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 
Abstract—The Interval Type-2 Fuzzy PI controller (IT2-FPI) 

might be able to handle high levels of uncertainties to produce a 
satisfactory control performance which could be potentially due 
to the robust performance as a result of the smoother control 
surface around the steady state [1]. However, the transient state 
and disturbance rejection performance of the IT2-FPI may 
degrade in comparison to the Type-1 Fuzzy PI (T1-FPI) 
counterpart [1]. This drawback can be resolved via general type-
2 fuzzy PI controllers which can provide a trade-off between the 
robust control performance of the IT2-FPI and the acceptable 
transient and disturbance rejection performance of the type-1 PI 
controllers. In this paper, we will present a zSlices based general 
Type-2 Fuzzy PI controller (zT2-FPI) where the Secondary 
Membership Functions (SMFs) of the antecedent general type-2 
fuzzy sets are adjusted in an on-line manner. We will examine the 
effect of the SMF on the closed system control performance to 
investigate their induced performance improvements. The paper 
will focus on the case followed in conventional or self-tuning 
fuzzy controller design strategies where the aim is to decrease the 
integral action sufficiently around the steady state to have robust 
system performance against noises and parameter variations. 
The zSlices approach will give the opportunity to construct the 
zT2-FPI controller as a collection of IT2-FPI and T1-FPI 
controllers. We will present a new way to design a zT2-FPI 
controller based on a single tuning parameter where the features 
of T1-FPI (speed) and IT2-FPI (robustness) are combined 
without increasing the computational complexity much when 
compared to the IT2-FPI structure. This will allow the proposed 
zT2-FPI controller to achieve the desired transient state response 
and provide an efficient disturbance rejection and robust control 
performance. We will present several simulation studies on 
benchmark systems in addition to real-world experiments which 
were performed using the PIONEER 3-DX mobile robot that will 
act as a platform to evaluate the proposed systems. The results 
will show that the control performance of the self-tuning zT2-FPI 
control structure enhances both the transient state and 
disturbance rejection performances when compared to the type-1 
and IT2-FPI counterparts. In addition, the self-tuning zT2-FPI is 
more robust to disturbances, noise and uncertainties when 
compared to the type-1 and interval type-2 fuzzy counterparts. 
 

Index Terms—General Type-2 Fuzzy Logic Systems, zSlices 
based General Type-2 Fuzzy Logic Systems, Interval Type-2 
Fuzzy Logic Systems  
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I. INTRODUCTION 

ecently, Interval Type-2 Fuzzy Logic Controllers (IT2-
FLCs) attracted significant research interest especially in 

controlling nonlinear and uncertain systems. The IT2-FLCs 
demonstrated control performance improvements which could 
be attributed to the additional degree of freedom provided by 
the Footprint of Uncertainty (FOU) present in the antecedent 
interval type-2 fuzzy Membership Functions (MFs) [2-6]. The 
internal structure of the IT2-FLC is similar to its type-1 
counterpart. However, the major differences are that IT2-FLCs 
employ Interval Type-2 Fuzzy Sets (IT2-FSs) (rather than 
type-1 fuzzy sets) and the IT2-FLCs process IT2-FSs and thus 
the IT2-FLC has an extra type-reduction process [7-9]. 
Nevertheless, the systematic design of IT2-FLCs is still a 
challenging problem due to the main difficulty in determining 
the parameters of the Fuzzy Sets (FSs) and the rulebase [10]. 
Recently, several studies have employed various techniques 
for the design of IT2-FLCs including genetic algorithms [4], 
[11], particle swarm [12] and ant colony optimization [13]. 

In the IT2-FLC literature, several studies have been 
presented to analyze and examine the behavior of the interval 
type-2 fuzzy PI and PD controllers [1], [14-16]. Wu and Tan 
[1] showed that the Interval Type-2 Fuzzy PI controllers (IT2-
FPI) are generally more robust than their type-1 counterparts 
by examining their behavior around the steady state. It has 
been also reported that the IT2-FPI controller behaves like a 
variable gain PI controller and has a smoother control surface 
around the steady state in comparison with its type-1 and 
conventional controllers counterparts [1]. Thus, tuning the 
FOUs of the IT2-FSs of the IT2-FPI might potentially result in 
more robust controllers since a smooth control surface might 
be generated [1]. However, the IT2-FPI transient state and 
disturbance rejection performance may degrade in comparison 
with its type-1 and conventional counterparts [1], [14]. 
Although a smooth control surface is probably a common 
objective in industrial practice, the problem is that the 
resulting disturbance response may be unacceptable (too slow) 
since disturbances occurring around the steady state might 
cause a smaller control output change [17]. This problem is 
usually solved by a trade-off between control performance and 
robustness [18]. 

General type-2 fuzzy PI controllers can provide an 
acceptable trade-off between the robust control performance 
of the IT2-FPI and the acceptable transient and disturbance 
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rejection performance of the type-1 PI controllers. Thus the 
general type-2 fuzzy PI controller might be able to enhance 
both the transient state and disturbance rejection performances 
while preserving the robustness of the type-2 fuzzy controller. 
In this context, we will examine and present the effect of the 
shape and size of the Secondary MFs (SMFs) of the type-2 
fuzzy controller on the control performance.  

General Type-2 Fuzzy Sets (T2-FSs) give the opportunity to 
define the uncertainty in the third dimension (the shape of the 
SMFs). Fig.1a shows the front projection on the x-u plane of a 
given general T2-FS ൫ܨ෨൯ while Fig.1b shows the SMF of the 
T2-FS at x’. T2-FSs are relatively more complex than the IT2-
FSs due to the need to determine the shape and parameters of 
the third dimension. Several forms of representations of 
general T2-FSs have been developed to enable the use of 
general type-2 Fuzzy Logic Systems (FLSs) in real-world 
applications [19-23]. In this paper, we will employ the zSlices 
based general Type-2 Fuzzy Sets (zT2-FSs) and zSlices based 
general Type-2 Fuzzy Logic Systems (zT2-FLSs) which were 
proposed by Wagner and Hagras [23]. The zSlices theory 
gives the opportunity to calculate the crisp output of the zT2-
FLS by using the fact that zT2-FLS can be implemented by 
constructing a series of interval type-2 fuzzy logic systems 
which are associated with different zLevels [23]. The zT2-FLS 
approach has been implemented successfully in real-world 
applications [23], [24].  

In this paper, we will present a novel zSlices based general 
Type-2 Fuzzy PI (zT2-FPI) controller where the SMFs are 
adjusted in an on-line manner through a single tuning 
parameter. The proposed zT2-FPI structure and tuning 
mechanism will give the opportunity to improve the transient 
state response while enhancing the disturbance rejection 
performance in addition to improving the system robustness. 
We will first present the structure of the proposed novel zT2-
FPI controller and show that the SMF of the general T2-FSs 
can easily be tuned by a single tuning parameter. In order to 
analyze the behavior of the zT2-FPI controller around the 
steady state, we will first provide the mathematical 
background of an IT2-FPI controller since the zT2-FPI 
controller structure can be seen as a collection of IT2-FPIs 
which are associated with different zLevels (we will follow 
the same analysis strategy presented in [1], [14] while using 
triangular IT2-FSs instead of trapezoidal IT2-FSs). 
Afterwards, we will analyze and provide theoretical 
explanations of why the zT2-FPIs are able to eliminate 
oscillations and be potentially more robust against parameter 
variations when compared to Type-1 Fuzzy PI (T1-FPI) 
controllers. We will investigate the effect of the SMFs in two 
parts which are the size (relative to the FOU) and the shape of 
the SMFs. Based on the observations; we will present two 
heuristic tuning mechanisms based on the feedback error. In 
the first proposed self-tuning zT2-FPI structure, where the 
SMFs are interval sets (thus having a self-tuning IT2-FPI 
structure), the FOU size is tuned in an online manner. In the 
second control structure, the shape of the SMF with a fixed 
FOU size is online tuned. Then, we will present an 
optimization based design strategy for the design of the 

proposed zT2-FPI control structures.  
We will present several simulation studies to validate the 

proposed approaches, where we will present first simulation 
studies where the proposed Error based self-Tuning zT2-FPI 
(EzT2-FPI) control structures are compared with an Optimized 
Type-1 Fuzzy PI (OT1-FPI) and Interval Type-2 Fuzzy PI 
(OIT2-FPI) control structures. The comparative simulation 
results will show that the control performance of the both 
EzT2-FPI structures improved both the transient state and 
disturbance rejection performances of the OT1-FPI and OIT2-
FPI. However, it will be illustrated that the SMF Shape 
Tuning strategy based zT2-FPI (ST-zT2-FPI) control system is 
more robust against nonlinear dynamics, parameter variations, 
disturbances and noise in comparison to the FOU size Tuning 
strategy based zT2-FPI (FT-zT2-FPI) (which is in fact a self-
tuning IT2-FPI controller). Moreover, we will show that the 
proposed zT2-FPI controller has a reasonable computational 
cost which makes it feasible for real-time control applications 
since it is constructed based on zSlices theory and tuned by a 
single parameter. We will also evaluate the various fuzzy PI 
control systems on the real-time path tracking problem of the 
real-world PIONEER 3-DX mobile robot which inherits large 
amounts of nonlinearities and uncertainties caused by the 
internal dynamics and/or feedback sensors of the controlled 
system. The comparative real-time control studies have shown 
that the overall control performance of the EzT2-FPI is better 
in terms of transient state and disturbance rejection and it is 
also more robust against nonlinear dynamics, parameter 
variations and disturbances when compared to its optimized 
type-1 and interval type-2 fuzzy controller counterparts. 

Section II will briefly present an overview of T1-FPI and 
IT2-FPI controllers. Section III will present the structure of 
the proposed the zT2-FPI controller. Section IV will present 
the effect of the SMFs on the controller performance. Section 
V will present the proposed error based self-tuning 
mechanisms. Section VI will briefly present the design 
methodology of the proposed zT2-FPI structure. Section VII 
will present the simulation studies for linear and nonlinear 
systems while the real world experiments results are presented 
in Section VIII. Section IX will present the conclusions and 
future work.  

II. BRIEF OVERVIEW ABOUT TYPE-1 AND INTERVAL TYPE-2 

FUZZY PI CONTROLLERS 

In this section, we will present brief information about the 
T1-FPI and IT2-FPI controllers which are used in the 
comparison studies (and to construct the proposed zT2-FPI 
controller).  

A linear PI control law can be implemented as: 
ሶݑ ൌ ௉ܭ ሶ݁ ൅  ூ݁ (1)ܭ

where ݑሶ  is the change of the control signal, ݁ is the feedback 
error, ሶ݁ is the change of the feedback error, and ܭ௉ and ܭூ are 
the proportional and integral gains, respectively. Moreover, 
the controller gain and integral time constant of the PI 
controller are defined as ܭ௖ ൌ 	௉ andܭ ௜ܶ ൌ ூܭ ⁄௉ܭ , 
respectively. 
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It has been shown that a rapid generation of fuzzy rules 
based on the existing linear PI controller can be achieved [1], 
[25]. Thus, a T1-FPI with the rulebase whose rule is 
represented as follows: 

ܴ௜௝:	IF	 ሶ݁ 		is	ܧሶ௜		and		݁	is	ܧ௝ Then	ݑሶ 	is	ݑሶ ௜௝		 

݅ ൌ െܰ,…ܰ; 	݆ ൌ െܯ…,ܯ 
(2) 

has an identical output to the PI control law if  [1], [25]: 
(i) 50% overlapping T1-FSs are used for input MFs (ܧሶ௜,  ,(௝ܧ

i.e, ∑ ாሶ೔ߤ ൌ 1ଶெ
௜ୀଵ  and ∑ ாೕߤ ൌ 1ଶே

௝ୀଵ  where 2M and 2N are 

the numbers of the MFs for the inputs ሶ݁ and	݁, 
respectively. The illustration of such MFs is shown as the 
bold lines in Fig.2 where ܿ௘ሶ௜, ܿ௘௝ are the cores of the MFs.  

(ii) The consequents of the rules are crisp numbers defined as 
follows: 

ሶݑ ௜௝ ൌ ௉ܿ௘ሶ௜ܭ ൅   (3)	ூܿ௘௝ܭ

The IT2-FSs used in an IT2-FPI can be simply constructed 
by extending the T1-FSs of a T1-FPI, as shown in Fig. 2. The 
rulebase for an IT2-FPI is defined as follows: 

ܴ௜௝:	IF	 ሶ݁ 		is	ܧሶ෨௜		and		݁	is	ܧ෨௝ Then	ݑሶ 	is	ݑሶ ௜௝ 
݅ ൌ െܰ,…ܰ; 	݆ ൌ െܯ…,ܯ	 

(4) 

where ܧሶ෨௜ and ܧ෨௝ are antecedent IT2-FSs obtained by extending 

the T1-FSs (ܧሶ௜	 and ܧ௝), and ݑሶ ௜௝ is defined in Equation (3). The 
IT2-FSs are described in terms of upper MFs 	ሺߤாሶ෨೔,  ா෨ೕሻ andߤ

lower MFs ሺ	ߤாሶ෨೔ ,  ா෨ೕሻ which are defined with their coresߤ

(ܿ௘ሶ௜ , ܿ௘௝) and the height of their MFs (	ߙ௘ሶ௜	,  ) as illustrated	௘௝ߙ
in Fig. 2. The IT2-FSs have the following properties. 

i) ∑ ாሶ෨೔ߤ ൌ 1ଶெ
௜ୀଵ , ∑ ா෨ೕߤ ൌ 1ଶே

௜ୀଵ  

ii) ߤாሶ෨೔ ൌ 	௘ሶ௜ߙாሶ෨೔ߤ , ா෨ೕߤ ൌ 	  	௘௝ߙா෨ೕߤ
iii) ܿ௘ሶ௜ ൌ െܿ௘ሶି௜ , ܿ௘௝ ൌ െܿ௘ି௝ 
iv) ߙ௘ሶ௝	 ൌ 	௘ሶି௝ߙ , 	௘௜ߙ ൌ  	௘ି௜ߙ

The implemented IT2-FPI uses the center of sets Type 
Reduction (TR) method [7]. Thus, the defuzzified output 
ሺݑሶ ூ்ଶሻ of an IT2-FPI can be calculated as: 

ሶݑ ூ்ଶ ൌ ሺݑሶ ௟ ൅ ሶݑ ௥ሻ 2⁄  (5) 

where ݑሶ ௟ and ݑሶ ௥ are the left and right end points respectively 
of the type reduced set. The typed reduced set can be 
calculated by using the iterative Karnik and Mendel (KM) TR 
procedure [26]. 

