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Numerous empirical data demonstrate that real noisy RF oscillators are aﬀected by power-law phase noise. However, until recently,
the robust analytic modeling of the deep-into-the-carrier spectral regime of RF oscillators was intangible due to the infinities
involved in the relevant power-law regions. In this letter we demonstrate how recent advances in oscillator spectral modeling
can be applied to extrapolate the near-to-the-carrier regime as well as estimate the oscillator lower knee frequency of transition
between the deep-into-the-carrier regime and the power-law regions of real RF oscillators.

1. Introduction
RF oscillators play an important role in communication
systems as they allow the practical realization of important
operations including frequency translation, synchronization,
timing, and filtering. Because of their importance, the
analysis of noise in real oscillators has been the subject of
extensive research eﬀorts [1–5].
It is well established in literature that the oscillator phase
noise spectrum follows the power-law [1]:
 

S f ∝

kα
,
fα

with typically α = 0, 1, 2, 3, 4.

(1)

Nevertheless, the determination of the deep-into-thecarrier regime through measurements is not straightforward
because of the perturbations induced from the electronic
equipment involved. On the other hand, the theoretical
spectral modeling of S( f ) around the oscillation frequency
was hindered because of the infinities involved in (1) as
f → 0.
As a result, until recently, the near-to-the-carrier regime
was modeled either by a flat spectrum at an arbitrarily
defined lower knee frequency or as a Lorentzian [2].
However, recent theoretical work in [4] based on the theory
of frequency fluctuations [6] has led to a novel spectral
model for the deep-into-the-carrier regime. These findings

are employed in the present letter towards the mapping
of macroscopic spectral measurements in real oscillators to
the deep-into-the carrier regime and the lower frequency of
transition.

2. Oscillator Spectral Model with
Power-Law Phase Noise
Amongst the most widely used assumptions about phase
noise are the small angle approximation and the Wiener
phase noise model. Both these assumptions lead inevitably
to the following paradoxes.
(1) Denoting by Rww (τ) and Rφφ (τ) the oscillator and
phase noise autocorrelation functions, respectively,
the small angle approximation infers that the power
of a unit amplitude complex oscillator w(t) with
w(t) = e j(ω0 t+φ(t)) ,

(2)

where φ(t) is zero-mean Gaussian phase noise, is
larger than unity [4]:
Rww (0) = 1 + Rφφ (0).

(3)

This paradox depicts that the small angle approximation is not valid for frequencies around the oscillation
frequency where power concentration is high.
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(2) The eﬀect of 1/ f flicker phase noise in the nearcarrier oscillator Power Spectral Density (PSD) has
so far been approximated either by a constant or
by a Lorentzian [2] by assuming an arbitrary cutoﬀ frequency below which flicker phase noise has a
flat spectral density. Yet, such a cut-oﬀ frequency has
never been measured.
(3) It is well established that measured oscillator spectra
depict the existence of k3 / f 3 regions while k4 / f 4
regions have also been observed [7]. These regions
contradict with the Wiener phase noise model while
energy concentration in them furthermore challenges
the small angle approximation.

The aforementioned ambiguities result from the fact
that the deep-into-the-carrier spectral regime of real RF
oscillators cannot be measured to arbitrary accuracy because
of the intrinsic phase noise in the electronic circuits used
in any experimental set-up. Recent work in [4, 5] has
introduced a comprehensive oscillator spectral model that
accounts for the eﬀect in the near-carrier frequency region
of the main power-law phase noise processes. In this work,
it was demonstrated that phase noise close to the carrier
determines the deep-into-the-carrier regime.
The analysis presented in [4, 5] indicates that phase noise
can be eﬃciently approximated as the sum of power-law
processes resulting from integration of frequency fluctuations. At relatively high frequencies where the small angle
approximation is valid, the oscillator PSD coincides with
the phase noise PSD. In regard to the deep-into-the carrier
regime, examining the various power-law sub-regions the
following cases have been identified [4].
(i) α = 0. A band-limited flat spectrum phase noise
component generates a tone on the oscillator frequency added to a band-limited white-like noise
region.
(ii) α = 1 + ν, ν  1. Flicker phase noise of k1 / | f |1+ν
PSD, where ν is small, results in an oscillator with
finite variance. The dominant side-band spectral
component follows a k1 / | f |1+ν characteristic, while
the PSD on the carrier frequency is finite and
expressed as

3. Deep-into-the-Carrier Regime
Based on the previous remarks, ambiguities about the nearcarrier regime can be solved and an approximate model
can be derived. Starting with phase noise resulting from the
addition of uncorrelated power-law phase noise processes φα
with spectra kα / f α , α ∈ {0, 1, 2, 3, 4},
φ(t) =

4


φα (t)

(5)

α=0

is deduced that
w(t) = e jω0 t

4


wα (t),

(6)

α=0

where wα (t) = e jφα (t) . Since the processes φα (t), α ∈
{0, 1, 2, 3, 4} are uncorrelated, the PSD of the oscillator
random process w(t) can be expressed as the convolution of
the relevant near-carrier subspectra Swα ( f ):
 

 

 

 

 

 

Sw f = Sw0 f ⊗ Sw1 f ⊗ Sw2 f ⊗ Sw3 f ⊗ Sw4 f ,
(7)
where ⊗ denotes convolution. At frequencies where the small
angle approximation is applicable we can on the other hand
express the PSD as the sum of the power-law subspectra
kα / f α .
As a result of the preceding analysis, the near-carrier PSD
is expressed as the convolution of a Dirac delta (α = 0), a
very high and narrow region (α = 1), a narrow Lorentzian
region (α = 2), and two Gaussian (α = 3, 4) regions. The
convolution of the two Gaussians with the Dirac delta and
the flicker noise PSD generates a Gaussian region. Further
convolution with the Lorentzian produces the overall PSD
regime in the near-carrier frequency region. In that context,
based on the fact that measurements depict that k2  k4 ,
the resulting Gaussian region is notably wider than the
Lorentzian. Consequently, their convolution will result in an
approximately Gaussian PSD [4].
The proposed enhanced oscillator model includes

(4)

(1) a Gaussian-like region near the carrier frequency, as
an approximation of the convolution of the nearcarrier subspectra,
(2) a sequence of power-law regions, in accordance with
the small angle approximation.

