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Abstract

Semiparametric estimation of a bivariate fractionally coitegrated system is
considered. The new estimator employs the exact local Whittle approach de-
veloped by Shimotsu and Phillips (2003a) and estimates the two memory pa-
rameters jointly with the cointegrating vector. It permits both (asymptotically)
stationary and nonstationary stochastic trends and/or equilibrium errors with-
out relying on differencing or data tapering. Indeed, the asymptotic properties
of the estimator depend only on the difference of the two memory parameters.
The estimator of the memory parameters is shown to be consistent and asymp-
totically normally distributed in both stationary and nonstationary cases.
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1 Introduction

The analysis of the long-run equilibrium relationship between economic variables is
now a common task in empirical econometric modeling. Cointegration methods have
provided powerful tools for the analysis of these issues. Two random processes are
said to be cointegrated if they have the same memory parameter but their linear
combination has a smaller memory parameter. Cointegrated random processes form
a long-run equilibrium relationship, in which the cointegrated processes are driven
by a common stochastic trend and the equilibrium error has less persistence than the
stochastic trend. The conventional cointegration modeling preassigns 1 as the value
of the memory parameter of the stochastic trend and 0 as that of the equilibrium
error. Therefore, a long-run equilibrium relationship is defined as the one between
two I(1) time series, where the equilibrium error is an I(0) process.
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The fractional cointegration analysis generalizes the I (0) /I (1) cointegration anal-
ysis by allowing the memory parameter of the variables to be any real number. The
system is driven by a common stochastic trend that has a memory parameter d; and
is accompanied by an equilibrium error that has a memory parameter ds. It provides a
more flexible apparatus for analyzing long-run relationships between economic time
series and enables more proper modelling of interdependence between them. For
instance, consider the following two cases:

e Two time series have the same memory parameter d; < 1, and the equilibrium
error has a memory parameter do < dj.

e Two time series are I(1), but the equilibrium error has a memory parameter d
that is between 0 and 1.

Clearly, the two time series form a long-run equilibrium in the above two cases, but
the conventional 1(0)/I(1) cointegration modeling cannot accommodate them. When
empirical researchers conduct the I (0) /I (1) cointegration analysis with such data,
it leads to either (i) a false rejection of the existence of an equilibrium relationship,
or (ii) misspecification of the degree of persistence of the stochastic trend and/or
the equilibrium error. Growing evidence shows that many economic time series have
memory parameters between 0 and 1. Empirical analysis of fractional cointegration
is also emerging, although it is still limited in number, mainly because of lack of
general purpose inferential tools.

Given its attractiveness and relevance, theoretical studies of fractional cointegra-
tion have been emerging rapidly. One empirically appealing approach is to obtain
estimates of d; and da and conduct inference based on them. In the I(0)/I(1) coin-
tegration, the test of cointegration can be based on the unit root test applied to
the OLS residuals from cointegrating regression, as proposed by Engle and Granger
(1987) and analyzed by Phillips and Ouliaris (1990). This is because the OLS esti-
mator converges at the rate n~!, and the effect of estimating the cointegrating vector
on the unit root testing vanishes in the limit.

Some studies seek to extend this residual-based approach to the estimation of the
memory parameter of the equilibrium error, ds, e.g., Hassler et al. (2000), Velasco
(2003), and Nielsen (2002). They estimate the cointegrating vector first, either by the
OLS or narrow-band least squares (NBLS) (Robinson and Marinucci, 2001), and then
apply the semiparametric estimators to the residuals. They differ in details; Hassler et
al.(2000) estimate dg by applying the log-periodogram regression of Robinson (1995a)
to the regression residuals, whereas Velasco (2003) and Nielsen (2002) use a version
of the two-step estimator of Lobato (1999) to jointly estimate d; and dz (and the
cointegrating vector). In fact, these two-step estimators presuppose the existence of
the first-stage estimator that is based on the regression residuals and converges at
the same rate as the second-stage estimator.

Now the question is: to what extent does this residual-based approach work? In
other words, how much of the effectiveness of the I(0)/I(1) cointegrating regres-
sion carries itself over to the fractional cointegration? The answer is: not much,
unfortunately. The I(0)/I(1) cointegrating regression is n—consistent, because the
O,(t'/?) signal from the regressor dominates the O,(1) noise of the regression er-
ror. In fractional cointegration, the stochastic order of the signal and noise becomes
O(t»a{di=1/20}y and O(tmax{d2—1/20}) respectively. As a result, when the difference



between d; and d» is small, the cointegrating vector estimate converges at a too slow
rate to validate the subsequent analysis based on the residuals. Indeed, the two-step
procedure of Velasco (2003) requires d; — da > 1/2, and Nielsen (2002) needs to
assume that the long-run endogeneity between the stochastic trend and equilibrium
error does not exist, by assuming that their long-run covariance matrix is diagonal.

These problems are reminiscent of the second-order bias in the I(0)/I(1) cointe-
grating regression. In the I(0)/I(1) cointegration, the OLS estimator has the second-
order bias (Phillips and Durlauf, 1986), but the bias is not severe enough to cause
problems for the residual-based unit root testing. In fractional cointegration, how-
ever, the slower rate of convergence of the cointegrating regression aggravates the
second-order bias effect.

Given the difficulty in estimating ds, some studies focus on testing the null hy-
pothesis of no cointegration, e.g., by a Hausman-type test (Marinucci and Robinson,
2001) or estimating the rank of the (normalized) spectral density matrix at frequency
zero (Robinson and Yajima, 2002, Chen and Hurvich, 2002). These procedures partly
deprive the fractional cointegration of its flexibility and attractiveness, because they
do not provide information about the persistence of the equilibrium error and the
relative strength between the stochastic trend and equilibrium error. But they can
accommodate multivariate models very easily, which are very relevant in applications,
and compliment the approaches based on estimating the memory parameters in the
system.

The above procedures, both the residual-based ones and the one based on the
long-run covariance matrix, have an additional difficulty: prior to estimation, the
researcher needs to know whether the value of the memory parameter d of each
process in the system is larger or smaller than 1/2. This is because these procedures
employ the semiparametric estimators of d that are proven to have a standard limiting
distribution only for —1/2 < d < 3/4. Indeed, this poses serious problems for the
following reasons:

1. Typically, whether d = 1/2 is unknown a priori; indeed, often empirical re-
searchers want to test whether d = 1/2, because this determines whether the
process is stationary (if d > 1/2) or nonstationary (if d < 1/2).

2. Because the value of d of most economic time series lies between 0 and 1, if two
economic variables are cointegrated, then it is highly likely that the equilibrium
error has d around 1/2.

3. We cannot construct a valid confidence interval for d that contains 1/2. In other
words, the entire confidence interval must lie either below or above 1/2.

When d > 1/2, these semiparametric estimators exhibit nonstandard asymptotic
behavior, such as nonnormal limit distribution and inconsistency, as shown e.g., by
Phillips and Shimotsu (2003). As a result, the analysis and interpretation of the
estimates are open to criticism and put empirical researchers in an awkward situation.
Data tapering (Hurvich and Chen, 2000, Velasco, 2003) is one potential remedy to
extend the range of the consistent estimation, but data tapering leads to a significant
increase in the variance of the estimator.

The present paper develops a new estimation and inference method for bivariate
fractionally cointegrated systems. It has two attractive features. First, it estimates
the two memory parameters, d; and ds, jointly with the cointegrating vector. This



system-estimation approach is free from the second-order bias problem of the first-
stage regression estimate, and, as a result, the new estimator does not need artificial
restrictions such as d; — da > 1/2 or the long-run exogeneity of the equilibrium
error. Second, it requires no prior restrictions on the domain of dy and do. This is
because it employs the exact local Whittle (ELW) approach developed by Shimotsu
and Phillips (2003a). The ELW approach is based on the frequency domain Gaussian
likelihood function (Whittle likelihood function) localized to the neighborhood of the
origin and the discrete Fourier transform representation theory laid down by Phillips
(1999). Shimotsu and Phillips (2003a) succeeded in showing the consistency and
asymptotic normality of the ELW estimator for all values of d in the univariate case.

The developed estimator of (di,d2) is consistent for any value of (dj,ds) in
[A1, As]? with —co < Ay < Ay < 00, albeit we need to impose Ay — Ay < 3/2. The
cointegrating vector is estimated (n/ m)‘sfconsistently, where § = dy —dy and m is the
number of frequencies included in the objective function. Regarding the asymptotic
distribution, the estimator of (di,ds) is asymptotically normally distributed when
5 € (0,2)\{3}. Therefore, the estimator imposes no restriction on the domain of §
for practical application and covers both stationary and nonstationary cases.

The remainder of the paper is organized as follows. Section 2 briefly reviews the
model of fractional cointegration. Section 3 derives the asymptotic theory of exact
local Whittle estimation of bivariate fractionally integrated processes. It serves as a
precursor of the analysis of fractionally cointegrated systems. The asymptotic theory
of the exact local Whittle estimation of fractionally cointegrated systems is developed
in Section 4. Section 5 reports some simulation results. Some technical results are
collected in Appendix A in Section 6. Proofs are given in Appendix B in Section 7.

2 Preliminaries

2.1 A model of fractional cointegration

We consider a model where the observed variables X1; and Xo; are fractionally coin-
tegrated. Specifically, X1; and Xo; are generated by the model

(1 — L)1 X1y = uped {t > 1}, t=1,2,...,
(1 - L)d2 (X2t - /8X1t) = thI {t > 1}7 t= 1727 R (1)
X1t = X9 =0, t <0,

where uy = (uq¢, th)/ is stationary with zero mean and spectral density matrix f,, ().
We assume d; > dy. If di > da, X1; and Xo; are individually I(d;) because their
d1-th differences have spectral density that are bounded and bounded away from the
origin. But their linear combination, X9y — 3X1¢, has a memory parameter do that
is smaller than d;. Expanding the binomial in the first row of (1) gives the form

> (_Z'l)'fxl,t_k =wul {t>1}, (2)
k=0 ’
where L(d sk
() = (F(;)) — () d+1)... (d+k—1),

is Pochhammer’s symbol for the forward factorial function and T'(-) is the gamma
function.



The model (1) provides a valid data-generating process for any value of (di,ds).
When d; > 1/2, Xy, is nonstationary, and when d; < 1/2, Xj; is asymptotically
covariance stationary as shown by Robinson and Marinucci (2001). Therefore, it
accommodates both nonstationary and asymptotically cases, and setting d; = 1 and
dy = 0 gives the conventional I(0)/I(1) cointegration.

For a vector time series a;, define the discrete Fourier transform (dft) and the
periodogram evaluated at the fundamental frequencies as

1 & 2§
we (Aj) = \/%Zate”)‘ﬂ, )\j:Tj’ j=1,....,n, (3)
t=1

Io(Aj) = wa(Nj)w, (A)),

where x* denotes the complex conjugate of x.

3 Multivariate exact local Whittle estimation

Before analyzing the estimation of the fractionally cointegrated system, it is useful
to analyze the case where (3 is known in (1) so that we can concentrate on the
estimation of d. Assume 3 = 0 without loss of generality, then the system reduces to
a multivariate fractionally integrated process

(1—L)h 0 X1 w1y
( 0 (1 _ L)d2 X2t Ut I{t st 1}7 t 1727 )
X = Xor =0, t <O0.

(4)
The (negative) Whittle likelihood of w; based on frequencies up to A, and up to
scale multiplication is

m

S log(det fu(\)) + D tr [ fu () L ()] (5)

j=1 j=1

where m is some integer less than n. Now we transform the likelihood function (5)
to be data dependent. Define

* WAd1 g Aj
Inag (Ag) = wadz (Nj) Waay (A) ) wad () = ( wi; : E/\j; > :

Lemma 6.1 in Appendix A provides an algebraic relationship that connects wy,(\;)
and wy(Aj) :

wu(Aj) = waay (M) = A (€95 d)va(Aj; d), (6)
where
i\ _ Dy (e dy) 0 o v (Njidy)
An(e ’ ’ d) o ( O Dn (ew‘j; d2) ’ UI(AJ’ d) B UIQ ()‘j; dg) ’

Uza(/\j§ da) = wg, ()‘j) - Dn(ei)\j§ da)il(27Tn)71/2)?av)\j”(da)'

Although v;()j;d) is not a periodogram of X;, we may view (6) as the frequency
domain representation of X; where A, (e"*;d) acts as a transfer function. Using (6)
in conjunction with the local approximation f,(\;) ~ G and |D,(e";d,)|? ~ )\?d“,
the objective function is simplified to



% i {1og det G) — 2log (Adl + Ad2) 41 [G M T pay ()] } .
7j=1

We propose to estimate (G, d) by minimising @, (G, d), so that

<G\',C/l\>: argmin  Qn,(G,d),
Ge(0,00)2, de®

where © = {[A}, As] x[A1, As]} is the space of the admissible values of d. In what
follows, we distinguish the true values of the parameters by the notation G¥ = f, (0)
and dO. Concentrating Q. (G, d, #) with respect to G, the first order condition is

1™
% Z e [Iaaz(A
1

Thus we find that d satisfies

~

d =arg min R(d), (7)
deo

where

R(d) = logdet G(d) — 2(dy + da)— Zlog/\], G(d) =

We call c? the exact local Whittle estimator of d.

