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Abstract: In order to control a single quadcopter with a cable-suspended payload to follow the
desired trajectory, a mixed Hy/H, controller with constraints is developed. Firstly, the Euler-
Lagrange dynamic model is built and linearized. Then the extended model for path tracking
problem is designed. Based on linear matrix inequality (LMI), state feedback controller Hy and
H ., with constraints is illustrated. Aiming to maintain a good balance in transient behaviors and
frequency-domain performance, the mixed controller is presented. Finally, the control strategies
are utilized in a simulation test and the result validates the proposed method.
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1. INTRODUCTION

Nowadays unmanned aerial vehicles (UAVs) are gaining
more and more popularity in many possible applications
including search and rescue, disaster relief operations,
environmental monitoring, wireless surveillance networks,
and cooperative manipulation. Lifting and transportation
of a cable-suspended payload by a quadcopter is a chal-
lenging and useful issue.

Much literature has been published around this topic.
Cruz and Fierro (2014) addresses the problem of lifting
from the ground a cable-suspended load by a quadrotor
aerial vehicle, where the mass of the load is unknown.
Faust et al. (2013) presents a motion planning method for
generating trajectories with minimal residual oscillations
for rotorcraft carrying a suspended load and completes
the multi-waypoint flight in the cluttered environment.
Palunko et al. (2012) uses a high-level planner to provide
desired waypoints and utilize a dynamic programming
approach to generate the swing-free trajectory to keep the
minimum load swing. Sreenath et al. (2013) establishes
a differentially-flat hybrid system for the quadrotor-load
system and develops a nonlinear geometric controller to
enable tracking of outputs. As for the controller design, in
De Crousaz et al. (2014), the iLQG method is applied to
the hybrid system and the aggressive controller is designed
for controlling the payload to pass through a small window.
Alothman et al. (2015) proposes a linear quadratic regula-
tor (LQR) for lifting and transporting the load. The single
situation is extended to multi-vehicles in Sreenath and
Kumar (2013), which addresses the problem of cooperative

transportation of a cable-suspended payload by multiple
quadcopters.

This paper presents a mixed Hs/H, tracking controller
based on linear matrix inequality (LMI). Basically, prob-
lems around Hs and H,, control are studied widely.
Apkarian et al. (2001), Zhai et al. (2003), and Filasova
et al. (2016) describe the framework for Hy and H
performance based on linear matrix inequality. It is known
that while H,, control design is mainly concerned with
frequency-domain performance, and does not guarantee
good transient behaviors for the closed-loop system, Ho
control design gives more suitable performance on sys-
tem transient behaviors Nonami and Sivrioglu (1996).
The proposed method tries to maintain a good balance
on transient behavior and frequency-domain performance.
Besides, the constraints for the inputs and outputs are also
considered in this paper.

The remaining parts of this paper are organized as follows.
In section 2, the nonlinear and linear models are described.
In section 3, the extended model for tracking problem
is given and the mixed Hs/H, controller is presented.
In section 4, the proposed method is developed in a
simulation test and the results are analyzed. Finally, a brief
conclusion is provided.

2. MODEL DESCRIPTION
2.1 System and Notations
The full system is presented in Fig. 1, including the inertial

frame, intermediate frame, body-fixed frame, vertical and
horizontal forces generated by each propeller and swing



angles of the rope with respect to the intermediate frame.
In order to simplify the problem, some reasonable hypothe-
ses are given as follows:

(1)
(2)

body.

The quadcopter is considered as a symmetrical rigid

The payload is considered as a point mass and is

attached at the center of the quadcopter.

(3)
(4)

Ze

Te

The cable tension is always non-zero.
The air drag of the propellers is negligible.

Ye

Fig. 1. Single quadcopter with a cable-suspended payload

Partial symbols and acronyms used in this paper are lised

in table 1.

