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Abstract

The topic of aggregate fluctuations in the economic activity is a long-standing
question in the study of business cycles, not only the identification of sources
of volatility is necessary to forecast the future pace of the economy, but also to
understand how the variance of aggregate activity could be reduced. Regarding
economic policy, the analysis of economics stability has taken more relevance in
the aftermath of the recent financial crisis. The crisis highlighted the need to think
of the economy as a complex network where an idiosyncratic shock may precede
aggregate consequences, such as the recent problem in arising from the financial
sector and its effect on the economy.

Chapter 1 introduces a two-period multi-sector economy with Input-Output
linkages and a banking sector. This model is useful to assess the relevance of the
economic structure on aggregate volatility. The main finding is that single finan-
cial shocks to banks do not average out and could lead to aggregate fluctuations.
In particular, aggregate volatility does not go in a single direction when we in-
crease the number of links bank-to-sector (concentration), enhance the number of

links shared by two or more banks (integration) or redistribute the links (diversi-



fication).

In Chapter 2, I use a detailed benchmark data of the U.K. input-output ac-
counts spanning from 1997 to 2010, I apply the model of intersectoral linkages by
Acemoglu et al. (2012) to identify if the U.K. network structure is prone to the
propagation of shocks.

In Chapter 3, I present a model of a multi-sector input-output economy based
on Long and Plosser (1983) and Acemoglu et al. (2012) to analyse the effects of
capital risk sharing between firms, productivity shocks correlations between firms
of the same ownership organisations, and collateral restrictions between firms of

separate groups, on aggregate fluctuations.
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Chapter 1

The network effects of capital

intermediation on aggregate volatility

1.1 Introduction

Financial contagion has been a recurrent theme in the aftermath of the 2008 great
recession. Most of the economic literature has focused on contagion within the
financial sector, e.g. Elliot et al (2014) and Acemoglu et al. (2015). However, the
real sector plays a role not only as the ultimate economic bloc affected by these
shocks but also as an intermediate step in the diffusion of financial shocks. In fact,
the network of linkages generated by financial institutions and the input-output

network of linkages across firms are not separated but rather blended. In this

This chapter is co-authored with Professor Christian Ghiglino from the University of Essex.



paper, I focus on how shocks affecting the financial sector propagate to the real
sector and ultimately generate aggregate fluctuations and how this is affected by
the location of the “contacts points” between the two networks.

To understand the mechanism of the propagation of shocks we need to have
an idea of the network of connections in the economy. It is useful to represent the
non-financial sectors and the banks as nodes, and the links as input-output link-
ages or financial (credit) flow. Indeed, banks provide the intermediation between
investors and firms and the way each bank finances production in a given sector
is characterised by a link. Below is a graphical representation of this network for
the U.S. (Figure 1.1).

The blue arrows represent the input-output linkages: a sector’s technology
requires intermediate good from another sector to produce a given good or ser-
vice. The red arrows represent the financial connections where a sector and a bank
have a contract that allows the former to get capital from the latter, and each sector
needs capital to produce output.

A remarkable regularity is highlighted by the graph: the pervasive asymme-
tries of the network, which results in connections with highly dispersed weights.
Although the great recession has highlighted the general role of the financial sec-
tor as a factor of contagion, I focus more specifically on the contagion from the
financial sector to the real sector.

The following diagram (Figure 1.2) illustrates the extent of the intermediation
role of financial businesses in providing credit to the real economy, with only a

small share of credit coming from non-financial institutions.
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Figure 1.1: Bank-sector and I-O structure of the U.S. in 2010

The aim of this paper is to study the effect of financial shocks on the real econ-
omy, without requiring the type of cascade needed to create a global financial
shock. I use the tools recently developed in network theory and applied to the
propagation of financial shocks but rather look at contagion from the financial
sector to the real sector.

From a modelling point of view, the propagation of financial shocks to the real
economy has been widely studied in macroeconomics. Influential examples are

Friedman and Schwartz (1963) and Bernanke and Gertler (1989) who show how
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Figure 1.2: Credit to the real economy

credit constraints in the finance of production may generate binding constraints
on the possible output and employment. Even if the risks taken by financial insti-
tutions increase, as is believed to have happened in the great recession, individual
shocks will not lead to aggregate fluctuations because sector-level disturbances
would average out and would not have significant aggregate effects. However,
the diversification argument made by Dupor (1999) is not relevant when we con-
sider higher order effects that arise from the intersectoral linkages. Explicitly in-
troducing the real and financial interlinkages of the economy may create correla-
tions and finally produce a sizeable aggregate shock via contagion.

The real economy is a multisector economy similar to Long and Plosser (1983)
and Acemoglu et al. (2012) the role of interconnections between different firms
and sectors serves to propagate idiosyncratic shock through the economy has been

recently investigated. In particular, Acemoglu et al. (2012) showed that produc-



tivity shocks could propagate through the input-output linkages and produce an
aggregate effect. The fundamentals of the model of this chapter are related to both
papers.

To analyse the propagation of shocks within the integrated economy, I con-
sider a two-period multisector economy with input-output linkages. In the first
period, there is a representative firm producing capital while in the second period
there are n non-financial sectors with input-output linkages, m capital intermedi-
aries, banks. There is a representative household, working in the first period and
consuming an aggregated consumption good in the second. Households deposit
savings (in the form of capital) at the beginning of the second period, D,, in each
bank b, in a competitive deposits market which implies that each bank takes the
gross interest rate on deposits, 2, as given.

It is important to note that in this present model, each bank is subject to a
random friction that limits the amount of deposits that each bank can potentially
lend. The friction parameter is realised at the beginning of the second period and
takes values between zero and one. We call this an idiosyncratic financial shock
because it affects the bank’s balance sheet. After the shock is realised, each bank
lends x;, capital to each sector i.

Each of the n sectors produces a different good using different quantities of
capital, z;, intermediated by banks b, and intermediate goods, ¢;;, sold by an-
other sector j. These network of linkages are represented by an IO matrix W.
Production is carried out only in the second period, and the output can be used

as a consumption good, aggregated by the final good sector, or as an intermediate



input in the production of another sector.

The capital intermediated by the banking sector is called a loan, and altogether
they form the lending channel from banks to sectors. Each sector ¢ obtains a quan-
tity z;;, from each bank in the financial sector, which is priced by r,. I assume that
proportions of z;;, in the total capital, z;, are exogenous and fixed, perfectly know
to everybody, and given by ¢;,. The matrix of lending linkages is represented by
a capital intermediation matrix, ®.

Firms need to borrow capital from financial institution while these obtain fund-
ing from individual depositors and investors. I assume that banks face idiosyn-
cratic shocks in the form of reserve requirements. On the other hand, there are
rigidities also in the way firms interact with banks. In fact, the bank-firm rela-
tionship is based trust, information or regulation. To summarise these rigidities,
I assume that the network of the relationship between firms and banks is exoge-
nous to the model.

Our formulation of the financial sector is related to the canonical model of
Gertler and Kiyotaki (2010) of financial intermediation with a random financial
friction directly in the balance sheet of the bank that implies a positive spread in
the interest rates. Figure 1.3 shows a positive spread between the interest rate on
deposits and loans in the US.

The analysis focuses on the role of the structure of the economy, that is the net-
work of connection among physical sectors, W, and between sectors and banks,
®, in the propagation of financial shocks to the real economy and its aggregate

implications. Analysing different structures of the economy, I find that, in gen-
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Figure 1.3: Spread between the interest rate on deposits and loans

eral, GDP volatility is decreasing as the variability of the interconnectivity of each
bank is reduced, as expressed by the network multiplier.

In other words, the standard deviation of GDP decreases as the interconnectiv-
ity coefficient is similar among banks, while it increases when this metric shows a
higher variability across banks, mainly because the effects of different individual
shocks are propagated with more strength in the presence of asymmetries.

Financial integration can be understood with the analysis of the effect of adding
links to the bipartite intermediation network. I first consider the increase in inte-
gration provided by adding one link to a specific bank. In this case, the volatility
of GDP can decrease or increase depending on the position of the banks and the
position of the common sector in the network. On the other hand, when adding m
links, one for each bank in the network, the results still depend on the I-O struc-

ture, but always reduce volatility for vertical and star structures and have no effect



on empty and circle networks.

We also analyse the effect of diversification, obtained as a result of redistribut-
ing the links of two or more banks in the network. I find that depending on the
position of the bank in the network, reducing diversification can decrease or in-
crease the effect on the volatility of an individual shock even for a particular loca-
tion. This result is due to the difference in the elements of the influence vector for
each sector and the interconnectivity coefficient of the bank-to-sectors network.
The latter implies that there is no effect for perfectly balanced networks, as in this
case, the influence vector is the same for all sectors.

In general, aggregate fluctuations depends on the distributions of links be-
tween banks and sectors and the location of such links. An economy with a uni-
form distribution of links per bank could be less volatile than an economy with
an unequal distribution, provided the bank with less link is not supplying capital
to a great influencer, that is, the star sector or the top of the chain in the vertical
network. The intuition behind this result is that the multipliers effects of the in-
teractions between the sectors that obtain the funds from the same bank is greater
with a non-uniform distribution of the bipartite links under specific locations.

Using input-output data and syndicated loans data to compute the I-O and
the bipartite intermediation matrices of the US economy for the period 2000-2010,
I find that the structure of the economy is very asymmetric, there are star sectors
like manufacturers and professional services, and star banks like Bank of Amer-
ica and JP Morgan. I find that changes in the bipartite structure over time lead

to changes in the network multiplier while the I-O network remains relatively



steady.

Finally, computing the GDP volatility using the network metrics, I find that
individual shocks to banks do not average out and could lead to sizeable fluc-
tuations of GDP. Interestingly, the volatility is considerable higher when taking
into account the network multiplier rather than simply using a basic aggregate
computation of the financial sector.

This chapter is organised as follows: i) in Section 2, I present a brief literature
review; ii) in Section 3, I present the specifics of the model; iii) in Section 4, 1
describe the equilibrium of the model; iv) in Section 5, I analyse the volatility of
the GDP; v) in Section 6, I describe the economy as a network; vi) in section 7, I
study the effect of network on the volatility of the GDP; vii) in Section 8, I present

an empirical analysis; and viii) finally, I present the conclusions the chapter.

1.2 Related literature

This paper is related to several strands of the literature. As we have pointed out
earlier, it takes inspiration from the macroeconomic literature developed in the
last two decades, in which frictions in the financial sector cause aggregate eco-
nomic fluctuations. In their seminal papers, Bernanke and Gertler (1989), Kiyotaki
and Moore (1997) and Bernanke, Gertler and Gilchrist (1999) address this issue de-
veloping models where imperfections in the credit market influence the business
cycle, resulting in the financial accelerator.

Despite being hugely influential, Kocherlakota (2000) argues that these two



papers are not quantitatively satisfactory as the observed financial frictions ef-
fects are not significant enough to explain the observed aggregate fluctuations.
The great recession has shown the role of contagion in the crisis, allowing large
aggregate fluctuation to be generated by small individual shocks.

The present paper is related to Gertler and Kiyotaki (2010) as these authors in-
clude a financial sector in a dynamic stochastic general equilibrium model (DSGE).
In their canonical model, exogenous financial friction arises due to a moral hazard
problem in the financial intermediaries. This result generates a spread between
the interest rate on deposits and the interest rate on loans, as in our model Gertler
and Karadi (2011) expanded that model including nominal rigidities to analyse
monetary policy).

More recently different financial frictions specifications have been considered.
Jermann and Quadrini (2012) and Christiano, Motto and Rostagno (2014) aug-
mented a DSGE model including a financial accelerator similar to the one devel-
oped in Bernanke, Gertler and Gilchrist (1999). The authors found that shocks in
risk could influence the business cycle.

In this sense, Liu and Wang (2014) analyse a model with two kinds of firms,
productive and unproductive ones, where one kind has credit constraints which
generates business cycles. Finally, Brunnermeir and Sanikov (2014) develop a
model with two kinds of agents, households and experts, and a financial friction
that arises due to a moral hazard problem related to high monitoring costs. They
found that the economy could fluctuate around two regimes, an unstable and a

stable one because of the propagation non-linear mechanism generated by a shock



in the financial sector.

The model of this chapter is also related to the paper of Bigio and La’O (2016).
The authors model an economy with financial constraints under in the presence
of input-output linkages. However, on top of being static, they do not explicitly
model the financial sector. In contrast, I include banks and model the financial
constraint as an idiosyncratic and random shock to the balance sheet of each bank
while in their model the relation between firms and banks is deterministic.

The diversification argument leading to smooth aggregate behaviour also af-
fects models with individual productivity shocks that cannot result in aggregate
volatility. Long and Plosser (1983) present a seminal work with a model that in-
cludes a multi-sector economy that is rewritten by Horvath (2000) as a multi-sector
economy with input-output trade among sectors. However, as Dupor (1999) ar-
gued the law of large number average out any shock on an individual sector, mak-
ing individual shocks irrelevant for the aggregate fluctuations.

However, that idiosyncratic shocks in a disaggregated production economy
can have aggregated effect has been shown in Carvalho (2010). The author analy-
ses the intersectoral trade of inputs by adopting a network perspective on interac-
tions, the result of this model is that independent productivity shocks could lead
to aggregate fluctuations in economies that do not have a high degree of diversi-
fication of inputs required in production.

Acemoglu et al. (2012) also argue that, in the presence of intersectoral linkages,
idiosyncratic shocks to firms or sectors can generate relevant aggregate fluctua-

tions. In particular, they show that the rate at which aggregate volatility decays



depends on the structure of the intersectoral intermediate linkages. Finally, Car-
valho and Gabaix (2013) develop a two-period multisector model to analyse the
individual and aggregate volatility and find that the volatility that emerges from
idiosyncratic shocks has the power to explain fluctuation on the aggregate activity.

On the empirical side, Foster et al. (2011) analyse the sectoral and aggregate
volatility in the US and find a significant effect of the sectoral shock due to in-
tersectoral linkages. There are also two works that include a theoretical model,
and an empirical application of an inter-sectoral economy are Jones (2011) and
Fadinger, Ghiglino and Teteryatnikova (2015). Both analyse the effect of a disag-
gregated economy in the misallocation of resources, the last one using a network

formalism.

1.3 Model

In this section, we describe the general framework and the optimisation problems
faced by each actor in the economy and consider a two-period multi-sector econ-
omy with input-output linkages (Figure 1.4).

In the first period, there is a representative firm producing capital while in
the second period there are n non-financial sectors with input-output linkages,
m capital intermediaries, banks, each subject to an individual shock. There is a
representative household, working in the first period and consuming an aggregate
consumption good in the second. The population is constant and of mass one. The

following diagram illustrates the actors and the timing in this economy.
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Figure 1.4: Two-period multi-sector economy

The model combines several features present in the literature. The input-
output linkages are modelled as in Acemoglu et al. (2012). In my model, these
firms need capital, which is provided by the banks. Rather than assuming id-
iosyncratic productivity shocks to the sectors, we assume that banks are subject to
shocks at the beginning of the second period. These shocks to the banks generate
a financial friction similarly to the one described by Gertler and Kiyotaki (2010).

We now describe the model in greater detail.

1.3.1 Households

The representative household has preferences over leisure, L, and over a final
aggregated consumption good, C. The household has separable utility and leisure
is consumed in the first period while consumption in the second period. The
instantaneous utility for consumption «'(C) satisfies «'(C) > 0, «”"(C') < 0 and

lime_ ot/ (C) = +00. The same properties hold for the utility of leisure u/(L). Note



that leisure is defined as the number of hours minus labour, [, and we normalise
to one the total number of hours, L =1 — (.

The household maximises the intertemporal utility, given by the following
constrained problem:

max u(L) 4+ BE[u(C)]

s.t.

wL+D=w (1.1)
PC =RD (1.2)

The intertemporal discount factor 5 > 0 captures time preference and the vari-

able D is defined as
D=> D, (1.3)
b=1

Where D, is the representative household deposit in bank b. Equation (1) and
(2) are the household resource constraints in period 1 and 2, respectively with w
being the wage and D are the savings (purchases of capital) that will be called
deposits.

Note that deposits are priced at the price of capital in the first period, which is
taken as the numeraire. P is the price of the aggregated final consumption good
C and caught in the numeraire in the second period, P = 1. R is the gross interest
rate on deposits, which is the price of deposits in the second period paid by the
banks.

Combining the two constraints through the deposits, I obtain the consolidated



intertemporal constraint:

C = Rw(l - L) (1.4)

To simplify the analysis we assume log-utility on consumption and leisure,
u(C) = InC and u(L) = In L. Using the intertemporal constraint to eliminate C'

from the choice the maximisation problem becomes:

max In L + SE[In(Rw(1 — L))]

The first order condition associated with this maximisation problem is given

by the following equation

1
L=—— 1.5
1+ 8 (1.9)
Implying that the labour supply is given by
p
| = —— 1.6
1+p (1.6
Using the constraints to find consumption and deposits:
Rwp
C=— 1.7
1L+p a7
D= _wB_ (1.8)



These equations are deterministic because the assumption of log-utility allows

the price R to be deterministic and then the demand for labour and leisure.

1.3.2 Firms and sectors

1.3.2.a Capital producers

In the first period, there is a representative firm producing capital in a competi-
tive market. The firm demands labour, /, to produce capital, K, to be sold to the
household. The price of the capital is the numeraire in the first period. To produce
capital, we assume a linear technology with no productivity shocks. The problem

of this sector becomes:

max K — wl
K.l

s.t.

K =4l (1.9)

with ¢ the marginal productivity. When § > w there is no solution, § = w
any K is a solution, while for § < w, the solution is K = 0. The only non-trivial

solution is

K = wl (1.10)



1.3.2.b The multi-sector I-O economy

We assume n sectors, i = 1, ..., n, that produce a good, ¢;, using different quantities
of capital, x;, intermediated by banks b, and intermediate goods, ¢;;, sold by an-
other sector j. Production is carried out only in the second period, and the output
can be used as a consumption good, aggregated by the final good sector, or as an
intermediate input in the production of another sector.

The capital intermediated by the banking sector is called a loan, and altogether
they form the lending channel from banks to sectors. Each sector ¢ obtains a quan-
tity z;, from each bank in the financial sector, which is priced by r,. We also
assume that proportions of z;, in the total capital, z;, are exogenous and fixed,
perfectly know to everybody, and given by ¢;.

Production is carried out according to a Cobb-Douglas constant returns to scale
technology, f(-), which satisfies for each factor f(0) = 0, f'(-) > 0, f"(-) < 0,

f'(0) = 00, and f'(c0) = 0. The technology of production is then:

¢ = CU?HQij(l_a)wij (1.11)
j=1
where
ri=Y T (1.12)
b=1

= = ¢ (1.13)



and « € (0, 1) indicates the share of capital in production of .

The parameters ¢;, represent the share of capital obtained from each bank b in
the total of each sector, which is exogenous and does not depend on the financial
situation of each sector. These parameters are required to add up to 1 for each

sector

S =1 Vi (1.14)
b=1

w;; > 0 represents the share of intermediate good j in the total use in sector i
and is also a typical element of the input-output matrix (Leontief matrix) with the

following assumption:

> wy=1 Vi (1.15)
j=1

These two set of vectors shape the matrix W and the matrix of capital interme-
diation, ®. These are important because they define the network of I-O connec-
tions and the linkages between banks and sectors.

The price of capital intermediate by bank b is given by r;,. Given these assump-
tions, each sector has to solve the following maximisation problem subject to the

available technology and constraint described above:

m n
max — piq; — E TyTip — E Diqij
z3pVb,qi5 V] 1 g

where the price of capital, r;, can be interpreted as the gross interest rate paid

on loans made by the bank b in the financial sector.



The price of the good produced is given by p;, and the price of each intermedi-
ate input is p;.
The first order conditions for the capital obtained from each bank and for the

intermediate inputs are given by the following equations:

ap;q;Pip
o = —Dii%b_ 1.16
’ Y by ToOib (1.16)
1— .
G — (1 — a)wipig; 1.17)

Dj
Dividing these two equations we can find the ratio of the demand in inputs:
Tip ap; Gip

— = ™ 1.18
4ij (1 —a)w; > e rodap ( )

Importantly, the demand for capital depends on a weighted price that takes into

account the share in the demand from each bank.

1.3.2.c Final good aggregator sector

To keep tractability, we assume that in the second period the final good is pro-
duced by a representative firm in a competitive market that aggregates all con-
sumption goods produced by the I-O sectors into one final good, Y, with P. This
sector uses a Cobb-Douglas technology with the same weight for each type of

good:



n

y=]]a" (1.19)

=1
The maximisation problem solved by this sector is:

n
max PY — Zpici
i=1

Y, C; Vi

The first order conditions are given by the following equations:
n

These imply that the ratio between the consumption good 7 and j is related to the
ratio of the prices of these goods

G_Pi vy (1.21)

i Pi

Substituting the F.O.C. into the production function of the final good sector, we
obtain that the price of the final consumption good is a simple function of the
individual prices:

P=n]]n" (1.22)
=1

and recalling that P is the numeraire, the previous equation is the ideal price

index:

L=n]]p" (1.23)
=1



1.3.3 Banking sector

To introduce the banking sector, we follow a similar specification to the one de-
veloped in Gertler and Kiyotaki (2010) and also include this into a multi-sector
economy with uncertainty. However, I greatly simplify their model, as we as-
sume only two periods (following the intuition of Cristiano and Ikeda (2011)) and
ignore issues related to moral hazard. The friction is, therefore, different, I assume
a direct role in the balance sheet and not as an incentive constraint like in the cited
papers.

I start by assuming that direct lending from household to I-O sectors is impos-
sible. In other words, members of the banking, or financial sector, have a particu-
lar skill that allows them to verify the income declared by the I-O sectors.

We assume m types of banks such that A/ = {N* < m}, all banks constitute the
demand side of a competitive market for deposits. The representative household
is the supply side of such market, without any preference over banks. Each type
b € M has a large number of banks with mass 1 that constitute the supply side of
a competitive market for loans.

The proportion of loans that each I-O sector can obtain from each type b is
exogenous and predefined.! The I-O sectors borrowing from type b represents the
demand side of a competitive market.?

Households deposit savings at the beginning of the second period, D,, in each

1Chodorow-Reich, Gabriel (2014, QJE) suggests that borrowers tend to be stuck with a particu-
lar lender and that lender specialised in specific sectors.

2A broader implication of this assumption would be having m types of capital. However, we
are not considering such case to simplify the analysis



bank b, are in a competitive deposits market which implies that each bank takes
the gross interest rate on deposits, R, as given. Each bank is subject to a random
friction, 6,, that limits the amount of deposits that each bank can potentially lend.

The friction parameter is realised at the beginning of the second period and
takes values between zero and one. We call this an idiosyncratic financial shock
because it affects the bank’s balance sheet. After the shock is realised, each bank
lends z;; capital to each sector i.

Each bank b has to maximise its profit, II;, given by the amount lent to the
non-financial institutions priced 73, less the payment of the household’s deposits
priced at the interest rate R in the second period.

The bank’s decision is given by the following constrained problem:

n
max Hb = E TpXip — RDb
i=1

{ziv}i,Dp

s.t.

Z Tib + 0y Dy, = D (1.24)
i=1 y Y

Capital reserved, reduced or injected Deposits: capital from households

Loans: capital lent to sectors

Tip > 0Vi, Dy >0, 0, € (—OO, 1) (125)

The first constraint reflects the balance sheet of the representative bank of type

b. This equation indicates that the sum of loans to each sector, z;,, plus the part



of the deposits that cannot be intermediated due to the rigidity, 6,D,, equal to
the capital obtained from the representative household as deposits, D;. There is
no exogenous endowment or previous accumulation of capital; hence there is no
exogenous capital in the balance sheet.

The financial shock, 6,, represents the assumption that each bank is subject
to an individual shock (not correlated across banks) that can be originated from
punitive measures by authorities, idiosyncratic legal capital reserve, exogenous
”skin in the game”, exogenous injection of capital, and similar events that limit
the amount of capital that can be intermediated. To simplify the notation related

to the balance sheet of each bank, I define the idiosyncratic financial shock by
Zp = 1-— Gb (126)
where
2y € (0, +00) (1.27)

Parameter 6, can only take values below 1, so that the distribution of z, is log-
normal, taking values only positives values. This implies that the distribution
of In z; is normal, being its domain the real numbers. I further assume that the
mean of z, is close to one and the parameter of its variance, o7, is close to zero.

Considering our previous assumptions, 2, has the following distribution:

2y, ~ Lognormal (07 0,?) (1.28)

This assumption on the distribution ensures that the shock z;, has a mass near



but to the left of one. Intuitively, this hypothesis indicates that the friction is not

significant and its occurrence does not destroy the capability of banks to lend. It

is important to note that we are assuming independence among shocks.
Substituting the z, into the bank’s problem and the constraint into the objective

function:

o 1,3 [ 7))

{ziv}i —

s.t.

zip > 0Vi, Dy >0 (1.29)

In the maximisation problem above, the solution to the bank problem is de-
manding any level of deposits that satisfies the profit equation with z;, > 0, where
the interest rate on deposits has to be equal to the interest rate on loans times the
shock, R = zry.

There is a financial shock, z, that affects the amount of capital that each bank
can intermediate and will influence the price of loans.

If the interest rates on loans times the financial shock, z,7;, is lower than the
interest rate on deposits, R, this implies negative bank’s profits and the bank de-
mand for deposits would be zero, so we can rule out this possibility. If R < zpr,
then the bank’s capital supply and deposits demand would be infinite. However,
as we are assuming that there is a significant number of banks with identical cost

structure, competition among these banks will drive the price of loans down until



there is equality in the price ratio. In consequence, the bank will demand any level

of deposit and supply loans according to the following price ratio:

r_ (1.30)
Tp

This result implies that the loans-deposits ratio has to be equal to the idiosyncratic

shock, as given by the following equation:

o
Lﬁlz% (1.31)

Finally, the supply of loans is given by:
Zrbxib = RDy (1.32)
i=1

1.3.4 The market clearing conditions

The clearing conditions of the economy are given by the constraints described in
the previous sections. Additionally, in the first period, savings have to be equal to

the capital produced:

D=K (1.33)

In the second period, besides the constraints of each actor, the production of
each good by the I-O sectors has to be equal to the quantity used as the consump-

tion good and the amount used as intermediate inputs, and the final consumption



good has to be equal to the aggregated good produced by the final sector:

G =cit+ Y qy Vi (1.34)
7=1
C=Y (1.35)

1.4 Equilibrium

In this section, we define the equilibrium of the rigid multi-sector economy under
consideration, with financial friction 6. The results for an economy with no finan-
cial friction can be obtained by just assuming the parameter 6 is deterministic and

equal to zero.

Definition 1. An equilibrium with a random financial shock is defined as the set of allo-
cations {L, |, D, K, xu, ¢;j, ¢;, ¢;, Y, C'} and prices {w, p;, ry, R} for all i, j and b, such
that:

(i) household, non-financial sectors and banks problems are solved,

(1) market clearing conditions are satisfied

(i13) price of capital (t = 1) and price of aggregated final good (t = 2) are taken as
numeraires, and

(iv) {l, D and C'} > 0.

In order to obtain the gross domestic product (GDP), we need the demand for

intermediate goods and capital at equilibrium:



V(1 — a)w;;q;
gy = L vy (1.36)

Uj

. Vi Qip ( op )
b= | (1.37)
o ( ¢—) L+0

These solutions depend on the I-O network, W, given by the so-called influ-

ence vector® v

v = %(11 (11— W1 (1.38)

This is in fact the solution to the ratio output-consumption goods in equilib-
rium where the matrix of input-output shares, identity matrix and vector of ones

are given by:

w11 ... Win 1 ... 0 1

=
I
i
f

Wpi .. Wpn 0O ... 1 1
nrn nrn nxl

In the same way, such capital solution depends on the network of capital in-
termediation between banks and I-O sectors implicit by the parameters ¢;;,. This

is because such parameter represents a typical element of the matrix, ®, that tell

3This name was given by Acemoglu et al. (2012) in their seminal paper on networks and ag-
gregate fluctuations.



us the proportion of capital provided by bank b in the production of sector i:

¢11 s ¢1m

(bnl anm

nxTm
We will focus now on the equilibrium in the second period because this is the

time when connections become relevant, and the shock is realised.

Proposition 1. A unique rational expectations equilibrium exists. In such equilibrium

the natural logarithm of the value added in the second period (In'Y) is given by:
Iny =T — i v; In i 2 (1.39)
i=1 b=1 b

where ¢;, is a typical elements of the matrix of capital intermediation, de-

scribed previously, and z, is the idiosyncratic shock. I' is composed of parameters:

where

1 Inwy; ... Inwy, In vy

|
Il
=
Il
<
Il

1 Inw,, ... Inw,, Inwv,
maxl nxn nxl

From the equation of the In Y one can see that the real value added in a multi-



sector economy with banking capital intermediaries is given by the banking shocks,
2, escalated by the elements of the influence vector, v/, and the elements of the
matrix of capital intermediation, ®, that together reflect a network multiplier of

connections in the economy, which is the source of co-movement.

1.5 Volatility of GDP

I use as a measure of volatility the standard deviation of the logarithm of GDP. 1

adopt the following definition:

Definition 2. The volatility of the aggregate value added is given by:

Vovar(InY) = J var (r - i [vi In (zm: (i—:)]) (1.40)

i=1 b=1

Given the assumptions on the distribution of shocks, the variance of the natu-

ral logarithm of GDP is:

Proposition 2. The variance of In'Y is given by:

var[lnY] = Z ) Z V00 (1.41)
i=1 i,jii<i
Where:
mo42 2002 g
512 = ZbZ]_ ¢7,b0-b (O—b + ) : (1.42)
<22n:1 b/ (0f + 1))
_ " badipol (07 + 1
0ij = 2 p1 PivPiv0y (0 + 1) (1.43)

(Zhs 6ay/©F 1)) (S e/ 1))



One important insight from this result is that the relevant statistics to charac-
terise the aggregate fluctuations are the variance of the distribution of the idiosyn-
cratic shocks, o7, the weights, ¢;, indicating the participation of capital provided
by each bank b in the product of i, and the elements of the influence vector, v;.

The expression for the volatility of GDP can be simplified assuming that the

variance of the distribution of shocks is the same for each bank.

Corollary 1. Assuming that individual variance of the distribution of shocks is the same

across banks and economies, o*¥(b € M), the variance of the natural logarithm of GDP

is given by:
var[lnY] = ¢* zm: n (1.44)
b=1
where §
m= Y vidw (1.45)
=1

which can be expressed as:

n

var(lnY] ~ o? zm: Z vigh 42 Z ViV Qi Pjb
i=1

b=1 0,j:i<j
N

. TV

variance effect per sector  covariance effect per sector

J/

Note that we define 7, as the network multiplier because it includes v;, which
is the ith-element of the influence vector (depending on the I-O network) and ¢;,
is the typical element of the capital intermediation matrix.

This result in the previous Corollary plays a major role in the comparisons of

volatilities in different economic structures economies as it highlights the struc-



ture parameter 7, in the effect on volatility.

1.6 Economy as a network

Given the expression of volatility derived above, one can see that to compare the
volatility of GDP across different economies it is sufficient to know the I-O matrix,
W, the matrix of capital intermediation, ®, and the parameter o.

Similarly to the recent literature on multi-sector economies, e.g. Acemoglu
et al. (2012), there are circumstances in which less information is required, for
example, in which volatility of GDP is simply a function of summary network
statistics such as degree and connectivity.

In this section, we define the relevant metrics for our model. In the next sec-
tion, we will show how the standard deviation and the marginal variance depend
on this metrics, therefore allowing to relate different levels of volatility to various
economic structures. I will demonstrate the effect of the individual shock on ag-
gregate volatility under different topologies of the economy and analyse specific
cases.

We start by defining the I-O network and the bipartite network of capital in-

termediation.

Definition 3. The I-O directed network, 10, is given by the set of nodes (I-O sectors),
N = {1,...,n}, the set of directed links among sectors, E = {(i,j;,V(z’,j) € N}, and



the set of weights that is given by w = {wij,V(z’,j) € N0 <wy STAY T wij = 1}:
10 = (N, E,w) (1.46)

Definition 4. The capital intermediation network, BN, is a directed bipartite graph
given by two disjoint set of nodes, I-O sectors and banks, N = {1,...n} and M =
{1,...,m}, respectively; the set of directed links from banks to I-O sectors only, E =
{W,Vb e M AVi € N},and the set of capital weights, ¢ = {¢u, Vo € M AVi € N[0 < ¢ <TAD 1",

BN = (N, M, E, ¢) (1.47)

where the delimiter (a, b) represents a couple of connected nodes and — means
a directed link from a to b.

The economy can now be defined as networks in the following way.

Definition 5. The economy, E, in the second period can be represented by the elements of
the I-O network, 10, the capital intermediation bipartite network, BN, and the matrix of

the variance of financial shocks, 3:
E=(N,M,E,E,w ¢, %) (1.48)

We can represent this definition of the economy graphically as networks in the

following diagram (Figure 1.5).
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Figure 1.5: Representation of the economy as a network

1.6.1 Network metrics

In this part, we define the network statistics that will be relevant to characterise
GDP volatility in the economy. Evidently, these quantities need to capture the con-
nectivity, and more generally, the network importance of each node in the econ-
omy. As is now usual, this is obtained under the condition that the network effects
are not too large, that is small coupling parameters.

In the appendix, we show how the influence vector of 7 can be approximated
by a function of its out-degree and the out-degrees of the sectors connected to i.
For simplicity, we will call it sector degree from now on. The degree of each sector

is defined as follows:

n

Definition 6. The out-degree of each sector i is given by: d; = 3 \_, wj.

This definition tells us that the degree of a sector i is given by the total number
of sectors to whom i is providing inputs. Using the previous definition, we can

also obtain the second-order sector out-degree.

Definition 7. The second-order out-degree of each sector i is given by: d; = > iy djwji.



This measure indicates how important is a sector as a provider of inputs to crit-
ical sectors. This result shows that the second-order out-degree of sector i will be
higher as its sectors customers are providing inputs to a large number of sectors.

Now we define the out-degree of each bank b as the total number of sectors to

whom b is providing capital.
Definition 8. The out-degree of each bank b is given by: by = > 7", dip.

As in the case of the sector out-degree, the bank out-degree of b is a measure
of the connectivity of b as it is a weighted count of the number of sectors that are
obtaining capital from b. The statistics giving the second-order bank out-degree is

provided below.
Definition 9. The bank-sector interconnectivity coefficient is given by: B, = > | d;pup.

This definition is a measure of the interconnectivity between bank and sectors,
and it indicates if each bank is providing capital to sectors with a higher or lower
number of connections. The final measure is related to the interconnectivity of
banks and sectors, but considering for the latter their relevance as potential hubs

of the economy.

Definition 10. The second-order bank-sector interconnectivity coefficient is given by:

Eb = Z?zl C/i\igbilr

The statistics that we just defined can be computed for any given network
structure. Such statistics will be relevant as we can express the volatility of GDP

as a function of those.



1.6.2 Volatility and network metrics

The variance of GDP depends on the network characteristics, specifically, on the
connections and interconnectivity as defined in our network metrics of the previ-

ous section.

Corollary 2. Assuming that individual variance is the same across banks and economies,

o?¥(b € M). The variance of the natural logarithm of GDP is given by:

TN\ 2 e —
InY) ~ — b 1—a)B 1—a)’B
var(InY) ( )Z y + (1—a)B, + (1—a)"B,

n
=1\ Bank degree  Bank-sector int. coeff.  2nd order bank-sector int. coeff.

(1.49)

We can see that the role of the variance of the process underlying the idiosyn-
cratic shocks to any bank b on the total variance of GDP depends on the bank’s
outdegree, by, the bank-sector interconnectivity coefficient, B;, and the second-
order bank-sector interconnectivity coefficient By. The last two depend on the
sector outdegree d;. This result allows us to obtain the difference of volatilities
across economies since it relates volatility with the network metrics that defined
previously.

In the next sections, we compare different bipartite structures to analyse the
effect on GDP volatility. We will see that depending on the type of comparison it is
possible to ignore some metrics that are the same across economies. Additionally,
one important result is that the network location might be crucial to evaluate the

effect on the volatility of a change in the network topology.



1.6.3 Specific I-O networks

In this section, we define four distinct I-O networks to compare the volatility of
different economic structures. We consider the networks n, but with a different
structure of connections.

The vertical structure, /04, is obtained when connections follow a line from
the first sector until the n-sector, node by node, while the connections of the first

sector loops (Figure 1.6).

Vertical, I0 4

@ .............. @ ....... o @ ....... _ )@

Figure 1.6: Vertical network

Definition 11. The vertical network, [O4 = (N, E4,w,), is given by:

Ea= {<1,1§,<z’,¢+ 15,i e (N\n)}

Wwpa = {wn = Wit+15 = ].,VZ c (N\n)}

The second typical structure is the star, /Op, which is defined such that the
first sector loops while it sells inputs to the rest of the sectors (Figure 1.7).

Star, I0g

Figure 1.7: Star network



Definition 12. The star network, IOp = (N, Ep, wg), is given by:
Ep — {(1,2’ Vie N}

wp :{wﬂ = 1,VZ€N}

The circle structure, IOp, is also typical. It is obtained when the links form a

closed chain from sector 1 to the sector n, sector by sector (Figure 1.8).

Circle, I0p

Figure 1.8: Circle network

Definition 13. The circle network, IOp = (N, Ep,wp), is given by:

Ep = {(n, 1§, (i1 15, € (N\n)}

wp = {wy, = wir1,;, = 1,Vi e (N\n)}

Finally, the empty structure, /Op, is given by a structure in which each sector

loops, with no other additional linkages (Figure 1.9).

Figure 1.9: Empty network



Definition 14. The empty network, IO = (N, Ep, w), is given by:

Ep = {m\m e N}

We assume, for all of the previous definitions, that all structures share the same
N. The fact that all weights are equal to one follows from the assumption of a
constant return to scale technology that implies > 7, w;; = 1, Vi.

We can see that in the case of the I-O networks IO4, IOg and IOp, there is
no isolated node, all sectors are connected to each other indirectly, we call this
component-1. The /Op is different because all nodes are isolated, designated as

component-n. To characterise this difference we use the following concept.

Definition 15. A component-io, is a subgraph of the graph 10, such that for every couple
of nodes, i, j, there exists a path. Note that a path is a set of edges that connects (directed

or undirected) two or more nodes in a network.

