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1 Introduction

Since Eaton and Grossman (1986), one of the major criticisms of the strategic trade literature has been its
non-robustness to the mode of market competition. If trade policy is sensitive to the choice of strategic
variable by firms and governments are uncertain about the mode of competition then strategic trade policy
can be more harmful than beneficial. In this paper, we analyze export subsidies when firms invest in
cost-reducing R&D before the market competition stage. Governments choose export subsidies first. After
observing governments’ choice, firms invest in R&D and then compete in a third market (in prices or
quantities). We find that for sufficiently cost effective R&D! governments subsidize exports independently
of the mode of competition. This suggests that export subsidies are more robust to the type of the market
competition than implied by the recent literature.

Several authors have studied the robustness of strategic trade policy using two kinds of models. In the
first kind, in a two-stage game, governments first commit to output subsidies and then firms compete in the
market. Using this approach Brander and Spencer (1985) show that the optimal trade policy is an export
subsidy under Cournot competition. Eaton and Grossman (1986), however, show that the optimal strategic
trade policy reverses to an export tax if firms compete in prices.? This policy reversal highlights the lack of
robustness of strategic trade policy when governments are uncertain about the mode of competition.

In the second kind of models, actions are chosen in a three-stage game: governments first commit to a
policy, firms then invest in R&D and later compete in the market. In such models, investing in a strate-
gic variable before the market competition stage captures entry barriers, a feature that is fundamental to
oligopolistic market structures (see Sutton, 1991). A further appeal of these models is that they capture firm
commitment to a strategic variable before the competition stage (Grossman, 1988). If firms can make sunk
investments before the market competition stage then governments have two instruments at their disposal:
output and R&D subsidies. If governments use only R&D policy Bagwell and Staiger (1994) show that gov-
ernments subsidize R&D under both Cournot and Bertrand Competition.> Based on this, Brander (1995)
suggests that R&D subsidies seem more robust than output subsidies. Neary and Leahy (2000), however,
dispute Brander’s claim.* They show that when governments use two instruments (an output and a R&D
subsidy at the same time) then both instruments are not robust to the nature of market competition.®

This paper adds another argument against the claim that R&D subsidies are more robust than output
subsidies. If governments only subsidize exports and firms invest in R&D (before competing in the market),
we show that the optimal trade policy is an export subsidy under both Cournot and Bertrand competition,

provided R&D is sufficiently cost-effective. This means that output policy is more robust than previously

L'We refer to the cost-effectiveness of R&D as the effect of R&D on marginal costs relative to the cost of investing in R&D.

2The reversal in the optimal export policy is explained by the fact that outputs are strategic substitutes and prices are
strategic complements. See Brander (1995) for a discussion on this.

3Spencer and Brander (1983) had shown the optimality of R&D subsidies under Cournot competition. Bagwell and Staiger
(1994) develop a model where the effect of R&D investment is stochastic. In the case where R&D reduces the mean but does
not affect the variance of costs (the closest case to deterministic R&D), they find that R&D should be subsidized under both
Cournot and Bertrand competition. Maggi (1996) finds a similar result in a model where firms invest in capacities (instead of
R&D) before the competition stage. The optimal policy in his model is to subsidize capacities.

1See Neary and Leahy (2000), page 505.

®Neary and Leahy (2000) show that under Cournot competition governments subsidize exports and tax R&D), a result found
in Spencer and Brander (1983). However, under Bertrand competition, governments will tax exports and subsidize R&D.
The intuition is that governments use export policy to shift profits from foreign firms (as in models without R&D) and use
R&D policy to correct the distortion on R&D generated by the strategic behavior of firms. Therefore, if governments use two
instruments, strategic policy in the presence of R&D is no longer robust to changes in the mode of competition.
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considered by the literature. This is true especially in industries where the marginal cost of R&D is not too
high relative to its effect on process innovation.

The papers closest to ours are Spencer and Brander (1983) and Neary and Leahy (2000). Spencer and
Brander (1983) show that governments impose an output subsidy under Cournot competition when firms
can invest in R&D before competing in the market. They analyze two cases that are different to ours. First,
they show the optimality of output subsidies if they are set by governments after firms decide their R&D
investment. Second, they show that output subsidies are optimal if they are set jointly with R&D subsidies
before R&D is chosen by firms. In the first part of our paper, we extend their results to the case when R&D
subsidies are not available and the government chooses output subsidies before firms invest in R&D.

In a numerical simulation, Neary and Leahy (2000) show that if governments only use output subsidies
then the Eaton and Grossman trade policy reversal from Cournot to Bertrand competition is still observed
when firms invest in R&D before the market competition stage. In this paper, we show that their result
holds only when R&D is relatively ineffective at reducing marginal costs. Our result becomes clear once one
realizes that the effect of R&D on profits depends on the level of output. Due to output expansion, an export
subsidy increases the ability of domestic R&D to shift profits from the foreign firm. Output expansion, due
to the output subsidy, occurs under both Cournot and Bertrand competition. Therefore, only looking at
R&D, governments have the incentive to subsidize exports both under price and quantity competition.

The sign of the optimal policy depends upon the net effect of the export subsidy on the R&D and the
market competition stage. In a model without R&D, the sign of the strategic trade policy depends on the
strategic complementarity or substitutability of the variables chosen by firms in the market competition
stage. Under R&D and Cournot competition, a unilateral export subsidy increases welfare both through
its effect on R&D and on output. This means that governments want to subsidize exports (Spencer and
Brander, 1983). Under Bertrand competition, however, the two effects have the opposite sign. If R&D is
sufficiently cost effective then R&D will be relatively elastic with respect to an export subsidy. This high
elasticity of R&D will make the effect of the output subsidy on the R&D stage stronger than the effect on the
price competition stage. In this case, governments subsidize output under Bertrand competition. Conversely,
if R&D is not sufficiently cost-effective then the effect of an output subsidy on the price competition stage
dominates the effect on the R&D stage and the optimal policy under Bertrand competition is an output tax.

We use the standard third country model of strategic trade as in Spencer and Brander (1983). Two firms,
one located in each country, produce a differentiated good which is exported to a third country. There is
no domestic consumption and welfare is measured as producer surplus (profits) net of subsidy costs.® In a
three stage game of complete information, the domestic government first sets an output subsidy s'. This
is followed by both firms simultaneously deciding their investment in cost-reducing R&D (A? and A’). In
the third stage, firms compete in the product market simultaneously choosing quantities, or prices. We also
assume that governments commit to an export subsidy while firms commit to their investment in R&D.

We proceed as follows: in section 2 we analyze output subsidies under Cournot competition. In section 3
we perform the same analysis under Bertrand competition. Section 4 presents a numerical simulation that

highlights the effect of the convexity of the cost of R&D on the optimal trade policy. Section 5 concludes.

6Public funds may have an opportunity cost bigger than one (as in Neary [1994]). We abstract from this issue in this analysis.
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2 Cournot Competition

In the first stage of the game, government 1 chooses an export subsidy. Then firms choose R&D investment.
Output is chosen in the third stage of the game. R&D investment generates a process innovation of size A’
(by firm i), imposing a monetary cost of ¢(A?) upon the firm. The monetary cost is increasing and convex
in the extent of process innovation and reduces total and marginal costs of production. Denoting firms by

superscripts and derivatives by subscripts these assumptions translate into:

; aC (zt, AY) ; 920 (zt, AY) S 02C(at, AY)
Ca oar - =0 Caa oA T 0 i N (1)
PLAY) > 0, LAY >0 (2)

The choice of R&D investment is irreversible and simultaneous for both firms. We assume that goods are
imperfect substitutes and that the own-price effect dominates the cross-price effect:”
op'(xt, 29) < op'(xt, 29)
ox? OxI

<0 3)

The following assumptions concern the behavior of revenues R (z?,27) = z'p’(z?, 29):

S Op (zf, 2 api (a9

Ri(a',2?) = ‘g((;)f)m p(gxix)w (4)
o O (a' 2)

izt ) = ’

R} ;(z", 27) T a(xj)2 >0 (5)
i i 1 iapi(xiaxj) api(xiaxj)

Ry(@ o) = 2= e T om0 (©6)

Assumption (4) states that the revenue is concave in own quantity, and is satisfied by demand functions that
are not too convex. Assumption (5) states that revenue decreases (at a decreasing rate) with an increase in
the other firm’s output. This is true in particular for linear demands. Lastly, (6) states that an increase in
sales of one good decreases marginal revenue of the other (again satisfied in the case of a linear demand).
Suppose that government 1 subsidizes exports giving a per-unit output subsidy, s!, to its domestic firm.

