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Abstract

In thelasttwo yearstheschematheoryfor GeneticProgramming(GP)hasbeenapplied
to the problemof understandingthe lengthbiasesof a variety of crossover andmutation
operatorson variablelengthlinearstructures.In theseinitial papers,operatorswerestudied
in isolation. In practice,however, they aretypically usedin variouscombinations,andin
thispaperwepresentthefirst schematheoryanalysisof thecomplex interactionsof multiple
operators.In particularweapplytheschematheoryto theuseof standardsubtreecrossover,
full mutation,andgrow mutation(in varyingproportions)to variablelengthlinearstructures
in theone-then-zerosproblem.We thenshow how theresultscanbeusedto guidechoices
aboutthe relative proportionof theseoperatorsin orderto achieve certainstructuralgoals
duringa run.

1 Intr oduction

Most (if not all) GP operatorshave a variety of biaseswith respectto both the syntaxandthe
semanticsof the treesthey produce. Thesebiasescan work againstor in favor of the biases
impliedby thefitnessfunction,whichmakesunderstandingthesebiasescrucialto understanding
thebehavior of andrelationshipsamongthevariousoperators.

Theseinteractionscan be quite complex, however, and understandingthem can be quite
difficult. While thereis a considerableliteratureexamining the interactionsof mutationand
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crossover in areaslike GeneticAlgorithms (GAs), thereis muchlessreportedwork on the in-
teractionsof operatorsin GeneticProgramming(GP).Notableexceptionsincludethe work of
O’Reilly [O’Reilly, 1995], Banzhafand Nordin [Banzhafet al., 1996], and Luke and Spector
[LukeandSpector, 1997, LukeandSpector, 1998, Luke,2000]. Thesestudiesareprimarily ex-
perimentalin nature,andall suggestthat theproblemof understandingoperatorinteractionsis
complex. It wouldthusbepotentiallyusefulto haveatheoreticalapproachto theseproblemsthat
might allow usto betterunderstandoperatorinteractions,andchoosecombinationsof operators
in a moreprincipledmanner.

In the last few years the schematheory for Genetic Programming(GP) has made
huge progress,becomingnot only an exact theory (under the infinite population assump-
tion) but also applicable to a variety of operatorsused in practice, including: one-point
crossover [Poli, 2000b, Poli, 2001b, Poli, 2000a, Poli, 2001a], standardand other subtree-
swapping crossovers [Poli, 2001b, Poli andMcPhee,2001b, McPheeandPoli, 2001], differ-
ent types of subtree mutation and headlesschicken crossover [Poli andMcPhee,2001a,
McPheeet al., 2001], andtheclassof homologouscrossovers[Poli andMcPhee,2001c].

In [Poli andMcPhee,2001b, McPheeandPoli, 2001]we showedhow theserecentdevelop-
mentsin GP schematheorycan be usedto betterunderstandthe biasesinducedby the stan-
dard subtreecrossover when geneticprogrammingis applied to variable length linear struc-
tures. In particularwe showed that subtreecrossover hasa very strongbiastowardsoversam-
pling shorterstringsand, in somesenses,works againstbloat. In [Poli andMcPhee,2001a,
McPheeet al., 2001] we derived exact schemaequationsfor subtreemutationon linear struc-
tures,usingboththefull andgrow methodsto generatethenew, randomsubtrees.Iteratingthose
equationson both a flat fitnesslandscapeanda needle-in-a-haystackstyle problem,calledthe
one-then-zerosproblem,weshowedthatbothof thesesubtreemutationoperatorshavestrongbi-
aseswith regardto thepopulation’s lengthdistribution. Similar to thebiasof subtreecrossover,
we found that thesemutationoperatorsare stronglybiasedin favor of shorterstringsin both
thesefitnessdomains.

In this paperwe combinethe schematheoryfor differentoperatorsandapply themto the
problemof betterunderstandingthebehavior producedby their interaction.Studyingthesecom-
plex interactionsis particularlyeasyusing the schemaformalizationbecausewe simply have
to usethe weightedsumof the schemaequationsgeneratedfor eachoperatorin isolation. We
alsoshow how thetheorycanbeusedto designcompetentGPsystemsby guidingthechoiceof
combinationsof operatorstogetherwith theirparametersetting.