We can categorise the specific networks in two groups, according to the mag-
nitude of the influence vector of directly connected sectors, namely as perfectly

balanced and unbalanced networks.

Definition 16. Any 10 network with n > 3 will be considered perfectly balanced if

V; = vy, v<7/,j .

Definition 17. Any 10 network with n > 3 and component-1 will be considered perfectly

unbalanced if v; > v;, V{1, j).



Where v; is the i-th element of the influence vector. Applying to this notions to

the definitions above, we see that each network belongs to one group only.
Lemma 1. Circle, IOp, and empty, 10y, networks are perfectly balanced.
Lemma 2. Vertical, 10 4, and star, IOp, networks are perfectly unbalanced.

These results are useful to analyse the effect on GDP volatility of different I-
O and capital intermediation structures. This because perfectly unbalanced and
balanced networks have different multipliers of propagation over the nodes of the

economy.

1.6.4 Specific bipartite networks

As mentioned earlier, we focus on the case in which there are no connections be-
tween banks. Although unrealistic, this assumption is useful to isolate the effect
of the interaction between banks and sectors and focus on I-O trades as a mech-
anism of propagation of shocks from the banking sector to the productive side of
the economy.

In this section, we define five specific arrangements for the bipartite network,
BN, linking banks to sectors. The location of the nodes will matter because we
will merge the BN network with the /O network to compare the volatility of the
economy, E, under different arrangements.

The first bipartite network to consider is when each bank b lends to only one
sector <. In order to allow all sectors to obtain loans, we assume for this configu-

ration, denoted BN;.;,that n = m.



Definition 18. The bipartite network, BNy.; = (N, M, By, b14), s given by:
N={Nt<n} M={N"<mm=n},U={ueN":u<nneN}
Eyq = {(b,i; {u,u),Yu € U}

P11 = {¢z‘b =1,Y(b,1) € El:l}

Network BNy.; can be graphically represented as Figure 1.10.

Capital intermediation bipartite network BN,
| b s

Figure 1.10: Bipartite network where each bank b lends to only one sector .

This network configuration will allow to compare the volatility generated by
different /O networks and therefore analyse the effect of I-O trades one under m
links.

The next network is the modification of network BNN;.; obtained by adding one
link to only one bank. In other words, we consider that bank b is lending to sector
i and j, whereas bank s is still lending to bank j, all other banks are lending to
one different sector. This assumption implies that now banks b and s are sharing
a proportion of the total lending to sector j,, ¢ € (0,1) and 1 — ¢, for bank b and

bank s, respectively. We call this graph BN, p(1.2).



Definition 19. The bipartite network, BNy p(1:2) = (N, M, E1:17b(1:2), P1:1,p(1:2)), IS given
by:

N={N"<n} M={Nt<mm=n},U={ueN":u<nneN}

Fl:l,b(m) = {m (u,u),Yu € U} U {m}
(¢ib =1, Vm € Eripaa) \ {m, (.83}

Dr:1,p(1:2) = bjp = b, vf m

br=1—8, if (539

Network BNy, (1.2 can be graphically represented as Figure 1.11.

\

Capital intermediation bipartite network BNy 5.1

Figure 1.11: Bipartite network where one bank b lends to two sectors.

For the next three specific networks, we will assume that the number of banks,
m, is equal to n/2, where n is the number of I-O sectors and that n is even,
mod(n,2) = 0. This assumption is innocuous as if n is an odd number, the ef-
fect of the last sector will always cancel out in the comparisons of volatility.

The third network is also a variation of the first one, BN;.;, but now obtained

by adding one link per bank. Each bank then provides capital to two sectors,



with banks b and s sharing a portion of the lending. More specifically, we are
assuming that only two banks share two common sectors and the same weights

for the common links, ¢ and 1 — ¢. We call this network BN,.,.

Definition 20. The bipartite network, BNy.o = (N, M, Eq., ¢9.5), is given by:

N:{N*gn},M:{NJrgm,m:n},U:{uEI\ﬁ:ugn,neN}

By = {(b, il <u,u§, (u, u+ 19&mod(u,2) =1, (u, u — 1;&mod(u, 2)=0,Yu € U}
dro= {00 =1- 0.0 =b) € Fra} U {60 =0,{bi £ 1] € Fro}

Network BNj., can be graphically represented as Figure 1.12.

Capital intermediation bipartite network BN .,

“.Q @ B
S 2
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s Sy
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Figure 1.12: Bipartite network where each bank lends to two sectors.

We consider a bipartite network where each bank provides capital to two sec-

tors, and we call it BN;.o.

Definition 21. The bipartite network, BNy, = (N, M, E1.5, ¢1.5), is given by:

N:{N+§n},M:{N+§m,m:n/2}



o = {0, (0.7 51 23, (5.0 1 5,37 ) ¥(b,5) € M, (0, ) € N}
P12 = {¢zb =1,V(b,i) € Em}

Again BN, can be graphically represented as Figure 1.13.

Capital intermediation bipartite network BNy,
b s

Figure 1.13: Bipartite network where each bank lends to different sectors.

The last network that we study is a variation of the previous one, BN;.,. The
difference is that now one bank, b, is lending to three sectors while the other bank,
s, is lending to only one sector and each of the rest of the banks is lending to two

different sectors. This bipartite network is designated as BN1.2 p(1.3),s(1:1)-

Definition 22. The bipartite network BN1:2,b(1:3),s(1;1) = (N7 M, El:Q,b(1:3),s(1;1); ¢1:2,b(1;3),s(1:1))z
is given by:

N:{N+Sn},M:{N+§m,m:n/2},U:{u€N+:5§u§m,m€M}

Brapnsen = { ) {u, 20— 1, G, 205, Yu € Uy U {5 )\ {54}
1:2,5(1:3),5(1:1) = {@'b = 1,Vm € ESCl}

Network BNy.251:3),5(1:1) can be graphically represented as Figure 1.14.



Capital intermediation bipartite network BNy, p(13) s(1:1)

Figure 1.14: Bipartite network where each bank lends to different number sectors.

The specific graphs defined so far will allow analysing the effect of adding one
link to specific locations and redistributing the links to different positions in the
network. In particular, using BNy.; 4(1.2) and BNy, we can compare the effect of
sharing the provision of capital to a common sector. Finally, using the last two
networks, we can examine the effect of diversifying the provision of capital by

banks.

1.7 Effect of network on volatility of GDP

To analyse how the network of input-output linkages affect the aggregate volatil-
ity and the role played by the connections of banks to sectors, we use the networks
structures and metrics defined previously. In this section, we assume that param-
eters a, n, and m are the same across all economies. Note that the only relevant
parameters to characterise the volatility of GDP are o7, ¢, and v;, for all i € N

andbe M.



1.7.1 Financial integration

Financial integration is analysed by looking at the effect of adding links between
banks and sectors. In particular, the effect of adding one link for only one bank
and the effect of adding one link for all banks. In fact, adding one link in a bipar-
tite network in which all sectors are already connected to a bank is equivalent to
integrate two banks using common links to one sector. In other words, we define
integration as when two or more banks provide capital to one or more common
sectors. In this way, we can compare the effect of volatility of integrating banks.

The baseline economies, before adding links are defined as follows.

Definition 23. We define the following configurations:

1. Vertical I-O and Bipartite with one link per bank: E4 1.1 = (BN1.; U104, X).
2. Star I-O and Bipartite with one link per bank: Eg 1., = (BNy4 U 10, X).
3. Circle I-O and Bipartite with one link per bank: Ep 1., = (BNy.4 U I0p, X).

4. Empty I-O and Bipartite with one link per bank: Ep1.4 = (BN U IOp, X).

Where the matrix X is the covariance matrix of the shocks, which is assumed
to be the same for all economies.
1.7.1.a Integration: Adding one link

In this section, we analyse the effect on the volatility of adding one link for only

one bank. The formal analysis of the role of the location of the link on the volatility



of GDP requires defining the economies resulting from the addition of one link for

bank b.
Definition 24. We define the following configurations
1. Eanapi2) = (BNiapao) U104, X).
2. Eprapa2) = (BNiapa2) U10B, X).
3. Epaap:2) = (BNiapa2) UIO0p, X).
4. Ep1apa:2) = (BNiapa2) U 10, ).

We can give the following graphical representation (Figure 1.15).

Economy, B4 Economy, E1apa:)
e ’ !
e 7 :
b s b s

Figure 1.15: Integration

The left diagram is the baseline economy defined at the beginning of the sec-
tion while the second diagram represents the economy when we add one link.
It should be noted that we are not specifying yet the location of the link bank b-
sector 7 in the I-O network as the site will be the variable under consideration. We
will focus on four structures, the vertical, star, circle and empty networks.

First, we adopt the vertical I-O structure and assume that n is large.



Proposition 3. Consider the vertical economies E 1.1 and Eo 1.1 p1:2) with n > 2 and
assume that a uniform idiosyncratic variance, o} = o?. The difference in volatilities is

defined as:

ar(n V)7, < [ar@Y)}? | if ({i,5) # {Lnd) | G # {Ln} g =n) || = 1,5 #1)

war(InY)lg? | < [var(in Y)];fltl,m ifl(i#1,5=D&(1—¢ < )] || [(i =n,j # 1)&(1—¢ < a?)]
ar(n V)2 > oar(Y)? (A 1,5 = 1D&(1=¢ > )] | [0 = n,j # D&(1—¢ > o?)]

ar(mY)JE?,, = ar(mY)J? |l # 1,5 = D&(1=¢ = a)] || [(6 = n,j # D&(1-¢

The above result indicates that the difference in volatility when we add one
link, keeping the same vertical structure, depends on the position of the new link.
Recalling that the new link represents the integration between two banks that
share a common sector. Volatility increases if the integrator sector is other than
the top of the vertical chain, or if the common sector of the two integrated banks
is at the bottom of the chain.

Additionally, volatility is going to increase if the common sector between inte-
grated banks is the top of the chain or if the non-common sector is the bottom of
the chain and a specific condition about the parameter is met (1—¢ < «?). This last
situation changes if the status about the parameter changes, yielding a decreasing
volatility or no effect at all.

The next comparison is performed using the star network.

Proposition 4. Consider star economies Ep 1.1 and Ep 1.1 p1.0) with n > 2. Assume a

a?)]



uniform idiosyncratic variance, o; = o*. Then the difference in volatilities is:

ar(n Y5 < ar(m Y2 i (L y# D) [ (i=1,5#1)

ar( ) | < [arY)|S? i i# 1 =1n(1-¢)(1—-a) < ad
[var(lnY)hlEﬁm > [var(In Y)]]}Egl:l,b(m) if i#l,j=1nl-¢)(1—a)>ad
ar(n )7 = larmY)]? i i# 1,5 =1,n(1=¢)(1-a)=a¢

Also, in the case of star economies, the effect of adding one link on the volatil-
ity difference depends on the position of the new link. The standard deviation in-
creases if the two integrated banks are lending to satellites sectors, that is, sectors
other than the centre of the star. Volatility also increases when the non-common
sector is the centre of the star. The difference in volatilities also depends on the
location and the value of specific parameters. Volatility increases when the com-
mon sector is the centre of the star and n(1 — ¢)(1 — a) < a¢. On the contrary if
n(l — ¢)(1 —a) > a¢ volatility is going to decrease after integration. There is no
effect if the relationship holds with an equal sign.

Finally, when we compare empty and circle economies, the location does not

matter.

Proposition 5. Consider the empty and the circle economies Ep 1.1, Ep1.1, Ep 1:1p1:2)

and Ep 1.1 p(1:2) With n > 2. Assuming a uniform idiosyncratic variance, o2 = o Then



the difference in volatilities is:

1/2
Ep 1:1,6(1:2)

[var(lnY)]]lE/;M < [var(InY)]

1/2
Er1.1,6(1:2)

[var(ln Y)]IEQM < [var(lnY)]

The previous result shows that adding one link to integrate two banks will
increase output volatility. The effect of adding one link increases volatility in the
case of a circle or an empty economy:.

To gain some intuition on the previous three propositions, we need to analyse
how volatility depends on the network. The comparison in volatility for all the

previous configurations can be written as:

2 2 < 2 2 9
v + v; = | (v —i—ngzﬁ)J + (1= ¢)"v;
influence bankb  jnfluence bank s be fore influence bankb  influence bank s after

After adding one link between bank b and sector j, the network multiplier of bank

b increases and the one of bank s decreases, since ¢ € (0, 1):

0§ (vi—l—vjqb)Q—vz +£1—¢)2vj2-—vi

.

change influence bankb  change influence bank s

Therefore determine the direction of the change in volatility when one link is



added, we need to determine which effect dominates

0< 2000+ UJQ»(;SQ + —QUJQ»QS + UJ2»¢2 trueiff v;(1—¢) <,
—_— —— —— ——

change influence bank b change influence bank s

Both banks receive the same individual influence from sector j (vjz ¢?), but the
gain of influence by interacting for bank b (2v,v;¢) is greater than the loss of influ-
ence of bank s (—21}]2 ¢) if the influence of sector ¢ is equal to or higher than sector
j. This result occurs when bank b is lending capital to the most important sector
(the centre of the star or the top of the chain), or if the I-O structure is empty or

circle.

1.7.1.b Integration: Adding m-links

In this section, we analyse the effect of adding m links, one link per bank. The
resulting structure sees each bank providing capital to two sectors, and each sector
receiving loans from two banks. We assume that the variance of the idiosyncratic
shock o7 is the same across banks and economies, o2V(b € M).

The baseline economies are those defined at the beginning of the section, i.e.,
E1.1. The economies resulting from the addition of m links are set below where we

assume the same vector of shocks X for all cases.
Definition 25. We need the following definition:
1. Epnn = (BNap UIO4, B).

2. EB,Q:Q - (BNQ:Q U [OB, E)



3. ED72:2 = (BNQ:Q U ]OD, E)

4, EF’2:2 = (BNQ:Q U ]OF, 2)

These configurations can be illustrated as follows (Figure 1.16).

Economy, Eq4 Economy, E,.,
i 1 N \A’/ 1 1 \‘A’ ’ 1
i e < s ~ J L/ ‘ M ~ J
.o b S t u ces .ee b S t u eee

Figure 1.16: Integration: adding m-links

The left diagram represents the baseline economy, for a given I-O structure.
The right diagram is the economy resulting from the addition of m links, one per

bank.

Given our stated assumptions, we can show the following.

Proposition 6. Consider economies E4 1.1, Ep1.1, Ea20 and Eg oo, with n = m and

n > 3. Assume uniform idiosyncratic variance, o} = o?, for all banks. Then volatilities
satisfy
vvar(nY)g, > var(InY)g

var(ln Y>1EB,1;1 > y/var(In Y)]EBM

This result shows that for economies with perfectly balanced I-O structures,
namely E, 1., and Eg 1.1, there is scope to reduce volatility using integration of

two banks, as long as at least one link per bank increases. In fact, as shown in



the proof of this proposition, to reduce volatility it is enough to integrate two
banks by adding one link per bank and having two common sectors, provided
the banks have different network multipliers originated from an asymmetry in
the I-O network. On the other hand, there is no possibility to reduce volatility
if the I-O structure is perfectly balanced as in the case of the empty and circle

economies.

Proposition 7. Consider economies Ep 1.1, Ep1.1, Ep .0 and Epo.o, with n = m and
n > 3. Assume a uniform idiosyncratic variance, o} = o?, for all banks. Then the

difference in volatilities is:

Vvar(In Y)]Em:1 = v/var(ln Y)]ED‘Q:2 = y/var(In Y)Ep,m = v/var(ln Y)Em2

The previous results hold because all sectors have the same influence vector
and with bipartite networks, the overall network is the same.

In order to gain more intuition we compare the network multipliers of each
structures as this will allow us to understand the process behind the change in
volatility when many links are added. The volatility change due to the addition

of m links for each typical pair of banks (b and s) is given by the following;:

2 2 < 2 2 2 2
U; + vj = ¢ (Ui +Uj) +(]. — gb) (Ui —|—Uj)
influence bankb  influence bank s before influence bank b influence bank s after

Re-arranging the previous inequality, the change in influence of each pair is



given by:

0= ¢% (v +v;)° — v} + (1= ¢)* (v + ;) —v?/

>
~~

change influence bank b change influence bank s

Recalling assumption ¢, = ¢, V{i, b}, the joint change for each pair is:

0 > — (Ui - Uj)Q
—_———
joint change bank b and s
Therefore, the influence of each pair of integrated banks decreases if, and only
if, v; # v;. In other words, adding links reduce volatility as long as the influence of
the two relevant sectors are different, in this case, new links distribute the impact
and reduce the total effect of the shock. This finding applies to the star and vertical

I-O networks because the influence of each sector is different, while there is no

effect in empty or circle I-O.

1.7.2 Link redistribution

In this section, we analyse the effect of redistributing the existing links in the bi-
partite network. As when considering links, the location plays a fundamental role

in the effect of redistributing links on volatility.

1.7.2.a Diversification

We first analyse the role of the position of the banks within the whole network
in the resulting aggregate volatility when at least two links are redistributed. We

show that indeed the specific linkages between the sectors to whom each bank



provides capital are important for the magnitude of volatility when redistributing
at least two connections, everything else equal.

We define as an increase in diversification the increase in the bank-sector inter-
connectivity coefficient that emerges from changing the positions of the connec-
tions of banks. The analysis requires that the interconnectivity importance of each
bank be different, so that in the comparisons we use the second order approxima-
tion of the influence vector, as discussed in the appendix.

To analyse the effect of diversification on aggregate volatility we compare
economies with the same topology of input-output linkages but with different
bipartite networks. We decompose the analysis in two cases: 1) the case in which
banks provide capital to sectors with the same influence vector, and 2) the case at
which banks lend to sectors with different influence vector.

To provide precise results, I focus on two types of I-O networks, the vertical
and the circle. Note that this allows us to consider a perfectly unbalanced I-O

network and a perfectly balanced I-O network.

Definition 26. We consider economies with the I-O vertical structure, 10 4, and with the
circle network, I0p. All economies have the same bipartite network, BN .o, but differ in

the link’s location. They have the same matrix of shocks, 3. The notation is as follows.

1. Vertical I-O, bipartite (i.e., two links per bank, one per sector): E4 1.0 = (BNy.o U
104,%)

2. Circle I-O, bipartite (i.e., two links per bank, one per sector): Ep 1.0 = (BNy.p U
10p, %)



Assuming that the distribution of the bank’s shock has the same variance

across banks and economies, o7 = ¢?, for all b, we obtain the following com-

parison of volatilities for the same /0 4 but different bipartite networks.

Proposition 8. Consider the economy E 4 1.5, with n > 3 and m = n/2, and assume that
the variance of idiosyncratic shock is same across economies, o = o>. If the links of two
banks, b and s, are redistributed as shown in the diagrams below (Figure ??), the difference

in volatilities of GDP is:

Voar(ln Y)E,lq,m = /var(ln Y)]EgAJ:2

Economy, ]E}\,m Economy, ]Eil:z
b s oo b s sss

Var(ln Y)E?A,m > y/var(ln Y)]E‘im;z

Economy, E3 12 Economy, Ej 1,
b s b s

The validity of the result rests on the difference in the influence vector affect-

ing the network multipliers of each bank. In the first comparison, only sector 1



has a different influence vector then the others, so there is no benefit from diversi-
fication. In the second comparison, not only the n'" sector has different influence
but also the n — 1" has a different influence in network multipliers. Redistributing
the links as illustrated reduces the volatility because the network multiplier has
decreased.

For the next comparison, we still use the vertical structure, but the links of all

banks are moved horizontally as illustrated by the graph.

Proposition 9. Consider the economy E 4 1.5, with n > 3 and m = n/2 and assume that
variance of idiosyncratic shock is same across economies, o7 = o>. If the links of all banks

are redistributed as shown in the diagrams below, the difference in volatilities of GDP is:

Vvar(ln Y)Eix,m > /var(In Y)]E,A1 ,

Economy, Ej 12

Economy, Ep 1.

..... B _XTTERS

1 2 m-1

G

The previous result originates from the fact that at the bottom of the chain there

are two sectors that have a different influence than all the remaining sectors, this



affects the network multipliers and hence on total volatility.
In the last comparison, we use the I-O circle network. In this structure, the
influence of each sector is the same, so that there is no advantage to redistribute

the links for the banks.

Proposition 10. Consider the economy Ep 1.0, with n > 3 and m = n/2, and assume
that variance of idiosyncratic shock is same across economies, o2 = o2. If the links of
all banks are redistributed as shown in the diagrams below, there is no change in GDP

volatility:

Vvar(In Y>Eb,1;2 = /var(In Y>]Eb,1 .

Economy, ]E}.‘Il:z

This result tells us that under perfectly balanced I-O structures there is no ben-
efit from diversification, at least in the way we defined diversification. This result
rests on the fact that each element of the influence vector of i in any perfectly bal-
anced I-O network is the same for all sectors implying that the interconnectivity

importance is the same in any position in the network.



To analyse the three previous propositions, we compare the network multipli-
ers of the structures we considered to evaluate the process behind the change in
volatility. In the first economy, we assume that two typical pair of banks, b and
s, are lending capital to two sectors each, ¢ and j for b and k£ and [ for s. After
diversification, these same banks will lend capital to sectors i and £, in the case of
b, and j and /, in the case of s. This ordering represents all the possibilities that we
analysed in the previous propositions.

The volatility comparison -before and after moving links- for each typical pair

of banks (b and s) is:
2 2 < 2 2
(vi+v;)" + (v +v) S | (witw)” + (v +u)
S———r — —— ——
influence bank b influence bank s pe fore influence bank b influence bank s ¢ frer

After re-arranging the previous expression, the change in influence of each

pair is given by:

0= (v + v)? = (v +v;)° + (v + u)? = (vp + )

change influence bank b change influence bank s

After some simplification, the joint change for each pair is

0 § Evk —vj)(v; — Ull

joint change bank b and s

The change is positive if, and only if, {v; > v;}&{v; > v;} and the change

is negative iff {v;, > v;}&{v; < v} or {vy, < v;}&{v; > v;}. There is no effect



if the sectorial influence of the pair is the same: change in volatility requires a
difference in sector’s influence. More precisely, volatility increases when bank b
is lending to two sectors with similar (to s) larger influence. Volatility decreases
when b abandons a sector with a more considerable influence and while keeping
a sector with low influence. The effect of diversification is obtained considering

the distribution of sectoral influence achieved by each bank.

1.7.2.b Concentration

The last comparison of this section is between economies with the same structure
of connections among non-financial sectors but that have a different number of
connections per bank. The aim of this comparison is to evaluate how the distribu-
tion of links between the banks and the sectors is remarkable for the magnitude
of the volatility.

We define high concentration as an unequal distribution of links per bank and
no concentration as a uniform distribution of connections for each bank. To sim-
plify the comparisons, we consider only perfectly balanced and perfectly unbal-
anced I-O structures, the explicit I-O structure being specified in the result.

Holding the same I-O network we compare economies that have different bi-
partite graphs. For the first type of economy, E;.,, we consider the graph BN ..
In the second type, E1.2 (1:3),5(1:1) Wwe assume the bipartite network BNy.2p(1.3),s(1:1)

such economies defined as follows.
Definition 27. El;z = (BNI:Q U IO, E)

Definition 28. Ei.5(1:3)s1:1) = (BN1:2p(1:3),5(1:1) U 10, X)



Economy, Eq, Economy, E1apa:3) s(1:1)
ase b S ses wee b s e

The difference between economies E;.; and EE; ., to economy E1.5 y(1:3) 5(1:1) im-

plies an increase in concentration. In the following comparisons, all banks other

than b and s keep the same connections and location in both economies.

Proposition 11. Consider economies Eq.5 and Eq.5(1:3),s1.1) Where the I-O structure is
either the circle, I — Op, or the empty network, I — Op, with n > 3 and m = n/2.
Assume that the variance of the idiosyncratic shock is uniform, o = o2, across banks and

economies. Then the difference in volatilities is

Vvar(In Y)]EDJ:2 < y/var(In Y)ED,1:2,b(1:3),s(1:1)

var(InY )y < +/var(InY)g

F,1:2 F,1:2,b(1:3),s(1:1)

The previous result reveals that the location plays no role in the effect of con-
centration on volatility, provided the structure be perfectly balanced. On the other
hand, in the case of perfectly balanced structures, it indicates that increasing the
degree of concentration yields an increase in the magnitude of aggregate volatility
and this independently of the position of the change. Indeed, just modifying the
distribution between the links of two banks makes the volatility greater in such

structures.



In the next two comparisons, we use two perfectly unbalanced structures.

Proposition 12. Consider the economies Ey., and .2 p(1:3) s(1:1), Where the I-O structure
is the star network ,I — Op, with n > 3 and m = n/2. Assume that the variance of the

idiosyncratic shock is the same, o2 = o2, across banks and economies. The difference in

volatilities is

\/UW<IHY)EB,1:2< va’r(lnY)EBJZMLS)’S(LU
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VoarY)g, |, > VearnY)g, o i) # 180 = 1en(1-0)(2-0)* > 1
Vvar(nY)g, > Voar(nY)g, o if i} # 18d = 1&n(1-a)(2—a)* =1

Proposition 13. Consider Ey.o and Eq.2 5(1.3)5(1:1), Where the I-O structure is the vertical
network ,I — O 4, withn > 3 and m = n/2. Assume that the variance of the idiosyncratic

shock is the same, o = o, across banks and economies. Then the difference in volatilities

18:
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The two results above show that the difference in volatilities when there is a
redistribution of links between two banks such that the number of links for one
bank is increased depends strongly on the location of such banks and their links.
We found that the majority of the locations, under some conditions, generate an
increase in volatility when the concentration of links on one bank increases.

However, it is important to highlight that it is not always the case that a higher
degree of concentration implies a greater volatility when the structure is perfectly
unbalanced. In fact, we found that in the majority of cases when the remaining
sector of the bank that lost a link is the centre of the star, or the top of the chain, the
volatility of such economies is going to decrease. To see why this is happening,

we can look at the networks multipliers for a relevant pair of banks (b and s):

(v +v;)° + (v + ) = | (vi+v+ u)® 4 v?
—— —— —— ~~~

influence bank b influence bank s pe fore influence bank b influence bank s 4 f4ep



After moving one link, sector £ and bank b are now connected, and the network

multiplier of bank b increases while the one of bank s decreases:

0 ; (v + v 4+ ve) = (vi +v;)° + 3},2 — (v + vl)Qj

change influence bank b change influence bank s

Re-arranging the previous inequality we can see which effect dominates and un-

der what condition:

0 < 2up(v; +v;) +vp+  —2vp0 — v} true iff: v < wv; +v;

change influence bank b  change influence bank s

Both banks b and s have the same individual change from sector & (v7) with
opposite sign. However, the gain from the interacting effect for bank b (2v,(v;+v;))
is greater than the loss for bank s (—2v;v;) when the joint influence of the original
sectors that receive loans from bank b is greater than the influence of the remaining
sector that receive loans from bank s (v; < v; + v;). This result is always true for
the circle and the empty network, and for the vertical and the star network when
[ is not the most dominant sector.

In light of the previous results, we can conclude that economies that have a
bank with a greater number of links is not always going to imply higher volatility,
especially when considering asymmetric I-O structures and with different location

of banks and links.



1.8 Empirical exercise

In this section, we analyse the structure of the U.S. economy and its changes be-
tween 2000 and 2010. In particular, I focus on the Input-Output linkages and the
banks-to-sector lending. To I-O linkages are well documented and represented as
the W matrix we have seen before. For the bank-to-sector lending where we use
data new data and compute the capital intermediation matrix ®.

To construct the I-O matrix, note that a typical element of the matrix W, w;;, in
fact, represents the proportion of inputs from the sector j used in the production
of sector i. This information for the U.S is provided by the Bureau of Economic
Analysis. In the case of bank-to-sector lending, the typical element of the matrix
®, ¢, indicates the proportion of lending by bank b in the total borrowing of
sector 7. This data is not widely available as most of the data that could be used to
build such a matrix is proprietary or not disclosed. The strategy of this paper is to
create the ® matrix using syndicated loans data, as we are going to describe later.

Once the W and ® matrices are made available for the different years under
consideration, we can analyse the effect of changes in the connections over time
have on the aggregated volatility of the economy. As we will see, in fact knowing
the elements w;; and ¢;;, for each period and the proportion of input used in the
total production 1 — ¢, is sufficient to obtain the variation in GDP volatility over

the years.



1.8.1 Data

The I-O matrices are constructed using the annual input-output data from the Bu-
reau of Economic Analysis. In particular, I focus on the data about the use of
commodities by industry, valued at producer’s prices, first for 71 NAICS indus-
tries and later for 14 aggregated sectors.* The input-output data is originally in
dollars, thus, to obtain the W matrix we had to compute the proportions of inter-
mediate use for each sector. Note that the financial sector is excluded from this
computations as this sector is explicitly model and the relevant connections are in

the bank-sector intermediation matrix.

All edges

Figure 1.17: I-O Network of the U.S. in 2006

Figure 1.17 shows W matrix at the 14 sectors level. The graph representing the
full network, including all edges, is a very dense. As many edges are minuscule,
imposing a lower threshold of 0.1 makes the graph easier to read and highlights

star sectors as manufacturing and professional services.

“http://www.bea.gov/industry/io_annual.htm
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Another interesting insight is that when considering only edges greater than
0.1, the I-O output structure, or the W matrix, is nearly constant over time. For
example, the right-hand part of the diagram for 2006 and 2010 show a subtle vari-
ation in the weights.

The input-output tables also give the average proportion of intermediate goods
in the total production, 1 — «, discounting labour as in the model labour does not
add value. On average 60% of total production is accounted by the value of inputs
implying that the value of a should be 0.4.

The bank-to-sector intermediation matrix, ®, is constructed from syndicated
loans data. Loans are provided by one or more banks to one specific firm or cor-
poration. We use this data because data on bank intermediation is not publicly
available. We think this does not affect our results as the syndicated loans mar-
ket represent almost half of the commercial and industrial lending in U.S. (see,
Chodorow-Reich, Gabriel (2014, QJE)).

Syndicated loans data we use is from Thomson One proprietary database for
years 2000 to 2010.° This database is worldwide data on syndicated loans that in-
cludes the name of the corporation (borrower), own NAICS code, country, amount,
maturity, and banks (lenders) name.

To simplify the analysis, we considered the main bank lender as the lead man-
ager on the contract. We examined loans to firms with specific domicile nation
as the U.S. The total number of banks represented each year ranged between 273

in 2009 and 444 in 2005. These sums are obtained ignoring the fact that many of

Shttps://www.thomsonone.com
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such banks are members of the same holding. In a second part of the analysis, we
consider only banks that account for a significant proportion of the lending, the
resulting pool of banks being much smaller.

To build each annual ¢ matrix we had to merge two separate matrices. Indeed,
the first set of data contains information about the syndicated loans per firm indi-
cating the respective NAICS code. With this set, we define a matrix with sectors
as rows and individual loans as columns, in millions of dollars, designated by S;.
Note that we had to match the Thomson-NAICS codes to the BEA-NAICS classifi-
cation as in some cases there is a different coding, taking as primary classification
the latter.

The second set of data contains information about syndicated loans per bank.
We use this set to construct a matrix of zeros and ones with banks as columns and
individual loans as rows, S,°. The intermediation matrix with banks as columns
and sectors as rows, in millions of dollars, is obtained as the matrix product S/ S..
In fact, this data allows deriving the weights, which are represented in the bank-
to-sector matrix P.

In Figure 1.18, we represent the input-output network and the bank-to-sector
intermediation network, the related links being blue for the I-O network and grey
for the bank-to sector network. In the diagram only the 6 biggest lenders are

shown and links with weights less than 0.1 are ignored.

®We assumed proportional participation in the case of loans with more than one lead manager,
this due to lack of information.

"The biggest six lenders are JP Morgan, Bank of America, Citigroup, Wells Fargo, Goldman
Sachs and Morgan Stanley. For these banks, we include all the holding that belong to each major
group, and we took into account merges and acquisitions in the period, for example, Bearn Stearns
bought by JP Morgan in 2008
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Figure 1.18: Bank-sector and I-O networks in the U.S. in 2006 and 2009

It can be seen that from 2006 to 2009, there are changes in the capital interme-
diation network but not in the I-O structure. For example, in 2006, Wells Fargo
had one link, whereas in 2009 this number increased to 4. In fact, we can see than

the number of connection have increased for the majority of banks.

1.8.2 Results

We now compute the empirical variance using the network metrics that defined
previously. We use both the matrices of input-output trade, W, and the bank-to-
sector intermediation matrix, ®, for all nodes but only for the subset of the biggest
banks.

The expression for GDP volatility as a function of network metrics is given by:



o= (2)
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1 Bank degree  Bank-sector int. coeff.  2nd order bank-sector int. coeff.

where
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From these matrices, we can compute the relevant metrics. We use the value
of o obtained from the data for each year. The multiplier calculated for each year

in the period 2000-2010 is given by

~ 2
(bbﬂg + OétBb,t + OétZBb,t>
1

[Network multiplier|y g, = 3
b=

In Table 1.1 we report the annual change in GDP and take this as the observed
volatility.

There are two ways to compute the predicted volatility generated by shocks to
the financial sector. The first one is calculated using the share of the total output by
the financial sector, multiplied by the industry shock. To model the shock we use
the percentage changes in the quantity index for GDP from the financial sector,
and this is done to exclude nominal effects. Using this basic measure, we find

that the financial sector accounts only for a small part of the total volatility. For

example, in 2007 the volatility of GDP generated by the financial sector was only



. Contribution Network multiplier Network
% changes in

. % of total to GDP : - spillover
quantity . Implied volatility
indexes output volatility Coefficient* of GDP** effect
M 2 (2)-(1)
2001 10.18 7.79 0.79 128.53 2.80 2.01
2002 0.43 7.78 0.03 136.75 0.13 0.09
2003 0.74 7.83 0.06 122.31 0.21 0.15
2004 -0.28 7.78 -0.02 144.08 -0.09 -0.06
2005 8.95 7.75 0.69 138.86 2.62 1.93
2006 4.31 7.84 0.34 103.89 1.09 0.75
2007 -2.62 7.95 -0.21 115.11 -0.69 -0.48
2008 -13.05 7.44 -0.97 130.75 -3.59 -2.62
2009 15.76 7.58 1.19 108.68 4.43 3.23
2010 -0.06 7.29 0.00 110.25 -0.02 -0.01

*Using a computed from NAICS tables, 14 industries.
**Idiosyncratic volatility of financial sector using % changes in quantity indexex for GDP. Implied volatility is calculated as the squared root of the
network multiplier scaled by a times idiosyncratic volatility over the number of sectors.

Source: Combuted usine information from BEA and Thomson One.

Table 1.1: Financial sector and volatility of GDP in the U.S from 2001 to 2010

—0.21% whereas the aggregate fluctuation registered in the national accounts was
1.78%.

The second approach, reported in the second column, is the computed volatil-
ity of GDP but using the network multiplier. First, it should be noticed that the
bipartite network of bank-to-sectors connections changes over time, leading to
a change in the corresponding network multiplier (differently from the I-O net-
work). Using these multipliers, and the expression for the volatility of GDP re-
ported earlier, we compute the fluctuation of GDP generated by the financial sec-
tor. The predicted values are greater than the ones obtained using previously
with simple weights. For example, in 2008 the fluctuation caused by shocks to
the financial sector using basic weights was —0.97%, whereas using network mul-

tipliers this value becomes —2.62%. These results re-illustrated in the following



diagram (Figure 1.19).
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* Network multiplier computed using I-O and syndicated loans data, idiosyncratic shocks come from data on financial sector % changes in quantity index.
** Weight obtained using proportion of total output by the finandial sector from the L-O tables, multiplied by the fin-sec % changes in quantity index.

Source: Elaborated using data from BEA and Thomson One Analytics.

Figure 1.19: U.S. GDP volatility from 2001 to 2010

Finally, Figure 1.20 shows the empirical cumulative distribution of the loga-
rithm of the metrics composing the network multiplier (i.e., the bank-outdegree,
the bank-to-sector interconnectivity and the 2" order bank-to-sector interconnec-
tivity).

The analysis focuses on the years 2002, 2005 and 2010. These are chosen be-
cause in 2002 there was no expectation of a recession, in 2005 the fears of a re-
cession start to be widespread, and 2007-2009 are the crisis years, 2010 can be
considered in the aftermath.
In 2005 the structure of the economy looked prone to the propagation of id-
iosyncratic financial shocks. In fact, the network multiplier metrics related to
propagation of higher order effects (interconnectivity of 1% and 2"¢ order) are

much higher in 2005 than in the other years; leading to the view that the struc-
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Figure 1.20: Empirical cumulative distribution

ture became highly susceptible to spreading the shock and generate spillovers
from the financial institutions to the whole economy.

From these results, we can see that typically individual shocks do not aver-
age out and lead to sizeable GDP fluctuations, much larger than those obtained
using the aggregate financial sector with basic weights. Although I do not have
complete information on the transactions occurring in the credit intermediation
market, as in the model aggregate volatility is originated from a small individual
financial shock, this result shows the importance of the network in the transmis-

sion of the shock.



1.9 Conclusions

In this chapter, we developed a model with a multi-sector production economy
with I-O interlinkages and a financial sector to analyse the effect of idiosyncratic
shocks to banks on GDP volatility. In the model there is a financial constraint
that gives some rigidity to the financial sector, making this sector relevant. The
financial shock is characterised by the realisation of a random parameter involved
in the financial constraint.

In fact, the random shock represents a financial shock to the bank and could be
interpreted as changes in the reserve requirements imposed on the bank or shifts
in the “skin in the game” conditions, situations that lead to a reduction of capital
that a bank can potentially lend to a firm.

The real economy is modelled following the specification of intersectoral trade
via I-O linkages used Acemoglu et al. (2012). These elements are embedded in
a two-period model. The resulting multi-sector economy with uncertainty is still
tractable thanks to the type of rigidity adopted.

We show that a general equilibrium exists and recover the known result that
financial frictions work as a wedge and decrease the level of aggregate output. We
then proceed in the main direction of the paper. The analysis focuses on the role
of the structure of the economy, that is the network of connection among physical
sectors and between sectors and banks, in the propagation of financial shocks to
the real economy and its aggregate implications.