III. THE ZSLICES BASED GENERAL TYPE-2 FUZZY PI 

CONTROLLER STRUCTURE 

In this paper, we will employ the zSlices theory to design a 
novel zT2-FPI controller structure. We will firstly present 
information about the zSlices theory which will facilitate the 
design of the zT2-FPI since it can be seen as a collection of 
IT2-FPI controllers. We will present a simple design method 
for the zT2-FPI controllers based on one tuning parameter 
which will allow facilitating the design of the SMFs of the T2-
FSs. Since the output of the zT2-FPI is an aggregation of the 
outputs of several IT2-FPIs each associated with a specific 
zLevel, we will first derive the closed form formulation of an 

IT2-FPI around the steady state. Then, we will combine the 
IT2-FPIs each associated with a specific zLevel and derive the 
output of the zT2-FPI around the steady state. 

A. Brief Information about zSlices based General Type-2 
Fuzzy Sets and Systems 

The concept of zT2-FLSs was introduced by Wagner and 
Hagras [23]. The internal structure of the zT2-FLS is very 
similar to its interval type-2 counterpart, i.e. it is composed of 
a Fuzzifier, an Inference Engine and Rule Base as well as a 
Type-Reducer and Defuzzifier. However, the major difference 
is that zT2-FLSs employ and process zT2-FSs. A zSlice ෨ܼ௤ is 
formed by slicing a T2-FS in the third dimension ݖ at level ݖ௤ 

[21]. A zSlice ෨ܼ௤ is defined as: 

෨ܼ௤ ൌ න න ,ݔ௤/ሺݖ ௤ሻݑ
௨೜∈௃೜ೣ௫∈௑

, ௤ೣܬ ∈ ሾ݈௤,  ௤ሿ (6)ݎ

Hence, at each x value, z-Slicing creates an interval set with 
the height ݖ௤ in the domain ܬ௤ೣ which ranges from ݈௤ to ݎ௤, 

0 ൑ ݍ ൑ ܳ, ܳ is the number of zSlices (excluding ෨ܼ଴) and 
௤ݖ ൌ 1/ܳ. ෨ܼ଴		is a special case since its height is ݖ ൌ 0 and 
therefore can be neglected [21]. The concept of the z-Slicing is 
given in Fig. 1b for Q=3 zSlices. Thus, a T2-FS ൫ܨ෨൯ can be 
seen equivalent to the collection of ܳ zSlices as follows: 

෨ܨ ൌ෍ ෨ܼ௤

ொ

௤ୀଵ

 (7) 

This gives the opportunity to calculate the crisp output of the 
zT2-FLS by using the fact that zT2-FLS can be implemented 
by constructing a series of IT2-FLSs associated with various 
zLevels [23]. Thus, the outputs of all IT2-FLSs (within a zT2-
FLS) are fused to obtain the zT2-FLS output ሺݕ௖ሻ of the as 
follows: 

௖ݕ ൌ
ଵݖ
൫ݕ௟భ ൅ ௥భ൯ݕ

2 ൅ ଶݖ
൫ݕ௟మ ൅ ௥మ൯ݕ

2 ⋯൅ ொݖ
ቀݕ௟ೂ ൅ ௥ೂቁݕ

2
ଵݖ ൅ ଶݖ ൅⋯൅ ொݖ

 
(8) 

where ሺݕ௟೜,  ௥೜ሻ is the type reduced set for each zSlice relatedݕ

IT2-FLS which is obtained by the center of sets TR method 
[24]. At the zSlice level ݖொ, ݕ௟ೂ ൌ  ௥ೂ, then the IT2-FLS forݕ

the zSlice level ݖொ will reduce to a T1-FLS. A detailed 
comprehensive analysis on the zT2-FLS can be found in [23].  

We would like to point out that the employed zT2-FLS in 
this paper can also be seen as a quasi T2-FLS which represents 
the T2-FSs via an alpha-level representation [20]. In [27], it 
has been proven that there is an equivalence between the 
alpha-level and zSlices representations of T2-FSs. Thus, the 
proposed zSlices representation based general type-2 fuzzy 
controller structure (which will be introduced in the following 
section) can also be constructed with the equivalent 
representation of alpha-level representation. 

B. The General Structure and the Components of the zT2-FPI 
Controller 

In this subsection, we will present the general structure and 
the components of the zT2-FPI controller. As has been 
explained in the previous subsection, the output of the zT2-
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FPI is an aggregation of the outputs of several IT2-FPIs each 
associated with a specific zLevel	൫ݖ௤൯.  

In this paper, we will construct the zT2-FPI by having 
ܳ ൌ 2 (i.e. having two zSlices). Hence the zT2-FPI will 
aggregate the output of possibly the T1-FPI (obtained possibly 
at zSlice level ݖଶ, ௟మݕ ൌ ߛ ௥మ whenݕ ൌ 1	 (as explained below) 
and the IT2-FPIs which use the rules structures given in 
Equation (2) and (4), respectively. Moreover, in the zT2-FPI 
controller, we will employ the same rule consequent structure, 
given in Equation (3). Thus, the output ሺݑሶ ௭்ଶିி௉ூሻ of the 
proposed zT2-FPI can be defined as:  

ሶݑ	 ௭்ଶିி௉ூ ൌ
ሶݑଵݖ ௭భ ൅ ሶݑଶݖ ௭మ

ଵݖ ൅ ଶݖ
 (9) 

where ݑሶ ௭೜ is the output of an IT2-FPI controller (associated 
with the zSlice ݖ௤) and is defined as: 

ሶݑ								 ௭೜ ൌ
൫ݑሶ ௟

௭೜ ൅ ሶݑ ௥
௭೜൯

2
 (10) 

Here, ݑሶ ௟
௭೜ and ݑሶ ௥

௭೜ are the left and right end points of the type 
reduced set for each corresponding zSlices level and can be 
calculated via the KM method while the values of ݖଵ and ݖଶ 
are 0.5 and 1.0, respectively. 

The employed zT2-FPI controller will encompass the 
presented IT2-FPI structure presented in Section 2. The 
illustration of the employed zT2-FSs is shown in Fig.3a. In the 

antecedent zT2-FSs ቀܧሶ෨௜
௭భ, ෨௝ܧ

௭భቁ , ቀܧሶ෨௜
௭మ, ෨௝ܧ

௭మቁ, we employed 

ܿ௘ሶ௝
௭భ ൌ ܿ௘ሶ௝

௭మ and ܿ௘௝
௭భ ൌ ܿ௘௝

௭మ, i.e., the cores of IT2-FSs of each 

zSlices level (ݖଵ,  ଶ) have the same values. In order to have aݖ
convex SMF, we employ the following constraints on the 
heights of the lower MFs of the IT2-FPI associated with the 
zSlices	ݖଶ:  

௘ሶ௝ߙ
௭మ ൌ ൫1 െ ௘ሶ௝ߙ

௭భ൯ߛ	 ൅ ௘ሶ௝ߙ
௭భ (11) 

	௘௜ߙ
௭మ ൌ ൫1 െ 	௘௜ߙ

௭భ൯ߛ	 ൅ 	௘௜ߙ
௭భ (12) 

where ߙ௘ሶ௝
௭భ and ߙ௘௜	

௭భ are heights of the lower MFs for the 

zSlices ݖଵ while ߙ௘ሶ௝
௭మ and ߙ௘௜	

௭మ are heights of the lower MFs for 

the zSlices ݖଶ. Here, ߛ is a tuning parameter and can take 
values between 0 and 1. In order to examine how the defined ߛ 
parameter varies the SMFs, we will examine three cases for 
the zT2-FSs  

(i) If ߛ ൌ 0 then the ݖଶ zSlice becomes an interval set with 
the same uncertainty as ݖଵ, i.e. ݈ଵ ൌ ݈ଶ ൏ ଵݎ ൌ  ଶ.Thus, anݎ
interval secondary FS will be obtained in the third 
dimension as illustrated in Fig. 4a. 

(ii) If 0 ൏ ߛ ൏ 1, then for the ݖଶ zSlice ݈ଶ ൏  ଶ however theݎ
interval associated with zSlice ݖଶ has always a smaller 
interval in comparison to the interval associated with 
zSlice ݖଵ since ݈ଶ ൐ ݈ଵ . Thus, a secondary FS as shown in 
Fig. 4b will be obtained in the third dimension. The 
݈ଵ, ݈ଶ,  ଶ values of this case have been shown for aݎ	ଵandݎ
zT2-FS in Fig.3b. 

(iii) If ߛ ൌ 1, then for the ݖଶ zSlice, ݈ଶ ൌ  ଶ and a secondaryݎ
FS as illustrated in Fig. 4c will be obtained in the third 
dimension of the zT2-FS. 

Thus, as it has been shown in Fig.4 for different γ values, the 

zT2-FPI controller can be constructed in three different 
combinations.  
 If	ߛ ൌ 0, then the zT2-FPI will be reduced to an IT2-FPI 

controller. 
 If	0 ൏ ߛ ൏ 1, then the zT2-FPI can be seen as collection 

of two IT2-FPIs associated with different FOUs	ሺݎଵ െ
݈ଵ ൐ ଶݎ െ ݈ଶሻ. 

 If ߛ ൌ 1, then the zT2-FPI can be seen as a collection of 
IT2-FPI and T1-FPI controller ሺݎଵ െ ݈ଵ ൐ ଶݎ െ ݈ଶ ൌ 0ሻ. 

Thus, we will first derive an IT2-FPI associated with the 
zSlices z୯ and we then will derive the output of the proposed 
zT2-FPI around the steady state via Equation (9) from a 
mathematical point of view. 

C. The Analytical Derivations for IT2-FPI Controller 
associated with zLevel 

In this section, we will follow the same analysis strategy 
presented in [1], [14] to analyze the behavior of an IT2-FPI 
associated with zLevel ൫ݖ௤൯ around the steady state from a 
mathematical point of view. Thus, we will investigate the 
region around the steady state ሺ݁ ൌ 0, ሶ݁ ൌ 0, ሶݑ ൌ 0ሻ bounded 
by the following inequalities:  

െߜ௘ሶ ൑ ሶ݁ ൑ ൅ߜ௘ሶ
െߜ௘ ൑ ݁ ൑ ൅ߜ௘
െߜ௨ሶ ൑ ሶݑ ൑ ൅ߜ௨ሶ

 (13) 

where ߜ௘ሶ ௨ሶߜ ௘ andߜ ,  are sufficiently small perturbations 
around the origin.  

As it has been asserted in the previous subsection, we will 
employ the same IT2-FPI controller given in Section 2 and 
associated it with zLevel	൫ݖ௤൯. The employed IT2-FPI uses 
fully overlapping triangular IT2-FSs in the sense of upper and 
lower MFs as shown in Fig. 2. Thus for any input vector ሺ݁, ሶ݁ሻ 
always four IT2-FSs are always fired, and the corresponding 
membership values around the steady state are: 

ߤ
ாሶ෨షభ
೥೜ ൌ ቂߤாሶ෨షభ, ாሶ෨షభቃߤ̅ ൌ ൤൬

ܿ௘ሶଵ െ ሶ݁
2ܿ௘ሶଵ

൰ ௘ሶଵߙ
௭೜, ൬

ܿ௘ሶଵ െ ሶ݁
2ܿ௘ሶଵ

൰൨ (14) 

ߤ
ாሶ෨శభ
೥೜ ൌ ቂߤாሶ෨భ, ாሶ෨భቃߤ̅ ൌ ൤൬

ܿ௘ሶଵ ൅ ሶ݁
2ܿ௘ሶଵ

൰ ௘ሶଵߙ
௭೜, ൬

ܿ௘ሶଵ ൅ ሶ݁
2ܿ௘ሶଵ

൰൨ (15) 

ߤ
ா෨షభ
೥೜ ൌ ቂߤா෨షభ, ா෨షభቃߤ ൌ ൤൬

ܿ௘ሶଵ െ ݁
2ܿ௘ଵ

൰ߙ௘ଵ	
௭೜ , ൬

ܿ௘ଵ െ ݁
2ܿ௘ଵ

൰൨ (16) 

ߤ
ா෨శభ
೥೜ ൌ ቂߤா෨భ, ா෨భቃߤ ൌ ൤൬

ܿ௘ሶଵ ൅ ݁
2ܿ௘ଵ

൰ 	௘ଵߙ
௭೜ , ൬

ܿ௘ଵ ൅ ݁
2ܿ௘ଵ

൰൨ (17) 

The corresponding four rules outputs are then ܴିଵ,ିଵ, ܴିଵ,ଵ, 
ܴଵ,ିଵ	and	ܴଵ,ଵ which are defined as: 

ሶݑ ିଵ,ିଵ ൌ െܭ௉ܿ௘ሶଵ െ  ூܿ௘ଵ (18)ܭ
ሶݑ ିଵ,ଵ ൌ െܭ௉ܿ௘ሶଵ ൅  ூܿ௘ଵ (19)ܭ
ሶݑ ଵ,ିଵ ൌ ௉ܿ௘ሶଵܭ െ  ூܿ௘ଵ (20)ܭ
ሶݑ ଵ,ଵ ൌ ௉ܿ௘ሶଵܭ ൅  ூܿ௘ଵ (21)ܭ

The total firing interval for each rule is defined as 

ൌ ቂ ௜݂௝
௭೜, ݂௜௝

௭೜
ቃ (22) 

where ௜݂௝
௭೜ and 	݂௜௝

௭೜
 are given in Equations (23),(24), (25) and 

(26) (using the product operation to represent the t-norm). 
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݂ିଵ,ିଵ
௭೜

ൌ ቂߤ
ாሶ෨షభ
೥೜ ∗ ா෨షభߤ

೥೜ቃ ൌ ൤൬
ܿ௘ሶଵ െ ሶ݁
2ܿ௘ሶଵ

൰ ൬
ܿ௘ଵ െ ݁
2ܿ௘ଵ

൰൨ , ݂ି ଵ,ିଵ
௭೜ ൌ ቂߤ

ாሶ෨షభ
೥೜ ∗ ா෨షభߤ

೥೜ቃ ൌ ൤൬
ܿ௘ሶଵ െ ሶ݁
2ܿ௘ሶଵ

൰ ௘ሶଵߙ
௭೜ ൬

ܿ௘ሶଵ െ ݁
2ܿ௘ଵ

൰ 	௘ଵߙ
௭೜ ൨ (23) 

݂ିଵ,ାଵ
௭೜

ൌ ቂߤ
ாሶ෨షభ
೥೜ ∗ ா෨శభߤ

೥೜ቃ ൌ ൤൬
ܿ௘ሶଵ െ ሶ݁
2ܿ௘ሶଵ

൰ ൬
ܿ௘ଵ ൅ ݁
2ܿ௘ଵ

൰൨ , ݂ି ଵ,ାଵ
௭೜ ൌ ቂߤ

ாሶ෨షభ
೥೜ ∗ ா෨శభߤ

೥೜ቃ ൌ ൤൬
ܿ௘ሶଵ െ ሶ݁
2ܿ௘ሶଵ

൰ ௘ሶଵߙ
௭೜ ൬

ܿ௘ሶଵ ൅ ݁
2ܿ௘ଵ

൰ 	௘ଵߙ
௭೜ ൨ (24) 

