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S.1 Introduction

This supplement contains additional Monte Carlo results and proof details for our paper “Unit
Root Tests and Heavy-Tailed Innovations”. Equation references (S.n) for n > 1 refer to equations
in this supplement and other equation references are to the main paper.

The supplement is organised as follows. Additional Monte Carlo results relating to T = 500
are reported in section S.2. Proofs of Lemma 4.2, as well as selected details of Theorem 4.1 and
Proposition 4.2, are given in section S.3. All additional references are included at the end of the
supplement.

S.2 Additional Monte Carlo Results

Tables S.1-S.3 and Figures S.1-S.5 report for the case of T' = 500 complementary finite sample local
power results to those given for T' = 200 in Tables 1-4 and Figures 1-5, respectively, in the main
text. The Monte Carlo DGP and set-up of these experiments were otherwise exactly as detailed in
sections 5.2 and 5.3.

S.3 Additional Proof Details

Let P; := Z;;%) ;_jat_j and P;; := ZE;%) gq_jaivt_j (1 =1,2), so that P = Py + ’ya;lTl/QPg,t.

In view of Lemma 4.1, summation by parts can be used to justify the standard joint convergence
(T—1/2P17[TT], a;lpg,[Tr})’ = (01Je(r), Je,a(r))’ in D2[0, 1], which by the continuity of J.(r) implies

that T‘l/QP[Tﬂ = 01H.,(r) on D[0,1]. As a direct result, for &, := ¢(1)P; it holds on D]0, 1] that

T2, = o1p(1) Hey (1). (S.1)

Recall further that uy = ¢(L)er = Y 721 65 with (L) = 3772, ¢;L7 and & = ey +
va;lT 1/2¢,, Thus, considering a Beveridge-Nelson decomposition of u; we obtain,

up = P(1)er + €41 — & (S.2)

where &, := ¢(L)e; = >0 %‘Et—j? with ;Dj 1= > e ji1 V- Alternatively, considering u; as given
in (3), we can write (S.2) as,

up = [P(1)err + €141 — €1¢) + ’Ya:FlTl/Q [(1)eat +E24—1 — €2t -

Here the series for £, i = 1,2, are well-defined a.s. given that » 22, |17)j|5 < oo for ¢ of Assumption
A5 (327, ]171]-]5 < 377 o k|1y|® < 005 cf. Phillips and Solo (1992, pp.976,984)), and Za; belongs to
the normal domain of attraction of a stable law with characteristic exponent «.

Finally, for z; of (1) we find that

t t—1
Ty = Z ¢%ut_j + ¢§w$0 = ¢(1)Pt — &+ (1 — (Z)T) Z Q%v_lgt_j +go + ¢§~£L'0
j=0 J=1
= §—¢e+(y (5.3)

where the equality defines (;. From max;—; 7| 22;11 ¢Jf_15t_j] <37 Eul +yap TY? ]
Markov’s inequality and, for a@ = 1, Karamata’s theorem, it follows that max;—1 7 (] = Op(1).

Proof of Lemma 4.2
Without loss of generality under our assumption that zo = O,(1), we may set 2y = 0 in what
follows.



i) Let U2 := >0 ¢?. Consider first the sample variance of w, that is,

T T 5 T
Ty uf =Ty (e + ’YQ > [W(L)ea) 1/2 Z L)ew] [ (L)eat] -
=1 =1 ar i T ar =5

Here 77! Zle [(L)ery)® B Var(y(L)er1) = ¥20? by a law of large numbers [LLN], arp? ZZ;I [1h(L)ea]?
= U2[U,]; by Theorem 4.2 of Davis and Resnick (1985), and Zthl [W(L)ers] [ (L)ear] = 0p(T ?ar)
by Markov’s inequality. In fact,

n

L)ey] [¢(L)eatl| < TElen|"Elea"(Y_ 1" = O(T),
t=1 j=1

E

B
<

where = 1 if @ > 1 and 7 € [§/2,1) is arbitrary if o = 1, so Y1_, [(L)e1s] [¥(L)ea] = Op(T) =
op(T 2ar) if > 1 and Y1 [¥(L)ers] [¥(L)eas] = O(T ) for all € > 0 if o = 1, with O(T'*¢) =
op(T"?az) for € € (0, %) in the latter case. By collecting these facts, we establish that,

