is the ordered statistics with odd ranks and the second
group is the ordered statistics with even ranks. Clearly such a partition will make the two samples
very similar and thus make g; and g, similar. We therefore suggest such a partition of samples
based on ordered statistics as a general approach. Without doing this (e.g., just randomly allocate
samples into two groups) we found that the new algorithm will not work due to low acceptance
probability A P;.

Running time comparisons under different values of ¢

Note that when dealing with mixture model, we actually use the proposed algorithm to sample
from f first and then use acceptance/rejection sampling method to decide whether the proposal
is a sample from f. Therefore, there is an extra acceptance/rejection step involved here. Suppose
that the acceptance probability, for x ~ f in (41) to be accepted as x ~ f in (39), is denoted
as A P3. The value c used in (41) governs the acceptance probability A P; and the smaller value
of ¢ the larger A P3. However, it does not mean an algorithm with smaller values of ¢ will be more
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Figure 2. Comparison with direct sampling; two methods output almost the same results.

efficient. From the lower bound (7) in the supplementary file [11], we can see that the smaller
values of ¢, the smaller lower bound for (||ec||?> +a’)(-) that is, the smaller acceptance probability
A P;. This is shown by the simulation results summarised in Table 1 and Table 2. By comparing
the results in both tables, we can see that it is more efficient to choose ¢ = 0.05 than to choose
¢ = 0.03, for all different choices of a; and T .

Note that APy will be larger if g; and g, have smaller variation. The value ¢ = 0.03 gives
smaller variances for g; and g; therefore we expect that A P; should be larger with ¢ = 0.03.
This is confirmed by the simulation results: The acceptance probability A P; slightly increases
by changing ¢ = 0.05 to ¢ = 0.03.

Table 1. Running times in seconds for simulation of one realisation from the posterior and acceptance
probabilities: (i) AP and (i1) AP,; ¢ = 0.05 which gives AP3 ~ 0.8

¢=0.05 T =0.01 T =0.02 T =0.03
(i) APy 7.8e—5 3.0e—4 0.0006
a; =0.15, time 244 s 246 s 284 s

a; =0.15, (ii) 0.821 0.421 0.331

a; =0.60, time 337 s 310s 474 s

a; = 0.60, (ii) 0.738 0.409 0.268
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Table 2. Running times in seconds for simulation of one realisation from the posterior and acceptance
probabilities:: (i) AP and (ii) AP>; ¢ = 0.03 which gives AP3 ~ 0.9

c=0.03 T =0.01 T =0.02 T =0.03
(i) APy 8.3e—5 3.5¢e—4 0.0007
a; =0.15, time 284 s 275's 503 s

a; =0.15, (ii) 0.656 0.357 0.211

a; =0.60, time 355s 375s 589s

a; = 0.60, (ii) 0.564 0.334 0.171

Running time comparisons under different values of T

As we discussed in early sections, the value of T is very important for the efficiency of the
algorithm. In practice, we can always roughly estimate a value of 7. To do this, we need to
roughly estimate the order of (||lec||?> + ') (@;)/2 — [;, which actually depends on the sample
size n, the layer parameter a; and the value c. In some pilot simulation studies, we found that the
value of this function is roughly between 60 and 65 with a; = 0.15 and ¢ = 0.03. This means that
if we choose value T around (0.01 ~ 0.03), the acceptance probability A P, is roughly around
[exp(—65 - 0.03) = 0.14, exp(—65 - 0.01) = 0.52] (or an even larger value), which is not a very
tiny acceptance probability. This is confirmed by the acceptance probability estimates (based on
the Monte Carlo simulations) in Tables 1 and 2.

If we choose T = 1, the algorithm never returns a value in a realistic time period, since A P, is
too small. On the other hand, the efficiency of the algorithm also depends on A Py, which will be
very tiny if T is very small. For example, if we choose T = 0.001, the algorithm is not efficient
either, since A P is too small. We choose T ranges from 0.01 to 0.03 in our simulation studies,
as it makes A P; and A P, both in an acceptable range. In our simulation studies, we found that
with 7' = 0.02 the algorithm is the most efficient.

Running time comparisons under for different values of a;

The value of a; is used to defined the layers for the layered Brownian motion. Theoretically,
the smaller value of a; will give a larger acceptance probability A P,. We compare the simulation
results under two scenarios ¢; = 0.15 and a; = 0.60. The simulation results in Tables 1 and 2 con-
firm that smaller values of a; give larger acceptance probability A P,. However, as [10] pointed
out, to sample a reweighted layered Brownian motion the algorithm will do a search from layer 1
to the layer to be sampled. Suppose that when choose @; = 0.6, the algorithm is likely to sample
a layer value, say I = 4. Then if we choose a; = 0.15, the algorithm will be likely to sample a
layer value ranges from I = 13 to I = 16. Clearly the algorithm takes more time to search until
finding the target layer. Therefore, choosing very tiny values for a; will not be a good choice.

6. Discussion

This paper proposes a new rejection sampling method, which does not require a hat function
to bound the target function f but to decompose f into a product of density functions which
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are easy to simulate from. The new method is more efficient than existing rejection sampling
methods when a good hat function for f is not readily available. We demonstrate this using the
mixture models, for which no other practical methods are available. The new method proposed
in this paper transfers the difficulty of finding the hat function to finding the lower bounds of
|| ||2(ws) + diva(@,). We can always partition the space of Brownian bridges into many layers
and find the lower bound for each layer, which makes the new method practical for complicated
target distributions.

In practice, many complicated distribution densities may not have support in R? which is
required by the new method, but we can usually find a transformation and use change-of-variable
formula to obtain the new target density with support in R?. We achieve this even for the very
complicated posterior of the mixture of normal densities. Therefore, such a constraint will not
limit the application of the method.

The new method brings new insights for rejection sampling and coupling from the past and
it leads to the following possible future works. When simulating the starting and ending points
(wo, wr) from h(-,-), we have to simulate @y ~ g1 and @wr ~ g» and accept (wg, @) with
probability exp(—||@o — @7 [|1>/(2T)).

When sampling from the posterior of finite mixture model, we actually applied the new
method to the hat function (41), since the log-transformation of the target function is not dif-
ferentiable. By using the hat function (41) Condition 2.1 is satisfied, but we need an extra ac-
ceptance/rejection step to draw a sample from the target function (39). Therefore, to improve
the efficiency of the algorithm for the posterior of mixture models, it is important to develop a
new algorithm for exact simulation of diffusions with piecewise differentiable drift coefficient o.
If such an method is available, we could possibly apply the new method directly on the target
distribution (39). We also leave this as a future work.
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