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Abstract

We investigate the implications that temporally aggregating, either by average sampling or
systematic (skip) sampling, a seasonal process has on the integration properties of the resulting
series at both the zero and seasonal frequencies. Our results extend the existing literature in
three ways. First, they demonstrate the implications of temporal aggregation for a general sea-
sonally integrated process with .S seasons. Second, rather than only considering the aggregation
of seasonal processes with exact unit roots at some or all of the zero and seasonal frequen-
cies, we consider the case where these roots are local-to-unity such that the original series is
near-integrated at some or all of the zero and seasonal frequencies. These results show, among
other things, that systematic sampling, although not average sampling, can impact on the non-
seasonal unit root properties of the data; for example, even where an exact zero frequency unit
root holds in the original data it need not necessarily hold in the systematically sampled data.
Moreover, the systematically sampled data could be near-integrated at the zero frequency even
where the original data is not. Third, the implications of aggregation on the deterministic kernel

of the series are explored.

Keywords: Aggregation, systematic sampling, average sampling, seasonal (near-) unit roots,

demodulation.

JEL classification: C12, C22.

1 Introduction

The use of temporally aggregated data is relatively common in empirical applications using macroe-
conomic and financial data. In practice temporal aggregation amounts to converting higher fre-
quencies (e.g. monthly) observed in the data to lower frequency components (e.g. quarterly or

annual). As such, temporal aggregation therefore has important implications for the time series
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properties of the resulting series (see, among others, Wei, 2006, Casals, Jerez and Satoca, 2009,
and Silvestrini and Veredas, 2008), not least because the underlying data transformation has the
potential to confuse unobservable cycles with observable cycles in the data. As discussed in Pons
(2006), the sampling effect known as aliasing (see, in particular, Koopmans, 1974) implies, for ex-
ample, that when a unit root in seasonally unadjusted quarterly data is detected, it is not possible
to state whether that unit root is also present at a monthly frequency with the same period or
occurs at another monthly frequency with a period which is not observable when using quarterly
observations. Interestingly, this also has an impact on the long-run component because, for exam-
ple, a zero-frequency unit root appearing in a quarterly data set could be the result of sampling a
monthly series with a root of modulus one (with a slight abuse of language, we will refer to roots
of modulus one simply as unit roots in what follows) present at a frequency other than zero; see,
for example, Granger and Siklos, (1995).

In this paper we extend the results of Pons (2006) in a number of empirically important di-
rections. First, we generalise his results for the case of quarterly data to the effects of temporally
aggregating a seasonal time series observed with a general number of seasons, S. We will focus
primarily on systematic sampling (also sometimes referred to as skip sampling) and average sam-
pling but other forms of temporal aggregation are also covered by our general framework. Second,
we use a more general local-to-unity framework which allows us to show the effects of aggregation
on seasonal cycles for both exact unit root and local to unity (or near-unit root) processes. Third,
our analysis also covers the effects of aggregation on the deterministic part of the seasonal process.
We will consider the impact of data aggregation by both systematic sampling and average sam-
pling. In obtaining our analytical results we use properties of circulant matrices associated with
near-integrated processes at the zero, Nyquist and seasonal harmonic frequencies and discuss their
connection with the demodulation operator introduced by Granger and Hatanaka (1964).!

We show how temporal aggregation modifies the demodulation operator associated with near-
integrated processes at the zero, Nyquist and harmonic seasonal frequencies. In particular we show
that a (near-) unit root at the zero frequency component of the data is always preserved under
temporal aggregation, regardless of whether systematic or average sampling is used. However,
where systematic sampling is used, the proximity of this zero frequency root to unity can depend
on the proximity to unity of roots at the seasonal frequencies in the original data. In particular,
even where an exact zero frequency unit root holds in the original data it is not guaranteed to
hold in the systematically sampled data if the relevant seasonal frequencies in the original data do
not admit exact unit roots. Moreover, under systematic sampling near-integrated behaviour at the
zero frequency can obtain in the temporally aggregated data even where the original data does not
contain a (near-) unit root at the zero frequency. In contrast, (near-) unit roots at the Nyquist
frequency are preserved only when @ := S/S4, Sa denoting the number of seasons per year after
temporal aggregation has been applied, is odd. When @ is even these roots either vanish from

the series under average sampling or are shifted to the zero frequency under systematic sampling.