3.1 Consistency

We introduce the following assumptions on m and the stationary component u; in

(4).
Assumption 1

fu(N) ~ G as A — 0+,
where G° is real, symmetric, finite, and positive definite.

Assumption 2

o0 [e.e]
—Bug=A(L)er =Y Ajerj, Y|4 < oo,
j=0 j=0
where || - || denotes the supremum norm and E(e¢|Fi—1) =0, E(ee;|Fy—1) = I a.s.,
t =0,%1,..., in which F; is the o-field generated by €5, s < t, and there exists a

scaler random wvariable € such that Ee? < oo and for all n > 0 and some K > 0,
Pr(|letl| > n ) < K Pr(e? > ).

Assumption 3 In a neighborhood (0,6) of the origin, A(\) =3 72, Aje s dif-
ferentiable and

9
oA
where Aq(A) is the ath row of A(N).

AN =0\ as A — 0+,



Assumption 4

1 1 12
— m(log m) + ogn_)o for any v > 0.
m n mY
Assumption 5
Ay — Ay < 3)2.

Assumptions 1-3 are a version of a multivariate extension of Assumptions A1-A3
of Robinson (1995b), but we impose them in terms of u; rather than X;. They are
analogous to the assumptions used in Lobato (1999). Assumption 4 is slightly stronger
than Assumption A4 of Robinson (1995b). Assumption 5 restricts the length of
the interval of the admissible estimates, although it imposes no restrictions on the
value of d° itself. For economic data, we may safely assume d},dy > 0, then taking
[A1, Ag] = [0, 1.5] makes d consistent for any d° € [A1, Ag)?.

Under these conditions we may now establish the consistency of d.

3.2 Theorem

Suppose Xy is generated by (4) and Assumptions 1-5 hold. Then, for d° € O, c/l\—>p d°
as n — oo.

3.3 Asymptotic Normality

We introduce some further assumptions that are used to derive the limit distribution
theory in this section.

Assumption 1’ For 8 € (0, 2],
|AN) — A(0)]| = O(N%), asA—0+.
Assumption 2 Assumption 2 holds and also for a,b,c,d = 1,2,
E(eatcvicct|Fi-1) = ptape -8, E(eatvicetar| Fr-1) = Hapeas t=0,£1,...,

where |/’Labc| < o0 and |Mabcd‘ < 00.
Assumption 3" Assumption 3 holds.

Assumption 4 Asn — oo,

1 m'*28(logm)? logn
L (logm)”  logn
m n28 mY

0, for any v > 0.

Assumption 5 Assumption 5 holds.



Assumption 6’ Define I'; = Euguy, ;. Uniformly in k=0,1,...

| ST = Otttogtk + 1)), [ ,00 45| = 0080+ 1)),
Assumptions 1’ implies and is stronger than
[fu (V) = G| = O(N%),  as A — O+, (9)

which is analogous to Assumption Al of Lobato (1999). It may be possible to relax
Assumption 1’ to (9), but the proof would become more complicated. Assumptions 2’
4’ are comparable to Assumptions A2-A4 of Lobato (1999), where the only difference
is an additional condition logn/m? — 0. Assumption 6’ controls the behavior of
the tail sums of A; and I'; and is a fairly mild condition. It allows for a pole and
discontinuity in f,(A) at A # 0. For more details, see Phillips and Shimotsu (2003).

The following theorem establishes the asymptotic normality of the exact local
Whittle estimator for dy €Int(O).

3.4 Theorem
Suppose X, is generated by (4) and Assumptions 1'-6" hold. Then, for d° €Int(0),

2 0 \2
12 (3 _ 00 (@01 4 TG | 1
m!2 (d=do) —a N (0,9), Q=2(L+G"o(G") )+ Sqecer | -1 1 |

where © denotes the Hadamard product.

3.5 Remark

The limiting covariance matrix differs from that of Lobato (1999), where Q = 2(Is +
GY ® (G%)~1). This is because the approximation of the multivariate spectral density
used in Lobato (1999) does not hold for a multivariate I(d) process.

4 Exact local Whittle estimation of fractional cointegra-
tion
In the fractional cointegration case, the cointegrating vector (3 in (1) is unknown and

hence needs to be estimated jointly with the memory parameter d. Following the
same algebraic manipulation, we obtain the objective function

m

Z {log det G — 2log ()\dl + )\dZ) +tr [G™ IAdx(/\],ﬁ)]} ,

Jj=1

Qm (G, d,B) =

1
m
where

iy (A
IAdﬁU ()‘]76) = wAdx ()‘]aﬁ) deI (Aj§ﬂ)7 wAdx (AJ,IB) = < wA 1 ( ]) > )

WAd2 (py—Bz) (Aj)

We propose to estimate (G, d, ) by minimising Q,,,(G, d, (3), so that

(G.dB)= argmin  Qu(G.d.9),

Ge(0,0)2, de®, BeB

8



where O is defined above and B is a closed one-dimensional interval. We let 5° d(inote
the true value of 3. Concentrating Qm(G,d, 3) with respect to G, we find that d and
0 satisfies

(d, B) =argmin R(d, 3), (10)
deo, BeB
where
R(d, 8) = logdet G(d, B) — 2(dy + dg) — Zlog)\], d,3) = ZRe[IAdm(Aj;ﬁ)].

1

(11)
We call (d, 3) the exact local Whittle estimator of (d, 3).
4.1 Consistency
Let § = d) — dJ. We need an additional assumption for the consistency of the ELW
estimator of (d, 3).
Assumption A Let 0, = d—d,. Then © = {[A1, Ag] xX[A1, Ag] }\(T1UT2), where,
for arbitrary small A > 0,

T = {|61+1/2] <AYU{f2+1/2] < AYU{[s — 5+ 1/2| < AYU{|0; — 02+ 5] < A},
Ty = {61 —0s) SAYN{0 < —1/24 AN {0y < —1/2+ AV {0y — 5 < —1/2+ A).

4.2 Theorem

Suppose X is generated by (1) and Assumptions 1-5 and Assumption A hold. Then,
for d° € ©O\{6 = 1/2}, as n — oo,

7_ 40
ivif@—ﬁ%>‘%°’5€@éﬂﬁh
(d—do) —>p()7 5=0.

4.3 Remark

When § > 0, C/Z\/I\S consistent and f is (n/m)‘s—consisterlt. When § = 0, 3 is not
consistent, but d is still consistent. Inconsistency of S follows because [ is not
identified when § = 0. But it still does not prevent d from being consistent, because
when § = 0, then any linear combination of Xi; and X9 has a memory parameter
40 = di,

Assumption 3 restricts the possible range of d — d° in the domain of the opti-
mization. It is necessary because the evaluation of the likelihood function becomes
difficult on certain boundaries. Since A can be chosen arbitrary small and © contains
a neighborhood of {(d1,dz) = (d,d3)}, this assumption does not affect estimation in
practice. We exclude the cases where 6 = 1/2 because of technical reasons. A longer
proof would eliminate this restriction, but we chose not to do so to keep the proof
simple.

4.4 Asymptotic Normality

The following theorem establishes the asymptotic normality of the exact local Whittle
estimator.



4.5 Theorem

Suppose X is generated by (1) and Assumptions 1'- 6' and Assumption A hold.
Then, for dy € Int(©\{6 = 1/2}), as n — oo,
(a) When § € (0,3),

10 0 dy — d9
m? [ 0 1 0 dy—dd | —a N (0,55'E1551),
0 0 (2rm/n)~? 6 —73°

where Z1 and Zy are symmetric, their upper-left (2,2) block are given by 2, and

Eilis=—-A—-DB, [Eils=A+B, [Ei]s3=0C,
[E2i3=—A+ B, [Eaes=A—-B, [Ea33=C,
where
2GY9,GY )
A - 1612 o
et ) a e
B — GGy . w6 1

derco STy
_ 2(GY)? o (o 1 1 2(G1)? . o (w0 1
C = e 2 ) 1o G-er] T dee M\ 2 ) 1o

(b) When 6 € (3,3),

4.6 Remark

Velasco (2003) shows the asymptotic normality of the two-step estimator of a frac-
tionally cointegrated system under restrictions on dj,ds and m, including § > 1/2.
Nielsen (2002) shows the asymptotic normality of the two-step estimator of a sta-
tionary fractionally cointegrated system under the restriction G{y = 0. This theorem
shows that those restrictions are unnecessary when d and 3 are jointly estimated.

5 Simulations

This section reports some simulations that were conducted to examine the finite sam-
ple performance of the developed estimator. We generate a fractionally cointegrated
system according to (1) with § = 3. u; is generated by #idN(0,2), where the diag-
onal elements of 2 were fixed to 1 and the off-diagonal elements of €} were selected
to be p = (0.0,0.3,0.8). The bias, standard deviation, and root mean squared error
(RMSE) were computed using 10,000 replications. Sample size and m were chosen
to be n = 200 and m = n%% = 24. Values of d; were selected to be (0.4,0.6,1.0),
and the value of dy was fixed to 0.2. The joint estimation of (di,ds, ), hereafter
ELW estimation, is compared with the “naive” method, where d; is estimated from
X1t and dy is estimated from X9y — BX1¢, where § is the narrow-band least squares
estimator with m = 24.

10



Table 1 shows the simulation results when the off-diagonal elements of €2 are 0, so
there is no correlation between Xi; and Xo — X714 Although the “naive” estimator
should have the same asymptotic variance as the ELW estimator in this case, the
bias and RMSE of the ELW estimator are slightly smaller than those of the “naive”
estimator. Not surprisingly, the ELW estimator of § is not very accurate when the
difference between dy and dsy is small. The narrow-band least squares estimate of (3
appears to be unbiased.

Table 1. Simulation Results
n =200, m =n%% dy =0.2, p=0.0

“naive” estimation ELW estimation

~ o~ ~

dy da B dy do B
di =04

bias -0.0678 -0.0467 0.0005 -0.0214 -0.0079 -17.357

s.d. 0.1472  0.1475 0.1221 0.1455 0.1342 332.53

RMSE 0.1620 0.1548 0.1221 0.1471 0.1344 332.99
di = 0.6

bias -0.0730 -0.0358 -0.0008 -0.0285 -0.0082 -4.6805

s.d. 0.1481 0.1496 0.0864 0.1466 0.1344 154.67

RMSE 0.1651 0.1538 0.0864 0.1494 0.1346 154.74
di=1.0

bias -0.0712 -0.0110 0.0004 -0.0415 -0.0067 0.0006

s.d 0.1490 0.1362 0.0303 0.1516 0.1338 0.0382

RMSE 0.1651 0.1366 0.0303 0.1572 0.1340 0.0382

Table 2 shows the results for p = 0.3 and there is mild endogeneity. First, the
narrow-band least square estimator of 3 exhibits a large bias when d; is 0.4 and 0.6.
The results for the “naive” estimator of d; and dy are very similar to those in Table
1. The standard deviation and RMSE of the ELW estimator of d; and ds are similar
to those in Table 1 when d; = 0.4 and 0.6, but they are smaller than those in Table
1 when d; = 1.0.

Table 2. Simulation Results
n =200, m=n%6,dy =02, p=0.3
“naive” estimation ELW estimation
dy da B dy da B
di =04
bias  -0.0675 -0.0474 0.2016 -0.0210 -0.0083 -4.1251
s.d 0.1473 0.1483 0.1175 0.1454 0.1347 330.79
RMSE 0.1620 0.1556 0.2333 0.1469 0.1349 330.82
d1 =0.6
bias  -0.0720 -0.0362 0.1048 -0.0276 -0.0097  0.1750
s.d 0.1477 0.1493 0.0837 0.1456 0.1337 115.08
RMSE 0.1643 0.1536 0.1341 0.1482 0.1341 115.08
di=1.0
bias  -0.0699 -0.0119 0.0104 -0.0358 -0.0109 -0.0019
s.d 0.1480 0.1371 0.0301 0.1416 0.1290 0.0394
RMSE 0.1637 0.1376 0.0318 0.1461 0.1294 0.0394
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Table 3 shows the results for p = 0.8 and the endogeneity is strong. The bias in
the narrow-band least square estimator of 3 is larger now. The standard deviation
and RMSE of the ELW estimator is smaller than the case with p = 0.3, especially
when d; is large. This corroborates the theoretical result, and the difference between
the “naive” method and ELW estimation is even more significant. The ELW estimate
of 3 is still not very accurate, however.

In sum, the simulation results demonstrate a good performance of the ELW esti-
mator and the gain from estimating d and 3 jointly.