The profit function of firm 1 and firm 2 can then be written as,
Il (z!, 22 Al st) = RY (2!, 2?) — Cl(a!, AY) — ¢(AY) + s'a! =TT (2, 2%, AY) + s'a! (7)
2 (2t 2%, A?%) = (24, 22, A?) = R? (2!, 2?) — C?(22, A?) — p(A?) (8)
The net domestic benefit of country 1 is simply the profit of the domestic firm minus the cost of the subsidy,
Bl(s!) =M (a!, a2, AL, s!) — slal = I (at, 22, AL)
2.1 Final Stage: Quantity Competition

In the final stage, firms choose output, z%, to maximize profits, IT*(z!, 22, A?, s!). The first order condition

for the two firms gives us the following expressions:

I} = Ri(«",2”) — Ch(z", A" ) +s' =0 (9)

Bpi(ziyz‘7))2

T . . . . . . izl 2
"Strictly speaking, the condition for the own price effect to dominate the cross price effect is (ap g;]’z )) < ( 5t

i i g
In this paper we restrict our attention to the case of imperfect substitutes, that is % < 0.
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M3 = R3(z', 2%) — C%(2?,A%) =0 (10)

with second order condition:®

Ij; = Ri;(a*,27) - Ol (¢, A") <0 (11)

We assume that the second order condition is always satisfied.” Note that assumption (6) implies that
quantities are strategic substitutes, and therefore output reaction functions are negatively sloped.
For later use we need to assume that the own effect of output on marginal profit is stronger (greater in

absolute value) than the cross effect, that is, II¢, < ﬁﬁj. This then implies that:
I}, 113, — T, 113, > 0 (12)

The solution of the two equations in (9) gives us equilibrium outputs (as a function of R&D levels chosen

in the second stage and the output subsidy chosen by government 1 in the first stage):
ol =q (A A sh) (13)

Totally differentiating the two first order conditions (9) and (10) we obtain the effect of R&D on output

(keeping the output subsidy constant):!"
Y da’ I Ci .ci
BB N8 = s = e = e > (14
G005, — Ry Ry TG ILG, — 10,10
o da' —Ri.CY —11:,CY
(lej(Az,AJ,Sl) _ x Jj - xA 7z A (15)

dai I, 11}; — R} R}, - 0,11, — I, IT,
where the inequalities come from (1), (6) and (11). The intuition is straightforward: an increase in R&D
expenditure reduces the marginal cost of production and thus shifts out the reaction curve of firm i. Given
that reaction functions are downward sloping, this implies that firm ¢ produces more output while firm j
produces less. The effect of the subsidy (s!) on output is also determined by the effect the output subsidy
has on R&D of both firms. Keeping R&D levels A and A? fixed, the partial effects are,

11,

= >0 (16)

~1 1 2 1
qsl(A’A75)|A1A2~ stant 7L 772 2 Pl
AT constant I 159 — Rig Ry

Ry _ i,
Tl 172 2 pl 77l 172 2 771
1_1111_122 - R12R12 1_1111_122 - 1_1121_[12

Bl
) Al A2 constant

7a (A, A% s <0 (17)

The partial effects state that own output is increasing in own (subsidy) and decreasing in the other
subsidy. However, R&D levels are influenced by the choice of output subsidies. Therefore, the total effect of
a change in s! should take this into account. (Expressions for cjsll and cﬁl above would be relevant if output

subsidies are chosen after R&D levels are set.)

8Note that lzl’;l = H’;l and lzl’;:j = H;:j are the same as under free trade.
9This will be satisfied if marginal costs are increasing or do not decrease faster than marginal revenue.
10Fy]l details of the derivation of most mathematical expressions in this paper can be found in Kujal and Ruiz (2003).
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2.2 R&D investment

In the R&D (i.e. second) stage, we can rewrite the profit of a firm as a function of R&D and output subsidies:
THAL AT sY) = T (G (A, A, 81), @ (Ai, A, 81), Al sY) = RUG, @) — CHT', A7) — ¢'(A") + 5. The first
order condition for a Nash equilibrium in the choice of R&D is given by the same first order condition as in

the case of free trade:
T (AL, AT s1) = Ri(ah,29) g\ (A, A7, 1) — CA (2", AY) — ¢i(AT) =0 (18)

With the second order condition,

- dRi(2,a7)

Thiad (AL A 81 = Righuns + G~ — Caalda — Cha — 0} <0. (19)
Where M - Rt (azi xj)—i +Ri ( A A 0 (bv (5 6 14 d (15 d _j dR;l(mi,mJ) -
’ dA? - 1 ) QAi 37 T )qA1 < ( Yy ( )7 ( )a ( ) an ( )) an in, dA?

Ciagh, > 0.1

We now assume a condition similar to (12). It refers to the effect of R&D on profits. Again, assuming
that own effect of R&D on marginal profits is stronger (bigger in absolute value) than the cross effect (i.e.
Thini < Thins) We get

—i ~J —1i =J
LYNINUYN TN BN LYNIN e 0. (20)

Note that using (1), (3), (5), (6), (14), (15) and the assumption that marginal costs are constant with respect

to output (so that QJ& A = 0), gives us

Thus, R&D expenditures are strategic substitutes and R&D reaction functions are negatively sloped.

To understand (21), notice that firm i sets its R&D A’ to satisfy (18). An infinitesimal increase in A’
increases profits for firm ¢ since the total cost of production is reduced. Further, the quantity produced
by firm j in the last stage also declines which, in turn, increases the revenues of firm 7.'> This increase in
revenues has to be compared with the cost of increasing R&D qﬁi(Al)

Consider now an increase in R&D by firm j (A;). An increase in R&D by firm j increases its own quantity
and reduces the quantity of firm 4. The most important effect is the reduction in x* (for linear demands the
effect on 27 vanishes), since a lower output implies that own R&D (A?) is less effective at increasing profits.
Since the marginal cost of R&D for firm 1 does not change, this implies that the optimal level of R&D for

firm 1 has to be lower after an increase in A;. Hence g—ﬁ; <0.

2.3 Output subsidies

In order to see the effect of output subsidies on R&D investment, we totally differentiate the two first order
conditions for the R&D stage. The following proposition states the effect of an output subsidy on the
equilibrium R&D of both firms.

I Note that even if we assume that marginal costs are constant with respect to output and linear with respect to R&D, (i.e.
qJAiAi = 0) we still need to ensure that CZA + (]57;1 is big enough for (19) to hold. This implies that as R&D increases its
cost-effectiveness has to decline fast enough.

12Because of the envelope theorem, the effect of an infinitesimal change on firm i’s R&D on profits through its effect on the
quantity produced by firm ¢ can be ignored
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Figure 1: Cournot competition: Effect of an output subsidy s imposed by government 1.

Proposition 1 An output subsidy by the domestic government increases the equilibrium level of R€D chosen

by the domestic firm and reduces the RED level chosen by the foreign firm. That is,
dA!

dA?

Proof. See appendix. ®

Proposition 1 states that an increase in the subsidy s! shifts the reaction function of both firms in R&D
space. The reaction function of firm 1 shifts outwards while the reaction function of firm 2 shifts inwards.
This is illustrated in the left half of figure 1. An output subsidy s' moves the equilibrium in the R&D
space from point C' (free trade) to point S. This implies that for a small increment in its output subsidy,
firm 1 will be inside its isoprofit contour (m1) passing through the free trade equilibrium point C. This
analysis, however, does not take into account the effect of output subsidies in output space (i.e. in the third
stage). The effect in the output competition stage is illustrated on the right side of figure 1. Notice that an
output subsidy s!, imposed by government 1, increases domestic R&D and lowers foreign R&D (as seen in
the left half of figure 1). This reduces domestic marginal costs beyond the direct effect of the subsidy and
increases foreign marginal costs. In output space, this means that the domestic output reaction function
shifts out and the foreign reaction function shifts in. The resulting equilibrium is at point S, which is inside
the isoprofit contour (1) that passes through the free trade equilibrium at point C. Therefore, an output
subsidy increases welfare for the domestic country both through R&D and output.

To obtain the optimal output subsidy these two effects need to be included. The net benefit of government
1is BY(s') = #1(A!, A%, s') — s'z!. Differentiating B'(s') with respect to s we obtain,

0B _, dA!

= A 1 adg
asl —7TA1

+ The ot e % — s (24)

Recall that, 71, = Ri(z!,2%)g% (A, A%, s') + 2! and 7}, =0 from the R&D stage. Further,

78, dA' | dAZ
ot = I by T >0 (@)

RYj
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This last inequality simply states that the total effect of an output subsidy on equilibrium output is positive,
i.e. an output subsidy makes a firm in that country more competitive in the output stage (q‘il > 0). Further,

an output subsidy reduces foreign R&D while increasing domestic R&D in the second stage. This in turn

benefits domestic production, i.e. gj, ‘}@ +qh. 4 ds
oB' | dA? dg' L, dA? dg'
ToT = Ty TR — s g = B @@W?)‘Sl@' (26)

The first term reflects the effect of the output subsidy on domestic benefit in the second (R&D) stage.!?
The output subsidy reduces foreign R&D (A?) resulting in an increase in domestic profits. As a result, the
effect of a subsidy s' on benefits in the second stage is positive. The second term captures what happens
in the third (output) stage: an increase in the subsidy s!' reduces the quantity produced by the foreign firm
resulting in an increase in domestic revenues (and profits). The third term reﬂects the increased subsidy
expenditure brought about by an increased production for the domestic firm s'$%-. The sign of the expression

83?1 is determined by the net of the three effects pointed out above. Notice tha‘c7 starting from a subsidy s'

equal to zero, an infinitesimal increase in the output subsidy increases domestic benefit for the subsidizing

country as both the output effect (¢% ) and the R&D effect (q‘QAz %) move in the same direction.

o'
Osl

_, dA?