!Further details on complex demodulation can be found in, inter alia, Granger and Hatanaka (1964, Chapter
10) and Bloomfield (2000, Chapter 7). In the context considered in this paper, the complex demodulation operator,
et will be used to shift a complex-valued autoregressive process, such as (1 - qbeiWL) Yyt = €, from its original
frequency, w, to the zero frequency.



Under systematic sampling, (near-) unit roots at the seasonal harmonic frequencies, say wy, are
shifted under temporal aggregation to frequency Quwy. This also occurs under average sampling if
sin (%) # 0, whereas these roots vanish from the temporally aggregated series otherwise. We
also show that the demodulation operator impacts on the terms in the usual trigonometric form of
deterministic seasonality in the same way so that qualitatively similar implications are seen for the
deterministic component in the temporally aggregated data.

The outline of the remainder of the paper is as follows. In section 2, we detail the general
seasonally near-integrated process which we will consider and detail some relevant large sample
properties of the series. In section 3, we analytically explore the effects of temporal aggregation on
both the stochastic and deterministic components of the data using a framework which contains
both systematic and average sampling as special cases. Section 4 concludes. Mathematical proofs

and additional supporting material are provided in an on-line supplementary appendix.

2 Seasonally Near-Integrated Processes

Consider the univariate seasonal time series {ysn+s}, observed with seasonal periodicity S (e.g. for
monthly data, S = 12) over T':= SN seasonal cycles (e.g. years) which satisfies the data generating
process [DGP],

YSnts = TSnts T USnts (2.1)
a(L)xspts = USnys, S=1—S5,...,0, n=1,2,...,N. (2.2)
For simplicity we will assume in what follows that the initial conditions zi_g, ..., zo are all zero.?

In (2.1)(2.2), ptsnts := 0'zgnts is a purely deterministic component, further details on which will
be given in section 3.2. The shocks ug,1s are assumed to follow a mean zero weakly stationary
process, precise assumptions on which will be given below. Finally, a(L) := 1 — Zle a;?Lj is
a P-th order, P < S, autoregressive polynomial, L denoting the conventional lag operator such
that L9 Fyg, . = YS(n—j)+s—k- We assume that this polynomial can be factorised as a(l) =
H,Ei/OZJ wi(L)™ |-| denoting the integer part of its argument, and where h; € {1,0}, such that
P .= Z,Ei/()? : frhi, where wi(L) is a polynomial of order fj whose coefficients are all real. Hence,
if hj = 1 (hx = 0) then so wi(L) will be (not be) a factor of a(L). In this factorisation, wy(L) :=
(1 —apL) associates the parameter o with the zero frequency wp := 0, wi(L) := [1 — 2(a coswy, —
By sin wy ) L+(ai + %) L?] corresponds to the conjugate (harmonic) seasonal frequencies (wg, 27 —wy,),
wy = 2mk/S, with the associated parameters oy and S, k = 1,...,5% S* := [(S—1)/2], and, for S
even, wg/o(L) := (14 ag/s L) associates the parameter g/, with the Nyquist frequency wg/s := 7.3

2Relaxing this condition induces the presence of an additional term in Xo := (zi—s, ..., 0)" in the right member
of the general solution (and approximations thereof) to the stochastic difference equation in (2.2) which appear
in, for example, Equations (2.6) and (2.7). Here the coefficient on Xo would depend on n if any of the roots are
local-to-unity but would be fixed otherwise. However, for the purposes of establishing the unit root properties of the
aggregated series this additional term is irrelevant and so to simplify our presentation we set the initial conditions to
zero. Moreover, it is also worth noting that allowing the initial conditions to be of op(Nl/Q) would not alter any of
the large sample results which follow.

3In what follows, it is understood that terms relating to frequency 7 are to be omitted when S is odd and that
where reference is made to the Nyquist frequency this is understood only to apply where S is even.