T
T i = Vol + 20Uy = W0t (14 2 Ua)) -
t=1
ii) Using (S.3) and the uniform evaluation of &, there, we find that

T

T T
T2y a =Ty 6 —T7Y 2 +op(1),

t=1 t=1 t=1

where further Zt 1&t = Op(T') by the same argument as for the remainder in (S.3). Hence, by
(S.1) and the Continuous mapping theorem [CMT], T—3/2 Zt 12 = Y(1)oy fo H.,dr.

iii) Again by (S.3) with a uniformly O,(1) remainder ¢,

T T
1 71 N
Z Z xt 1 ft )| < IZ &1 (-1 — G+ 72(&4 - thl)z
pat t=1
T 1 T
< e &1l ; E2,—1] + T12a, ; |€2,4-1| + Op(1))
1 X
+77! ZEU 1ty Zgg,t—l + 0p(T) = 0p(T)
T t=1

because maxi—1,_. 7 T2, 1| = o1|w(1)| sup[m] |H| < oo a.s. by (S.1) and the CMT, Zthl ]537t_1|

= 0,(T),i=1,2, by an LLN, Y27 [E2.4—1| = O,(T) for a > 1 by an LLN, 327 | [Bas 1] = O,(Tly)
with a slowly varying 7 for o = 1 by Markov’s inequality, and Zt G —1=0 (a%) by Theorem 4.2
of Davis and Resnick (1985). Therefore, T-2Y 1 2?2 | = S €2 1 40,(1) = {1(1) fo HZ ,dr

by (S.1) and the CMT.

iv) Regarding 7! ZtT:1 x¢—1uy, following Phillips (1988, 1990) we observe that:

T T

th = (rm1+w)® =) (67271 + 20r@ 1w+ u).
=1

t=1



Since ¢2 = (1 — ¢/T)? =1 — 2¢/T + ¢?/T?, it follows that

T T T 9 T T T T
2 2 2c 2 c 2 2¢ 2
E Tp = E Ty — T g Ti_q + T2 E T+ 2 g Tp_1Up — T E Ti_1Us + g Uy
t=1 t=1 t=1 t=1 t=1 t=1 t=1
Hence,

Z —:ct 1 2Cth 1—1—2th 1ut+Zut+op

Thus, we establish that

T T
T th U = <T 122 + TﬁZZCZ ;- T Zu?) +0p(1) (S.4)
t=1 =1

From (8S.3), UCT = fT —267(Er — Cr) + Er — ¢r)?, where T l/sz = o1 (1) Heo(1) by (S.1)
and the CMT, and & = &1 + T2 T162T = 117 + 0p(1) = Op(1) because {e1;} and {€at} are
stationary with a.s. finite terms. Thus, 2% = {w(l)}Qa%Hgy(l). Considering also Lemma 4.2(i,
iii), we establish that,

1th = 5 { WP, (1) + 20t w1 0 [ 2 a9 .}

Finally, we obtain the limit in Lemma 4.2(iv) by straightforward manipulations and using the
identity

1 1
HZ,(1) = [Hop)1 — 2¢ / HZ,(r)dr +2 / He,, (r)dHo,(r). (S.5)
0 0
v) The convergence of T~1 Zthl x¢—1€¢ can be deduced from part (iv) and the identities

Swae = O moaw+ Y w1 AF
t=1 t=1 =1
T T
= {w(l)}_l Zwt—lut - Z Az + xTET
t=1 t=1
T T T
= {v(} Zﬂﬁt—lut - Z uter + T_lcz Ty 1E¢ + TTET-
t=1 t=1 t=1