7TAzd1+R2 1>O (27)

st=0

871
5T =0:

Proposition 2 When firms compete & la Cournot, the optimal output subsidy s'* is positive:

1 (72 dAz ~2
sI* — 1Az dsl + RQq 1 R2 (qu ds! 1) >0 (28)
- dg! =1 =1 ~1
EET qu ds + dpz ds + '

Proof. Immediate from (26) m

This proposition extends the results in Spencer and Brander (1983). They analyze the case when an
output subsidy is set after firms invest in R&D and before they choose output. They find that the optimal
output subsidy is positive. They also analyze the case of subsidies to R&D and output before the R&D
stage, finding that output subsidies are also positive. Here we have shown that output subsidies are also
positive under Cournot competition if subsidies are set before R&D investment.

Note that the separation into two effects related to each of the two stages in which firms play will be

useful to characterize the solution in the case of Bertrand competition.

3 Bertrand Competition

Consider again a three-stage game. In stage 1, government 1 imposes an output subsidy s'. In the second
stage, firms simultaneously choose R&D. In the last stage, firms compete in prices. We assume that goods

are imperfect substitutes and that the own-price effect dominates the cross-price effect,

oz’ (p',p’) oz’ (p',p’)

o < 0< —op (29)
oz’ (p',p?) oz’ (p', p?)
‘ 78# 78])1 . (30)

13Gince firm 1 is choosing R&D, Al, to maximize profits then an infinitesimal output subsidy s!will not affect benefits.
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Using previous notation, revenues and costs can be written as, R’ (p',p?) = 2 (p', p?)p' = R (z*(p', p?), 27 (p*, p?))
and C(p*, p?, A?) = C¥(2(p', p?), A"), respectively. Revenues are assumed to satisfy the following properties:

. . . 2 .0 (0 i Bt i

Ri(p',p') = g(g)’f])jtfx g;;pﬂ) <0 (31)
o 824 (pt, pi

Ry p) = pz%)g) >0 (32)
. . Ot i) J ozt i’ j

Ry ) = p gkl S %

Assumption (31) states that revenue is concave in its own price, a property which is satisfied by demand
functions that are not too convex. Assumption (32) is the standard case where revenue is increasing, at
a non-decreasing rate, in the other firm’s price. This property, in particular, is satisfied by linear demand
functions. Lastly, (33) states that an increase in the price of one good increases marginal revenue for the
other firm. This is again satisfied in the case of linear demand.

We make the following assumptions about costs (which are equivalent to (1) and (2) in the Cournot case):

y aC (p',p’, AY) i PO A
" —= - <0, " — 2 >0,
A dA = AT T (Al
v 0°CH(E, AY) 0at (v, ) ; 9201 (xt, A) 0z (pi, p7)
vA T T onam op 00 WAT T pnma oy (34
PiAY) > 0, ¢L(A)>0
i 00 p AT aCi (@', AY) 0t (p', p)
Cp = opt o oz’ Opt <0
PO, A 9Ci (@t A Pai(p,p) | PO, AY) (92 (p )\
Chipi = 2 = i . 2 + 2 i >0
(9p") Oz a(p') 9 (%) Ip
G- PO p',p!, A  9CH (2t AY) B2l (pt,p?) | 02Ci(at, AY) 9 (p, p?) 9 (p! p’) (35)
P op'op’ - Oa 8p18pﬂ 9 (z)? op’ o~
The profit function of firm 1 and firm 2 can now be written as:
ﬁl(pl,pQ,Al?Sl) = Rl(pl,pQ)_CA’l(plap27A1)_¢(A1)+81'x1(p1,p2) (36)
= II'(p',p*, A") +s' - 2'(p',p%) (37)
I2(p', p%, A?) = T2 (p", p?, A%) = R%(p*, p*) — C2(p", p?, A?) — $(A?). (38)

The net domestic benefit of country 1 is simply the profit of the domestic firm minus the cost of the subsidy:
Bl(sl) — ﬁl(p1)p2) Al, Sl) _ Sl X CL'l(pl,pQ) — Hl(pl,pQ, Al)
3.1 Last Stage: Price Competition

In the first stage, firms maximize IT*(p', p?, Al, s!) and TI?(p!, p?, A2) choosing the price p' and p?, respec-

tively. The first order conditions to this problem are:
= Ri(p'.p%) - Ch(p",p*. A" ) +5'—= =0 (39)

5 = R3(p',p°) — C(p',p°, A%) = 0 (40)
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with the second order conditions:1*

321‘1

<0
a(p)*

ﬁ%l = R%l(pl,pQ) - C;1p1 (pl,pja Al) + 81
72 p2 (12 A2 1.2 A2
5y = R3(p",p°) — Cppe(p7,p°, A7) <0
We assume that the second order conditions are satisfied.
For later use we need to assume that the own effect of output on marginal profits is stronger (bigger in

absolute value) than the cross effect, that is |IIf;| > |IIZ;| . This implies that

il
ﬁhﬁ%Q - ﬁ}Qﬁ%Q >0 (42)

Note that assumptions (33) and (35) imply that the cross-partial derivative of profits is positive (IT}; > 0)

2z’ (p*,p’)

for country 2. That is also the case for country 1 as long as =5 55> is not too big, which we assume. In
P’ Op

that case, prices are strategic complements and price reaction functions are positively sloped. That is, along

a price reaction function, o
dpi o H;j
dp I

This is a standard result for Bertrand games with differentiated products.

>0 (43)

The solution to the two equations (39) and (40) gives us prices as a function of the R&D levels of both

firms (chosen in the previous stage) and output subsidy s,
p'=9'(AL A, s (44)

To see the effect of R&D investment and subsidies on prices, we differentiate the two first order conditions

given in (39) and (40). We obtain

iy o dp' I:IJ:C”}A

ValA A S S S i, < s)
177 177 1]

e dpi e

P (A AT 61y = 2 s < (46)

AN - T
where the inequalities come from (33), (34), (35) and (41). The expressions above state that prices are
decreasing both in domestic and foreign R&D. An increase in R&D expenditure reduces the marginal cost
of production shifting the reaction curve of firm ¢ downwards. Given that prices are strategic complements,
this implies that both firm ¢ and firm j charge a lower price.

Given that the output subsidy is chosen before firms decide on their R&D, the effect of the subsidy on
prices has to take into account how it affects the choice of R&D by both firms. The partial effects, keeping
R&D levels (A and A2?) constant, are:

T (57)
ALAZ constant | 111, 1135 — 112,110,

= (3
ALA? constant 111 113, — 2,110,

’(Z)il (A17A2781) < O (47)

32 (AL, A2, sl)\ <0. (48)

] _ ] . ) . . 2,1
11 Note that, for linear demands, II¢, = II¢, and II}; = II}; are the same as in the case of free trade since —8’? f)z =
P
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Notice that we assume that R&D levels are kept constant, while in fact they are influenced by the choice of

output subsidies. The total effect of a change in s', therefore, has to also take this into account.!?

In order to obtain the effect of imposing an output subsidy (before R&D takes place), we turn now to

the R&D stage.

3.2 R&D investment
Rewrite the profit of the firm as a function of R&D and output subsidies:
FALA s = T (A, A, sY), 07 (A, A, sY), AT s (49)
= RE@L0) - WA — ¢ () + 5" 2’ @)

The first order conditions for a Nash equilibrium in the choice of R&D are,

_ - A Oxt .
T (A A sY) = [R%(pl,pQ) - C’;z(pl,pQ,Al) + st (8_p2>] YA (AL A2 Y —CL(pt, p?, A — ¢l (AY) =0
(50)
ﬁQAz (Alv AQ’ Sl) = [R%(pl’pQ) - Azl (p17p27 AQ)} wlAQ(AQ’ Al’sl) - éi(pl’pQ’ AQ) - QS%(AQ) =0. (51)
With the second order conditions:'%
~ A ozt
_ Ox dRi(p?, p') dCl, (p?,p*, AY) d (8_132>
Taial = < 012+5 (8p >)¢A1A1+¢A1 N - dAL +s! dAL
~Cpiatar — Cpaiar = Cha — 1y <0 (52)
_ 2 A0\ ol 1 (dR2(ptp?)  dCAMLPLAYD\ L, 2 e 1 s
7T2AzAz = (R%—C§1) ’l/)AzAz—FwAz ( 1C§A2 ) - P dA2 _szAwAz_CglAwAz_CiA_(ﬁ%l <0

(53)
We assume that the own effect of R&D on marginal profits is stronger (bigger in absolute value) than

the cross effect, that is, 7%, \; < T'y; o, This implies that,

ﬁlAl Al ﬁQAzAQ - 7_1'1A1 A2 7_1'2A1 Az > 0 (54)

The cross partial derivative ﬁiAi A 18, in general, difficult to sign. However, for the usual case of lin-
ear demand and constant marginal costs, the following proposition establishes that R&D expenditures are

strategic substitutes even if firms compete in prices.