Table 1. Symbols and Definitions

Symbol Description

Se : TeYeze Inertial frame

S:xzyz Intermediate frame: translate Se
to the center of the quadcopter

Sb : TpYbL2Zb Body-fixed frame

E; cR3i=1,2,3
e; €R3i=1,2,3
n=[6.0,¢]" €R3

Unit orthogonal vectors of Se
Unit orthogonal vectors of Sp,
Euler angles of quadcopter defined
nZ-Y-X

T.op € R3X3 Transformation matrix from Se to Sp
QcR? Angular velocity of quadcopter in Sp
mg = 0.55kg Mass of the quadcopter
mp = 0.05kg Mass of the payload
Ig e R3 Inertial matrix of the quadcopter
with respect to Sp
g € R3 Position of the center of quadcopter in Se
Ep €ER3 Position of the payload in Se
L, =0.5m Length of the rope
Lg =0.1Tm Length of the quadcopter arm
a,B €R Angles of the rope with respect to S
peR? Unit vector from the payload to
the attached point
fiz, fin €R3 Vertial and horizontal forces generated
by ith propeller, i = 1,2,3,4
kr,ky € R Propeller aerodynamic parameters

As illustrated in Fig. 1, the following relationships are
available.

p = [—sin(B), —cos(a)cos(B), sin(a)cos(8)]"
Ep=xpE; +ypE3 + zpE3
Eo=&p+ Lrp
| | 1)
1 0 —sin(0) ¢
Q=10 cos(¢) sin(¢)cos(9) 0
0 —sin(¢) cos(d)cos(6) ¢

2.2 Euler-Lagrange Modeling

The quadcopter-payload system has 8 degrees of freedom.
Choosing g = [xp,yp, zp,a, 5, ), 0, 1/)]T as the generalized
coordinates will not only be convenient while controlling
the trajectory of the payload but also be helpful for extend-
ing to multi-vehicle situation. As a result, the Lagrangian
is given by

1 . . 1 . . 1
T= §mp££ “Ep+ 5??”@55 “Eo + §9TIQQ
U=mpg€p - Es+mgg&q - E3
L=T-U

(2)

Then the Euler-Lagrange equation is

d OL

OL
w'ag) ~

- 3)

The generalized forces @ defined here are based on the
choice of the generalized coordinates g and the external
conservative forces Y F;. The force F; consists of two
complements f;, and fi;, (equation (4)) which are related
with the angular speed w; of ith propeller.

Fi — fZZ+flh7Z: 1727374
fiz = krpwles,i=1,2,3,4

2
fin = kywieg

2
Sfon = kywieq
2
fan = —kuwses
2
Sfan = —kypwier

where e; = Toop By, 1 = 1,2, 3.

As seen in Fig. 1, the point where the force F; is applied
on is the center of each propeller and the corresponding
position vector is noted as &; seen in equation (5).

&1 =60+ Loer
& =& + Lges
& =8q — Lger
&1 =E&q — Lgee

According to the principle of virtual work, the generalized
forces are given by equation (6).

(5)

(6)



Taking the generalized forces (detailed in (A.1)) and equa-
tion (2) into equation (3), the Euler-Lagrange equation can
be rewritten in

Mg = f(q,q) (7)

where M and f(q,q) are detailed in (A.2) and (A.3)
respectively.

Considering the balance situation as the equilibrium point
(zo,ug), the linearized model is obtained in equation (8).

of

q:M_lai lﬁ
T

A M~
T+ 9

o Uo

Au (8)

Furthermore, equation (8) can be stated in the following
standard state-space form.

T = Ax + Bu

y=Czx 9)

where A € R6*16 and B € R6*4 are detailed in(A.4)
and (A.5), C = I1'6*16,

. . . AT
T = [$P7$P79P7yPazP;2P7a7d7ﬂ73a¢7¢79797¢7¢} €

R16> u = [w17w27w35w4]T € R4)y S R16
3. CONTROL STRATEGIES

3.1 FExtended Model for Tracking Path

Taking account of the integrations of the position tracking
error, the diagram of state feedback controller is seen in
Fig. 2.

Fig. 2. Diagram of extended state feedback controller

The desired and feasible trajectory is (a:d, ud), so the state

d

error is e € R16 ;= g4 — .