The work reportedhereis all on GP with linear structures(not unlike thoseusedin, e.g.,
[O’Neill andRyan,2001,Burkeet al., 1998]), althoughtheschematheoryon which it is based
is muchmoregeneral.Wehavechosenin theseapplicationsto focusonlinearstructuresbecause
the theoreticalanalysisis moremanageableandthecomputationsaremoretractable.This has
yieldeda numberof importantresultsfor thelinearcase,andpreliminaryresultsfurthersuggest
thatmany of thekey ideasherearealsoapplicable(at leastin broadterms)to thenon-lineartree
structurestypically usedin GP.

In Sec.2 we will introducethe schematheoremfor GP using linear structures,standard
crossover andmutation,andwe will show how easilythe theoryfor differentoperatorscanbe
integrated.We thenapplythetheoryin Sec.3 to theone-then-zerosproblemandusethetheory
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to bothpredictandbetterunderstandthechangesin thedistributionof fit individualsandof sizes
(Sec.4). Wefinishwith someconclusionsandideasfor futureresearch(Sec.5).

2 Schematheory for GP on linear structur es

2.1 Operators

In this paperwe will considerthreecommonGPrecombinationoperators:thestandardsubtree-
swappingGP crossover operatorandthe full andgrow mutationoperators.Eachoperatoracts
by removing a non-emptysuffix of an individual andreplacingit with a new suffix, with the
productionof thatsuffix beingtheprimarydifferencebetweentheoperators.

More formally, in a linear-structureGP where
�

is the setof non-terminalnodesand � is
thesetof terminalnodes,individualscanbeseenassequencesof symbols�������	�����
���
��� where����� �

for ��������� and ���
������� . Eachof theoperators,then,startsby removing anon-empty
suffix ����� � !	�"���������
��� (where# is chosenuniformly suchthat $&%'#(�)� ) andreplacingit with a
new non-emptystring.1

In the caseof crossover, the new string is taken to be a suffix *+��,-*+��,.!	�	�����
*/�0,-��� of another
parent *1��*2�3�4���
*/�5,6��� , where #87 (which could differ from # ) is chosenuniformly suchthat $9%#87"���:7 .

Both full andgrow mutationgeneratethe new suffix randomly, andthey differ in how the
new randomsubsequencesaregenerated,andin particularhow theirsizesaredetermined.In full
mutation,thesubsequencehasa specifiedlength ; ; thusnon-terminalsareselecteduniformly
from

�
until length ;<�=� is reached,atwhichpointa terminalis selecteduniformly from � . In

grow mutation,on theotherhand,onechoosesfrom thesetof all functionsandterminalsevery
time,only terminatingthecreationof thesubsequencewhena terminalis chosen;thusfor grow
mutationthereis noa priori limit on thesizeof theresultingsequences.

2.2 Schematheory definitions

In this sectionwe will presenta seriesof crucialdefinitionsthatallow usto representschemata,
andcountandbuild instancesof schemata.

Justaswe defineda linear GP structureto be a sequenceof symbols,we will alsodefine
a linear GP schemaasthe samekind of sequence�������	�����>�?�@��� exceptthat a new “don’t care”
symbol‘ A ’ is addedto both

�
and � .2 Thusschematarepresentsetsof linearstructures,where

thepositionslabelled‘ A ’ canbefilled in by any elementof
�

(or � if it is theterminalposition).
A few examplesof schemaare:3

1Therequirementthatsuffixesbenon-emptywhile prefixesareallowedto beemptycomesfrom standardprac-
tice in GP. It does,however, createa numberof mild but annoying asymmetrieswhich oftenclutterup theanalysis
(see,e.g.,[RoweandMcPhee,2001]).

2This new ‘ B ’ symbolplaysa role similar to that of the ‘#’ “don’t care” symbol in GA schematheory. For
historicalreasons,however, ‘#’ hasbeenassignedanothermeaningin themoregeneralversionof theGPschema
theory[Poli, 2001b].

3We will usethesuperscriptnotationfrom theoryof computation,whereCED indicatesasequenceof FGC ’s.
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HJI ALK � : Thesetof all sequencesof length � .H � I AMK�N : Thesetof all sequencesof length OQP�� startingwith a1.H � I $1K�N : Thesingletonsetcontainingthesymbol1 followedby O 0’s.

Now thatwecanrepresentschemata,wepresentaseriesof definitionsthatallow usto count
instancesof schemata.