Proposition 3 Under Bertrand competition, R€D expenditures are strategic substitutes for the case of linear

demand and constant marginal costs:

i T BT B R Ni T A S

Fhons = Da s B (0F,07) — Clipy — Oy a s < 0 (55)

15 Expressions for 12&1 and 17)51 (in (47) and (48)) would be relevant if output subsidies are chosen after R&D levels are set.
IR gy g 1875 (0,07, A)

16Notice that —% = RL(P,p)bas + R, p7)P, < 0 (by (32), (33), (45) and (46)) and —P’m— =

dé;j (Pi:Pj:Ai)

p pd (%, 17, Al)wAL +C i pi (%, 7, Ai)_in +C’;jA(pi,p7, A?). Tn general, —L—— 7 is hard to sign. However, in the case
of linear demand it is equal to C;JA (p*,p?, A"), which is negative. For the case of linear demand we also have that. dAPl =0.
Assuming also that marginal costs are constant with respect to output and linear with respect to R&D (i.e. QZJJNN =0), we

A 1R} (p", N > ; . . .
get WALAL(A", AT s1) = 9 P (—% C"LA’lZJAz — QC;jAwJAi — CA A — #%;- This expression can only be negative (for (52)

to hold) if QCA’;JA{ZJj i+ CAA + qﬁ“ is big enough. This is equivalent to saying that as R&D increases, its cost-effectiveness has
to decline fast enough, a condition similar to the Cournot case.
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Proof. See Appendix. =

Proposition 3 states that an increase in R&D by firm 2 reduces the marginal profitability of R&D by
firm 1. To see how this occurs, notice that firm 1 sets its R&D, Al, to satisfy (50). An infinitesimal increase
in A! has two opposing effects on firm 1’s profits. First, profits increase due to the reduction in total costs
C'. On the other hand the decrease in p? (due to increased R&D, A') decreases firm revenues.!” The first
order condition (50) shows this trade off against the increase in the cost of R&D , ¢1(A').

Consider now an infinitesimal increase in R&D by firm 2. This reduces both p' and p?. However, the fall
in own price (p?) is greater than the price decline for the rival.!® A bigger price increase for firm 1 means
that it now sells less. Lower output reduces the effectiveness of Al in reducing total costs for firm 1. This
is captured by the last two terms of (55). The first term captures the effect of an increase in A2 on the
marginal effect of Al on firm 1’s revenue. The fall in quantity (z'), associated with an increase in A2, makes
the revenue loss of an increase in A less important. This accounts for ;¥ RL(p',p?) being positive.

Note that the (direct) effect on costs dominates the (indirect) effect on revenue (as shown in the proof of
proposition 3). The positive effect of investing in R&D for firm 1 weakens due to an increase in A2. Since
the marginal cost of R&D ¢} (A') is unaffected by a change in A2, an increase in foreign R&D (A?) makes
own R&D less attractive. Therefore, firm 1 optimally invests less in R&D in response to an increase in Al,
implying that ﬁ'iN A <0

A corollary of the previous proposition is that the slope of firm i’s R&D reaction function is negative.
Note that R&D reaction functions are negatively sloped (i.e. strategic substitutes) both under Cournot and
Bertrand competition because the main effect of R&D comes through total costs. In both cases an increase
in R&D by firm 2 reduces firm 1’s output thereby decreasing the capacity of A! to reduce firm 1’s total
costs. Under Cournot competition, the effect on marginal revenue adds to this effect on costs. With Bertrand
competition, the effect on marginal revenue dampens (but does not dominate) the effect on costs (as shown
in proposition 3).

The next section describes the effect of output subsidies on R&D and price choices, under Bertrand

competition.

3.3 Output Subsidies

In order to see the effect of output subsidies on R&D investment, we totally differentiate the two first order
conditions given by (50) and (51). Unfortunately, no clear-cut solutions exist when we depart from the case
of linear demand and constant marginal costs. However, as this is the standard case analyzed in much of
the literature on the subject, we concentrate our analysis of output subsidies on this scenario.

The next proposition describes the effect of an output subsidy on the equilibrium R&D chosen by firms.

Proposition 4 Under Bertrand competition, an output subsidy by the domestic government increases RE€D

of the domestic firm, and reduces RED of the foreign firm:

dAl

—T 0 (56)
2

% < 0. (57)

TFrom the envelope theorem we can ignore the effect on firm 1’s price on its profits.
18 This can be easily seen comparing "Z’ZAL and @ZAJ on (45) and (46), and recalling that own effects dominate cross effects in
the price stage.
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Figure 2: Bertrand Competition: Effect of an output subsidy s imposed by government 1.

Proof. See appendix m

The intuition for this proposition is straightforward once we consider how R&D influences profits. Recall
(from the discussion of proposition 3) that the incentives to invest in R&D decrease if output declines: the
beneficial effects of cost reduction are smaller if output is lower. Consider now an increase in the output
subsidy s'. The output subsidy results in a reduction in the price of both goods. However, p' declines by a
greater amount than p?. As a result, output of firm 1 increases while output of firm 2 decreases. The output
expansion creates an even greater incentive for firm 1 to invest in R&D (shifts its R&D reaction function
out). The effect on firm 2 is just the contrary: the incentives for firm 2 to invest in R&D decline (firm 2’s
R&D reaction function shifts in) due to the output subsidy, s'.

This is the same type of effect as was observed under Cournot competition. An increase in the output
subsidy increases quantity produced thereby positively affecting the incentives to invest in R&D for the home
firm. In both cases the foreign firm reduces its R&D due to decreased foreign production. As one would
expect, an output subsidy imposed by the domestic government affects domestic R&D more than foreign
R&D. This result, formalized in the next corollary, is used later to determine the sign of the optimal output

subsidy.

Corollary 5 Under Bertrand competition, the effect of an output subsidy on own RED expenditures is
stronger than on foreign RED expenditures:

dA?
dst

dA?

Ry (58)

Proof. See appendix m

We can conduct a graphical analysis similar to the Cournot case. As with quantity competition, an
increase in output subsidy (s!) shifts the R&D reaction function of firm 1 out and that of firm 2 in (left
half of figure 2) This means that the equilibrium in R&D space moves from B (free trade) to S. For a small
output subsidy, this leaves firm 1 inside its isoprofit contour (my) that passes through the free trade point
B : just looking at the R&D stage an output subsidy increases welfare for the domestic country. However,

as in the Cournot case, we have to also take into account the effect of the subsidy in the price competition
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stage. This is illustrated in the right half of figure 2. As in the case of Cournot competition, an output
subsidy increases domestic and reduces foreign R&D, reducing domestic marginal costs beyond the direct
effect of the subsidy and increasing foreign marginal costs. This means that the domestic price reaction
function shifts in and the foreign price reaction function shifts out, moving the equilibrium from B to S.
From corollary 5 we know that even if we only take into account the effect of R&D on the price stage, the
reaction function of firm 1 will shift more that the reaction function of firm 2. This leaves point S outside
the isoprofit contour 7 passing through point B in the price space. Therefore an output subsidy reduces
welfare for the home government in the price stage. The net effect on the two stages determines whether an
output subsidy increases or reduces welfare.

Formally, define the net domestic benefit of government 1 as Bl(s!) = #1(A!, A2, s1) — slal (4", 9°).
Taking the derivative of B'(s!) with respect to s':

oB' | dA' _dA? et det et dd

9s1 Al T dst TR Apt ds! s op? dst (59)

which can be rewritten as (see appendix):

OBY | [0z'\ -2 dAZ | [(9x'\ -2, [0atdy' o2t dy?
i o y— = S Pt i 60
gst " (8p2) Va dst m (8p2> Var 8 opl dst + Op? ds? (60)
where n’fl =p' - %—gf + 5! > 0 is the gross benefit per unit sold, including the output subsidy. Note that the
terms ‘;—;Lf capture the total effect of the output subsidy on prices. They take into account that the subsidy
also affects the choice of R&D by both firms in the second stage (and these, in turn, affect prices).