Handling mixed products as in the proof of part (i), we find that

T

1 ~ 0

— Uer = U1tELL + —5 ULE: —I—o
T2 v TZM L SO

T t=1

= COU(U11,611 +’Y Z¢wz_01 HOV dejz

by an LLN and Theorem 4.2 of Davis and Resnick (1985). As |31, @t 18| < maxi—1__7 |z Y1, |8 =
0,(T3/?), see the derivation of (S.3), and zrér = O,(T'?), it remains to apply part (iv) to

ST @i1u; and to observe that 3°°° Vit = T({p(1)}? - v2).



vi) First, T2 Zthl x? el =T"72 Zle €7 1e? 4 0,(1) since, using (S.3),

T T
Z ‘933—1 - 5?—1‘ 5t2 = Z ’2&,71(’51 — () + (& — Ct)2’ 5?
t=1 t=1

IN

T T
~ 2 2
2, max [¢,] (; [Bralef +  max ¢ ;et)

T T
~2 2 2 2
—1—25 €;_1€; +2 max (; E on
t=1,..T
t=1 t=1

with (i) max |T~/2¢,| = O,(1), as a consequence of the fact that it converges weakly, (ii),

T

> el <2 Z (yap ' T/2)H2i- 3215” 1€ = 0, (T?)

t=1 1,j7=1 =

by LLN for 7 = 1 and by Markov’s inequality for j = 2 :

T T
EQY [Eiule3)"? <Y B |"?Blea|” = O(T),
t=1 t=1
s0 3 [E;e-1]e3, = O (T") for all € (0,a), (i), T~1 3 e? = Op(1), again because it converges
weakly, and (iv),

th 15t <4 Z ’YQCL_2T 2 Z%t 18 it = OP(T2)
i,j=1
by LLN for ¢ = j = 1 and by Markov’s inequality applied to the 1/2 powers otherwise.
Second, we turn to 772" &2 | £2. Tt holds that (Tﬁl/2 ELTTJ g, T71 EtLT; €?) = (o1H, 0(r),03[H,0]r)
. . _ T T .
i D30, 1] becase, (), (T2 241 ey U 207 4T 28) = (0217 (1)), U] i
D30, 1] by Theorem 4 of Resnick and Greenwood (1979) and the independence of {e1;} and {9},
and (i),

Tr| | Tr] 9 |Tr] [Tr]

vy 2y
z =7 et T Y 3 e okl = etlfol (59
T

because {e1462;} is IID with tail index a, so max;,.¢(o 17 [T~ 1/24 *1 Zt 1 51t52t| 2. By Theorem 2.7
of Kurtz and Protter (1991) it follows that T-2Y7 €2 16t = [ (PT 2 eg)?e? =

f , where condition C2.7 of the theorem can be checked as on pp.784-786 of
Paulauskas and Rachev (1998). Recalling the previous paragraph, we conclude that 72 thl act_lsf

converges weakly to the same limit as that of 72 Zle £2 &2, |

Proof of Theorem 4.1 (complements).

Evaluation of Syg. Upon splitting the observations and the product moments into the contribu-
tions of the finite and the infinite variance components, with notation corresponding to decompo-
sition in (4), we argue in steps that ||Spg — S(()(l)) - S((]?)) |« = 0p(T"), where || - ||« denotes the spectral
matrix norm, Séé) =T, AX;-1AX], | (i = 1,2) and the norming sequence ya ' TY? is in-
corporated into AXy;. Thus, defining Cr := {Cij}f,?:l with ¢;; := Zf:_ol Ax1Azyy_|;—j), we find
that