Table 3. Simulation Results
n =200, m=n%6,dy =02, p=0.8

“naive” estimation ELW estimation
d1 d2 ﬁ dl d2 ﬁ
di =04

bias  -0.0593 -0.0476 0.5349 -0.0175 -0.0101  9.8749

s.d. 0.1418 0.1512 0.0812 0.1391 0.1307 184.68

RMSE  0.1538 0.1585 0.5410 0.1402 0.1311  184.94
dy =0.6

bias  -0.0675 -0.0371 0.2800 -0.0201 -0.0139 1.3120

s.d. 0.1406  0.1494 0.0717 0.1259 0.1190 38.521

RMSE 0.1559 0.1540 0.2890 0.1275 0.1198  38.544
dy =1.0

bias  -0.0608 -0.0139 0.0280 -0.0227 -0.0190 -0.0017

s.d. 0.1447  0.1389 0.0260 0.1117 0.1079 0.0296

RMSE 0.1569 0.1396 0.0382 0.1140 0.1096  0.0296

6 Appendix 1: Technical Lemmas

In this and the following section, C' and e denote generic constants such that C €
(1,00) and € € (0,1) unless specified otherwise, and they may take different values in
different places. I; denotes I,,(\;), wy; denotes wy(A;), and similarly for other dft’s
and periodograms.

6.1 Lemma (Phillips, 1999, Theorem 2.2)
(a) If Xor, a = 1,2, follows (1), then

Wy, (A) = Dy, (6i>\§ da) Wy, (A) — (271'71)_1/261‘%)‘)?&)\”(([)7
where Dy (e?dy) = > 1_, %em and

n—1 n

- - /. - - —d))e

Xa,)m (d) = Dp (6 ML; da) Xan = Z da,)\pe Zp/\Xam,—p) da,)\p = Z ( k!a)kelk)\-
p=0 k=p+1

(b) If Xat, a =1,2, follows (1) with d, =1, then

Wy, (N) (1 - ei)‘) = wy, (A) — (2mn) 2™ X .
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6.2 Lemma (Shimotsu and Phillips, 2003a, Lemma 5.5)

For k € (0,1), as m — oo,

1 & J )7 /1 Y -1
a su — -] - z7dx| =0 (m™ "),
@ > (2) -] (m™")
o SPcseolm S G/ =0 ),

lim inf,, oo inf_c<y<co |m™" E?:[Hm} (j/m)7| > e > 0.

6.3 Lemma (Shimotsu and Phillips, 2003a, Lemma 5.7)

For p~m/e as m — oo, € € (0,0.1), and A € (0,1/(2¢)), there exists k € (0,1/4)
such that, for sufficiently large m and all fized k € (0, ),

- > inf — Z) > .
(@ ( ) L42s, () dnf = > <p> > 142

j=[xm] j=[rm]

6.4 Lemma

For p~m/e as m — oo, € € (0,0.1), A € (0,1/(2¢)), and k € (0,1/4), we have, for
sufficiently large m,

1 & 7\
inf  — <> >1—r* +0(1).
—142A<y<1'M P

j=[rm]

6.5 Proof

It follows from Lemma 6.2 that
71 j o 1 67(14— KW+1)
Z< ) (p) m?}(m) 267/5 do:c—Fo(l):?-i—o(l).
The stated result follows because e¥/(y+ 1) > 1 for y € [-1+2A,1]. &

6.6 Lemma

Suppose (Yar, Yor) = (1 — L)1 uy I{t > 1}, (1 — L)%2ug, I{t > 1}). Under the assump-
tions of Theorem 3.2, we have, for 1 < s <r <m,

I
—0,—0 —Z(0a—0p)i A0 2 -1, 1/2 2
max su A by, sw” - — e 3l VG }—O rn" +r/*(logn)*)+o,(r).
w12 g, \|9b|p<l/2§ :{ j Yaj Wy, j ab o ( (logn)®)+o,(r)

6.7 Proof

Rewrite the term inside the braces as

—60q—0 *
" )‘j bDn( i, .0 )D ( iAj. Hb)wuajwubg

+ )\j—ea—ebDn(e’LAj 7 ea)D;(e’LA] ’ ‘9b) — e_f(ea—ab)l] wuajw

—0q—
A wya]w

upjJ
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e 30a=0i [y, sk o — Ag(\)Iej A (A))]
e 200 [ A, () I A (A)) = Fus (N))]
+e 2 Oab0)i [fuab( j) - Gab]
= Hyj+ Hyj + e’%((’“’eb)iﬂsj + 67%(9“7%)1‘[{4]' + efg(ereb)ng)j’

where Aj()\;) denotes the bth column of A;();). From the proof of Theorem 2 of
Robinson (1995a) (also see Robinson, 1995b, p. 1673), we have

Elyj = fu{1+0(j'log(j + 1))},
Bwy,jwl; = Aa(Nj) /27 +O(j M og( + 1)),  j=1,...,m. (12)
El.;=1I1,/2n + O(j tlog(j + 1)).

From Lemma 8.4 of Phillips and Shimotsu (2003), for j = 1,...,m,

SUPg, [,0,]<1/2 ‘/\j_ea_ebDn(eMj;9a)DZ(€i’\j;9b) — e 200 = O())) + O(51?).

It follows that F sup, ’Z;ZS ng‘ = O(r*n=!' +71/2). For the contributions from Hj;,
we have
—0,—0 —0,—6
/\j ’ UbJ )“ *Dy(e i:0 a) Dy, (e EeF ; O0p) Wy, jw,,

0 Op Ty [ iA
byw—)‘ "Dy (e Jg)uw}

wya] 'l,U upj

—0,
= Ay A
—0, —0, I, 0 *( 4
X0y, = A7 Dol 02w, | A7 D3 05 )u, .

From Lemma 6.1 and Lemma 5.3 of Shimotsu and Phillips (2003a), we obtain

/\j_ebwybj = )‘]'_ebDn(eMj39b)w1Lbj + Ryj(0s), (13)

with E'supjg, <1 /2 [Rnj(0)> = O(j 7" (logn)?). Tt follows from Cauchy-Schwartz in-
equality, (12), and (13) that

—VYa 0 9 * 3 - P
Esup\9a|,\0b|§1/2’)‘j9 Wy, j |:)‘j b = AT Dy (e 6,) ubj” = 0(j"/*(logn)?),

and similarly for the second term on the right, giving £ sup, ‘Z;ZS Hlj‘ = O(r'/?(log n)?).
For the contributions from Hj;, applying the decomposition

Hszj = wy,; [wii,,j - w:jA;()‘j)] + [Wy,j — Aa(Aj)wej] we Ab()‘ )
and (12) gives E ‘Z;ZS ng‘ = O(r'/?(log n)?). For Hyj,we can apply the arguments
in the proof of (C.3) in Lobato (1999, p.145) to show > % Haj = op(r) + 0, (r'/?).
Assumption 1 gives > %__ Hs; = o(r), and the stated result follows. MW
6.8 Lemma

For 6 € (—C, 1),



6.9 Proof
We show that n§ —4 N(0,7'En) for any n = (n,,n,). First, observe that

or I
77§ 771\/»21111 wEl]w€2j +77272 ]/m Im wauwezj]
1

Proceeding in the same manner as in Robinson (1995b, pp.1644-47), we obtain

%= n\;ﬁ ; ; Z]: sin(t — s)A; (771 + 12 (j/m)_6> €1t€2s

t—1 n t—1
= E €1t g €25Ct—s — E €2t E €1s5Ct—s;
t=1 s=1 t=1 s=1

oo = =D (ot im) ) sinGon).

J=1

Since the first and second terms in the second line are uncorrelated, the stated result
follows if we show

g t—1
E € _1E2sCt—s, T 2>2,
“t HdN(OvTIIEU/Q); Zt:{ ()lt Zsfl 2sCt—s o

t=1

From Robinson (1995b, pp.1644-47), whose necessary conditions are
n—1 n—t 2 Y /2 (Zn 2\2 0 (Zn 2)(271 2) =0 (14)
t=1 Zs 16 e n s=1 Cs) ’ n s=1Cs s=15Cs .

First,

m n—1n—t

n—1n—t
S = s S (mm fm) ) st(ay)
t=1 s

=1 j=1t=1 s=1
+275712 Z Z ("71 + 19 (j/m)_d) (771 + M9 (k‘/m)_5>
J#k
n—1n—t
X Z Z[cos{s()\j — M)} —cos{s(Aj + ) }H.
t=1 s=1

Using 377 2771 cos?(s\) = (n—1)2/4 (Robinson, 1995b, p. 1645) and sin?(s);) =
1 — cos?(s)\;), the first term on the right is

21 1 9 2mns 77%
Z(nﬁrnz (j/m)~ ) —>4(771+1_5+1_25 :

The second term on the right is zero, because for p # 0

nlnz:t ) cos \p n—1 1 n-1 n
cos(s - _ -
= = 4Sln)\/2 2 2 2 2

15



Hence, the first condition in (14) holds. For the other conditions in (14), first let

1 & 1 i\,
cs = nlnm;sm(s)\j)—i—%n\/mz;(m) sin(sA;)

= NMC1s + NaCas,

and we derive the bound for ¢s. Obviously ¢s = ¢,,—s and |c15|, |cos| = O(m1/2n*1).
Furthermore, we have for 1 < s <n/2

s = O(m Y2571,

5m1 _1/2m

Cos = n\ﬁz( —(G+1)" )Zsms)\l Zsms)\

= 0 (m_l/Qs_l) , 6<0,

n/s , .\ -6 s
Cos = an( > sin(sA;) n\ﬁ /zs;rl( > sin(sA;)
n/s 6 =3 M
= ( \FZ](S) +0 (n\ﬁ ( ) max n/grl sin(s\;) )

= 0 (n_6m5_1/235_1> , 0€(0,1/2),

from the fact that | > "sin(s);)| = O(n/s) and Theorem 2.2 in Zygmund (1959,
p.3). It follows that

Silesf = O (' TisT) =0 logn),
Yilen? = O (7'} sT) =0 logn), 4<0,
Shlen = T el T len] T0 = O (LF (0 md T2 T (! 20 ) )
= O(n™'E{s7") =0(n "logn), §€(0,1/2),
and
S slel = O (mT s = Om ™ logn),

S slos? O(m > 7Ts™) =0(m tlogn), d <0,
1 210 O (n=2mP =150 21 = O(m>~1), §e(0,1/2).

Therefore, the second and third conditions in (14) hold, and the stated result follows.
[ |

7 Appendix 2: Proofs

7.1 Proof of Theorem 3.2

Define § = (01,02) = d — d° and S(d
arbitrary small A > 0, define ©; =
generality, assume A < 1/8. Then we

) = R(d) — R(d"). Fix 1/2 > p > 0, and for
{60 : 0 € [-1/2 + A,1/2)%}. Without loss of
e have (c.f. Robinson, 1995b, p.1634)

Pr(|ld—d°||>p) < Pr (infﬁpm@ S(d) < 0)

< Pr (infy, e, S(d) <0) + Pr (info\e, S(d) <0).

16



Define

L ,.20, 1 6140
Y, = AMX, = Ad_dOAdoXt = Ay, My (0) = ( fo s fo gy > ’

fol x01 02y fol z2%2dz
Aj(0) = diag(A;", A7), M;(6) = diag{(j/m)™, (j/m)"}.
From the property of the determinant, we have

det G(d) = (27"”)99 det (; 3" My (6)4,0) Reuyj]Ajw)Mj(e)) |
1

n

and
S(d) = S1(d) + Sa(d) + S3(d) + Sa(d),

where

Si1(d) = logdet (ﬂl1 i M;(0)A;(0) Re[ij]Aj(H)Mj(9)> —logdet (G ® M (9)),
1

Sy(d) = logdet (G ® Mx(0)) — logdet G° + log(261 + 1) + log(205 + 1),
Ss(d) = logdet G° — logdet G(d°),

1 m
Sy(d) = —2(61+62) (m Zlogj —log m> —log(201 + 1) — log(262 + 1).
1

Since m™t > " logj —logm +1 = O(m~'logm) (see, e.g. Robinson, 1995b, Lemma
2),

Si(d) = 26, —log(201 + 1) + 205 — log(260 + 1) + O(m ™~ logm).
Because = —log(1+x) > 0 for z € (—1,00) and & —log(z +1) > 22/6 for 0 < |z| < 1,

for large n we have
infy nee Sa(d) > p?/2.

For Sy(d), since My (0) is positive semidefinite if 61,602 > —1/2 4+ A, it follows from
Oppenheim’s inequality (Liitkepohl, 1996, p.56) that

1 1 0
det G

det (G° ® Moo (6)) > det 0/ 291d/ 202y =

et (G © Mo(6)) > det G o T T T 20 )20, 1 1)

giving
infﬁpm@% Sa(d) > 0.