The first term on the right hand side of (60) shows the effect of the output subsidy on domestic benefit in

the second stage (R&D investment). A domestic output subsidy reduces foreign R&D investment (‘}@f < O) ,
which in turn increases the foreign price p?. The increase in p? increases domestic output z' and hence firm
1’s profits. Notice that due to the envelope theorem, the effect of an infinitesimal increase in the subsidy s'
on domestic benefit B! (through domestic R&D) can be ignored.

The second term in (60) captures the effect of an output subsidy on domestic benefit in the third stage
(price competition stage). A domestic output subsidy reduces the foreign price in the price competition stage
(1751 < 0). The reduction in the foreign price p? reduces domestic output and profits. Again the envelope

theorem allows us to ignore the effect of the output subsidy on domestic benefits through the domestic price
P
Notice that, starting from a subsidy s' equal to zero, an infinitesimal increase in the subsidy increases

domestic benefits if and only if the R&D stage effect (17122 %) is stronger than the price stage effect,
oB!

(17131) oct ozt dA2
|1 0CH] (Ox1 (-2 dA® -9
9s! di—o [p 6$1] (8p2> <¢A2 dst? —H/Jsl) (61)

The third term in (60) captures the increase in the subsidy bill brought about by an increase in domestic

output. It includes the direct effect of the subsidy in the price competition stage as well as the R&D stage
effect and price stage effect. To obtain the expression for the optimal output subsidy we need to solve
i

Dal (62)
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with the second order condition
0?B!
(9s1)?
Solving (62), the precise expression for the optimal output subsidy is obtained:
-2 2 =2
1% 1 <8$1) Pz (31?1 + Y

s =m -1 —3
ozl dvy ozl dy

<0. (63)

Op?

(64)

opl dst Op? ds!t

where m! = p! — %—gf + s'* as before. The denominator in (64) is positive,'? and thus the sign of the optimal

subsidy depends on whether the effect on the R&D stage or on the price stage dominates in the numerator of

o 20 (o A . . . .
(64). Define § = ——22 = — g BCA(fB:;iA ) as the effectiveness of R&D at reducing marginal costs of production.

61‘"
apt

As we will see, the sign of the optimal output subsidy is ambiguous and depends on the cost of R&D (qﬁh)
relative to the effectiveness of R&D (¢). Notice from (45) that 17121 is independent of ¢1;. Therefore, % is

the only term in the numerator of (64) that depends on ¢1,. The following lemma helps to understand the
role of the cost of R&D on the elasticity of R&D to output subsidies.

Lemma 6 The influence of output subsidies on RED decreases as the marginal cost of RED increases.

Specifically,
i < 0 (65)
01y
O] < 0 (66)
do1,

Proof. See Appendix m

An increase in qﬁh makes R&D investment more convex. As a result, R&D is less elastic to an output
subsidy, and therefore the R&D stage effect of an output subsidy in (64) is weaker. Whenever the R&D
stage effect is weak, the optimal output subsidy is influenced more by the price stage effect and should be
optimally set below zero (an output tax).

The domestic government only takes into account the effect of an output subsidy on price competition
when the effect of an output subsidy on foreign R&D is smaller (d)}l becomes higher). Contrarily, the
government only takes into account the effect of the output subsidy on the R&D stage when qﬁh is small
enough. The following proposition formalizes this result, showing that we could have an output subsidy or

a tax depending on the convexity of the cost of investment in R&D, i.e. d)ill.%

Proposition 7 Under Bertrand competition, the optimal output subsidy s'* can be positive or negative,
depending on the convexity of the cost of RED (‘#ﬁ ). The optimal output subsidy is positive (an output
subsidy) when the cost of additional investment in RED is sufficiently low (low ¢,), and negative (an

output tax) when (;Szil is sufficiently high. Specifically,
3¢ < 0o such that if ¢, > ¢ then s'* <0

3¢ > 0 pi 0 — WiAT;A,— such that if ¢%, < ¢ then s > 0.

19See the proof of proposition 7.
20Notice, however, that ¢}, is bounded below by the stability condition (54) and therefore cannot take values below GﬁlAlsl -
ﬂ'iAiAj‘ See the proof of lemma 6.



Cost Effectiveness of R&D and Strategic Trade Policy - Kujal & Ruiz (2004) 15

02 r

0.15 ¢

0l r

0.05 F

0.2 0.4 ik:] 0.3 1

Figure 3: Cournot: Optimal output subsidy (s'*) as a function of the cost-effectiveness of R&D (n = %) .
(fora—c=1,~v=0.5)

Proof. See Appendix =

As (/)1'11 increases, the cost of investing in R&D becomes more convex. A steeper R&D cost function makes
R&D less elastic with respect to an output subsidy. This reduces the effect of the subsidy on the foreign
firm’s R&D reaction function, leaving the effect on the foreign firm price reaction function unaffected. This
implies that the domestic government has an incentive to reduce the output subsidy, or even tax output, as
in the standard Bertrand game without R&D investment.

The following section performs a numerical exercise to highlight the results of price and quantity com-

petition.

4 A Numerical Example

In this example,?! we consider linear demands and constant marginal costs with respect to output. In

particular, assume that the inverse demand for good i is given by:
p'=a —b(x" +yal). (67)
With 0 < v < 1. Cost functions are linear in output,
C(z',A") = (¢ — 0A") z* (68)

and the monetary cost of A? units of R&D is quadratic:

(@)’

HAY) = 6 (69)

The optimal output subsidy is always positive under Cournot competition, as both the R&D stage effect

(742 ‘i@f ) and the price stage effect (g2 ) have the same sign (see proposition 2). R&D becomes more elastic

with respect to the output subsidy as the cost of R&D becomes flatter (i.e. ¢}, falls). In this case the
government has greater incentives to subsidize output thereby reducing foreign R&D. Figure 3 shows the
optimal subsidy as a function of the cost-effectiveness of R&D (defined as n = (‘%). The optimal subsidy is

increasing in 7).

21 The mathematica code used to generate the numerical results is available from the authors upon request.
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Cournot Competition: numerical simulation
Product differentiation vy 0.5 0.5
Cost-effectiveness of R&D n= 3)—2 0.3 0.7
Price firm 1 pt 0.2765a + 0.7235¢ | 0.0689a + 0.9311c
Price firm 2 2 0.3035a + 0.6965¢ | 0.1349a + 0.8651¢
Output firm 1 x! 0.5004 (%39) 0.6648 (“39)
Output firm 2 z? 0.4463 (%) 0.5328 (“;C)
R&D firm 1 Al 0.1601 (%5°) 0.4964 (“5°)
R&D firm 2 A2 0.1428 (42) 0.3977 (5=
Unit profit firm 1 m! =pt —c+ st 0.3403 (a — ¢) 0.1684 (a — ¢)
Unit profit firm 2 m?=p®>—c 0.3035 (a — ¢) 0.1349 (a — c)
Total profits firm 1 w! 0.20762=< 0.2659 =<
Total profits firm 2 2 0.16522=<" C) 0.1707 =<0 %
Benefits country 1 B! 0.1757% 0.1998 (&= C)z
Benefits country 2 B? 0.1652% 0. 1707(a C)z
Optimal output subsidy | s'* 0.0638 (a — ¢) 0.0995 (a )
Government’s SOC % —% _%

Table 1: Numerical simulation under Cournot Competition in the third stage

The case of Bertrand competition is slightly more complicated. We have to satisfy (63), the second order
condition of the government maximization problem. As we expected, the optimal subsidy also depends on
the cost—effectiveness of R&D (7). Figure 4 shows the optimal output subsidy, which is increasing in 7
(decreasing in ¢§1)- Note that as the R&D effect becomes stronger (7 increases) the government reverses its
policy from an output tax to an output subsidy.?? Note also that, interestingly, there is a set of parameter
values for which free trade (s'* = 0) is an equilibrium in the Bertrand case, even in the presence of imperfect
competition.

Tables 1 and 2 present numerical results for v = 0.3 and two different values of 1 (0.3 and 0.7). Notice that
all relevant quantities are positive and that the second order condition for the government’s maximization
problem is satisfied. Table 2 shows that, depending on the cost-effectiveness of R&D (7)), there could be a

policy reversal under Bertrand competition.??

22For the Bertrand example in this section, (figure 4), the stability condition (54) translates into

(1-72) (4—+2)2
22-v2)2+v—-19?)