Definition 1 Proportion in population. R ITS:U>V K is theproportionof stringsin thepopulationat
time V matchingschemaS . For finite populationsof size W , R ITSXU V KYA[Z I\SXU>V K ]�W , whereZ ITS:U>V K is thenumberof instancesof S at time V .
Definition 2 Selectionprobability. ^ I\SXU>V K is theprobabilityof selectinganinstanceof schemaS from thepopulationat time V . This is typically a functionof R ITS:U>V K , thefitnessdistribution
in thepopulation,andthedetailsof theselectionoperators.With fitnessproportionateselection,
for example,̂ ITS:U>V KLA_R ITS:U>V Ka`cb I\SXU>V K ] b IdV K , where b ITS:U>V K is the averagefitnessof all the
instancesof S in thepopulationat time V and b IeV K is theaveragefitnessin thepopulationat timeV .
Definition 3 Transmissionprobability. f I\SXU>V K is the probability that the schemaS will be
constructedin theprocessof creatingthepopulationfor time V P�� outof thepopulationat timeV . This will typically bea functionof ^ I\ghU>V K , thevariousschematag thatcouldplay a role in
constructingS , andthedetailsof thevariousrecombinationandmutationoperatorsbeingused.

To clarify which operatorwe areworking with, we introducespecializedformsof thetrans-
missionprobabilityfunction f , namelyH f xo is thetransmissionprobabilityduespecificallyto crossover,H f FULL is the transmissionprobability due specifically to subtreemutationusing the full

method,andH f GROW is the transmissionprobability duespecificallyto subtreemutationusingthe grow
method.

We cannow modelthestandardevolutionaryalgorithmasthetransformationR ITS:U>V K�ikjelmjendokpmqsr�3t ^ ITS:U>V K u3v okwxo-pmqsrney-qsikikq\z{jey�	t f ITSXU V K i|w u~} lmpmr
��	t R I\SXU>V P��+K��
Herethearrows indicatethatsomenew distribution (on theRHSof thearrow) is generatedby
applyingthespecifiedoperation(s)to thepreviousdistribution(ontheLHS).So,for example,the
processof selectioncanbe seenasa transformationfrom the distribution of schemataR ITSXU V K
to the selectionprobability ^ I\SXU>V K . A crucial observation is that, for an infinite population,R I\SXU>V P��+K�A�f ITS:U>V K for V�� $ , which meanswe caniteratethesetransformationsto exactly
modelthebehavior of aninfinite populationover time.
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To formalizethecreationof instancesof a linearschemawedefine��ITS:U � U�� K�A �������	�����>���k��� I AMK�� �/�� ITS:U � U
� K�A I AMK{� ����!2� ���|���6!	�	���4�
���
���
Here ��I\SXU � U�� K is theschemaof length � matchingtheleftmost � symbolsof S , and

� ITS:U � U
� K is
theschemaof length � matchingtherightmost����� symbolsof S .4 Theimportantpropertyof� and

�
is that if you usestandardcrossover to crossover any instanceof ��I\SXU � U�� K at position �

with anyinstanceof
� ITS:U � U
� K atposition � ����P�� , theresultwill beaninstanceof S , provided5� P ��� � , and $(� I ��� � K�%�������� � . Further, thesearetheonly waysto usestandard

crossover to constructinstancesof S , so thesedefinitionsfully characterizethemechanismfor
constructinginstancesof S .

2.3 The schematheorem

[McPheeandPoli, 2001, McPheeet al., 2001]provideschematheoremsfor eachof ourthreeop-
eratorswhenusedin isolation.Hereweextendtheseresultsto thecasewhereall threeoperators
canbeusedin thesamerun,eachwith specifiedproportions.Sincewe useexactly oneoperator
to generateany givenindividual, theprobability thatwe constructaninstanceof a schema(i.e.,f I\SXU>V K ) is simply the sumof the probabilitiesof eachspecificoperatorconstructingsuchan
instance,eachweightedby thelikelihoodof choosingthatoperator. This leadsto thefollowing:

Theorem4 Schematheorem for the combinedoperators. For GP on linear structuresusing
standard crossover with probability ^ xo, full mutationwith probability ^ FULL for length ; and
growmutationwith probability ^ GROW, such that ^ xo P�^ FULL P�^ GROW A<� , wehavef ITSXU V K�A ^ xo `�f xo