Since |log(1 4 z)| < 2|z| for || < 1/2, we deduce that when ¢ < 1

det G(d°) — det G°
det GO

Pr ()bg det G(d°) — log det GO‘ < 5) < Pr (

9
<-].
<)

det G(d°) — det G° = 0,(1), (15)

Therefore, Pr(infﬁpme% S(d) < 0) — 0 follows if
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and
Pr <ianpm@% {det (7711 > M;(0)A4(0) Re[fyj]Aj(e)Mj(@)
1

_det (G0 0 Mo (0))} < Jf) Y (16)

as n — o0o.
We proceed to show (15) and (16). From Robinson (1995b) Lemma 2, we have

7m<j>7_1 (1)
—E — -1=0|— as m — 00,
m m me

for e € (0,1] and C € (g,00). It follows that

sup
C>vze

det (rln iMj(G)GOMj(0)> — det (GO © Ma(6)) = O (m_m‘) |
1

uniformly in 6 € ©f. For any (2 x 2) Hermitian matrix A, we have
det(Re[A]) = A1 A9 — Re[A12]2 > A11A9 — Re[A12]2 — Im[A12]2 = det A. (17)

Let
€ (0) = diag{exp(—in61/2),exp(—inb2/2)},

and note that multiplying any matrix by £ (6) and £ (#)* does not change its deter-
minant. Therefore, the term inside the infﬁpmeg in (16) is no smaller than, apart

from an O(m™22) term,

det <m—1 > Mj(e)Aj(e)JyjAj(e)Mj(e)) —det <m—1 > M;(0)E (6) G°€ (6)* Mj(e)> .

1 1

Thus, (16) follows if

sup
01

— 0. (18)

% f: M;(0) {A;(0)1,;7,(0) — € (0) G°E (6)"} M;(6)

From summation by parts (Robinson, 1995b, p. 1636), the left hand side of (18) is

bounded by
m—1 j 2A 1 T
<m> —sup > {A;(0)1,;A5(6) — £ (0) G°€ (6)"} (19)
r=1 1 ]5=1
+;sgp > {A(0)1,;0,(0) — £ (6) G° (6)"} |- (20)
1li=1

Both (19) and (20) are o,(1) from Lemma 6.6, and (18) follows. (15) follows from
the results derived above, because £ (6) is an identity matrix when 6 = 0.

18



We move to 6 € ©\0;. A little algebra gives
1 m 1 m
S(d) = logdet le Iniz; —log det — Z L

2
(01+92)log——2 (01 + 02) Zlogj

= logdet D (d) — log det D(d°),

where

- % > Pi(0)A;(0) Rel[I,;5]A;(0) P;(6),

P;(0) =diag((j/p)?, (i/p)?), and p = exp(m~' 3 {"logj) ~ m/e as m — oo. From
the results for d € ©1, we have

det D(d) —, det GY  as n — oco.

Because log x is a strictly increasing function for z > 0, Pr(infg\g, S(d) < 0) tends
to 0 if, for arbitrary small n > 0,

Pr(infe\e, det D(d) —detG° < n) =0 asn — . (21)

From (17), we have
det D(d) > det | - 3" Pi(0)A;(0)1,;A5(0) P (6)
€ = det j GO )Ly J

Furthermore, we have

1 & 1 &
- > Pi(0)A;(0)I,;A5(0 = > Pi(0)A;(0)wywi; NS (0) P (6),
1 1

which is a sum of m positive semidefinite matrices. For a fixed x € (0,1/4), define

j=lkm]
Then, it follows from Liitkepohl (1996, p.55) that

det |2 3" PN O)1,0,0)Py(0)| > det D (a),
1

giving det D(d) > det Dy (d). R
We proceed to analyze the limit of D, (d) for

Os: 61 €[-1/2,1/2], 6s€[-1/2,—1/2+ A]
Os: 01 €[-1/2,1/2], 6 € [1/2,3/2],

Oy : 016[ 1/2 1/2] 926[—3/2,—1/2],
Os: 01€[1/2,3/2], 6s€(1/2,3/2],

Os: 01 €[1/2,3/2], 0sc]-3/2,—1/2],
O7 : 916[ 3/2 1/2] 926[ 3/2,—1/2]

19



and show that, for arbitrary small n > 0,
Pr(infp det Dy(d) — det G <7) — 0 asn — oo, (22)

for ©s,...,07. Then (21) follows because Dy (d) is symmetric in (61,0s). Hereafter
let > denote Py [m] - Observe that

det D,.(d) = m*lz’(j/p)%’u;%lzljmflz’(j/p)%u W2

| S G/ Tl G o)A |

Define
e L G/ Y (j/p)0 o
”””—m(zwm“% S (5 /p)2e )

For 6 € ©,, from summation by parts and Lemmas 6.2 and 6.6, we obtain
det D(d) = m™' Y'(G/p)* " Ghim™" 32 (3/p)*" G,
—1 . 01, —1 !y - 05 2 0 \2
(T ) T G /)") () + 0n(1)
= det [G” © M"(0)] + 0,(1),

where o,(1) term is uniform in 6. Because M" () is positive semidefinite, it follows
from Oppenheim’s inequality and Lemmas 6.3 (a) and 6.4 that, for sufficiently small
(but fixed) x and large n,

det G infe, [m™" 32/ (j/p)*" m™" 3'(j/p)**]
det G°(1 + 31/ det G°) = det G° + 37, (23)

infe, det [G° © M"(0)] >
>

because 02 < —1/2 + A. Therefore, we have (22) for 6 € Os.
Before proceeding to prove (22) for O3, Oy, ..., it is useful to collect some results
from Shimotsu and Phillips (2003a) (hereafter simply SP). First, for a = 1,2, we have

9 Wi(0a) + A; % (2mn) % €% 2, 0. € [%,3],

A, = 4 W04, - bocl-h1l, @1
W;(0q) + )\;9“ (27?71)71/2 e”\f(l — e“\f)_lZ(m, 0, € [— %, —%},
where Zg, = Y 1y Yan for 0, € [%, %], Zon = AY,,, for 0, € [—%, —%], and
W (0a) = Dy (0a) Wayej — Uavnj(aa)a
with Dy, (0,) and U, nj(0,) satisfying

D,;(0,) = e 30l 4 O(\)) + O(j71/2), uniformly in 6,, (25)
Esupg, [Uanj(0a)> = O '(logn)?), j=1,...,m. (26)

N)\OJ

The precise form of D,,; (6,) and U ,j(6,) depends on the value of 6,. For 6, € [%
(24) follows from SP equations (51) and (60) on pp. 27-28. The result for 6, € [—31, %
follows from Lemma 5.2 and 5.3 of SP. For 6, € [—3, —1], see SP equation (66) on

page 29. In addition, using (25) and (26) with Lemma 6.2 and the arguments in the
proof of Lemma 6.6 gives, for a,b = 1,2, and uniformly in 0,

m =Y (G/p)" W (8a) Wi (B) = e 20 S )t Gl + 0p(1), (27)

],
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In view of SP equation (62) and (26), we obtain, for a,b = 1,2 and 0, € [3, 3],
m Y (G/p) W (0)A e (2mn) T2 € Zy = mTlen T 2 2,0, (ka),  (28)
where k, = m~1/2logn +mn~! — 0, and 6, € [—%, —%],
m Y (G/p) W (0,0 (2mm) TP €N (1 — €)1 2z,
= m7 bt 7 0, (k). (29)

We move to the proof of (22) for ©3. Hereafter all the O,(-) and o0,(-) terms are
uniform in 6. From (24)-(28), we obtain

m G/ Dy = m T (/) G+ op(1),

and
m Y G = mT Y (/) Gy o (2mn) T Y (i /p) N 2,

+m 02027127, O, (ky) + 0p(1).
From Lemma 6.3, we can express the second term on the right as

£ (02) m=20202271 72 infy £ (0y) > ¢ > 0.
We also obtain
m (G /p)" A Py (5/p) 2N P,
= m 'Y (j/p) T2 2 O 0G0, 20272 70, O, (k) + 0p (1)
Therefore, uniformly in 6,
det D,.(d) = D1 + Dy + D3 + Dy + 0,(1),

where
D = det[G°OE(O) O M (0)@E* ()], Dy=¢&(02)m 2n*>"1273
Ds = {mfl SYG /)P GRY, + op(l)} m 2022027172 Dy = 00212, Op(kn).
For D; and D3, Lemma 6.3 gives

det G%infe,[m ™ 3 (i/p)*rm = 3 (5 /p)%2] > det G + 3n.

0) — 1, asn — oc.

inf@2 D1 >

Pr(infg D3 >

For Dy and Dy, in view of the argument in SP pp. 28-29, we obtain
Pr (infg(D2 + D4) < —m) — 0, as n — oo.

Therefore, (22) follows for 6 € Os.
The proof of (22) for 0 € ©4 follows from essentially the same argument. Using
A wy) = Wy (02) + A% (2mn) ™12 6 (1 €M) 2y,

and (24)-(29) and proceeding in the same manner gives (22) for 6 € O4.
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For 6 € ©5 = {61,602 € [1/2,3/2]}, use (24) and rewrite (j/p)e‘l)\;g“wyuj, a=1,2,
as
G/P)% N wyy = (/)" Wi (0a) + (/)P A0 (2mn) V2 € Zyy,
— ei)\j (j/p)eawj(aa)efi)\j _i_pfﬁ,l (27T)—9a—1/2 neafl/ZZan
= 6Mj (Aaj + Ba),
and note that B, does not depend on j, and B, is a real number. It follows that
det Dy;(d)
_ _ _ « 2
= m T Y Ay + BiPmT Y Ay + Baf® — [m T Y (A + Bu) (A3 + Bo)
= (m 'Y |Ay? +2Bim Y Re[Ay;] + Bim ' Y1)
X (m_l Z/ ‘A2j|2 + 2BQm_1 ZI Re[Agj] + B%m_l Z/ 1)
_ % _ _ " _ 2
- ‘m 1 ZI A]_]AQJ + Bgm 1 Z/ Al] + B]_m 1 Z/ AQ] + B]_BQm 1 ZI ].’ .
Using the fact
(2B1m_1 Z, Re[Alj] + B%m_l Z, 1) (2Bgm_l z/ RG[AQJ'] =+ B%Tn_1 Z/ 1)
— ‘Bzm_l z/ Alj + Blm_l Z/ AEJ + BlBgm_l E, 1‘2
= 4BlBQm_1 Z/ Re[Alj] -1 Z Re AQJ ‘Bgm 1 Z Al] + Bim~ 1 Z A2]

)

and m~1 > A, = Op(ky) (follows from (28)) and a little algebra, we obtain

det D, (d)
_ _ - . |2
= m Y A Pm T Y Ag P — [m T Y Ay As (30)

—i—m_l Z/ 1 [B%m_l E, ‘Alj’2 + B%m_l Z, ‘AQ‘]"2 — 2BlBQm_1 Z/ Re[Ale@]l])
+B1By0y(k7) + BiOp(k2) + B30y(k2) 4+ B2Op(kn) + B1Op(kn).

From (27) and (23), (30) is bounded from below by

infg det(G® @ M"(0)) — |o0,(1)| > det G° + 31 — |o,(1)].

Because G is positive definite, there exists ¢ € (0,1) such that (G5)? = G9,GY%5(1 —
¢)2. For (31), observe that

(1=¢) (Bsm ' Y |A 1> + Bim ™' 32 |Ag;*) — 2B1Bam ™" 32" Re[A1; A3 ]
2(1— Q) (BIBIm ™ Y |Ay; P Y | Ay [2) % — 2B1 Bym ™' 3 Re[ A1 A3
> 2B1Ba| (1= O)(GhG5)" /2 = |Gl | m ™ X2 (/p)" %% = | BiB2oy (1)

= —[B1Baop(1)],

v

where the third line follows from m=! >’ AgjAp; =e” 20a=00)iG0 =1 S (j /p)20e 4
op(1) (from (27)) and Cauchy-Schwartz 1nequahty Therefore, (3 ) is bounded from
below by, for sufficiently large n and a constant ¢ > 0,
¢m ™ 31 [BimT Y Ayl + Bim T Y | Ao ] — |BiBaoy(1)]
> (1/2)¢2¢ (B3GY, + B2GY) — Bilop(1)] — Bllop(1)| — [B1Baoy(1)];
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because m ™ Y"1 ~ 1—k and infg, m~* 32/ (j/p)?’s > 2c¢ from Lemma 6.3. Therefore,
after collecting the terms and using |zy| < 22 + y2, we obtain

infy det ﬁﬁ(d) > det G° + 27
+(c/2 (B%Gol + B%GO ) B2‘Op(kn)’ - Bl‘Op(kn)’
+1 = lop(1)] + BY(CeGYy /2 — [op(D]) + B3(¢eGh/2 — |op(1))).

In view of the argument in SP pp. 28-29, the second line is larger than —n with
probability approaching to one (hereafter, wpal). The third line is nonnegative wpal,
and (22) follows for 0 € ©5.