T

2S00 — S —S@l < 1Y AXu 1 AXS < [Orll + 23 (max {(Az_)* + (Aari)’}
t=1

= |ICrll« + pi{op(pr) + a7°TOH(a3,)} = | Crlls + 0p(T) (8.7)



under pi} /T — 0. Further, given the Toeplitz structure of Crp,

pr T-1
*HCTH < Z |c1i| < Z Z urpuz—i+1| + Op(prTY*), (S.8)
=1 i=1 t=0

where Op(pTTl/ 2+¢) with € > 0 arbitrary, stands for

pT T-1 T—1
c c
Z{(T)Q Z T14—1T2,4—i + T t:nrllf?fT(\:rl,t_l\ + |z24—i]) Z(‘u”‘ + |uge—iv1))},
i=1 t=0 t=0
given that max— p, 7 |r1| = Op(T?) and Y07, 371 0 "] + Jugi—it]) <
T Zz:_lpT = Op(prlrT) with a slowly varying [ (constant except for a = 1). Regardlng
Z;‘F:_ol UL U2 t—i+1 = OLElTl/z’y(XZS + x7), with
T-1 oo
XZR = Z Z ¢“wl’gl’t_“€2vt—”—i+1H\82,t—v7i+1|RaT’ Re{<,>},
t=0 u,v=0

it holds that (i), E Y277, x| < SPT {E(x5)?}"/? by Jensen’s inequality, where, using Karamata’s
theorem, we find that

o0
<
E(x7)? < TEH E(3 ey 1<0r) () 10u])! = Ola),
u=0
where I denotes the usual indicator function, because {e1;} and {e2} are independent, Ee;;—, = 0,
E(52,tfvfi+lﬂ|52,t_u_i+1|<aT) 0 by symmetry, and E(531H|521|§aT) = E(gg,tf’vf’i+l]1|52,t—v—i+1‘SaT) =
O(T 'a2), and (ii), BE(X T, [x7)" < Y07, E|x7|", where n = 1 for a > 1, n € [4,1) is arbitrary
for « =1, and

T—1 oo 0o
ERGI"< Y Y [l "Elen"E(len [y 5ar) = O(ad) (Y [#,[")* = O(al)
t=0 u,v=0 u=0

using Karamata’s theorem again, so eventually, by Markov’s inequality, ||Soo — 5’(%) - S(()g)H*
Op(prTY?€) + 0,(T) = 0,(T), because p3/T — 0 as T — oo, where € > 0 is arbitrary. Let %,
{7i—j] }f =1 Withr; == E;io ¥;1;4;; then the eigenvalues of %), are bounded and bounded away from
zero under Assumptions A.1 and A.5. As additionally, under p3./T — 0, ||5’(%) —T%,0% |« = 0p(T)
by Lemma 3 of Berk (1974) and HS(%) —ap’Ty%%, Zthl €3]l = 0p(T) by Lemma 2 of Cavaliere et
al. (2016), by combining the previous results it follows that

1TIA

1T~ So0 — Sp(0F +7az” 26215 [+ = op(1 (5.9)

and using inequality (2.15) of Berk (1974), also (A.3) holds.

Evaluation of S&)ISOE. The vector 5&)15’06 can be decomposed as

T
(Sa0t886 ) (S56) 1SS + (Saat SN (SS) 1SS + Saat S (AX1e-19tpr + AXago1€16p,),
t=1

where H(S(() )) 18(1)]] = o0,(p;?) as in Lemma 3.2 of Chang and Park (2002), (S(()o)) 15(()? =
Op(appas '+ > izppi1 |Bi]) for all € > 0 as in Equation (7.1) of Cavaliere et al. (2016), both under

6



the condition that p2/T + 1/pr — 0 as T — oo, and || Zle(AX17t_152t7pT + AXo i 1€1tp)|| =
O, (pTTl/ 2) by Markov’s inequality and Karamata’s theorem as, e.g., for the first kind of summands,

T pr T
1D AXiaeop P = D O Aviiicapr)’
t=1 =1 t=1
pr T oo
< QZ{ZAm,t—i(aElTl/%QtﬂL Z Biuzg,i—i)}
=1 t=1 i:pT—|—1
T-1 00
2 2 2 2 2
P27 max ok 5 (1)
=1l=pr 1=

with maxi——p,. 7 |v| = Op(Tl/Q) Zt 1—pr |Azye| = Op(T),

pTr
EY D Ariicaliey <o}’ = prTE(E3 ey <o) [E(Az1)?] = O(praf),
i=1 t=1

prT T
ED 0 Avyeienllysap 1"