In order to allow for the presence of (near-) unit root behaviour at some or all of the zero
and seasonal frequency components of the data, we will adopt a local-to-unity framework for the
factors of a(L). Specifically, a local-to-unit root at the zero frequency is obtained by setting
ap = ap,T = exp (CTO) = (1 + %0), where ¢ is a finite constant. For the harmonic seasonal frequency
components, a complex pair of local-to-unit roots at frequency wy, is obtained setting ay, = ay 7 =
exp (%’“) = (1 + CT’“) and 8 = 0, where ¢, is a finite constant. Notice that setting 8 = 0 imposes
that wi(L) = (1 - ake*i“’kL) (1 — akei“kL), where i := v/—1, and, hence, that these roots occur
at frequency wy, as seems natural given the seasonal identification of the harmonic frequencies.

Finally, for the Nyquist frequency component, a local-to-unit root is obtained by setting ag/, =

Qg = exp(cs#) >~ (14 6?2 ), where cg/, is again a finite constant. Under this structure, {ysn4s}
admits both single (k = 0,.5/2) and pairs of complex conjugate (k = 1,...,5) roots with modulus
in the neighborhood of unity at frequencies wy, k =0, ..., |.S/2]. These roots are stable for ¢; < 0,
explosive for ¢, > 0, and are exact unit roots when ¢, = 0, k = 0,...,|S/2]. Notice, therefore, that
the structure considered here allows for different local-to-unity parameters, some of which could
be zero such that a pure unit root obtains, to hold at each of the zero and seasonal frequencies.
Crucially, (near-) unit roots will only occur in yg,+s at those frequencies, wy, for which hy = 1,
k=0,...,[5/2].

The shocks ugp+s in (2.2) are taken to satisfy the conditions of Assumption 1 below.

Assumption 1. The error process {ugspts} is i.i.d. with E(ugnis) =0 and E(u%,, ) = 0% < o0.

Remark 1: In order to simplify our presentation, Assumption 1 does not allow for stationary
autocorrelation or conditional heteroskedasticity in wg,4s. However, our assumptions could be
weakened to allow for these effects without qualitatively altering the results presented in this
paper. In particular, we could permit ug,1s to follow a stationary and invertible ARMA process
thereby allowing non-zero stable roots to occur and these could be identified with any observable
spectral frequency. Doing so would introduce additional nuisance parameters, deriving from the
stationary autocorrelation, into the large sample results given in Lemma 1 below (see del Barrio
Castro, Rodrigues and Taylor, 2018, for details on how our key results given below in Equation
(2.7) and Lemma 1 would need to be modified when wug, s is serially correlated) but would not
alter the conclusions drawn from them regarding the integrational properties of the aggregated
data. Moreover, the implied ARMA dynamics in the time aggregated data arising from stationary
and invertible ARMA shocks in the original data is already well documented in the literature; see,

for example, Chapter 20 of Wei (2006) for an excellent summary. O

Under the local-to-unity framework outlined above, we can write (2.2) as

¢ c hsy S* c
(Agy (ASS/22> 2 1L, (A7) @snrs = usns (2.3)

where A" :==1—ag 1L, Ags/; =14 agjorL, AjF :=1—2cos [w] ak7TL+a%7TL2, fork=1,..,5*
and where a; 7 := exp (C—T’) = (1 + %), i =0,1,...,].5/2]. For the purpose of the analysis that

follows it will be convenient to introduce the vector of seasons representation. For the process



under analysis in (2.3), it is observed that a(L) := 1 — Zle oz;ij is a P-th order, P < S,

h *
autoregressive polynomial, which we factor as a(L) := (Ago)ho (A;‘722> o ;?:1 (Azk)hk . For any

value P < S, (2.3) can always be represented as a first order vector of seasons process, viz.,

UoX, =¥ X1 +U,, n=1,..,N (2.4)
where X, := (xSn_(S_l),xSn_(S_Q), ...,a:gn),, Xpo1 = (5Us(n—1)—(S—1)7xs(n—l)—(S—z), ...,azs(n_l))/,
and where X is a vector of zeros and U, := (uSn_(S_l),uSn_(s_g), e Usn)/ is a vector white noise
process with zero mean vector and variance 0%Ig, where Ig is an S x S identity matrix, and ¥g
and ¥, are lower and upper triangular S x S parameter matrices, respectively, whose precise form
is given in section S.5 of the supplementary appendix.