Analysing different structures of the economy, we find that, in general, GDP



volatility is decreasing as the variability of the interconnectivity of each bank is
reduced, as expressed by the network multiplier. In other words, the standard
deviation of GDP decreases as the interconnectivity coefficient is similar among
banks, while it increases when this metric shows a higher variability across banks.
This because the effects of different individual shocks are propagated with more
strength in the presence of asymmetries.

We also analysed the effect of adding links to the bipartite intermediation net-
work. We first consider the increase in integration provided by adding one link
to a specific bank, in which case after the addition the bank lends to a sector that
has in common another bank. In this case, the volatility of GDP can decrease or
increase depending on the position of the banks and the location of the common
sector in the network. On the other hand, when adding m links, one for each bank
in the network, the results still depend on the I-O structure, but always reduces
the volatility for vertical and star structures and have no effect on empty and circle
networks.

We studied the effect of diversification, obtained as a result of redistributing
the links of two or more banks in the network. In this case, we find that depending
on the position of the bank in the network, reducing diversification can decrease
or increase the effect on the volatility of an individual shock even for a specific
location. The latter is due to the difference in the elements of the influence vector
for each sector and the interconnectivity coefficient of the bank-to-sectors network
implying that there is no effect for perfectly balanced networks, as in this case, the

influence vector is the same for all sectors.



In general, aggregate fluctuations depend on the distributions of links between
banks and sectors and the location of such links. An economy with a uniform dis-
tribution of links per bank could be less volatile than an economy with an unequal
distribution, provided the bank with less link is not supplying capital to a great
influencer, that is, the star sector or the top of the chain in the vertical network.
The intuition behind this result is that the multipliers effects of the interactions
between the sectors that obtain the funds from the same bank are greater with a
non-uniform distribution of the bipartite links under specific locations.

Finally, we used input-output data and syndicated loans data to compute the
I-O and the bipartite intermediation matrices of the US economy for the period
2000-2010. We find that the structure of the economy is highly asymmetric; there
are star sectors like manufacturers and professional services, and star banks like
Bank of America and JP Morgan. We find that changes in the bipartite structure
over time lead to changes in the network multiplier while the I-O network remains
relatively steady.

Computing the GDP volatility using the network metrics, we find that individ-
ual shocks to banks do not average out and could lead to sizeable fluctuations of
GDP. Interestingly, the volatility is considerable higher when taking into account
the network multiplier rather than only using a basic aggregate computation of

the financial sector.



Chapter 2

Network structure of the sectoral
trade and aggregate fluctuations in

the United Kingdom

2.1 Introduction

An old but important question in Macroeconomic Theory is whether significant
aggregate fluctuations in economic activity can be obtained from independent
productivity shocks to individual disaggregated sectors. The Great Financial Cri-
sis (GFC) of 2008 highlighted the need to study further whether a shock in a spe-
cific sector or firm could propagate its effect to the whole economy.

The most common view in the Business Cycle Theory has been that idiosyn-

cratic shocks tend to average out in aggregation, the so-called “diversification ar-
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gument”. This answer discards the possibility that significant aggregate fluctua-
tions may originate from microeconomic shocks to firms or disaggregated sectors.

As argued by Lucas (1981) and Dupor (1999), idiosyncratic shocks cancel out
and would only have negligible aggregate effects, in this case, the aggregate out-
put goes to its mean very quickly.

To better understand this argument, assume an economy consisting of N sec-
tors hit by individual shocks, aggregate fluctuations would have a magnitude
proportional to + because the aggregate volatility of the output, when measured
using variance, will have a proportional relation to the independent shock multi-
plied by such factor: 02 ,p %, where o2 is the variance of a specific sector. As
N becomes larger, the effect of individual shocks becomes smaller.

This paper applies the original model developed by Acemoglu et al. (2012) to
analyse the network structure of the intersectoral trade in the United Kingdom,
and specifically, the possibility of aggregated volatility originated by a shock in a
specific sector of the economy. At the moment of its elaborating, this was the first
attempt to analyse an economy other than the United States and also it is the first
application of this model to the United Kingdom data.

A goal is to corroborate whether the results of propagation of idiosyncratic
shocks are present in the U.K. data. To do so, I explore different econometric tech-
niques to analyse the results sensitivity. For instance, apart from linear regression
I also used a Maximume-likelihood Estimation to address the specific problems of
the data.

Additionally, to the empirical application of the Acemoglu et al. (2012) model,



I apply a traditional network analysis to characterise the network structure of the
disaggregated U.K. economy. Specifically using other network measures to iden-
tify (if possible) which sectors of the British economy are the top and bottom play-
ers for the economy.

The above serves as a tool to analyse which sectors are “key players” for the
economy, being the top providers of inputs for the other sectors. This network
context is worth exploring since one would expect areas that have more connec-
tions are more likely to be influential because they can directly affect more areas.

Moreover, some sectors could serve as a “core” sector for the economy, with
much higher number of connections than many the network. Thus, some sectors
could be intermediaries for the rest of the economy.

Finally, one of the main concerns of the analysis is to obtain the rate at which
aggregate volatility declines, which depends on the structure of the intersectoral
network. It highlights the importance of different sectors as main suppliers to the
rest of the economy.

The rest of the chapter is organized as follows: i) Section 2 presents a brief
literature review; ii) Section 3 presents the model to estimate, which is the seminal
model described in Acemoglu et al. (2012), detailing the multisector economy set-
up, assumptions and main results; iii) Section 4 describes the main characteristics
of the data: the matrix of intersectoral trade in the U.K.; iv) Section 5 presents the
analysis of the network structure; and v) finally, I present the conclusions of the

chapter.



2.2 Related literature

At the beginning of the Great Financial Crisis of 2008, many of the existing models
predicted that individual shocks were not going to have large implications for
the aggregate economy (Stiglitz, 2010). The usual answer ignored the presence
of interconnections between different firms or sectors functioning as a potential
propagation mechanism of individual shocks throughout the economy.

However, the above does not mean there are no papers that tried to model
individual shocks in a disaggregated economy (e.g. Long and Plosser (1983, 1987),
Norrbin and Schlagenhauf (1990) and Horvath (1998)).

More recently, there are papers where network theory is used to explain ag-
gregate fluctuations. Some of the most known developed in recent year are the
ones by Carvalho (2010), Acemoglu et al. (2012). These papers analyse the flow of
intermediate inputs across sectors by adopting a network approach.

The general hypothesis of these last papers is that there exists co-movement
across sectors as a characteristic of fluctuations, and could act as a shock to the
production technology of a sector and could likely propagate to the rest of the
economy.

In this chapter, the relevant model is the one by Acemoglu et al. (2012). In this
model, they assume an economy with N sectoral goods and each sector is sub-
ject to an independent productivity shock of variance 0. Whether these sectoral
shocks propagate will depend on the network structure, then, we can consider

three extreme cases of network structure (incomplete, complete and star) as de-



picted in the Figure 2.1.

Incomplete Network Complete Network Star Network

Figure 2.1: Different network structures

Consider the linkages structure, where each directed link indicates the provi-
sion of inputs, in the case of incomplete and complete networks we can see that as
N increases and the economy becomes more disaggregated; shocks will average
out rapidly: o2, p x %2 This situation happens in the case of incomplete networks
because there are no links and in the case of complete networks because the level
of connectedness is so significant that the disruption in one sector decrease as the
number of sectors disaggregates.

An example of this implication, is to consider an independent sectoral volatil-
ity in the order of a standard deviation of 2%, and an economy composed by 100
sectors, we will expect an approximate effect in the aggregate volatility of only
0.2%, such GDP volatility is small to account for the empirically measured size of
macroeconomic fluctuations of >= 1%, and is increasingly reduced as we addi-
tionally disaggregated the economy.

This analysis changes in the case of star networks, if we consider the extreme
example in Figure 2.1 where only one sector provides input to the rest of the econ-

omy. We can see that if there is a shock in this specific sector, as /N increases,



sectoral shocks do not average out, shocks to sector 1 propagate strongly to the

a2
a

rest of the economy, generating significant aggregate fluctuations, o, p
The problem with this possibility is of how to define M and also which net-
work is present in economies with more realistic patterns of interconnections.
It is worth mentioning that the underlying multi-sector set-up used by Car-
valho (2010) and Acemoglu et al. (2010, 2012) is very close to the one in Horvath
(1998), Dupor (1999), Shea (2002) and Foerster, Sarte and Watson (2008). All these

papers are closely related to the original multisector real business cycle model of

Long and Plosser (1983).

2.3 Multisector network model

In this section, I describe the model of intersectoral linkages, which is the model
by Acemoglu et al. (2012), to analyse the economy as a network. This analysis is
fundamental given that one of the principal objectives of this paper is to explore
the assumptions and analytical results of this model using U.K. data.

The model by Acemoglu et al. (2012) is critical for the present analysis because
it provides a straightforward and tractable way to test the hypothesis of macroe-
conomics implications from idiosyncratic shock using data.

The multisector economy section of these models borrows from previous works
by Long and Plosser (1983) and Shea (2002). Nevertheless, the principal difference
and contribution are that it incorporates tools from the Network Theory that al-

lows them to express the structure of the economy as a network and to link such



structure to the volatility of GDP.

2.3.1 Multisector economy

This section describes the model used in U.K. data analysis. The Acemoglu et al.
(2012) model consists of a static multisector model for a closed economy without
government.

As mentioned before, this model is a version of the seminal work by Long
and Plosser (1983) and the static variation by Shea (2002). The model includes a
representative household in the consumption side and a multisector economy in
the productivity dimension.

Starting with the consumption side, this model considers a representative house-
hold that consumes N goods and supplies L labour hours inelastically. Each good
is consumed in the same proportions. Given this, and assuming log-utility over

the consumption of NV goods:

N1
U({CiHL) =)~ InG; 2.1)
with > " L; < L 2.2)

Consider the production side of the economy, with N sectors producing differ-
ent kinds of goods, where each sector is in charge of the production of only one
good, and all sectors follow a Cobb-Douglas technology with constant returns to

scale. Each produced good can be consumed by the representative household, or



it can be used as an input in the production of other goods (intermediate good).

Given this, the following function represents the production technology:

N

Yo ==Ly [Ty (2.3)
j=1
N
subject to Zwij =1, witha € (0,1), wherei=1,.... N (2.4)
j=1

where « is the share of labour hired by the sector i, w;; designates the share
of good j in the total intermediate input use of sector i and corresponds to the
entries of input-output tables, measuring the value of spending on input j per
pound of production of good :. In the equation (4) we can see that an idiosyncratic
productivity shock is included, represented by the term z;, this is a Hicks-neutral

shock to the good 7, and assuming:

z; = &;, where g; ~ N(0,0?) (2.5)

This productivity shock can represent changes such as a process of inventories
and shipments, a new line of products or R&D, variations in the level of capacity
utilisation, or idiosyncratic events like strikes or natural disasters.

The usual market clearing condition implies the following equation:

N
Y;:CM—ZY};J-, wherei=1,...,. N (2.6)
j=1

Acemoglu et al. (2012) apply the standard method to obtain the competitive



equilibrium in this model, this is, substituting the equilibrium input choices into
the production function and simplifying. Expressing such equilibrium in loga-

rithms they have:

y=vVe+pu (2.7)

where

v = %(}1 —(1-a)W')1 (2.8)

The N-vector y gives the logarithm of output in equilibrium and the N-vector
p is a set of constants defined by the parameters of the model. I'is an identity N x N
matrix, and W is a N x N I-O matrix that summarises the structure of intersectoral
trade because of each element, w;;, corresponds to the share of intermediate goods
used in production. The N-vector ¢ is the logarithm of the productivity shock z;
for each sector.

Therefore, using this model, we can see that considering more than one sec-
tor in the economy and independent productivity shocks, z;, the I-O matrix, W,
captures how sectoral productivity shocks potentially affect aggregate volatility.
Thus, the next step of this model, described in the next section, is the introduction
of the network set-up for the I-O economy to understand the relation between the

I-O structure and its potential mechanism of propagation of idiosyncratic volatil-

ity.



2.3.2 Matrix W as a network economy

The first important concept is the definition of network, which can also be called
a graph. Intuitively, a network is a set of linked nodes. The definitions of this
section are obtained from Newman (2010).

Assume N sectors that correspond to the set of nodes V' = {vy,...,vx}. Let the
links set, E, be a subset of the collection of all ordered pairs of vertices {v;,v;} €V,
where this set indicates the direction of links among sectors. When one link goes
out from a sector that is an input supplier to another sector (where the link goes
in), this is an adjacency relation v; — v; between all the elements of the set V..

We can now define the concept of a network (or graph), given that a network

is the set of linked nodes. The definition goes as follows:

Definition 29. G = (V. E). G is a directed sectoral linkages graph with node set V and

edge set E where each element of E is a directed arc from element i to j.

The adjacency matrix indicates only the presence of a directed link, not its raw

value. The concept of an adjacency matrix is the following;:

Definition 30. For a directed sectoral linkages graph G(V, E) define the adjacency matrix
A(G) tobean N x N matrix. If G is a directed graph, define the a;; element of A(G) to

be 1 if there is a directed edge from sector i to sector j and zero otherwise.

We can understand the matrix W as a graph, and decompose it as the product

of an adjacency matrix and a matrix that includes the shares of inputs traded:

W(G) = A(G)Dw (2.9)



where A(G) is an adjacency matrix that represents the structure of the inter-
sectoral trade because a typical element, a,;, would be equal to one if the sector i

provides input to the sector j, and zero otherwise.

Matrix Dy is a diagonal matrix with a typical element Dy, = 2%, where is the
k

d
wy, share of input and di" is the indegree of sector k.

Before describing the analytic results as in Acemoglu et al. (2012), we need one
definition that is a key assumption in the distribution of the network structure,

this is the concept of a power law. According to Clauset et al (2009):

Definition 31. Quantity k obeys a power law if it is drawn from a probability distribution
pr o< ¢k, where ( is a constant parameter of the distribution known as the exponent or

scaling parameter.

It is important to note that the scaling parameter, ¢, will be the key to estimat-
ing in the application of this model.

We can now describe in a proposition the principal analytical results to be ap-
plied. Intuitively, this result assumes that the distribution of the network struc-
ture, expressed in the network matrices W(G) and the corresponding A(G), fol-
lows a power law, and that the exponent of this power, (, will indicate us if the
volatility escalates with N7!, as in the law of large numbers, or with N~ with
v < 1, giving the possibility of a volatility decline arbitrarily slow. The following

proposition comes mainly from Acemoglu et al. (2012):

Proposition 14. Consider the equilibrium of a static multisector economy, where the

input-output intersectoral trade W is given by a graph W (GF'L) for any corresponding



adjacency matrix A(GTY), distributed as a power law with scaling parameter ( > 2, then,

whenever this is the case, 02, (W (GL)) is bounded below by:

O {02 (%)1 if ¢(>20r (2.10)

¢—1

O |o? (%)C] if ¢€(1,2) (2.11)

2

Where o2, p is the aggregate volatility, and o is the idiosyncratic sectoral volatility

caused by the shock z.

This result shows that the decay rate of the volatility, N~*, where v could be 1
or %, depends on the value that the scaling parameter ( assumes, and this value
will indicate whether the tail of the distribution is thin or fat, which regarding the
network intersectoral model shows the degree of symmetry of the linkages in the
economy.

If we consider the case of thin-tailed distributions of sectoral outdegrees, { > 2,
this implies that the aggregate volatility will decay as in the particular case of net-
works assumed by the law of large numbers, near-fully complete and symmetric
networks, where the aggregate volatility is proportional to N~ !:

0.2
Ohpp X ~ where (> 2 (2.12)

The above means, intuitively, that in economies with a large number of sectors

and a very symmetric structure, aggregate volatility will be negligible.

However, if we consider the case of fat-tailed region for ¢ € (1,2), aggregate



volatility will decline with N~", where v = C%l, that means a rate that is lowered
significantly:

1

-1
T
Ohpp X 07 (N) where ¢ € (1,2) (2.13)

We observe that for the tail parameter, ¢, as it approaches its lower bound,
aggregate volatility will go to zero slower. In contrast, if it approaches its upper
bound, then volatility will vanish.

In conclusion, we can simplify the analysis to the estimation of the tail parame-
ter, ¢, as it indicates if a particular structure is prone to propagation. Thus, the tail
parameter will tell us the implication for the aggregate volatility of a particular

network structure obtained from the data.

2.3.3 Traditional networks analysis

This section details the traditional network theory concepts used to characterise
the network’s structure of the economy modelled in the previous section.

In addition to the major network concepts that Acemoglu et al. (2012) use
to characterise the I-O structure; I include different network measures that help
to compare the specific qualities and characteristics of the network economy in
question.

Now, if one wants to characterise the structure of a graph concerning how well
connected, how complete or how symmetric this one is, one needs extra network
measures that could provide information about the distribution of the linkages,

the centrality of nodes and the possibility of clusters.



The first of these measures, which are used by Acemoglu et al. (2012) are the
indegree and outdegree for each node. These core measures are used to identify
the possibility of homogeneity or heterogeneity in the I-O network. However, it
is illustrative to have the concept of degree, as, in an undirected network, this

measure for a particular node is the number of links of this node with any other:

Definition 32. The degree d; of a node v;eV is given by the cardinality of the set {v; :
v; <> v;}. The degree sequence of a graph G(V, E) is given by {d;, ..., dn}

It is easier to understand that if we are considering a directed graph, where
the direction matters, we have two types of degrees: indegree and outdegree. The
first one is related to the number of links that enters the node; the second one is the
number of links that go out from a node. It could also be weighted or unweighted.

Saying this, the number of different inputs a sector demands in order to pro-

duce, measured by the columns sums of A(G), is the indegree:

Definition 33. The indegree di" of a node v;eV is given by the cardinality of the set
{vj : v; = v;}. The indegree sequence of a graph G(V, E) is given by {d", ..., d%}.

And, the number of different sectors a sector supplies inputs to, measured by

the row sums of A(G), is the outdegree:

Definition 34. The outdegree d?"" of a node v;eV is given by the cardinality of the set

{vj 1 v; = v;}. The outdegree sequence of a graph G(V, E) is given by {dJ", ..., d3"}.

These network concepts are the only ones used by Acemoglu et al. (2012) to

characterise the matrix of the I-O structure; however, to compare this empirical



application, it is useful to have additional network metrics of connectedness as

defined in the following concepts taken from Newman (2010).

Definition 35. The average in-degree c;,, and the average out-degree c,,; of every directed
network are equal to: c;,, = = S0 kit = L3N kout = ¢,y
To have a better understanding of the distributions of the input-supply and

input-demand of a network, following Newman (2010), we can use the centrality

concept.

Definition 36. The betweenness centrality metric measures the extent to which a node
lies on paths between other vertices. Mathematically, let N, be 1 if node i lies on the
geodesic path from s to t and 0 if it does not or if there is no such path. The betweenness

centrality x; is given by: x; =, N,

Definition 37. Bonacich (1987) introduced another centrality measure, were considering
an adjacency matrix A, the centrality of node i (denoted c;), is given by: ¢; = 3 _; Ajj(a+
Be;),where o and [ are parameters. The value of « is used to normalise the measure, the
value of [ is an attenuation factor which gives the amount of dependence of each node’s
centrality on the centralities of the vertices it is adjacent to. The centrality of each node is

therefore determined by the centrality of vertices it is connected to.

A different centrality measure that indicates the degree of influence of a spe-
cific sector is the clustering coefficient, that identifies possible groups at which the

inputs trades concentrate.

Definition 38. The clustering coefficient for a node i represents the average probability

that a pair of i’s nodes are neighbours of one another and is defined as:



number of pair of neighbours of i that are connected)
(number of pairs of neighbours of i)

0 =\

This clustering coefficient measures how influential a node is and whether two

neighbours of a node are not connected directly.

2.4 Data

The focus of this chapter is to analyse the intersectoral network structure of the
U.K. economy and study its implications for aggregate fluctuations as predicted
by Acemoglu et al. (2012).

The data is obtained from the Office for National Statistics (ONS) for the period
1997-2010. According to the Office for National Statistics in the United Kingdom,
there are three different approaches to the estimation of Gross Domestic Product
(GDP)!: production (output), expenditure, and income.

The Supply and Use framework ? is the part of the National Accounts system
which focuses on the production and reflects the production of sectors in which
intermediate goods and primary inputs are used.

The supply table shows the output of domestic sectors. The Use Table is com-
posed of intermediate demand and the final expenditure.

The latest set of Supply and Use Tables have been produced based on 109 sec-

tors and constitute the finest level of disaggregation available for the U.K. inter-

1http: / /www.ons.gov.U.K./ons/guide-method /method-quality /specific/economy /national-
accounts/a-guide-to-supply-and-use-process/index.html
2Tbid.



sectoral trade data 3.

2.5 Analysis of the network structure in The United
Kingdom

In this section, using the Supply-Use data for the United Kingdom described pre-
viously, I analyse the network of intersectoral trade. After this, and most impor-
tantly, using the network measures of indegree and outdegree along with different
econometric approaches, I explore the results implied by Acemoglu et al. (2012).

The first part includes the network characterization of the U.K. input-use data
for the period 1997-2010. Using graphs and metrics from network theory, I explore
not only the centrality and clustering of the network structure but also the degree
of symmetry in the distribution of connections among sectors.

The second part considers the empirical evaluation of the assumption that dis-
tribution of outdegree follows a power law. I estimate the tail parameter ( de-
scribed in the previous section using different methods available and commonly
used in the literature of networks and power laws.

Finally, I calculate the decay rate implied by this tail parameter and I described

the implications for the output volatility in the U.K.

3bid.



2.5.1 Network Structure

In this section, as a first approximation to the data, I apply networks graphs. In
this way, the following graphs show the pattern of connections among sectors.

The empirical analysis (excluding Figure 2.3) considers only links from trans-
actions above 1% of the total purchases of each sector. This decision comes from
the fact that I want to discard trivial transactions between sectors and to focus on
the main components of total goods necessary to the production of any given sec-
tor, as applied in Acemoglu et al. (2012). Following this rule, I gather 85% of the
total value of intermediate input trade in the U.K. economy in 2010 and a similar
number for all other years considered.

We can see in Figure 2.2 the network structure of input transactions in the
UK. for 2010. To draw this graph (and Figure 2.3 ), I used a method of force
direct graph drawing; specifically, an algorithm called Spring-Embedding with
100 iterations calibrated by the geodesic distance, which consists of applying the
repulsion force proportional to the geodesic distance between node (Newman,
2009).

At first sight, it is hard to identify the degree of symmetry of this network
structure. Someone may argue that this network is relatively connected and highly
symmetric, as in the argument for the irrelevance of idiosyncratic shocks. How-
ever, we can see that some sectors are more important than other considering the

weight and links, in particular, the financial sector dominates all of the others.



1997

For every input transaction above 1% of the total input purchases of the destination
sector, a link between two vertices is drawn. Size of node is proportional to weighted

out-degree. Data: ONS.

Figure 2.2: Input-Output trade structure in the U.K. (1997 y 2010)

The problem becomes more complex if instead of the 1% threshold, I had
drawn without restrictions, as we would only have a visual mass. However, if
we look closely at the graph and filtering even more at 20%, we can see that there
are specific sectors that concentrate a big number of links, mostly in the centre of
the graph (Figure 2.3).

In Figure 2.3 we can clearly see a certain degree of asymmetry in the input
structure of this economy, and identify sectors that concentrate a large number or

links and sectors with only a few connections with the rest of the nodes. How-



ever, this visual approximation is not able to provide information about whether
asymmetry is in the input-demand dimension or the input-supply side, once we

consider the direction of the edges.

For every input transaction above 20% of the total input purchases of the destination
sector, a link between two vertices is drawn. Size of node is proportional to weighted

out-degree. Data: ONS.
Figure 2.3: Intermediate input flows between sectors in the U.K. (2010)
In Table 2.1 we can see different network metrics for the U.K. data in the period

where we have observations and the average. These metrics, as defined in the

previous section, allow us to identify the degree of connectedness in the network.



1997 1998 1999 2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010 Average

Average weighted
outdegree

Average outdegree 16.90 17.08 17.06 16.66 16.61 16.61 16.41 16.57 16.66 16.69 16.55 16.69 16.77 16.83 16.72
Average distance 2.21 219 2.22 224 223 228 2.29 233 232 232 2.33 2.33 2.33 2.31 2.28

0.990 0.990 0.991 0.991 0.990 0.990 0.990 0.990 0.990 0.990 0.990 0.991 0.990 0.990 0.990

Table 2.1: Input-Output trade structure in the U.K. (2010)

We observe that the average number of edges on each sector is 16.72, without
considering the direction, and considering that we have 109 sectors, which im-
plies a small degree of completeness. Same result if we consider the weights, the
average weighted outdegree is 0.9900.

From the mean distance from a node to other vertices, we can see that the value
is small 2.28 on average, meaning that the average shortest path between two
nodes is small. One explanation would be a large asymmetry in the network, this
is, we have many sectors with few link, but we also have many sectors with a large
number of connections. The latter is related to the assumption of heterogeneity in
the input-supply side discussed in the papers by and Acemoglu et al. (2012).

Table 2.2 shows the network metrics of (weighted) outdegree and (weighted)
indegreee used in the model described in the previous section, these measures are
presented only for the top 5 and bottom five sectors in this economy, ordered by
their weighted outdegree.

The values presented in the Table 2.2 indicate the presence of considerable
heterogeneity in the input-supply dimension. Considering the outdegree measure
we can see that the top 5 sectors have values that go from 50 to 96, but in the

bottom, we have isolated sectors and sectors with a unitary degree.



Bonacich

Weighted Outdegree Weighted Indegree Weighted weighted
outdegree Indegree** betweeness
outdegree

Top 5 sectors*
Financial services, except insurance and pension funding 3.92 96.14 0.41 82.43 81.57 20933
Employment services 2.82 57.36 0.38 85.14 15.56 12039
Land transport services and via pipelines, excluding rail 2.78 66.43 0.50 82.07 45.64 19799
Products of agriculture, hunting and related services 2.58 13.29 0.58 76.14 6.56 3521
Fabricated metal products, excl. machinery and equipmen  2.56 41.93 0.53 64.93 23.63 17504
Bottom 5 sectors*
Tobacco products 0.02 1.00 0.47 57.79 22.50 17378
Wholesale trade services, except motor vehicles 0.00 0.00 0.51 85.57 49.48 19514
Retail trade services, except of motor vehicles 0.00 0.00 0.40 92.00 103.41 19274
Owner-Occupiers' Housing Services 0.00 0.00 0.15 1.00 0.01 18681
Services of households as employers of domestic personnel  0.00 0.00 0.00 0.00 0.00 0

*Ordered by weighted outdegree

**Weighted as the proportion of total use taing into account total output.

Table 2.2: Network structure metrics in the U.K. (average 1997-2010)

These upper and lower sectors are according to the intuition, at the top we
have the financial sector, and employment services, that are general selling sectors
and provide inputs to a large number of sectors in the economy. In contrast, at
the bottom, we have the sectors at the end of the economic chain such as retail
and wholesale, but also we have very specialised sectors selling inputs to a tiny
number of sectors, such as the tobacco products.

We can confirm this feature if we look at the betweenness measure, which
measures the extent to which a node lies on paths between other nodes, in this
case, the top sectors are significant providers of inputs, in contrast to the bottom
sectors. The Bonacich outdegree, which counts the amount of dependence of each
node’s centrality on the centralities of the nodes it is adjacent to, confirms the high
degree of heterogeneity in this dimension.

Also in the Table 2.2 we can identify that if well we have heterogeneity in the
outdegree, the values for the indegree of the top and bottom sector are similar in

some case; we will later explore in more detail this key assumption of the model.



Table 2.3 comprises another useful centrality measure, the clustering coeffi-

cient for the 5 top and bottom sectors.

Top 5 sectors

Tobacco products 0.909
Products of forestry, logging and related services 0.891
Repair and maintenance of ships and boats 0.881
Remediation services and other waste management services 0.880
Repair and maintenance of aircraft and spacecraft 0.870
Bottom 5 sectors

Warehousing and support services for transportation 0.662
Telecommunications services 0.662
Financial services, except insurance and pension funding 0.655
Owner-Occupiers' Housing Services 0.000
Services of households as employers of domestic personnel 0.000

Table 2.3: Clustering coefficients per sector in the U.K. (2010)

We can see that the clustering coefficient is inversely correlated with the out-
degree type measures presented in Table 2.2; however, this measure allows us to
identify how important a sector is regarding the connections between the sectors
at which it provides inputs. Lower values of the clustering coefficient mean a
more important sector.

In the following part, we will test, using density and distribution estimates
for the indegree and outdegrees, the assumption of homogeneity in the demand
side of the network and the heterogeneity in the supply side. We can tell that
when these assumptions hold it is a network indicator of sectoral volatility by
Acemoglu et al. (2012).

In the case of the sector as input demanders, we define the indegree of a sector
i as the proportion of input use as a percentage of total output; calculating this
value for all the sectors in all the period, we can estimate the density of sectoral

indegree. Figures 2.4 and 2.5 show this empirical density for different years.



Empirical Density of Sectoral Indegree
United Kingdom 2010
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Figure 2.4: Empirical density of sectoral Indegree (2010)

Empirical Density of Sectoral Indegrees
United Kingdom 1997-2010
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Figure 2.5: Empirical density of sectoral indegrees (1997-2010)

From these densities, we can see that the average sector in the U.K. procures a



significant amount of inputs from only a small number of sectors (~ 17 on average
across the years). In other words, the average indegree is small compared to the
total number of sectors (ratio 0.16), and most sectors have an indegree that is close
to the mean. Following Acemoglu et al. (2012), we find homogeneity along the
sectoral demand in the data of the U.K.

The next step is to analyse the sectors in their role as input suppliers; we had
a first approximation to this assumption with the metrics showed in the previous
tables, identifying the possibility of heterogeneity in this dimension. Now we
define the outdegree of a sector i as the number of distinct supply transactions.
The log-log plot empirical counter-cumulative distribution of the outdegrees, or
the probability, P(k), that a randomly selected sector supplies inputs to k or more
sectors (Figures 2.6 and 2.7).

I estimate the counter-cumulative outdegree distribution by ranking all the
sectors, for each year, according to their outdegree and we assigned an ordinal
series of numbers to this ranking, being 1 the sector with the highest outdegree.
The plots are in logarithm scale.

From Figures 2.6 and 2.7 we can see that the distribution does not follow a nor-
mal behaviour, potentially exhibits fat tails. This observation means a significant
heterogeneity across sectors. In other words, we find in the data some specialised
suppliers, such Tobacco, but also general purpose sellers, such as the financial
sector.

The above confirms the critical assumption of heterogeneity along the supply

side in the model detailed in the previous section, at least for the U.K. in for this
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Figure 2.6: Counter-cumulative outdegree distribution in the U.K. (2010)
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Figure 2.7: Counter-cumulative outdegree distribution in the U.K. (1997-2010)

period.

An important feature we can identify in the past two figures is the apparent
linearity in the tail of the distribution, which is usually associated with a power
law (Newman, 2010). Given the later, we need to test whether the distributions
of the outdegrees follows a power law, if this is true, we can continue with the

estimation of the tail parameter, ¢, and the implied decay rate, N=* where v = Cg—l



We can test whether a distribution follows a power law using the method sug-
gested by Clauset et al. (2009) which consists of sampling synthetic data sets de-
rived from a true power-law distribution. This approach is useful to assess how
far they fluctuate from the power-law form, and compare the results with similar
measurements on the empirical data, using a Kolmogorov-Smirnov statistic.

In case the empirical data set is considerably far from the power-law, then this
would not be a good fit to the data. Applying this method, I found on average
a p — value of approximately 0.6, which implies that the difference between the
empirical data and the model can only be attributed to statistical fluctuations and

does not reject the hypothesis that the data follows a power law.

2.5.2 Tail Parameter and volatility decline

In this section, I present the results of the estimation of the tail parameter, under
the assumption that the distribution of outdegrees follows a power law.

The estimation of this parameter is the main result of this chapter since the
value will indicate if idiosyncratic productivity shock to a specific sector might
have a significative aggregate effect in the output volatility of the United King-
dom.

Let be the counter-cumulative distribution of outdegrees, P(k) = S n_, pi,
this is, the probability that a random sector selected from the network economy to
k or more sectors, the number of sectors supplied, k, follows a power law distri-
bution where the p.d.f. p; is given by (where c is a positive constant and ( is the

tail index):



pe=ck™ for (>1 (2.14)

In practice, the power law applies only to values greater than a threshold, £,,;.,.
We can roughly see in Figures 2.6 and 2.7 that the tail of the distribution follows
a power law. An estimate on the value of ¢ can be obtained by running an OLS

regression. Taking the logarithm of both sides of the previous equation:

In(px) = CIn(k) + ¢ (2.15)

where these terms correspond to the empirical log-counter cumulative distri-
bution function and the log-outdegree sequence, respectively, plus a constant.

Unfortunately, Clauset, Shalizi and Newman (2009) show that OLS methods
can produce inaccurate estimates of parameters for power-law distributions. Given
this problem, there are two options to correct the estimation. In the first one, as
proposed by Gabaix and Ibragimov (2009), we estimate an OLS in the counter-
cumulative distribution, taking an exogenous threshold, k,, set at 20% of the
number of sectors. The problem with this method, as indicated by Clauset et al.
(2009), is that we can rule out important observations that constitute the power
law behaviour. The second option is a Maximum Likelihood estimator proposed
by Clauset et al (2009) taking an endogenous k...

We focus the attention in the endogenous threshold. Thus, we need to choose a
value that makes the probability distributions of the measured data and the best-

tit power-law model. The most common measure for quantifying the distance



between two distributions is the Kolmogorov-Smirnov statistic, which is the max-
imum distance between the cumulative distribution function of the data and the
fitted model.

Given this cut-off, the method implements an estimator of ( for the tail of the
distribution, equivalent to the well know Hill-ML estimator, which is asymptoti-

cally normal and consistent:

N

—1
k.
| : 2.1
Z N kmin] ( 6)

i=1

(=1+N

where k;,7 = 1...N are the observed values of k such that k; > &,

We assume ( > 1 since distributions with ¢ < 1 are not normalisable and hence
cannot occur in nature.

Table 2.4 shows the estimated results for the value of the tail parameter,
where: i) in the first estimation, I show the OLS over the whole distribution; ii)
in the next two estimations, I use an exogenous k,,;,, the first one determined
visually at about In(k,,;,) ~ 3 and the second one following the rule of 20%, fi-
nally; and iii) I use the estimates obtained by the endogenous Clauset et al. (2009)
estimator.

As I discussed earlier, the OLS estimation of the entire distribution presents
severe problems of accuracy, even the values for the tail parameter are below 1.

The second estimates, with the exogenous threshold, using the visual rule
gives an average estimate of the tail parameter which is near to the lower bound
of 2.

Analysing the following estimates with only 20 percent of sectors where I dis-



Exogenous Cutoff

OLS-Gabaix (2009) Clauset et al (2009) MLE
Only 20% sectors at with Endogenous cutoff*

OLS OLS-Visual cutoff
In(outdegree)>=0

the tail
4 s.e.  Obs. 4 s.e.  Obs. 4 s.e.  Obs. 4 s.e. Obs.
1997 0.867 0.054 106 2.371 0.147 41 4.667 0.426 8 1.222  0.145 71
1998 0.862 0.0566 106 2.378 0.143 41 4.180 0.547 8 1.092 0.118 85
1999 0.859 0.056 106 2.404 0.159 40 4.894 0.841 8 1.233  0.147 72
2000 0.883 0.055 106 2.280 0.161 41 5.307 0.919 8 1.242  0.145 73
2001 0.860 0.056 106 2.382 0.164 40  5.090 0.744 8 1.265  0.147 74
2002 0.856 0.0567 106 2.301 0.163 41 4.728 0.723 8 1.061  0.117 82
2003 0.887 0.056 106 2.287 0.166 41 5.236 0.769 8 1.256  0.144 76
2004 0.882 0.055 106 2.323 0.168 41 5.448 0.676 8 1.449  0.180 65
2005 0.881 0.055 106 2.264 0.170 41 5.319 0.697 8 1.387 0.168 68
2006 0.892 0.055 106 2.296 0.167 41 5.146 0.663 8 1.434  0.178 65
2007 0.886 0.054 106 2.236 0.1561 43  5.183 0.672 8 1415  0.174 66
2008 0.903 0.053 106 2.203 0.137 42 3.380 0.736 8 1.309  0.155 71
2009 0.902 0.0563 106 2.297 0.144 39 3.091 0.691 8 1.221  0.140 76
2010 0.904 0.053 106 2.254 0.151 39 3.282 0.727 8 1.259  0.147 73
Average 0.880 0.055 106 2.305 0.156 41 4.639 0.702 8 1.275  0.151 73

*Estimated using Clauset et al MATLAB routines: http://www.santafe.edu/~aaronc/powerlaws/

Table 2.4: Estimation of tail parameter (1997-2010)

card many observations on the right side of the distribution, these are, on average,
well above the upper bound of 2.

Finally, focusing on the last estimates with endogenous cut-off, we observe the
estimated value of the tail parameter, ¢, is near (1) for the period in question.

In fact, the tail parameter (estimated by MLE), ¢, is within ¢ € (1,2), implying
that aggregate volatility now declines with N at a slower rate than the argument
of the irrelevance of individual shocks. I show the decay rates in Table 2.5.

In Table 2.5 we observe the implied decay rates by the tail parameters esti-
mated, C, implying a significant fat-tailed behaviour, congruently with the finding
that there is substantial heterogeneity in the outdegree distribution of the network

structure of the U.K. economy.



Decay Rates using MLE- { estimates
1997 1998 1999 2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010 Average
Tail parameter ¢ 1.222 1.092 1.233 1.242 1.265 1.061 1.256 1.449 1.387 1.434 1.415 1.309 1.221 1.259 1.275

Decay Rate
v= (DI 0.182 0.085 0.189 0.195 0.210 0.058 0.204 0.310 0.279 0.302 0.293 0.236 0.181 0.206 0.215
n" 0.428 0.674 0.415 0.403 0.376 0.763 0.387 0.236 0.273 0.244 0.255 0.333 0.429 0.383 0.366

Table 2.5: Decay rates using MLE estimate (1997-2010)

This decay rate indicates that the variance is diverging with the number of
sectors, as we disaggregate the economy into finer definitions of sectoral tech-
nologies, large input-supplying sectors do not vanish.