i=1 t=1

IN

pTTEW(|€21‘nH|£-:21|>CLT)E1‘A$11|77 = O(pTa%)

forn=1if a>1and n € [4,1) arbitrary if « = 1, and similarly for the terms involving wug;:

pr T 0 o0
E Z{Z Ax1tm Z Bi Z¢j€2,t—i—jﬂ\az,t7iq\SaT}Q

m=1 t=1 i=pr+1  j=0
0o

< pTTE(‘g%lH\ezﬂSaT)[ (AZL’H Z |51|Z‘w3 )
i=pr—+1

pr T 00 )
E[Z {Z Ay pm Z Bi Z ijZ,tfifj]I\sg,t_i_j|>aT}2]n/2

m=1 t=1 i=pr+1  j=0
o0 o0
< prTE(lean |y sar) Bl Az > (817D ;" = o(pral)
i=pr+1 j=0

since pr Y2, 11 |8l = 0,222, 118" — 0 as pr — oo. Accounting also for (A.3), which implies
that || T'Syg ||« = Op(1), it follows that for all € > 0, (A.4) holds.

Evaluation of Sj. It holds that
1510~ 13, Zwt 1Az = Tr{(Sgg) + 55 +2C7) Tpr H| = 0p(T),

where 1,,. is a pp-vector of ones, T, is an upper triangular matrix with ones on and above the
main diagonal, and the difference is due to presample and end-of-sample contributions as in (S.7).
Thus, further,

IN

T
pi* 1 w1 D]+ | Tr(SG) Cop) | + 1TSS Top)ll + 21 TH(CrTpp )| + 0p(T)
t=1

[S1o0l

pPT
< 0" 1) +p1” > levil = Op(py*T)
=1



since Zz | Ti—1Axy = Zthl xy—qur—(c/T) Zthl z7_; = O,(T) by Lemma 4.2(iii,iv), | Tr(S, 00) o)l =
) (p;pT) (¢ =1,2) is shown in the proof of Lemma 3.2(b) of Chang and Park (2002) and Lemma
A.1(d) of Cavaliere et al. (2017), and Y57, |c1;| = Op(prT'/?+) for all € > 0 by the argument
following (S.8) and p3./T — 0. [

Proof of Proposition 4.2 (complements)

Convergence of aT2 Zt 1] Z; and aT2 Zt 1 Z{. Possibly upon an expansion of the probability

space, take {€}} distributed as before and independent of {e1¢,€2}. For a fixed § > 0, let I; be
the indicator of the event that {|ay'e2| > 0 and |ap'eas—2| < 6 and {|ap'e2,42| < 6}. Then Z; =
usZi+ (1 —us5)Z;, t € N, defines an IID sequence independent of {e2}, and hence, a;.> Z[TT] =
L(r) in Ds|0, 1]. On the other hand, for every A > 0,

1) -

which by Theorem 4.2 of Billingsley (1968) implies that also a.” Z[TT] Zy = L(r) in D5[0,1]. In
fact, let

s

ap’ > (Z— %)

t=1

lim limsupP [ max
6—0 T—00 s=1,...,T

2 —1/2¢_2 2 .
et = {VCLT(E%H{‘G;%ZFQ‘S(S})} / {52t]1{|a;1827t72|§5} — E(EQt]I{|a;1827t72|§5})}’

since Z;le Lgs = Zthl H{‘a;1€2t|> 5} with probability approaching one as T' — oo, with the same
probability it holds that

s [T'r]
-2 ad _
S:I]ilfl}fT CLT ;(Zt_zt) - slIia}{,T aT ;52tH{GT 52t|<5}( Et)
[Tr]
1/2 —2_2 1/2
< TV R g reatsoy) i | T 2 )

(1]
B e s [T el =)

where T'/2E(a;2e2,1 {laz'es tléé}) — 0asT — oo and TE(a;%%t]I{‘a;laQ’t'g}) — 0t /(4—a) =0
as T"— oo followed by 5 — 0, both by Karamata’s theorem, whereas the maximum over r does not
depend on § and converges weakly as T' — oo to the maximum on [0, 1] of a Wiener processes, while

the maximum over s is Op(1) as T'— oo, uniformly in ¢, by Kolmogorov’s maximal inequality.