݂ାଵ,ିଵ
௭೜

ൌ ቂߤ
ாሶ෨శభ
೥೜ ∗ ா෨షభߤ

೥೜ቃ ൌ ൤൬
ܿ௘ሶଵ ൅ ሶ݁
2ܿ௘ሶଵ

൰ ൬
ܿ௘ଵ െ ݁
2ܿ௘ଵ

൰൨ , ା݂ଵ,ିଵ
௭೜ ൌ ቂߤ

ாሶ෨శభ
೥೜ ∗ ா෨షభߤ

೥೜ቃ ൌ ൤൬
ܿ௘ሶଵ ൅ ሶ݁
2ܿ௘ሶଵ

൰ ௘ሶଵߙ
௭೜ ൬

ܿ௘ሶଵ െ ݁
2ܿ௘ଵ

൰ 	௘ଵߙ
௭೜ ൨ (25) 

݂ାଵ,ାଵ
௭೜

ൌ ቂߤ
ாሶ෨శభ
೥೜ ∗ ா෨శభߤ

೥೜ቃ ൌ ൤൬
ܿ௘ሶଵ ൅ ሶ݁
2ܿ௘ሶଵ

൰ ൬
ܿ௘ଵ ൅ ݁
2ܿ௘ଵ

൰൨ , ା݂ଵ,ାଵ
௭೜ ൌ ቂߤ

ாሶ෨శభ
೥೜ ∗ ா෨శభߤ

೥೜ቃ ൌ ൤൬
ܿ௘ሶଵ ൅ ሶ݁
2ܿ௘ሶଵ

൰ ௘ሶଵߙ
௭೜ ൬

ܿ௘ሶଵ ൅ ݁
2ܿ௘ଵ

൰ 	௘ଵߙ
௭೜ ൨ (26) 

The IT2-FPI output can be calculated as: 

ሶݑ ௭೜ ൌ
ሶݑ ௟
௭೜ ൅ ሶݑ ௥

௭೜

2
 (27) 

where ݑሶ ௟ and ݑሶ ௥ are the left and right end points of the type 
reduced set, and are formulated as follows: 

ሶݑ ௟
௭೜ ൌ

∑ ݂௡
௭೜
ሶݑ ௡௅

௡ୀଵ ൅ ∑ ௡݂
௭೜ݑሶ ௡௉

௅ାଵ

∑ ݂௡
௭೜௅

௡ୀଵ ൅ ∑ ௡݂
௭೜௉

௅ାଵ

 (28) 

ሶݑ ௥
௭೜ ൌ

∑ ௡݂
௭೜ݑሶ ௡ோ

௡ୀଵ ൅ ∑ ݂௡
௭೜
ሶݑ ௡௉

ோାଵ

∑ ௡݂
௭೜ோ

௡ୀଵ ൅ ∑ ݂௡
௭೜௉

ோାଵ

 (29) 

Here, ܲ	is the total number of fuzzy rules ሺܲ ൌ 4	ሻ and (L, R) 
are the switching points needed by the KM procedure [26]. 
When the KM method is used, the consequents ൫ݑሶ ௜௝൯ need to 
be sorted in ascending order and their corresponding firing 

intervals ቀ ௜݂,௝
௭೜, ݂௜,௝

௭೜
ቁ must be matched. Since the sorting of the 

consequents ൫ݑሶ ௜௝൯ depends on the values ܭ௉ܿ௘ሶଵ and ܭூܿ௘ଵ, 
there are only three possibilities which will be examined.  
1) Case-1 ሺܭ௉ܿ௘ሶଵ ൐  ூܿ௘ଵሻܭ
If ܭ௉ܿ௘ሶଵ ൐ ሶݑூܿ௘ଵ, then the consequents ൫ܭ ௜௝൯ are sorted as: 

ሶݑ ିଵ,ିଵ ൏ ሶݑ ିଵ,ଵ ൏ 0 ൏ ሶݑ ାଵ,ିଵ ൏ ሶݑ ାଵ,ାଵ (30) 

Since we are investigating the behavior around the steady 
state	ሺ݁ ൎ 0, ሶ݁ ൎ 0, ሶݑ ൎ 0ሻ it can be further imposed as: 

ሶݑ ିଵ,ାଵ ൑ ሶݑ ௟
௭೜ ൏ ሶݑ ௥

௭೜ ൑ ሶݑ ାଵ,ିଵ (31) 

which indicates that the switch points of the KM must be L=2 

and R=2 [1]. Thus, ݑሶ ௟
௭೜ should be: 

ሶݑ ௟
௭೜ ൌ 

݂ିଵ,ିଵ
௭೜

ሶݑ ିଵ,ିଵ ൅ ݂ିଵ,ାଵ
௭೜

ሶݑ ିଵ,ାଵ ൅ ା݂ଵ,ିଵ
௭೜ ሶݑ ାଵ,ିଵ ൅ ା݂ଵ,ାଵ

௭೜ ሶݑ ାଵ,ାଵ

݂ିଵ,ିଵ
௭೜

൅ ݂ିଵ,ାଵ
௭೜

൅ ା݂ଵ,ିଵ
௭೜ ൅ ା݂ଵ,ାଵ

௭೜
 

(32) 

Thus, by substituting the corresponding consequent parts and 
the firing levels given in Equations (18-21) and (23-26), 
respectively into the Equation (32), we have: 

ሶݑ ௟
௭೜ ൌ

௉൫െܿ௘ሶଵܭ
ଶ ൅ ܿ௘ଵ ሶ݁ ൅ ܿ௘ሶଵ

ଶ ௘ሶଵߙ
௭೜ߙ௘ଵ	

௭೜ ൅ ܿ௘ଵ ሶ݁ߙ௘ሶଵ
௭೜ߙ௘ଵ

௭೜ ൯

൫ܿ௘ሶଵ െ ሶ݁ ൅ ܿ௘ሶଵߙ௘ሶଵ
௭೜ߙ௘ଵ	

௭೜ ൅ ሶ݁	ߙ௘ሶଵ
௭೜ߙ௘ଵ	

௭೜ ൯
 

൅
ூ൫ܿ௘ሶଵ݁ܭ െ ݁ ሶ݁ ൅ ܿ௘ሶଵ	݁	ߙ௘ሶଵ

௭೜ߙ௘ଵ	
௭೜ ൅ ሶ݁	݁	ߙ௘ሶଵ

௭೜ߙ௘ଵ	
௭೜ ൯

൫ܿ௘ሶଵ െ ሶ݁ ൅ ܿ௘ሶଵߙ௘ሶଵ
௭೜ߙ௘ଵ	

௭೜ ൅ ሶ݁	ߙ௘ሶଵ
௭೜ߙ௘ଵ	

௭೜ ൯
 

(33) 

and similarly ݑሶ ௥
௭೜ should be: 

ሶݑ ௥
௭೜ ൌ 

݂ି ଵ,ିଵ
௭೜ ሶݑ ିଵ,ିଵ ൅ ݂ି ଵ,ାଵ

௭೜ ሶݑ ିଵ,ାଵ ൅ ݂ାଵ,ିଵ
௭೜

ሶݑ ାଵ,ିଵ ൅ ݂ାଵ,ାଵ
௭೜

ሶݑ ାଵ,ାଵ

݂ି ଵ,ିଵ
௭೜ ൅ ݂ି ଵ,ାଵ

௭೜ ൅ ݂ାଵ,ିଵ
௭೜

൅ ݂ାଵ,ାଵ
௭೜  

(34) 

 

Similarly, using the Equations (18-21) and (23-26), Equation 
(34) can be reformulated as 

ሶݑ ௥
௭೜ ൌ

௉ሺܿ௘ሶଵܭ
ଶ ൅ ܿ௘ଵ ሶ݁ െ ܿ௘ሶଵ

ଶ ௘ሶଵߙ
௭೜ߙ௘ଵ	

௭೜ ൅ ܿ௘ଵ ሶ݁ߙ௘ሶଵ
௭೜ߙ௘ଵ

௭೜ ሻ

ሺܿ௘ሶଵ ൅ ሶ݁ ൅ ܿ௘ሶଵߙ௘ሶଵ
௭೜ߙ௘ଵ	

௭೜ െ ሶ݁	ߙ௘ሶଵ
௭೜ߙ௘ଵ	

௭೜ ሻ
 

൅
ூ൫ܿ௘ሶଵ݁ܭ ൅ ݁ ሶ݁ ൅ ܿ௘ሶଵ ݁ ௘ሶଵߙ

௭೜ߙ௘ଵ	
௭೜ െ ሶ݁	݁	ߙ௘ሶଵ

௭೜ߙ௘ଵ	
௭೜ ൯

ሺܿ௘ሶଵ ൅ ሶ݁ ൅ ܿ௘ሶଵߙ௘ሶଵ
௭೜ߙ௘ଵ	

௭೜ െ ሶ݁	ߙ௘ሶଵ
௭೜ߙ௘ଵ	

௭೜ ሻ
 

(35) 

Then, the IT2-FPI output at ݖ௤can be obtained by substituting 
Equations (33) and (35) in Equation (27) 

ሶݑ ௭೜ ൌ

ூ݁ܭ ቀെ ሶ݁ଶ൫െ1 ൅ ௘ሶଵߙ
௭೜ߙ௘ଵ

௭೜ ൯
ଶ
൅ ൫ܿ௘ሶଵ ൅ ܿ௘ሶଵߙ௘ሶଵ

௭೜ߙ௘ଵ
௭೜ ൯

ଶ
ቁ

൅ܭ௉ ሶ݁ ൫4ܿ௘ሶଵ
ଶ ௘ሶଵߙ

௭೜ߙ௘ଵ	
௭೜ ൯

െ ሶ݁ଶ൫െ1 ൅ ௘ሶଵߙ
௭೜ߙ௘ଵ

௭೜ ൯
ଶ
൅ ൫ܿ௘ሶଵ ൅ ܿ௘ሶଵߙ௘ሶଵ

௭೜ߙ௘ଵ
௭೜ ൯

ଶ

(36) 

Then, Equation (36) can be reformulated as: 

ሶݑ ௭೜ ൌ ௉_௘௤ܭ
௭೜ ሶ݁ ൅ ூ_௘௤ܭ

௭೜ ݁	 (37) 

where 

௉_௘௤ܭ
௭೜ ൌ ଵߜ௉ܭ

௭೜, ூ_௘௤ܭ
௭೜ ൌܭூߚଵ

௭೜ (38) 

ଵߜ
௭೜ ൌ ቌ

4ܿ௘ሶଵ
ଶ ௘ሶଵߙ

௭೜ߙ௘ଵ	
௭೜

െ ሶ݁ ଶ൫െ1 ൅ ௘ሶଵߙ
௭೜ߙ௘ଵ	

௭೜ ൯
ଶ
൅ ൫ܿ௘ሶଵ ൅ ܿ௘ሶଵ	ߙ௘ሶଵ

௭೜ߙ௘ଵ	
௭೜ ൯

ଶቍ

ଵߚ
௭೜ ൌ 1

 (39) 

Here, ܭ௉_௘௤
௭೜  and ܭூ_௘௤

௭೜  are the equivalent proportional and 

integral gains of the resulting IT2-FPI controller associated 
with zLevel ൫ݖ௤൯, respectively.  
2) Case-2 ሺܭ௉ܿ௘ሶଵ ൏  ூܿ௘ଵሻܭ
If ܭ௉ܿ௘ሶଵ ൏ ሶݑூܿ௘ଵ, then the consequents ൫ܭ ௜௝൯ are sorted as: 

ሶݑ ିଵ,ିଵ ൏ ሶݑ ଵ,ିଵ ൏ 0 ൏ ሶݑ ିଵ,ଵ ൏  ሶଵ,ଵ (40)ݑ

Since we are investigating the behavior around the steady 
state, it can be further imposed as: 

ሶଵ,ିଵݑ ൑ ሶݑ ௟
௭೜ ൏ ሶݑ ௥

௭೜ ൑ ሶݑ ିଵ,ଵ (41) 

which indicates that the switch points of the KM are L= 2 and 

R=2 [1]. Similarly in the Case-1,ݑሶ ௟
௭೜ and ݑሶ ௥

௭೜ are defined as: 

ሶݑ ௟
௭೜ ൌ 

݂ିଵ,ିଵ
௭೜

ሶݑ ିଵ,ିଵ ൅ ݂ାଵ,ିଵ
௭೜

ሶݑ ଵ,ିଵ ൅ ݂ି ଵ,ାଵ
௭೜ ሶݑ ିଵ,ଵ ൅ ା݂ଵ,ାଵ

௭೜ ሶଵ,ଵݑ

݂ିଵ,ିଵ
௭೜

൅ ݂ାଵ,ିଵ
௭೜

൅ ݂ିଵ,ାଵ
௭೜

൅ ା݂ଵ,ାଵ
௭೜

 
(42) 

ሶݑ ௟
௭೜ ൌ

௉ሺܿ௘ଵܭ ሶ݁ െ ሶ݁݁ ൅ ܿ௘ଵ ሶ݁ߙ௘ሶଵ
௭೜ߙ௘ଵ	

௭೜ ൅ ሶ݁݁ߙ௘ሶଵ
௭೜ߙ௘ଵ	

௭೜ ሻ

ሺܿ௘ଵ െ ݁ ൅ ܿ௘ଵߙ௘ሶଵ
௭೜ߙ௘ଵ	

௭೜ ൅ ௘ሶଵߙ݁
௭೜ߙ௘ଵ	

௭೜ ሻ
൅ 

൅
ூ൫െܿ௘ଵܭ

ଶ ൅ ܿ௘ሶଵ݁ ൅ ܿ௘ଵ
ଶ ௘ሶଵߙ

௭೜ߙ௘ଵ	
௭೜ ൅ ܿ௘ሶଵ݁ߙ௘ሶଵ

௭೜ߙ௘ଵ	
௭೜ ൯

൫ܿ௘ଵ െ ݁ ൅ ܿ௘ଵߙ௘ሶଵ
௭೜ߙ௘ଵ	

௭೜ ൅ ௘ሶଵߙ݁
௭೜ߙ௘ଵ	

௭೜ ൯
 

(43) 

and 
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ሶݑ ௥
௭೜ ൌ 

݂ି ଵ,ିଵ
௭೜ ሶݑ ିଵ,ିଵ ൅ ା݂ଵ,ିଵ

௭೜ ሶݑ ାଵ,ିଵ ൅ ݂ିଵ,ାଵ
௭೜

ሶݑ ିଵ,ାଵ ൅ ݂ାଵ,ାଵ
௭೜

ሶݑ ାଵ,ାଵ

݂ି ଵ,ିଵ
௭೜ ൅ ା݂ଵ,ିଵ

௭೜ ൅ ݂ିଵ,ାଵ
௭೜

൅ ݂ାଵ,ାଵ
௭೜  

(44) 