As a final example, we can consider that if we move from a 1 sector economy to
a 100 sector economy, we expect to find only an approximately one-fold decrease
(1.2775 as implicated by the average of 0) in aggregate volatility, in contrast to a

100-fold decrease implied by the law of large numbers (0.009).

2.6 Conclusions

Using a detailed benchmark of the U.K. input-output accounts spanning from
1997 to 2010, we applied the model of intersectoral linkages by Acemoglu et al.
(2012).

It is important to note that in this chapter, I provide a more detailed empir-
ical approach to the evaluation of these assumptions, using additional network
measures, testing the power law distribution assumption and comparing differ-
ent methods to estimate the tail parameter.

Regarding the assumptions of asymmetries in the indegree and outdegree, we

found symmetry along the sectoral demand: these are sparse matrices reflecting



specialisation occurring at the level of narrowly defined technologies. Estimating
of the outdegree distribution, we found asymmetry across sectors in their role
as input suppliers. In the data, we have highly specialised input suppliers and
general purpose inputs.

On the assumption that input-use network structure follows a power law dis-
tribution, implementing MLE estimates of ¢ for the tail of the distribution, sug-
gested by Clauset et al. (2009), we found that distribution of outdegrees of the
UK. (1997-2010) follow a power law from an endogenously determined minimum
degree, with an average tail parameter (=12

Concerning the question whether aggregate fluctuations in economic activity
can be obtained from independent productivity shocks, the estimated tail param-
eter for the UK., implies a decay rate on average of N™¥ = 0.381. In this partic-
ular case, will converge to zero slower, in contrast to the irrelevance of individual
shocks argued.

Further empirical work would be the application to another available set of
data (and big enough) for different economies, addressing the use of a weighted
network with an appropriate methodology, and testing further sensitivity analysis
exploring medium and extreme samples of the network’s structure given by the

selected percentage of transactions to be considered.



Chapter 3

The network effects of correlated
shocks and capital risk sharing on

aggregate fluctuations

3.1 Introduction

The topic of aggregate fluctuations in the economic activity is a long-standing
question in the study of business cycles, not only the identification of the sources
of volatility is necessary to forecast the future pace of the economy, but also to
understand how the variance of the aggregate activity could be reduced. Regard-
ing economic policy, the analysis of the stability of the economy has taken more
relevance in the aftermath of the recent GFC.

Considering the existence of exogenous shocks to the endogenous variables
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that determine the equilibrium of an economy, I may think of these as the source
of uncertainty in the economic activity. However, a further inspection of this idea
involves the study of which type of shocks are the most relevant, their nature and
their relationship with the principal actors in the economy.

In a reductive way, I can think of two type of shocks, according to the number
of actors affected at first: aggregate or idiosyncratic. Aggregated shocks have a
first order effect or an immediate one, on all the relevant factors or variables in the
economy at the same time. Idiosyncratic shock has an initial and individual effect
on one sector/firm of the economy, and their far-reaching effect is heterogeneous
across the economy:.

One major issue is to identify the correspondence of such types of shocks to the
reality, and their relevance for the aggregate activity. It is hard to think of an event
that represents a proper aggregate shock since even traditional examples such as a
supply oil shock could be considered as an idiosyncratic productivity shock in the
oil sector. However, at the same time, there are several examples of idiosyncratic
shocks that precede aggregate consequences, such as the recent problem in the
housing sector and its effect on the recent GFC.

The next non-trivial question is to understand how such individual shocks
could have aggregate consequences. One way to think about this problem is to
assume propagation from co-movement. Intuitively, I can consider two sources
of co-movement: i) explicit correlation between idiosyncratic shocks emanating
from implicit characteristics embedded in the nature of the shock; and ii) explicit

relationships between the actors affected by individual shocks, working as a trans-



mission mechanism.

In this paper, I consider that modelling a multi-sectoral economy with a net-
work structure of input-output relationships is an adequate approach to study
different aspects of the structure of the economy that could be relevant for the
propagation of different kind of individual shocks.

The objective of this model is to analyse not only the relevance for aggregate
fluctuations but also the difference in aggregate volatility under different struc-
tures of the economy and different correlation magnitudes. One of the main in-
terests of this chapter is to contribute to the relevant literature by studying two
distinct kinds of idiosyncratic shocks that have not already been analysed under
different network structures of the economy. The first type of individual shock
is an idiosyncratic productivity shock where, unlike previous models, the shocks
are considered correlated, while the second one is an idiosyncratic shock to the
capital endowments of the firms.

Shocks to the capital endowments rented by the households to the firms, the
second kind of individual shock, assume that the representative agent only rents
his capital endowment to a subset of firms, implying joint ownership of firms
within a subset. The intuition behind this is the potential aggregate consequences
of capital risk sharing between firms under different network structures.

The motivation of this set-up is to identify whether the effect of an individual
source of capital is relevant for aggregate fluctuations, identifying whether this
shock to the wealth of the capital owner washes out in the aggregate or could

indeed propagate under an input-output structure.



The model presented in this chapter could be seen as an analogy to the Bernanke,
Gertler and Gilchrist (1999) financial accelerator where the changes to the wealth
propagates to the whole economy thanks to a financial friction, but in this case, I
assume a shock to the wealth that propagates through the input-output structure
without the need of a friction.

Regarding the capital risk sharing assumption, I allow for the possibility of
idiosyncratic productivity shocks correlated only in the case of firms within the
same subset and independent between firms of different groups.

The intuition of this last assumption is that even if it is true that we observe a
correlation of individual shocks, it is small, as documented in Foerster, Sarte and
Watson (2011) and Carvalho and Gabaix (2013). Thus, such correlation may only
be present between some firms sharing common characteristic not modelled.

In this sense, I follow the finding of Lamont (1997) that firms participating in
the same capital market can imply correlation. Additionally, I augment this last
model including financial frictions.

Specifically, I model a financial friction as a collateral constraint, similar to the
intuition of Kiyotaki and Moore (1997). However, the difference is that I assume
that due to a moral hazard problem each firm is not able to completely pledge its
corresponding income in the case of intermediate inputs bought from firms of a
different subset, a problem not existent in the case of input trading between firms
of the same subgroup.

Using the assumptions above, I analyse the aggregate volatility of the GDP

implied by each shock under different network structures and assumptions of the



distribution parameters. I find that the correlation does not wash out in the ag-
gregate. Specifically, under correlation values different to one, network structures
where there are dominant suppliers are more volatile than more homogeneous
structures.

The present model implies that under the same network structure, the volatil-
ity is greater in economies with greater correlation. In contrast, I also find that an
economy with heterogeneous levels of correlation implies a lower volatility than
the same structure with common correlation values at least equal to the greater
correlation in the first economy:.

In the model of capital risk sharing, I find that shocks to the capital endow-
ment do not wash out either, and assuming the same level of specific variance,
structures with dominant firms are more volatile.

Moreover, by analysing the same structure of the economy, with different ar-
rangements of groups and assuming the same shock to the group with greater
average network centrality, I find that an economy with groups involving directly
linked firms is more volatile than one with lower average network centrality.

Additionally, using this last model, I observe that comparing two economies
with the same network structure but one with groups of linked firms and another
with groups of not linked firms, the first economy presents greater volatility when
the correlation value is greater than zero. I also find that economies, where there
are dominant firms, are more volatile only under specific conditions of the value
of the individual variances and correlations. Finally, I find that the parameter or

the financial friction is not relevant for the aggregate fluctuations, but only at the



level of the GDP and the sales vector.

The present chapter is organised as follows: i) in Section 2, I introduce a brief
literature review of related models; ii) in Section 3, I present the model with cor-
relations of idiosyncratic productivity shocks; iii) in Section 4, I show the model
with subsets of capital risk sharing; iv) in Section 5, I present the integrated model

with financial friction; and v) I exhibit the conclusions.

3.2 Related literature

Our modelling choices are indebted to the seminal papers that analyse the aggre-
gate implications of input-output relationships under general equilibrium, find-
ing relevance of idiosyncratic shock in the aggregate as Long and Plosser (1983),
Jovanovic (1987), Long and Plosser (1983), Bak et al (1992) and Horvath (1998).

The seminal work of Long and Plosser (1983) constitutes an explanation of
how I can model relationships between sectors that imply relevant idiosyncratic
independent productivity shocks. The authors assume that each sector obtains
and sells intermediate inputs from and to the rest of sectors and that such rela-
tionships are the cause of aggregate fluctuations.

The focus on idiosyncratic shocks has gained renovated interest following the
papers by Gabaix (2011) and Acemoglu et al. (2012). One of the main results of
both papers is that individual shocks could have aggregate consequences; how-
ever, each offers a different explanation, the first one argues that the size of the

effect will depend on the distributions of the size of firms, and in the second one



will be depending on the structure of the network of input-outputs relationships.

My analysis of the aggregate fluctuations of the GDP is highly related to Car-
valho (2010) and Acemoglu et al. (2012), they model the economy explicitly as a
network, finding that the level of aggregate volatility from idiosyncratic shocks
depends on the network structure. The difference in this work is that I analyse
a different kind of shocks and additional assumptions about the structure of the
economy including subsets of firms. I share some similar findings such as the
result that network structures with dominant sectors are more volatile, I found
additional conditions depending on correlation levels.

The present work is also related to the granular model of Carvalho and Gabaix
(2013), first because of the common finding that idiosyncratic shocks could have
aggregate consequences, and second because of his alternative specification of
correlated shocks. The authors find that this inclusion is empirically relevant. I
conclude that under different correlations assumptions and structures, aggregate
volatility could differ. Considering this correlation specification, this is similar
to the assumption that Foerster, Sarte and Watson (2011) analyse in their model,
the difference is that they have a dynamic structural model and do not model
specifically the network of the economy:.

The model of subsets of firms is close to the network model of ownership of
Burlon (2015). The differences, apart from his model being dynamic, is that the
author does not model the input-output network, but the network of ownership
that emerges from the purchase of shares by the households. In this model, the

ownership emerges from the renting of capital by the representative agent to only



one subset of firms. Hence the type of shock that I analyse is also different. The
common result is the relevance for aggregate fluctuations of a non-trivial specifi-
cation of ownership groups.

The assumption of financial friction, though I find it not relevant for aggregate
fluctuations, is close to the model of Bigio and La’O (2013) since I also assume
that the revenue of the firms is not perfectly pledgeable implying a collateral con-
straint. The difference is that in my model the only transaction subject to a collat-
eral constraint is the purchase of intermediate goods from firms outside the group
of ownerships, whereas in their model all input purchases are constrained.

Carvalho and Gabaix (2013) consider idiosyncratic productivity correlated shocks
in an input-output model that could potentially be redundant as the co-movement
from linkages implies already a correlation. In this sense, I consider that analysing
the behaviour of volatility under correlated shocks for different network struc-
tures is important for this final purpose of incorporating the correlations under
more natural and restrictive assumptions in this last set-up, as I will describe later.

The idea of including financial friction in a model of input-output linkages
is shared by the work of Kalemli-Ozcan et al (2014) and Su (2014), though the
specifications differ considerably. In the first model, the authors analyse partial
equilibrium chains of production and financial shocks. The second model is a
dynamic model with a financial friction specification due to an agency problem
similar to Christiano, Motto and Rostagno (2014), however, he does not analyse
different network structures.

Finally, the result of the relevance of the financial friction for the aggregate



level of production, that could be seen as a wedge, is related to the literature of
misallocation in a network economy as the papers by Jones (2011) and Fadinger,
Ghiglino and Teteryatnikova (2015).

Besides this emerging line of study, there has been also empirical studies that
corroborate the importance of idiosyncratic shocks. Foerster, Sarte and Watson
(2011), Mizuno, Souma and Watanabe (2014), di Giovanni, Levchenko and Mejean
(2014) and Barrot and Sauvagnat (2014), among others, have documented the non-

trivial importance of firm and sectoral level volatility for aggregate activity.

Source: Estimated using EU.K.LEMS database

Figure 3.1: U.K. sectoral TFP correlation matrix

Empirically, with a simple analysis of the total factor productivity (TFP) of each
sector (Figure 3.1), I find that in the case of the U.K,, the correlation matrix is not

the identity matrix. For this economy, using sectoral data from the EUKLEMPS



database, each sector is positive or negatively correlated with the others. In fact,
considering 32 sectors, and calculating the correlations matrix using the TFP index
data, I found that the average correlations (excluding autocorrelation) are 0.1280,
0.1576 and 0.0774, in the periods 1980-2009, 1990-2009 and 2000-2009, respectively.

The following matrices show the correlation structure in two periods.

3.3 Multi-sector economy with idiosyncratic correlated

productivity shocks

3.3.1 Overview

In this model, I will describe the problem of the actors in this economy, the so-
lutions equations and the assumptions of the model. The two most important
characteristics of this model are that I specify a disaggregated production econ-
omy and that the idiosyncratic productivity shocks are correlated across firms.
One important part of the possible correlation of shocks across firms is given
by the input-output connections between firms. However, as I specify such rela-
tionships, I assume that the correlation could be present due to another factor not
explicitly specified, such as common ownership, common embedded technology

or same managerial practices.



3.3.2 Households

I consider a continuum unitary-mass of households with preferences over n-goods.
I assume a constant relative risk aversion utility function, with «'(¢;) > 0, u"(¢;) <

0 and lim., ,ou'(¢;) = 400 :

u(eyy ..y cp) =1In [H(Ci)l/”] = %Zln & (3.1)

i=1
where n indicates the total number of goods in the economy and 7 indicates one

specific good produced by one sector or firm. The household maximises the utility

over the consumption of n-goods, given by the following constrained problem:

max lz In¢; (3.2)

s.t.

Zpici = 7“2/%' + 27&' (3.3)
i=1 i=1 i=1

¢; is the consumption of the final good i, p; is the real price of each good, ;
represents capital rented to each sector ¢ at a price r. ; is the profit of each firm,

which in equilibrium will be equal to zero.

3.3.3 Firms

I assume a n number of sectors or firms that produce, in a competitive market, a

good i using capital and intermediate goods. The output could be used as a final



good consumed by the households or as an intermediate input in the production
of another sector.

In order to produce ¢;, each sector i uses capital, k;, rented from the households
at a price r, and intermediate inputs, ¢;;, purchased from sectors j at a price p;.
Production is carried out according to a Cobb-Douglas constant returns to scale
technology, f(-), that satisfies for each factor f(0) =0, f'(-) > 0, f"(-) <0, f'(0) =
00, f'(00) = 0. The technology of production is subject to a random productivity
shock, z;, identically distributed and correlated across sector, that takes the form
of a Solow augmented capital shock realised at the beginning of the period. Each

firm maximises its profits according to the following problem:

max 7; = piq; — rki - > it (3.4)

1,41j ]:1

s.t.
g = (ziki)” [ [ ot~ (3.5)
j=1
D wy=1 Vi (3.6)
j=1

oo = cap(p), i~ N(0,0% pyy € [~1,1]V)) Vi (3.7)

Where o € (0, 1) indicates the share of capital in production, w;; > 0 represents
the proportion of intermediate good j in the total use in sector i and is also a
typical element of the input-output matrix a-la-Leontief, where the sum of the
shares from each sector j in the production of sector ¢ have to add 1 according to

the assumption of constant returns to scale. The parameter p;; is the variance of



the logarithm of the idiosyncratic shock to sector i, and the parameter p;; is the

correlation between sector i and j that can take values between —1 and 1.

3.3.4 Market clearing

The market clearing conditions for the final and intermediate goods, and for the
capital are given by the following equations, where k is the exogenous endow-

ment of capital:

¢ + Z Gij = qi Vi (3.8)
=1

n

> ki=k (3.9)

=1

3.3.5 Equilibrium

Definition 39. I define a competitive equilibrium in this set-up as the set of allocations
(¢i, ki, iz, qi) and prices (r, p;) for (i,j) = 1, ..., n, such that:
(i) household and firm problems are solved,

(i1) market clearing conditions are satisfied.

The following are the solutions for intermediate goods and capital in equilib-

rium:

i 1l -« W;iqi
gy = L v, (3.10)
w
ki
[ (3.11)

N 2?21 Vi



These solutions depend on the network given by ~:

y=O-(1-a)W)'1 (3.12)

This is in fact the solution to the inverse of the ratio consumption/output in
equilibrium; where the matrix of input-output shares, identity matrix and vector

of ones are given by:

Wp1  --. Wnp 0 ... 1 1

3.3.6 GDP

Definition 40. I define the vector of influence or centrality vector as:
r_ [C -1
v/ = [—1 ([—(1—a)W) (3.13)
n

Proposition 15. I can express the equation for the natural logarithm of the GDP, Y, in
the following way:
Y=viu+A (3.14)

Where 1. is the vector of the natural logarithm of idiosyncratic correlated shocks



z; and A is a variable of parameters given by:

1— 1
AElnk+lna—l—ﬂ(ln(l—a)—l—V’Ww)—l— (V'— —1’)7 (3.15)
« n
In z; 1 Inwy; In
z = = U= W= y=
ln “n nxl fn nxl lIl wnj nxl hl Tn nxl

3.3.7 Volatility of GDP

I define the aggregate fluctuation in the economic activity as the standard devia-
tion of the logarithm of the GDP. I will call this measure of volatility as the stan-
dard deviation or the volatility of GDP indistinctly (omitting the word logarithm).

Using the equation found in the previous section I define the volatility as:

Definition 41. The volatility of the logarithm of the GDP is given by:
[war(Y)]Y? = [var(v'p)]*? (3.16)

Proposition 16. I can express the standard deviation of the natural logarithm of the GDP
in the following way:

1/2

ar(Y)V? = | Y ool + ) pijoiojuiv; (3.17)
i=1 itj



or

n n 1/2
[var(Y)]'/? = [Z Z /)z'jUinUin] (3.18)

i=1 j=1
Where o7 € (0,00) is the variance of each idiosyncratic shock to the sector i,
pi; € [—1,1] is the correlation between the shocks to the sectors i and j, being

pi; = 1 when i = j, and v is the i-th element of the vector of influence, v'.

Proof Proposition 16. To obtain the previous variance equation, and according to
the definition of volatility, I need to know the variance of the vector of random
correlated shocks, 1, as the vector of influence v’ is compose of parameters only. I
know that the distribution of the random shocks is the same, but I also know they
are correlated; thus, I need to consider the matrix of variance-covariance. The

multivariate distribution of the vector p is given by:
i~ N(0,X) (3.19)

where the parameters of the multivariate normal distribution of the vector of

random shocks are given by:

The matrix X is the matrix of variance-covariance where the elements on the

diagonal are the individual variances of the shocks and the elements outside the



diagonal are the covariances between each pair of shocks. I can obtain the covari-
ance of each pair 7, j concerning the correlation and variance parameters in the
following way:

Xij = Elpips] — Elp] Elpy] (3.20)

Recalling that E[x;] = 0 from the distribution of each shock, and that correla-
tion between ¢ and j is given by p;; = E[u;u ]/0,0;, the covariance of each pair
is:

Zij = Pij0:0; (321)

Then the volatility of GDP is given by:

[war(Y)]V? = vEv]/? (3.22)

where the diagonal of the matrix X is composed of the parameters o7 for each

shock, and the rest of elements is given by p;;0;0;. [ |

Corollary 3. Let o7 = o* and p;; = p for all i, j, the volatility of the logarithm of GDP

is given by:

war()]Y? = /o2 (p+ (1 - ) [vI3) (3.23)

Where || - ||2 is the Euclidean norm of the influence vector, this is, || v||s = />, v}

=1 "1

This particular result will be crucial later in this paper when I compare volatil-
ities between economies under the assumptions of same individual variance and
correlation. Also, in this result, one can already see that even when the Euclidean

norm of the influence vector is zero if there is correlation different that zero, the



individual volatility will not vanish in the aggregate.

3.3.7.a Volatility of GDP as a function of out-degrees

In order to express the volatility of GDP as a function of the out-degrees, I need to

define first such concept.

Definition 42. The out-degree of a firm i is given by number of firms to which i sells
inputs. In this case, given that the input-output matrix is compose of the weights w;;,
I will consider the weighted out-degree, d;, as sum of the shares of the input i in the

production of all the firms:
di=>"w (3.24)
j=1

Proposition 17. [ can express the volatility of GDP as a function of the out-degrees:

o n n _
[var(Y)]'/? = 5J SN oo (14 Ay + Zy + Uy) (3.25)
i=1 j=1
Where:

2y = (1—a)? (Zdwﬂ+2dw”> (3.27)
U, = (1—a)? (d Zdwﬂ+d Zdw”) (1—a)! (ZdwﬂZdw”> (3.28)

From this equation, the standard deviation of the GDP depends on the degree

of connectivity of each node measured by its outdegree, d;, but also depends on



the centrality of each sector measured by the outdegrees of the sector to which
this sector is connected, d;w;;. The question that arises from this result is which of
the former or the latter effects is more relevant. In the comparison section, I will

analyse this issue.

3.3.7.b Asymptotic volatility of GDP

To find the asymptotic volatility of GDP I need to assume that the number of
firms goes to a vast quantity, n — +o0. Additionally, I assume the variance of the

shock to be bounded below and above, o7 € (77,07

1=

), and that the variance and

the correlation do not depend on n.

Proposition 18. As n goes to infinity, the volatility of GDP can be expressed in terms of

the following lower bound:

n n

[var(Y)]'? = Q %J (di + Zn: diwij> (dj + zn: djwji) (3.29)

i=1 j=1

Where () represents the asymptotic notation when f,, = (g,,) if liminf,, o f./gn >
0. Using that bound I can compare the volatility of GDP and the relevance of in-

dividual shocks.

Corollary 4. The volatility of GDP, in the presence of idiosyncratic correlated productiv-

ity shocks, vanishes at an equal or lower speed than the bound implied by the law of large



numbers:

1 n n n n 1
"\ = = i=1 j=1 v
In this case, due to the network multipliers and the additional effects of the

correlation terms, the volatility decreases slower as n becomes large.

3.3.7.c Variance decomposition of GDP

The elements that are not in the diagonal of the covariance matrix, ¥, are com-
posed of the correlation coefficient, p;;, multiplied by the square root of the indi-
vidual variance of each pair, 0;. I apply the Cholesky decomposition to disentan-
gle the variance and the correlation parameters.

In this way, I can express the covariance matrix of the correlated idiosyncratic
shocks in the following way:

¥ =CC (3.31)

In this specific case, as I described in the previous section, given that the errors
have mean zero, each covariance term is given by p;;o;0;. Then, applying the

Cholesky algorithm, the lower triangular matrix C is given by the Hadamard



product of the following lower triangular matrices:

g1 0 0 f(ﬂ)ll 0 0

02 0O2 ... 0 f(p)gl f(p)gg 0

Q
Il
@)

On Op ... Op f(p)nl f(p)n2 s f(p)nn

- - - - nan

Where each element of the second matrix, f(p);, is a specific function of the
correlation parameters alone. Which in turn introduces the complication of find-
ing each element of the second matrix because, according to the Cholesky algo-
rithm, as I go farther from the first item, the next elements are functions of the
correlation parameters of the previous ones. However, having this decomposition
for n-small, I can express the volatility of the economy as a sum of terms composed
of the influence vector, the individual variance and the function of the correlation

parameters.

Proposition 19. Applying the Cholesky decomposition to the covariance matrix of the
correlated idiosyncratic shocks, I can express the volatility of the GDP in the following

way:
01 1/2

ar(Y)]'? = 1) (Z vioif (p)g) (3.32)

J=L \i2j
This expression follows from substituting the matrix X by the Cholesky ma-
trices C and post and pre-multiplying them by the influence vector v. I can use
this expression to analyse the data the effect of the correlation parameter and the

network position in the presence of an idiosyncratic shock to one specific firm.



This decomposition will be useful to determine the relevance of the correlation

parameters in any possible empirical application of the model.

3.3.8 Economy as a network

To analyse whether the aggregate fluctuations depend on the structure of the econ-
omy, I analyse specifically related cases. In the next sections, I consider specific
examples, in particular, five different kinds of economies. To analyse such cases, 1
need to define first the economy as a set of nodes and edges.

I consider five economies, A, B, C', D and F', with the same number of sectors,
n, but with a different structure of input-output connections represented by a net-
work. I will call the economy A vertical because the input-output downstream
follows a direct line of links among sectors. I will call the economy B star because
there is only one sector, star, providing inputs to the rest of the economy. I call the
economy C' tree because the first sector provides inputs to the second sector and
this one provides inputs to the remainder of the economy.

I call the economy D circle because the first sector provides input for the sec-
ond one, this to the third one and so on until the sector n provides inputs to the
first sector, closing the circle of inputs-outputs. Finally, I call the economy F' empty
because each sector is providing inputs to itself only, there are no connections be-
tween sectors.

For each of these economies, I have the following definition of a network.

Definition 43. Each economy represented by a directed network is given by the set of

nodes (sectors), N = {1, ...,n}, set of directed links among sectors, E = {(z’,j;, V(i,j) € N},



and set of weights, w = {wij,V(i,j) EN|0<wy <TAY T wy = 1}.

Thus, the vertical economy, A, the star economy, B, the tree economy, C, the

circle economy, D, and the empty economy, F, are given by the following net-

works:
A= (N,Es,wy) (3.33)
B = (N, Ep,wp) (3.34)
C = (N,Ec,we) (3.35)
D = (N,Ep,wp) (3.36)
F = (N, Er,wp) (3.37)

In each case, according to the assumptions, I can define the set of nodes and
weight for each economy as follows, where the symbol — means a directed link
and the delimiter (., .) represents a tuple of connected nodes.

In the case of the vertical economy, A, the set of edges and the respective
weights, are given by the links that include the first sector loop and the connec-
tions in a line from this sector to the n-sector, one by one, as described in the

following definition.

Definition 44. Given the set of firms (nodes), N, the vertical economy, A, is given by the

following set of edges and weights:

Eq— {<1,1§,<z‘,i+1§,v¢eN\n} (3.38)



wp = {wn = Wiy, = 1,VZ eEN \ n} (339)

The star economy, B, is defined by the set of edges and the respective weights
given by the first firm with a loop, this firm providing inputs to the rest of the

firms in the economy:.
Definition 45. Given the set of firms (nodes), N, the star economy, B, is given by the
following set of edges and weights:

Ep— {<1,z' Wi € N} (3.40)

The tree economy, C, is given by the edges and weights that include the loop
of the first sector, the connection between this sector and the second one, and the

provision of inputs by later to the rest of the economy;, as follows.

Definition 46. Given the set of firms (nodes), N, the tree economy, C, is given by the

following set of edges and weights:

N

Eo = {(1, 15, (1,25, (2,45, ¥i e N\(1,2)} (3.42)

We = {U)H = W91 = Wiz = ].,VZ eN \ (1, 2)} (343)

In the case of the circle economy, D, the sets of edges and weights are given
by the connections in a closed chain from sector 1 to the n-sector, one by one,

described in the following definition.



Definition 47. Given the set of firms (nodes), N, the circle economy, D, is given by the

following set of edges and weights:

ED:{<n,1§,<¢,z’+1§,v¢eN\n} (3.44)

Wp = {wln = Wiq1,; = 17VZ eN \ n} (345)

The empty economy, F), is given by the edges and weights that includes only

the loops of each sector, there are no more connections, as follows.

Definition 48. Given the set of firms (nodes), N, the tree economy, F, is given by the

following set of edges and weights:
Ep— {(z,z' Vie N} (3.46)

All the economies share the same set of nodes, N, but they also share the as-
sumption that all the weights are equal to one, > , w;; = 1. I can represent each
of those networks with the following graph (Figure 3.2):

In the following sections, the explicit modelling of the economy as a network
will have consequences for aggregate volatility. In fact, considering the existence
of an input-output structure implies different levels of volatility, for example, con-
sidering the economies described above, and the model parameters. I know that
when the share of capital, o, is very close to one, the relevance of the intermediate

trade in the product will be close to zero, in this particular case, the only source of



propagation will be the correlation parameter.

A: Vertical B: Star C: Tree D: Circle F: Empty

®

This implication is presented in the following diagram (Figure 3.3), where I

Figure 3.2: Typical network structures

plot the five economies described before with given parameters o2, p, for 100 sec-

tors.
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Figure 3.3: Volatility of In(GDP) when the intermediate inputs share increases



As the relevance of the intermediate inputs become larger, this is, (1 —a) — 1,
the standard deviation of the GDP will diverge according to the network structure
of each economy, scaled by the correlation parameter. In fact, there is a lower
bound of the volatility of GDP in the case of some economies. I will describe with

more detail this result in the following sections.

3.3.9 Comparison of volatilities

To identify the difference of volatilities given by the network structure, I can anal-
yse the specific examples of the previous economies.

In this section, I compare different economies, under different assumptions. I
find that the network structure implies a different level of volatility and that even
under a large degree of disaggregation, the volatility never goes to zero as long as

the correlation is different that this value.

3.3.9.a Same idiosyncratic variances and correlations, different network struc-

ture

To compare the volatility of GDP among the various networks, the main assump-
tion of this section is that the idiosyncratic variance and correlation parameter of
each sector are the same within and between economies, this is, the covariance
matrix, Y, is the same for all economies.

Additionally, using the definition of an economy as a network, I will consider
the same set of nodes, N, for all economies, but with a different set of nodes, F,

and weights, w, as depicted below (Figure 3.4).



A=(NE,w)X B=(NEgwp)E C=(NE,w)E D=(NE,wp)E F=(NE,wp)Z

® -6

Proposition 20. Considering economies A, B, C, D and F', assuming idiosyncratic vari-

Figure 3.4: Different economies

ance o? = o?, and correlation p;; = p € [—1,1), same for all sectors and economies, and
number of sectors, n, non-trivial but not very large, this is, 3 < n << +o0, the difference

in volatilities is:

Voar(Y) g > vvar(Y) s > var(Y) , > var(Y), = y/var(Y)

The previous proposition indicates that as long as the economy becomes less
regular or symmetric, as in the case of the economies B and C, the volatility of
GDP will become larger. Whenever economies are more regular and disaggre-
gated (Figure 3.5), the standard deviation of the economy will decrease.

The previous result agrees with the findings of Carvalho (2010) and Acemoglu
et al. (2012) for star and regular economies when p = 0. However, the difference
that I found is that such result also holds under the assumption that p € [-1,1).

In the following proposition I show the consequence when p = 1 giving place

to a new result.
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Proposition 21. Considering economies A, B, C, D and F', assuming idiosyncratic vari-
2 . 2 e . o o .

ance o; = o*, perfect positive correlation p;; = p = 1, same for all sectors and economies,

and number of sectors, n, non-trivial but not very large, this is, 3 < n << 400, the

volatility of GDP is the same for all economies:

Vovar(Y) g = Vvar(Y), = var(Y) , = Jvar(Y), = vvar(Y)

The network structure becomes irrelevant for the aggregate volatility assum-
ing a perfect and positive correlation. The idiosyncratic shock will be propagated
perfectly to each node, mimicking an aggregate shock.

One can see those two results in the following diagram (Figure 3.6). I plot the



standard deviation of GDP for different economies as a function of the correlation
parameter. I can see that when p = 1 the volatility of the economy is equal to

o = 1/0.05, as an aggregated shock originated from the perfect correlation.
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Figure 3.6: Volatility of In(GDP) as the correlation parameter increases

As long as the correlation increases, the volatility of the GDP will also increase,
for all the economies.

In the previous plot of the volatility of GDP as a function of the number of
sectors (Figure 3.5), I observe that as the level of disaggregation, the standard
deviation decreases, and in the case of the vertical economy, it will converge to

the level of the horizontal and circle economies. I analyse this limiting result in

the following proposition.



Proposition 22. Considering economies A, B, C, D and F', assuming idiosyncratic vari-

ance o? = o2, and correlation pi; = p € [—1,1), same for all sectors and economies, and

the number of sectors goes to infinity, n — oo, the difference in volatilities is:

nh_}rgo var(Y) g > nh_glo var(Y), > nh_)rgo var(Y') , = 7}1_{20 var(Y), = nh_}rgo var(Y)

When the number of sectors, n, goes to infinity also has implications to analyse
if the individual volatility will disappear or not. According to the law of large
numbers, when there are no connections and no correlation, in the economies
with lower variance, the volatility of GDP generated from idiosyncratic shocks
becomes zero as n goes to infinity (Acemoglu at al., 2012).

However, in the presence of correlated shocks with correlation parameter dif-
ferent than zero, the volatility of GDP never goes to zero, only reaches a lower
bound determined by the network structure. In particular, I found that the economies
with lower volatility (4, D and F)) reach the lower bound as a function of the in-

dividual variance scaled by the correlation parameter.

Proposition 23. Considering economies A, B, C, D and F', assuming idiosyncratic vari-
ance o} = o2, non-zero correlation p;; = p # 0, as the number of sectors goes to infinity,
n — oo, the volatility of Y never goes to zero and reaches a minimum value given by the
economies A, D and F':

Jim var(Y) 4 pcpr >0

inf{ var(Y) s popr:n— oo} =+/o%p



In the first panel of Figure 3.7, one can see that when the correlation is zero,
p = 0, as the level of disaggregation increases, the volatility of GDP goes to zero
in the case of vertical, circle and empty economies. However, if the correlation
parameter is different from zero, as in the second panel, p = 0.5, the standard
deviation of the GDP never goes to zero for all the economies, reaching a lower
bound in the case of vertical, circle and empty economies, equal to 1/o2p = 0.1581.

This result implies that even at greater levels of disaggregation, a shock to an
individual sector will have aggregate consequences from the interplaying of two
effects, the network effect that depends on the input-output structure, and the
correlation effect that depends on the covariance matrix.

As one can see in Figure 3.7, the idiosyncratic shock is propagated differently
according to the network structure, but it is scaled by the correlation parameter,
implying an increasing level of volatility as the correlation goes to one, value at
which the individual shock mimics an aggregated effect.

Now, I analyse if the important effect of the network structure in the presence
of an idiosyncratic shock is the outdegree (connectedness) or the higher-order con-
nectivity (centrality) of each node captured by, the higher orders of the influence
vector.

In particular, I know that the higher-order connectivity is a broader measure
than the outdegree because its recursivity depends not only on the outdegree of
each sector but also on the outdegree of the sectors to which this node is con-
nected.

One way to analyse this two effects is comparing the volatility generated in
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Figure 3.7: Volatility of In(GDP) scaled by correlation parameter

two economies from a sector with the same outdegree but different centrality be-
tween economies.

In the following Figure (3.8), I present the vertical and the tree economy, analysing
only the volatility generated by the sector 1. We can observe that the outdegree
of this node is 2 (loop and link to sector 2) in both economies, but the centrality is
different because in the vertical economy the outdegree of sector 2 is 1 and in the
tree economy is n — 1. The latter implies a different influence vector taking second

or higher orders.
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Figure 3.8: Volatility of vertical and tree economies

Proposition 24. Considering the economies A and C, assuming that the variance of the
idiosyncratic shock to the sector 1is o} = o2, and o7 = 0 for all i # 1, for both economies

and for all n > 3, the difference in volatilities of the GDP is the following:

\/UCLT(Y|O’Z-2 =0,Vi # 1)A < \/va'r(Y\af =0,Vi # 1)0

The result of this assumption is that, concerning the volatility of the economy,
the relevant characteristic of the network structure is not only the outdegree but
mostly the recursivity of the centrality of each node. Thus, it does not only matter
the sector to which each node is connected but the connections of its buyers and

the links of the buyers to its buyers, and so on.
3.3.9.b Same network structure, same idiosyncratic variances, different corre-
lations

In this section, I depart from the assumption that the correlation parameter, p, is

the same within and between economies. Specifically,  am interested in analysing



if the volatility of the economy depends not only on the network structure but also
in the correlation differences.

Moreover, I am also interested to know whether, under the same network ar-
chitecture, the presence of correlation between sectors that are directly connected
implies a lower level of volatility that the correlation between sectors that are not

directly connected.

AIZ(NﬂEAl’WA1)7ZA1 AQZ(NaEAZawAZ)azAQ

Figure 3.9: Vertical economies with different correlation structure

To make these comparisons, I analyse two vertical economies, A; and A,, with
the same set of nodes, links and weights, but with different correlation structure,
as depicted in the following graph (Figure 3.9).

To answer the first question, I compare the previous two economies assum-
ing the same correlation within economies but different between networks, as de-

scribed in the following proposition.

Proposition 25. Considering two economies with the same vertical network structure,
Ay and Ay; assuming that the variance of each idiosyncratic shock, c? = o, is the same

across sectors and also the same in the two economies; different correlation structure be-



tween economies, but same across sectors of the same economy; p;; = p, the difference in

volatilities of the GDP is given by the following relationships:
[oar(MI{Y > loar (L, if (0 € Ba) > (€ )

war(V)]{? < war(W)]{? if (p€ a,) < (p € Bay)
ar(Y)){? = ar(V)]Y? if (peEa)=(peTa,)

I present the result of this comparison in plot (Figure 3.10), where the volatility
of the GDP, in the case of the vertical economy, is an increasing function of the

correlation parameter.
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Figure 3.10: Volatility of vertical economy



Comparing to networks with the same structure and parameters but with dif-
ferent correlation, the one with higher correlation will dominate regarding the
magnitude of the standard deviation of GDP.

To answer the second question, I compare the same vertical economies again,
but now I assume that in the first economy there is correlation only between sec-
tors that are connected and in the second economy there is a correlation between
non-directly connected sector, correlation is zero otherwise, as described in the

following proposition.

Proposition 26. Considering two economies with the same vertical network structure,
Ay and Ay; assume that the variance of each idiosyncratic shock, o7 = o, is the same
across sectors and also the same in the two economies; assume that in the economy A,
there is correlation only between connected sectors, —(i, j), and in the economy A, there
is only correlation between unconnected sectors, m, and the correlation parameter, is
the same across economies, p;; = p; the difference in volatilities of the GDP is given by the

following relationships:
[var(V)JA) < loar(V)I if p € (0,1]

war(V)J{? > [var(Y)]} if p € [-1,0)

In the next plot, I illustrate this result (Figure 3.11). The dashed function corre-
sponds to the economy with correlated connected nodes, which is always greater
in volatility of GDP than the solid line, the economy with correlated unconnected

nodes, when p € (0,1]. Both functions are strictly increasing on the correlation



parameter as I previously found.

STTHIn TP

Figure 3.11: Volatility of vertical economy with correlated and uncorrelated nodes

This result tells us that when there is greater diversification regarding the cor-
relation structure that runs over the same network, this is, nodes non-directly
linked are more correlated, the volatility of GDP will be greater when there is
a positive correlation. The latter is because when there is an idiosyncratic pro-
ductivity shock hitting any sector, this will propagate downstream through the
network structure, but it will also be transmitted immediately to the nodes to

which such sector is connected, reaching faster and with more power the whole

economy.