ITSXU V K~P�^ FULL `�f FULL
ITS:U>V K~P�^ GROW `�f GROW

I\SXU>V K
where f xo

ITSXU V K�A � ��� �¡ � ��£¢ ¡ �+¤
¥ �� ` � ` ��x¦�§¨�
� ��©dª �k«��~¬ � ^ I\��ITS:U � U�� K U>V K�`&^ I � ITS:U � U>� K U V K ­ U

f FULL
ITSXU V K�A � ������x® ¯±°+¤�²T��³ �� `�^ I ���0�����>���-��� I AMK�� �/� U>V K´`�µ I �¶�c��A·;YK ¸

f GROW
ITSXU V K�A � ������x® ¯±°+¤�²T��³ �� `�^ I ���0�����>���-��� I AMK�� �/� U>V K´`h¹ �
�/�k��� ` I �G�=¹8K�¸ U

¹MA»º � ºm] I º � º�P¼º �Xº½K and µ I\¾ K�A¼� if ¾ is trueand0 otherwise.
4 ¿ and À arebasedon operatorsÁ and Â (see,e.g., [Poli, 2001b]) which matchthe upperand lower partsof

general,non-linear, GPschemata.
5We will useÃ asa binaryinfix maxoperator, and Ä asabinaryinfix minoperator.
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Herewe simply reportthegeneralexpressionsfor thequantitiesf xo, f FULL, and f GROW for the
linear casewithout providing any proofs. The interestedreadercanfind these,togetherwith
extensive characterizationsof thebehavior of crossover andmutationwhenusedseparately, in
[McPheeandPoli, 2001, McPheeet al., 2001].

3 The one-then-zerosproblem

We will now apply theSchemaTheoremto theone-then-zerosproblem. We will startby defin-
ing andmotivating theproblem,andthenshow how theschematheoremcanbe usedto better
understandtheeffectsof multipleoperatorinteractionon this problem.

3.1 One-then-zerosproblem definition

In this problemwe have
� A�ÅÆ$ U �EÇ and �ÈAÈÅÆ$ÉÇ , whereboth $ and � aretaken to be unary

operators.Thisgivesusaproblemthatisessentiallyequivalentto studyingvariablelengthstrings
of 0’s and1’s,with theconstraintthatthestringsalwaysendin a 0. Fitnessin this problemwill
be1 if thestringstartswith a1 andhaszeroselsewhere,i.e., thestringhastheform � I $1K{N whereO � $ ; fitnesswill be0 otherwise.

Oneof thereasonsfor studyingthis problemis thatunderselectionandcrossover only this
probleminducesbloat [McPheeandPoli, 2001], while this doesnot happenunderthe full and
grow mutationoperators[McPheeet al., 2001]. The key advantageof this problemis that in
order to fully andexactly describethe length-evolution dynamicsandthe changesin solution
frequency of infinite populations,it is necessaryto keeptrackof only two classesof schemata:
thoseof the form I ALK � andthoseof the form � I $1K N . Unfortunatelymostproblemsarenot so
restricted,andoneis typically forcedto tracktheproportionof many (possiblyintractablymany)
moreschemata.

To applytheschematheoremto theone-then-zerosproblemonethenonly needto calculate
the probabilities f xo

I I AMK � U>V K , f xo
I � I $1K�N U>V K , f FULL

I I AMK � U>V K , f FULL
I � I $1K{N U>V K , f GROW

I I AMK � U>V K andf GROW
I � I $1K{N U V K . Thesecanbecalculatedfrom theequationsreportedaboveandarealsoprovided

in explicit form in [McPheeandPoli, 2001, McPheeetal., 2001], sowe will not re-derive these
resultshere.

If we assumeaninfinite population,we cannumericallyiteratetheequationsin theSchema
Theoremto betterunderstandthebehavior of aninfinite GPpopulationon this problem.Track-
ing thesedistributionsover timebecomesexpensivein termsof computationaleffort.6 A crucial
point, though,is that theseequationsonly needto be run once,andhave no stochasticeffects.
They areexactcalculationsof the relevantquantities(up to the limitationsof thefloatingpoint
representation),andoncecomputedneedneverbecomputedagain.This is in contrastto typical
empiricalresultsin evolutionarycomputation,wherecombinationsof largepopulationsandmul-

6We have found,though,that ignoringvaluesof Ê below somesmall threshold(we have used Ë Ì+Í1ÎeÏ ) seemsto
have little impacton the numericresultsandcangreatlyspeedup the calculationssinceit significantlyslows the
growth of thenumberof stringsthatneedto betracked.
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Figure1: Thedistributionsof lengthsafter50 generationswhenusingthe threerecombination
operatorson their own on the one-then-zerosproblem. The tail of the crossover distribution
continuespastthe right handsideof thegraph,with lengthsabove 300still having proportions
above � $ ���\� .
tiple runsarenecessaryto smoothout thestochasticeffects,andeventhenthereis no guarantee
thatany two setsof runswill havesimilar behavior.