ሶݑ ௥
௭೜ ൌ

௉ሺܿ௘ଵܭ ሶ݁ ൅ ሶ݁݁ ൅ ܿ௘ଵ ሶ݁ߙ௘ሶଵ
௭೜ߙ௘ଵ	

௭೜ െ ሶ݁݁ߙ௘ሶଵ
௭೜ߙ௘ଵ	

௭೜ ሻ

ሺܿ௘ଵ ൅ ݁ ൅ ܿ௘ଵߙ௘ሶଵ
௭೜ߙ௘ଵ	

௭೜ െ ௘ሶଵߙ݁
௭೜ߙ௘ଵ	

௭೜ ሻ
൅ 

													൅
ூ൫ܿ௘ଵܭ

ଶ ൅ ܿ௘ሶଵ݁ െ ܿ௘ଵ
ଶ ௘ሶଵߙ

௭೜ߙ௘ଵ	
௭೜ ൅ ܿ௘ሶଵ݁ߙ௘ሶଵ

௭೜ߙ௘ଵ	
௭೜ ൯

ሺܿ௘ଵ ൅ ݁ ൅ ܿ௘ଵߙ௘ሶଵ
௭೜ߙ௘ଵ	

௭೜ െ ௘ሶଵߙ݁
௭೜ߙ௘ଵ	

௭೜ ሻ
 

(45) 

Then, the output of the IT2-FPI can be obtained by 
substituting Equations (43) and (45) in Equation (27) 

ሶݑ ൌ

௉ܭ ሶ݁ ቀെ݁ଶ൫െ1 ൅ ௘ሶଵߙ
௭೜ߙ௘ଵ	

௭೜ ൯
ଶ
൅ ൫ܿ௘ଵ ൅ ܿ௘ଵߙ௘ሶଵ

௭೜ߙ௘ଵ	
௭೜ ൯

ଶ
ቁ

൅ܭூ݁൫4ܿ௘ଵ
ଶ ௘ሶଵߙ	݁

௭೜ߙ௘ଵ	
௭೜ ൯

െ݁ଶ൫െ1 ൅ ௘ሶଵߙ
௭೜ߙ௘ଵ	

௭೜ ൯
ଶ
൅ ൫ܿ௘ଵ ൅ ܿ௘ଵߙ௘ሶଵ

௭೜ߙ௘ଵ	
௭೜ ൯

ଶ 	
(46) 

Then, Equation (46) can be reformulated as: 

ሶݑ ௭೜ ൌ ௉_௘௤ܭ
௭೜ ሶ݁ ൅ ூ_௘௤ܭ

௭೜ ݁ (47) 

where 

௉_௘௤ܭ
௭೜ ൌ ଶߜ௉ܭ

௭೜, ூ_௘௤ܭ
௭೜ ൌܭூߚଶ

௭೜ (48) 

ଶߜ
௭೜ ൌ 1

ଶߚ
௭೜ ൌ ቌ

4ܿ௘ଵଶ ௘ሶଵߙ	
௭೜ߙ௘ଵ	

௭೜

െ݁ଶ൫െ1 ൅ ௘ሶଵߙ
௭೜ߙ௘ଵ	

௭೜ ൯
ଶ
൅ ൫ܿ௘ଵ ൅ ܿ௘ଵ	ߙ௘ሶଵ

௭೜ߙ௘ଵ
௭೜ ൯

ଶቍ
 (49) 

Here, ܭ௉_௘௤ and ܭூ_௘௤ are the equivalent proportional and 
integral gains of the resulting IT2-FPI controller associated 
with zLevel ൫ݖ௤൯, respectively.  
3) Case-3 ሺܭ௉ܿ௘ሶଵ ൌ  ூܿ௘ଵሻܭ
If ܭ௉ܿ௘ሶଵ ൌ ሶݑ ூܿ௘ଵ, thenܭ ିଵ,ାଵ ൌ ሶݑ ାଵ,ିଵ ൌ 0 and 

ሶݑ ିଵ,ିଵ ൏ ሶݑ ାଵ,ିଵ ൌ 0 ൌ ሶݑ ିଵ,ାଵ ൏ ሶݑ ାଵ,ାଵ (50) 
Thus, there are more than one possible switching point for the 
KM which are ܴ, ܮ ∈ ሼ1,2,3ሽ. Therefore, similar analysis 
cannot be performed here since the switching points cannot be 
predetermined [1]. Thus, we will not examine the case 
௉ܭ ሶ݁ଵ ൌ  ூ݁ଵ in this study. However, this does not affect theܭ
above analysis. 

D. The Analytical Derivations for zT2-FPI Controller 

In this subsection, we will use the derived equations of the 
IT2-FPI associated with zLevel ൫ݖ௤൯ to express the output of 
the zT2-FPI around the steady state from a mathematical point 
of view. As it has been presented in the subsection 3.2, the 
output of the zT2-FPI is an aggregation of the outputs of IT2-
FPIs (and maybe T1-FPI) each associated with a specific 
zLevel ൫ݖ௤൯. Then, the output of the zT2-FPI can be obtained 
by substituting Equation (37) (for Case-1) or Equation (47) 
(for Case-2) in Equation (9): 

ሶݑ ௭்ଶିி௉ூ ൌ
௉_௘௤ܭଵ൫ݖ

௭భ ሶ݁ ൅ ூ_௘௤ܭ
௭భ ݁൯ ൅ ௉_௘௤ܭଶ൫ݖ

௭మ ሶ݁ ൅ ூ_௘௤ܭ
௭మ ݁൯

ଵݖ ൅ ଶݖ
 (51) 

Then, Equation (51) can be reformulated as:  
ሶݑ ௭்ଶିி௉ூ ൌ ௉_௘௤ܭ ሶ݁ ൅  ூ_௘௤݁ (52)ܭ

where 

௉_௘௤ܭ ൌ
൫ݖଵܭ௉_௘௤

௭భ ൅ ௉_௘௤ܭଶݖ
௭మ ൯

ଵݖ ൅ ଶݖ
ூ_௘௤ܭ ൌ

൫ݖଵܭூ_௘௤
௭భ ൅ ூ_௘௤ܭଶݖ

௭మ ൯

ଵݖ ൅ ଶݖ
 (53) 

Here, ܭ௉_௘௤	and ܭூ_௘௤ are the equivalent Proportional gain and 

the equivalent Integral gain of the resulting zT2-FPI 
controller, respectively. It should be noted that the ܭ௉_௘௤ and 
 ூ_௘௤ can be defined in two different ways since equalities ofܭ

௉_௘௤ܭ
௭೜  and ܭூ_௘௤

௭೜  depends on the values ܭ௉ܿ௘ሶଵ and ܭூܿ௘ଵ. Thus, 

for ܭ௉ܿ௘ሶଵ ൐  ூܿ௘ଵ (Case-1) Equation (38) should be employedܭ
while for ܭ௉ܿ௘ሶଵ ൏  ூܿ௘ଵ (Case-2) Equation (48) should beܭ
employed to obtain the equivalent gains of the zT2-FPI.  

For Case-1, then the equivalent gains are 
௉_௘௤ܭ
௭భ ൌ ଵߜ௉ܭ

௭భ൫݁, ܿ௘ଵ, ௘ሶଵߙ
௭భ , ௘ଵߙ

௭భ ൯ ூ_௘௤ܭ
௭భ ൌܭூ for	zLevel  ଵ (54)ݖ

௉_௘௤ܭ
௭మ ൌ ଵߜ௉ܭ

௭మ൫݁, ܿ௘ଵ, ௘ሶଵߙ
௭మ , ௘ଵߙ

௭మ ൯ ூ_௘௤ܭ
௭మ ൌܭூ for	zLevel  ଶ (55)ݖ

Substituting Equation (11) and Equation (12) into Equation 
(55) where ߛ ൌ ௘ሶߛ ൌ ௉_௘௤ܭ ,௘ߛ

௭మ  can be reformulated as function  

௉_௘௤ܭ
௭మ ൌ ଵߜ௉ܭ

௭మ൫݁, ܿ௘ଵ, ௘ሶଵߙ
௭భ, 	௘ଵߙ

௭భ ,  ൯ (56)ߛ
Thus Equation (53) can be reformulated for Case-1 as follows: 

௉_௘௤ܭ ൌ
ቀݖଵߜଵ

௭భ൫݁, ܿ௘ଵ, ௘ሶଵߙ
௭భ , ௘ଵߙ

௭భ ൯ ൅ ଵߜଶݖ
௭మ൫݁, ܿ௘ଵ, ௘ሶଵߙ

௭భ , 	௘ଵߙ
௭భ , ൯ቁߛ

ଵݖ ൅ ଶݖ
௉ܭ

ூ_௘௤ܭ ൌ ூܭ

 (57) 

Similarly for Case-2, then the equivalent gains are 
௉_௘௤ܭ
௭భ ൌ ,௉ܭ ூ_௘௤ܭ

௭భ ൌܭூߚଶ
௭భ൫݁, ܿ௘ଵ, ௘ሶଵߙ

௭భ , 	௘ଵߙ
௭భ ൯ for	zLevel  ଵ (58)ݖ

௉_௘௤ܭ
௭మ ൌ ,௉ܭ ூ_௘௤ܭ

௭మ ൌܭூߚଶ
௭మ൫݁, ܿ௘ଵ, ௘ሶଵߙ

௭మ , 	௘ଵߙ
௭మ ൯ for	zLevel  ଶ (59)ݖ

Similarly using Equation (11) and Equation (12), ܭூ_௘௤
௭మ  can be 

reformulated as function  
ூ_௘௤ܭ
௭మ ൌ ଶߚூܭ

௭మ൫݁, ܿ௘ଵ, ௘ሶଵߙ
௭భ, 	௘ଵߙ

௭భ ,  ൯ (60)ߛ
Thus Equation (60) can be reformulated for Case-2 as follows: 

௉_௘௤ܭ ൌ ௉ܭ

ூ_௘௤ܭ ൌ
ூܭ ቀݖଵߚଶ

௭భ൫݁, ܿ௘ଵ, ௘ሶଵߙ
௭భ , ௘ଵߙ

௭భ ൯ ൅ ଶߚଶݖ
௭మ൫݁, ܿ௘ଵ, ௘ሶଵߙ

௭భ , ௘ଵߙ
௭భ , ൯ቁߛ

ଵݖ ൅ ଶݖ

 (61) 

IV. EFFECT OF THE SMF ON THE TYPE-2 FUZZY PI 

CONTROLLER PERFORMANCE 

In this section, we will try to illustrate the effect of the SMF 
on controller performance. As it has been asserted in 
Subsection 3.2, the SMF of a T2-FS can be constructed in 
three different ways with respect to the defined parameter	ߛ. 
Thus, we will first investigate the effect of the size of the SMF 
when ߛ ൌ 0 (interval SMF) and then the effect the shape of 
the SMF for a fixed SMF size ሺݑ଴ሻ when 0 ൏ ߛ ൑ 1 (to have 
the shapes in Fig. 4b or 4c) on the control performance. For 
both cases, we will analyze the variations of the equivalent PI 
gains and their effects on the control performance. In order to 
have an easier analysis, we will examine the control actions of 
the zIT2-FPI by presenting the equivalent controller gain 
) and integral time constant (௖_௘௤ܭ) ௜ܶ_௘௤ሻ of the PI controller 
which are defined as: 

௖_௘௤ܭ ൌ ,௉_௘௤ܭ ௜ܶ_௘௤ ൌܭ௉_௘௤ ⁄ூ_௘௤ܭ  (62) 
We would like to remind that, a decreased value of ܭ௖_௘௤ gives 
less proportional action and slower control action, i.e. the 
damping of the system will increase; while a decreased value 
of ௜ܶ_௘௤ provides more integral action and a faster control 
performance, i.e. the damping of the system will decrease 
[28]. We will examine the control performances of the zIT2-
FPI controllers for the following system: 

ሻݏሺܩ ൌ
ܭ

ሺ߬ݏ ൅ 1ሻଶ
 (63) 
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where ܭ is the gain and ߬ is the time constant of the system. 
The nominal system parameters are ܭ ൌ 1 and ߬ ൌ 1. We will 
also examine the robustness of the zT2-FPI controller when 
the system is perturbed ሺܭ ൌ 1.9, ߬ ൌ 0.7ሻ (i.e. to enable 
examining the system response against parameter variations). 
We will define each input domain ሺ݁	and	 ሶ݁ሻ of the zT2-FPI 
controller with two T2-FSs as shown in Fig. 3, where ܿ௘ሶଵ ൌ
ܿ௘ሶଵ
௭భ ൌ ܿ௘ሶଵ

௭మ ൌ 1, ܿ௘ଵ ൌ ܿ௘ଵ
௭భ ൌ ܿ௘ଵ

௭మ ൌ ௭భߙ ,1 ൌ ௘ሶଵߙ
௭భ ൌ 	௘ଵߙ

௭భ  and 

௭మߙ ൌ ௘ሶଵߙ
௭మ ൌ 	௘ଵߙ

௭మ . In order to examine how the SMF of the 
T2-FSs affects the transient state performances, a unit step 
reference is applied. Moreover, input and output disturbances 
with the magnitudes of “0.2” have been applied in 20th and 
40th seconds, respectively to observe the disturbance rejection 
performances. 