Finally, I can analyse specific cases of different correlation structures over the

0.25

[ =

2
-
=]

(=]
-

0.05

Standard Deviation of In(GDP) Vertical Economy (o =005, a = (0.3, 7 = 10}
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-~
-
/,” —— Connected nodes comralaled
- — — Unconnecied nodes comelated
/
-
~
/
s
s
LR oz 03 04 A 06 orF 08 a3

Correlation parsmeter | g

same vertical networks as described in the following proposition.




Proposition 27. Considering two economies with the same vertical network structure, A,
and A,; assume that the variance of each idiosyncratic shock, 0? = o, is the same across
sectors and also the same in the two economies; assume different correlation structure
between economies, but same across sectors of the Ay economy, [pi; = pa,, V(i # j) €

3 4,); the difference in volatilities of the GDP is given by the following relationships:
var(V)I? < foar(L if [pas = (p¥(03)) > (p¥={E.0). Y00 # ) € B

ar(V)]Y2 > par(V)]Y2 if [oa, = (70, 30) < (pig¥00, 33), V(i # 5) € Ba,]
ar(V)]Y2 = ar(W]Y2 if [oa, = (p¥(i: 39) = (piy¥=i, 13, V(i # 5) € Ba,]

The first result indicates that when I compare an economy with homogeneous
correlation and one with a greater correlation of connected sectors, the volatility
of the homogeneous economy will be larger when its correlation is equal to the
higher level of the heterogeneous economy.

The second inequality tells us when the opposite occurs when the economy
with homogeneous correlation has a magnitude equal to the lower correlation of
the economy with heterogeneous correlation.

These results indicate that to reduce the aggregate volatility, one needs to de-
crease the correlation level, and to lessen the heterogeneity of the correlation struc-

ture over the network.



3.4 Multi-sector economy with idiosyncratic capital risk

sharing

3.4.1 Overview

As I did in the previous model, I will start describing the problem of the actors
in this economy, the main assumptions and the solutions equations of the model.
Besides the specification of a disaggregated production economy, the important
characteristic of this model is that instead of assuming idiosyncratic productivity
shocks, I assume individual shocks to the capital provided to each firm.

To characterise the relevance of this effect concerning the network structure, I
assume that the representative agent only rents capital to a subset of firms, this is,
to only one partition of the network economy.

I can interpret each subset of firms or sectors as the partition of the network
that receives funding, in the form of capital rented, from a specific agent, analo-
gous to the provision of capital from financial institutions to only some specific
firms.

One significant result of this set-up is that the network structure of the input-
output economy and the partition arrangements of capital shared interplay im-
plying a different level of volatility of GDP. Under this economy, there will capital
risk sharing effects that depend not only on the distribution parameters of the

shock but also on the network’s arrangements of the economy.



3.4.2 Households

I consider a representative household described in section (2), the difference is that
the representative agent is now renting his capital endowment to only a subset of

firms. I have the following problem:

max lz In¢; (3.48)

s.t.

ipici =7 Z k; + Z o (3.49)
i=1

1€Ms 1€ Ms

The subset of firms, M, is described in the following definition:

Definition 49. If the set of firms is given by N = {i € N*|i <n,n € N*} where i is
one firm or sectot, I define a family of subsets Ml = {M; € NT|M; C N;s € S} where S
is the index set defined by S = {s € N*|s < m,m € N*}, such that all the subsets are
pairwise disjoint, NsesMy = &, and the union of all subsets constitute the set of firms,

USESMS = N.

This definition will be crucial to compare different economies with a different

distribution of the capital shared between firms.

3.4.3 Firms

I assume almost the same specification for the firms as in section (2) with the

difference that there is no idiosyncratic Solow capital augmented shock. Each



firm maximises its profits according to the following problem:

glzl?_( T = pigi — rk; — ij%'j (3.50)
1,41g j=1
s.t.
g = (k)" [y " (3.51)
j=1
D wy =1 Vi (3.52)
j=1

where o € (0, 1) indicates the share of capital in production, w;; > 0 represents

capital the use in sector <.

3.4.4 Market clearing

In this section, I specify the different type of shocks, in contrast to the idiosyncratic
correlated shock in the model of the previous section.

The household can rent its capital endowment, K, ata price r, to only one
subset of firms, M, denoted by the index s. I assume that this endowment, K, is
subject to an i.i.d. random shock, z,. Each firm has a total capital demand equal
to k;.

In this way, the market clearing conditions for the final and intermediate goods,

and for the capital are given by the following equations:

j=1



D k= 2K, Vs (3.54)

1EMg
Where
2y = exp(is), ps ~ N(0,02) i.i.d. Vs (3.55)

3.4.5 Equilibrium

Definition 50. I define a competitive equilibrium as the set of allocations (c;, ki, gi;, q;)
and prices (r, p;) for i, j = 1,...,n, such that:
(i) household and firm problems are solved,

(i1) market clearing conditions are satisfied.

The following are the solutions for intermediate goods and capital in equilib-

rium:

i l1—« W;i4q;
Qij — Y ( ) JQJ (356)
Vi
K.
ke = 25tV 57 (3.57)
Z Yi
ZEMS

These solutions depend on the network given by v, which is the same vector

provided in the previous model.

34.6 GDP

Recalling the definition of the influence vector given in the previous section:



v = [%1’(]1 —(1—a)W)™*

After using the solutions of the equilibrium and the definition of the GDP as
detailed in Appendix 3.8, I can obtain an expression of the natural logarithm of

the GDP as a function of the parameters and the random shocks.

Proposition 28. I can express the equation for the natural logarithm of the GDP in the
following way:
Y =vImp+A (3.58)

where p is the vector idiosyncratic shocks, z,, to each capital endowment for

each subset of firms, M, and A is a variable of parameters given by:

(1-o)

1-— 1
A=V <IM(k—ﬁ) + WW—I—7) + ( aa) In(l —a)+1Inn— E1/7 (3.59)

where
In z; 1 In K Inwy;
zZ= = p= k= W=

In z, m InK,, Inw,,;

= maxl K maxl L 1 maxl nw J nxl
Inv; I 2. % (1) oo 1a (1)

7= ¥ = I =
In -, In > Iay(n) ... 1p,(n)
nxl | ieM,, mal nrm

and the i-th element of the matrix I is an indicator function of the member-



ship of a firm in the subset M, of N, taking the value 1 for all 7 in M, and the value

0 for all elements of N not in M,:

1 ifs e M,
Ly, (i) = (3.60)
0 ifi¢ M,
where according to the definition of the subset M, Y, 1,(i) = 1, which means

that each i belongs to only one subset.

3.4.7 Volatility of GDP

I define the aggregate fluctuations in the economic activity as the standard devia-
tion of the logarithm of the GDP, using the equation found in the previous section.

The definition of volatility is as follows:

Definition 51. The volatility of the logarithm of the GDP is given by:
[war(Y)]Y? = [var(v'Iyu)]? (3.61)

Proposition 29. I can express the standard deviation of the natural logarithm of the GDP

in the following way:

n m 1/2
(V) = [z 2 (2(14@'»205)] 662)

i=1 s=1
This result tells us that the structure of the variance matrix of the economy

will not be trivial and that it will depend on the arrangements of the partitions of



capital shared among sectors.

3.4.8 Economy as a network

To analyse whether the aggregate fluctuations depend on the structure of the econ-
omy, I investigate specific appropriate cases as I did in the previous model, but
now I incorporate an additional structure given by the subset of firms.

Considering two economies, 4, ,,, and B, ,,,, with the same number of sectors,
n, and the same number of subset of sectors, m, but with different input-output
structure and various elements in each subset of sectors.

I call the economy A, ,, vertical because the input-output downstream follows
a direct line of links among sectors. I call the economy B, ,, star because there is
only one sector, a star, providing inputs to the rest of the economy. Thus, I can
represent each of these economies by a network composed of nodes, partitions,

links and weights using the following definitions.

Definition 52. An economy is represented by a directed network given by the set of
nodes (sectors), N = {i € N*|i <n,n € N*}, sets of directed links among sectors, E =

{(i,j;,V(i,j) € N},and the set of weights, w = {wzj,V(z’,j) EN[0O<wy <ITAY T wy=1Vi€ N}.

The realised particular sets of partitions within the network, as I will suppose
that each partition (or subset) is receiving capital from the same actor. Thus, the
shock to the capital distributed to each partition will have different effects on ag-
gregate volatility according to the structure of the input-output economy and the
structure of partitions in the network. I will consider a partition following the

next definition.



Definition 53. Considering an economy represented as a directed network, each of the
nodes belongs to a family of subsets, M = {M, € N*|M; C N,s € S}, where S is the
index set defined by S = {s € N*|s < m,m € N*} such that all the partitions are pair-
wise disjoint, NgesMy = &, and the union of all partitions constitute the set of nodes,

USGSMS = N.

Thus, the vertical economy, A4, ,,, and the star economy, B, ,,,, are given by the
following networks:

Apm = (N,Ma, ., Ea,,.,wa,,,) (3.63)
BW»,m = <N7 MBn,nﬂ EBn,m’ an,m) (3'64)

In each case, according to the assumptions of each economy, I can define the
set of nodes and weight for each economy as follows, where the symbol — means
a directed link and the delimiter (., .) represents a tuple of connected nodes.

As in the previous section, in the vertical economy, A, the set of edges and the
respective weights are given by the links that include the first sector loop and the

connections in a line from this sector to the n-sector, one by one.

Definition 54. Given the set of sectors (nodes), N, the vertical economy, A, is given by

the following set of edges, weights and possible partitions:

Ea,, = {(1, 1§, (i + 15,V € N\ n} (3.65)

WA, = {wi1 = w1, =1,Vi € N\ n} (3.66)

MAn,m = {M&A c N+|MS7A - N,S € S, ﬂsESMS,A = @aUsESMs,A = N} (367)



The star economy, B, is again defined by the set of edges and the respective
weights given by the first sector with loop providing inputs to the rest of the econ-

omy.

Definition 55. Given the set of firms (nodes), N, the star economy, B, is given by the

following set of edges, weights and partitions:

Fy— {m,w en} (3.68)

MBn,m = {M&B c N+’MS7B - N,S € S, msGSMs,B = @,UsesM&B = N} (370)

Considering only four sectors, n = 4, which is the minimum non-trivial num-
ber, and partitions compose of only two sectors, m = 2, the possible combinations

of partitions are the following;:

M4»2 = {{1’ 2} ) {37 4}} (3.71)
Myo = {{1,3},{2,4}} (3.72)
M472 = {{17 4} ) {27 3}} (373)

For the purpose of analysis, I will consider only the first two possible combi-
nations, as I will show in the next section. In particular, I will use the first two
combinations in the case of the vertical economy, having Aj, for the first com-

bination, and A3, for the second combination. In the event of the star economy,



By, I will use only the first mix. Iillustrate these assumptions in the following

diagram (Figure 3.12).
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Figure 3.12: Four-sector economies

3.4.9 Comparison of volatilities

In this section, I analyse whether the arrangement of the capital shared by dif-
ferent sectors plays a role in aggregate volatility. To do this, I compare different
network structures with different partitions of capital sharing arrangements de-
scribed in the previous subsection.

I find that the diversification of the subsets of nodes, concerning the connec-

tions among firms, has a direct role in the level of aggregate volatility.

3.4.9.a Same vertical input-output structure, different subsets of sectors and

variances

In this comparison, I analyse the same input-output structure of two economies,
specifically, vertical economies with four sectors, but with a different arrangement

of partitions.



I assume that there are two partitions in each economy, but I suppose that in
the first one each partition is composed of directly connected sectors whereas, in
the second one, I assume that each subset is formed by sectors that are not directly
connected, separated by one node.

The idea behind those assumptions is to compare the effect of more diversifica-
tion in the capital risk sharing of the economy. In Figure 3.13, one can observe that
the second economy is more diversified concerning the direct connection between

the nodes with each partition.
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Figure 3.13: Diversification of a four-sector economy

I can suppose that the second economy is composed of representative agents
that take the role of financial institutions providing capital to sectors that are not

close traders, for example, agriculture and electronic devices.

Proposition 30. Considering the economies A} , and A3 , and assuming that the variance

of each idiosyncratic shock, o2, is the same in the two economies but different across for



each subset of sectors, the difference in volatilities of the GDP is the following:

war(V)]Y? = [ar()2 if of = o3

1 2
Ao Al

[UaT(Y)]UQ > [var(Y)]1/2 if 02 > o2

1 2
Ao Af o

[var(Y)]l/z < [UGL?“(Y)]U2 if 07 < o5

1 2
Ay o Af o

The result of this comparison tells us that when the idiosyncratic shocks are
the same between and within economies, the partition arrangement is irrelevant.
However, when the shock to the first partition of any economy is greater than the
shock to the second partition, the economy is less diversified and more volatile.

The opposite occurs when the shock to the capital provided to the second par-
tition is greater than the shock to the first one, for both economies, the economy
that is more diversified has a higher level of volatility. This result indicates that
the arrangement of the capital shared by each sector plays a first-order role in the
propagation of the idiosyncratic shock.

I illustrate the previous result is the following graph (Figure 3.14), fixing the
variance of the shock to the second partition, I plot the difference in volatilities of
GDP between economies as a function of the difference of the individual variance
to the capital shared by each partition.

Whenever the difference between the individual shocks is zero, the difference
in volatility of GDP is also zero. The difference of volatilities of GDP is positive
when the difference of the variance of the shock to each partition is positive, even

when I assume that the variance of each partition is the same between economies.
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Figure 3.14: Difference in volatilities of GDP

3.4.9.b Different input-output structure, same subsets of sectors and variances

In this section, I analyse the role of the input-output structure under the same
partition arrangements. In particular, I will compare the vertical economy and the

star economy as depicted in the following graph (Figure 3.15).

Proposition 31. Considering two economies, A} , and By, assuming that the variance
of each idiosyncratic shock, o2 = o} = 03, is the same in the two economies and the

same across subsets of sectors, the difference in volatilities of the GDP between the two

economies is given by:

[UCLT’(Y)]I/Q < [UGT(Y)]}B/EQ

1
Ao

One first finding is that the economy with greater overall centrality and more
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Figure 3.15: Vertical and star economies

asymmetric, the star economy, implies a higher level of volatility even when I
suppose that the variance of the shocks to the capital to each partition is the same,
as I can see in the following graph (Figure 3.16).

In (Figure 3.16), I know that when the individual variance is the same, the
difference in volatilities of GDP is not zero, but negative; this implies that the
volatility of the star economy is greater, originated from a higher overall centrality
propagation of the shocks. The opposite occurs when the difference of individual
variance is negative, this is when the variance of the shock to the firm partition is
smaller than the variance of the shock to the second partition.

These results imply that as when the variance of the shock to the capital in-
creases provided to the first partition, holding the variance of the other shock
constant, the difference of the volatility of the vertical and the star economy de-
creases. In contrast to the model without partitions, the input-output structure

interacts with the arrangements of the capital risk sharing.



- Standarvd deviation of In{GDP), Vertical(A,) - Stac( B, (o7 = 005, o = 03, 0 = 4]
00, T T T T T T T T T

0.005 §

-0.005 §
=-0.01 §
0015 §

0025 §

STTH IR,y ST Ead TPy, )

-0.03 §

0035 |

004 L i i L L L i i L L )
-0.05 0.04 0.03 -0.02 001 a 0.m 0.0z 0.03 0.4 0.05
Variance difference of capital shaves (o7 — of)

Figure 3.16: Vertical and star economies when the variance is the same

3.5 Multi-sector economy with capital risk sharing, intra-

group correlations and collateral constraints

In this section, I integrate the previous two models, the multi-sector model with
idiosyncratic correlated productivity shocks and the model with partitions of cap-
ital risk sharing.

To have an intuitive integration, I will assume that there is the correlation be-
tween the idiosyncratic productivity shock of the sectors that are within the same
group of capital sharing.

The idea behind this assumption is that each partition of capital risk sharing

can also represent the ownership of the representative agent that is providing cap-



ital to the firms within such subset. The correlation assumption has the intuition
that firms that are under the same ownership are likely to share some non-explicit
common characteristics, such as traditional corporate management.

One additional feature that I include in this model is the presence of financial
frictions between the sectors that do not belong to the same partition of capital.
The intuition of this assumption is that, for a given firm, it is harder to obtain
working capital (inputs financed) frictionless from firms that do not belong to
the same group. This assumption implies that each firm cannot fully pledge the
income share that otherwise would correspond to pay for the inputs purchased
from firms outside its partition, generating a financial friction that I will describe

in more detail in next sections.

Representative Representative
agent 1 agent 2

Rents capital and owns firms only
in the subset My

M, M,

e~ External finance P

, A constraints , A

Idiosyncratic
productivity
shocks’
variance and
correlations
of 1 and 2

Idiosyncratic
productivity
shocks’
variance and

)
N
& K&

correlations
of 3 and 4

Variance of shocks
to capital allocated
for each subset My

Figure 3.17: Diagram of integrated model

Diagram 3.17 illustrates a simplification of the model of this section consider-



ing only four firms, two subsets and specific elements within each group. In the
following subsections, I will define more formally the interactions of this econ-

omy.

3.5.1 Households

I consider the same representative household described in section (3), the repre-
sentative agent owns a subset of firms and receives the rent of his capital endow-

ment from only such subset, in fact, owning the firms of this subset.

3.5.2 Firms

I assume n number of firms that produce, in a competitive market, a good 7 using
capital and intermediate goods. The output could be utilised as a final good con-
sumed by the households or as an intermediate input in the production of another
sector.

AsIdefined in the previous section, each firm belongs to a subset, 1/, and each
member of this subset shares the characteristics of renting capital from the same
agent, then, I can assume that these firms belong to the same group of ownerships.

In this way, to produce g;, each firm ¢ in the same subset, M, uses capital, &;,
rented from the same agent at a price r, and intermediate inputs, ¢;;, purchased
from firms j at a price p;. I assume that all of these inputs are paid at the end of
the period after production is carried out and the revenue is obtained.

The intermediate inputs, ¢;;, could be purchased from firms of the same subset

or from firms belonging to a different subgroup. This distinction allows me to



introduce the credit constraint under the assumption that to obtain intermediate
inputs from firms of a different subset, and hence of a different ownership, each
firm needs a collateral. The later does not happen when the firm gets inputs from
firms of the same subset as the potential moral hazard problem does not exist
between firms of the same ownership.

Production is carried out according to a Cobb-Douglas constant returns to scale
technology, f(-), that satisfies for each factor f(0) =0, f'(-) > 0, f"(-) <0, f'(0) =
0o, f'(00) = 0. The technology of production is subject to a random correlated
shock, z;, identically distributed that takes the form of a Solow augmented capital
realised at the beginning of the period. This shock is independent to the firms in
other subsets but correlated to the firms of the same subset given by the parameter
Pij-

Each firm maximises its profits according to the following problem:

maxm; = pig; — rki — > Pt — ¥ Pitli (3.74)
3145 je]WS ]éMg
s.t.
o 1—a)w;; 1—a)w;;
g = (zik)® T a " T a4 " (3.75)
JEM; JEMs
> pigi; < 6; (pi%’ —rki— Y ijij) (3.76)
JEMs JeM;
Where

 wy=1 Vi (3.77)
j=1



2z = exp(ii), i~ N(0,07,pi; € [-1,1]Vj € M,) Vi (3.78)

where o € (0, 1) indicates the share of capital in production, w;; > 0 represents
the share of intermediate good j in the total use in sector «.

The second restriction represents the external working capital constraint, by
external I mean the inputs obtained from firms of a different subset.

Following the intuition of Kiyotaki and Moore (1997), the constraint indicates
that a firm needs to have a fraction 0; of its revenue as collateral in order to get the
intermediate inputs from firms of another subset, this because of the possibility of
default, which is not relevant in the case of firms within the same subsets as they

are under the same ownership.

3.5.3 Market clearing

The household rents his capital endowment, K, ata price r, to only one subset of
tirms, M, denoted by the index s. I assume that this endowment, K, is subject to
an i.i.d. random shock, u,. Each firm has a total capital demand equal to &;.

In this way, the market clearing conditions for the final and intermediate goods,

and for the capital are given by the following equations:

G+ Y g+ > a=a V(i€ M) (3.79)
JEM; JEMs
> ki =uK, Vs (3.80)

1€Ms



where

us = exp(vs), vs~ N(0,¢2) i.i.d. Vs (3.81)

3.5.4 Equilibrium

Definition 56. I define a competitive equilibrium in this set-up as the set of allocations
(ci, ki, ¢ij, qi) and prices (r, p;) for i, j = 1, ...,n, such that:

() household and firm problems are solved,

(1) market clearing conditions are satisfied,

(i19) collateral constraint parameter 6; € [0, 1] Vi, in order to guarantee a unique

equilibrium.

The following are the solutions for intermediate goods and capital in equilib-

rium:

(1-— a)wi-q-%v-_l if (1,7) € M,
Q’L] = T ! (3.82)

(1 — a)wibsgyryiv;t if (i,5) ¢ M,

usKs%‘

Z%‘

1€Ms

ki =

(3.83)

These solutions depend on the network given by v and the collateral parameter
6;. The vector ~ is different to the one found in the previous section and is given

by:

y=I—(1—a)[Wol/+Wo(l-I/)o01] "1 (3.84)



This is the solution to the consumption/output in equilibrium. The symbol o
indicates the Hadamard product. The matrix of input-output shares, W, identity

matrix, I, indicator matrix, I, vector of collateral constraints, ®, and vector of

ones, 1, are given by:

Wy ... Wi 1 ... 0_ 1
W = I= 1=
Wt e W | 0 1] e 1 nel
_01 L(1) ... Li(n)
e = I =
_9" nzl (1) - La(n) nn

where the i-th element of the matrix I is an indicator function of the member-
ship of both firm 7 and j in the same subset M/, of N, taking the value 1 for all i

and j couple in M, and the value 0 for all couples not in the same group:

. 1 if (i,§) € M,
Li(j) = (3.85)



3.5.5 GDP

Proposition 32. I can express the equation for the natural logarithm of the GDP in the
following way:
Y =v(Imv+p)+ A (3.86)

where v is the vector idiosyncratic shocks, u, to each capital endowment for
each subset of firms, M,; and p is the vector idiosyncratic capital augmenting
shocks, z;, independent from firms outside subset and correlated to the firms of

the same group. A is a variable of parameters given by:

AEV,|:(1_&> ((WO(H—IS)01@')1+WW>+IM(k_W)_7
L(-a)

(67

In(l — ) — %1'7+ Inn (3.87)



Where

In z; I In uy 1
zZ = = u= u= = v=
In 2, n In wy, m
= nxl H nxl n maxl v mxl
In K4 Inwy; In 0,
k = w = O =
In K, In w,,; Ind,
maxl nxl nxl
1 s
Invy, ng]:wf L, (1) ..o 1ap, (1)
¥ = v = I =
In~, In > Iyg(n) ... 1, (n)
nxl L ieMy J 0 nrm

The i-th element of the matrix I is an indicator function of the membership
of a firm in the subset M, of N, as defined in the previous section.

From the equation of the natural logarithm of the GDP I can see that the collat-
eral constraints, included in the vector ©, interact with the influence vector, but
also are embedded in the vectors a contain the solution to the output-consumption
ratio. However, being an exogenous parameter, it will not have implications for

aggregate volatility.

3.5.6 Volatility of GDP

As in the two previous models, I define the aggregate fluctuations in the economic

activity as subgroup GDP, using the equation found in the previous section I have



the following volatility definition:

Definition 57. The volatility of the logarithm of the GDP is given by:
[war(Y)]Y? = [var(v' (Ingv + )] 2 (3.88)

Proposition 33. Under the assumption that the shocks v and y are independent, I can

express the previous equation in sums of the products of the elements in the following way:

1/2

[var(Y)]'/? = [Z v} (Z(lsu))%f) +Y > pioioju; (3.89)

i=1 s=1 i=1 jEM,

where o7 is the variance of each idiosyncratic shock to the sector i, p;; € [—1, 1]
is the correlation between the shocks to the sectors i and j that belong to the same
subset M;, being p;; = 1 when ¢ = j. The variance of each idiosyncratic shock to
the capital endowments of each subset if given by ¢? and v; is the i-th element of

the vector of influence, v’.

3.5.7 Economy as a network

To analyse whether the aggregate fluctuations depend on the structure of the econ-
omy, I examine specific relevant cases. I consider the same type of networks de-
fined in the previous model for the case where n = 4 (sectors) and m = 2 (parti-
tions), that could be represented in the following graph (Figure 3.18), where the

dotted lines indicate the subsets of sectors.
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Figure 3.18: Four-sector economies

3.5.8 Comparison of volatilities

In this section, I first compare economies with the same input-output structure,
in particular, vertical economies, but with different partition arrangements and
parameters. In the next subsection, I compare economies, vertical and star, with
the same partition arrangement but with different network structure.

I find that, as in the previous models, the correlation structure, the partition
arrangements and the network structure play a significant and interrelated role
to determine the magnitude of the volatility and the propagation of individual

shocks.
3.5.8.a Same vertical input-output structure, different subsets of firms and vari-
ances

For these comparisons, I have the same input-output vertical economy, but in the

tirst case I have partitions of nodes that are directly linked, and in the second case,



I have partitions of sectors that are not directly connected, as I did in the previous
model of capital risk sharing.

The difference is that I have to type of shocks, idiosyncratic correlated (be-
tween sectors of the same group) productivity shocks and individual shocks to
the capital rented to each partition, as I illustrate in the following graph (Figure

3.19).
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Figure 3.19: Correlated productivity shocks and individual shocks to the capital

Proposition 34. Considering economies Aj, and A}, and assuming that the variance
of each idiosyncratic shock, <2, o7, is the same in the two economies, ¢; = 3, and across
firms, o7 = o?. There is correlation, p;;, only between firms of the same subset but equal
across economies and firms, [p;; € LV(i,j) € N|py = p,i # j,(p € Aj,y) = (p € A3,)).
The difference in volatilities of the GDP is the following:

[var (V)] = oar(MLg, if p=0

war(Y)]'? > [var(Y)]}q/;z if pe(0,1]

1
Ao



[war(Y)]Y? < [var(Y)]z/;Q if pe[—-1,0)

1
A4,2

The previous result implies that under the same variance of the shock to the
capital shares when the correlation is zero, the partition arrangement is irrelevant.
However, when the correlation is positive, the economy that is less diversified is
more volatile. (more diversified means sectors not directly connected inside each
group). The opposite occurs when the correlation is negative.

This result is different to the corresponding one of the capital risk sharing
model. In the latter, the difference of volatility of GDP of economies with the same
network structure and different partition arrangement is zero when the variance
of the shock to the capital is the same between and within economies, whereas in

the former it could be negative or positive depending on the correlation.

Proposition 35. Consider the economies A}, and A3 , and assuming that the variance
of each idiosyncratic shock, <2, o7, is the same in the two economies, ¢; = 3, and across
firms, o} = 2. There is correlation, p;;, only between firms of the same subset, equal
within economies but different across them, [p;; € X V(i,j) € Nlpi; = p,i # J,(p €
Ay,) # (p € AL,)). The difference in volatilities of the GDP is the following:

ar(V)] > [par(Y)[ if p€ (0,1 Al(p € Als) > (p € AL)]

1 2
Ao Afo

war(Y)'? < var(Y)]YZ if p€[~1,0)Al(p € AL,) < (p € A2)]

1 2
Ao Ai o

This proposition tells us that when the correlation of the first economy is greater

than the one of the second economy and positive, the economy with less diversi-



fied partitions implies a higher level of volatility of GDP. The opposite occurs
when the correlation is negative, and the correlation is the second economy is

greater.

Proposition 36. Considering the economies Aj , and A3 , and assuming that the variance
of each idiosyncratic shock to the capital endowments, <2, is the same in the two economies
but different across for each subset of firms, there is no correlation, p = 0, and the idiosyn-
cratic shock, o2, is the same between economies and firms; the difference in volatilities of
the GDP is the following:

ar(W = arW if o =<

1 2
Ao Afo

[UGT(Y)]1/2 > [var(Y)]1/2 if 2> ¢

1 2
Ao Afo

[var(Y)]l/2 < [var(Y)]1/2 if 2 <2

1 2
Ao Af o

This last proposition indicates that, when there is no correlation, the difference
between the variance of the shock to the capital shares shows the sign of the dif-
ference of volatilities of GDP between the two economies, the same result that I

had in the previous model.

3.5.8.b Different input-output structure, same subsets of sectors and variances

Finally, in this section, I compare two different input-output structures with the

same parameters (Figure 3.20).

Proposition 37. Consider the economies A}, and By, and assuming that the variance
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Figure 3.20: Different input-output structures with the same parameters

of each idiosyncratic shock, <2, o2, is the same in the two economies, ¢} = <3, and across
firms, o7 = o%. There is correlation, p;, only between firms of the same subset but equal
across economies and firms, [p;; € XV(i,j) € N|py; = p,i # j,(p € Ay,) = (p € AZ,)).
The difference in volatilities of the GDP is the following:

[var(Y)] /2 < [var(Y)]}g/fz

As in the previous model, I find that the economy with greater overall central-
ity has larger volatility; thus, the star economy always has higher volatility than
the vertical economy. The difference of this result, compared to the first model
with correlations, is that even with perfect positive correlation, the star economy

implies greater volatility.



3.6 Conclusions

In this chapter, I modelled a disaggregated economy with an input-output struc-
ture of connections based on Long and Plosser (1983) and Acemoglu et al. (2012).
I analysed the effect of two specific individual shocks. The first one an idiosyn-
cratic productivity correlated shock, and the second one an individual shock to
the capital endowments rented from one agent to a specific subset of firms. In a
third integrated model, I introduce both idiosyncratic shocks together.

I used this specification to analyse the relevance capital risk sharing between
firms, and productivity shocks correlations between firms of the same subset and
collateral constraints between firms trading of different subsets. Comparing dif-
ferent networks structures, assumptions of the variances and arrangements of the
subsets, I find that the aggregate volatility strongly depends on the structure of
the economy.

Having these three different models, I analyse the aggregate volatility of the
GDP implied by each shock under different network structures. Mainly, I find
that, as the correlation increases, the volatility of the GDP will also increase, for
all the economies compared.

As the level of disaggregation increases, the standard deviation decreases, and
in the case of the vertical economy, and it will converge to the level of the horizon-
tal and circle economies, the economies with the lower level of volatility.

The first model implies that, under the correlation values different to one, for

all the firms, network structures where there is greater overall centrality or more



asymmetric structure, are more volatile than homogeneous or regular structures
with lower overall centrality.

The difference of this finding to the model of Acemoglu et al. (2012), besides
the ordering of volatilities of GDP for additional structures, is that such result
does not hold under perfect positive correlation, where the network becomes ir-
relevant. Indeed, the idiosyncratic shock will be propagated entirely to each node,
mimicking an aggregate shock.

I also find that as the share of intermediate inputs in the production becomes
larger, the volatility of GDP will increase depending on the network structure,
scaled by the correlation parameter.

Concerning limiting results, when the number of sectors goes to infinity, I
found that with correlation parameter different than zero, the volatility of GDP
never goes to zero, and only reaches a lower bound in the case of vertical, cir-
cle and empty economies, equal to 1/02p. This result implies that even at greater
levels of disaggregation, a shock to an individual sector will have aggregate con-
sequences.

I also found that the relevant characteristic of the network structure is not only
the outdegree but mostly the centrality of each node, this is, the connections of
its buyers. Another interesting result is that when nodes non-directly linked are
more correlated, over the same network, the volatility of GDP will be greater when
there is a positive correlation.

The final result of this first model is that to reduce the aggregate volatility, and

correlation level needs to decrease and also the heterogeneity of the correlation



structure.

Using the second model of capital risk sharing between firms of the same sub-
set, I found that assuming the same level of individual variance, structures with
greater overall centrality are more volatile.

Under the same structure of the economy, but with different arrangements of
groups of capital sharing, I found that an economy with groups involving directly
linked firms are more volatile than the same structure of the economy but with
groups including not directly connected firms only if the shock to the group with
greater average network centrality is the greatest within the same economy:.

This result indicates that the arrangement of the capital shared by each sector
plays a first-order role in the propagation of the idiosyncratic shock.

In the case of the integrated model, the third model, I confirmed the previous
results, but I found additional insights.

When one compares two economies with the same network structure with one
with groups of linked firms only and other with groups of firms not connected,
and assuming that variance of individual shocks and correlation is the same across
groups and economies, I found zero difference in volatility if the correlation value
is zero, greater volatility for the first economy when the correlation value is higher
than zero and lower when the correlation is lower than zero.

This result is different to the corresponding one of capital risk sharing model.
In the latter, the difference of volatility of GDP under same network structure and
different partitions is zero when the variance of the shock to the capital is the same

across economies, in the former is different from zero.



I find that on the same network if the correlation of one economy is larger and
positive, the less diversified economy implies a greater level of volatility

As in the previous model, I found that the economy with higher overall cen-
trality has larger volatility. The additional result, compared to a model with corre-
lations, is that even with perfect positive correlation, the star economy has greater
volatility.

Also, I found that the non-stochastic parameter or the financial friction is not
relevant for the aggregate fluctuations, but only for the level of the GDP as it
represents an intermediate input wedge. This result is in line with the findings of
the effect of wedges in Jones (2011), Bigio and La’O (2013) and Fadinger, Ghiglino
and Teteryatnikova (2015).

however, when one deviates of this deterministic specification of the friction
parameter, assuming it is subject to random shocks, as in Kiyotaki and Moore
(2012) or Jermann and Quadrani (2012), this could imply different results for the
volatility of GDP under different networks structures taking into account the non-

linearity of the friction.



Conclusions

An old but important question in Macroeconomic Theory is whether significant
aggregate fluctuations in economic activity can be obtained from independent
productivity shocks to individual disaggregated sectors. The Great Financial Cri-
sis (GFC) of 2008 highlighted the need to study further whether a shock in a par-
ticular sector or firm could propagate its effect to the whole economy.

The most common view in the Business Cycle Theory has been that idiosyn-
cratic shocks tend to average out in aggregation and discards the possibility that
significant aggregate fluctuations may originate from microeconomic shocks to
firms or disaggregated sectors.

In Chapter 1, we developed a model with a multi-sector production economy
with I-O interlinkages and a financial sector to analyse the effect of idiosyncratic
shocks to banks on GDP volatility. In the model, there is a financial constraint
that gives some rigidity to the financial sector, making this a relevant sector. The
financial shock is characterised by the realisation of a random parameter involved
in the financial constraint.

The analysis of Chapter 1 focuses on the role of the structure of the economy,
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that is the network of connection among physical sectors and between sectors
and banks, in the spread of financial shocks to the real economy and its aggregate
implications.

We show that a general equilibrium exists and recover the known result that
financial frictions work as a wedge and decrease the level of aggregate output.
Analysing different structures of the economy, we find that the standard deviation
of GDP decreases as the interconnectivity coefficients are similar among banks,
while it increases when this metric shows a higher variability across banks.

We studied the role of integration and diversification also analysed each effect
separately. We first consider the growth in integration provided by adding one
link to a particular bank, in which case after the addition the bank lends to a
sector that has in common another bank. When adding m ties, one for each bank
in the network, the results depend on the I-O structure, but always reduces the
volatility for vertical and star structures and have no effect on empty and circle
networks.

Considering the impact of diversification, obtained as a result of redistributing
the links of two or more banks in the network, we find that depending on the po-
sition of the bank in the network, reducing diversification can decrease or increase
the effect on the volatility of an individual shock even for a special location.

In general, aggregate fluctuations depend on the distributions of links between
banks and sectors and the place of such links. An economy with a uniform distri-
bution of links per bank could be less volatile than an economy with an unequal

distribution, provided the bank with less link is not supplying capital to a great



influencer, that is, the star sector or the top of the chain in the vertical network.

Finally, we studied the structure of the U.S. economy and found that it is highly
asymmetric; there are star sectors like manufacturers and professional services,
and star banks like Bank of America and JP Morgan. We conclude that changes in
the bipartite structure over time lead to changes in the network multiplier while
the I-O network remains relatively steady. Computing the GDP volatility using
the network metrics, we find that individual shocks to banks do not average out
and could lead to sizeable fluctuations of GDP.

Chapter 2 relies on the model developed by Acemoglu et al. (2012) to analyse
the network structure of the sectoral trade in the United Kingdom and the pos-
sibility of an aggregated shock originated by a shock in a distinct sector of the
economy.

Estimating the indegree density, we found symmetry along the sectoral de-
mand: these are indicating specialisation. Considering the outdegree distribution,
we found asymmetry across sectors in their role as input sellers. In the data, we
found specialised input sellers and general purpose providers.

Concerning the assumption that input-use network structure follows a power
law distribution, implementing MLE estimates of ¢ for the tail of the distribution,
suggested by Clauset et al. (2009), we found that distribution of outdegrees of
the U.K. (1997-2010) follow a power law from an endogenously determined the
minimum degree, with an average tail parameter ¢ = 1.275.

In Chapter 3, I presented a model of a disaggregated economy with an input-

output structure of connections based on Long and Plosser (1983) and Acemoglu



et al. (2012). I analysed the effect of two specific individual shocks. The first one
an idiosyncratic productivity correlated shock, and the second one an individual
shock to the capital endowments rented from one agent to a specific subset of
firms. In a third integrated shock, I introduced together both idiosyncratic shock.

Using these three different models, I analysed the aggregate volatility of the
GDP implied by each shock under different network structures. Mainly, I find
that, as the correlation increases, the volatility of the GDP will also increase, for
all the economies compared.

In the first model, as the level of disaggregation increases, the standard de-
viation decreases, and in the case of the vertical economy, and it will converge
to the level of the horizontal and circle economies, the economies with the lower
level of volatility. I find that as the share of intermediate inputs in the produc-
tion becomes larger, the volatility of GDP will increase depending on the network
structure, scaled by the correlation parameter.

Also, I found that with correlation parameter different than zero, the volatility
of GDP never goes to zero, and only reaches a lower bound, implying that even
in the presence of greater levels of disaggregation, a shock to an individual sector
will have aggregate consequences.

Using the second model of capital risk sharing between firms of the same sub-
set, I observed that assuming the same level of individual variance, structures
with greater overall centrality are more volatile. This result indicates that the
arrangement of the capital shared by each sector plays a first-order role in the

propagation of the idiosyncratic shock.