For 6 € Oy, a similar definition gives
G/P)" AT wy; = € Ay + By,
(/PN P wyy = €i(Ag+ (1= V)71 By).
It follows that
det D, (d)
= m 'Y A+ Bi*m

+ (1 — )~ 132‘
. ‘m—l Z/ (Alj + Bl) ( ;J. + (1 — e_i)\j)_]-B2>’
= (7YY 1Ay +2Bim Y Re [Ay] + (By)?m Y1)
X <m—1 SV |Agj|? +2Bam ™ 3 Re [(1 - e_i/\j)_lAQJ} + (Bz)*m

—m T Ay Ay Bam T (1= )T Ay 4 BT S A3,

. . 2
+B1Bym™ P Y (1 —e ) L Bim LYY A5 + B1Bom™ Y (1 - e_Mj)_l‘
A tedious algebra gives

det Dy (d)

_ _ _ . 12

= m7 Y A Pm T Y [Agy? = m T Y Ay AL
. —2
+m T AP (B)?m T Y (1= €| +m T Y [Ag P (B)Pm T Y
—2B1Bs Re [mfl Z/ Alj ;jmfl Z,(l — ei)‘j)fl}
. 2
BB S 1 | 2’<1—e”j>ﬂ

+B10y(ky) + Banm™'0,(ky,) + (B1)? Banm ™0, (ky,) + B1(Ba)*n*m ™20, (k,)
+(Ba)*n*m ™2 0p(k7y) + (B1)?Op (k7).

The first two terms are bounded from below by det G + 21 + 0,(1). The third and
fourth terms are

GYUm ™ Y (5/p) P (Bo)?*m Y 1 — €72 4 Gym Y (G/p) 2 (Br)?m T Y 1
+(B2)?0p(n*m™2) + (B1)?0p(1).
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A repeated use of Cauchy-Schwartz inequality gives

+G(2)2m_1 Z/(j/p)%g (31)2m_1 Z/ )

GYym L Y (/)P (Bo)m 7L — e[ 2 ]
2 2(1_6)[ 1><G22m g %/(j/p)QQOQ(Bl)Qm*l > ]
> 206 m ™ G /p) ) T L — e,

The fifth term is bounded by
|Bil|Ba| [mt 32 Ay Agy [ m~t 31— e[
= [Ghlm™ 3 (G/p)" ) (m T L = €T + | Bil|Balop(nm ™),
The sixth term is greater than, for n > 0,
1(B1)*(B2)*n*m™2,
by Cauchy-Schwartz inequality. Therefore, there exists ¢ > 0 such that

det Dy(d) > detG° + 2p
+¢GY (B2)*n*m ™2 4 ¢G99 (B1)? + ¢(B1)*(Bs)*n*m ™2
+op(1) + (B2)?0p(n*m™?) + (B1)0p(1) + | B1l| Bafop(nm ™)
+B10p(kn, )+BQnm*10p(k:n) + (By)?Baynm ™' Op(kn)
+B1(B2)*n*m 20y (ky) + (B2)*n*m ™20, (k2) + (B1)*Op(k2).
On the right hand side, all the terms with O,(-) and o,(-) are dominated by the first

four terms, and therefore we have(22) for § € ©7. The case with 0 € Og is analyzed
in a similar way as § € ©5, and the proof is omitted. H

7.2 Proof of Theorem 3.4

Theorem 3.2 holds under the current conditions and implies that with probability
approaching to one, as n — 00, d satisfies

dR(d)| _ dR@)| (d?R(d)
dO

0= "4 |;~ dddd’ |,

) (C/l\_ d0)7
where ||d* — d°|| < ||J — d°||. The stated result follows if the score vector at d°
converges to N(0,) in distribution and the Hessian at d* converges uniformly to 2

in probability.

7.2.1 Score vector approximation

We show that for any 2 x 1 vector n

dR(d 2((20 \2 _
”/m}jiz) —a N(0,7/Qn), Q=2(Iz+Go®(G°)1)+7r(Gu){ : 1}

0 2det GO | -1 1
Observe that
OR(d) ~ . —0G(d)
vm . ZlogA +tr<G(d) NG g )
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Now

dG (d)
ddy

vm

2] *
8d1wAd1r1J Adigy O WANw  WAdsy,;
o)

ody Adlgc ijdQUCM 0

\FZR

Using Lemmas 5.13 and 5.15 of SP, its (1, 1) element is

do do

2 — 2
e Z Re [wlog(l—L)mij j] == Z log AjLu,; + op (1).
vm < ' vm <

Similarly, its (2,2) element is 2m =2 3" log A\; L, + 0p (1), and its off-diagonal ele-
ments are

m
E: wlog(l L)yuyj uw]
1

-

m
= Z [ e wuuwuﬂ} +0,(1)
1

3\

« e .
— \/ﬁ Zlog AjRe [wuljwuzj] — 72\/% Z (m—X;j)Im [wuljwuﬂ] +o0,(1).
1 1

The limit of /m 0G(d)/ adg‘do is obtained in a similar manner.

Let i, be a 2 X 2 matrix whose ath diagonal is one and all other elements are zero
and define

=m ' Y log \; Re[I,].
Then it follows that, for a = 1,2,
aG
ady,

Jm - Jm (iaél + @na) + (=1)"H + o, (1),

H = {2 H 2\Fz M) I [ 0]

Hereafter we use G in place of G(d) when its meaning is obvious. Let g% and A4 (0)’
denote the ath row of (G°)~! and ath column of A(0)’, respectively. Define

S = > logy v (67 (6 + Gii)).
1

Spp = (~D)%r(G7'H),

so that
\/ﬁ 8R(d)/ada‘d0 = Sa1 + Sa2 + Op(l)'

Then we have

Sal = 2\/77Lt1" (@_1




= 2tr a_li i VJA (O) Re[IEJ]A (0)/ Za) + Op(]_)
[
- \/25 > v {9 A(0) Re[I) A (0) — 1} + 0,(1),
1

where v; =log \; —m ™1 Y " log \; = logj —m~! Y 1" logj, and the third line follows
from Lobato (1999, equation (C.2), p. 145) and A()\;) = A (0) +O(j°n=5). From the
arguments in Lobato (1999, pp.141-43), it follows that

2
Y MaSar —a N (0,7'En), E=2(I+G°o (G°)).

a=1

It remains to derive the limit distribution of S,2. Similarly as above, we obtain

Sy = —(—1)“deté2[@(d)]12h
G(d 1 &
_ (1) [ dit)]alz — 21: (7 — Ag) Im [w, ), ]
_ L elC@le 1 AV 4o
= —(=1) il \/mzlz( Aj) [A(0) Im[I;] A(0)'] ,, + 0p (1)

W GYdet A(0) T & i
= —(-1) 12detGO( )\/MZIm (w2 jwk,; ]+ op (1)
1

TGl 21 &

1
since det G° = (27)~2(det A(0))%. From Lemma 6.8, we have

. 1
Zlm [we,jw? ;] —a N(0,5), a#b.
1

2

D 2

Since Im[w ;we,;] and Re[l;] are uncorrelated for all 1 < j, k < m, it follows that

TGy 27

Gy B (o G
Vdet GO vm 4 #1972l AT 9 det GO )
and (S11,521) and (S12,522) are asymptotically independent. Therefore,

dR(d)
Vim = L N(0,Q). (32)

7.2.2 Hessian approximation

Fix e > 0 and let M = {d : (logn)*||d — d°|| < €}. Pr(d* ¢ M) tends to zero from
the proof of consistency, thus we assume d* € M in the following. Observe that
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O*R(d)
ddaody

9G ~ e 892G
0d," ody *©  dd,0d,

—G! (33)

First we evaluate the first term on the right of (33). Let J(#) = diag(j%,j%).
Then

-1
G—1 8G = [ ZJ 0) Re[Indy;]A; (G)J(O)]
< [;Zw) A;-(e)afl Re[IAdzj}Axe)J(e)]
1 a

= C(H)~' x B(9).

First we derive the limit of

291)\ 291Iy1] j01+02)\_91_92wy1]wyw
ZRe 91+92>\ 61— agwyljww 292)\ 2921y2j ] .
In view of the fact that
% = 11/6a] < (log j)nl’! < (log j)n'/'¢" = elogj on M, (34)

and proof of consistency, we obtain
1 — _ _
C(0)-G° = - > Re[ly;] = G° + 0y((logn) ") = 0,((logn) ),
1

uniformly in # € M. Hereafter o,(-) terms are all uniform in 6 € M. For B(6), from
(34) and Lemmas 5.13 and 5.15 of SP, we have for a =1

20 :014+05\—01—0
2j 1)‘ wlOg(l L)yljw?jlj jor 2/\j e

*
Wiog(1—L)y15 Wysj
91+92>\ 91 02

B(O) =

1
m wlog(l L)yij Wysj 0

m
1
m
21, W
Z log)\ [ u1J wu1]wu2] :| + Op((log n)fl).

1

* .
Wy, Wusj 0

It follows that
, , _ 1 &
B(0) = (i1G1 + G1i1) + op((logn) ™), Gy = GOE El log A;.

When a = 2, we obtain the same result with iy replacing ;. Thus

L0G 4 510G oG

-G od,  Ody

= tr [—(G") " Mi,G1 + G1ia)(G) M (iG1 + Gaip)] + 0p(1).

For the second term on the right of (33), first, when a = b = 1, we have

62
» Z 0) o Rl acss A, (0) )
—20, 92 . —01—02 5?
261>\ 1 6d2 IAdlxlj j91+92 )‘j 1—02 8d2 Wpdy g, W Ad2x2]

—ZRe

6 +02y—01— 92 9?2
' 2)\ 6d2 wAdl zlijdQZ’QJ 0
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Using Lemmas 5.13 and 5.15 of SP and the arguments above, its (1,1) element is

m

1
4— Z{Re }2 uj +0p(1) = 4G(1)1E Z(log )‘j)2 + op(1).
1
Its off-diagonal elements are
IS iAj2
- ;Re [Jn(e 7) wul]wuw} +op(1) = —Z [ log \;)? ] Re [wul]wuw] +0p(1)

m

1 2
= Ghy—D (logj)* = -Gy + 0p(1).

1

When a # b, the diagonal elements of m=1 37" J (6) A; (9)%;% Re[lpd,,|A;(0)J (0)
are zero, and its off-diagonal elements are

1 & "
. ZRe [\Jn(el)”)‘ wuuquJ] +op(1) = — Z { log \j)? ] Re [wuwwuw} +0p(1)
1

1
= G12%Z(log)\) +Z G12+0p(1)
1

Proceeding similarly for a = b = 2, we obtain

~ o, 0°G R o .
tr [G 18da(9db tr [(G°) 7! (iaipGa + 1aGaip + ipGaia + G2igip)]

2 0

on—1/ \H{a=b}T | 0 Gy
rr (@) e T | G o,
1 m
Gy = Gomzl:(log)\j)2.
Now

tr [—(GY) 1 (iaG1 + G1ia)(G°) 1 (ipG1 + Grip)]

+tr [(G°) ! (iqipGa + 104Gty + 1,Gaia + Goigip))
= (m 'Y (log))? — (m ' " log Aj)?)

xtr [(GO) 7! (1aipGP + 10 GY%p + ipGVia + Gqip) |
— (2L +G° o (G") N

Finally, since

tr TLQGA 0 GY _ _WQ(G(l)z)Q
o1 Gy 0 2det GO’

it follows that

18GG_18@ a1 892G

-G ad, ad, dd,0d,

= Qap + Op(l)v

giving the limit of the Hessian. W
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7.3 Proof of Theorem 4.2
Define § = d} — d3 > 0. Then we have
A% (X — BX1y) = A%(Xy — X10) + (87 — H)A Xy,
= A%ug + (8 — B)A"uy,

(0] 0 0 0
because A% Xy, = A%—diy,, = Ade—dytdy—di, . — AP2=0y.. Observe that

A P WAG gy o)y = A WAn g (B = BN P WAy,
—0 RN
2mm
. J 5—0
- >\j QwAQQUQj—i_(ﬁO_ﬁ) (n) <m> )\j 2wA92*5u1J'
N
—0 a2 J 5—0
= A ZwA"QU2j+ﬁ<m> AS P WAs =5y, (35)

where 8 = (3° — 3) (2rm/n) "’ . N
Define S(d,8) = R(d,) — R(d°,3°) and B, = {3 : |8] < p}. By a similar

argument as the proof of Theorem 3.2, we obtain

Pr({cfeﬁpﬂ@}u{ﬁeﬁmeD

IN

< Pr< _inf S(d, ) 0)
{deN,NO}U{BeB,NB}

< Pr< _inf S(d,ﬁ)ﬁO)—l—Pr( inf S(d,ﬁ)go).
{deN,nO}N{BEB} {deN,nO}IN{BeB,NB}

First we take care of the easiest case:

d € 0Oy, 02—56[—1/2+A,1/2],
d € @1, 92—(56[—3/2,—1/2—A].

In view of the proof of Theorem 3.2 for d € ©1 and the fact N, C ©1, it suffices to
show, with probability approaching to one,

det (7711 > M;(O)A;(0)Ipan(Nj; 5)Aj(9>MJ(9)>
1

{ (201 +1)71(202 + 1)~ det G° + 0, (1), uniformly in {d € N,Nn©1} N {3 € B},

(36)

(01 + 024+ 1)"2det G° +n|B|2  for n > 0, uniformly in {d € N,N©:1}n{B € B,N B}.