4 One-then-zerosresults

We know (see, e.g., [McPheeandPoli, 2001, Poli andMcPhee,2001b, McPheeet al., 2001,
Poli andMcPhee,2001a]) that eachof theseoperatorshassignificantbiaseswhenusedon its
own, andFig. 1 summarizessomeof the earlierresultsby presentingthe final lengthdistribu-
tionsfor eachof theoperatorswhenactingaloneon theone-then-zerosproblem.This makesit
clearthatthethreeoperatorsall have very differentlengthbiases,which suggeststhatthey may
indeeddemonstrateinterestingbehaviorswhenusedin combination.

We cannow iteratedthis new combinedschemaequationto studythesecombinedinterac-
tionsandtheirbiases,andto usesuchresultsto guidethechoicesof theproportionsof operators
to helpsatisfyavarietyof goals.As anexamplein this paperwewill consider:

7



1. Avoid bothbloatingandshrinking,by having theaveragesizeafter50 generationsbeas
closeaspossibleto theinitial averagesize.

2. Avoid both bloatingandshrinking(asabove), but alsomaximizethe numberof correct
individuals.

3. Maximizetheproportionof smallsolutions(asopposedto just shortstrings).

4. Reachastatewheretheproportionof � I $1K{Ñ � exceeds0.01asearlyaspossible.

In all theserunswe will beapplyingthe threeoperatorsdiscussedearlier(standardsubtree
crossover, full mutation,andgrow mutation)ontheone-then-zerosproblem.A depthlimit ;�A·Ò
will beusedfor full mutation.Ourinitial populationwill consistof equalproportions(10%each)
of thestrings � I $1K � for �M%��
%�� $ ; thustheaveragelengthin theinitial populationis 6.5.

To studytheinteractionof theoperators,we iteratedtheschemaequationsfrom Theorem4
66 differenttimes,usingeachof the legal combinationsof proportionsof (standard)crossover,
grow mutation,andfull mutationwith valuesvaluesfrom the set ÅÆ$ U $2�Ó� U $��¨Ô U $2�ÖÕ U ����� U $��Ö× U �ØÇ .
We’ll usetriples of the form I xÙ U f � �e� U gÚØÙ+ÛQK to indicatea combinationof parametersettings
wherethefirst is alwaystheproportionof crossover, thesecondtheproportionof full mutation,
andthethird theproportionof grow mutation.

While themajority of theseiterationshadconvergedafter50 generations,therewereseveral
which had not. Thesewere typically thosewith sufficiently high crossover probabilitiesthat
bloatwasoccurringandtheaveragelengthswereclearlystill growing after50 generations.As
an example,the configuration(0.8, 0, 0.2) hasan averagelengthof 7.98after 50 generations,
andis thusnot a terrible solutionto the problemof avoiding bloat andshrinkageasdefinedin
Section4.1 below. It seemshighly likely, however, that if we were to continueiterating the
equationswith theseparametersfor another100 generationswe would get higherandhigher
averagelength,therebydoinga worseandworsejob of meetingthegoalof avoiding bloatand
shrinkage.This isn’t necessarilya concern,however, sinceactualGPrunsalwayshave a finite
numberof generations.Thusif weknow we’re likely to run our GPfor 100generations,we can
iteratetheseschemaequationsandtry to find settingsthatmeetourgoals(whatever they happen
to be)attheendof 100generationsregardlessof whetherfurthergenerationswouldtakeusaway
fromour goals.

It shouldalsobenotedthat the initial uniform distribution of lengthsis very unstablein the
sensethatany combinationof operatorswill generatea very differentdistribution immediately
in thefirst generation.As anexample,thesettings(0.1,0.7,0.2)haveanaveragelengthafter50
generationsthat’sverycloseto theaveragelengthin theinitial distribution(6.5).Thedistribution
itself (shown in Figure3) is far from uniform, however. This seemsto bea generalpropertyof
“interesting”operators,namelythat they have a “f avored” lengthdistribution that they move to
quitequickly, andwhile fitnesscanmodify thattendency, it rarelyeliminatesit entirely.