In the case of the integrated model, I confirmed the previous results, but with
additional interesting insights. When one compares two economies with the same
network structure, one with groups of linked firms only and other with groups of
firms not linked, and assuming that variance of individual shocks and correlation
is the same across groups and economies, I found zero difference in volatility if
the correlation value is zero, greater volatility for the first economy when the cor-
relation value is larger than zero and lower when the correlation is lower than
zero.

Interestingly, I discovered that the economy with greater overall centrality has
larger volatility. This additional result, compared to the model with correlations,

is that even with perfect positive correlation, the star economy has greater volatil-

ity.



Appendix

3.7 Chapter1

3.7.1 Influence vector results

3.7.1.a Forn > 3, any I-O structure

We define the influence vector, following the same notation as Acemoglu et al.

(2012):

Where:

w11 ... Wip 1 ... O 1

=
I
0
i

Wpl --. Wpn 0O ... 1 1
nrn nrn nxl

W represents the input-output structure of the economy, 1 is a vector of ones and

I is the identity matrix.
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Lemma 3. Post multiplying the influence vector by the vector of ones is equal to 1:

vil=1

Proof Lemma 9. Recalling the Perron-Frobenius Theorem for positive matrices,
applied W, given that all the eigenvalues of W are inside the unit circle, we can

express the influence vector as a Neumann series:

V=213 (1 - )W
n
k=0

Post-multiplying the previous equation by a vector of ones:
/ @y = k k
1=-1 1— 1
vi=2U3 (1 -a)fw

k=0

Simplifying we can see that v'1 = 1 because:

The series converges because |1 — | < 1. |

Lemma 4. Each element, v;, of the influence vector, v, can be approximated by:

n

UV = g (1 + (1 - Oé)dl + (1 - CY)Q Zdﬂm)

j=1

Where d; is the outdegree of sector i defined as d; = 3, wj;.



Proof Lemma 18. We express the influence vector as a Neumann series as we did

before:

o

! a_, k k
=—1 1— )W
v =213 (1-a)

k=0

Expanding the series:
w:%r@+a—aﬂw+a—af“ﬂ+m+a»
Multiplying the sum by the vector of ones:

V= S (1 UW + (1= aPIWW 4.+ )

We can substitute the vector of outdegrees, d’ = [dy, ..., d,], in the previous equa-

tion because 1'W = d”:
V=20 +(1-a)d +(1—a)PdW + ... + o)
n

Grouping over the out-degrees vector and taking a second-order approximation,

the influence vector can be expressed:

1+ (1 —a)d + (1 —a)*)d'W)

/
vV X

31

From the equation of the volatility of GDP we can see that we need to express

the i-th element of the influence vector, v;, as a function of the degrees, using the



previous results we have the following:

v,

S

(1 + (]. - Oé)d, + (]. - Oé>2 id]wﬂ>

j=1

3.7.1.b Forn > 3, structures A, B, D and F
In this section we will show the components of the influence vector for economies

with n sectors. Recalling the influence vector in terms of its approximation:

V=

(1+(1-a)d+(1-a)*W'd)

S e

We can see that in order to obtain the influence vector for the economies A(Vertical),
B(Star), D(Circle) and F(Empty), we need to know the input-output matrix, W,

and the degree vector, d, in each case. The input-output matrices in each case are

the following:
1 0 0 O 0 1 0 . 0
1 0 0 O 0 1 0 . 0
01 0 O 0 1 0 . 0
Wi = Wg =
001 O 0 1 0 . 0
000 ... 1 0 1 0 ... 0



000 O 1
100 0 0
1 0
010 O 0
WD: WF:
001 O 0
0 1
000 ... 1 O

The degree vector in each case is obtained as the column sums of the previous

matrices: o
2
1 n
1
0
dA - dB = dD = dF =
1
1
0 0 nxl
- Jdnzl
0
L d nzxl

3.7.2 Perfectly balanced and unbalanced I-O networks

Proof Lemma 7. Circle, I0p, and empty, /Op, networks are perfectly balanced.
According to the definition provided, any /O network will be considered perfectly
balanced if v; = v;, V(3, j ; In order to verify this claim we recall the approximation

of the influence vector:

(1+(1-a)d+(1-a)*W'd)

V=

3|0



Substituting the degree sequence, d, and the I-O matrix, W, of the /Op and /10p
networks, we obtain the following vectors of influence:

«

VD:sz( )(1+(1—a>+(1—a)2)1

n

We can see that each element of the influence vector is the same for all i. [ |

Proof Lemma 8. Vertical, /0,4, and star, /Op, networks are perfectly unbalanced.
According to the definition provided, any /0O network with component-1 will be
considered perfectly unbalanced if v; > v;, V(i, j (.In order to prove this result we

recall the approximation of the influence vector:

V=

(1+ (1 -a)d+(1-a)*W'd)

3|0

Substituting the degree sequence, d, and the I-O matrix, W, of the /O4 and /05

networks, we obtain the following vectors of influence:

1+2(1—a)+3(1 —a)? - .
1+n(l—a)+n(l—a)?
I+(1—-a)+(1—a)?
1
o) a
VA R — VB & —
T 14+ (1 =)+ (1—a)? "
1
1+ (1—a)
1
1 - - nxl
L 4 nxl

Given the assumption o € (0,1), we can see that the networks /04 and I0g,



are perfectly unbalanced. In the case of vao we can see straightforward that each

element v; > v; for all ¢ < j because:
1+2(1-a)+31—-a)l>1+(1—-a)+(1—-a)>1
For vg we can see also that each element v; > v, for all i < j because:

1+n(l—a)+n(l—a)*>1

3.7.3 Model

3.7.3.a Households

max InL + BE[InC]

s.t.
t=1:wL+D=w

t=2:PC=RD

Substituting the first constraint into the second one, through D, we get the

intertemporal constraint:



PC = R(w —wL)

Recalling P is the numeraire at time 2:

C=R(w—wlL)

We formulate the Lagrangian problem using the previous constraint and the

intertemporal utility:

L=InL+pfInC—-\C - R(w—wlL))

First order conditions:

oc 1

oL B B
%_O_A_O

Expressing each condition for A:

Equating through X and simplifying:



1 BR
T WL C

Substituting the intertemporal constraint into C' and simplifying;:

1__ 8
L 1-L

Recalling L = 1 — [, substituting;:
L p
1—1 1

Simplifying:

=P
1+p

From constraint in the first period we know D = wl, then:

p_ Wb

And substituting into second period constraint:



3.7.3.b Banks

n

max Hb = Z TyTip — RDb

{zib}i, Dy -
=1

s.t.

zp ~ Lognormal (0, 05)

Solution of problem:



n

Zrb%‘b—RDb >0

=1
n

RY "
=1

i
<b

— R
:>Z$Z'b <7’b—z—b) >0
i=1

Bank will not posit quantities such that R > 7,2, because in this case the supply
of deposits by the household would be zero. Additionally, to meet all conditions,

we consider that the equation has to bind and the solution condition becomes:

Tb:R/Zb

Which implies:

Xn: TpTip — RDb

i=1

3.7.3.c Capital producers

max K — wl
Kl

s.t.



Solution:

and

w=94

3.7.3.d Intermediate goods producers
m n
max — piq; — Z%%b - ij%‘j
%i,qi;j V] =" =

s.t.

o (1—a)w;;
@ =} [ Loy
Jj=i
Tip
— = n

X

Unrestricted problem:

n m n
o (1—a)w;;
max . p;l; HQij ! —%E ToPip, — E Dj4ij
j=i =1 j=1

x,qi; V] —



First order conditions:

P > i =0
Li b=1

(1 — a)w;jpig _

qij

Rearranging:

A ap;iq;
’ Zznzl TpPib

(1= a)wipig;
Gij = —————————
pPj

Recalling constraint, input demand of capital from each bank is given by:

S ap;qiPip
= PO
’ Zl:n:l Tb¢ib

Input ratio:

Li ap;Piv

aij (1 —a)wy Yyt redib

3.7.3.e Final goods aggregator sector

c; Vi

maxIl, = PY = ) " pic;
=1



s.t.

First order conditions:

o, PY _0
de;  ne pi=
ol, PY _0
dc;  ncj bi=
Rearranging for prices:
PY
= p; =
nc;
PY
= pj = ——
ne;
Price ratio:
bi¢i = P;C;

The price of the aggregated final good, P, could be expressed as a function of

individual prices:

Y = ﬁcil/n
i=1

n y 1/n
-1
1 \TDi

]




e T1(2)

i=1 \Pi

énﬁpi/":P
i—1

Recalling our assumption that P is the numeraire in the second period, previ-

ous equation becomes the ideal price index:
=n H p; m_1
i=1

3.7.3.f Equilibrium

Proof Proposition 15. Recalling the clearing condition for consumption and in-

termediate goods:

¢+ Z%‘j =q Vi
=i

Which holds for good j:

:>Cj+ZQijIQj

=1

Substituting the first order condition from the intermediate goods into g;;:

i 1—04w1“
;‘Cﬁzwz%
i=1 Pj



Multiplying whole equation by p;:

= pic; + Z(l — Q)wi;pigi = P;q;

=1

Substituting first order condition of final goods aggregator sector into p; and

i=1

Simplifying:

. Wiiq; gy
i=1 v

Defining v; = ¢;/c; and v; = ¢;/c;

= 14> (1= a)wyy =7
=1

Expressing in vectors, stacking over sectors:

=1+(1-—a)Wry=1

Solving for ~:

=7—(1—a)Wy=1



=IT-(1-a)W)y=1

=v=>10-(1-a)W) "1

Recalling the price ratio of the final sector:

i _ G
b G
Re-expressing v; and v;:
4di
C; = —
Vi
Cj = q—J
Vi

And substituting into the price ratio of the final sector:

P 4%
pj q:i7;

Substituting this relationship into the first order condition of the intermediate

sectors for g;;:



q;7i
¢j = (1 — a)w;;q ( ] )

qi7j

Vi
gi; = (1 — a)w;;q, (—)
j A

J

Multiplying and dividing by a/n:

(a/n)%>

gij = (1 — a)wijq; ((a/n)%

Recalling that influence vector is given by:

! o
= 7=—I-(1-a)W) ™1
V=27 n( (I —a)W)

Previous input equation becomes:

(%
i; = (1 — a)wyg; (U—)

J

This is the solution for the intermediate goods in equilibrium. Now to find
the capital demand from each bank we recall that p;q; = pj;c;v;, substituting into

capital demand from I-O sector solution:

I ac;piYiPib
p = g 1T
’ ZZLI Tb¢ib

Adding over sectors:



Z Ty = ac;p; Z Z Yi®iv

b=1 Tb¢zb

Dividing previous two equations:

iy = Vi®ib ) Z .

(D bey ToPn) (Zz 1 Z_b’%

Multiplying and dividing by «/n, recalling that v; = (a/n)v;:

’l}. .
Ty = 1¢1b — Z T
(D pm o) (ZZ | m> '

Substituting the interest rate ratio, r, = R/ z:

(30 u
i
LTip = — g Lib
(Zm ¢ib> (Z" viPib ) i=1
b=1 7z =1 5om dip

b=1 zp

We need to find the supply of capital by banks, """ | x;. Recalling the bal-

ance sheet constraint from banks, >_" | 24 = 2,D, and substituting into previous

=1

equation:

ViQib2p

(S o) (T o

b=1 b

Dy

Lip =

To find the equilibrium capital per bank and sector we need to find the deposits

in equilibrium per bank, D;. To do this we recall the bank’s solution:



n
E rpTip = RDy
i=1

Adding over banks:

m n m

ZZrbxib = RZD;,

b=1 i=1 b=1

Dividing previous two equations:

DTt Dy
Z;n:l Z?:l T'pTib 22”:1 Dy,

Recalling the total supply of deposits from households:

D=» Dy=——
; "T1+8
Substituting this equation into the ratio that we found before and recalling

from capital producers that w = :

D :( 2 i1 b )( e )
CASL S ) \1+ 8

Substituting the capital demand condition from I-O firms z;, = ac;p;vidmn/ > ey ToPib:

n TpacipiYiPiv
D, — Zi:l Zgiljrbqﬁib 5ﬁ
b — Zgil Zn TpQCiPjViPib 1+p

=1 > e

Multiplying and dividing by «//n, recalling that v; = («/n);, after simplifying:

D, = ( Zi:l Z}ﬁ:l Tb’;’ib ) ( 5ﬁ )
Dbt Dict % 1+5




To further simplify we need to substitute the interest rate ratio, 7, = R/z,. D,

becomes:

n Vidip
D, = S oy, T ( ] >

*b
m n Vi Pib 1+7
Zb:l Z@:l 2 Elinzl %

The denominator of the previous expression simplifies to one:

e v op
o= <zb) (Zl Z;l‘i—;b> <1+6>

This is deposits per bank in equilibrium which we can substitute now into the

equation of capital in equilibrium that we found previously:

o ViPip 2 (l) ~ Uit ( op >
o <Zm ¢ib> (E" Vi Pib ) <b <; 211 %) 1+6

b=1 = [
Zb =y, fbb

Simplifying:

35'1;:( Vi P )( 0s3 )
EEYANEY

This is the solution for the capital per bank and sector in equilibrium. Recalling

that z;, = ¢iz;, the capital per sector in equilibrium is:

(o))
o)\

Now we can find the GDP in equilibriumm. Substituting the solutions of g;;




and z; into the production function of a typical I-O sector:

a wijq (1—a)
— Vj w@j Wijqivi
q_KEM—) (75)] oo ()

7j=1
Taking natural logarithms:

Ing; = « [ In (Z ilb> +Inv;,+1Ink
b

b=1

+(1—«) Z[wij(ln(l —a)+Inw;+Ing +Inv; — Inv;)]
j=1
where:
Bé

K= —>

1+ 8
Recalling that the coefficient ¢;, takes values between zero and one and 2, posi-
tive real numbers, this implies that we cannot approximate the logarithm of theirs

ratio. Stacking over n sectors:

q=a[v—0+1lnk/+(1-a)[Wg+ (WoW)L+1n(l —a)]

Where ®' = [me:1 d’;bb7 ' b (Zb}

Solving q:

I-(1-a)Wlg=a[v-—0 +1lnk]+ (1 —a)[(WoW)1L+1In(l —a)]



Recalling the influence vector v/ = 21'(I — (1 — a)W)~!, v'1 = 1, multiplying

appropriately and substituting;:

11—« l1—«

(WoW)1| +Ink +

In(1 —
- —In(l - a)

1
—1'q=-VvO+v |v+
n

Defining 'y = v/ [V + =2(W o W)1] + Ink + =2 In(1 — ), previous equation

«

becomes:

1
—]_lq = F() —-v'e
n

Now we need to relate previous result with the GDP. First, recalling v; = ¢;/c;,
multiplied by a/n becomes v; = (2) (Z—) , its natural logarithm expressed in vec-
torial form is given by:

c=q—-V+1(lna—1Inn)
Pre-multiplying by a vector of ones and dividing by n:

1 1 1
~1c=-1q—--1V+Ina—-Inn
n n n

To introduce the final clearing condition and find the fix point for this economy,



werecall C =Y.

=InC=hY
= InC 1?1
nC=— nce;
N
1/
=hC=-1c
n
L,
= —1c=InY
n

Putting previous results together:
Lo 1o
InY =-1q——-1v+Iha—Inn
n n

1
=hY=01-v0O-=-1V+Ina—Inn
n

Collecting terms where the shocks, z;, are not included:

Y =T-v'0

which is equivalent to:

where I' = v[=2(W o W)1]+ (v1— 21 )v+Ina+Ink —Inn+ =2 In(1 — a)

o «



3.7.4 Volatility of GDP

Proof Proposition 16. Recalling the GDP equation:

wror S on(§52)

b=1

Taking the variance:

i=1 b=1

var(ln Y] = var [T - Z [“" n (i i_,f)”

Considering the first term is composed of constants:

var[ln Y] = var [Zn: [”i o <i %b) ”

=1 b=1

Even though we have the assumption that each bank’s shock, 2, is independent of
the others, in this case the total variance is not just the sum of individual variances
per sector, we need to take into account also the covariances between each sector.
The reason behind this is caused by the fact that contribution to the total variance

per sector depends on the shocks of all banks:
var[InY] = var |v; In i@ +...+v,In Xm:@
o1 =1 P

To avoid this problem we would have to collect the terms per-bank, instead of

per-sector. However, we can not do this as we cannot approximate the logarithm



expressions. Then we need to compute the variance of each term taking into ac-

count their covariances:

var[lnY] = Zvar [vi In (Z z_Z:>

=1 b=1

i =~
+2 Z cov [vi In (; Z_b> , v 1n (Z Z—b)]

i,j:i<j b=1

According to the properties of the variance and covariance operators and recall-

ing that parameters v; are constants, we can express the previous equation in the

)—1-2 -Z.Uivj (cov [ln (bil i—j) ,1n (i %)])

We can not apply the variance (or covariance) operator directly to each term

following way:

var[lnY] = va (var [ln (Z i—j)

=1 b=1

inside In ( —y i:) because of the logarithm. However, we can use the following

results to obtain the variance and covariance terms.

var [ln (f: @)] ~ S d30i (0 +1)
) (S ea/03+ )

Proof Lemma 19. Recalling the assumption about the distribution of each shock:

Lemma 5.

zp ~ Lognormal (O, ag) Vb

The inverse of such variable distributes:

z, ' ~ Lognormal (O, 05) Vb



Multipliying 2, ' by ¢4, we have the following distribution:

o

~ Lognormal (ln Dib, 02) vb
Zb

Now we need to find the distribution of the sum of such random variables. There

is no closed form expression for the sum of log-normals, however we can use

the Fenton-Wilkinson approximation (Marlow (1967), Crow, E. and Shimizu, K.

(1987))). Following that method, we will approximate the sum of independent

log-normal random variables using another log-normal distribution with param-
2

eters ji; and 67, 1. I do not need to know the composition of such parameters but

the distribution:

Z @ ~ Lognormal (ﬂi, 61-2)
—1

We know that taking the natural logarithm of a log-normal random variable changes

the distribution to normal keeping the same parameters:

In <Z i—f) ~ Normal ([Liﬁf)

b=1

These two results imply:

XAl
(S )] -
B|S 2 2

m ~
. L
Z Dl et
2
b=1 P

More details of such approximation can be found in Hekmat (2006), and Pirinen (2003).




)

N

ib ) )

var g = %<eai—1> e2Hito;
Zp

Now we recall the following fact about the variance:

Diving and rearranging:
mo ¢ mo g mo ¢
E[zb_lz—:zb_l £ B z—:}

2o, ] 2o, 2]

We know that the numerator of the left hand side is equal to the variance plus the

expectation squared:

UW[ Tlibb}jLE[Zanif] 1+UW[ Zilt_f]

g[sn, o] 2o, o]

Now we substitute into the left hand side the variance and expectations that we

obtained before:

(635 _ 1) Q2i+5Y | Q2i+6?

e2Mi+67

mo Py
var[ b1 Zb}

2o, ]

~1+




We can clearly simplify the left hand side collecting common terms:

var [S7, ¢—]
2o, ]

Taking natural logarithm of the whole expression:

var |S7" L
~2 b=1 z
o; ~In 1+
m o ¢,
|:Zb 1 bei|

From previous result we know that var [ln (ZZ; ﬁ—bb) ~ 07, thus:

b5
2p

Using this expression we can compute the variance, we just need to use the as-
sumption of independence between shocks and the distribution of ¢;;,/z;, that we

found before. In this way:

m Z;il <€U§ o 1) 621n¢ib+a§
var[ (Zﬂ)]’vln 1+ ~
b=1 (Zl:n:l eln¢ib+02b)
2

We can simplify the previous expression recalling shocks are small, then o; is

close to zero, and we use the approximation e* ~ 1 + x for x close to zero and



simplifying the exponential of logarithms:

var | @b)] ~n |1 > 9503 (04 +1)
[ (2 = : (Zb:l P/ (07 + 1))

We now that each o7 is close to zero, this implies that the second term inside the
logarithm in the right hand side is close to zero, thus we can approximate it in the

following way:

var |ln . @)] ~ Zb 1¢zb0b (024-1) i
[ <bzz; ? (Zb:l i/ (0f + 1))

Lemma 6.

cov |In D b ~ Yoy Pandipop (07 + 1)
[1 (bz; Zb ) <bz; “ )] (ZZL (?ibm) (ZZ’; b/ (0} + 1))

Proof Lemma 20. Analogously to the previous proof, we recall the following fact

about the covariance:

— Pib i
COU[ZlZ_ZZ_




Diving and rearranging:

m ¢ m b
E |:Zb:1 be b:1 Z_Jb]

m ; m ¢
By, 2] B o, 2|

3 b;
cov [2211 (ibb D ZL:]
i b;
By ] By, 2]

— 14+

We know that the numerator of the left hand could be re-expressed in the follow-

ing way:
ln(Zle %) ln(zgle ?) mo ¢, m ¢;

E {6 voe ’ - cov [Zb:l Zb> D p1 ZL:}

m ¢ m ¢ N mo 9; m - $;
3 SO S B S e

1n<2?1:1 %)Jﬂn(zgn:l ijb> mo ¢ m ¢
E [e b b cov [szl %’7 > bt ZL:}

= =1+

m i m J m i m ¢;
By, 2] B, 2] By | B, 2]
Now we substitute into the left hand side the expectations that we obtained be-

fore (previous proof) but now taking into account the covariance of the logarithm

terms:
Friti(Etipaln(Tin ) nEn R)) o [ g,y 2]
~1+
52 52 ) .
efit s efit K [22;1 qi_ﬂ E [2?:1 %b}
Simplifying:
52 &2 ) . )
gortrt Tt ln(Ein ) n(E )] o [T 0 2
~ 1+

82 &JZ

B, ] B o, 2]



cov [Zgll i_?? > b %’]
B|Yr, 2| BT, 2]
Taking natural logarithm of the whole expression:

- )] [1 4 [T 8T 2]
cov [ln (; b) <Z Jb>] ~ In 1+E[ - ibb}E[Z;)n:l %b}

- oo By )] o 4

Using this expression we can compute the covariance, we just need to recall inde-
pendence assumption and the distribution of ¢;,/2, that we found previously. In

this way:

m cou |Sie G
cov [ln (Z Qﬁ”’) (Z ¢1b>] ~In |1+ (Zm 2 . [q; ’ Zb}

[en 02
1n¢.b+7b m ln¢'b+*b
1€ 7" 2 Zb:1 e "2

We have eliminated the covariance terms between z, and z, because of the inde-

pendence assumption. We know covariance operator is linear in constant and the

covariance of a variable with itself is its variance, thus:

ZZL 1 ¢ib¢jbvar |:L]

cov lln (Z ¢Zb> (Z ¢]b)] ~ln |1+ - ~ ° ~
=1 b b1 (ZZ’; eln¢ib+02b> (ZZ’; eln¢jb+dzb)

From previous proof we know the inverse of z, distributed still log-normal with




the same variance, previous expression becomes:

Z;,n: PivPib (6"g — 1) €%
[ln (Z %) (Z %b)] ~n |1+ L 2
b=1 b=1 b (Zznﬂ eln¢ib+2b> (Zznﬂ eln¢jb+2b)

As we did before, we can simplify previous expression recalling shocks are small

. . . 2
and then using the approximation e’ = 1 + o7 for o7 close to zero:

Giv ons Yoy Gindpoy (07 + 1)
cov |1In ~In |1+
[ (Z % ) (Z % ) ] (S ouv/ @2+ 1)) (Zis o /(@F 1))

As each o7 is close to zero, we can approximate previous expression in the follow-

ing way:
cov [ln (Xm: %> (Zm:
b1 b

Taking these two previous results to the total variance expression we have the

)] > b1 S0y (07 +1)
(Zh 60/ (F 1)) (S e/ (G 1)

z\z|ﬁ

following:

var[lnY] = Z viG7 + 2 Z V05,

§,§:<]
Where:
Doy D50y (07 4+ 1)

<Zb:1 din/ (0 + 1)>2

[\

B
Il



5. = >y Gindpop (o7 + 1)
v m 2 m 3
(Zb:l bivr/ (0f + 1)) (szl b/ (0} + 1))

Proof Corollary 3. Recalling the variance of GDP that we found previously and

substituting the assumption o7 = o2 for all b:

. 02 221:1 @21)‘72 (02 +1)

var[lnY] = : 5
i=1 (ZZ; Pipy/ (0% + 1))
> et Pin@ipo” (02 + 1)
+ 2 V;V;
i,%;j ( (Zgll ¢ib (0'2 + 1)) <ZZn:1 ijb (0'2 + 1)) )
Simplifying:

var[lnY] = ¢* [Z v? (%) + 2

i=1

. Yot Div®ip
> vty ((Zznzl Piv) (Dpes ¢jb))]

i,ji<j
Recalling the assumption > ;" , ¢ = 1 for all ::
var[lnY] = o? [Z v? (Z ¢?b> +2 Z (U (Z ¢ib¢jb>]
i=1 b=1 i.j:i<j b=1
This equation could be expressed in a simpler way:

m m 2
var[lnY] = o? Z ( Uz¢z‘b>
b=1

b=1



3.7.5 Volatility and network metrics

Proof Corollary 4. Using the expression of volatility that we obtain in the previ-

ous section, and the assumption that o is the same for all banks, the volatility of

GDP is:

Using the approximation of the influence vector (detailed in the first part of
the appendix), the variance is a function of the networks of banks and sectors as

n, can be expressed as:

My = Zvi¢ib
=1
o n
ma Z (1 +(1—a)di+(1—a)) djwjz) it

J=1

my = % Z <¢ib + (1 — a)digip + (1 — @)? Z djwjiﬁbib)

i=1 j=1
After substituting the definitions of bank out-degree, bank-sector interconnec-
tivity coefficient and second-order interconnectivity coefficient, the network mul-

tiplier becomes:

a __
ny ~ 5(()(, +(1—a)By+ (1 —a)’By)

And then the volatility is given by:



b=1

T = | (%) S5 - 1B

3.7.6 Effect of network on volatility of GDP

3.7.6.a Adding one link

To prove the propositions of this section we will use results in the first section
of the appendix. It is useful to recall the influence vector approximation that we

found in previous sections, for the vertical (A), star (B), circle (D) and empty (F)

structures:
Q
VD = VF = (E) (1+(1—Oé)+(1—04)2)1
14+2(1—a)+3(1 —a)? - .
1+n(1—a)+n(l—a)?
1+(1—a)+(1—a)?
1
a Q
VA R — VB ~ —
T 140-a)+ (1 —a)? K
1
1+ (1 —a)
1
1 - - nxl
B d nxl

Proof Proposition 19. In this proof we are assuming that n is fairly large and than
when i or j are not the top or the bottom of the chain, there are located close to the

middle of the structure. We need to prove that the following inequalities hold for



the parameters ¢ € (0,1), « € (0,1), 2 < n, and of > 0 and the conditions given:

ar(n V)7 < [ar@Y)]? 5 ({5} A {Lnd) | A {Lnkj=n) | (i=1,j #1)

ar(mY)JE?, < ar(mY)}? | HfG# 1,5 = D&(1=¢ < )] || [ = n,j # D&(1-¢ < a?)]
war(nY)lg? > [var(in Y)];fltl,b(m) if[(i £ 1,7 = D&(1—¢ > )] || [(i = n,j # 1)&(1—¢ > a?)]
par(n Y)Y, | = [ar(mY)? (£ L) = D&(1-¢ = a)] | [(i = n.j # D&(1-¢ = a?)]

In fact, what we are comparing in all cases, after substituting the variance expres-

sion that we found before and eliminating common constants is the following:

EE) ] 22 )]

Taking into account the structure of the economy and eliminating common terms:

Ea 1:1,6(1:2)

v+ 0f S (0 + 0v)? + (1 - ¢)%0]

Simplifying:
v ; 20005 + ¢°0F + (1 — ¢)*v]
vj S 20 + ¢%v; + (1 - ¢)%y;
0 § 200; + ¢*vj — 200, + Hv;

1= Y

> .
Uj



Using this relationship and according to the conditions given, substituting the
corresponding influence vectors, the first inequality of the proposition becomes:

1+2(1— )+ 3(1 — a)?

1+ (1 _ a) i (1 — a)2 -1 || —¢ < 2(1_04)—1-3(1—04)2

¢ <0 —¢ < (1-a)+(1-a)* || —¢ <

We can see that all of these relationships are true because of the assumptions about
a and ¢. For the rest of the inequalities, after simplifying in the same way as

before, we have the following:

I+(1—-a)+(1—a)? | 1 . 5
<1_¢<1+2(1—a)+3(1—a)21f1_¢<a) | (1_¢<1+2(1—a)+3(1—a)21f1_¢<a)
1+1-a)+(1—-a) . 1 : 2
(1_¢>1+2(1—a)+3(1—a)21f1_¢>a) | (1_¢>1+2(1—a)+3(1—a)21f1_¢>a
I+ (l-a)+(1—-a)? B B 1 : o
(1_¢_1+2(1—a)+3(1—a)21f1_¢_a) | (1_¢_1+2(1—a)+3(1—a)21f1_¢_0‘)

Recalling that the polynomials that contain « in the previous inequalities where
obtained from a second order approximation for the elements of the influence
vector, the infinite series converge because |1 — a| < 1 and then > 7 (1 — a)F =
1/aand Y27 (k 4+ 1)(1 — a)* = 1/a? Substituting these facts into the previous
inequalities:

l—-¢g<all-¢<a?
l—¢>all—¢>a

l-¢=al1-¢=a’



Which are exactly the conditions that we provided. n

Proof Proposition 20. In the same way that the previous proof, we need to prove
that the following inequalities hold for the parameters ¢ € (0,1), & € (0,1),2 <n,

and o7 > 0 and the conditions given:

ar(n )2 < [ar(Y)JS2 i ({3 A1) | (=15 #1)
ar(n )2 < [par(Y)]g2 i i1 =1n(1-¢)(1-a) < ad
ar(n V)2 > par(Y)]g2 i iA1= 1n(l - ¢)(1-a) > ad
war(n V)2 = ar(mY)Jg?  if iA1= 1,n(1—¢)(1—a) = ag

As we did in the previous proof, substituting the variance expression, eliminating
common constants and terms taking into account the structure of the economy,
and substituting the corresponding influence vectors, the first inequality of the

proposition becomes:
—¢p <0 —¢ <n(l—a)+n(l—a)

These relationships are true taking into account the assumptions about o and ¢.
For the last three inequalities of the proposition, after simplifying we have the

following:

(1—a)+(1—a)2<n ¢

Y if n(1-¢)(1—a)<as



(1—a)+(1—oz)2>L if n(1—¢)(1—a)>a¢

n(l—¢)

(1—a)+(1—a)2:ﬁ

As we did in the previous proof, we substitute the infinite convergent series Y - (1—

if n(1—-9¢)(1—a)=agp

a)f = (1 — a)/a into the left hand side of the previous inequalities:
n(l—9¢)(1—a)<agp

n(l—9¢)(1—-a)>ap

n(l1=-9¢)(1-a)=a¢
Which are exactly the conditions that we provided. n
Proof Proposition 21. We need to prove that the following inequalities hold for

the parameters ¢ € (0,1), « € (0,1), 2 < n, and o > 0:

[var(ln Yﬂ;i/jm < [var(lnY)]1/2

IED,l:l,b(l:Q)

[var(In Y)]]lE/lezl < [var(InY)]y/?

]EF,I:I,b(l:Q)

As we did before, substituting the variance expression, eliminating common con-
stants and terms taking into account that the structure of the economy implies the

same influence vectors for all sector, both inequalities become:

1-9<1



Which we know is true because ¢ € (0, 1). [ |

3.7.6.b Adding m-links

To prove the propositions of this section we will use results in the first section of

the appendix.

Proof Proposition 22. We need to prove that the inequalities hold for the param-

etersa € (0,1),3 < n,and o} = % > 0:
Vvar(nY)g > var(InY)g

Vv var(In Y>]EB,1:1 > /var(In Y)]EB’Q:2

Recalling the definition of volatility, the structure (1 : 1) that implies ¢; = 1
V(b, z; € BNy, and the structure (2 : 2), after simplifying both inequalities be-

come:

n

> 0> > (A= )i+ dvig)’ + > (g + (1— o)’

=1 Vi€ M:mod(i,2)=1 Vi€ M:mod(i,2)=0

Expanding the squared terms:

ZU? > Z (1= )%} + @™y +2(1 — ¢)pvivipa)
i=1

Vie M:mod(i,2)=1

+ Y (B + (1= ) +2(1 - ¢)guiwy)

Vie M:mod(,2)=0



Collecting common terms and simplifying:

n

i Y [ vl )(1— ) + &%) + 4L — d)gvvis]

i=1 Vie M:mod(i,2)=1

Taking all terms to the left hand side:

> [P+ vR) 1= (1= ¢)* = ¢°) — 4L — ¢)dvivis] > 0

Vi€ M:mod(3,2)=1

Simplifying the terms that contain ¢:

Z [(v7 4+ 07,1)2(1 — )¢ — 4(1 — ¢)pvivi1] > 0
Vie M:mod(4,2)=1
Dividing the whole inequality by 2(1 — ¢)¢ as we know that this term is positive
because ¢ € (0, 1):

2 2
Vi€ M:mod(i,2)=1

Factorising;:

Z (UZ' — Ui+1)2 >0

Vi€ M:mod(3,2)=1
Which is true because from previous results we know that for vertical and star

structures there is at least one pair v; # v;. [

Proof Proposition 23. We need to prove that the inequality hold for the parame-



tersa € (0,1),3 < n,and o7 = 02 > 0:

v var(In Y)ED,lzl = y/var(In Y)]ED’Q:2 = y/var(ln Y)IEF’L1 = y/var(ln Y)Em:2

Following the same intuition that the previous proof, recalling the definition of
volatility, after simplifying the first two sides of the inequality become (last two

sides are equal to the following):

va = Z (1= @)v; + Pvis1)” + Z (¢vic1 + (1 = @)vi)?

Vi€ M:mod(3,2)=1 Vi€ M:mod(4,2)=0

Recalling from previous results that for circle and empty structures v; is the same

for all sectors:

Which implies:

3.7.6.c Diversification

To prove the propositions of this section we will use again the results of the first
section of the appendix. In particular, we recall the influence vector approxima-
tion for the vertical (A) and circle structures:

Vp R~ (%) (14+(1—a)+ (1 —-a))1



1+2(1—a)+3(1 —a)?

1+(1—a)+ (1 —a)?

VA%g
"1+ —-a)+(1—a)?
1+(1—-a)
1

L 4 nxl

Proof Proposition 24. Recalling the inequalities that we need to prove:
Vv ovar(In Y)Eh Y var(ln Y)]E?4 .

\/var(lnY)Ei L Vovar(InY)ga

A,1:2

Recalling the volatility expression and according to the bipartite structure of each

economy, after eliminating common terms, inequalities become:
(v1 4 v2) + (vs + v4)? = (01 + v3)* + (v2 + v4)?

(V3 4+ Vp—2)> + (Vp_1 +)? > (Vn_z + Vn_1)? + (Vn_g + vn)?