For the value in the numerical example (v = 0.5), we require n < 1.33929 to satisfy that condition.
23The numerical simulations presented in section 3 of Neary and Leahy (2000) assume, for the Cournot case, a set of

parameters, which with our notation, imply b =y =60 =a—c=1and n = i = 0.2. For that set of parameters we obtain

an optimal subsidy s'* = 0.3089, which roughly corresponds to what they refer to as the second-best optimal output subsidy.
This is represented by the intersection of the flatter line with the vertical axis in their figure 3.
For the Bertrand simulation, they use a set of parameters b=0=a—c=1and n = % = 0.4, with inverse demands

n<

2’ =a—b(p' —p’)
which means that cross price effects are as strong as own price effects. Therefore we cannot compare directly with their
results. They find that the optimal output subsidy is negative (point C in their figure 4). If we set v = 0.5 with their other
parameters, in our simulation we obtain a negative output subsidy (i.e. a tax) equal to s1* = —0.0224. We only need to have a
cost—effectiveness of R&D beyond 0.6 to obtain a positive output subsidy, as shown in figure 4.
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Figure 4: Bertrand: Optimal output subsidy (51*) as a function of the cost-effectiveness of R&D (n

(fora —c=1,vy=0.5)

Bertrand Competition: numerical simulations

Product differentiation vy 0.5 0.5
Cost-effectiveness of R&D n= Z—Z 0.3 0.7
Price firm 1 pt 0.2575a + 0.7425¢ | 0.0483a + 0.9517c
Price firm 2 2 0.2422a + 0.7578¢ | 0.0598a + 0.9401c¢
Output firm 1 x! 0.4848 (<) 0.6422 (4:<)
Output firm 2 z? 0.5154 (a;c) 0.6191 (“;C)
R&D firm 1 Al 0.1357 (%5°) 0.4196 (“5°)
R&D firm 2 A2 0.1443 (%) 0.4044 (252)
Unit profit firm 1 m! =pt —c+ st 0.2278 (a — ¢) 0.0621 (a — ¢)
Unit profit firm 2 m?=p®>—c 0.2422 (a — ¢) 0.0598 (a — ¢)
Total profits firm 1 ml 0.1455% 0.1836%
Total profits firm 2 2 0.1645@—_;2 0.1706@—_;2
Benefits country 1 B! 0.1599 4=< 0.1747 =<
Benefits country 2 B? 0.1645% 0.1706%
Optimal output subsidy | s'* —0.0297 (a — ¢) 0.0138 (a — ¢)
975" — 0.8055 11226

Government’s SOC

(8s1%)?

b

b

Table 2: Numerical simulation under Bertrand Competition in the third stage
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5 Conclusions

This paper shows that for sufficiently cost effective R&D the trade policy reversal in Eaton and Grossman
(1986) is not observed. Our result suggests that output subsidies are more robust than otherwise implied by
the literature on strategic trade. If exporting industries make long run investments before competing in the
market then governments have a case for using output subsidies even if they are uncertain about the mode
of competition in the market.

We show that a necessary condition for output subsidies to be robust is that R&D be sufficiently cost
effective. If the cost of R&D is too convex then R&D expenditures will be relatively inelastic to the export
subsidy. In this case, the effect of an export subsidy on R&D will be negligible and will thus be arbitrarily close
to the case when there is no R&D investment (Brander and Spencer (1985), Eaton and Grossman (1986)).
If R&D costs are not too convex then R&D is responsive to an output subsidy. In this case, the effect of
the output subsidy on the R&D stage reinforces the effect of the output subsidy on the market competition
stage under Cournot competition, and dominates it under Bertrand competition. Thus, regardless of the
mode of competition, the optimal policy is an output subsidy if R&D is sufficiently cost-effective.

Our condition on the curvature of the cost of R&D is reminiscent of Maggi (1996). In his model, firms
invest in capacity and then compete in prices in the product market. Maggi shows that going from Cournot
to Bertrand competition the optimal policy changes from an output subsidy to a tax. The key parameter
is his model is the convexity of the cost function. A more convex cost function (i.e. steeper marginal cost)
results in firm behavior closer to price competition. The optimal trade policy in this case is an output tax.
Contrarily, a flatter marginal cost implies that the optimal policy is an output subsidy. In contrast to Maggi
(1996), in our model marginal costs are constant. Under Bertrand competition, whether the optimal policy
is an output subsidy or a tax, depends on the convexity of the cost of R&D . Under Cournot competition,

the optimal trade policy is always an output subsidy.
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Appendix

A Proof of Proposition 1

Differentiate totally the two first order conditions given by (18) to get:

S i g
dA’ _ _7TAJAJ7T1N51 + Thind LN
ds! 4 4

—q —J =i iy
TAiniTAiAT — TainiTAiA

19

(70)

In order to obtain the value of the expressions in (70) we first need to sign the total effect of subsidies

on marginal revenues (including the effect on the last stage (quantity competition). We therefore have

dRj (o', 2?)
dst
AR (s, 2?)
dst
by (5), (6), (16) and (17). Using these signs we can now turn to the elements in (70)

= Riy(a",2)@h + Riy(z',2%)5 <0

= R}, (z",2%)q5 + Riy(a,2%) 3 > 0

- dRj(2',a7)

Thini = Righini + QJNT — CinGai — Cha — 63 <0
Taini = RiThins + d&% — Cyadni <0
Tare = Roqaig + dan dRQ((i ) — CiaGs >0
Taze = Ripz ¢ +¢m% CIATH <0

(71)

(72)

(73)

(74)

(75)

(76)

where the first inequality is the second order condition of the maximization in the R&D stage, the second

inequality repeats (21), and the last two inequalities are derived from (71), (72), (16), (1

that for linear demand and constant marginal costs, g%, is independent of s'. Therefore

7), (15) and noting

dAY TR e TR + TA A TR =0 (77)
O5T ~ ThipiThens — ThiaeTaras
dA2 _ _7_T-1A1A17_T2A:251 +/ﬁ-2A:2A17_T1AlSI 0 8
ds! TR aaThi AL — Tz Al T < (78)
AZAZTATAL AZATTAZAL
]
B Proof of Proposition 3.
Note that,
~ A ozt
_ A dz" \\ -2 o [dRL(p',p?) dACL(p',p% AY) d(a—pz)
Thin: = <Ré - C;Z +s! (6_pg>) Yaraz + P QdAz - dA2 + 5! 1Az
A1 ol A1 o2
—Chiathaz — Clapthaz (79)

dR%(pl p2) dézl (p17p27 AQ)

_ A A -1 -1 ) 2o 52 2o 1
WQAzA1 = (R? - Cgl) wAzAl +1/1A2 ( dAL - dAL ) - szA’l/)Al - CZLA’I/)Al (80)
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Here, 502 fi(pf, ph )iy, + Ri(p, p7)ibh, < O (from (32), (33), (45) and (46)) and —2r T 720
é‘;i i (0517, AN + C’;j i (0577, A¥)¢,;. Both the second order condition (52) and the stability condition
(54) impose bounds on qSﬁi (this is discussed in the determination of the optimal subsidy).

Note that, under the assumption that marginal costs are constant, we have zZ)JN A = 0. If demand is

linear then R; ; = 0 and the slope of the demand function is not influenced by R&D. Formally:

d(g—’“f) 92 (. ) 2,0 (i pd)
p* .’E(p’pj)—l aﬂ?(l),lﬁ)—ﬂ
= i ——— i =0 81
A’ oy YT Tapap U (81
Both linearity of demand and inal her imply G, , = Gi, | = Su@r8)
oth linearity of demand and constant marginal costs together imply C; ; = C; ; = A7 =0.
Then, we can simplify both expressions ﬁiN s to:
ﬁiAiAJ' = WA”Z’ZAJ Rig ®',7) - é;'iNZ’ZAJ - é;jAzz’JAi
_ —ﬁij’;iA _ﬁﬁiO;fA Ri. _ (v _ﬁﬁiO;fA G ﬁéiC;ﬂ'A
T T TR, TP, @ P AT Y. . PATTE . T T
1L Th 5 — TG, TG IG5 — 105,10 IL; L ; — ;1L 1L, 105 — ;1T
i A i A9 pi Ai T A TR 7 T Ai i A SeR 7 T
- HiijiAHiijﬂARij + Cp"'AHiijJ’A (Hiil'[jj - HUHU> - ijAHiiCpJA <Hiinjj - Hinij/)QQ)
= 3

. . _ .2
<H§in§j - H{jH;j)

Recall that, for linear demands, l:Iﬁ ;= R;a Notice also that in the case of linear demands, II* is quadratic
and all second derivatives of IT'(p!, p?) with respect to prices are thus constant. Therefore, IT}; = II’, and
I:I{ ;= ﬁﬁj. If we also have constant marginal costs, all second derivatives of ok (p*,p?, A?) are constant.