In what follows it will be convenient to consider the reduced form of (2.4); that is,
X, =®X,1+U, (2.5)

where ® = VU 1\111 and U,, == ¥ 1U;. The error term U, has zero mean and variance matrix
EUU,) =9,'E (U;;U;f/> \110—1' = 02‘1151\1151’. Backward substitution in (2.5) yields that,

n—1
Xn =) O, (2.6)
k=0

with the convention that ®0 = Ig.

As shown in the proof of Lemma 1 (which can be found in the supplementary appendix), the
representation in (2.6) can be equivalently written as the sum of partial sum processes relating to
the zero and seasonal frequencies, plus a lower order remainder term; viz,

n n S* n
X =10C0 Y ag NUi+saCsa Y ey Uit > (Vg Cp + 45 CF) D af iUi40,(N'?) (2.7)
i=1 k=1

i=1 i= =1

where a; v :==exp (%) = (1+%),i=0,1,...,[5/2], and

Coy:= Circ[1,1,1,...,1], Cg/y:= Circ[l,-1,1,...,~1], (2.8)
C, = Cire [1, e (S—Dwr o=i(S=2)wr ... ,e_i“"‘] , (2.9)
C,j = Circ [1, eHS—Dwr o Hi(S=2wr . ,e'H“”“] , (2.10)

where Cop, Cg/o, €} and C’,j are S X S circulant matrices of rank 1. The weights 1o, ¥g/2 and, 9,
and wl‘:, k=1,...,5% are non-zero (zero) when Ay, Ags/; and A*, k =1,...,5% respectively
are factors (not factors) of a(L). So, for example, if hy = 0 (hy = 1) for some k € {1,...,5*},
then 1, = w;j =0 (¢, # 0 and w,:r # 0). The specific value of these weights will depend of
the total number of factors present in a(L). In Remarks 3 and 4 below we provide some specific

examples. It is seen from the representation in (2.7) that a different circulant matrix arises for each



spectral frequency that admits a (near-) unit root. Being able to use this approximation to the
representation in (2.6) enables us to derive Lemma 1 below and, as a result, then to demonstrate
clearly the impact that aggregation has on each of these components as the time span of the data
increases.

In Lemma 1 we now provide a multivariate invariance principle for X, in (2.7). Where ugj,+ is
serially uncorrelated this contains, as a particular case, the result given in Lemma A.1 of del Barrio
Castro, Rodrigues and Taylor (2018) (see Remark 4 below), and will form the basic building block
for the asymptotic results that will be provided in this paper.

Lemma 1. Let xg,4s be generated according to (2.3), and let Assumption 1 hold on ugp+s. Then,

as T — oo, and denoting weak convergence by “=7, it follows that,

S*
N*l/QXLTNJ =0 |YoCode, (1) + I/JS/QCS/QJCS/Q (r) + Z (1#;0]; + 1/12_02_) Je, (T)] , 7 €[0,1]

k=1
(2.11)

where Je, (1) := (Je, 18 (1) s Jep2—5 (1) 5 ooy Jep0 (1), k= 0,1,..., |.S/2], is an Sx1 vector standard
Ornstein-Uhlenbeck (OU) process such that dJ., (r) = cxJc, (r) dr +dW (r), with W (r) an S x 1
vector standard Brownian motion and where Co, Cg/e, C} and Clj, k=1,...,58% are the S x S
circulant matrices defined in (2.8)-(2.10). The coefficients 1o and g/ will be non-zero if AP and

A;S/;, respectively, are factors of a(L), while v, and w,': will be non-zero if A*, k€ {1,...,5*}

is a factor of a(L).