4.1 Avoid bloat and shrinkage

In our first examplethe goal will be to avoid both bloatingandshrinkageby searchingfor a
collectionof parametersettingssuchthat the averagelengthafter50 generationsis ascloseas
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XO Full Grow Diff. from 6.5 Prop.fit
0.1 0.7 0.2 0.081 0.19
0.2 0.6 0.2 -0.045 0.26
0.3 0.5 0.2 -0.131 0.31
0.4 0.4 0.2 -0.147 0.37
0.5 0.3 0.2 -0.045 0.43

Table1: Parametersettingsfor thefiverunsthatcameclosestto having thesameaveragelength
after50 generationsastheaveragelengthof the initial distribution. “XO” is the proportionof
crossover, and“Full” and“Grow” arethe proportionsof full andgrow mutation. “Dif f. from
6.5” is thedifferencebetweentheactualfinal averagelengthfor this setof parametersandthe
initial averagelength(6.5);negativevaluesmeanthatthefinal averagelengthwaslessthan6.5.
“Prop. of fit” is theproportionof theindividualsproducedin thelastgenerationthatwerefit.

possibleto theinitial averagesize.
Outof our66runs,fivehadafinal averagefitnessthatwaslessthan0.15awayfrom theinitial

averageof 6.5 (seeTable1); thenext closestcombinationof parametersettingshadanabsolute
differenceof over 0.23. Notethat in eachcasetheproportionof grow mutationwas0.2. In fact
the 20 runswhosefinal averagelengthswereclosestto 6.5 all hadsmall non-zeroproportions
for grow mutation(between0.1and0.4),whereasthatsetof runshadfull mutationproportions
rangingfrom 0 to 0.9, andcrossover proportionsrangingfrom 0 to 0.8. Thosecombinations
wheretheproportionof crossover wasover 0.5,however, all hadaveragelengthsthatwerestill
climbing after50 generations,so it’ s likely that they would continueto diverge from 6.5 if we
iteratedtheequationsfor moregenerations.Thusthecrucial factorsfor long-termsizestability
seemto beasmallnon-zeroproportionof grow, andacrossoverproportionof atmost0.5sothe
sizesdon’t bloatabove6.5.

Most (but notall) of therunswheretheproportionof grow was0.2hadfinal averagelengths
closeto 6.5; the smallestaveragelength after 50 runs was 6.36 (for I $2�ÝÜ U $2�ÝÜ U $2�ÖÔ8K ), and the
largestwas7.98(for I $2�ÖÞ U $ U $2�ÖÔ8K ). Asdiscussedabove,however, thoseparametersetswith higher
crossoverproportionsprobablyhadn’t convergedafterjust50runs,andtheirfinal averageswould
probablycontinueto grow if we iteratedmoregenerations.Takingthatinto accounttherangeof
final averagelengthsis quitesmall,beingfrom 6.35to 6.46whentheproportionof grow is 0.2
andtheproportionof crossover is at most0.5.

Looking at Figure2, we canseethat in eachof thesecasestherewasan initial jump away
from 6.5 (causedby the instability of the initial uniform length distribution), followed by a
fairly rapid convergenceto an averagevalue closeto 6.5. The slowest to converge was the
casewherewe had50% crossover, andthat curve in fact looks similar to the bloatingseenin
[McPheeandPoli, 2001], with anasymptotecloseto 6.5.

Figure 3 shows the final distribution of lengthsfor eachof thesefive parametersettings.
While eachof thesedistributionshasanaveragelengththat is nearlyequalto thatof the initial
uniform distributions, noneof thesedistributions is remotelyuniform. They insteadexhibit
combinationsof featuresseenin earlierstudiesof usingsinglerecombinationoperatorson this
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Figure2: Averagelengthsover time for the five collectionsof parametersettingsleadingto a
final averagelengthclosestto theinitial averagelength(6.5).

problem.In eachcase,for example,weseeapeakat length=5which is dueto full mutationwith
depth5, andtheheightof thepeakis clearlycorrelatedto thefull mutationprobability.

4.2 Avoid bloat and shrinkage,maximizing correctproportion

In theprecedingexamplewelookedfor parametersettingsthatavoidedbothbloatandshrinkage.
It’ s possible,however, that this goalwasmetat theexpenseof correctness.A givencollection
of parametersettingscould,for example,generatethedesiredaveragesize,but have a very low
proportionof fit individuals.Thiswould in turngreatlyreducetheeffectivepopulationsizesince
mostof thegeneratedindividualscanneverbeselectedfor recombination.