From (35) we have
(3/m)*2 022 Ints (1, ays
= (i/m)*"

HIBIP (5 /m)* %

) \O1+05 \—01—0
(j/m)* A 2wAd1z1jw*Ad2(

2 -
. — — o— *
+2ﬁ(]/m)292 oRe {)\j ezwAegwj/\j 021”&’2—5

_92
)\] wAGQ qu Ulj

2

)

6—02
A] wA9275ulj

z2—Px1)]
_ . 014062y —01 —02, x Al 01+02—6y—061 6—02, *
= (J/m) TN WA A WA0. + B /M) TN W A0 AT WA, -5y,

29

J



For 9 > 0, applying Lemma 6.6 and proceeding as above, it follows that

(36) = GHGY [oaP [P + 0,(1)
+25 (GG, cos(md/2) [3 2% [3a%"70 + 0,(1)]
B [(G3)7 [5* [522272 + 0,(1)|
—(G)(Joa® )2 — 23 | G8, Gy cos(m6/2) [y a?+0 [§ 20270 4 0,(1)]
B2 (@82 (fy 2”7 + 0,(1)] (37)
For {d € N,n©{}U{B € B}, (37) is
[GG3 — (G)*] [o 2™ [oa™ + op(1) (
(G [[o 2™ [52* = (fya"+7) } (39)
+23 |G9, Gy cos(md/2) [y a® [o a0 — [{af¥0e [{af+0270 4 o,(1)](40)
HIB2 (@) [oa® foa® = ([ga® 70 4 0,(1)] (

(38) is (201 + 1)71(202 + 1)t det GO + 0,(1).
The case where § = 0 is special, because (39)-(41) reduce to

A1)

[(G)? + 268, GRB(1 + 0,(1)) + IBAGE)2 (L + 0y (1)] [ o™ [ — (J5a"+0)?]
(42)
Since [[oa*" [y 2 — ([o2"7%2)?] € [0,C], (G)? + 26960 + [B7(Gh)* = 0
and |3| < oo, we have Pr((42) < —8) — 0 for any € > 0.
For § > 0, first take care of the case when 6; and 65 are close to each other.
Since f(l) 20 f(l) z202—0 _ éx91+92 fé z?110279 ig 4 continuous function of 61, 6s, for
any € > 0, by taking A small we have uniformly in |6; — 03] < A

|(40)] < 181 (= + 0p(1))
Since § > 0, (41) is bounded from below by
IBI(C + 0p(1)),
where C' > 0 does not depend on e. Therefore, (40) + (41) is bounded from below by
BI{(C + 0p(1)IB] — &+ 0p(1)] (43)

When |3| > 2¢/C, (43) is positive wpal and when |3| < 2¢/C, (43) is no smaller than
—6¢2/C wpal. Make ¢ sufficiently small, then we have (40) + (41) > —¢ wpal.
Now, for |1 — 62| > A, we have

(39) + (41)
> 2|6IGY |G| [ a0 [l (L 91+02)}

1/2
< [fa fha? 2 — (hat 002 (14 o, (1))

1/2

30



Therefore, Pr((39) + (40) + (41) < —¢) — 0 if

[fo 26, fl 205 fl 91+92 }[f(l) 26, fo 205—26 (f(1)$01+92—5)2}

> |:j'(1) .’13201 f(l) 11720276 o fé $91+92 f[l) x91+9275i| 2
Expanding the above and factoring out [ (1) 22%1 | then the above holds from Lemma S,
and Pr((39) + (40) + (41) < —e) — 0 follows. Since ¢ is arbitrary, the required result

follows.
For {d € ©§} U{B € B,N B}, (37) is

[G%GO — (G (Jo =% + 0p(1)
[f(l) 261 fl 202 _ j‘l 01+92)}

(

(
+25 [G 2008 (7d/2) f(l) 201 fl 262 f(l)x91+92 f(l) x91+62_5+0p(1) (46)

(

+|ﬁl2[ P L2 féx%*%_(féx"l“’?*a)“rop(l)}- A7)
Defining
det G°
Sid) = logdet< ZM stz mAﬂ'(e)Mﬂ‘("))‘k’gWW’
So(d) = —2log(6y + 02 + 1) — 2(61 + 65) lil 1
2 = oglu1 + 02 12m10gj ogm |,

and S3(d) as in the proof of Theorem 3.2, we have S(d) = S;i(d) 4+ Sa2(d) + S3(d) and
Sa(d) > o0,(1). For § = 0, again (45)-(47) reduce to

[G(l)ngQ + 28G9, GV (1 + op(1)) + 1B12(G9,)%(1 + 0p(1 } [fo 20, fl 205 _ fl g f1+02)2 ] ‘

But fo 20 fl 26> _ fl 01402)2 — () when 6; = 65, hence 3 does not necessarily
converge to (.

Move back to the case § > 0. It suffices to show that (45) + (46) + (47) > x|f|
wpal. Again, for any £ > 0, there exists A > 0 such that for |6; — 03] < A we have

(46)] < 1] (= + 0p(1))

Since [0 — 62+ 6| > A > 0, (47) is bounded from below by Cy|B[2 + |B[2(Cs +0p(1)),
where C1,Cs2 > 0 does not depend on . Hence we obtain (46) + (47) > —e wpal for
arbitrary small € > 0.

For |61 — 62| > A, since

(45) 4 (47)

> 2’B‘G?1(G 1/2 |:f(1) 201 fl 202 fl 01+92)}

[ fl 2225 (11a0402-02] ' (14 0,(1)).

and GY,GY, > (GY5)?, the required result follows from Lemma S.

1/2
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For 0y — € [-3/2,—1/2 — A], since
N g, s = D02 — 0w, — Coj(02)7° 02 02 =012y, e,
where e; is a generic reminder term that satisfies m~! > 1" E(e;)* = O(k2), and
Vi, = (1 — L) 0up, I{t > 1},  Cyi(0) = C(0) + O())),

where C(6) is a generic function that does not depend on n and 0 < |C(0)] < oo.
Then as in the proof for 82 € [-3/2,—1/2 — A] we obtain

1 &[5 202 20
2 (p) Aj T s vy

= 21GY, [La?2 4 0,(1) + 21273 [G(1)2 cos(w3/2) [, >0 + Op(l)}
+€201‘B|2 |:G(1]1 J‘Il{ x292*26 + Op(].)}

_’_5m579271n9275+1/2}%n0p(kn) + |B’2m579271n9275+1/2}/3n0p(kn)

+’B’2m26—292—2n202—26+1 ‘0(9)‘21/327“

1 m j 91+02 0 0
_ _ *
E Z <p> )\j ' 2wAd1x1ijd2 (z2—Px1)]

= RGP ") 4+ 25 (G4 Gy cos(m/2) [ a0 Lt g oy(1)

B [ (12”0702 + 0,(1)|
+Bm6_02_1n02_6+1/2}/3n0p(kn) + |B’2m6_02_1n92_5+1/2}%n0p(kn)

+|B’2m26_202_2n202_26+1Y32nop(1)-

2

Therefore, all the additional terms are dominated by |3|2m?29—202—2p202-20+1 ¢y (0)2v2,
and their sum is larger than —e for any € > 0 with probability approaching to 1. Thus
the required result for {d € ©1} N {8 € B, N B} also follows.

Finally, we consider the case

I ¢ 0,€[-3/2,-1/2—A], 6,€[-1/2+A,1/2], 6,—6€[-1/2+A,1/2],
IT : 0,€[-3/2,—1/2—A], 6y [-1/2+A,1/2], 0y—6€[-3/2,-1/2— A|.

From the results in the proof of Theorem 3.2 we obtain
m -\ 20
> > INT Ay
m p j Alzyj
KM

— 6291G(1)1 fi 33291 +m—291—2n291+1|c(0)|2Y12n +m—91—1n6’1+1/2}/1n0p(kn) +Op(1),

For case I, we have

1 m -\ 202

LS (2) " i

m D J A2 (zg—fBz1)j
rM

= 21GY, [La?2 4 0)(1) + 21273 [G(1)2 cos(w3/2) [, #** 0 + Op(l)}

e B GOy [ a2+ 0p(1)]
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and

2
.\ 01462
1o~ 5\ 616
o J —b1—02 *
mZ D Aj Wadiz W Ad2 (2~ Br1);
rmM

= MG )? 4 25 G Gy cos(md/2) [ a0 [ a0 4o, (1)]

[BP (G (fa® ) 4 0p(1)]
+m_261_2n291+1Y12nOp(kn) + m_el_lnelﬂ/QYmOp(kn)-

Since
m .\ 202
%Z (;) A2 Inds (o)
> [1 — cos(md/2)]e? ( 22 f 202 4132 [G(l)l fi 2?0220 Op(l)D
4 cos(5/2) [G % [La®2 + 23G9, (fi 2?70 4 Op(l))
B ()
>,
we have

det D,.(d) > det G° +7, wpal.
For case I1, let

Dyj(01)wayj + 5], Agy =p "1 (2m) 02" 2 7y,

()
b
i\ ~
By = <p) [Dnj(92)wwj + BDn;(02 — 0)wu,j + ej]
P 92]5 1 92 5+1/2Y
so that

(j/p)™ elwAdlxlj A+ By, (/p)™" )‘_j_elwAd2(x2—ﬁx1)j = Asj + By,

then the required result follows from the proof of Theorem 3.2. W

Lemma S For 6 >0 and A > 0, define

S(Q, 5) — fx291 f$292 \/‘1‘292726 fx292 fx91+92 6\2 fx292 20 j‘x91+92)
_ fx291 (f .’1729276)2 4 2fx292 §fx91+02 fx91+92 5,

where the domain of integration is [0,1] when 61,602,020 —0 > —1/2 + A and [k, 1]
otherwise. Then, by choosing x> 0 small, we have infgee\r S (656) > 0, where

T = {|01—02+8 <AYU{|0; +1/2| < AYU{|02 +1/2| < A}
U{l62 — 6 + 1/2| < A}.

and T = {|91—92‘ < A}UT when 61, 65,05,—6 > —1/2+A or 01,05,05—06 < —1/2+A.
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Proof There are six possible cases

I: 61> —1/2+A (922—1/2+A, 92—52—1/2+A,

I: 6> -1/24+A, 0,<—1/2—A, 65—6<—1/2—A
IIT : 912—1/2+A, 022—1/2—A, 92—5§—1/2—A
IV: 1< —1/2—A, 03> —1/2—A, 6,—6>—1/2— A
V: 91§—1/2—A, 92§—1/2—A, 92—5§—1/2—A
VI: 1< —1/2—A, 03> —1/2—A, 6,—5<—1/2— A

Define

1 1 1 1 1 1 1
(6;6) = 201 +1202+1 202 25+11 205+1 (01+92 5+1)2 T 205— 25+1 (01+02+1)2
) =

BB 7Es Ry ey i 7 e T e e

For case I, an elementary algebra shows that
S (0;6) = g(6;6) = A0) ™' (01 — 02)% (01 — O + 6)26% > (supy A(0))162A% > 0,

where A(f) is the least common denominator of the terms in ¢ (0;9), and A(#) €
(0, 00) uniformly in 6. Hereafter all the inequalities hold uniformly in 6. For case V,
we obtain S (0;6) = k2140272043 g(9; §) + C(0;0)k*2], where |C(6;6)| < oo, and
A(f) € (—00,0). Taking x small makes the terms inside the brackets positive.

For case II, first there exists > 0 such that

fx26’1 [f 55202 fx292—2§ - (f I292_§)2] Z K[492—25+2(47’ 4 0(9’ 6)K/2A) Z 377,{492—264-27

by taking x small. Also for small K we obtain

20241 for 6, + 609 —§ > —1
Wa [ [ O1+02—5 Ck og K, or 01 + 62 > 409—25+2
J 2?2 ([ = ) < { Cr21+402-2043 100 1 for 0 + 0y — 6 < —1 } <nK

where C'is a finite constant, because 26, > —1+2A. Similarly we have [ m202*25(f ph1102)2 <
nk102720+2 Tt follows that S (0;0) > nkt%2=29+2  giving the required result. For case
ITI, in an analogous manner we obtain

fx291 f IQGQ ]‘ 117292725 477&

2 292725%*1’
fx292 fx91+92 6\2 fx292 25(]‘ 91+02 fx291 foGQ 5) S 77[%292*264*1’

and S (0;6) > nk12729%2 follows. The remaining cases are proven in a similar way.
|

7.4 Proof of Theorem 4.5

Let T = (d1,d2, 3). By the same reasoning as the proof of Theorem 3.4, the stated
result follows if we derive the limit of the score vector at 7° and the Hessian at 7*
where ||7* —7°|| < ||F —70||. For 6 € (0,1/2), let B,, =diag(1, 1, (2rm/n)?). We show

B ER(d", 3°)

d N(O,El), B, (deT’) B, —p Ela

then B, 1(7 — 19) —4 N(0,(Z1)7!) follows because

o (PEED) it - ) = By T,

Bym )
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7.4.1 Part I: § € (0,3)

Score vector approximation The partial derivative of R(d, 3) with respect to d
at 70 is the same as those of R(d) at d°. For the partial derivative with respect to 3,

we have
[Bn]:s\/ﬁaRg;’m = tr (@ (d,3) B ]3\/»8G(d ﬁ)) |

where [By]3 denotes the (3,3) element of B,,. Now

EINCLC AR E N ZRe

Wy JWA=8yyj  2WA=5y, Wy,

0 wul]wA 5u11 ]
Its off-diagonal elements are
27rm> 1 —
- Re
(W) 3
1 AN
-—— = R

in view of the arguments on pp. 22-24 of Shimotsu and Phillips (2003b). Similarly,
its (2,2) element is

(71)\ in (_5)
P ——

)
[Drj(=0)] Luyj + 0p(1),

(;l) - Re [Dy;(—0)] Re [wy, jwy,,;]

(i;)_d I [ Dy (—8)] I [wu, 5] + 0p(1).