Therefore é;m = é‘;jA. Remember also that |[II};| > |IIi;], ‘é;m‘ > ‘C’;jA‘ and ngf; . All this

oz’
Oop*

>

implies that

i3 (A )2 v\ (|2 2\ (e 3 A /i )3 A SR Tl i )2
y () (C;m) +(CpiA) IT;; (TT3;) _(Cfam) (I55)" = Choa (T55)” Cpin + Chi a5 Cia (T15)
Taini = N2 =22
((Hii) — (1) )
CiW) T (1) — G o (T11)° Cip + G TG o (TTE)?
o ptA i 11 piA 21 piA pI AT pi A ij
- — N2 = 12)2
()7 = (1)%)
Ny 2 =13 - N o _ .
o (Gi) () 0 Chs  Chis (H;j)Q
- _ _ 2 ¢ A A e
(= @@)®) [T Gra Ca \h
S 2 1A% [, B2 oz’ oz’ axi \ 2 i 2 1A%
B (CpiA) ()" 1145 45 52 14\ (Cpm) ()" 11 1, 0 (83
= T v |2ae e Tan \3e ) | T e a2 1 <0 (Y
<(H§z‘) _(sz)) | ort Opr O op* ((Hii) _(sz)>
oat
since v = —%ﬁ is between zero and one and II{; < 0. Notice that vy measures the degree of product
apt

differentiation and is bounded between 0 (independent goods) and 1 (perfect substitutes). m
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C Proof of Proposition 4

For later use we need to compute 1]}21 A and zZ)iA,— Ai- Differentiating (46) we obtain

. i.co. i,
1 1 A (AN
Yaini = d p]] pzj —5 (84)
(i, 1, — T, T )
| (= 23,C3 a ) (TTE, = T, ) + T14,C2, €2, ATE
— pi AA (V] ij g i~ pI A pipi A
Vaini = 2 (85)
(H;Hjj - Hijﬂgj)

Note that z_biN As is zero for constant marginal costs with respect to output and z_biAj Aj s zero for marginal
costs that are constant with respect to output and linear with respect to R&D.

For the first part of the proof, we will follow similar steps as the proof of proposition 1. We start by
differentiating totally the two first order conditions given by (50) and (51). Using Cramer’s rule:

i =] =i =i =]
dA" TN A Tpist T Taini Tais

dst (86)

—i =] _ =i =]
TainiTAins — Taini TAiAd
To obtain the value of expressions in (70) we need to obtain the total effect of subsidies on marginal revenues

(including the effect on the last (price competition) stage). We have

dR; N S

% = B0 9 )0ae + B (0,7 0a <0 &)
ARi(ppl) .

AR p) .

% = Rﬁj(pz,p’) sl + (p p‘7)¢51 <0 (89)

where the inequalities are obtained from (32), (33), (45), (46), (47) and (48).

Turn next to the total effect of R&D on marginal costs:

dC;] (pZ ) pj ) Az)

T = Coip 0,07, AN 4 s (0,07, AN+ G a0, 07, A) <0 (90)
déi]’(piapjaAi) i i 4 i\ Tt i i g iNTJ
pdT = Cp ipd (p ,pjaA )wAJ +Cp7pJ (p 7p]7A )wJAJ =0 (91)
déi]’ (piapjaAi) i i
PT pp,( p7A)51+ pp,( p7A)51_0 (92)

where the inequalities are derived from (34), (35), (45), (46), (47) and (48). We also assume linear demand
and constant marginal cost with respect to output (so that CpJp, = C; ipi = = 0). Finally, note that for linear
demands, the slope of the demand function is not influenced by R&D (equation 81)

Using these inequalities we can now turn to the elements of (86). We will use the fact that, for lin-

ear demands, II;; = R;Q and both are quadratic with constant second derivatives with respect to prices.

Therefore, T}, = ﬁgj and f[gj = f[ﬁj. If we also have constant marginal costs, all second derivatives of

Ci(p*,p?, A') are constant. Therefore Cii A=Y 7;n- For linear demand and constant marginal costs we have

i < 4G (pLp7, AT dCy, (php? A7) o
Vnsns = Pains = A7 Tt = (d(Xj) = (i, = 0. Remember also that |H | > |H |
g;: > ngf; , and that assumption (30) means ‘C;L A‘ > ‘C’pj A‘. All these imply that




=1
TALAL

where 7 = —
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922 Al( 2 pl) dch (p?,pt, A1) d (2
1AL 1 [ Ox - -2 dR5(p*,p p2\P7 P, 1 (8_192)
<R2 - sz +s (3_]?1>> Yaiar +¥an dA1L o dA1 +s dAL
A _1 A~ _2 A~
~Cpia¥ar = Cpaathiar — Cha — b1
-2 (27 51 A A1 1 A1 52
Far (Rlabar = Chan) = Cpia¥an — Claa¥iar — ohy
Bk (RS o\ RO L TBG
13,10}, — T3, 103, \ 1T}, 105, — IIfpI0y, 7 PO, —T,IT, P AT, — 15,113,
—IIi.C1, I, ¢, . Ny I, ¢, . —IIi.Ct,
— o (sz L z—Cém)—C;iAiQ—}Miz—C;mizj—pAiz—‘ﬁh
(Hii) o (Hij) (Hu') o (Hz'j) (Hu‘) o (Hij) (Hu) o (Hij)
)2 (¢ S P\ 3 A Ai ; A i\ 3
( ii) < piA) %Cp]ﬁ (Hij) ijA 1+ Cp]’A Hij Cp]’A <H§j> d)l
. Cone |mo i\ A Ao T, (v il -
<(H;z)2 _ (H;J)Q) _Hu CpiA Hn CpiA CpiA Hn C;iA Hu
i3 [ Ai 2 r i i i 3 i i i i i\ 3
.9 .2\ 2 9 ozt ozt 9 ozt ozt ozt | 9 ozt oz \ 9 dxl 1
((H;i) — (sz) ) i p? p? opt op? op? op? Op* ap?
(1)’ (05)°
() piA) 1 1 1 1
2 2 57’2—§74—1+§72—§74] — 1
) - (m)?) |
<( (5 1] )
3 /A 2
(M) (Cia) 1, 1
W (Ga) e 1] o
() = () ¢
J . . . . o, .
% measures the degree of product differentiation as in the proof of proposition 3.
apt

TA2 a2

N A -1 -1 dR2 pl,pQ déQl (pl,pQ,AQ) A -2
(R%—C§1)¢A2A2+wA2< e op7) eI

dAZ? dAZ?
-1 (ng 52 A Ao =2 ~o o 51
Vne (Rp¥ae — Chia) = Chathe — Chiaba: — 6%

TAIAL

A2 1 A2 2
— Chia¥a2 — Can — 011

(94)
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_ I 9zt \\ -2 o [dRL(p',p?)  dACL(PLP?AY) /9!
7T1A1$1 = (R% - C]i.,lz + 81 <a_]?2)> ’QZ)Alsl + ’l/)Al ( dSl - E d51 + <3_]92)

A1 o1 A1 T2
—CP1A¢51 - CPQA'IZJSl
1

-2 (a1 = Ox Al o )
= A (R}Qwil + <a—pQ)> — Chipthy — Claptn

2 o'
1, (557)

2 dx!
w5 (557)

~ A ozt
~T13,CL A Ri,I13, (3—;1) (axl o

2 1711 1 172 T 112 2 171
15,107, — 5115, 3, 115, — IT95114,

ozl \ A i3 [ i\ 3 i ; i i\ 3
. (%) Ciia () s (g 1 Coally | G (1
i o0l T ol | TR AT, Qi i
(i)~ my)?) " [ M fr &\ CaTh Oy \Th
(BL) Ci (M)°
1 LJAN 11 1 1 1 1
= (pv)Qp( V)QQ _572_'_574_’_1_572_'_574]
(Hii - Hij ) )
(a_wl) i, () ¢
_ pl ;DA( )2 —72+174+1:|>0
(my*—m)s) Lt *

_ . 2o\ -1 1 (dR3(p',p? dC2 (p*,p?, A?) fo =2 ro -1
7T2AQ$1 = (R% — Czl) Yazgt + YAz ( 1C(181 ) - L dst - ngA’l/)sl - CzlAwsl

-1 4 -2 a9 52 ap 1
= lpAQR%l(pl?pQ)wsl - szAlpsl - CzlAwsl
A 5 [ oxt
Mty (L T (E)
21
H}IH%Q - H%QHiQ H}IH%Q - H%QHiQ

(i i )% (22 i (oa! R
mGs () ) L m(E) L m(E)

2 da! 2 dz!
17, (a—pl> . —1I3, (a—pl>
PLATTL 112 2 171
H11H22 - H12H12

_ ¢, _
p 1 1712 2 1711
l_'[111_'[22 - 1_'[12]‘_112

(2

(1)” = ()" \ (m)* = (m)* ) 7 (m)? - (mgy)® 7 () - ()
B (3901) — ()’ Ciip — CiATL; (Im,)* + Ciin ()" + Ciin (1m,)° - Gy Al (1)
() - (m,)?)’