A. Effect	of	the	size	of	the	FOU	on	the	controller	
performance	

In this subsection, we will investigate the effect of the size 
of the FOU on the control performance when ߛ ൌ 0, (when an 
interval FS is employed as the SMF). As it has been asserted 
in subsection 3.2, the zT2-FPI will reduce to an IT2-FPI 
structure. Thus, the heights of the lower MF of each zSlice 
will be equal, i.e. ߙ ൌ ௭భߙ ൌ ߛ ௭మ whenߙ ൌ 0. Moreover, as it 
has been derived in subsection 3.3, the effect of the FOU on 
the equivalent controller gains varies with respect to the 
baseline T1-FPI controller parameters.  
1) Case-1 ሺܭ௉ܿ௘ሶଵ ൐  ூܿ௘ଵሻܭ
When ߛ ൌ 0, Equation (57) will simplify to  

௉_௘௤ܭ ൌ ,ଵߜ௉ܭ ூ_௘௤ܭ ൌ  ଵ (64)ߚூܭ
where  

ଵߜ ൌ ቆ
4ܿ௘ሶଵ

ଶ ଶߙ

െ ሶ݁ଶሺെ1 ൅ ଶሻଶߙ ൅ ሺܿ௘ሶଵ ൅ ܿ௘ሶଵ	ߙଶሻଶ
ቇ , ଵߚ ൌ 1 (65) 

Consequently, the equivalent controller gain and integral time 
constant of the zIT2-FPI reduce to: 

௖_௘௤ܭ ൌ ,ଵߜ௉ܭ ௜ܶ_௘௤ ൌ
ଵߜ௉ܭ
ூܭ

 (66) 

It can be seen from Equation (66) that, the zT2-FPI realizes 
a non-linear PI where both equivalent controller gain ൫ܭ௖_௘௤൯ 
and integral time constant ൫ ௜ܶ_௘௤൯ is varying as a result of the 
extra degrees of freedom provided by the FOUs. It can be 
observed that: 
1) When ܭ௉ܿ௘ሶଵ ൐  ଵ is a function ofߜ ூܿ௘ଵ, onlyܭ

ሶ݁ , ܿ௘ሶଵ, and	ߙ while ߚଵ is a constant value around the 
origin ሺ݁ ൌ 0, ሶ݁ ൌ 0, ሶݑ ൌ 0ሻ. To illustrate the variation of 
ଵሺߜ ሶ݁ , ܿ௘ሶଵ,  ሻ , we will plot the change for a certainߙ
interval of ሶ݁ with four fixed values ߙ ൌ ሼ0.5, 0.6, 0.7,0.8ሽ 
(the same shapes are repeatable for various values of ߙሻ 
which is illustrated in Fig.5a. We would like to underline 
that the given intervals of ሶ݁ ∈ ሾെ0.5,0.5ሿ has been chosen 
only for illustrative purposes so that the effect of the FOU 
on the gains can be seen clearly. It should be noted that 
the derivation in Equation (30) is valid on for the intervals 
which satisfy Equation (13). 

2) When the FOUs increase, then ߜଵሺ ሶ݁ , ܿ௘ሶଵ,  ሻ decreases forߙ
the same ሶ݁ as shown in Fig.5a. It can be seen that since 
the ߜଵሺ ሶ݁, ܿ௘ሶଵ,  ሻ is smaller than unity around the steadyߙ

state, thus the equivalent controller gain ሺܭ௖_௘௤ሻ and 
integral time constant ሺ ௜ܶ_௘௤ሻ will always be smaller than 
the baseline T1-FPI controller ones ሺܭ௖, ௜ܶ). However, 
since both ܭ௖_௘௤ and ௜ܶ_௘௤ decrease, a larger FOU might 
decrease the damping of the zT2-FPI controller around 
the steady state, and hence reduces rise time while this 
may also increase the overshoot. Thus, the fuzzy control 
system may even become unstable in the presence of 
unmodelled dynamics, nonlinearities and uncertainties.  

In the rest of the paper, we will not focus on Case-1 since in 
conventional or self-tuning fuzzy controller design strategies 
usually the aim is to decrease the integral action sufficiently 
around the steady state to have robust system performance 
against noises and parameter variations [16], [29], hence we 
will mainly focus in this paper on Case-2 mentioned in the 
following subsection.  
2) Case-1 ሺܭ௉ܿ௘ሶଵ ൏  ூܿ௘ଵሻܭ
When ߛ ൌ 0, Equation (61) will simplify to  

௉_௘௤ܭ ൌ ଶߜ௉ܭ ூ_௘௤ܭ ൌ  ଶ (67)ߚூܭ
where  

ଶߜ ൌ 1 ଶߚ ൌ ቆ
4ܿ௘ଵଶ ଶߙ

െ݁ଶሺെ1 ൅ ଶሻଶߙ ൅ ሺܿ௘ሶଵ ൅ ܿ௘ଵ	ߙଶሻଶ
ቇ (68) 

Consequently, the equivalent controller gain and integral time 
constant of the zIT2-FPI reduce to: 

௖_௘௤ܭ ൌ ,௉ܭ ௜ܶ_௘௤ ൌ
௉ܭ
ଶߚூܭ

 (69) 

It can be concluded that, the zT2-FPI realizes a non-linear PI 
where only the integral time constant ൫ ௜ܶ_௘௤൯ is varying as a 
result of the extra degrees of freedom provided by the FOUs. 
Thus, it can be observed that: 
1) When ܭ௉ ሶ݁ଵ ൏ ,݁ ଶ is a function ofߚ ூ݁ଵ, onlyܭ ܿ௘ଵ	and	ߙ 

while ߜଶ is a constant value around the origin ሺ݁ ൌ 0, ሶ݁ ൌ
0, ሶݑ ൌ 0ሻ. To illustrate the variation of ߚଶሺ݁, ܿ௘ଵ,  ሻ, weߙ
will plot the change for a certain interval of ݁ with four 
fixed values ߙ ൌ 0.5, 0.6, 0.7	and	0.8 which is illustrated 
in Fig.5b. It should be noted that the given interval of 
݁ ∈ ሾെ0.5,0.5ሿ has been chosen only for illustrative 
purposes so that the effect of the FOU on the gains can be 
seen clearly.  

2) As shown in Fig.5b, when the FOUs increase then 
,ଶሺ݁ߚ ܿ௘ଵ,  ሻ decrease for the same ݁. It should be notedߙ
that since the ߚଶሺ݁, ܿ௘ଵ,  ሻ is smaller than unity around theߙ
steady state, the equivalent integral time constant ൫ ௜ܶ_௘௤൯ 
will always be larger than the baseline T1-FPI controller 
ones ሺ ௜ܶሻ. Consequently, larger FOUs will result in larger 
integral time constant gain ൫ ௜ܶ_௘௤൯ around the origin 
which will increase the damping of zT2-FPI in 
comparison to the baseline T1-FPI controller ones. Since 
the equivalent integral action decreases as the system 
output reaches the reference signal, this will increase the 
damping and may decrease the overshoot and the 
resulting zT2 FPI controller is potentially more robust 
against parameter variations around the steady state. 
However, increasing the size of the FOU of the type-2 
fuzzy system might slow the system response in 
comparison with the type-1 fuzzy counterpart. Thus, the 
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disturbance rejection performance might be worse (too 
slow) since a relatively small control signal change will 
be generated around the steady state as the FOU 
increases. Consequently, a proper tuning of ߙ might give 
the opportunity increase the speed of the control system 
while preserving the robustness against parameter 
variations around the steady state. 

To examine how the size of the FOUs affect the control 
system performances, the control performance of the fuzzy 
controllers for the cases ߙ ൌ 1	(i.e. a T1-FPI controller) and 
ߙ ൌ 0.2 (i.e. an IT2-FPI controller since ߛ ൌ 0) are illustrated 
in Fig. 6a for the nominal system while in Fig. 6b for the 
perturbed system. For illustrative purposes, the parameters of 
the zT2-FPI are set as ܭ௉ ൌ 0.2023	and	ܭூ ൌ 0.46 such that 
௉ܿ௘ሶଵܭ ൏  ூܿ௘ଵ is satisfied. As it can be clearly seen a largerܭ
FOU (i.e., a smaller ߙ value) increases the damping of the 
zT2-FPI, and reduces the overshoots and oscillations in the 
transient state response. However, as the FOU increases, the 
system response becomes slower and the disturbance rejection 
times increases (as shown in time steps 20th and 40th sec in 
Fig. 6a and Fig.6b) since a much smoother control signal will 
be generated around the steady sate since the integral 
equivalent gain ܭூ_௘௤ is smaller in comparison to its type-1 
counterpart. 

B. Effect	of	the	shape	of	the	SMF	on	the	controller	
performance	

In this subsection, we will investigate the effect the shape of 
the SMF for a fixed FOU size when 0 ൑ ߛ ൏ 1 (resulting in 
the SMF shapes in Fig. 4b and 4c) on the controller 
performance. As it has been asserted, the zT2-FPI will be 
constructed as a collection of two IT2-FPI controllers. 
Moreover, the effect of the shape of the SMF on the 
equivalent controller gains varies with respect to the baseline 
T1-FPI controller parameters. However, as we have 
underlined at the end of subsection (4.1.1), we will only focus 
on Case-2 ሺܭ௉ܿ௘ሶଵ ൏  ூܿ௘ଵሻ where the integral action isܭ
decreased around the steady state to have robust performance 
against noises and parameter variations. Thus, the consequent 
parameters of the zT2-FPI are set as	ܭ௉ ൌ 0.2023	and	ܭூ ൌ
0.46. Since we employ ߙ௘ሶଵ

௭భ ൌ 	௘ଵߙ
௭భ ൌ ௭మߙ and ߙ ൌ ௘ሶଵߙ

௭మ ൌ 	௘ଵߙ
௭మ , 

Equation (11) and (12) simplifies to ߙ௭మ ൌ ሺ1 െ 	ߛሻߙ ൅  .ߙ
Consequently, Equation (61) will simplify to  

௉_௘௤ܭ ൌ ଷߜ௉ܭ ூ_௘௤ܭ ൌ ଷߚூܭ

ଷߜ ൌ 1 ଷߚ ൌ
ቀݖଵߚଶ

௭భሺ݁, ܿ௘ଵ, ሻߙ ൅ ଶߚଶݖ
௭మሺ݁, ܿ௘ଵ, ,ߙ ሻቁߛ

ଵݖ ൅ ଶݖ

 (70) 

where  

ଶߚ
௭భሺ݁, ܿ௘ଵ, ሻߙ ൌ ቆ

4ܿ௘ଵ
ଶ ଶߙ

െ݁ଶሺെ1 ൅ ଶሻଶߙ ൅ ሺܿ௘ሶଵ ൅ ܿ௘ଵ	ߙଶሻଶ
ቇ 

ଶߚ
௭మሺ݁, ܿ௘ଵ, ,ߙ ሻߛ ൌ 

ቆ
4ܿ௘ଵ

ଶ ሺߛሺ1 െ ሻߙ ൅ ሻଶߙ

െ݁ଶሺെ1 ൅ ሺߛሺ1 െ ሻߙ ൅ ሻଶሻଶߙ ൅ ሺܿ௘ሶଵ ൅ ܿ௘ଵ	ሺߛሺ1 െ ሻߙ ൅ ሻଶሻଶߙ
ቇ 

(71) 

Consequently, the equivalent controller gain and integral 
time constant of the zIT2-FPI reduce to: 

௖_௘௤ܭ ൌ ,௉ܭ ௜ܶ_௘௤ ൌ
௉ܭ
ଷߚூܭ

 (72) 

It can be concluded that, the zT2-FPI for 0 ൏ ߛ ൑ 1 realizes 
a non-linear PI where only the integral time constant ൫ ௜ܶ_௘௤൯ is 
varying as a result of the shape of the SMFs varies. It can be 
observed that: 
1) Only ߚଷ is a function of ݁, ܿ௘ଵ,  ଷ is aߜ while ߛ	and	ߙ

constant value around the origin ሺ݁ ൌ 0, ሶ݁ ൌ 0, ሶݑ ൌ 0ሻ. 
The variation of ߚଷሺ݁, ܿ௘ଵ, ,ߙ  is ߛ	ሻ with respect toߛ
illustrated in Fig.5c for a certain interval of ݁ is illustrated 
in with four fixed  values ߛ ൌ 0, 0.3, 0.6	and	1.0	 where ߙ 
is fixed and set as ߙ ൌ 0.5 (the size of the FOUሺݑ଴ሻ is 
fixed). Here also the case ߛ ൌ 0 (where the zT2-FPI 
reduces to an IT2-FPI) is also presented for comparison. 
The given interval of ݁ ∈ ሾെ0.5,0.5ሿ has been chosen 
only for illustrative purposes so that gain variation can be 
seen clearly.  

2) As shown in Fig.5c, the equivalent integral time constant 
൫ ௜ܶ_௘௤൯ will always bigger than the IT2-FPI (zT2-FPI with 
ߛ ൌ 0) one’s but is always smaller than the baseline T1-
FPI one’s. Consequently, a proper tuning of the defined 
parameter ߛ might give the opportunity increase the speed 
of the control system while preserving the robustness 
against parameter variations around the steady state.  

In order to validate these observations, we will briefly 
examine the effect of the tuning parameter γ on the control 
performance for the process given in Equation (63) and we 
will employ	α ൌ 0.2. In order to examine how the shape of the 
SMF effects the control performances with respect to the 
parameter γ, the step response and disturbance rejection 
performances are examined for the cases γ ൌ 1	(a secondary 
FS as shown in Fig4c), γ ൌ 0.1 (a secondary FS as shown in 
Fig4b) and γ ൌ 0 (Interval secondary FS, i.e. an IT2-FPI). The 
control performances of the zT2-FPI control systems are given 
in Fig. 7a for the nominal system while Fig. 7b shows the 
control performances for the perturbed system. As it can be 
seen, the zT2-FPI structure with the γ ൌ 0.1 value decreased 
the settling time with a small overshoot while enhancing the 
disturbance rejection performances and preserving the 
robustness against parameter variations in comparison with the 
IT2-FPI ሺγ ൌ 0ሻ. Thus, the tuning parameter γ of the zT2-FS 
gives the opportunity to the control system to have a fast rise 
time and a small overshoot as well as a short settling time 
while enhancing the disturbance rejection performance.  

V. THE ZSLICES BASED ON-LINE TUNING STRATEGY 

In this section, we will propose two tuning mechanism for 
the zT2-FPI structure to improve the transient and disturbance 
rejection performances while preserving the robustness of an 
IT2-FPI controller. As we have illustrated in Section 4. The 
size of FOU and the shape of the SMF within a zT2-FPI 
controller have an important effect on transient system and 
disturbance rejection performance. In the control engineering 
literature, it has been stated that objectives such as transient 
state performance, robustness against parameter variations, 
input and output disturbances and noise should be taken in 
account while designing the controllers [17]. However, a 
controller might not be able to improve both the robustness 
and the control performance at the same time. This problem is 
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usually solved by a trade-off between control performance and 
robustness [18]. Thus, as we have illustrated in the Section 4, 
determining carefully the size or shape of the third dimension 
of T2-FSs might be a good opportunity to enhance both the 
transient state and disturbance rejection performance of the 
zT2-FPI controller while preserving the robustness against 
parameter variations, noise and uncertainties. Considering the 
mathematical derivations presented in Section 4, an 
appropriate ߛ (which determines the shape of the SMF) or the 
FOU size (where ߛ ൌ 0) of the zT2-FPI can be generated in an 
online manner to have a robust fast system response while 
enhancing the disturbance rejection performances. Thus, we 
will propose first an online tuning mechanism to generate the 
FOU size ሺߛ ൌ 0ሻ of the zT2-FPI controller. We will then 
propose an online tuning mechanism to generate an 
appropriate ߛ	ሺ0 ൏ ߛ ൑ 1ሻ of the zT2-FPI controller. 