It follows that
det GO

70 et

(B, Jsy/m 2E-5) (S + S2) + 0,(1),

where

12 &\ A
- L) o)

G
detl(l;o Jm Z < > Im [Dy(—6)] Im [wy, jws,;] -

First we derive the limit distribution of S3;. Later we show that S3; and S3o are
asymptotically independent. Rewrite S3; as

S32

1 9 m ] -4
det GO \/m ; <m> Re [Dnj(=0)] (GYo1urj — G Re [wuy jwy,;])

1 2 &/
+ a0 i 2 (m>

% {Re [Dnj(=0)] (G2 = Gla) s — (Gi1 = G) Re [wn, o, ] }

-0
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1 T\ o 2 Ly — GY
— [1 - cos <2> g +op(1)} \/mzljRe [ wuljwu2]11 G(1)2 ] ) (49)
Observe that
2 (i 2 ,
1) = =3 (L) RelDy(-0] A O Rell 41 0) + 0,(1)
1
m . -0 n
=~ 23 (L) reu-angta0) (;m > e - ;) A410) +0,(1)
1 t=1
2 ()" 2 L N /
-— 3 (m> Re [Dyj(—0)] g7 A(0) 5 — D el cos(t — s)A; A1 (0)
1 t#s

because g>C (1) Cy (1)" = 0. The first term on the right is 0,(1) because Hn‘l Sl eer — I2H =

O,(n~"/2) from Lobato (1999) p. 149. Similarly,

(49) = —[Wg%%m]fmizﬁtm) (Rl = 52 ) 1 (07 +o,(1)

cos (1d/2)
15 Um Z QWHZZage cos(t — s)Aj A1 (0) + op(1).

It follows that

S31 = Z an;g* A 27m Z Z erel cos(t — s)Aj A1 (0) + 0p(1),
t#s
.\ —0
j cos (md/2

In the same manner as Lobato (1999), we can rewrite this as Y ;- ; &} Zi;ll Or_sts,
where

0, = (mvmn)~ ZQ cos (tAj)

Q; = on; [A(0) (g )'(A1(0)) + A1 (0) g*A(0)] .

Combining the above with the results from the proof of Theorem 3.4, with Si;
and So; defined there, we obtain

MS11 + n9Sa1 + 13851 = Sy &) > Orscs,

where

0, = (my/mn)~ ZQ cos(tA;)

Q = Znauj [A(0)' (9") (Aa(0))’ + Aa(0)'g° A(0)]
a=1
+n3an; [A(0)' (62)' (A1 (0))' + A1 (0) g*A(0)] .
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The bounds of ||©;* are given by (logm)? times the bound of ¢, in Lemma 6.8.
Therefore, we need only to check the limit of

S fiom)]

From Lobato (1999), the terms in m ™! ZT‘JI‘[Q}QJ‘/(ZHTQ)] that involve only 7; and
7, tend to 2321 Zizl NaMpFap- The terms with n3 in tr[QQ;] are

U{%%[(H%Mﬂn+mU%(M}
wammwMMM}
= 2t [1Ba2,41(0)' g A(0)A (0) (¢7)'(A1(0))']

2t [ 41(0)FAQ) (05 AO)]
=<M>%& Q[0 1] = (4n2)2n3a%;(G)*/ det GO.

The terms with 7,73 in tr[Q2}€;] are

/(0)) Aa(1)'g"A(0)]'

2tr { 77a773VJ0‘nJ [4(0) (9) (Aq
x [A(0) () (Ar(1)) + A 9140)}
= Adtr [nan3yjogn] «(0)g*A (0 )A(O),( 1(0) )/]
+4tr [nangl/janj (0)/ “A (0) Al( )/ QA( )]

G 1 0](g?), fora=1
. 2 o 11 ) ’
= (4 )4%”3”3‘1"]{ GY[ 0 1](g?), fora=2,

= (4772)477a773’/janj(_1)aG(1)1G(1)2/det GO

Therefore, the terms in m™! ST [€Q5]/( 47?) that involve 1), are, from Lemma NB,
1
de tGO Zan] +77a773 GllG Zy]an]

2 o oM\ 02 1
T det GO <2>(G11) 1-26 (1-0)2

+ei (—1)acos<”5>a Go (2(;5)2

It follows that
22:1 77(15&1 —d N(O> 777177)7

where the upper-left (2 x 2) block of Z; is given by the first term of Q, and (3, 1),
(3,2), (3,3) elements of Z; are given by

2G9,GY, miy\_2—6 2GY,GY, w5\ _2=6 2(G9,)? 2 (7 1 1
det GO 005(7)(175)% det GO COS(7)(175)27 det GO~ €08 (%) |95 — (175)2}'

It remains to derive the limit distribution of S32. We have

G det A(0) 2 .
Sy = l%m\FZ(>m@MMmeﬂﬂm

2GY, . (w27 J
= e ()73 (i) ] 0
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In view of the proof of Theorem 3.4, we obtain

3
Gy, 27
WSa2 = 12 Im [w,, jw}
2 e = ”Q)Mfz i

2G’11 A
_ng\/ﬁ&n( ) Z ( ) Im [we, jw?, ;] + op(1)
- dN(07U/IZU)7

where the upper-left (2 x 2) block of Zj is given by the second term of Q, and (3, 1),
(3,2), (3,3) elements of Z, are given by

G9,G9 GY.GY, . 2(G9,)2 .
7rdltlco12 Sm(%a)%w FdelthOu sin(%) 45 i 2(7”;) .

Therefore, 327,842 and 331,51 are asymptotically independent to each other,
and the required result follows from G —, G and = =7 + Is.

Lemma NB

1 iO‘Q o [0 1 1
= N ik _
m 4 K 2 1-26 (1-6)2)°
1§:ya cos(ﬂ(s) 29
o i%nj 9 (182"
m < 2 )(1-9)
Proof Since for o« > —1 we have

S G/m) logg = (a4 1) ogm — (0 1)
m= G /m) mT Y M logi = (a+ 1) togm 4 (a+ 1) +o(1),

D S o (et )
- °2<7T25 <1—26 1—6))’
e (OIS [
() sl 15
w =)o) ()

giving the stated result. W

S\H

W
0>

S\H
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Hessian Let M = {7 : B, '(logn)*||r — 7°|| < £}. Again Pr(7* ¢ M) tends to zero
from the proof of consistency, hence hereafter we assume 7 € M. First we show that
the terms involving 3% are negligible, i.e.,

4R(d, B)
) B = Bn ( “drdr

d*R(d, 3)
Bn < drdr’

> By, + 0p(1). (50)

d*,ﬁo

7* € M implies that 3 = (2rm/n) 70 (3° — B*) = O((logn)™*). From the proof of
Theorem 4.2, we have

—02 _ —02 —02 /10
)\j WAz (zy—Bz1)j  — )\j WAO24y;5 + )\j (6" = ﬁ)wA6275“1j
2mm

-5
= )‘;92wy2j + (j/m)_5 (n) (50 - 5))\?792“%027%1;'

= )\._92wy2j + O((log n)_4)(j/m)_é)\j_egwﬁréul

J J*

Recall that Yo; = A%ug I{t > 1}. Thus, the (1,2) element of J (6) A;(0) %Aj (9)
J(0) is
1~ —0,-0 .
— > " Re [“’bg(kL)Adlzlijdz(m—ﬂm)j}
1

IRy _o— . -
= 223 Re [Wiog1 0,5 + Op((logm) ™),
1

uniformly in 7 € M. Hereafter O,(-) and op,(-) terms are all uniform in 7 € M.
Applying a similar argument to the other elements give

oG
0dy

oG

- -3
o +Oy((logn)~?),

J(0)A(0)5--A;(0)J(0)] = J () A;(0)

T*

A;(0)J(0)

d*vﬁo

and similarly we can show (50). Therefore, hereafter all the derivatives are evaluated
at (d*, 3°).
For the derivatives with respect to d, we have from (50) and the proof of Theorem

3.4
0’R(d, B)

8d,od, 7 ab-

For the derivatives with respect to (3, first we evaluate

oG
[Bn]3J (0) AJ(Q)%AJ(G)J(G) (51)
(27Tm>5 1 iRe 0 j91+62>‘;91792wy1jw2d2m1j
= —|—) = 01405 \—01—0 « 20, \ —20 *
n m e JRTeA 2wy1ijd2z1j 2j° A 2wAd2$1ijd2(x2—ﬂx1)j

By the same argument as the one in the proof of Theorem 3.4, its diagonal elements
are

m . -0
J - - * —
—— E () Re [)\j 91wy1j)\j 92+5wA92,5u1j] + op((logn) ™)
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Its (2,2) element is

2 o~ (J - "
—— () Re [)\j 92+6U’A@2*5u1g)‘g B2 y21] + o0p((logn) ™)
1

m .\ —0
- _% (7::71> Re [Dp;j(—8)] Re [way jwy,;] + 0p((logn) ™)
1

= —2GY,cos (gé) ;i (;) B + op((logn) ™).
1

It follows that

- m . -0
Bulad 0) M0G0 0,0176) = —c0s(3) 257 (L) Gat opltionm) ),
1
0o GY
o = | a s,

Next, for ([Bn]3)?J (0) Aj(G)(82(A¥/8ﬂ2)Aj(9)J (0), its (2,2) element is

m

2 o, (37 205+25 o Lem(d\7?
EZ] 2<m> Re |:)‘j : IA925u1]}:2G11mZ<m) + 0p(1),

1 1

and the other elements are zero. Therefore,

d2R(d, 3) B 410G 540G 8G ., 0%G
cos? (6/2) 0\-1 . (1011 2(G1)? 1
s " )G G + g T o)

20GH)2 T 1 o (76 1
- =) 1).
aetGo |1o2 v\ %)) e T
We proceed to evaluate

G (0)J(0). (52)

[Bals (0) A(0) 55

When a = 1, its diagonal elements are zero, and its off-diagonal elements are

i () oo (50) 5 (30)] s nttoen™
1

(3535 (2) -t T () 235 (2)”
+op((logn) ).
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When a = 2, its (1,1) element is zero, and its off-diagonal elements are
TNl (5)"°
0 .
_Gll COS (56) % ; <m> log >\j

m . -5
0 Tsin (Zs) =3 (L -1
—{—G112sm<26) m2 (m) + 0p((logn) ™).

Since
32
DBOdy A% a2=pe)
— a *
- %2 Re [wlog(l—L)Nl2 (z2—B21)j WAL (2y—Bar )

* *
—2Re [wlog(l—m@mwm (a—p1)j T wlog(l—L)Ad2(w2—51’1)jwM2x1j} )

its (2,2) element is

2 O~ 96y 20
_% Zj 2)\j *Re [wlog(l—L)Ad2$1jw*Ad2(xzfﬁl“l)j+wlog(l—L)AdQ(IZ—ﬁxl)jw*AdQIlj]
1
2 m

= o ZRG [Jn(ei)\j)Dm( 6)wu1]wu2j +Jn ( )Dnj(_‘s)*wzljwmj] + Op(l)
1

4o, .,
= —EZ(j/m) 5log)\jcos (gé) Re [wul]wu2]] +0p(1)
1

m

Z /m) 5log)\ +0p(1).

1

1

m

= 4Glzcos<ﬂ )

It follows that

m

™ . 1
(52) = —cos (56) (iaG3 + G3ig) mzl: (j/m)~ log)\j
o (TN 1 —
+(—1) ESIH (§5> (11G3+G321 %Z j/m +0p 1).

1

Therefore, since G = GOm ™! S " log Aj + op((logn) 1),
2mm 5
n
m

= cos (g&) tr [(Go)_l (iaal + alia> ng} %Z (j/m)~

1

oG ~ 090G ~ . 092G
1 1 —1
-G~ aﬁG od, G 0B0d,

m

— cos (gé) tr [(Go)_1 (iaG3 + nga L Z (j/m) 610g>\

E 1
1 m
+(—1)agsm (ga) tr [(Go) ™" (G + Gin)] — > (j/m) ™ + 0,(1)

m
1
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o (T 269G 1O -6

= cos (ga) 1 [(Go) ™! (iaGs + Gia)]
&G, 1
—(—=1)%msin (F5> d(lai Glo2f5 + 0p(1)

B o (T 269G 26
= (1) COS(25> det GO (1 —9)2

a . GY,GY, 1
—(-1) 7rs1n< 5) d(lai G1()2 13 +0p(1),

7.4.2 Part IL: 6 € (3,2)

2
(1-4)?