Remark 2: The S X S circulant matrices, Cp, Cg/2, C} and C’,:r for k=1,...,5% can be written
as, Co := vovq', where vo' := (1,1,1,...,1), Cg/p 1= vg/avgss', where vgp' 1= (=1,1,-1,...,1),
and C = 6,;15,;2/ and C,j = 5,;“15;2/, where &£ = (1,e_iwk,e_i2“’k, ...,e‘i(S_l)wk)/, 6,?1 =
(1,e+i“’k,e+i2w’€, ...,e+i(5—1)“’k)/ g = (1,6_1(5_1)“”“7 ...,e_iQ“’k,e_i“’k)/ and 5,:'2 = (1,6+i(s—1)‘*’k,
e 12wk e*iwk)/. For a generic circulant matrix, say C := Circ|a1,ag,as, -+ ,ag], of order S x S it
is always possible to write C' = FAF* where F is the matrix of eigenvectors, which for all circulant

matrices is defined as

1 1 1 e 1
s 27 s 4w L 2(S—D)m
1 e 's e '’s R
s 4w : 8w LA(S-1)=
—i= —i=F —i—
F.=11 e 's e 's ceee ] ,
.2(S—D)7 .4(S—Dr .2(S—1)%r
1 e'7 5 e'T w5 ... el Em

F* is the conjugate transpose of F, and A := diag [\ A2, A3... Ag], where A\; j = 1,2,---,5,
are the eigenvalues of C. The latter can be obtained as \; := Pe(exp(2F)7~1), where P¢ (z) :=
25:1 ajzj_l is the polynomial associated with the circulant matrix C. Hence, Co, Cg/, C}; and
C’,j, k= 1,...,5% all have rank one and, from Theorem 3.1.1 in Fuller (1996), the non-zero



eigenvalues of Cp, Cg/p, €} and C,j, which are equal to S, are located in the first position for Cp,
in position S/2 — 1 for Cg/y, in position k + 1 for C;’, and in position S — k + 1 for C’Ij of the
principal diagonal of A. For further details on circulant matrices see, for example, Davis (1979),

Osborn and Rodrigues (2002), and Smith, Taylor and del Barrio Castro (2009). O

Remark 3: To take an example, consider the case where a(L) = A{°A*, for some k € {1,...,5*}.
Then, hg = 1 and hir = 1, and it can be shown that vy = 2% w; = bk( £ ) and

(1—cos(wg))”? ek —1
—iwp

iwg

Y, = ag (ﬁ} where for any k € {1,...,5*}, we define by := &% and ay == —=%

e WE 1 elWk —e Wk m
As a second example, suppose a(L) = ACSS/;AC’“, again for some k € {1,...,5*}. In this case,

—lwg

VYsj2 = m, 1/1; = by (;:Twil) and ¥, = ay (;Tk-;-l) . As a final example, consider the
case where a(L) = AE’VA?, for some j,k € {1,...,S*} with j # k. In this case,

eiwj e—iwj

wk = Gk {aj (eiwj _ eiwk> + bj <e—iwj — elwg ) }
6iwk e—iwk

wj = a4 {Cbk <€iwk _ eiwj) + bk <€—io.1,rC — elwj )}
eion efiwj

elwi — e—iwg e~ lwj _ g—iwyg
eiwk e—iwk
+ . -
w] - b-] {ak (eiwk — e—iw]-> + bk <e—iwk — e—iUJj :

Derivations for the three examples above are provided in the supplementary appendix. [l

Remark 4: For the case where a (near-) integrated component is present at all of the zero
and seasonal frequencies, such that hy = 1, for k = 0,...,[S/2], it follows from Lemma A.1
of del Barrio Castro, Rodrigues and Taylor (2018), noting that the circulant matrices Cy :=
Clirc[cos[0], cos[wg],cos [2wg], ..., cos[(S —1)wg]], & = 1,...,5% which appear in Lemma A.1
of del Barrio Castro, Rodrigues and Taylor (2018) can be written* as Cy = £(Cy + C;), that

S*

NT2X |y = 2 S CoJey (1) + Cspadeg, (1) + Y (Cp +CF) Ie ()|, 7€ 0,1, (2.12)
=1

The result in (2.12) is a special case of Lemma 1 above. Notice that in this example each of the
Yo, Yg)2, ¥y, and Y, k=1,...,5% weights is equal to 1/S. O