A. Online tuning strategy for the FOU size of the zT2-FPI 
controller (FT-zT2-FPI) 

In this subsection, we will present an online tuning 
mechanism to generate the FOU size ሺߛ ൌ 0ሻ based on the 
derivations in Subsection (4.1). Since	ߛ ൌ 0, Equation (11) 
and (12) will reduce to ߙ௘ሶ

௭భ ൌ ௘ሶߙ
௭మ and ߙ௘	

௭భ ൌ 	௘ߙ
௭మ. We will 

first define the following equations for the tuning strategy of 
the FOU size:  

௘ሶ೙೐ೢߙ
௭భ ൌ ቀ1 െ ௘ሶబߙ

௭భቁߩ ൅ ௘ሶబߙ
௭భ (73) 

௘೙೐ೢߙ
௭భ ൌ ൫1 െ 	௘బߙ

௭భ ൯ߩ ൅ 	௘బߙ
௭భ  (74) 

where ߩ is a new tuning parameter ሺ0 ൑ ߩ ൑ 1ሻ. 
Consequently, the tuning interval for ߙ௘ሶ೙೐ೢ

௭భ  is then ߙ௘ሶబ
௭భ ൑

௘ሶ೙೐ೢߙ
௭భ ൑ 1 while for ߙ௘೙೐ೢ

௭భ  the tuning interval is ߙ௘బ	
௭భ ൑

௘೙೐ೢߙ
௭భ ൑ 1. Here, ߙ௘ሶబ

௭భ and ߙ௘బ	
௭భ  are the lower bounds of the 

heights of the lower MFs (which will set equal to the ones of 
the OIT2-FPI in Section 6). Thus, the zT2-FPI controller will 
become a T1-FPI for	ߩ ൌ 1, while for 0 ൑ ߩ ൏ 1 will 
converge to IT2-FPI. Thus, an appropriate ߩ (which 
determines the FOU size) can be generated to speed the 
system response while preserving the robustness as it has been 
asserted in subsection (4.1). In this context, we will use the 
feedback error ሺ݁ሻ for tuning the parameter in an online 
manner. Since the interval for ߩ is within the range [0, 1], the 
interval of the error [-1, 1] is mapped to the interval [0, 1] as 
follows:  

ଵሺ݁ሻߪ ൌ  ሺ݁ሻ (75)ݏܾܣ
ଶሺ݁ሻߪ ൌ 1 െ  ሺ݁ሻ (76)ݏܾܣ

One of these functions can be directly assigned as the tuning 
parameter ߩ. In this context, the step response of the closed 
loop system is divided into four main regions as illustrated in 
Fig. 8 where r is the reference signal and y is the system 
output. The defined tuning parameter should take different 
values at each region to achieve a satisfactory performance. 
The following heuristic tuning strategy can be used: 
 At region 1, the feedback error value is positive and the 

system response approaches the set-point, therefore the 
damping of control system should be increased in time to 
accelerate the system response sufficiently and prevent 
possible overshoot. Thus, the value of ߩ should be 

decreased in time to accelerate the system response 
sufficiently. Thus, the tuning parameter can be tuned as  

ߩ ൌ ߮ ∗  ଶሺ݁ሻ (77)ߪ
Here, the value of “߮” is taken to be “1” for all the 
regions except the first region. Since the error value 
possesses its extreme value at the region 1, the value of 
“߮” can take values like 0.4 or 0.5 so as to prevent the 
possible overshoots in the system response. 

 At region 2, the system error value is negative and the 
system response drifts away from the set-point therefore 
the damping of control system should be decreased to 
reduce the overshoot. Thus, ߩ should be increased 
sufficiently as follows:  

ߩ ൌ  ଵሺ݁ሻ (78)ߪ
 At region 3, the system error value is negative and the 

system response approaches the set-point, therefore the 
damping of control system should be decreased in time to 
accelerate the system response sufficiently. Thus, the 
tuning parameter is tuned as 

ߩ ൌ  ଵሺ݁ሻ (79)ߪ
 At region 4, the system error value is positive and the 

system response drifts away from the set-point, therefore 
the damping of control system should be decreased to 
reduce the undershoot. Thus,	ߩ should be increased 
sufficiently as;  

ߩ ൌ  ଶሺeሻ (80)ߪ
If the error	ሺ݁ሻ and change of error ሺ ሶ݁ሻ has entered and 
remained within a specified error band, such as 2%, then the 
tuning mechanism can be turned off and ߩ can be set to a fixed 
value such as 0 to have a robust system performance around 
the steady state. 

B. Online tuning strategy for the shape of the SMF on the 
zT2-FPI controller (ST-zT2-FPI) 

In this subsection, we will present a simple mechanism to 
tune the shape of the SMF on the zT2-FPI controller in an 
online manner. As it has been shown in the derivations in 
Subsection (4.2), tuning the shape of the SMF can 
substantially improve the transient and disturbance rejection 
performances while preserving the robustness of an IT2-FPI 
controller. We will propose a heuristic tuning strategy, which 
is similar to the one presented in the previous subsection since 
the effect of ߛ on the system response is similar to the effect of 
 : in an online manner ߛ to generate an appropriate ,(ߩ
 At region 1, the value of ߛ should be decreased in time to 

speed the system response sufficiently as: 
ߛ ൌ ߮ ∗  ଶሺ݁ሻ (81)ߪ

Here, the value of “߮” is taken to be “1” for all the 
regions except the first region. Since the error value 
possesses its extreme value at the first region, the value of 
“߮” can take values like 0.4 or 0.5 so as to prevent the 
excessive acceleration of the system response which may 
cause possible overshoots. 

 At region 2, ߛ should be increased sufficiently to decrease 
the damping of control system as follows:   

ߛ ൌ  ଵሺ݁ሻ (82)ߪ
 At region 3, the damping of control system should be 

decreased in time to accelerate the system response 
sufficiently. Thus, the tuning parameter is tuned as  
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ߛ ൌ  ଵሺ݁ሻ (83)ߪ
 At region 4, ߛ should be increased sufficiently to reduce 

the undershoot as follows: 
ߛ ൌ  ଶሺ݁ሻ (84)ߪ

If the error	ሺ݁ሻ and change of error ሺ ሶ݁ሻ has entered and 
remained within a specified error band, such as 2%, then the 
tuning mechanism can be turned off and ߛ can be set to a fixed 
value such as 0.4 or 0.5 to have a robust system performance 
and a fast disturbance rejection response around the steady 
state. 

VI. THE ZT2 FPI CONTROLLER DESIGN STRATEGY 

In this section, we will present the design strategy employed 
for zT2 FPI controllers. Since a systematic design even for 
IT2-FLCs is still a challenging problem, we will design the 
zT2-FPI controller by employing an evolutionary algorithm 
called Big Bang-Big Crunch (BB-BC) optimization. Thus, we 
will start by presenting briefly the BB-BC method and then we 
will present the design strategy employed for zT2 FPI 
controllers. It should be noted that, other evolutionary 
algorithms can also be employed to design the controllers. 
However, this does not affect the effectiveness of the 
presented results in this paper. 

A. A brief overview on BB-BC Optimization 

Erol and Eksin [30] proposed a new evolutionary algorithm 
named BB-BC. The working principle of this method can be 
explained as the transformation of a convergent solution to a 
chaotic state and then back to a single tentative solution point. 
BB-BC method consists of two main steps namely “Big Bang” 
and Big Crunch”. In the BB-BC algorithm, the first step is the 
“Big Bang” phase where candidate solutions are randomly 
distributed over the search space. After the “Big Bang” phase, 
a contraction operator is applied such as the “Big Crunch” 
phase to form a center or a representative point for further 
“Big Bang” operations [30]. The contraction operator 
computes the center of mass which is defined as: 

௖ݔ ൌ෍
1
݂௞
௞ݔ

்

௞ୀଵ

෍
1
݂௞

்

௞ୀଵ

൙  (85) 

where xc is the position of the center of mass, ݂௞ is the cost 
value of the kth candidate ݔ௞, and T is the population size. 
Then, in the next “Big Bang” phase, the new candidates are 
calculated as: 

௡௘௪ݔ ൌ ௖ݔ ൅ ൫߱ݎሺݔ௠௔௫ െ ௠௜௡ሻ൯ݔ ݈⁄  (86) 
where r is a random number; ߱ is a parameter limiting the 

size of the search space, xmax and xmin are the upper and lower 
limits; and l is the iteration step [30].  

B. The BB-BC optimization of the zT2 FPI Controller 
Structure 

In this subsection, we will present the application of BB-BC 
optimization to design the parameters of the antecedent MF of 
the zT2 FPI controller. Since T2-FLS is a generalization of 
T1-FLS, we will first design a baseline T1-FPI and then 
extend the controller to design the IT2-FPI and zT2-FPI 
controllers.  

We will optimize the T1-FPI controller presented in 
Equation (2) to minimize the Integral Absolute Error (IAE) 

value via the BB-BC optimization. Thus, the optimization 
variables for the BB-BC algorithm are defined as ்ݔଵିி௉ூ ൌ
ሺܿ௘ሶଵ, ܿ௘ଵ, ,௉ܭ  ூሻ. While in the optimization of the IT2-FPIܭ
controller, we will employ ߙ௘ሶ	 ൌ 	௘ሶିଵߙ ൌ ௘ߙ  and	௘ሶଵߙ ൌ
	௘ିଵߙ ൌ   so that the properties of the antecedent MFs of	௘ଵߙ
IT2-FPI controller structure presented in Equation (4) are 
satisfied and accordingly only the heights ሺߙ௘ሶ	,  of the	௘ሻߙ
lower antecedent MFs are optimized to minimize the IAE 
value, while the cores ሺܿ௘ሶଵ, ܿ௘ଵሻ and consequent parameters 
ሺܭ௉,  ூሻ are fixed and set to the same values of the Optimizedܭ
T1-FPI (OT1-FPI) structure. Thus, the optimization variables 
for the BB-BC algorithm are defined as ݔூ்ଶିி௉ூ ൌ ሺߙ௘ሶ 	,  .௘ሻߙ

As it has been shown in Subsection (3.2), the zT2-FPI can be 
constructed as a collection of IT2-FPI controllers. Thus, we 
will set the cores of the MFs and the consequent parameters of 
zT2-FPI to the same values of ones of the IT2-FPI. In the 
design of the FT-zT2-FPI ሺߛ ൌ 0ሻ, we will set the MF 
parameters of Optimized IT2-FPI (OIT2-FPI) as the lower 
bounds of the antecedent MFs of the FT-zT2-FPI (presented in 
Equations (73) and (74)), i.e. ߙ௘ሶబ

௭భ ൌ ௘ሶబߙ  and	௘ሶߙ
௭భ ൌ  ௘. Theߙ

parameters for MFs of the FT-zT2-FPI ൫ߙ௘ሶ೙೐ೢ
௭భ , ௘೙೐ೢߙ

௭భ ൯ will be 
online calculated as presented in Section (5.1). In the design of 
the ST-zT2-FPI ሺ0 ൏ ߛ ൑ 1ሻ, we will set the MF parameters 
of OIT2-FPI as heights of the lower MFs of the ST-zT2-FPI 
associated with the zSlices ݖଵ, i.e. ߙ௘ሶ

௭భ ൌ ௘ሶߙ 	 and ߙ௘	
௭భ ൌ  .௘ߙ

The parameters of the MFs associated with the zSlices ݖଶ 
൫ߙ௘ሶ

௭మ, 	௘ߙ
௭మ൯ will be online obtained via the tuning mechanism 

presented in Section 5.2. The pseudo-code of the controllers 
design method is given in Table I.  

VII. SIMULATION EXPERIMENTS AND RESULTS 

In this section, the performance of the proposed online FT-
zT2-FPI and ST-zT2-FPI are compared with the OT1-FPI and 
the OIT2-FPI controllers on two systems which have non-
minimum phase and nonlinear dynamics, respectively. In this 
context, we will examine the transient state response, 
disturbance rejection performances and the robustness against 
nonlinear dynamics, parameter uncertainties and noise of the 
controllers. Thus, three performance measures are considered 
which are the settling time (Ts), and the overshoot (OS%) 
while the third performance measure is the IAE value. 
Throughout the studies, two MFs are used to characterize each 
input domain ሺ݁, ሶ݁ሻ of the fuzzy structures where the cores of 
the MFs are fixed to	ܿ௘ሶଵ ൌ ܿ௘ଵ ൌ 1. The design of the T1-FPI, 
IT2-FPI and zT2-FPI controllers have been accomplished as it 
has been stated in Section 5. In the simulation studies, all 
controllers are implemented as the discrete-time versions 
obtained with the bilinear transform with the sampling time 
Ts=0.1s. The simulations were performed on a personal 
computer with an Intel Pentium Dual Core T2370 1.73 GHz 
processor, 2.99 GB RAM, and software package 
MATLAB/Simulink 7.4.0.  

A. Simulation Results on System I 

Consider the non-minimum phase process given by Astrom 
and Hagglund [28],  

ሻݏሺܩ ൌ
ሺ1ܭ െ ሻݏ߬
ሺݏ ൅ 1ሻଷ

 (87) 
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where ܭ is the gain and ߬ determines the position of the right 
half plane zero and the nominal values are ܭ ൌ 1 and ߬ ൌ 1. 
The obtained optimal parameter sets for the controllers are 
tabulated in Table II.  

The unit step responses and disturbance rejection 
performances of the fuzzy control systems are investigated for 
the nominal parameter set ܭ ൌ 1, ߬ ൌ 1 (Nominal System) 
and for three perturbed parameter sets which are ܭ ൌ 1.2, ߬ ൌ
1.6	 (Perturbed System-1), ܭ ൌ 0.8, ߬ ൌ 2.5	 (Perturbed 
System-2) and	ܭ ൌ 1.5, ߬ ൌ 0.5 (Perturbed System-3) to 
examine their robustness against parameter variations. The 
output and input disturbance with the magnitudes of “0.2” 
have been applied in 50th and 100th seconds, respectively. The 
control performances of the fuzzy control systems are 
illustrated in Fig. 9.The transient state performance measures 
are given Table III while the output (IAEdy) and input (IAEdu) 
disturbance rejection performance measures are tabulated in 
Table IV.  