The integration of the position error is [ e¢,dt € R? .
T
The new error state is & = {eT, i eETP dt} c R,

Therefore, equation (9) can be stated in following form of
tracking error & and disturbance inputs w = u,, € R*.

é = Ae + B,w + B,du (10)

o)

] e R19%4 All the states are detectable

AlO
F|0
B
0

where, A = { } € ROV F = B, =

R19X4,Bu — |:

and considered as measurement outputs. The Hy, H,, and
constraint performance outputs are as follows:

z9 = Cox + Dru
Zoo = Coox + Dou
z.=C.x + D.u
where Cy, D3y, Cy,, D, C., D, are appropriate weight
matrix.

(11)

As a result, equation (11) is equal to the following transfer
function matrix in terms of Hy and H,, performances.

A |B, B,
G=|CGnGn|_ C, | 0 D, (12)
G Go C 0 D

The problem of mixed Hs/H,, tracking control with
constraints is described like:
Ir(nin | Te2u (K i) |l

3~t-||Tzoow(Kmix)”oo <y
‘uz(t)‘ < Ui max
‘zci(t” < Zi max
where, v is the acceptable gain of H,, norm, u;.x and

Zimax are the maximum constraints. Then the feedback
controller is:

u=2d0u+u’= K, &+ u’

(13)

(14)
3.2 Mized Hy/Ho, LMI Control with Constraints

Lemma 1. (Hs Performance)

Given an upper bound A > 0, if there exist symmetric
positive definite matrices X9, Z and general matrix Ry
satisfying

X,=X]>~0,Z=2Z"~0
AX, + X,A" + B R, + R: Bl «
| Bl o
Z *
[XQCQT+R2TD2T XJ =0
trZ < \?
where state-feedback gain matrix Ky = Ry X, !, Then,

the controller stabilizes the closed-loop system and the
upper bound of Hsy performance index is A.

(15)

Proof. See Apkarian et al. (2001).

Lemma 2. (Hs Performance with Constraints)

Given an upper bound v > 0, if there exit symmetric
positive definite matrix Q.,, positive diagonal matrix
U,Y and general matrix Y, satisfying

Qoo = Qg =0
AQs+ QA" + B, Y. + YIB! «

CooQo + DY —~I  * <0
BT 0 —I
1
[QU Yo ] = 0,U;; < ufmaw
* o0

1
[QY CCQOO + DCYOO‘| - Oa lfn = Zizmaz

* Qoo
(16)



where state-feedback gain matrix K., = YooQ5}!. Then,
the controller meets the constraints, robustly stabilizes the
closed-loop system and the upper bound of H., perfor-
mance index is 7.

Proof. The proof for Hy is seen in Filasova et al. (2016).
Since Ko, = Yo Q5! is the state feedback gain for H,,
performance, it guarantees the closed system A + B, K,
to be asymptotic stable.

Choosing V(x(t)) = |\ngl/2a:(t)||§ as the Lyapunov func-
tion, we get

%V(w(t)) + 77 zeo (DI = Allw(t)]* < 0

After integration,
V(w(t))Jrfl/O |0 (7) |2 dr SV/O [w(7)|*dr+V (2(0))
(18)

Assume [, lw(t)||*dt < Wmax, equation (17) means the
state stays in the ellipsoid:

(17)

QQ? a) = {z e RV (z) < a} (19)
where, & = Ywpax + V(2(0)).
Constraints for the inputs and outputs are:
max [u; ()| = max | (Yo Q)i (1)
B < —1y . .02
= gleaé{ (Yoo Q@ )i
< Yoo ;o% [ 2
< af( Q=" )ill2 (20)

max |z;(1)|* = max [(C. + D Yo Q. )iz(t)]”

< max |(C. + D. Yoo Q) ix|?
xc)

< of|((CoQue + DYoo) Qo2 )ill2

where, subscript ¢ means the ith row of the matrix.
Finally, equation (20) can be rewritten in the forms in
equation (16). This concludes the proof.