(iii) α = 3 − ν, ν  1 and α = 4. Long correlated
events in the oscillator phase generate Gaussianlike components in the oscillator PSD around the
oscillation frequency. k3 / | f |3 and k4 / | f |4 phase noise
are such processes.

The model is depicted in Figure 1 and assumes that the
oscillator can be treated as a Wide Sense Stationary (WSS)
random process (rp), inferring that flicker phase noise
sources generate finite variance noise terms. The onesided oscillator spectrum at a frequency oﬀset f from the
oscillation frequency can be expressed as [4]:

Γ(1/ν)
Sw1 (0) = 8π
ν


ν

Γ((1 + ν)/2)
.
πk1 Γ(−ν/2)

−√

(iv) α = 2. Short correlated events in the oscillator phase
give rise to Lorentzian components in the oscillator
PSD. k2 / | f |2 phase noise is such a process. Most
of the available measurements indicate that long
correlated events tend to dominate the near-carrier
regime, that is, k4 > k3 > k2 .
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f4
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(8)
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4. Evaluation of the Spectral Parameters
from Measurements
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The parameters kα of the respective power-law regions are
considered to be available from spectral measurements of the
oscillator phase noise. The frequencies of transition between
the power-law regions fr , r = 0, 1, 2, 3 as well as the variance
Ω2 of the Gaussian region and the lower knee frequency
f4 between the power-law and the Gaussian deep-into-the
carrier regime can then be evaluated from the following set
of equations:
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(10)

 

−∞

Sw f d f = Posc ,

where Posc is the oscillator power.
We illustrate the methodology through a real example.
The oscillator PSD measurements are provided in [8,
Figure 10]. The PSD has a k4 / f 4 region close to the carrier
followed by a k3 / f 3 and a k2 / f 2 region. Based on the available
data we extrapolate the following values for the parameters
kα :
k4 = 31.62,

k3 = 0.3162,

k2 = 3.16 · 10−5 ,

while f3 = 100 Hz,

f2 = 10 kHz.

√

2π f4
Ω


+

k4 f33 − f43
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+

k3 f22 − f32
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(13)
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Setting x0 = ( 2π f4 )/Ω and substituting in (10) yields
2

2π πk4 ex0
.
x0

(14)

By substitution of (14) into (13) we obtain an equation with
the single unknown x0 that can be solved numerically. It is
then straightforward to evaluate f4 and Ω. This approach
yields the following results:
f4 = 13.59 Hz,
Ω = 421.58

−15

−50

√

√

Figure 1: Enhanced oscillator spectral model for k4 = 30, k3 =
0.3, k2 = 3 · 10−5 , k1 = 3 · 10−10 , and k0 = 3 · 10−16 . The near-tothe-carrier regime is Gaussian with Ω = 38, followed by a sequence
of power-law regions with frequencies of transition f4 = 11.3 Hz,
and f3 = 100 Hz, f2 = 104 Hz, f1 = 105 Hz while the bandwidth of
the system is assumed to be fB = 107 Hz.
−10

k2 ωB − f2
1
+
= .
ωB f2
2

f43 =

108

(12)

For the derivation of f4 and Ω, we assume that the oscillator
is bandlimited at fB = 1 MHz. (Although the cut-oﬀ
frequency of the channel selection filter is arbitrarily set
to ωB = 1 MHz, this choice does not alter the results as
the contribution of the respective PSD region in the overall
oscillator power is negligible.) Furthermore, since the PSD
measurements are provided in dBc/Hz, we have Posc = 1. To
evaluate the unknowns f4 and Ω we need to solve the system
of (10) and
1
erf
4π

100
102
104
106
Oﬀset from oscillation frequency (Hz)
Gaussian region with var = 38
30/ f 4 region
0.3/ f 3 region
3 × 10−5 / f 2 region
3 × 10−10 / f region
3 × 10−16 region

(11)

Sw ( f ) (dB)

∞

10−2

or Ω = 38.96.

(15)

Gaussian Ω = 421.58
Gaussian Ω = 38.96
k4 / f 4

Figure 2: Gaussian regions with Ω = 421.58 and Ω = 38.96 along
with the 31.62/ f 4 region.

In Figure 2 we depict the power law region k4 / f 4 along with
the two Gaussian regions for Ω = 421.58 and Ω = 38.96,
respectively.
It is clear that the Gaussian with the smallest standard
deviation Ω = 38.96, provides the best fit to the spectral
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data, so that the one-sided oscillator PSD can be analytically
represented as
Sw

100 Hz



13.59 Hz
2
1
31.62 
2 2


e−2π f /38.96 
f = √
+

f 4 13.59 Hz
2π38.96
0 Hz
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+
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+
.
3
2


f
f
100 Hz
10 kHz
(16)

5. Conclusions
In this letter we demonstrated how macroscopic measurements of an oscillator PSD can provide a robust modeling
of the deep-into-the-carrier regime as well as of the lower
frequency of transition between the former and the powerlaw regions. This approach overcomes the arbitrariness in
oscillator spectral modeling and can be employed when
analytic models are required. The range of applicability of the
proposed method includes all oscillators that can be treated
as WSS rps.
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