As it can be clearly seen in Table III and Table IV, the 
OIT2-FPI is more robust against parameter partitions in 
comparison to its type-1 counterpart. The OIT2-FPI system 
reduced the OS% and oscillations by reducing the speed of the 
closed system response and accordingly has higher Ts and IAE 
values and resulted with poor disturbance rejection 
performances. However, the proposed zT2-FPI structures 
enhanced both the transient state and disturbance rejection 
performances of all systems. For instance, if we examine the 
results for Perturbed System-1 (presented in Fig.9a), when 
compared to the OT1-FPI, the ST-zT2-FPI reduces the 
overshoot by about 24% (=abs(26%-34%)/34%); it also 
decreases the settling time by about 26% and the total IAE 
value by about 9%. Note that, the OS% and IAE values of the 
FT-zT2-FPI are quite close to the ST-zT2-FPI ones. However, 
in comparison to the ST-zT2-FPI structure, the FT-zT2-FPI 
inherits a relatively higher undershoot and oscillations. 
Moreover, when we examine the disturbance rejection 
performances from Table IV, it can be clearly seen that when 
compared to the OIT2-FPI controller, the zT2-FPI structures 
have better output (IAEdy) and input (IAEdu) disturbance 
rejection performance values. However, the best performance 
values are obtained by the ST-zT2-FPI which decreased IAEdy 
value by about 34% and IAEdu value by about 40% in 
comparison to OIT2-FPI. Similar comments can be made for 
the perturbed system responses. It can be concluded that the 
transient and disturbance rejection performances of the ST-
zT2-FPI is better than the OT1-FPI, FT-zT2-FPI and OIT2-
FPI controllers while it is robust against parameter variations 
and disturbances.  

In order to demonstrate the convergence of the tuning 
parameters of the FT-zT2-FPI and ST-zT2-FPI, we will show 
in Fig. 9 the change of the tuning parameters ሺߛ,  ሻ for theߩ
presented parameter settings. As can be seen in Fig. 9, the 
value of the tuning parameters relatively increases to 
accelerate the system response sufficiently while preventing 
possible overshoot as the system response approaches the set-
point. The same performances of ሺߛ,  ሻ follows for all theߩ
following experiments, however due to the space constraints, 
we will not show the change of the tuning parameter in the 
rest of the paper.  

B. Simulation Results on System II 

Consider the nonlinear system given by Mudi and Pal [29] as  

ݐሺݑ െ ሻܮ ൌ
݀ଶݕሺݐሻ

ଶݐ݀
൅
ሻݐሺݕ݀

ݐ݀
൅  ሻଶ (88)ݐሺݕ݇

where ܮ is the time delay and ݇ is the gain. Moreover, we will 
assume that the output inherits band limited white noise to 
examine also the robustness of the controllers against noise. 
The obtained optimal parameter sets of the fuzzy controllers 
for ܮ ൌ 0.4, ݇ ൌ 0.25 (Nominal System) are given in Table II. 

The step responses and disturbance rejection performances 
of the controllers are investigated for the nominal parameter 
set and for the perturbed parameter set which is ܮ ൌ 0.8, ݇ ൌ
0.15 (Perturbed System) to examine their robustness against 
parameter uncertainties. The system responses are illustrated 
in Fig. 10 while the performance measures are given in Table 
V. Here, the output and input disturbance with the magnitudes 
of “0.2” have been applied in 50th and 100th seconds, 
respectively.  

The OIT2-FPI structure was able to reduce the overshoot 
and provide robustness against parameter variations, noise and 
parameter variations in comparison to its type-1 while 
reducing the system response time which resulted as poor 
disturbance rejection performances. On the other hand, both 
zT2-FPI structures provide satisfactory transient state and 
disturbance rejection performances in the presence of noise as 
has been shown in Fig.10. For the nominal system, the FT-
zT2-FPI and the ST-zT2-FPI structures have almost identical 
performance values but the FT-zT2-FPI is slightly better as 
given in Table V. While in the perturbed system responses, 
when compared to OT1-FPI, the ST-zT2-FPI reduces the 
overshoot by about 34%; it also decreases the settling time by 
about 39% and reduced the total IAE value by about 18%. 
Although the FT-zT2-FPI has an identical OS with the ST-
zT2-FPI, it has a bigger settling time and IAE values by about 
22% and 15%, respectively in comparison to the ST-zT2-FPI. 
Moreover, the system response of the FT-zT2-FPI inherits a 
fairly large undershoot and oscillations which are avoided by 
the ST-zT2-FPI. Moreover, when we examine the disturbance 
rejection performance measures given in Table V, it can be 
clearly seen that when compared to the OIT2-FPI structure, 
the FT-zT2-FPI enhances the both IAEdy and IAEdu values by 
about 64% for the perturbed system. Note that, although the 
disturbance rejection performance is satisfactory in the sense 
of the IAEdy and IAEdu values, the system response is poor 
since it inherits a large overshoot and oscillations. It can be 
concluded that the FT-zT2-FPI provided a robust control 
performance against nonlinear dynamics, noise and 
disturbances while providing better the performance measures 
than the OT1-FPI and OIT2-FPI as tabulated in Table V. 

C. General Comments on the zT2-FPI control system 
performance 

As we have illustrated in the simulation studies, online 
tuning the size and shape of the SMFs of the zT2-FPI can 
enhance the system performance in comparison to its type-1 
and type-2 counterparts. In the first proposed FT-zT2-FPI 
(since ߛ ൌ 0 it is in fact an IT2-FPI with an online FOU 
tuning mechanism) structure, we have shown that tuning the 
size of the FOUs of the IT2-FPI might not be an effective way 
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since the system response inherits oscillations and undershoots 
similar to its type-1 counterpart in presence of noise, 
parameter variations, disturbances and nonlinear dynamics. 
While in the presented results of the proposed ST-zT2-FPI 
confirm that tuning the shape of the SMFs with fixed FOU 
size provides robustness against noise, parameter variations 
and nonlinear dynamics. There are improvements both in the 
transient state and disturbance rejection performances such as 
reducing the overshoot and settling time and eliminating 
undershoots and oscillations. Thus, in the real-time studies of 
the mobile robot where the possibility of noise and 
unmodelled nonlinear dynamics are high (which will be 
presented in the following section) only the ST-zT2-FPI 
structure will be employed and abbreviated as “EzT2-FPI”.  

Moreover, to establish if the proposed zT2-FPI more 
complex structures will cause drastic impact on the controllers 
real-time response, we have investigated the computation time 
needed by the zT2-FPI, IT2-FPI and T1-FPI structures to map 
an input to an output for all possible combinations of the input 
values in their corresponding universe of discourses, i.e., e∈[-
1,+1] and ሶ݁∈[-1,+1]. It was found that the average 
computation times of the T1-FPI, IT2-FPI and zT2-FPI 
structures are 0.12ms, 0.29ms and 0.42ms respectively, where 
the obtained maximum computation time values are 13.62ms, 
19.57ms and 22.62ms, respectively. Although there is some 
increase in the average computation time of the zT2-FPI in 
comparison to the T1-FPI and IT2-FPI, the obtained maximum 
computation times of the IT2-FPI and zT2-FPI are quite close. 
Hence, the real-time control application of the zT2-FPI is 
feasible for systems with relatively small sampling periods 
and it will be shown later that the proposed zT2-FPI produces 
a superior transient state and disturbance rejection 
performances in comparison to the T1-FPI and IT2-FPI. 

VIII. REAL-WORLD EXPERIMENTS AND RESULTS 

In this section, we will compare the performance of the 
OT1-FPI, OIT2-FPI and EzT2-FPI (ST-zT2-FPI) controllers 
in a cascade structure to solve the path tracking control 
problem of a real-world mobile robot. Thus, we will start by 
presenting kinematic motion equations of the mobile robot and 
then present the proposed cascade structure for the tracking 
control problem of the mobile robots. Finally, the real-time 
control performance of the presented type-1 and type-2 
structures are examined. 

A. The Kinematic Motion Equations of the Mobile Robot 

The schematic diagram of the Pioneer 3-DX mobile robot’s 
architecture is illustrated in Fig. 11a. The kinematic motion 
equations of the mobile robot have a nonintegrable constraint 
with the assumption that the robot cannot slip in a lateral 
direction in the form as: 

ሶݍሻݍሺܣ ൌ ሶݔ sin ߠ െ ሶݕ cos  (89) ߠ
where A(q) is the constraint matrix defined over the state 
vector q(t) = [x(t) y(t) θ(t)]T. The first order kinematics model 
is in the following equation: 

ሶݍ ൌ ݒሻሾݍሺݏ  ሿ் (90)ݓ

where 

ሻݍሺݏ ൌ ൥
cos ߠ 0
sin ߠ 0
0 1

൩ (91) 

and v(t) and w(t) are the linear and angular velocities of the 
mobile robot. Moreover, the bounded velocity and 
acceleration constraints are considered [31]. To control the 
system given in Equation (89), the reference trajectory should 
also be described as:  

ሶ௥ݍ ൌ ൥
ݏ݋ܿ ௥ߠ 0
݊݅ݏ ௥ߠ 0
0 1

൩ݑ௥ (92) 

where qr(t) = [xr(t) yr(t) θr(t)]
T is the reference state vector and 

ur(t)=[vr(t) wr(t)]
T is the reference control signal. Then, an 

error state can be defined as follows: 

ሶ௘ݍ ൌ ൥
݁௫
݁௬
݁ఏ
൩ ൌ ൥

cos ߠ sin ߠ 0
െsin ߠ cos ߠ 0
0 0 1

൩ ൥
௥ݔ െ ݔ
௥ݕ െ ݕ
௥ߠ െ ߠ

൩ (93) 

Consequently, the tracking control problem is converted into a 
regulation problem [32]. 

B. The Proposed Cascade Control Structure for the Mobile 
Robot Tracking Control 

In this subsection, we will present a cascade structure to 
solve the path tracking control problem of the mobile robot. In 
this study, we will consider the linear velocity (v(t)) to be 
constant while the angular velocity of the mobile robot as the 
manipulated variable (w(t)). Consequently, the mobile robot 
model should have a single input and three controlled 
variables, it has been reported that the system performance is 
also satisfactory when two controlled variables (θ(t) and y(t)) 
are considered since x(t) can be defined as a function of θ(t) 
and y(t)) [33], [34]. The employed overall cascade architecture 
is illustrated in Fig. 12. The implemented cascade structure 
consists of three main blocks which are the transformation 
block, the outer and the inner controller. In the transformation 
mechanism, the robot pose (x(t), y(t), θ(t)) and the desired 
reference trajectory is used to compute the local error signal 
on y- axis via: 

݁௬ ൌ cos ߠ ሺݕ௥ െ ሻݕ െ sin ߠ ሺݔ௥ െ  ሻ (94)ݔ
This error signal is then fed as the input to the outer controller 
to generate the reference angle θref(t) which will correspond to 
the necessary heading angle of the inner controller to track the 
trajectory. 

In the real time applications, the inner controller is chosen as 
PI controller and its parameters are optimized to minimize the 
IAE performance index via the BB-BC optimization 
algorithm. Here, the linear speed of the mobile robot is set as 
v(t)=200cm/s and the starting point of the mobile robot was 
the center on the origin of the coordinate system (x=0m, 
y=0m) with the initial heading of θ=0. The optimum values of 
parameters are found as KP = 3.01 and KI=0.24 for the 
reference steering angle	ߠ௥௘௙ ൌ  ,The presented OT1-FPI .2/ߨ
OIT2-FPI and EzT2-FPI are implemented as the outer 
controller for performance comparison, respectively. The 
design procedure presented in Section 5 has been employed 
for a y-axis step reference with a value of 500cm. The 
obtained values of OT1-FPI are ܭ௉ ൌ 0.25, ூܭ ൌ 0.9, ܿ௘ሶଵ ൌ
4.5, ܿ௘ଵ ൌ 2 and for the OIT2-FPI are ߙ௘ሶ 	 ൌ 0.42	, ௘ߙ ൌ 0.64. 
In the design of EzT2-PI, the defined parameter ሺߛሻ is online 
tuned while the other parameters are set as given in Section 5. 
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C. Real-Time Closed Loop Control Performance Analysis 

In this subsection, we will present real world experiments 
using the PIONEER 3-DX mobile robot (shown in Fig. 11b) to 
evaluate the proposed EzT2-FPI structure. The pose of the 
mobile robots (x(t),y(t),θ(t)) has been computed at each 
sampling time (ts=0.1s) using the odometry system. It is well 
known that odometry is a technique which has an 
accumulative error which implies the need to update the 
estimation from data provided from an external sensor system 
at a predetermined sampling period [31], [32]. This issue is 
separate from the control problem, and has not been addressed 
in the paper. The experimental environment of the mobile 
robot is shown in Fig. 11c. It should be noted that the 
presented trajectory in Fig. 11c is just for visualization of the 
reference trajectory. The reference trajectory is predefined and 
implemented in the reference path mechanism which is 
illustrated in Fig. 12. 

In the real-time control studies, different analyses are 
presented to investigate the control performances of the OT1-
FPI, OIT2-FPI and EzT2-FPI structures. Thus, we will 
examine the transient state response and disturbance rejection 
performances of the controllers for various operating points 
and investigate robustness against parameter uncertainties, 
nonlinear dynamics, disturbances and noises. To make a fair 
comparison, three performance measures are considered which 
are Ts, %OS and  

௬ܧܣܫ ൌ න|ݕ௥ െ |ݕ for	y െ axis	reference	values

௫ܧܣܫ ൌ න|ݔ௥ െ 	|ݔ for	x െ axis	reference	values
 (95) 

1) Y-Axis Trajectory Control Performance Analysis 
This section presents an experimental comparison of the 

cascade structures for a constant y-axis reference value. We 
will examine the control performance of the fuzzy PI 
controllers in three cases. We will first start the control 
performance of the controllers at the operating point (Case-1: 
yr(t)=500cm, v(t)=200m/s) at which the controllers were 
designed. Then, at the same operating point, we will increase 
the constant linear velocity 15% (Case-2: yr(t)=500cm, 
v(t)=230m/s) to see how the controllers are robust against 
parameter uncertainties. Moreover, the robustness of the 
controllers against nonlinear dynamics is investigated by 
defining another y-axis reference trajectory (Case-3: 
yr(t)=300cm, v(t)=200m/s). 