Lemma 3. (Hy/Ho Performance with Constraints)
Given upper bounds of Hs and H,, are A and < respec-
tively, if there exist symmetric positive definite matrices
X, Z, positive diagonal matrix U,Y and general matrix
R satisfying

X=XT»0,z=2Z"-0

trZ < \?
Z % ] 0
Xcl+R'DI x|~
AX + XA + B_.R+ R"BT « ] <o
BT —1|
AX +XA" +B,R+R"B] x x| (21)
C.X +DyR —~I * | <0
B 0 —I |
1
aU R = 0,U;; < ufmm
* X

lY C.X+D.R
«
* X

where state-feedback gain matrix K,,;, = RX ~1. Then,
the controller meets the constraints, robustly stabilizes the
closed-loop system and the upper bound of H., perfor-

2
] - 07 Y*“ = Zimaz

mance index is v and stabilizes the closed-loop system and
the upper bound of Hy performance index is .

Proof. Considering that K in Lemma 1 and 2 should be
consistent, after assuming X = X5 = Qo and R = Ry =
Y., equation (21) is obtained.

4. SIMULATION RESULTS

In order to check the effectiveness of the proposed con-
troller, a simulation test has been implemented on Mat-
lab/Simulink. Specifically, the designed controllers try to
carry the payload from the initial position (0,0,0) to the
desired position (—1,1,1.0). The test results are seen in
Fig. 3-7.
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Fig. 3. Position of the payload
As for the trajectory tracking performance in Fig. 3, Ho

controller has the longest response time, whilst H,, and
H,,i. have a shorter and nearly close one.
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Fig. 4. Attitude of the quadcopter

In terms of the quadcopter’s attitude (Fig. 4), Hy has
the most stable angular rate and H,, has the worst



performance. In comparison, H,,;; is much smoother than
H, and a little greater than Ho.

Considering the inertia of the payload, the swing angles («
and 8) will not change dramatically. Seen in Fig. 5, Hy,
and H,,;, have larger but acceptable swing angles since
they have a shorter response time for trajectory tracking
problem.

20 T T T T T
)
¥ y
E 0 \ LS -
S \
A 2
20 | | | | |
0 2 4 6 8 10 12
20 T T — T K_H2 —
= = =K_Hoo_C
. N K_H2/Hoo_C
20
) Y) ’
= 0 \" N
« \
v
20 | | | | |
0 2 4 6 8 10 12

time (s)

Fig. 5. Swing angles of the cable

Fig. 6 and 7 illustrate the Hy and H,, norm perfor-
mance for these three controllers. It is obvious that H,,;,
maintains a balance on transient behavior and frequency
domain performance.
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Fig. 6. Hy performance

In Fig. 6, when the quadcotor starts to carry the payload
to the desired position, the H, controller causes too much
oscillation which is bad for maintaining stable. However,
H,,; does betther in eliminating these side effects.

In Fig. 7, H,nir and Hy have nearly the same and the
smallest singular values in the low-frequency area which
means they have a strong ability to track the desired
trajectory.

Apart from the step response test, another simulation
video for controlling the payload to track a star shape tra-
jectory is available at https://www.youtube.com/watch?
v=zpD9R0To-2Y\&feature=youtu.be.
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Fig. 7. Singular values of the transfer function matrix from
w to Lo

In conclusion, it is in contradiction that trying to both
increase the ability for trajectory tracking and keep the
quadcopter stable. Basically, the proposed H,,;, method
utilizes H., for path tracking and H, for attitude regu-
lation. The results have been validated in the simulation
test.