Derivation of eq. (A.11). Consider additionally an IID sequence {e};} independent of the
random elements introduced so far and with ]; distributed like €1;. Next, in Wr replace €1, by
£t whenever e1; was retained in {Z;} :

(Tr]

Wr () = We(r) + T2 Z us(efty + €1 — €1-1 — E41)-

t=1
Then Wr is distributed like Wr, so Wrs(r) = W(r). Since Wrs(r) and ap? 27[21] Z; are inde-
pendent, their convergence is joint and to independent limits. On the other hand, since

(T7] E
max ||Wrs(r) — Wr(r < (Bugs)? max ||T1/2 b — 2l + &} €4—1 — Et—
i Ws(r) = Welr)] < (Bua)!" e 7722 0t ety =i — )
[Tr]

P
+FEus mgx] T-1/2 Z g1+ 6?{11 —&-1—€6t-2)|| =0
re|



as T — oo, because Ei;s — 0 and the maxima over r converge weakly to maxima of Wiener
processes with variances independent of §, we can conclude that a;Q ZEZ] Z; and Wrp(r) converge

like a;? 21[57:1] Z; and Wr5(r), as stated in (A.11). [ |

S.4 Additional references

Davis, R.A. and S. Resnick (1985) Limit theory for moving averages of random variables with
regularly varying tail probabilities, The Annals of Probability 13(1), 179-195.

Resnick, S.I. and P. Greenwood (1979) A bivariate stable characterization and domains of attrac-
tion, Journal of Multivariate Analysis 9, 206-221.



TABLE S.1. Empirical size of unit root tests under OLS and local GLS de-meaning. The DGP is (25) and (26) with 7" = 500 and

v=0.1.
OLS de-meaning Local GLS de-meaning
o 0 ay t; VRT MSB MZ, Mz, ¥ ™ t; VRT MSB MZ, M2z, ¥ %
0 0 1.75 0.044 0.053 0.045 0.045 0.042 0.050 0.050 0.045 0.054 0.045 0.046 0.045 0.051 0.050
1.5 0.044 0.050 0.043 0.044 0.041 0.046 0.049 0.054 0.051 0.053 0.052 0.053 0.056 0.048
1.25 0.042 0.054 0.043 0.046 0.042 0.050 0.044 0.049 0.051 0.051 0.049 0.049 0.054 0.051
1 0.043 0.064 0.047 0.046 0.042 0.044 0.040 0.048 0.056 0.050 0.047 0.047 0.051 0.063
0.5 0 1.75 0.045 0.051 0.052 0.052 0.046 0.051 0.054 0.045 0.053 0.047 0.046 0.046 0.053 0.050
1.5 0.043 0.047 0.051 0.050 0.043 0.045 0.051 0.052 0.050 0.055 0.053 0.053 0.054 0.048
1.25 0.043 0.051 0.051 0.052 0.043 0.048 0.044 0.049 0.050 0.0564 0.052 0.052 0.054 0.052
1 0.044 0.051 0.052 0.051 0.045 0.044 0.040 0.049 0.055 0.051 0.052 0.051 0.053 0.062
-0.5 0 1.75 0.043 0.056 0.042 0.042 0.040 0.057 0.057 0.047 0.055 0.045 0.045 0.046 0.055 0.055
1.5 0.042 0.063 0.041 0.041 0.038 0.049 0.056 0.051 0.053 0.051 0.048 0.048 0.059 0.051
1.25 0.041 0.057 0.039 0.042 0.038 0.054 0.047 0.049 0.052 0.049 0.046 0.046 0.057 0.055
1 0.044 0.056 0.044 0.044 0.040 0.048 0.046 0.047 0.057 0.047 0.045 0.046 0.053 0.063
0 0.5 1.75 0.043 0.052 0.0561 0.054 0.048 0.056 0.056 0.048 0.053 0.052 0.049 0.049 0.055 0.053
1.5 0.040 0.049 0.052 0.054 0.047 0.049 0.052 0.049 0.051 0.054 0.052 0.052 0.056 0.049
1.25 0.041 0.053 0.050 0.051 0.046 0.053 0.044 0.047 0.047 0.051 0.051 0.052 0.053 0.052
1 0.036 0.063 0.053 0.050 0.045 0.045 0.045 0.046 0.056 0.0564 0.049 0.048 0.054 0.062
0 -0.5 1.75 0.050 0.062 0.057 0.056 0.049 0.077 0.078 0.058 0.054 0.056 0.055 0.054 0.073 0.074
1.5 0.049 0.060 0.056 0.055 0.047 0.075 0.075 0.059 0.057 0.056 0.054 0.056 0.074 0.068
1.25 0.047 0.061 0.058 0.059 0.049 0.073 0.068 0.058 0.054 0.057 0.052 0.055 0.073 0.072
1 0.048 0.061 0.057 0.057 0.044 0.067 0.065 0.057 0.060 0.052 0.052 0.055 0.074 0.081