The tracking results on the x-y axis for all three cases are 
shown in Fig. 13 while performance measures are given in 
Table VI. The experimental results of the EzT2-FPI structure 
show that the mobile robot converges to the reference 
trajectory in short time when compared to the OT1-FPI and 
OIT2-FPI counterparts. For instance, if we examine the results 
for Case-1, when compared to OT1-FPI, the EzT2-FPI 
structure reduces the overshoot by about 61%; it also 
decreases the settling time by about 43% and it reduces the 
total IAEy value by about 27%. The transient performance 
measures of the OIT2-FPI are also satisfactory. OIT2-FPI 
enhanced both the overshoot and settling time but with a 
relatively high IAEy performance value which is almost 1.3 
times bigger than the EzT2-FPI ones. Similar comments can 
be made for Case-2. Moreover, if we examine the results of 

Case-3 it can be clearly seen that the T1-FPI system response 
is oscillating while both the OT2-FPI and EzT2-FPI were able 
to converge to reference value. However, as tabulated in Table 
VI, EzT2-FPI structure resulted in the lowest Ts and IAEy 
performance values when compared to the OIT2-FPI 
counterpart. It can be concluded that, the EzT2-FPI structure 
preservers the robustness against parameter uncertainties and 
nonlinear dynamics while enhancing the transient state 
performance in comparison to the type-1 and type-2 fuzzy 
counterparts. 
2) X-Axis Trajectory Control Performance Analysis 

We have tested the performances of the controllers also for 
x-axis reference trajectory with a the initial pose of 
(x(t),y(t),θ(t))=(0m, 0m,3p/2). Since the controllers were 
designed for y axis trajectory, this could be a good way to 
investigate the transient performances and how robust the 
controllers are against nonlinear dynamics and parameter 
variations. Thus, we will examine the control performance of 
the fuzzy PI controllers in two operating points which are 
xr(t)=500cm, v(t)=200m/s (Case-4) and xr(t)=500cm, 
v(t)=230m/s (Case-5). In Fig.14, the transient convergence of 
the mobile robot to x-axis reference trajectory is given for the 
two examined cases. The EzT2-FPI provides a better control 
performance than the type-1 and type-2 fuzzy structures as 
given in Table VII. For all cases, only the presented the OIT2-
FPI and the EzT2-FPI were able to converge to the desired 
value. However, the EzT2-FPI structure was able to accelerate 
the system response and enhance the IAEx value in comparison 
to the IT2-FPI while the OT1-FPI was not able to handle 
different operating conditions. The results confirm that the 
EzT2-FPI structure has the ability to enhance the transient 
state and be more robust against nonlinear dynamics and 
parameter uncertainties at various operating points in 
comparison to the other controllers. 
3) Disturbance Rejection Performance Analysis 

This subsection examines the disturbance rejection 
performances of the fuzzy controllers. We will examine the 
robustness against disturbances by presenting both the input 
and output disturbances. The robustness against disturbances 
will be examined for the nominal velocity (v(t)=200cm/s) and 
then we will increase the velocity by about 15% 
(v(t)=230cm/s) to investigate the robustness in the presence of 
parameter uncertainties. The mobile robot is in steady state at 
the operating point (y(t)=0, θ(t)=0, w(t)=0). 

At first, a step input disturbance ሺ݀௪ሺݐሻሻ with a magnitude 
of “0.5” has been applied the mobile robot. The input 
disturbance performance for the nominal (Case-6: 
v(t)=200cm/s) and perturbed (Case-7: v(t)=230cm/s) are 
presented in Fig.15. If we examine the performance results 
given in Table VIII, it is clear that when compared to IT2-FPI, 
the EzT2-FPI structure reduces IAEdu value by about 46% for 
the nominal linear velocity while for the perturbed linear 
velocity, the EzT2-FPI improves the performance by about 
12% . It should be noted that the IAEdu value of the OT1-FPI 
has the lower value for the nominal velocity while a higher 
value for the perturbed velocity in comparison with the EzT2-
FPI controller’s values. The results confirm that OT1-FPI is 
not robust in various operating conditions and nonlinearities 
while the EzT2-FPI structure is more robust against input 
disturbances and parameter variations and is capable to 
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enhance the disturbance rejection performance of OIT2-FPI 
structure. 

Secondly, a step output disturbance ൫݀௬ሺݐሻ൯ with a 
magnitude of “200” has been applied the mobile robot. The 
output disturbance rejection performances of the fuzzy 
controllers for the nominal (Case-8: v(t)=200cm/s) and 
perturbed (Case-9: v(t)=230cm/s) linear velocity are presented 
in Fig.16. The performance measures of the fuzzy controllers 
are tabulated in Table VIII. The system response of the OT1-
FPI structure is oscillating for the nominal speed while 
resulted with a satisfactory disturbance rejection performance 
for the perturbed speed. This confirms that OT1-FPI is not 
robust in different operating conditions. Nevertheless, for both 
linear speeds the OIT2-FPI and EzT2-FPI were able to obtain 
a non-oscillating system response. In comparison to OIT2-FPI, 
the EzT2-FPI structure was able to accelerate the disturbance 
rejection performance significantly and consequently reduced 
IAEdu value to about 15% for the nominal velocity while for 
the perturbed velocity by about 23%.  

The performance measures of the disturbance rejection 
studies confirm that the EzT2-FPI is more capable of handling 
disturbances and is more robust against nonlinear dynamics 
and uncertainties while providing a fast and satisfactory 
disturbance rejection performance when compared to IT2-FPI 
structure. 

IX. CONCLUSIONS AND FUTURE WORK 

It has been shown in various works that the IT2-FLCs might 
be able to handle high levels of uncertainties since it they have 
a smoother control surface around the steady state. Thus, it 
had been deduced that IT2-FPI controllers are potentially 
more robust; however, the settling time may increase and 
disturbance rejection performance may degrade in comparison 
with its type-1 counterparts. Thus, to combine the features of 
the T1-FPI and IT2-FPI controllers (speed and robustness), we 
developed a general type-2 fuzzy PI controller which provided 
an acceptable trade-off between the robust control 
performance of the IT2-FPI and the acceptable transient and 
disturbance rejection performance of the T1-FPI controllers. It 
should be stressed that the paper focused on the case followed 
in conventional or self-tuning fuzzy controller design 
strategies where the aim is to decrease the integral action 
sufficiently around the steady state to have robust system 
performance against noises and parameter variations. 

In this paper, we proposed a novel zT2-FPI structure where 
the SMFs of the antecedent T2-FSs are adjusted in an on-line 
manner. We first presented the internal structure of the 
proposed zT2-FPI controller which is in fact a series of 
slightly modified IT2-FPI controllers due to the zSlices theory. 
We proposed a simple method to design zT2-FPI controllers 
by a single design parameter which determines the shape of 
the SMFs of the antecedent T2-FSs. We provided theoretical 
explanations showing how the size and shape of the SMFs 
affects the controller performance from a mathematically point 
of view for the first time in literature. We have presented 
analysis showing that increasing the size of the FOUs of the 
zT2-FPI can potentially make the system more robust against 
parameter variations and improve the transient state 
performance such as reducing the overshoot and oscillations 

on the cost of a slower system response and disturbance 
rejection performance aspects when compared to the type-1 
counterparts. We also provided theoretical analysis showing 
that tuning the shape of the SMFs of the zT2-FPI controllers is 
an efficient way to provide an acceptable trade-off between 
the transient state and disturbance rejection performance of the 
zT2-FPI controller while preserving the robustness against 
parameter variations, noise and uncertainties. Based on our 
observations of the tuning parameters ߩ (which is used to tune 
the size of the FOU) and ߛ (which is used to design the shape 
of the SMFs) on the system response; we proposed two 
heuristic tuning mechanism to shape the system response to 
obtain an efficient and appropriate control signal that will be 
able achieve a desired transient state response and an efficient 
disturbance rejection performance while preserving the 
robustness of IT2-FPI controllers. Moreover, we presented a 
BB-BC optimization based zT2-FPI design strategy. 

We presented several simulation studies to validate the 
proposed approaches where the EzT2-FPI structures were 
compared with an OT1-FPI and OIT2-FPI structures with 
respect to defined performance measures. We have illustrated 
that tuning the shape of the SMF of the zT2-FPI structure is a 
more efficient control strategy instead of tuning the size of 
FOU of the zT2-FPI (actually a self-tuning IT2-FPI) structure. 
We also illustrated that the proposed controller has relatively 
low computational cost which makes it feasible for real-time 
control applications with relatively small sampling periods 
since zT2-FPI employed the zSlices theory and tuned by a 
single parameter. We presented also real time control studies 
to evaluate the controllers on the real-time control 
performance of the PIONEER 3-DX mobile robot which 
inherit large amounts of nonlinearities and uncertainties 
caused by the internal dynamics and/or feedback sensors of 
the controlled system. The presented comparative experiments 
support the effectiveness of the proposed EzT2-FPI design 
approach. The experimental control performance results 
confirmed that the proposed EzT2-FPI structure can enhance 
the transient state and disturbance rejection control 
performances and it is also more robust to nonlinear dynamics, 
disturbances, noise and uncertainties when compared to the 
OT1-FPI and OIT2-FPI controllers for the handled benchmark 
systems. 

It can be concluded that the proposed EzT2-FPI structure 
gives the opportunity to enhance both the transient state 
performance and disturbance rejection performance while 
preserving the robustness against nonlinear dynamics, noises 
and parameter uncertainties in different operating points and 
conditions which is not possible with the type-1 and interval 
type-2 counterpart for certain class of systems. 

For our future work, we aim to develop and design zT2-FPI 
controllers having more than two zSlices ሺܳ ൐ 2ሻ and extend 
the presented design approach. Moreover, we aim to focus on 
more sophisticated tuning mechanisms which might improve 
the control performance of the zT2-FPI control system. 
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TABLE I. THE PSEUDO-CODE OF BB-BC BASED FUZZY CONTROLLER DESIGN METHOD 
Step 1 Define the parameters of the BB-BC optimization, i.e. the population size and the number of iterations. 
Step 2 Define the controller type (T1-PI/IT2-FPI) and the corresponding parameter set (xT1-FPI/xIT2-FPI) to be optimized. 
Step 3 Generate an initial population randomly for the parameter set of the controller (Initial Big Bang Phase). 
Step 4 Simulate the closed loop control system for each population member. 

Calculate the IAE performance values for the generated population members. 
Step 5 Calculate the center of mass via Equation (85). 

Choose the best fit individual or the center of mass as the point of Big Bang Phase (Big Crunch Phase). 
Step 6 Calculate new population members around the new point calculated in Step 6 via Equation (86). (Big Bang Phase). 
Step 7 Return to Step 4 until stopping criteria has been met. 

TABLE II. THE PARAMETER SETS OF THE FUZZY PI CONTROLLERS 
 System-I  System-II 
 ሺܭ௉, ,	௘ሶߙூሻ ሺܭ ௘ሶబߙሻ ൫	௘ߙ

௭భ, ௘బߙ
௭భ൯ ൫ߙ௘ሶ

௭భ , ௘ߙ
௭భ൯  ሺܭ௉, ௘ሶߙூሻ ሺܭ , ௘ߙ ሻ ൫ߙ௘ሶబ

௭భ, ௘బߙ
௭భ൯ ൫ߙ௘ሶ

௭భ, ௘ߙ
௭భ൯ 

OT1-FPI (0.20,0.21) ̶ ̶ ̶  (0.09,0.10) - ̶ ̶ 
OIT2-FPI (0.20,0.21) (0.15,0.20) ̶ ̶  (0.09,0.10) (0.10,0.11) ̶ ̶ 

FT-zT2-FPI (0.20,0.21) ̶ (0.15,0.20) -  (0.09,0.10) ̶ (0.10,0.11) ̶ 
ST-zT2-FPI (0.20,0.21) ̶ ̶ (0.15,0.20)  (0.09,0.10) ̶ ̶ (0.10,0.11) 

TABLE III. TRANSIENT STATE PERFORMANCE COMPARISON OF THE FUZZY CONTROLLERS FOR SYSTEM-I 
 Nominal System  Perturbed System-1  Perturbed System-2  Perturbed System-3 

 OS Ts IAE  OS Ts IAE  OS Ts IAE  OS Ts IAE 
OT1-FPI 13% 17.5s 7.15  34% 25.2s 9.27  22% 28.1s 10.41  21% 18.1s 6.05 
OIT2-FPI 0% 11.0s 6.59  25% 28.6s 10.72  11% 29.6s 10.34  10% 19.2s 6.11 

FT-zT2-FPI 3% 10.1s 6.91  27% 25.1s 8.64  14% 23.5s 9.91  13% 16.2s 5.80 
ST-zT2-FPI 1% 10.2s 6.60  26% 18.6s 8.45  12% 24.4s 9.85  11% 16.8s 5.73 

TABLE IV. DISTURBANCE REJECTION PERFORMANCE COMPARISON OF THE FUZZY CONTROLLERS FOR SYSTEM-I 
 Nominal System Perturbed System-1 Perturbed System-2 Perturbed System-3  

 IAEdy IAEdu IAEdy IAEdu IAEdy IAEdu IAEdy IAEdu 
OT1-FPI 1.38 1.28 1.81 2.19 2.04 1.86 1.15 1.46 
OIT2-FPI 2.94 3.12 2.42 3.22 3.48 3.29 1.94 3.07 

FT-zT2-FPI 1.58 1.45 1.92 2.17 2.37 1.99 1.33 1.66 
ST-zT2-FPI 1.35 1.37 1.60 1.92 1.88 1.66 1.12 1.53 

TABLE V. PERFORMANCE COMPARISON OF THE FUZZY CONTROLLERS FOR SYSTEM-II 
 Nominal System Performance  Perturbed System Performance 
 Transient State   Disturbance Rejection  Transient State   Disturbance Rejection 
 OS Ts IAE  IAEdy IAEdu  OS Ts IAE  IAEdy IAEdu 

OT1-FPI 23% 15.5s 6.04  1.72 2.48  56% 29.5s 9.91  1.76 5.12 
OIT2-FPI 6% 10.5s 5.38  8.20 15.13  37% 64.2s 15.88  4.75 13.96 

FT-zT2-FPI 8% 10.8s 5.52  1.69 2.45  37% 23.2s 9.59  1.69 5.22 
ST-zT2-FPI 7% 10.7s 5.42  1.75 2.62  37% 18.1s 8.16  1.24 4.88 

TABLE VI. PERFORMANCE COMPARISON OF THE FUZZY CONTROLLERS FOR THE Y-AXIS REFERENCE TRAJECTORIES 
 Case-1 Case-2 Case-3 
 Ts OS IAEy Ts OS IAEy Ts OS IAEy 

OT1-FPI 14.1s 17.6% 188756 14.9s 12.2% 191820 Oscillating System Response 
OIT2-FPI 10.7s 0.0% 175990 9.8s 0.0% 159550 20.1s 0.0% 201900 
EzT2-FPI 8.0s 6.8% 137984 4.7s 2.5% 116710 15.6s 0.0% 132927 

TABLE VII. PERFORMANCE COMPARISON OF THE FUZZY CONTROLLERS FOR THE X-AXIS REFERENCE TRAJECTORIES 
 Case-4 Case-5 
 Ts OS IAEx Ts OS IAEx 

OT1-FPI 16.2s 0.0% 497930 Oscillating System Response 
OIT2-FPI 16.8s 0.0% 509690 16.6s 0.0% 511230 
EzT2-FPI 14.9s 0.0% 457880 14.2s 0.0% 398690 

TABLE VIII. DISTURBANCE REJECTION PERFORMANCE COMPARISON OF THE FUZZY CONTROLLERS  
 Input Disturbance Rejection Output Disturbance Rejection 
 Case-6 Case-7 Case-8 Case-9 
 IAEdu IAEdu IAEdy IAEdy 

OT1-FPI 091031 311610 * 166301 
OIT2-FPI 213180 381720 298320 209960 
EzT2-FPI 113460 271970 255700 159620 
*Oscillating System Response 

 