5. CONCLUSION

This paper presents a mixed Hs/H, controller with
constraints for single quadcopter with a cable-suspended
payload. The simulation results show that the proposed
controller efficiently eliminates the position error and still
keeps a smooth change for the quadcopter’s attitude.
The future work is to utilize this approach for practical
situation together with trajectory planning.
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Appendix A. SOME RESULTS

Generalized forces:
Qr=kn (W} — w3)COCY + Ch(kp(w? + wi + wi + wi)CYSH
+ kar(—wi 4+ w?)SY) + Sk (wi — w3)CYSO + kp(w? +w? + w? + w?)Se)
Qo= —kp(w} + w3 +w} + w})CYSG + kpr (Wi — wi)CO + (W} — w})SOSH)SY
+ Coknr(w? — w3)CY + kp(w? + wi + w? + wi)SOSY)
Qs =k (—w3 +w?)SO + CO(kp(w} + wi + w3 +wi)0¢ + k(Wi — w?)Soe)
Qu=L,(Sa(—kp(w} +w? + w2 +w?)CPSe + k(w3 — w?)CO + (wW? — w?)SHSH) S
+ Cokar(w? — w2)CY + kp(w? + wi + w? + w?)SSY))
+ Ca(CB(knr(—wi +w?) SO+ CO(kp(w? + wi + w2 +w)Ch + kar(w? — w?)S¢))
— SB(kpr(wi — w3)COCY + Chkp (Wi + w? + w3 +wi)CPSO + kp(—w? + w2)Seh)
+ So(knr(wi — w3)CYSO + kp(w] + wj + wj + wi)SY))))
Qs=L,Sa(—SB(kn (w2 +w3)SO + CO(kp(wi + wi +w? +wi)Cod
+ kar (W2 — w3)SP)) — OBk (w2 — w?)COCY + Coplkp (Wi + wi + w2 + w?)CepSo
+ kar(—wi 4+ w3)SY) + Sk (wi — w3)CPSO + kp(wi + wh + w3 +wi)SY)))
Qs=krLo(w) —wji)
Qr=Lo(—kr(w] —w3)Co + knr(—wi +wj — wj + wi)99)
Qs=Lo(kr(—wi +w})SO + CO(krr(w? — w3 + wi — w3)Ch + kp(—wi +w3)Se))

(A1)
Matrix M:
My 0
M = | 53 (A.2)
0355 Moo
where, M1 and M5 are defined as follows:
mp +mq 0 0 0 —L,mqgCB T
0 mp +mgq 0 L,mqCBSa LymoCaSp
M, = 0 0 mp+mqg  LymoCaCB —L,moSaSA
0 L,mgCpBSa LymgCaCpB L%mQCﬁz 0
—L,mqgCB LymgCaSB —L,mqSasSp 0 L?mq

I, 0 1,56
Moy, = 0 1,C%¢ + 1,5%¢ (I, — 1,)COCHS¢
—1,80 (I, — 1,)COC$S¢ 1,570 + C*0(1.C°¢ + 1,5°¢) |

Definitions of function f(q,q):