Expanding the squared terms, eliminating common terms and diving whole in-
equalities by 2:

V1V2 + V3VUg4 = V1V3 + VU4

Up—3Un—2 + Un—1Vp > Up—_3Up—1 + Up—2Up



Re-arranging:

(v —vyg)(vg —v3) =0
(V-3 — Up)(Vp—2 — Up—1) >0

The inequalities are true because we know that for the vertical structure, v, = v3

and v,,_3 = U,_2 > Up_1 > Up. |

Proof Proposition 25. The inequality that we want to prove is:

Voar(ln Y)Exlm:z > y/var(ln Y)]E,A’1 ,

Recalling the definition of volatility, taking squares and eliminating constants, the

comparison becomes:
(V1 +v2)* 4+ oo+ (V1 +02)2 > (01 +03)° + o+ (Vg + vy,)?
Expanding squared terms:
V|3 + 2(v1v2 + ... Un_10y) > || V][5 + 2(v103 + ...V _90y)

Simplifying:

V1V + ... Up_1Up > V1V3 + ...Up_2oUp

Rearranging:

v1(vg — v3) — Va(vg —v3) + ... + Up3(Vn—2 — Un—1) — Un(Un—2 — Up—q) >0



Collecting common terms:
(Ul — 114)(1)2 — Ug) + ...+ (Ui - vi+3)(vi+1 - UH_Q) + ...+ (Un_g - Un)(l)n_g - Un—l) >0
The above is true because we know that for the vertical structure, v; > v; V(i <

j) € N, in particular v,,_3 > v, and v,,_o > v,,_1. [ |

Proof Proposition 26. The equality that we need to prove is:

Vvar(In Y)Eb,m = /var(In Y)]E,D,12

Analogous to the previous proof, following the same steps and after simplifying

we have the following equality:
(Ul — U4)(U2 — Ug) 4+ ...+ (U,L' — U7;+3)(Ui+1 — Ui+2) 4+ ...+ (Un,;g — Un)(UH,Q — 'Unfl) = O

The above is true because we know that for the circle structure, v; = v; V(i,j) €

N. |

3.7.6.d Concentration

As in the previous cases, to prove the propositions of this section we will use

results in the first section of the appendix:

VD:vF%(%)(1+(1—a)+(1—a)2)1



1+2(1—a)+3(1 —a)? - -
1+n(l—a)+n(l—a)?
I+(1—-a)+(1—-a)?
1
o a
VA R~ — VB ~® —
T4+ -a)+(1—a)? K
1
1+ (1-a)
1
1 - - nxl
L 4 nxl

Proof Proposition 27. The inequalities that we want to prove are:

\/var(lnY)ED’1:2< var(lnY)ED’ltz,b(m)’s(l:l)

\var(ln Y>EF,1:2 < y/var(ln Y)EFJM(M)’S(LU

Recalling the definition of volatility and the assumption that o7 = o, Vb € M, to-
gether with the given bipartite structure that implies ¢;, = 1 V(b, z; € BN for both
economies, after taking squares and eliminating constants and common terms, the

comparison becomes (for both inequalities):
(v; +v;)? + (v + ) < (v +v; +vp)* + 0}
Expanding squared terms, simplifying and eliminating common terms:
v < v+ v

Which we know is true because for all perfectly balanced I-O networks, like circle



and empty, v; = v; = v, V(4, j,1) € N. ]

Proof Proposition 28. In this case the inequalities that we want to prove are:

\ va/r(ln Y)EB,1:2 < /Ua/r(ln Y)EB,l:Q,b(I:S),S(I:I)

(= 1] = el £ 1) || {04, 1 £ 1 ({i, 5} # 180 = 1&n(1 — a)(2 — a)? < 1)
Vvar(nY)g > +/var(lnY)g (1) if {i,7} # 1&l = 1&n(1—a)(2—a)? > 1
Vvar(nY)g > y/var(nY)g st if {i,j} # 1&l = 1&n(1—a)(2—a)* =1

Analogous to our previous proof, after taking squares, eliminating constants and

common terms, and simplifying, comparisons become:
u<vtv if {i=1)7=13&I#1) || {i,5,1} #1|| ({i,j} # L&l = 1&n(1l — a)(2 — a)* < 1)

v > v +v; if {i,5} #1&l=1&n(1 —a)(2 —a)* > 1
v = v +v; if {i,7} #1&l=1&n(1—a)(2-a)* =1

Taking into account the conditions and the structure of the star network, inequal-

ities become:
~l<n(l—-a)+n(l-a)P|1<2|n(l-a)2-a)<1

n(l—a)2—a)*>1



n(l—-a)2—a)P=1

The first two inequalities are true because of the assumptions about n and « and

the rest are exactly the conditions that we provided. n

Proof Proposition 29. The inequalities that we want to prove are:

v ’UCLT(IH Y)]EA,LQ < /Ua/r(ln Y)]EA,I:Q,b(LB),s(l:l)

if [1#1] || [l =1&{i,j} # {n.n—1}] || [ = 1&{i,j} = {n,n — 1}&3(1 — a)? < q]
Il =1&{i || j} # {nyn = 13& (({i | 7} = n&2(1 - )® <o) | ({i | j} = n - 1&2(1 - @)* < 1))]

v ’UCLT(IH Y)EA,1:2 > /Ua/r(ln Y)]EA,I:Q,b(l:B),s(lzl)

if [I = 1&{i,j} = {n.n — 1}&3(1 — a)® > q
| [1=1&{i [ 5} # {nn— 13& ({7 | 7} = n&2(1 — ) > a) || ({i | 5} = n— 1&2(1 — a)?* > 1))]
\var(In Y)]EAJ:2 = y/var(ln Y)]EAJ:MLB)’S(LU

if [I = 1&{i,j} = {n,n — 1}&3(1 — a)? = q]

|1 =18 1 3} # fnn = 108 ({3} = n&e2(1 = a)? = ) | ({i ]| 7} = n — 162(1 — 0)* = 1))]



As we did in our previous proof, inequalities become:

v < v+ v

if [1#1] || [l =1&{i,j} # {n.n—1}] || [ = 1&{i,j} = {n,n — 1}&3(1 — a)® < q]
I [0 =1&{i || j} # {n.n— 1}3& (({i || 5} = n&2(1 —a)?* < a) || ({i || j} = n — 1&2(1 — )* < 1))]

v > v+

if [l = 1&{i, j} = {n,n — 1}&3(1 — a)® > o]

12 =1&{i || 5} # {n,n — 13& (({i || 1} = n&2(1 = a)* > a) || ({i | j} = n — 1&2(1 — a)* > 1))]

’Ul:Ui—i‘Uj

if [I = 1&{i,j} = {n,n — 1}&3(1 — a)? = q]

I 1= 18 || 7} # {mn— 138 ({i ]| 5} = n&2(1 — ) = a) || ({i | 4} = n — 162(1 — a)? = 1))]

Taking into account the conditions and the structure of the vertical network, in-



equalities become:

—1<31—a)+3(1—-0a)?] -1 <2(1—a)+3(1—a)? || -1 <2(1—a)+2(1—a)? ||
—1< (I-a)+2(1—a)? || -1 < (I—a)+(1-a)*~1 < (1—-a)? || -1 < (1-a) || -1 < 2
(1-a)P<1|301-al<a|20-a)?<al20-a)?<1
31—a)P>al20-a)>al2(l-a)>1
31—a)l=al2l-a)=a|2(l-a)*=1

The first eight parts of the first set of inequalities are true because of the as-
sumption c. All the rest of inequalities a are exactly the conditions that we pro-

vided. n

3.8 Chapter 3

3.8.1 Influence vector results

3.8.1.a Results for n > 3, any economy

Recalling the definition of the influence vector, and following Carvalho (2010) and
Acemoglu et al. (2012), I define the centrality vector of the intersectoral trade as

the following:

1'(I—(1-—a)W)™"

<
Il
31e



Where:

=
I
0
i

Wptl -+ Waon 0 ... 1 1
nrn nrn nxl

where the matrix W represents the input-output table of the economy, in other
words, the network of trading among sectors, 1 is a vector of ones and I is the

identity matrix.

Lemma 7. Post multiplying the influence vector by the vector of ones I have the following
result:

vii=1

Proof Lemma 7. Recalling the Perron-Frobenius Theorem for positive matrices,
applied to the input-output matrix, W, which implies that all the eigenvalues of
W are inside the unit circle, and hence, I can express the influence vector as a

Neumann series:

o0

v =21 g (1— )Wk
n
k=0

Post-multiplying the previous equation by a vector of ones:
o0

(0]
1==1 1—a)*Wk1
v - Skzo( a)



Simplifying I can see that v'1 = 1 because:

V'lzai(l—a)k:a(é) =1

k=0
The series converges because |1 — | < 1. |

Lemma 8. The natural logarithm of the L, —norm of the vector that gives us the solution

for the ratio output-consumption, when there are no wedges or frictions is given by:
In|y[[i =lnn —Ina
Proof Lemma 8. Taking the exponential of both sides:
Iyl = n/a
Expressing this equation as a product of vectors:
Y1=n/a
Substituting the definition of the vector 4/, and multiplying the equation by «/n:
%1’(}1— 1-a)W)'1=1

Using the definition of the influence vector, I can expressed the previous equa-



tion in the following way, which was proven to be true en the previous result:
vili=1

Lemma 9. Subtracting the vector of ones transposed, scaled by 1/n, from the influence

vector and multiplied by the vector of ones I have the following result:

Proof Lemma 9. Recalling the result:
vil=1
Subtracting from both sides:
1 1

vli--11=1--11
n n

Rearranging and using the fact that 1'1/n = 1:



Lemma 10. Each element, v;, of the influence vector, v, can be approximated by:

’U,L'%

(1 +(1—a)di+ (1 —a)’ i%’%i)

J=1

3|0

Where d; is the outdegree of sector i defined as d; = 7, wj;.

Proof Lemma 10. We express the influence vector as a Neumann series as I did

before:

/ aloo k k
=1 (1-a)W
v =21Y (1-a)

k=0

Expanding the series:
v = %1'(]1—1— (1—a)W + (1 —a)*W? + ... + 00)
Multiplying the sum by the vector of ones:
v = %(1’ +(1-a)l'W + (1 — @)’ T'WW + ... + o)

I can substitute the vector of outdegrees, d’ = [dy, ..., d,], in the previous equation

because 1'W = d’:

v = 9(1’ +(1—a)d + (1 —a))dW + ... + 0)
n

Grouping over the out-degrees vector and taking a second-order approximation,



the influence vector can be expressed:

(14 (1 —a)d + (1 — a)*d'W)

/
vV X

3|Q

From the equation of the volatility of GDP I can see that I need to express the i-th
element of the influence vector, v;, as a function of the degrees, using the previous

results I have the following:

v

3L

(1 +(1-a)di+ (1 - a)? Zn:djwji>

J=1

Lemma 11. The inner product of the influence vector, v, can be approximated by:

2
VI3 ~ 75 [(5 — 60 +20%) + (1~ ) dd + (1 ) d(W'+ W)d + (1 - a)'d' W'Wd]

Where d is the vector of outdegrees, d’ = [dy, ..., d,,), and W is the input-output matrix.

Proof Lemma 11. Recalling the approximation of the influence vector from the
previous result:

/
vV =

1+ (1—a)d + (1 —a)*d'W)

31

Multiplying this equation by its transpose:

| e

|v||? ~ z(l' +(1—a)d + (1 —a)*dW)(1+(1-a)d+(1-a)*W’'d)

3

Expanding the product and using the definition d = W'1, assumptions W1 =1,



d'1 = n, and fact 1’1 = n, the previous equation simplifies to:

VI3 ~ = [1'1+(1-a)Vd+(1-a)*1Wd+(1—a)d'1+(1—a)*d'd+(1-a)*d W'd

062
n2

+ (1 —a)?)dW1+ (1 —a)*dWd + (1 — a)*dWW'd]

2
— Lt (1—a)n+(1—a)*Vd+(1—a)n+(1—a)’ VWW'1+(1—a)* 1 WW' W'
n

+ (1= a))T'WWI1 + (1 - o)’ 1TWWW'1 + (1 - a)'I"WWW' W'1]

2
— It (1—a)n+(1—a)*n+(1—a)n+(1—a)?||d|3+(1—a)*d W'd+(1—a)*d'1
n

+ (1 — a)?d'Wd + (1 — a)*d'WW'd]

- Z_i[”(”(l—a>+<1—a>2+<1—a>>+(1—a>2d/d+<1—a>3d'W’d+(1—a)Qn

+ (1 - a)*d'Wd + (1 — a)*dWW'd]

2
= a—Q[n(1+2(1—a)+2(1—a)2)+(1—a)2d'd+(1—a)3d'W/d+(1—a)3d’Wd+(1—a)4d’WW’d]
n



= Z—z[“(1+2(1—a)(2—00)+(1—a)2d’d+(1—a)3d’(W' + W)d+(1—a)'d WW'd]

Finally, expanding the term that is multiplying n in the first product inside the

sum:

2

VI3 ~ =5 [n(5 = 6a+20%) + (1 — a)’d'd + (1 = ) 'd (W' + W)d + (1 - a) 'd' W'Wd]
|

3.8.1.b Results for n > 3, economies A, B, C, D and F

In this section, I will use the second order approximation of the influence vector
to analyse the difference between economies with n sectors. Recalling the inner

product of the influence vector in terms of its approximation:

2

V2 ~ = [n(5 — 60+ 20%) + (1 — @)?d'd + (1 — a)*d' (W’ + W)d + (1 — a)*d'W'Wd]
n

I can see that in order to obtain the inner product of the influence vector for the
economies A(Vertical), B(Star), C(Tree), D(Circle) and F(Empty), I need to know

the input-output matrix, W, and the degree vector, d, in each case. The input-



output matrices in each case are the following:

1

1

The degree vector in each case is obtained as the column sums of the previous

matrices:

da =

nrn

0

dg

nrn

Wpg =

1

dc

= nrn

1

1

0 ... 0
0 ... 0
0 ... 0
0 ... 0
0 ... 0

Wg

nrn

- nxn

nrn

Wc

o o o O

nrn



With these matrices and vector I can find the inner product of the influence vec-
tor using the approximation above. For each economy, after simplifying, the eu-

clidean norms squared of the influence vectors are the following:

Ivall3 ~ % [n(5 — 6+ 20%) + (2 +n)(1 — @) + 2(3 + n)(1 — @)® + (6 + n)(1 — )]

ve|? ~ % [n(5 — 6a + 202) + n2((1 — @) + 2(1 — a)* + (1 — a)")]

[vells = % [n(5 — 6 + 20%) + (8 + n(n — 2))(1 — @)* + 4n(1 — a)® + n*(1 — a)"]

2
HVDHg = HVFHg ~ % [n(5 — 6 + 2a2) +n((1 - a)2 +2(1 - a)3 +(1-— 04)4)}

Using these equations I can proceed to prove the following comparisons.
Lemma 12. |[vgl3 > |[vcll3, for 3 < n << oo
Proof Lemma 12. Substituting the approximations, the inequality becomes:

% [n(5 = 6o +20%) +n*((1 — a)* + 2(1 — a)* + (1 — a)*)]
> Z_z [n(5 — 6a +2a°) + (8 +n(n—2))(1 — @)* +4n(1 — @)® + n*(1 — a)*]

Multiplying by Z—i and eliminating the common term:

n*(1-a)*+2(1-a)*+(1—a)?) > (1—a)?)(8+n(n+2)) +2(1 —a)*2n + (1 —a)'n?



Dividing by n*:

(1-a)’+21—a)*+(1-a)'> (1-a)’ <§+n_2)+2(1—a)3 (z>+(1—a)4

Rearranging:

(1—a) (1—(%+";2))+2(1—a)3<1—%> >0

Recalling the assumptions oo € (0,1) and 3 < n << oo, this inequality will be

always true. First term is non negative because (1 — «)? > 0 and:

8 n—2
1— — — >0
n? n
Simplifying:
n2—8_n—220

2

n n

Using n? as common denominator:

n?—8—n(n—2)
2

>0

Multiplying everything by n? and expanding:

n?—8—n?+2n>0



Simplifying:

n>4

Second term is always positive because 2(1 — a)® > 0 and

2
1=-=>0
n
Simplifying:
n>2
Which is true according to this assumption. n

Lemma 13. |[vcl|3 > [|[vall3, for 3 <n << o

Proof Lemma 13. We substitute the approximation to the inner product of the in-

fluence vector:

Z—z [n(5 — 6a +20%) + (8 + n(n — 2))(1 — @)* + 4n(1 — a)® + n*(1 — a)’]
> o [n(5—6a+20°)+(24+n)(1—a)*+2(3+n)(1 —a)’+ (6+n)(1 —a)]

After simplifying:
(1—a)?(8+n(n—2))+2(1—a)*2n+(1—a)*n® > (1—a)*(24+n)+2(1—a)?*(3+n)+(1—a)*(6+n)

Rearranging:

(1—a)*@B+nn—-2—2-n)+2(1-a)*2n—-3—-n)+(1-a)(n*~6-n) >0



By assumption a € (0,1) and 3 < n << oo. Thus, first term is always positive

because (1 — a)? > 0 and:

8+n(n—2)—2—-—n>0

Expanding:
8+n*—2n—2-n>0
Simplifying:
6+n°—3n>0
Factorising;:

6+n(n—3)>0

Second term is always positive because 2(1 — a)® > 0 and:

2n—3—-—-n>10

Simplifying:

n >3

Finally, third term is also positive because (1 — a)* > 0 and:

n?—6-—n>0



Simplifying:

n>—n>6

Factorising;:

nn—1)>6

Lemma 14. ||[val% > ||vp|l3 = ||vr|l3, for 3 < n << oo

Proof Lemma 14. Substituting the approximations to the inner product of the in-

fluence vector for each economy, the inequality becomes:

2

% [n(5 — 60+ 20%) + (2+n)(1 — @)® + 23 + n)(1 — a)* + (6 + n)(1 — a)*]

> % [n(5 — 6a + 202) + n((1 — @) + 2(1 — a)* + (1 — a)")]
Eliminating common terms and rearranging:
24+n)(1—a)?*+2(3+n)(1—a)®*+(6+n)(1—a)* —n((1—a)*+2(1—a)*+(1—a)*) > 0
Factorising the terms that contain o:
2(1 —a)* +6(1 —a)* +6(1 —a)! >0

This polynomial inequality is always positive because a € (0, 1). [

I can compare also the inner products as n goes to infinity:



Lemma 15. lim,, ., ||vg||3 > lim, . [|vc]|3

Proof Lemma 15. We start with the inequality of the inner products:
Ivells > lIvells (3.90)

Substituting the approximations:

% [n(5 — 60+ 20%) + n2((1 — a)? + 2(1 — a)* + (1 — a)")]
g Z— [1(5 = 6o +20%) + (8 +n(n — 2))(1 — @) + 4n(1 — @) + n*(1 - a)']

Taking limits to infinity with respect to n of both sides, eliminating o and rear-

ranging:
— 202
lim [m+(l—a)2+2(1—a)3+(1—04)4
n—oo n
— 20 —2) 1 —a)? +4(1-a)®* 8(1—a)?
> lim [5 6a + 2a° + (n n)( a)* +4(1 — ) N ( n2a) L (1— a)
n—oo

Calculating the limits the inequality becomes:

1—a)P+2(l-a)P+(1—-a)*>(1—a)

Simplifying:

(1—a)+2(1-a)*>0

Which is true because « € (0, 1). [ ]



Lemma 16. lim,,_,., ||vc|[3 > lim, o [[vall3

Proof Lemma 16. As before, I start with the inequality of the inner products:
Ivells > [Ivally (3.91)

We substitute the approximations:

2

% [n(5 — 60+ 20%) + (8 + n(n — 2))(1 — a)> + 4n(1 — )® + n*(1 — a)*]
= Z_z [n(5—6a+20°)+(24+n)(1—a)*+2(3+n)(1 —a)’+ (6+n)(1—a)]

Taking limits to infinity with respect to n of both sides, eliminating o and rear-

ranging:

5—6 20 —2)(1—a)?+4(1 —a)*  8(1—a)?
lim[ at2+(n-2)1-af +41-a)f 8 QQ) 4 (1—a)
n—00 n n
— 202 + (1 —a)?* +2(1 —a)P* + (1 —a)t  2(1 —a«)? 1—a)? 1—a)
- im [5 ba+20"+(1-a)f +2(1-a)’+ (1 —0)®  2(1—a)"+06 2a)+6( a)
n—00 n n
Calculating the limits the inequality becomes:
(1—a)*>0
Which is true because « € (0, 1). [ ]

Lemma 17. lim, . [|[vall3 = lim, o0 ||[VvD |3 = lim,, o0 ||VE ||

Proof Lemma 17. Substituting the approximation of the inner product in each



side of the inequality:

O[5 — 60+ 20%) + (24 m)(1 — ) + 23+ m)(1 — )’ + 6+ m)(1 = )]

052

= [n(5—6a+2a%) +n((1 —a)*+2(1 —a)® + (1 — a)*)]

Taking the limit when n goes to infinity of each side, rearranging the n, and elim-

inating the common o?:

lim

n—00 n n

5—6a+2a2+(1—a)2+2(1—a)3+(1—oz)4+2(1—@)2+6(1—a)3+6(1—a)4]

I 5—6a+2a2+(1—a)2+2(1—a)3+(1—oz)4}
= lim
n—oo n

Calculating the limits as n goes to infinity I find that both sides of this equation

are equal to zero. [

3.8.1.c Results forn =4

In this section I will use the closed form solution in the case of 4-sectors(firms) for
the star and vertical economies. Recalling the definition of the influence vector, v/,
and the input-output structure implied by such economies, in particular, w;; = 1
for all <i,—j§, after inverting (M athematica code at the end of the Appendix 3.8) the

Leontief matrix, the influence vector elements for each economy are the following:

Lo
Star : vg = [v1s, Vas, V35, Vas)



. R A
Vertical : vy = [v1v, Vav, U3y, Vav]

Where
S jfi=1
Vis =
T ifi € (2,4)
.
(27(1)(2420((0472)) ifi=1
a(3+a4(a—3)) ifi =29
Viv =
a2_a) ifi=3
T ifi =4

\

Using these elements I can obtain the following results that I will use in the proofs

of the volatilities comparisons.
Lemma 18. |vg||? > ||vv]3, forn =4

Proof Lemma 18. Substituting the elements of each influence vector obtained pre-

viously, expanding and simplifying collecting a’s I have the following inequality:
12a — 3507 + 390° — 220" + 7a® — a® > 0

The solution to this inequality is given by the intervals o € (0, 1) and a € (1,2.5260).
Recalling the assumption about the values that the parameter o can take, o €
(0,1), I can see that the range of the inequality is always positive over the domain

specified by a. [ |

Lemma19. > 7, vivvjv > ngj Visv;s, forn =4



Proof Lemma 19. Following the same steps as before, substituting the elements of

each influence vector and simplifying:
1200 — 3507 +39a° — 220" + 7a” — a® > 0

Which is the same polynomial inequality that the one in the previous lemma, thus

I know that the range of the inequality for the domain of « is positive. [

Lemma 20. > 0 vivvjy — D1 Visvjs = || Vs — [[vvl[3, forn = 4

Proof Lemma 20. This equation is true because of the two previous inequalities

above. |
Lemma 21. Z;;j vivvjy >0, forn =4

Proof Lemma 21. Following the procedure, substituting the elements of the influ-

ence vector:
5 4102 N 390  1la* N 7o’ b =0
a J— — _— —
8 8 4 8 8

The solution to this polynomial inequality is given by the interval a € (0, 2.2859).
Since the values of a are given by the assumption of a € (0, 1), hence the range of

the inequality is positive. u

3.8.2 Ideal Price Index

Definition 58. The ideal price index is given by:

(p1- ... -pn)l/" =1



I can express the ideal price index in terms of vectors, taking logarithm and
defining p = [Inpy, ..., Inp,|:

~1p=0
n

3.8.3 Multi-sectoral economy with idiosyncratic correlated pro-

ductivity shocks

3.8.3.a Equilibrium

The household maximises the utility over the consumption of n-goods, given by

the following constrained problem:

s.t.

Zpici = TZ/{Z' + Zm
i=1 =1 i=1
¢; is the consumption of the final good ¢, p; is the real price of each good, ;
represents capital rented to each sector i at a price r. ; is the profit of each firm,
which in equilibrium will be equal to zero.
The first order conditions of this maximisation problem are found solving the

following Lagrangian problem:

£ = %ilnci — A (ipzcl — Tikl — iﬂ})
=1 i=1 =1 i=1



The F.O.C. are given by:

1
—Api=0 = A=
ne; np;c;

zn:pici — ’I“Zn:kfl - zn:ﬂ'i =0
1=1 =1 i=1

The first condition implies:

piC; = p;cj Vi,

Substituting this relationship into the budget constraint, I get the optimal con-

sumption of the household:

_r Do ki Do

=
np;

Each firm maximises its profits according to the following problem:

n
max m; = p;iq; — rk; — E Piqij
i,qij )

s.t.

n

¢ = (ziki)" C]Z(j s
j=1

j=1



Where o € (0, 1) indicates the share of capital in production, w;; > 0 represents
the share of intermediate good j in the total use in sector ¢ and is also a typical
element of the input-output matrix a-la-Leontief, where the sum of the shares from
each sector j in the production of sector i have to add 1.

The first order conditions of each firm are given by:

om _pidgi o _ . — P

81{:1 kz r

om  pi(l — a)wg;g

pi(l — a)wi;g;
9qij Qij ’ ’ bj

The market clearing conditions for the final and intermediate goods, and for
the capital are given by the following equations, where k is the exogenous endow-

ment of capital:

n
¢ + Z%Lj =q Vi
j=1

i=1

To find the quantities in equilibrium I start substituting firm’s F.O.C. for ¢;; into

the clearing condition of goods market for j:

"~ pi(1 — a)w;qi
G+) T =
i=1 J

Multiplying by p;:



n
pipi(1 — a)wi;q;
pj0j+z : » = = pjq;
i=1 J

Substituting equation of optimal consumption from households through p;,

and p; into the previous equation:

ry i ki35 Wicj+z(1 — a)wig” S ki m i ki3 T
C.
=1

- J
ne; nc; ne;

Simplitying:
~ (1 —wyq g
1 RS et (R ¥ )
+ ; C; Cj
Defining;:
Vi = q5/c
and
Yi = Qi / C;

Substituting into previous equation:

1 + Z(l — a)wij% = ’}/j
i=1

Stacking over sectors and solving for ~:



y=T—(1-a)W)'1

Substituting the household’s FO.C. into the firm’s F.O.C. for ¢;;:

Cj (1 — oz)wl-jqi

qij =
J i

Substituting ~; and +; into the previous equation:

(1 — wijg;
o

qij =

This is the solution for intermediate goods in equilibrium, it depends on the

network given by .

Substituting the household’s FEO.C. into the firm’s FO.C. for k;:

CipP;j g
cr

ki:

Substituting +; into the previous equation:
LGP
‘ T

Adding over sectors and substituting the clearing condition of the capital mar-

ket:

L — SPi% 21
r



Dividing the previous two equations:

ki
Z?:l Vi

This is the solution for the capital in equilibrium, it depends on the network

k’l’:

given by ~.
Taking into account that each element of gamma is positive because « € (0,1)

and w;; € [0, 1], I can express the previous equation in the following way:

kv
[iod P

%

3.8.3.b GDP

Proof Proposition 15. Substituting the solutions of ¢;; and ; into the production

k"1 (61— Qwig (maws
qi:(ziuvul) H( o )

j=1 7

function:

Taking logs of the previous equation:

Ingg=a(nz+Ink+Iny —1In|~v|)

+(1—-a) Zwij (In(l — o) +Inw;; +Invy; —Invy; +1ng;)

J=1



I define the following vectors:

In ¢, In z; 1 In wy; Inv

Ingq, In z, hn In wy; In~,
nxl nxl nxl nxl nxl

Simplifying, stacking over sectors and substituting the result In ||v||; = Inn —

In a:
gq=a(p+7—1Inn—-Ina)+1nk)+1(1 —a)ln(l —a) + (1 — a)W (w + q)
Solving for q:
qg=I-(1-a)W) a(p+75—1(Inn —Ina)+1Ink) + 1(1 — o) In(1 — a) + (1 — a)Ww]

Recalling v; = ¢;/c;, taking logs, stacking over sectors, rearranging for c, divid-

ing by n and pre-multiplying by 1":

1/ 1/ 1 i
—1lc=-1q——-1%
n n n

Where ¢’ = [Incy, ..., In¢,|. Substituting the equation that I found for q into the



previous one:

l1'c = [%1'(]1 —(1- a)W)*l] (p+7—1(lnn —Ina) + 11nk)

+ [%1’(]1 —(1- a)W)’l] (1M In(1 —a)+ O_—OOWW) - %1’7

(07 (07
Substituting the definition of the influence vector:

1 11— 1-—- 1
~lec=v (p+7—-1(Inn—Ina)+ 1lnk)+v’ (1( o) In(1 —a) + ( Q)WW>——1'7
n a a n

Substituting the result v'1 = 1 and grouping common terms:

1 1-— 1-— 1
—1/c:V’u—l—ln/{:—i-lnoz—i-ﬂln(l—oz)—i-MV'WW—IHTH- (V’— —1'>7
n a e n

To find the logarithm of the GDP, from the budget constraint of the household

I know that:

1=1
Substituting the optimal consumption and taking logarithms, this equation be-
comes:

Y =In¢;+1Inp;+1nn

Stacking over 7's, diving by n and pre-multiplying by 1":



1 1
Y ==-1c+-1p+Inn
n n

Substituting the definition of the ideal price index, %1’ p = 0, the previous

equation implies:

1
Y ==1c+1nn
n

Substituting this previous result, I can express the equation for the GDP in the
following way:

Y =vu+A

Where 4 is logarithm of idiosyncratic correlated shocks z; and A is a variable

of parameters given by:

(1-a)

«

A=Ink+lna+

(In(1 - a) + vV'Ww) + (V, _ %1/) .

3.8.3.c Volatility of GDP under same variance and correlation parameters

Proof Corollary 3. From the expression of the variance of the GDP, I know that in

terms of the influence vector, v, and covariance matrix, X3, I have:

[war(Y)]Y? = [v/Ev]'/?



Using the assumptions that 07 = o® and p;; = p for all 4, j, I can express the

covariance matrix in the following way:

a% P120102 ... pP1p010n, 1 p ... p fl) 1 ... 1

2 1
5 = P210201 op cen P2,090, 2 p 1 ... p _ 02p 1 5 1
Pn1On01  Pr20n0s ... JEL p p ... 1 1 1 /13

I can decompose further the last matrix using the fact that 1 + (1 — p)/p = 1/p:

nrn

Where the second matrix is the identity, I,,,,,, and the first matrix is compose of

ones and can be expressed as the outer product of a vector of ones, 1,,,,:

2 =0 (p1l' + (1 - p)])

Now, I substitute this special case of the covariance matrix into the variance of Y’

above:

[var(Y)]'? = [V'o® (p11' + (1 — p)D) v]'/2

Multiplying the elements of the sum by the outside vectors:

[var(Y)]V? = [0 (pv'11'v + (1 = p)v'v)]"/?



Recalling the result about the influence vector, v'1 = 1, and hence, 1'v = 1, the

previous equation becomes:

par(Y )2 = [0 (o + (1= p)V'0)) 2

And finally, the inner product of the influence vector can be expressed as the

squared of its euclidean norm:

par(Y)]"2 = /o2 (p+ (1 = p)|vI[3)

3.8.3.d Volatility of GDP as a function of out-degrees

Proof Proposition 17. We need to express the influence vector as a function of the

out-degrees. In order to do this, I recall the approximation:

Vi =

SIQ

<1+(1—a)d + (1 —a) Zdu@)

7j=1

Substituting this result into the variance of GDP, I have the following expression

as a function of the out-degrees:
var(Y) =

=1 j=1 =1

ZZpUO’ZU] <1+ (1—a)d;+ (1 —«) Zdwﬂ) (1+ (1—a)d; +(1—a) Zdw”

)



Expanding the product of the influence vector v; and v;, the previous equation

becomes:

n

2 n 2 n n
var(Y) = % > pijoio; + % D> pioio; (1= a)(ds + d;) + (1 — )’did,)

i=1 j=1 i=1 j=1

2 n n n n
j=1 1=1

i=1 j=1

‘f‘(::_z i i Pij0i0; <(1 — Oé>3 (dl i djwji + dj i d2w23> 1 — a <Z d. iWji Z d. wQ))
J=1 i=1

i=1 j=1

I can simplify the previous expression in the following;:

a n n
UGT(Y)1/2 = Z Z pijgigj (1 + Aij + Eij + \I/U)

i=1 j=1

n

Where:
Ay = (1—a)(di+d;) + (1 — a)’did;

=i = (1—a)? (Zdwﬂ Zd%)
\Dz = 1—04 (d Zd ’LUﬂ‘l'd Zdwm> 1—04 (Zd wjzzdw2]>

3.8.3.e Asymptotic volatility of GDP

Proof Proposition 18. To find the lower bound of the volatility of GDP as n goes

to infinity, I can use the expression of the volatility in terms of the degrees and



input shares that I found previously. But first I need to find the tighter bounds,
given the approximation of the influence vector as a function of outdegrees and

the input-output matrix, I know the following:

iivivj >0 (%) ( ZZ (d +Zdw”> (dj+§djwﬁ>>

i=1 j=1 =1 j=1

Where O represents the asymptotic notation when the lower and the upper bounds
are meet at the same time, f,, = Q(g,) if iminf, .- f./g, > 0 and f, = O(g,) if
limsup,, . fn/gn < 0o. The second term of the previous inequality is greater or

equal than the first term, because of the following:

ZZ <d +Zdw”> (dj+jidjwﬁ> >n

=1 j=1

Recalling that > , d; = n, substituting it into the right side and expanding the

left side:

n n

Zde + ljzl<d Zdwﬂ—l—d ZdwzJ—FZdwledwlj) >Zd

=1 j=1 1=

I can express the first term of the left hand side as the sum of two terms using the

fact that when i = j is the sum of the squares of the degrees:

Zd2+2dd +ZZ <d Zdwﬂw Zdwzj—f—Zdw]ZZde]) >Zd

i=1 J#i i=1 j=1



We know that the second and third terms of the left hand side of the inequality are
equal or greater than zero because the degrees and the inputs shares take values
over this range. Hence, in order to be true such inequality I need to prove that the

first term of the left side is greater or equal than the right hand side:
ddi>d d
i=1 i=1
Expressing this inequality using the euclidean and the L, norms:
413 > [1d]lx

Taking squared root of both sides and dividing by +/n:

Idllz _ , _ lId]h
N n

Which is true because it has the form of the QM-AM (Quadratic Mean - Arithmetic
Mean) for n real numbers. Having establish this relationship, I can express the

volatility of GDP in terms of the following lower bound:

[war(Y)]V? = Q (%J i i <di + i di'LUij> (dj + i djwji))

i=1 j=1
|

Proof Corollary 4. Following the same reasoning as before, this lower bound is



greater than that one implied by the law of large numbers:

(R £ £

i=1 j=1

This because after applying the same reasoning as in the previous proof, I only

need to compare:

Knowing that ||d||; = n, taking squares and multiplying by n:

Idllz o, _ lIdlh
N n

Which again is true because it has the form of the QM-AM for n real numbers. W

3.8.3.f Variance decomposition of GDP

Proof Proposition 19. To express the volatility of GDP in terms of the Cholesky
matrices, I need to apply the Cholesky algorithm to the covariance matrix, 3. In
particular, I use the algorithm implementation in Mathematica, which according
to the Cholesky-Banachiewicz or Cholesky—Crout algorithms, the decomposition

of the covariance matrix will yield a triangular matrix, C, such that:

¥ =CC



Where the matrix C, in the 424 case, is composed of:

C pr—
U3 Csp Cs3 0
_041 Cyo Cus 044_
Where:
\/Ej,j -0, ifi =

Cij =
é <Ei=j - Ci,ij,k;> ifi>j

After implementing this algorithm, I found the Cholesky matrix:

o1 0 0 f(p)ll 0 0

09 092 ... 0 f(p)gl f(p)gg e 0

Q
Il
o

Op Op ... Op f(p)nl f(p)nZ R f(p)nn

o - - - nan

Where in the 4x4 case is given by:

flp)n =1
f(p)a1 = p12
f(p)a1 = pis

f(p)ar = p1a



f(p)22 = /1 = pi
(P23 — p12p13)

f(p)s2 = W

(024 - /)12/?14)

f(p)az = W

[Ty = 2p13paspra + pls + 3 — 1
f(p>33 - 2
P2 — 1

_ (P2 = prap1a) pos + prs (pra = propaa) + (py = 1) psa)
(P%g —1) \/P%Q—2,013/123,012—&-,0%3—&-,033—1

pip—1

F(0)is = (1 = p34) p242 (P13 (p2apss — p2s) + pra (paspsa — p2a)) pratpss+patrss—pis (33 — 1)

1
2 2
— —1)+2 — —2 —1
P13 (,024 ) P13P14 (P23P2a — P3a)—2p23 P24 P34 )<pf2 2p13pap1z + Pl + Pl 1)

3.8.3.g Comparison of volatilities, specific cases

In order to prove the propositions of this subsection I will use the influence vector

results detailed in the first section of Appendix 3.8.

Proof Proposition 20. According to the assumptions, I need to verify that the fol-
lowing inequality holds for the parameters a € (0,1), 3 < n << 00, 07 = % > (

and p;; = p € [—1, 1), that are the same between and within economies:

Vovar(Y) g > var(Y) s > var(Y) , > /var(Y), = y/var(Y)



From previous result I found that:

par(Y)]"2 = /o2 (p+ (1 = p)IvI[3)

Substituting into the inequality:

Vo 0+ (1= p)Ivel) > o2 (o + (1= p)Iveld) > /o2 (0 + (L= p)[Ival})
> \Jo? (0 (1= p)lIvpl13) = /o2 (o + (1= p)l|vel?)