Define B,, =diag(1,1,n%m'/2). We show

0
1\/» (doﬂ) _ [9;]7 z—q N(0,Q), y=0,01),

dQR(d*,ﬂ*) Q0
B"<W>Bn - d{o 5]7

where
E=0,(1), Pr(l¢<e)—0 ase—0.

then /m(d — d°) —4 N(0,9Q71) follows.
Score vector We show

0
m@R(gOﬁ,ﬁ) = Op(n m_1/2)

First, we have

OR(d°, 8°)
vm 5

= (@ (d,8)"" Vm

m

OR(d, 3)
op

TO)
1

ﬁ ZRG |:wu1jw*A*5u1]:| Gll ZRG WA=buy5 u2j]

1

2

=~

G
det G 2

Since

N Ui (1=08) A ey,
R 2mn 1—e 2mn’
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where Y3, = A%y, I{t > 1}, we obtain m~ /237" Re {wul]wA buy } =I+11+111I,

where

I = Z)\ Re [Dnj(—8)] Lu,j,

1 Ty (1—0)
II = ——3 Re 2 ,
\/mzlz n

W
YT ety

27

1 & 1 €Y,

171 = —Y R ; : .
39 e{wwl_euj m]

We show IT and 11 are O,(n®m~'/2). First we take care of IT. Since 1 —§ € (0, ),
Lemmas 8.7 and 8.9 of Phillips and Shimotsu (2003b) give

I = < Z]_l 1/2,,1/2—(1- 5)j1—5—1/2>
= 0, <n5m1/2 Zj51/2> _ Op(n m=12).
1

For 111, since n'/?=9Y3, —4 N(0,0?) by the standard MDS-CLT,

171 Yan 1 i R e
= - — e | Wy j—
V21 \/ﬁ “J 1— e

m- 1212y, Zwuu i

m

Z Al ()‘j)wf:‘jo(j_l) + Op(n_1/2 log m)]
1

_ TL m 1/2( 1/2—6y3n)

= Op(n Im~1/2),

where A'();) denotes the first row of A();). A similar calculation for m~/2 3" Re [wA Sy i Waias

gives

detG (.. 1 —0G(d,B)

= Gip— Z)\ Re [Dn;j(—0)] Lu,;

—Gi1—— Z)\ Re [Dy;j(—0)] Re [wy, jw),;] + Op(n®m™1/2).

Rewrite the first two terms on the right as



1 &,
+ﬁ2)\j6Re[Dnj(—5)]Re [G(l)glulj Guwul]wuw]
1

The first two terms are
Op(m_l/2 (n’m I/QZJ_(S Op(n°m™%) = o, (n’m~1/2).
The third term is

\/%ZAJ-‘; Re[Dpj(—0)] [ GY, T —GY, ]Reuuj]
1

= d\e/t%? Z )\;5 Re [Dy;(—9)] g' Re [A()\j)IEjAl()‘j)/]
1

Op(némfl/Q ijénfl/Z)
1

= TS Re Dy (6] o' Re [AO); 410

_l’_

_l’_

Op(n®H2m!1270) 4 Op(nPm =12 37§70 n0)
1

= detGiAg‘sRe [Dnj(—0)] " Re [A(0)1;A1(0)'] + Op(n®m~1/2),
1

NLD
because

nd—1/2,,1/2-8

n

121 =88 =172

m
ndm—1/2 Zj’ajﬁfrfﬁ _ n‘sm*l/QO(mﬁ*‘”ln*ﬁ).

The first term on the last line has mean zero and variance

0 <n26m1 ij%) -0 <n25m’1> :
1

giving
. _ oG(d,
tr (G (d, B) Wﬁégﬁ)) = Op(n’m~1/%).
When 6§ € (1, 3), we have
1 m
I = — N\ = —1/2
OP (\/mzl: J ) Op(n m )

11 =

/\

I = 0, (n’m™12).
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When 6 = 1, from Robinson and Marinucci (2001) Theorems 4.3 and 5.1,
1 i 1 m
T DR [wugjhny, | = <n > Re [wmwzluljD — Oy(m™V%),
1 1

and similarly for m~/2 3" Re [wAfauljw;ij} :
Hessian
Showing Pr(d* £M) First, for § € (3,1),let M = {7: (logn)'%|7 — 79| <&} . In

the proof of consistency, let p = e(logn)~'0. Since 02 € N, for large n we have

inf  S(d,p3) = inf . S(d,B)
{deN,}n{peB,NB} {deN,}n{02—0€[-3/2,—-1/2]}n{BeB,NB}

0]+ Op((logn) ™).

AV

It follows that Pr(d* ¢ M) — 0. N

Next, for § € [1,3), let M = {7 : {(logn)¥||7—7°|| < e}n{(logn)®m’~1|B] < e}}.
We proceed to show Pr(d* ¢ M) — 0. We have 0y — § € [-3/2,—1/2] for large n if
d € N, and k2(logn)'? — 0. Furthermore, det X has a term

B0 20—202—2 205 —25+1v,2
n|Blm* 2 Y

Therefore, it suffices to show
nf2= 012y, s, N(0,0%), o%>0.
Recall Yz, = (1 — L)% %uy, I{t > 1} with 6 — § € [-3/2, —1/2]. Then rewrite
oo oo
Uty = Z Aj11€1,0—5 + Z Aj1262.n—j,
§=0 §=0
and let
(e.0) o ]
u‘fn = Z Aj711€17n_j = A(L)é‘ln, A(L) = ZAleLJ.
§=0 §=0
We show that n?=0+1/2(1 — [)%2=94¢ I{t > 1} converges to a normal random vari-

able.
From the proof of Lemma 5.6 of SP, we have

n—1
n92—5+1/2(1 o L)ez_éu%nl{t 2 1} — n92—6+1/2 Z (5 _k‘g2)kA(L)51,n_k

k=0
_ ) X2 5,
02—0+1/2 j5—02—1 1.
" T — 6y) kzl €1k + 0p(1)
And
n—1 n—1 n—1
n92—5+1/2 Z k5_92_161,n—k‘ _ n92—5+1/2 Z kg_lgl,n—k + n92—5+1/2 Z k“s_lO((log n)—3)817n_k
k=1 k=1 k=1

— gN(0,02), o2>0,

a

by the standard martingale CLT.
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The limit of the Hessian For J (0) A;(6) 8%(;;6) A;(0) J(0), we have as before

—0
Aj WAL (2 By )

= X Py, + (j/m) BN :
J Wy, J/m - WAO2—=8y, §

= A "wy,5+ O((logn) ™) (j/m)~Pa; + BO(m =%~ )n 012y,

Since nf2=9+1/2y3, = O, (1), for instance, the (1,2) element of .J (6) A;(6) %Aj(ﬁ)
J(0) is
1~ _o,— . = 5o -
. 21:]91+02)‘j 717% Re [wigg(1-Lyyy 5] + Op(1)8m’ "' Op((logn)®) +Op((log n) ™).
Hence the second term is o,(1) both when & € (3,1) and 6 € [1, 3).

For (2mm/n)° J (0) A;(0) 95 A;(0)J (0) , since

)\;92+5 ei)\jyln
1—e /2mn
= Dyj(02 — 0)wu,j + ej + Cj 20 Int/270% 0y (14 0())),

)\-—92-5—5

y Wpvy—5y,; = Dnj(02 — 6w, +ej +

its diagonal elements and (2,2) element have an extra term
m
m671n1/276+92YSnZRe [)\;91wy1j} j79271(1 + O(A])) _ Op(méfl/Z)’
1

miIpl/2-0t0y, ZRe [)\J._QQwZQj} jferl(l +0(N)) = op(m‘sfl/Q),
1

respectively. Therefore, since 0 > 1/2, we have

J(0) AM)%/\J‘(@)J (6) = Op(n®m™°) + Op(n‘sm*l/z) = op(n‘sm*l/Q).
For (2mm/n)* J (6) Aj(Q)%Aj(Q)J(H) , its (2,2) element is

9 m ] —26 ) 5
20 —205+2
w2 (m) A T by

From Lemma H,

RN S AN 25~ (3N s 0
2 - 2 26—1
2 <m> A ety = mz<m> A - 0p (™)
1 1

m
= 2(277)25_177126_171_26 Z In-s5,5+ Op(m%_l).
1

From Theorem 4.5 and 5.1 of Robinson and Marinucci (2001), we have

m m
lim E |n~% Z TIN5y, n=? Z IA‘sulj] < 00,
1 1

n—oo

>C>0, lim Var
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giving

2 AN 20,+26 L o5
-20 - + 20—1

=) () Re [Aj 2 IAHQ_%U} = —m¥7,

where
E=0,(1), Pr(l¢<e)—0 ase—0.

It follows that

_ A2R(d, 3) _ . 10G ~_0G  ~_,0°G
2% 1B, Pg _ 1-25 26 A1 196 1
n m[ Ty N m-~*(m/n)* tr |-G 3 T +G o7
GO 1 sl
= G 2B (D)
t=1

Similarly, the elements of (2rm/n)° J (6) Aj(G)%AJ(H)J(H) are all o0,(m°1/2).
Therefore,

2
Y [Bnd R(d, )

dr dr’ = op(1).

dr dr’ a3

Lemma H For § > 1/2 and |#s] < (logn)~5, uniformly in 65 we have

1= 90, ()72 amar2s 1

3 —205+ _
m 2 <m> A7 sy = — )
1 1

.\ —20
J 5 5—
— < ) )\? TIN5y, + op(m*~1h).

m

Proof Observe that

1 m ] —24 m
-202 —202+20 201 209 - —20 —202+26
RZJ <m> A Ipnoy—5,,5 =m0 Z] J [)‘j IA9276U1j1| ,
1 1

and

6—02
Aj

)\f292+26
1— e

J

Tpos—s,,;, = Dy (€502 — § + 1wy,

uij

_ ~ _ . 2
N7 O an(@2—8+1) AT eiNyg (5 — 6y)

1 —etNi 2mn 1 —etNi 2mn

where Yz, (8 — 03) = A2 0y, T{t > 1}.

We show
/\5-_92 A0
J i\, _ J i\, —4
oy Dn(€i02 =0 +1) = o5 Da(e; =6+ 1) + O ((logn) ™), (53)
N2 (O —36+1) A Upyn(—6+1)
I AT - 1 i e 0,((1 -, (54
1— e 2mn 1 — N o + Op((logn)™), (54)
N0 Ny (5 — 0y) NN, (6
j 3n 2 i e 3n(0) 5 4
: - : 0] 1 55
1— el)‘j 27n, 1— ez/\j omn. + p(] ( 0og Tl) )7 ( )
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then the required result follows in view of the order of the terms. (53 ) follows if, for
a,a’ € [-1/2,1/2] such that |a — /| < (logn)~?,

Da(e™;0) — Da(e™;0') = O(X3 (log n) ™)

where

n
Z 'Lk)\j
k‘ ’

k=0
Now

Dn(e’D\j. O[) _ Dn(ei)\]‘. O/)

— Z( k' zk)\ Z: k' zk)\
(

k=0

_ (=) ik o)k ik - (—a)r  (=a ik

- [k:!e k!e_kz o ¢
=n+1

The first term is (see PS p.12)

8 |

B
Il
=)

(1—e™) —(1-e™) =0 (A\(logn) ™).

For the second term,

f: [ :!/)k] kA

_ S — a) I'(k—d) ik,
- Z [r k+1)0(—a) T(k+ 1)r(—a/)] e

[e.e]

_ 1 I'(k—a)-T(k—a) kN
T T(-a) k;ﬂ T(k+1)
1 — (k- a/)eik,\j
*[r«a> w—wﬂkgilmk+u |

The second terms is O(n~%j = (logn)~*), because F(ia) — = @ o

T(—a)  T(-a) T(-o)
O (| — &'|) . For the first term,

N'k—a)-T(k-«
T(k+1)

/

/
) _jramt et o) + Ok ),

And we have

ZO(kfocfQ)eik)\j nfa 1 ZO k- o 2 zk)\ O(nfa’fl) _ O(nfafl)'
n+1 n+1

So
n-o 1l = )\?(log n)_40(m_°‘n_1(10g n)4) = O(A?(log n)_4).
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Next,

i (k_a—l _ k—a’—1> oRN i a1 (1 _ ka—o/) oikA;

= (a—d) Z k= k% (log k) et

k=n+1
p— n+N .
< (a—a/)n > 1% (logn) max Z etk
k=n+1

= O(n % tlogn)™) = o(A (log n)~%),

where the second equality follows because k% = 1 4 k% (logk) (o — /) where
ar € [0,a — /], and the third inequality follows from Theorem 2.2 of Zygmund
(1959) p.3 and the fact that k=% 1k®(logk) is a nonnegative and nonincreasing
function for large n. Hence we have shown ( 53).

(54) and (55) follow from the proof of Lemma 5.3 of SP. W
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