J1(4,9) = kawi COICIW] — knwiCOIC ) + krwiC[9]C[¥]S[0] + krw3Clg)C[¥]S[]
+ krwiC[0]C[¥]S[0] + kpwiClg]C[W1S[0] + knwiC[w]S[0]S[9)
— kw3 C[IS[01S[¢] — karwiClIS[] + kw3 ClolS[¥] + kpwiS[6]S[v]
+ krw3S[8)S[Y] + krwiS[@]S[Y] + krwiS[¢]S[¥] — LomqS[a]S[8]a?
+2L,maC[C[Blaf — LymqoS[a]S[5]5°
f2(a,4) = —kpwiC[¥]S[6] — krwiC[P]S[g] — krw3CW]S[g] — krwiC[W]S[]
+ kw3 Cl0)S[Y] — karwiC0]S[Y] + karwiS[0]S[6]S[W] — karwiS[0]S[4]S[y]
+ Cle)(kar(wF — w3)CW] + kp(wf + w3 + wi +wi)SBIS[Y]) — LrmgCla)d®
f3(q,4) = —gmp — gmg + kpwiC[0]C[¢] + krwiC[0]C[¢] + krwiC[0])C[o)]
+ kpw?ClO]C[¢] — kyw?S[0] + knw?S[0] + kyw?ClO1S[6] — knw?C0]S[0)
+ LymqC[B]S[a)é? + 2L,moCla]S[Blas + LymqC|[B]S[a]5?
J1(4.9) = Le(S[a](—kr(@f + w3 + wi + wi)CWS[9] + kar((wh — «})C[0]
+ (wi = w})S[O]S[@))S[¢] + Cl)(kn (wf — w3)Cl]
+ kp(wf +wi + w3 +w)S[OIS[¥]) — Clal(CIBl(gma + kar(w) — w3)ST6]
— Cl0](kp(W? 4 w2 + w2 + w)C[¢] + k(Wi — w?)S[¢]))
+ S[B](knr (w3 — wi)COIC[W] + Cl8)(kp(wi +wi + wj + wi)C[¥]S[0]
+ kg (—wf + W) S + S[0](kar (wf — wi)C[¥]ST0]
+ kp(@f + w3 +wf +wf) W) + LymoClalS[a]5)
f5(a,4) = =L, S[a)(S[B)(=gmq — kar (@i — wi)S[0] + Cl6] (ke (wf + w3 +wf +wi)Clg]
+kar(wF — w3)S[))) + C[B) (ks (w3 — wi)CIOICIY]
+ Clo)(kr (W + w3 + wi + W) CIISIO] + kas (—wi +w3)S[W)
+ S[)(knr(w? — w)C)SIO] + kp(w} + w? + w? +w})S[H])) + 2L,mqoClalaf)
ol ) = 5 2k Lol — ) — (1yy — 12)S[2010° + 2C[6](1xx
+ (Iyy — z2)C[26])6¢ + (Iyy — L22)C[6]° S[26]4°)
F1(a,0) = 5(-8kpLouiCl6] + SkpLouiClo]  8ku LauwiSI6] + Sk Lau3S[y)
— 8kns LqwaS[¢] + 8ka LowiS[¢] + 8(Iyy — 122)S[2¢)0¢
— 8C10)(Ixx + (Iyy — Iz2)C[26]) ¢tb + 4IxxS[20])* — 2LyyS[260]4)* — 21225[26]4)?
+ IyyS[2(0 — 0)J* — 122S[2(0 — 6)]9° + IyyS[2(0 + ¢)]v)* — 1225[2(0 + )]4°)
fo(@,9) = La(kp(—w3 + wi)S[0] + C0)(kar(wf — w3 + wi — wi)Clg]
+ kp(—wi +w3)S[0))) + (yy — 122)C[¢]S[6] S[¢]6>
— (Iyy — Tz2)C[0]28[26) s + C[0)0((Txx + (~Tyy + 122)C[26))$
+ (=2Ixx + Iyy + Izz + (—Iyy + 1z2)C[24]) S[0]%))

(A.3)
Linearized model:
0100 00 0 0 0 0 0 0 0 0 000
000000 0 0 —98 0 0 0 —26-107" 0 0 0
0001000 0 0 0 0 0 0 0 000
000000 9.8 0 0 0 43-107% 0 0 000
0000010 0 0 0 0 0 0 0 000
000000 60-107% 0 0 0 60-107¢ 0 0 000
000000 0 1.0 0 0 0 0 0 000
A_|0OO00000 -200 0 0 0 -210 0 0 000
000000 0 0 0 10 0 0 0 000
000000 0 0 —21.0 0 0 0 —210 000
000000 0 0 0 0 0 1.0 0 000
000000 0 0 0 0 0 0 0 000
000000 0 0 0 0 0 0 0 1.00 0
000000 0 0 0 0 0 0 0 000
000000 0 0 0 0 0 0 0 0 01.0
000000 0 0 0 0 0 0 0 000
(A.4)
0 0 0 0
0 —1.7-107% 0 1.7-107%
0 0 0 0
—7.1-107* —4.3.1071° —1.9.1071 —4.3.1071°
0 0 0 0
7.0-107%  7.0-107* 7.0-107% 7.0-107%
0 0 0 0
58-107* 9.3-107* —58.107* 9.3.107%
B= 0 0 0 0 (A'5)
0 —5.8-107* 0 58107
0 0 0 0
0 0.31 0 —0.31
0 0 0 0
—0.25 0 0.25 0
0 0 0 0
59-107% —59-107% 59-107% —59-.1073