TABLE S.2. Empirical size of unit root tests under OLS and local GLS de-meaning. The DGP is (25) and (26) with "= 500 and v = 1.

OLS de-meaning

Local GLS de-meaning

o 0 ay t; VRT MSB MZ, M2z, ¥ ™ t; VRT MSB M2, M2z, ¥
0 0 175 0.049 0050 0.046 0.047 0.047 0.041 0.051  0.046 0.054 0.051 0.047 0.047 0.051 0.058
1.5 0.052 0.050 0.046 0.048 0.053 0.028 0.040  0.042 0.063 0.051 0.044 0.043 0.048 0.046

1.25 0.050 0.053 0.046 0.047 0.048 0.022 0.029  0.038 0.064 0.048 0.039 0.037 0.039 0.048

1 0052 0.043 0043 0.044 0051 0.021 0024 0033 0.074 0.044 0.034 0031 0.040 0.042

05 0 175 0.049 0047 0.048 0.047 0.049 0.041 0.054  0.046 0.052 0.052 0.049 0.047 0.048 0.062
1.5 0.053 0.046 0.049 0.053 0.056 0.028 0.046  0.044 0.063 0.051 0.045 0.047 0.049 0.050

1.25 0.048 0.049 0.052 0.054 0.050 0.025 0.032  0.039 0.061 0.051 0.043 0.042 0.039 0.049

1 0052 0041 0048 0.046 0055 0.023 0026 0032 0.073 0045 0.037 0.036 0.041 0.043

05 0 175 0.048 0.053 0.045 0.045 0.047 0.045 0.049  0.046 0.056 0.047 0.044 0.045 0.053 0.059
1.5 0.052 0.054 0.044 0045 0.050 0.031 0.042  0.042 0.064 0.049 0.041 0.041 0.051 0.046

1.25 0.049 0.055 0.046 0.046 0.047 0.027 0.037  0.039 0.065 0.048 0.040 0.039 0.041 0.049

1 0051 0.044 0042 0.042 0051 0.025 0024 0032 0075 0.042 0.033 0031 0.044 0.043

0 05 175 0.044 0049 0.052 0052 0.051 0.043 0.048  0.043 0.056 0.051 0.046 0.046 0.050 0.064
1.5 0.049 0.049 0.051 0054 0.055 0.030 0.044  0.041 0.062 0.052 0044 0.044 0.049 0.048

1.25 0.047 0.051 0.051 0.054 0.050 0.025 0.030  0.038 0.062 0.055 0.045 0.043 0.043 0.049

1 0049 0042 0047 0.049 0055 0.024 0025 0032 0.072 0045 0.036 0.035 0.042 0.046

0 -05 1.75 0.053 0.059 0.052 0.056 0.055 0.067 0.074  0.053 0.055 0.054 0.050 0.051 0.070 0.085
1.5 0.058 0.060 0.055 0.060 0.059 0.050 0.064 0.054 0.065 0.056 0.051 0.050 0.072 0.073