We canassessthis by looking at the proportionof correctindividuals in the final genera-
tion for eachsetof parametervalues,andwe indeedseethat therearesubstantialdifferences
amongthesefive runs(seeTable1), with the valuesrangingfrom 0.19 to 0.43. It’ s alsoclear
that increasedprobabilitiesof crossover correspondwith increasedproportionof fit individu-
als. This is not surprisingsince increasedprobabilitiesof crossover also correspondto de-
creasedprobabilitiesof full mutation,and full mutation is rarely going to producea fit off-
springin thisproblem[McPheeet al., 2001].Crossoverontheotherhand,hasahighprobability
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Figure3: Final lengthdistributionsof thefiveparametersettingswhosefinal averagelengthwas
closestto theinitial averagelength(6.5).

of generatingcorrectoffspring, especiallywhen given two correct, fairly long individuals as
parents[McPheeandPoli, 2001].

Anotherapproachto optimizing thesetwo criteriawould be to startby identifying theruns
with high proportionof fit individuals in the final generation,and then choosingfrom those
the parametersettingsthat also lead to final averagelengthsnear6.5. The settingswith the
highestproportionof fit individualsarethosewith high crossover probabilities,but theseruns
alsohave thehighestfinal averagelengths(becausehigh crossover probabilitiesleadto bloat in
the problem)[McPheeandPoli, 2001]. Oneof the bestsettingsis (0.8, 0.0, 0.2), which hasa
final averagelengthof 7.98(nearly1.5nodeslongerthantheoriginal averageof 6.5)but a final
proportionof fit individualsof 0.65(about0.22higherthantheproportiongeneratedby (0.5,0.3,
0.2)).

4.3 Maximize proportion of small solutions

Now considerthe casewherewe want to minimize the averagesizeof the fit individuals(i.e.,
thoseof the form � I $1K{N for O � $ ). Therearequite a few combinationsof parametersettings
that lead to averagesizeof fit individuals that are just above 3. The threesmallestare(0, 0,
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1), (0.1,0, 0.9), and(0.2,0, 0.8) with final averagesizesof fit individuals3.02,3.04,and3.07
respectively, suggestingthat(on this problem)thebestway to make shortcorrectsolutionsis to
primarily usegrow mutation,with smallamountsof crossoverbeingacceptableaswell. Adding
small amountsof full mutationdoesn’t leadto muchbiggeraveragesizes(theaveragesizefor
(0, 0.1,0.9), for example,is 3.13)despitethe fact thatdepthmutationalwaysgeneratesstrings
of lengthat least �
P'; (or 6 in ourcase).This is probablydueto thefactthatfull mutationwill
very rarely(with probability �+]ØÕ8Ô ) generatecorrectindividualsin this problem.

If onewantedto furthermaximizetheproportionof fit individuals,thenthethreecandidate
combinationshave progressively increasingproportionof fit individuals;the highestis (0.2, 0,
0.8), which hasa proportionof 0.41. If we look morebroadly, we find that (0.6, 0, 0.4) hasa
somewhathigherproportionof fit individualsafter50 generations(0.49),with theaveragesize
of fit individualsbeingonly slightly higher(3.54).

4.4 Find solutionsof length 31quickly

For ourfinal examplewewill considerthegoalof findingsolutionsof theform � I $1K�Ñ � asquickly
aspossible.Thereareavarietyof motivationsfor this sortof goal,but onemight bethatinstead
of only having a two level fitnessfunction,wemighthavea threelevel fitnessfunction:H Fitness0: Individualsthatdon’t have the“one thenzeros”pattern.H Fitness1: Individualsof theform � I $1K{N , OáàAâÕ8$ .H Fitness2: Individualsof theform � I $1K{Ñ � .
If wefurtherassumethatourrunwill terminateassoonaswediscovera targetindividual � I $1K Ñ � ,
thendynamicsof sucha run are identical to the original one-then-zerosproblem,except they
terminateupondiscoveryof a targetindividual.

Thuswe canuseour schematheory resultsto find out what parametersettingsleadmost
quickly to the discovery of a target individual. Becauseof the infinite populationassumption,
however, we may find that early in a run there is a very small, but still positive, proportion
of target individuals, yet with suchsmall proportionsthe likelihood is minisculeof actually
generatinga target individual thatquickly in a “real” (finite population)run. We will, therefore,
look for thecollectionof parametersettingsthatfirst achievesa proportionof target individuals
exceeding0.01.

Only four of our testedparametersettingsever obtain a proportionof at least0.01 target
individuals(seeTable2), with all crossover (1, 0, 0) reachingthe target the mostquickly (in
26 generations).Adding smallamountsof full mutationstill allows thegoal to besatisfied,but
evena proportionof 0.3 is enoughto increasethenumberof generationsby 12. Grow mutation
clearlyinterfereswith thisgoal,asnoneof thefour parametersettingsthatachievethegoalhave
any grow mutation.