Taking squares, diving by ¢? and eliminating the common p:

L =plvsls > (1 =p)llvells > 1= p)lvallz > 1 = p)vpllz = (1 = p) I vell2

I can divide each term by (1 — p) since is positive because of the assumption p €

[—1,1), then previous inequality becomes:
Ivells > [Ivells > Ivalls > [[volls = lIvel;
I know that these relationships are true because of the results that I found in the

first section. [ |

Proof Proposition 21. In this case I need to prove the following inequality for the

assumptions a € (0,1),3 <n << oo,0? =0?>0and p;; = p=1:

i =

Vovar(Y) g = var(Y), = Vwvar(Y) , = Jvar(Y), = v/var(Y)



Substituting the expression for the volatility under the assumptions that I found

previously:

Vo o+ (1= p)lvall) = /o2 (0 + (1 = p)lIvel3) = y/o? (o + (1= p)[val3)
= /o2 (p+ (1= p)IvDlE) = /o2 (p+ (1 = p)llvel3)

Taking squares of both sides, diving by o2 and subtracting p:

(L =plvelz =1 -p)llvellz = (1= p)lvallz = 1 = p)Ivpllz = (1 = p) [ vell2

This inequality is true because of the assumption p = 1. [

Proof Proposition 22. In this case I have the assumptions a € (0,1), 67 = 0> > 0
and p;; = p € [-1,1), so I need to prove the following inequality:
lim y/var(Y), > lim Jvar(Y), > lim y/var(Y), = lim y/var(Y), = lim y/var(Y),

n—o0 n—oo n—o0 n—oo n—oo

As I did in the previous proofs, substituting the equation of the volatility of GDP

under the assumptions given, after simplifying I have the following relationship:
. i 2 . B 2 . N 2 _ 9 B 2 _ 9 i 2
Tim (1=p)||lvellz > lim (1=p)[vcz > lim (1-p)[lvallz = lim (1=p)|vp|l; = lim (1=p)|ve|j

I can divide everything by (1 — p) because the assumption p € [—1, 1) implies this



term is positive, then previous inequality becomes:
lim [[ve[; > lim [[vcl; > lim [[val; = lim [|vpl; = lim [[vs||3
n—oo n—oo n—o0 n—oo n—o0

And, as I found in the previous section, I know that all these relationships are

true. |

Proof Proposition 23. Let 0? = 02 and p;; = p # 0 between and within economies
p ? J

for all 4, j. I need to prove for the economies A, B, C, D and F:

lim /oar(Y) = lim /o2 (p+ (1= p)|v[}3) > 0

n—o0

From the previous proposition I know that the economies with the minimum

volatility are A, D and F', and in those cases the previous equation becomes:

VaoZp >0

2 =0. |

This follows from the result, in the first section, lim,,_, ||[va D F

Proof Proposition 24. Considering the economies A(Vertical) and C(Tree), let (0%
0?), and (67 = 0) for all i # 1, for both economies and for all n > 3. Recalling the
definition of volatility and the assumptions about the variance of the idiosyncratic

shocks, the inequality of volatilities could be simplified to:

n n

2,2 2,2
g o vy < E o v
i=1 i=1



Dividing by n and by ¢*:

2 2
Via < Vo

Taking the square root of each side and recalling that each element of the influence
vector is always positive:

V14 < ViC

Substituting the expression of the influence vector for the first elements as a func-
tion of the degrees using the second order approximation described previously,

the inequality becomes:

3|e

<1 +(1—a)dia+(1—a)®) dewﬂA> < % (1 +(1—a)de+(1-a)> djcwﬂc>

J=1 Jj=1

Simplifying the previous inequality and rearranging:

0< (1 — OZ)(dlC — dlA) + (1 — 05)2 (Z djcwjlc — Z dewj1A>
j=1 Jj=1

The input-output structure of each of these economies is given by the following



matrices, when n is unknown:

100 0 ... 0 100 0

100 0 0 100 0

010 0 ... 0 010 0
WA: WC:

001 0 ... 0 010 0

000 1 0 010 0

Hence the degree sequence for each economy is the following:

di& = [27 17 (ERE) 170]1acn

d/C - [2,’]1 - 27()’ -~-70]1wn

Having the vector of degrees and the input-output matrices in these cases, I can
simplify the inequality using the fact that the degree of 1 is the same in the two
economies and that the other terms are given by the inner product of the vector of

degrees (d’) and the first column of the input-output matrix (col; (W)):

0 < (1 —a)?(dgcol;(We) — dycol; (Wa))

After simplifying the inner products given the matrices described above:

0< (1—a)*(n—23)



Using the fact that 1 — «a is positive, the inequality becomes:
3<n

Which is the assumption under I consider the inequality to be true. [

Proof Proposition 25. Considering the vertical economies A; and A,, let (67 = o)

for all firms and (p;; = p) for all firms within the same economy:
war(V)J{2 > ar(V)Y if (p€ Za,) > (p € Ba,)

ar(V)]{? < ar(W)]{? if (p€ ) < (p € Bay)
war(Y)]{? = [var(Y)]} if (p € Za,) = (p € Ta,)

Recalling the definition of volatility and the assumption that both A; and A, have
the same vertical structure, start assuming that the difference of volatilities is
equal to zero. After taking squares and calling p4, and p4, the correlation of econ-

omy 1 and 2, respectively:
o? Z vizv + c72pA1 Z Vv Uiy = o2 Z va + asz2 Z Viy Uy
i=1 i#] i=1 i#]
Dividing by o2, and simplifying:

Z Viv Vv (/)Al - PAz) =0
1#£]



From previous results I know that the term that is multiplying the difference of
correlations is positive. Then, if the correlations are equal, p4, = pa,, this equality

holds. However, if p4, > pa, the previous equation becomes:

Z Vv U5y (pa, — pay) >0
i#]

If the difference of correlations is p4, < pa,, the inequality is:

> vivviy (pay — pay) <0
i

Which in both cases the inequalities comply with the assumptions. This completes

the proof. [

Proof Proposition 26. Consider the vertical economies A; and Ay, let (o = o) for
all firms, and (p;; = p) for all connected sectors, = (i, j), in the economy A; and the

unconnected sectors, (7, j ;, in the economy A,, otherwise (p;; = 0):
[war(Y)]{ < [oar(Y)]4, if p € (0.1]

war(V){? > [var(Y)]{? if p € [-1,0)

Substituting the equation of volatility, the assumption that both A, and A, have

the same vertical structure, and the assumption about the parameters, the first



inequality becomes:

n n

2 2 2 2 2 2
o E Uiy 407 p(v1yvay +HUay v3y +Usy vy ) < O E Uiy 07 p(v1v gy +HU9y Usy +Usy vy )
i=1 i=1

Simplifying the inequality eliminating the first terms of both sides and dividing

by o?, after re-arranging:
0 < p(vivvay + vavvzy + v3vvay — (Vivvey + vavUzy + V3yUay))

This inequality depends on the value of p and the difference of the elements of the
influence vector. First, I analyse if the difference of the terms that are multiplying

p is always positive, I substitute each element and after simplifying:
V1V Ve Vv Uy 031Uy — (Viv vy H 0y U3y +Usvvay) = 302 —9a’+10a" —5a°+a° > 0

The solution to this polynomial inequality is given by the intervals o € (—00,0),
a € (0,1) and o € (1,4+00). The second interval is the assumption about the pa-
rameter o, hence, the range of this polynomial inequality in this case is always
positive. Thus, the original inequality is true if and only if the correlation parame-
ter is positive, which in the first case is the assumption given p € (0, 1]. Following

the same steps, the second inequality becomes:

0 > p(viyvay + VayUsy + U3y vay — (V1vUay + Vay Usy + Uy Vay))

Which I know is true under the assumption that the correlation parameter takes



negatives values p € [—1,0), because the term that depends on the difference of

the elements of the influence vector is always positive. [

Proof Proposition 27. Consider the vertical economies A; and A,, let (02 = o) for

all firms, and [p;; = pa,, V(i # j) € T4, ]:
war(Y2 < ar(NY2 if [pay = (000 15) > pa = (pig¥={6,39), (i # j) € ]

war(Y2 > ar(]Y2 if [pay = (p¥=(39) < par = (pi¥{5,30), (i # j) € S
war(V)]Y? = [war()]Y2 if [pa = (094 39) = (pig¥=(0,30) = pas, ¥(i # §) € Sa,]

Substituting the equation of volatility, the assumption that both A; and A, have
the same vertical structure, and the assumption about the parameters, I start prov-

ing the difference of volatilities equal to zero:

n

n
2 2 2 2 2 2
o E Uiy + 07 Pa, § ViyUjy =0 E Viy T 07 pa, E Viy Vv
1=1

i#] i=1 i#]

This relationship is true if all the correlations are the same as is the assumption.
Now, to prove the first inequality where the volatility of A, is greater than the
one of A;, I take into account the assumption about the correlations for this case,

and dividing by o2, after simplifying:

2p 4, (V1v U2y + VayUsy 4 U3y Uay) + 2p4, (VivUsy 4 VivUsy + Vavtay) < pa, Z Viy U5y
i#]

The sum in the right hand side contains the same products of the elements of the



influence vector as in the left had side, but with the difference that are multiplied

all by p4,, then I can simplify the inequality in the following way:

0 < (pa, — pa,) (Vv vy + VivUsy + VayUay)

For this inequality, by assumption, I know that the difference of correlations is
positive, then to prove the inequality I need to prove that the other term is pos-
itive. After substituting the elements of the influence vector and simplifying, I
obtain:

3a 190  15a® 3ot b

U1y U3y + Uiy gy + Voy gy = o + — +

8 8 ; Tg 70

This polynomial is greater than zero for the domain given by o because the solu-
tion to this inequality is given by a € (0, +00). This completes the proof for the
first difference of volatilities.

To prove the second inequality of the difference of volatilities, I follow the same

steps as above, taking into account the assumptions:
2p4, (Vivvay + Vay Uy + U3y Uay ) + 2pa, (Vv Uy + VivUsy + Vayvay) > pa, Z ViUV
i#j

After simplifying:

0 < (pa, — pa,)(V1vvay + oy sy + V3y Vs )



By assumption in this case the difference of correlations is positive, then in order
to corroborate the inequality I need to know if the second term is positive, after

substituting the elements of the influence vector and simplifying:

3a 1la? 5 . 3a®  af
Ulvﬂgv+vzvvgv+vgvv4\/:7— 1 + 3a° — 2« +T_§>O

Which is true because the solution to this polynomial inequality is « € (0, 2). This

completes the proof. |

3.8.4 Multi-sector economy with idiosyncratic capital risk shar-
ing
3.8.4.a Equilibrium

The representative household solves the following problem:

s.t.

Zn:pici = TZI@ -+ Z Y
=1

1€Ms 1€ M

The first order conditions of this maximisation problem are found solving;:

E = %iln@; — A <iplcl — TZ]{Z — Z 7Ti>
=1 =1

1€ Ms 1€Ms



The F.O.C. are given by:

pic; = p;cj Vi,

Optimal consumption of the household:

7’2]@4‘ Zﬂ'i

1€Ms 1€ M
n

pic; =

Then each firm maximises its profits according to the following problem:

max m; = p;q¢; — rk; — ij%j

k‘.7 ..
iyqij =1

s.t.

Where o € (0,1) indicates the share of capital in production, w;; > 0 repre-
sents the share of intermediate good j in the total use in sector i. The first order

conditions of each firm are given by:

om;  piag; piq;
(91@ kz " r
o, pi(l — a)wi;g; pi(1 — a)wi;q;

9q;; Qij ’ ’ bj



The market clearing conditions for the final and intermediate goods, and for

the capital are given by the following equations:

q+§é%y=%Vi

j=1

Z ki = 2, K, Vs
i€ M,

Where

2y = exp(is), ps ~ N(0,02) i.i.d. Vs

In the same way that section (2), I start substituting firm’s FO.C. for ¢;; into

the clearing condition of goods market for j:

" pi(1 — a)wi;qi
R
i=1 J

Multiplying by p;:

 p;pi(1 — a)wig;
%@+§:] (p,)J = Pidj
i=1 J

Substituting equation of optimal consumption from households through p;,

and p; into the previous equation:

TZ]{ZZ—FZWZ n TZI{?Z—FZWZ TZI{?Z+Z7TZ

ieM, ieM, ieM, ieM, ieM, ieM,
¢+ E (1 — )w;jq =
ne; ; ne; ne;
i=1

qj

Simplifying:



. ‘f'i: (1 —a)w;;g; 4
i=1 G €

Defining;:

Vi = q;/¢;

and

Yi = C]i/Ci

Substituting into previous equation:

1 -+ Z(l — a)wij’yl- = "}/]'

i=1
Stacking over sectors and solving for ~:
y=I—-(1-a)W')'1

Substituting the household’s F.O.C. into the firm’s FO.C. for ¢;;:

Cj (1 — Oé)wiqu‘

qi; =
J e

Substituting ~; and +; into the previous equation:

(1 — wijg;
Vi

qij =

This is the solution for intermediate goods in equilibrium, it depends on the



network given by 7.

Substituting the household’s FO.C. into the firm’s FO.C. for k;:

Cip;
c;Tr

ki =

Substituting +; into the previous equation:

CiP; i
r

k’i:

Adding over the subset of sectors M, and substituting the clearing condition

of the capital market:

i Y i
— iE€M,
ZsKs = r -

Dividing the previous two equations:

ZsKslyi

N Z%‘

1€Ms

k;

This is the solution for the capital in equilibrium, it depends on the network

given by 7.



3.84.b GDP

Proof Proposition 28. Substituting the solutions of ¢;; and k; into the production

function: N

T n (1—a)w;;
25K g5 H (%‘(1 — a)wiij) !

q; =
ZJ\; Vi =1 i
1€ s

Taking logs of the previous equation:

Ing;, = « (lnzs +In K, + Inv; —In Z%>

1€Ms

+(1—a) Zwij (In(l —a) +Inw;; +Invy —Iny; +1ng;)

j=1
I define the following vectors:
In z; 1 In K, In ¢
zZ= = u= k= q=
1 In K, In g,
tEm maxl Hm maxl . mxl ne
1 i
In wy; Iny ni§417 Lo (1)
W= 7= = In =
In wy,; In~, In > Ly (n)
nxl nxl L i€Mm d 0

L, (1)

Lag,, (n) -

Where the i-th element of the matrix Iy is an indicator function of the mem-

bership of a firm in the subset M, of N, taking the value 1 for all ¢ in M, and the



value O for all elements of N not in M,:

1 ifie M,

Loz, (7)
0 ifi¢ M,

where according to the definition of the subset M, ", 1,(i) = 1, which means

that each i belongs to only one subset.

Stacking over sectors:

4=tk -5 +79) +(1- )W (1n(l - a) + w +q)

Solving for q:
dq=T—-(1—-a)W) ' a(Im(p+k—5) +75) + (1 —a)W (1In(1 — a) + w)]

Recalling 7; = ¢;/¢;, taking logs, stacking over sectors, rearranging for c, divid-
ing by n and pre-multiplying by 1":

1 1 1
~1c=-1q—--1%
n n n

Where ¢’ = [Incy, ..., In¢,|. Substituting the equation that I found for q into the



previous one:

e = [S1(- (1= )W) ] (e + k= 5) +7)

(07

+ [%1’(11 ~ (1= )W) (“_—OOW (1In(1 —a) + W)) - %1'7 (3.92)

From the budget constraint of the household I know that:

i=1
Substituting the optimal consumption and taking logarithms this equation be-
comes:
Y =In¢,+Inp;+1nn

Stacking over 7's, diving by n and pre-multiplying by 1":

1 1
Y ==-1c+-1p+Inn
n n

Substituting the ideal price index (p; - ... - pn)¥/™ =1, the previous equation

implies:

1
Y ==1c+1Inn
n

Substituting this previous results and the vector of influence into the previous



equation, I can express the equation for the GDP in the following way:

Y =vIyu+ A

Where 41 is the vector idiosyncratic shocks, z,, to each capital endowment for

each subset of firms, M, and A is a variable of parameters given by:

(1-a)

(1-a)

1
A=V (IM(k—ﬂ—F Ww—i—7) + In(1—a)+Inn—-17%
n

3.8.4.c Volatility of GDP

Proof Proposition 29. The volatility of the logarithm of the GDP was defined as:
[war(Y)]Y? = [var(v'Iyu)]?

I can express the previous equation in sums of the products of the elements in

the following way:

n m 1/2
joar(Y)]'2 = [Z o2 (Z wm)]

I can see from the previous equation that in order to know the volatility of the
logarithm of the GDP I need to know the variance of the sum, over the subsets of

tirms, of the logarithm of the idiosyncratic shock times the indicator function. I



can use the assumption that the idiosyncratic shock are i.i.d to express the variance

in the following way:

3.8.4.d Comparison of volatilities, specific cases

Proof Proposition 30. Considering A}, and A7 ,:

war(V)E = [var(V)' if o} = o3

1 2
Ay o Af o

war(Y)]'2 > war(Y)])Y2 if 02 > o2

1 2
Ao Af o

[var(Y)]1/2 < [vaT(Y)]1/2 if 02 < o3

1 2
Ao Afo

We start by finding the variance of the logarithm of the GDP for each case in
terms of the elements of the influence vector and the idiosyncratic variance of

each capital endowment, substituting in the first inequality:
[vio? + vio? + vios + 0203]1/2 = [v?0? 4+ vi0s 4+ vio? + 0203]1/2

Collecting the o2

[0 (v} + v3) + 03 (v3 + v)]Y? = [of (v] +v3) + o3 (v} + v)]?



Squaring both sides and rearranging;:

o1 (vi +v3) = o7 (vf +v5) = 03 (v + v}) — 05 (v5 + i)

Simplifying:

o1 (v; —v3) = 03 (v — v3)

In the case of the first equation this is true because of the assumption o7 = 3. For

the second inequality, following the same steps, I have:

o1 (v; —v3) > 03 (v; — v3)

Rearranging:
(v = v3)(07 = 03) > 0

We know that the second term is positive in the case of the second inequality
because of the assumption o} > 3. The first term is also positive because vi > v3

as I can see substituting the elements of the influence vector:

() - ()

Simplifying:

1>«



Which I know is true according to this assumption about a. For the last inequality,

applying an analogous reasoning I find:

(v = v5)(07 — 03) <0

We know that this last inequality is true because the first term is always positive
and the second term is negative because of the assumption given in the third in-

equality, o7 < 03. [ |

Proof Proposition 31. Considering Aj, and By, let 07 = o*:

[UGT(Y)]1/2 < [var(Y)Eg/; if 02 =03

1
Ao

Substituting the elements of the influence vector and the idiosyncratic variance of

each capital endowment into the previous inequality:

2 92,2 2, .92 92, 2 211/2 2 2 2 2, .2 92, .2 211/2
[U1V‘71 + Vay 01 + V3,05 + U4V‘72] < [Ulsal + V3505 + V3907 + U4502]

Where the sub-index V' indicates an element from the vertical economy and S and

elements from the star economy, as described in the previous sections. Taking

squares of both sides and simplifying using the assumption that o2 = o*

vz < llvsl3

Which I know is true as was proved in the previous subsections. [



3.8.5 Multi-sector economy with capital risk sharing, intra-group
correlations and collateral constraints
3.8.5.a Equilibrium

We consider a representative household solving the following problem:

s.t.

sz‘cz‘ = Tzki + Z U
i=1

€My iEMg

The first order conditions of this maximisation problem are found solving:

L= %zn:lnci - A (ipici —eri — Z 7ri>
i=1 i=1

1€Ms 1€Ms

The F.O.C. are given by:
pici = pic; Vi, j

Optimal consumption of the household:

T’Zk’i—F Zﬂ‘,‘

1€Ms €M

piCi =
n

Each firm maximises its profits according to the following problem:



s.t.

Where

2 = exp(p;), i~ N(0,07,p;¥j € M) non —i.,i.d.

maxm; = p;q; — rk; — Z Piqi; — Z Pjdij

7q
B JEMS J¢Ms

g = (zik;)® H qi(;*a)wij H qi(;fa)wij

JEM; J¢EMs
Z Pigij < 0; <piQi —rk; — Z ijij)
JEMs JEM;s

j=1

Where « € (0, 1) indicates the share of capital in production, w;; > 0 represents

the share of intermediate good j in the total use in sector i.

The second restriction represents the external working capital constraint, by

external I mean the inputs obtained from firms of a different subset. We need to

solve the following lagrangian problem to find the quantity of inputs demanded

by the firm i:

L = pi(zik:) qu

The solution to this problem is given by the following equations:

J

(1—a)w;;
T—rki— > pigi A | 0 (piQi —rki— > ity

JjEM; JEM,

>_

Z Dj%j

JEMs



(1 = wypigipy* if (4, 5) € M,
4ij =
(1 — )wybipigip;* if (i,5) ¢ M,

ap;q;
T

ICZ':

Compared to the previous case, I can see that with credit constraints for the
external working capital, as the collateral becomes more relevant (¢ — 0), the
demand of each external intermediate input decreases.

The market clearing conditions for the final and intermediate goods, and for

the capital are given by the following equations:

Ci+ZQij+ZQijZQi V(i € M)

JEMs JEM;
Z ki = usK 4 Vs
i€ M,
Where

uy = exp(vs), vs~ N(0,62) i.i.d. Vs

In the same way that previous sections, I start substituting firm’s F.O.C. for ¢;

into the clearing condition of goods market for good j:

(1 — @)wi;pig; (1 — a)wy;pigib;
€M, J ing J

Multiplying by p;:



picj + Z (1 — c)wipig; + Z (1 — )wijpigits = pjg;

1€EMsg Zng

Substituting equation of optimal consumption from households through p;,

and p; into the previous equation:

TZ/C@—F Zﬂ'i

1€Ms 1€Ms

n

Simplifying:

Defining:

and

[

1+ Z wqu 4 Z (1— O‘C)‘wijQiei

1€Ms 1€ M

) TZki—i‘Zﬂ'i

nc;
i€EMs ing I

1747 ]- - 17 zez 1
1+Z qu+z( wialds _ g
€M ¢ Mg Gi Cj
=45/
Yi = Qi/ci

Substituting into previous equation:

1+ Z a)wijyi + Z a)wijifi = %

i€ M i¢ M J

Stacking over firms and solving for ~:



y=[I-(1—a)[Wol/ +Wo(l-1/)o®1] '1

This is in the solution to the consumption/output in equilibrium.

Now I need to find the quantities in equilibrium. Substituting the household’s

EO.C. into the firm’s FO.C. for ¢;;:

(1 = e)wijeiqic;t if (4,7) € M,
qij =
(1 — a)wijﬁichici_l if (Zaj) ¢ MS

Substituting ~; and +; into the previous equation:

(1 — a)wigyvny b if (i,7) € M
qij =
(1 — a)wybiqyiy; t if (i,5) ¢ M,
This is the solution for intermediate goods in equilibrium, it depends on the

network given by v and the collateral parameter 6.

Substituting the household’s EO.C. into the firm’s FO.C. for k;:
L — Qc;P;qi
’ cr
Substituting ~; into the previous equation:
ko — QCiP;7i
’ r

Adding over the subset of sectors M, and substituting the clearing condition



of the capital market:

acipj 2 i
€M

r

uSKS -

Dividing the previous two equations:

USFS'YZ’

Z%‘

1€Ms

]{Zi:

This is the solution for the capital in equilibrium, it depends on the network

given by ~.

3.8.5.b GDP

Proof Proposition 32. Substituting the solutions of ¢;; and ; into the production
function:

(e}

(I—a)w;; (I—a)w;;

us K5y, 7i(1 — a)w;;q; ! Yi(1 — a)w;;6,q; !
I ( I
J¢EMs

qi = ZiT . .
i€M, ) e K k&

Taking logs of the previous equation:

Ing; =« (lnzi+lnus—|—lnfs +In~v; —In Z%>

1€ M

+(1—-a) Z wij (In(1 — o) + Inw;; + Invy; —Invy; +1Ing;)

JjeMs

+(1—a) Z w;; (In(1 — o) + Inw;; +Invy; —Invy,; +Ing; +1Iné6;)
JEMs



Simplifying after collapsing common terms:

Ing, =« (lnzijtlnus—{—lnfs +Invy —In Z%>

1€ Ms

+(1—a) (Z wi; (In(1 — o) + Inw;; +Invy; —Iny; +Ing;) + Z Wy 1n91'>

j=1 JEMs

Stacking over firms:
a=a[Imv+k—%) +p+7+(1—a) WQAIh(l —a)+w+q)+ (Wo(]I—IS)olél)l}

Solving for q:

q=(I-(1-a)W) " a[Iu+k—7) +pn+7]

+@—41—aﬂwr%y—@[“ulmu—ay+wy+GNo@—Jgo1éqq
Recalling v; = ¢;/c;, taking logs, stacking over sectors, rearranging for c, divid-
ing by n and pre-multiplying by 1":

1 1

1 / / /
“1ec=-1q--17
n n n

Where ¢’ = [Incy, ..., In¢,|. Substituting the equation that I found for q into the



previous one:

%yc = 21— 1 - W) (v + k= 5) + 1+ 7]

+ {M} [91’(11 —(1- a)W)*l} [W (1In(1 —a) +w) + (Wo (I-1I,) 0 16)1 —%1’7

(67 n

From the budget constraint of the household I know that:

i=1
Substituting the optimal consumption and taking logarithms this equation be-
comes:
Y =In¢+1Inp;+1nn

Stacking over ¢'s, diving by n and pre-multiplying by 1":

1 1
Y ==-1c+-1p+Inn
n n

Substituting the ideal price index (p; - ... - pn)¥/™ =1, the previous equation

implies:

1
Y ==1c+1Inn
n

Substituting this previous results and the vector of influence into the previous



equation, I can express the equation for the GDP in the following way:

Y =v(Imy +p) + A

Where v is the vector idiosyncratic shocks, z;, to each capital endowment for
each subset of firms, Mj, p is the idiosyncratic productivity shocks only correlated

between firms of the same group and A is a variable of parameters given by:

AEV’[(l_a) ((WO(H—IS)Olé)’)1+Ww)+IM(k—§)_7

(0%

1— 1
+ Mln(l — a) — —1’7+ Inn (3.93)
[0 n

3.8.5.c Volatility of GDP

Proof Proposition 33. Follows the same steps that I use in the proof of the corre-

sponding proposition of the previous two models. [

3.8.5.d Comparison of volatilities, specific cases

Proof Proposition 34. Consider A}, and A7 ,, let ¢ = ¢ = ¢* and 07 = 07 = o”.

Let the correlation to be given by [p;; € X V(i,j) € N|py; = p.i # j,(p € Ay,y) =
(p € Al
war(V))Y? = [var(W)]}7 if p=0

2
A4,2

war(Y)]"? > [var(Y)]2 if p € (0,1]



[war(Y)]Y? < [var(Y)]z/;Q if pe[—-1,0)

1
A4,2

Considering the first equation, after substituting the elements of the influence vec-
tor and the idiosyncratic variance of each capital endowment and each idiosyn-

cratic shock:

4 1/2
2.2 2 2 2 2 2.2 2,2
VIS F V56 + U565 + UGy + 2012010201V + 203403040304 + E o;; =
=1

4 1/2
2 2 2 2 2 2 2 2 2.2
V1G] T V565 + v36) +vi6s + 2/)130-10-31}11)3 + 202402041)2?14 + g g; Ui]
=1

Taking squares and simplifying using the assumptions about the variance and

correlation parameters:

(V7 4+ V3 +v3 +v]) + 2p0% (V109 + v3vy) = 2(V] + V3 + V3 + v5) + 2007 (V1v3 + Vavy)

Simplifying:

p(v1vg + V304 — v1v3 — Vvovy) =0

Rearranging:

p(vr — vq)(v2 —v3) =0

Which in the case of the first equation of the proposition is true because of the
assumption that p = 0. Following the same steps for the second inequality of the

proposition, I arrive at:

p(vy —vy)(vg —v3) >0



The second of the left hand side is always positive because, after substituting the
elements of the influence vector, L have —a®+4a? —7a+4, which is always positive

in the interval o € (—o0, 1). Hence I can express the previous inequality as:
p(vg —wv3) >0

After substituting the elements of the influence vector for the second term of the
inequality I have:

pla—1)(a—=1)>0

As a € (0,1) I can further simplify:
p>0

Which is true given the assumption of the second inequality of the proposition.
Following the same steps in the case of the third inequality, I arrive at the follow-
ing condition:

p <0

Which is true given the assumption of the inequality that I am analysing. n

Proof Proposition 35. Consider A}, and A7,, let ¢f = ¢ = ¢ and 07 = 07 = o°.

Let the correlation to be given by [p;; € X V(i,j) € Nlpy = p,i # j,(p € Agy) #

(pe Ai,z)]:

par(Y)]fy > [ar(V)]7 if p € (0.1 Allp € AL,) > (p € A7)



ar(V)]}? < var(YV)]42' if p € [=1,0) Al(p € A},) < (p € A,)]

1 2
A4,2 A4,2

Following the same steps of the previous proof, I consider the first equation, after
substituting the elements of the influence vector and the idiosyncratic variance of

each capital endowment and each idiosyncratic shock:

A 1/2
VIGE + U3ST 4+ U365 + UiSh + 201201090102 + 203403040304 + Z afvf] >
i=1

2 2 2.2 2.2 2.2 2 : 2,2
V161 + VgySo + V361 + VySo + 2p130'10'3U1U3 + 2p240'20‘4U2'U4 + g;U;
=1

Taking squares and simplifying using the assumptions about the variance and

correlation parameters:

¢*(vF + 3 +v5 4+ v3) +2p4,0° (V102 +v3v4) > (V] + 05 + 05 + ;) + 204,07 (V103 + Vavy)

Where p4, denotes the correlation of the first economy and p4, the correlation of

the second one. After simplifying:

pa, (V102 + v304) — pa, (V103 + vovy) >0

Substituting the elements of the influence vector and simplifying:

- aﬁpAl - a5(pA2 - 7pA1) - a4(21p141 - 5pA2) - Q/S(llpAQ - 33pA1)

—a*(28pa, — 13pa,) — (8pa, — 12p4,) > 0



For values of a € (0, 1), the solution to this polynomial inequality is given by the
conditions (pa, < 0A3pa, > 2p4,), (Pa, = 0A pa, > 0)and (pa, > 0A pa, > pa,)-

All cases do not violate the assumption for this inequality, p4, > pa,. Following

the same steps in the case of the second inequality I arrive at the following:

- QGpAl - as(pAz - 7pA1) - a4(21p141 - 5pA2) - CY?)(llpx‘lz - 33/0.41)

- 042(28p141 - 13pA2> - a<8pA2 - 12/0141) <0

Given the assumption of a@ € (0,1), the solution to this polynomial inequality
is given by the conditions (p4, > 0 A 3pa, < 2p4,), (pa, = 0 A pa, < 0) and
(pa; < 0N pa, < pa,). Which in all cases the assumption for this inequality,

pa, < pa,,is not violated. -

Proof Proposition 36. Considering Aj, and A} ,, let p;; = 0 and 07 = o*:

war(W)YE = lvar(V))YZ if ¢ =

1 2
Ao Af o

[var(Y)]l/2 > [va?"(Y)]l/2 if i >q

1 2
A4,2 A4,2

war(W)YE < var(V))Y7 if ¢ < ¢

Als Al»
For the first inequality of the proposition, substituting into the definition of vari-
ance [ have:

1/2

4 1/2 4
292, 292, 22, 22 2 2 292, 292, 292, 29 2 2
VIS U6 +U3Sy + UGy + E o}, = | VIS T U365 + U3Sy + Uiy + E 0;;
i1 i1




Taking squares of both sides, collecting the <2, and simplifying:

Gt (v +v3) + (V5 +v7) = G (vf 4+ v3) + o3 (V3 + v))

This is true for the first equation of the proposition because the assumption given
in this case, <7 = ¢3. Following the same steps in the case of the second inequality

of the proposition, I arrive at the following:

Gt (03 + v3) + 65 (V5 +v7) > (V] 4+ v3) + o3 (v5 + vf)

After simplifying and rearranging;:

(& — <) (v3 —v5) >0

Substituting the elements of the influence vector, the previous expression becomes:

(4 —)a—1*((a=2+1)>0

As the second and the third terms between parenthesis of the left hand side are

always positive because a € (0, 1), the inequality is given by:

> 6

Which is true because this is the assumption given in the proposition for this case.

In the case of the last inequality of the proposition, following the same steps as



before, I arrive at the following condition:
<l
Which completes the proof because is the same that the assumption given for the

inequality analysed. n

Proof Proposition 37. Consider Aj, and By, let ¢; = ¢f and 07 = o7. Let the

correlation to be given by [p;; € X V(i, j) € Nlpi; = p,i # j,(p € Ay,) = (p € AL,)]:

[var(Y)]z/;z < [var(Y)]}S/jQ

Considering the first equation, using the definition of variance and simplifying

terms using the assumptions given:

A 1/2
VIGT + Va6 + V3G + V3Ss + 2p120109V1Vs + 203403040304 + Z 03%2] <

=1 Aél1 5

4 1/2
22 .22 22 22 2,2
V1S + U536 + U3S5 + UiSy + 2p12010201V2 + 20340304V304 + E o;;
=1 By

Taking squares and simplifying using the assumptions about the variance and
correlation parameters, denoting the elements of the vertical economy with the

sub-index V' and the ones of the star economy with the sub-index S:

4 4
2 2 2 2 2
(U +g ) ( E Vi — E UiS) — po (’0151)25' + U35U4s5 — V1yVoy — U3Vv4v) <0

=1 =1



After substitute the elements of the influence vector and simplifying, I have the

following inequality:

a?(35(0% + %) — 260%p) + a*(22(0? + %) — 210%p) + a’(0* +¢* — 0?%p)

+a®(=T(0? + ) +70%p) + a(—12(c* +¢*) +80%p) + a®(—39(c? +¢*) +330%p) < 0

Under the assumptions of the parameters « € (0,1), 0> > 0 and ¢* > 0, the
solution to this polynomial inequality is given by p << 3/2, which completes the
proof because I know that the correlation parameter can takes values p € [—1,1].

3.8.6 Mathematica code

3.8.6.a Influence vector star and vertical economies

ClearAll[“Global*”|
ClearAllW1, W2, W3, V, S, T, o, 1]

n=4;
1 00 0
10 00
W1 = :
01 00




W2 =

W3 =

Text[“Vertical n=4"]

V' = FullSimplify

<a/n>*(1 - 1).

Text[“Vertical squa_red n=4"|

V.(Transpose[V])

Text[“Star n=4"

S = FullSimplify

<a/n>*(1 L1 1).

Text[“Star squared-n:4”]

S.(Transpose[S])

Inverse

Inverse

— (1 — @) * W1)

— (1 — a) *x W2)




Text[“Tree n=4"

T = FullSimplify | (a/n) * ( 1111 ) . | Inverse — ((1 — ) *x W3)

o o O
)
—
o

Text[“Tree squared_ n=4"|

T.(Transpose[T)
Quit]]

3.8.6.b Simplification of influence vectors and inequalities

ClearAll[“Global*”|

ClearAll[vs, vv, vt, a, parameterl, diff1, diff4, diff7, diff8, diff9, diff10, diff11, diff12, vvij, vsij, vvijnc,"
elementsv1234, elementsv1324, elementsv1234V, elementsv1234S, XY, 7]
vsla] = ((4—3%a)/4)"2+ 3 % (a/4)"2;

wla] = (2= a) % 2+ (=2 + a) * ) /4)"2

+((ax 3+ (=34+a)*a))/4)"2+ ((a* (1 —(a—1)))/4)"2+ (a/4)"2;
vsijla]] =2 (((4 —3%a)/4) x (a/4) + (4 —3xa)/4) x (a/4)

(4= 3% a)/4) % (a/4) + (a/4) * (a/4) + (a/4) * (a/4) + (a/4) % (a/4));
vvijla] =

2% (2= a) % (24 (-2 + a) %)) /4) * ((ax B+ (~3+ a) * ) /4)

(2= a)* (24 (=2 + a) * @) /4)  ((ax (1= (a— 1)))/4)+



(2—a)* 2+ (=2+a)*a))/4) * (a/4) + ((a*x B3+ (=3 +a)*a))/4) x ((a* (1 — (a—1)))/4)

+((ax (34 (—3+a)xa))/4) = (a/4)+

((ax (1= (a—1)))/4) x (a/4));

vvijne[a_| =

2% (((2—a)*(2+ (=2+a)*a))/4)* ((a* (1 —(a—1)))/4) + (((2—a)* (2+ (=2+a) xa))/4) * (a
+((a*x (34 (=34 a)xa))/4) % (a/4));

vvijecla ] =

2% ((2—a)* (24 (—24a)*xa))/4) * ((a*x (3+ (—3+a) xa))/4)

+((ax 3+ (=3+a)*a))/4) % ((a* (1= (a—1)))/4)+

(@ (1= (a—1)))/4) * (a/4));

parameterl =1 > a > 0;

Text[“Comparing Star vs Vertical”|
Resolve[ForAll[{a}, parameterl, vs[a] > vv[a]]]
diffl[a_| = Collect[FullSimplify[vs|a] — vv|a]], a|;
Collect[FullSimplify[vs|a] — vv[a] > 0], a]
Reduce[diffl[a] > 0, a]

Text[“Comparing Starij vs Verticalij”|
Resolve[ForAll[{a}, parameterl, vsijja] < vvij[a]]]
diff4[a_| = Collect[FullSimplify[vvij[a] — vsij[a]], a];
Collect[FullSimplify[vvijja] — vsij[a] > 0], ]
Reduce[diff4[a] > 0, a]



Text[“Comparing Star-Vertical=Verticalij-Starij”|
Resolve[ForAll[{a}, parameterl, vs[a] — vv|a|==vVij[a] — Vvsij|a]]]

diff7[a_| = Collect[FullSimplify[vs|a] — vv|a] — (vvij[a] — vsij[a])], d]

Text[”Analysing if verticalij is always positive”]
diff8[a_| = Collect[FullSimplify[vvij[a]], al;
Collect[FullSimplify[vvij[a] > 0], a]
Reduce[diff8[a] > 0, a]

Text[” Analysing if the non-connected terms of the ij product of vertical are positive”|
diff9[a_| = Collect[FullSimplify[vvijnc|a]], a;

Collect[FullSimplify[vvijnc|a] > 0], a]

Reduce[diff9[a] > 0, a]

Text[“Analysing if the connected terms of the ij product of vertical are positive”|
diff10[a_] = Collect[FullSimplify[vvijcc[a]], al;

Collect[FullSimplify[vvijcc[a] > 0], a]

Reduce[diff10[a] > 0, a]

Text[“Comparing the connected and unconnected terms of the ij product of vertical”]
Resolve[ForAll[{a}, parameterl, vvijcc[a] < vvijnc|a]]]

diff11[a_] = Collect[FullSimplify[vvijnc|a] — vvijcc[a]], a];



Collect[FullSimplify[vvijnc|a] — vvijec]a] > 0], a]
Reduce[diff11[a] > 0, a

Text[“Substituting the elements into p1(v1v2+v3v4)-p2(v1v3+v2v4)>0 (vertical)”|
elementsv1234[a_,pl ] =pl« ((((2—a)* (2+ (=2 +a) xa))/4) * ((a * (3

(=34 a) +a)/4) + ((a* (1= (a—1))/4) * (a/4));

elementsv1324[a_,p2 ] =p2« ((((2—a) * (2+ (=2 +a) xa))/4) * ((a* (1 — (a — 1)))/4)
((ax (3+ (=34 a) * a))/4) * (a/4));

diffll[a_, p1_, p2_] = Collect[FullSimplify[elementsv1234[a, p1] — elementsv1324[a, p2]], al;
Collect[FullSimplify[diff11[a, p1, p2] > 0], q]

Resolve[ForAll[{a}, parameterl, diff11[a, p1, p2] > 0]]

Reducel[diff11[a, p1,p2] > 0, al;

Text[“Substituting the elements into p1(v1v2+v3v4)-p2(v1v3+v2v4)<0 (vertical)”|
Collect[FullSimplify[diff11[a, p1, p2] < 0], a

Resolve[ForAll[{a}, parameterl, diff11[a, p1, p2] < 0]]

Reducel[diff11[a, p1,p2] > 0, al;

Text[“Substituting the elements into X(vv-vs)-Y((v1v2+v3v4(star))-((v1v2+v3v4(vertical)))=0"]
elementsv1234Via_| = (((2—a)* 2+ (—2+a) *xa))/4) * ((a* (3+ (=3 +a) *a))/4)

((ax (1 - (a—1)))/4) * (a/4);

elementsv1234S[a | = ((4 — 3 xa)/4) * (a/4) + (a/4) x (a/4);

diff12[a_, X_, Y_, Z_] = Collect[FullSimplify[(X + Y)  (vv]a]



—vsla]) — 2 * Z x X x (elementsv1234S[a] — elementsv1234V(a])], al;
Collect[FullSimplify[diff12[a, X, Y, Z]==0], d

Resolve[Exists[{a, X, Y}, diff12[a, X, Y, Z]==0&& X > 0&&Y > 0&&parameterl], Reals|
Resolve[ForAll[{a, Y, X}, parameterl&& X > 0&&Y > 0, diff12[a, X, Y, Z]==0], Reals]
Reduce[diff12[a, X, Y, Z]==0, a, Reals];

Text[“Substituting the elements into X(vv-vs)-Y((v1v2+v3v4(star))-((v1v2+v3v4(vertical)))<0”]
Collect[FullSimplify[diff12]a, X, Y, Z] < 0], a]

Resolve[Exists[{a, X, Y}, diff12[a, XY, Z] < 0&&X > 0&&Y > 0&&parameter]], Reals|
Resolve[ForAll[{a, Y, X'}, parameter1&& X > 0&&Y > 0,diff12[a, X, Y, Z] < 0], Reals]
Reduce|diff12[a, X,Y, Z] < 0,{a, X, Y, Z}, Reals];

Quit|]
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