1.25 0.055 0.062 0.061 0.062 0.055 0.044 0.049  0.047 0.067 0.060 0.049 0.046 0.074 0.079

1 0058 0.050 0055 0054 0057 0.042 0042 0041 0.081 0.050 0.042 0.039 0.080 0.082




TABLE S.3. Empirical size of unit root tests under OLS and local GLS de-meaning. The DGP is (25) and (26) with 7" = 500 and

v = 10.
OLS de-meaning Local GLS de-meaning
o 0 ay t; VRT MSB MZ, Mz, ¥ ™ t; VRT MSB MZ, M2z, ¥ %
0 0 175 0.045 0.048 0.041 0.044 0.044 0.029 0.056 0.044 0.050 0.048 0.043 0.043 0.044 0.048
1.5 0.053 0.054 0.044 0.047 0.054 0.017 0.057 0.037 0.067 0.047 0.040 0.038 0.041 0.055
1.25 0.058 0.0563 0.046 0.049 0.059 0.007 0.027 0.028 0.079 0.042 0.030 0.028 0.028 0.047
1 0.062 0.048 0.045 0.048 0.064 0.002 0.007 0.025 0.095 0.040 0.025 0.024 0.022 0.025
0.5 0 1.75 0.046 0.044 0.048 0.047 0.045 0.028 0.054 0.045 0.048 0.049 0.048 0.048 0.045 0.048
1.5 0.055 0.050 0.047 0.049 0.058 0.017 0.058 0.038 0.066 0.051 0.043 0.041 0.042 0.057
1.25 0.057 0.050 0.050 0.051 0.062 0.007 0.027 0.029 0.078 0.045 0.033 0.032 0.031 0.050
1 0.063 0.044 0.048 0.050 0.066 0.003 0.007 0.026 0.092 0.045 0.032 0.029 0.022 0.023
-0.5 0 1.75 0.045 0.050 0.039 0.041 0.042 0.034 0.060 0.044 0.051 0.047 0.043 0.042 0.049 0.050
1.5 0.054 0.0567 0.043 0.044 0.052 0.019 0.062 0.037 0.068 0.044 0.038 0.037 0.043 0.059
1.25 0.057 0.055 0.045 0.048 0.059 0.010 0.031 0.027 0.080 0.041 0.030 0.028 0.031 0.052
1 0.062 0.052 0.043 0.049 0.063 0.005 0.010 0.025 0.096 0.041 0.025 0.025 0.026 0.027
0 0.5 1.75 0.042 0.047 0.044 0.046 0.048 0.031 0.056 0.042 0.052 0.049 0.044 0.044 0.046 0.052
1.5 0.054 0.052 0.049 0.051 0.057 0.019 0.063 0.037 0.066 0.050 0.043 0.041 0.044 0.058
1.25 0.057 0.063 0.052 0.055 0.063 0.007 0.032 0.029 0.078 0.047 0.035 0.034 0.034 0.050
1 0.061 0.047 0.051 0.054 0.068 0.003 0.010 0.028 0.094 0.048 0.032 0.032 0.023 0.028
0 -0.5 1.75 0.052 0.056 0.050 0.053 0.050 0.052 0.088 0.056 0.053 0.056 0.053 0.052 0.071 0.076
1.5 0.060 0.062 0.0564 0.057 0.061 0.037 0.093 0.048 0.073 0.055 0.047 0.048 0.070 0.093
1.25 0.064 0.060 0.055 0.061 0.066 0.022 0.058 0.039 0.083 0.052 0.040 0.040 0.067 0.097
1 0.069 0.057 0.058 0.060 0.073 0.014 0.025 0.038 0.099 0.053 0.039 0.037 0.074 0.085
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F1cURE S.5: Local power variation of the unit root tests. The DGP is (25) and (26) with ¢ € 0,1, 2, ...
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