)Cia )" [ 1w, G, iy (n_)
O B N

)

_ Ly 173] <0 (96)

N2 2\2 | 2
() = ()~ L
The second order condition (52) means that 7%, ., < 0, whereas the stability condition (54) implies that

(ﬁiAiAi)Q > (ﬁiAiN)Q. Also, from proposition 3:

(Ga)” ()

1 1
ﬁlAlAz = ﬁQAzAl = 2 [_’7 - _73] <0 (97)
i\2 i \2 2 4
((m)” - (m)*)
All these imply: , ,
dA' | —FhaThig + T Thes (98)

— R 2
ds (ﬂ-ZAiAi) _(WzAiAJ')

|| +Cha A
8p2> p HhH%Q - H%QH}Q b HhH%Q - H%QH}Q

(95)
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and , ) ,
dA?  —Thipi TRz T Thini TALs

ds! (Faia) = (Faia)’

<0 (99)

Which is the statement of the proposition.
From (93), (97), (95) and (96) we can also derive the following relationships, to be used later:

Gi |
TALal <_ 8];1 ) — P11 =0T phigt — A1y = Taini (100)
opT
ci, .
o (<52 ) =080 1 o
opT
Thig 1[0 — 37t 1] (102)
Tans 0 [37— 177
2 1.4
_ =371 _;
7TA2519[14—13] — d)}l =T AN (103)
[37 - 17°]

D Proof of Corollary 5

Note, first, that from (95) and (96), |7_71Alsl| > |7‘r2Ale| for v between 0 and 1. Also, from (98) and (99):

dA!? dA?2 dAl  dAZ2
dsl! dst T dst dsl!
_ ATATT Algt ATAT T AZsL ATATTTA251 ATAT T ALl
= - 2 . 2 . 2 - 2
=1 (=1 —1 )
(”Ai Ai) (”Ai AJ ) (”Ai Ai) (”Ai A )

s g + Thg) + iy (P + Fhsg)
(Faeae) — (Fiar)’
(P = Thigy) (P +7a,0)
(Fane) — (Fs)”
P+ R,

— _TAt TRANs g (104)
Tpini T Taini

where the inequality comes from the denominator being negative ((52) and proposition 3), k., > 0 by

(95) and |Th, | > |TAz, ] ™

E Derivation of equation (60)

Recall that from the first order condition in the R&D stage, 7_T1A1 =0, and also,

1 1
wh= B - Okt 8+t (5 )| Phatan s st —mt (G ) eat (o)

Op? Op?
_ N A ort\1] - ozt -
ﬂ'lAz = [R%(pl,pQ) - 0;2 (pl,pQ,A) + Sl (8—]?2>:| wQAz(Al,AQ,Sl) = ml <a—p2> ’l/JQAz (106)
-1
bt 1 dAl  _y dAZ
dst va ast Va a1 T Vs (107)
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and . )
dy —o dA' -5 dA —9
5o = Yargr T Vs gy + s (108)
where m! = p! — g—gll + s'. The last two expressions capture the total effect of the output subsidy on prices.
They take into account that the subsidy also affects the choice of R&D by both firms in the second stage (and

these, in turn, affect prices). This effect (through R&D) is reflected in the first two terms of the expression.

. . . Bl
With these expressions we can rewrite %fl :

OB' | (0x'\ 2 dA? (02 2, [0a'dd' 0 dy”
= (5 P o' (52 T = |G+t

This is expression (60) in the main text.

F Proof of Lemma 6

Before proving the statement of the lemma, we need to derive the restrictions on d)il implied by the second
order condition (52) and the stability condition (54).

From the definition of 7y, 1, in (93), in order to satisfy the second order condition 7, ,; < 0 we need to

ensure
(I )3 <é’l )2
; ii piA 1 _
Yy > — —3 [72 — 174 — 1] =07k >0 (109)
((m)* - (m)?)
C’iiA 92C (z',AF) X .
where 0 = — 27 = — ===~ measures how fast marginal costs are reduced per unit of R&D.
Gpi'

On the other hand, the stability condition in (54) translates into:

using (102):
2 _ 1.4
_- P e O |
dt s, > Faa i
11 DA DA [%7_%73]
P > OThig —Ta,a, >0 (111)

Since i, o, < 0, then only (111) is binding..

From the definition of % and f@f (98), (99) and the identities (103), (101), (100) and (102) we have

= . . 2
Al R TRt B TR (C07h .+ 9hy) 7L, + (i)
_ 2 _ 2 _ 2 o
ds' (Fara)” — (Thins) (070 — 0h)" — (Fin))”
(= (78 0)" + 87k + (Fain)’)

1
Z . —
b (0mhe —oh) — (Fan)”

>0 (112)
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dA? R TR T TR (ST 1) AL+ T A
1 - . 2 _ 2 - _ 2 . 2
ds (WZNN) - (ﬂ-ZAiAﬂ') (‘%lAlsl - (15%1) - (WzAiAJ')
1 LF L
-1 PuThns ~ <0 (113)

_ 1\2 .
(07h1s = 611)" = (Taias)
Notice that all the terms in the expressions above do not depend on qﬁh except, of course qﬁ}l. Taking the

derivative with respect to ¢},

gial 0wk [(07hia —0h)” = (Fhian)?] +2(= (67410)" + 007k + (Fiia))?) 07k — oh)
ol 0 (6750 — 0h)" — (Farn)?)
1= (erh ) romh s (mn)® + 200 (0741,)% = (01 07h o — 20 ()
’ (074 —0h) — (Fan)?)
107k (674,00 — 01)° + (Fiup))” (201, — 0741,
= -3 - R o <0 (114)
((97T1Alsl — 1) — (Faias) )
a8 [(07hi —0h)" — (Faa)’] + 20 (074, — 0h)
o0 (07— 81" = (Fan)?)’
R [(07800)" = 200L 7k + (61)° — (Faian)?] + 20070 07h 0 — 20700k,
Y (070 = 61)° = (Fen)?)

—1 [ = 2 2 =1 2
1 TAiAG _(97T1A151) - ((/)il) - (T‘-AiAj) ]
[ _ i ’
(674 = 61" = (7ain)’)
—i 2 — —1 — —1

1TAind [(‘/)%1) — (6750 — Tains) (0751 + WNA")}

_5 - — )
(6740 = 01)° — (Faia)?)

oy (115)

where the inequalities are derived using (111). Since (1@11 > 0 and (}@f < 0, the statement of the proposition

follows m

G Proof of Proposition 7

Rewrite the optimal subsidy as

Op?

s =m -1 —3
ozl dvy Ozl dy

72 da? | 52
1% 1 <8$1) wAz ds! + wsl (116)
opl dst Op? ds!

where m! = p! — %(;11 + s' > 0 is the gross benefit per unit sold, including the output subsidy. Of course,

m! has to be positive (otherwise firm 1 would have negative profits).
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Turn now to the sign of the denominator in (116). It is positive since

ox' dg' 9t 4y’ 8:1: o, dAl dA? Zﬁz o dA! 5 dA?
apl dst N 8—172@ - 1/JA1 + 1/1Az + 1[151 + Bp <1/1A1 + 1/1A2 + 1/151)

ax' —; [ dA? _ijdAQ oL ' dAl dA2? ‘21
_ wal< +Ya A (wA + L

dst g, dst g Pl dstoodst g
ozt —; (dAl Hi) dA2 g;l ( sz dA! dA? B 12{11 %))

apt A \ds! T dst C’;m B I, ds' = ds! JJZN I1

ozt —; [ dA! daz 1 dAl  dA?
= ¥ 1 8§JL Tty 8§JL T sl + 5
Op ds 21. ds 0 9 = dst  ds 20

ozt - dA!t 'ydAQ 1 vdAl  dA?
= wAL<d31+§F+5_ <§F+_+%)>

3:0 o [dal 2 aa? 1 2
- %( (1—%)—%@+5(1—%)>>0 (117)

(Proposition 4) and ( 32—2) > 3 > 0 for v between zero

where the inequality comes

and one.

Therefore the sign of s'* is the same as the sign of 1/1 Az —|— ¢51

Using equation (43) we have:

2 -1 dp?

Vo = wsld—pl (118)

Recall that

_, dA? o faaz @i i [(dA? gL TG\ /dA? 4
1/)Az +1/151 wN<d1+1/)Ai =Y FRy wZAzH_;Z ¢A1< +29) (119)

Since 1/) N 1s independent of ¢,, then a change in ¢}, only affects 1 (i e. the R&D stage effect). From

lemma 6, 3?/)1— > 0 and s0 Py <dA + 5%) in decreasing on ¢,. Left to show is that ¥ (‘f@l + ) can

be positive or negative for permissible values of (/)11.
From (113) we have
dA?
dst

QsilﬁiAiAJ
_ 2 .
(071, — 64) — (Thains)”

) o 2 i : —i (dA2
And so limgy oo Pai <% + 5%) = Yaigg < 0and lim,, /., . )wAi <i@1 + g;) = +o00. By

11\( Alg1 T A A

<0 (120)

Sy

continuity, the claim of the proposition follows. m
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