If werelaxthetargetproportionto 0.001thereareatotalof 12parametersettingsthatachieve
this new goal. Of theseonly four have non-zerogrow mutationprobabilities,all of which are
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XO Full Grow Firstgento 0.01
1.0 0.0 0.0 26
0.9 0.1 0.0 28
0.8 0.2 0.0 32
0.7 0.3 0.0 38

Table2: Parametersettingsfor thefour runsthateventuallyachieve a proportionof 0.01target
individuals � I $1K{Ñ � . The first threecolumnsare as in Table1. “First gen to 0.01” is the first
generationfor agivencollectionof parametersettingswheretheproportionof targetindividuals
exceeded0.01.

thelowestpossiblevalue(0.1). Similarly, all but threeof these12 settingshave crossoverprob-
abilities exceeding0.5, althoughone(0.3, 0.7, 0) managedto reachthe target of 0.001in 21
generationsdespitethe low crossover probability. It’ s interestingto note,however, that two of
the settingswith non-zerogrow mutationprobabilities((0.7, 0.2, 0.1) and(0.6, 0.3, 0.1)) both
reachedthegoalmoreslowly (in 23 and29 generationsrespectively) despitehaving muchhigh
crossoverprobabilities.

It’ s not terribly surprisingthatcrossover is usefulin increasingthelengthof fit strings,since
we’ve previously seenthatcrossover canleadto bloat(presumablydueto replicationaccuracy)
[McPheeandPoli, 2001]. Further, onewould expectboth mutationoperatorsto at leastslow
down theprocessof generatinga targetstringcontainingthirty 0’s (andthushaving length31)
(See[RoweandMcPhee,2001] for details):H Givena stringof length

�
, full mutationgenerates(on average)a stringof lengthroughly� ]8Ô�Pã; , sofull mutationtendsto generateshorteroffspringonce

� � ÔØ; . Since;»AJÒ in
our examples,full mutationwill tendto reducethesizeof stringsoncetheir lengthsbegin
to exceed10.H Givenastringof length

�
, grow mutationin theone-then-zerosproblemswill generate(on

average)a string of lengthroughly
� ]ØÔ�P�Õ . Thusgrow mutationwill tendto reducethe

sizeof stringsoncetheir lengthsbegin to exceed6.

What’s perhapsmore surprisingis that grow mutationinterfereswith the processof find-
ing a target string so much more than full mutation does. The likely reasonis that grow
mutation is more likely to produce fit offspring than mutation (see [McPheeet al., 2001,
RoweandMcPhee,2001] for details). Becauseof the infinite populationassumption,gener-
ating unfit offspring hasno substantialeffect on the dynamicsof the system,asdoing so has
no effect on the selectionprobabilities.Generatingshort,fit individuals,however, will change
the dynamicsby increasingthe probability that short individualsareselectedasparentsin the
next generation.In our caseits likely thatgrow mutationcreatesa sufficientnumberof short,fit
stringsthatit cansignificantlyhampertheprocessof generatingfit stringsof length31.
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5 Conclusionsand futur ework

It’ s clear, then,that thereis a fairly complex setof interactionsbetweenthesethreerecombina-
tion operators,makingit quite difficult to guessa priori whatproportionsof operationswould
aid in satisfyinggoalsthat might be importantin a particulardomain. For this problem,how-
ever, we wereableto iteratetheschemaequationson many differentcombinationsof operator
proportions,generatingausefulmapof theinteractions.

In this paperthenumberof differentcombinationsof proportionswassmallenoughto make
manualsearchesfor desirablevaluesfeasible. With moreoperators,or a larger variety of dif-
ferentproportions,the numberof combinationswould quickly grow out of control, making it
prohibitive to iteratethe equationsfor every combinationandthensearchthe resultsby hand.
Sincethis is essentiallyjust aanotherparameteroptimizationproblem,onepossibilitywouldbe
to applyaGA, althoughin many casessomethingsimplerlikeahill-climber wouldprobablyalso
work. Anotherpossibility (which couldpotentiallydramaticallyreducethenumberof different
combinationsthat would needto be iterated)would be to usefactorialdesignof experiments
[FeldtandNordin,2000].

Probablythemostimportantobservationhereis thatthereis clearlyno“best” setof operator
proportions,andthatthedesirabilityof a combinationof operatorswill dependcritically on the
particulargoals.It is thereforeparticularlyimportantthatwe have toolsthathelpusunderstand
not only thegeneralinteractionsof operators,but alsounderstandthemorespecificinteractions
in orderto guideour choices.
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