Remark 5: Using the results given for the circulant matrices Cy, CS/Q, ¢}, and C,j, k=1,...,5%

in Remark 2, the vector of seasons representation in (2.7) can also be written as,

S*
Xn = ¢0VOV0 Zao NU +¢S/2VS/2VS/2 ZO‘S/Q NU +Z ¢k 8k18k2 +Q/)+5+g+/ ZO[ U+Op N1/2).
i=1 k=1
Defining v, := e_i“ké’ﬁ = (e7\@k 712 ei@kS) and V,j = eiw’%‘,’+ = (elwk, elwr2 | elworS)
k=1,..,5"% and using the results that e‘iw’fé'ﬁ e Wk gt 72 and elwk8+ = e““ké’ﬂ, it is seen that

4Using the fact that for wy = 27k/S, (S — 1) wx = 2wk —27k/S, and cos (jwy) = cos ((S — j) wk) = %(e_i(s_j)“’c +
elSwr) 5 =0,1,...,5 — 1.



the foregoing equation can be equivalently written as

S*

X, = ¢0V0V0 ZO[O NU +¢S/2VS/2VS/2 Za5/2 NU +Z ¢k v,V /_|_ wljvljv’;/) ZQZE\;Ui“‘Op(Nl/?).

i=1 i=1 i=1
(2.13)

The representation in (2.13) will prove convenient for our subsequent analysis of the impact of
temporal aggregation on the unit root and stationarity properties of xg,1s. Notice in particular,
that the pre-multiplication of the near-integrated processes vo’ ) ", angiUi, D ag/_; ~Ui,
V;:/ Sy akNU and v, P ozZ ‘Ui, k=1,...,5% by the vectors vy, Vs/2, Vi s V,':, k=1,..,5%
respectively, transforms these to near-integrated processes whose spectral peak occurs at the zero,
m and wg, k = 1,..., 9%, frequencies respectively; cf. Definition 1.1 of Gregoir (2006, p.48). These
transformation vectors, also known as demodulation operators, were introduced by Granger and
Hatanaka (1964) and have also been employed by, among others, Gregoir (1999, 2006, 2010) and
del Barrio Castro, Rodrigues and Taylor (2018). As we will see in the next section, temporal
aggregation can alter the form of these demodulation operators, and this can lead to the presence
of near-integrated behaviour at different spectral frequencies to those observed in the data before

aggregation. [l

Remark 6: Using the result in (2.13), the multivariate FCLT result in (2.11) of Lemma 1 can be

equivalently be expressed as,

S*

Nﬁl/QXL,,NJ =0 lwovovo’.]co (r) 4+ ¢5/2v3/2vs/2’Jcs/2 (r)+ Z (%;V;:V;—:/ + ¢:v;v;’) Je, (M)
k=1

r € [0,1]. Moreover, noting that V,':/ =h{ + ihgl and V];/ =hy — ihf/ where

[h“’ ] [cos [wg] cos[2wg] - cos[Swy] ]

hY’ sin [wg] sin[2wg] - sin[Swy]

the FCLT can also be written as,

N_l/QXLrNJ =0 {¢0V0\/§J0’CO(T) + ¢S/2VS/2\/§JS/2,CS/2(T) +
S*

> [0 vi V72 (T, () +175, (1) v V2 (i, () u,fck(r))]},(m)

k=1

r € [0,1], where Jjo, (r) = S~VY3I. (r), j = 0,5/2, Jg, (r) = by (8/2)""*J, (r) and
Jka (r) = h’g' (5’/2)_1/2 Je, (r), k=1,..., 5%, are seen to be S mutually independent (by virtue of
the fact that they are orthogonal linear combinations of the elements of vector OU processes each

of which is driven by the same vector standard Brownian motion process) scalar OU processes. [J



3 The Impact of Temporal Aggregation

3.1 Temporal Aggregation

Following Franses and Boswijk (1996), we consider temporal aggregation schemes that can be
written such that the temporally aggregated data, when written in vector of seasons form, is
defined via the original data, again in vector of seasons form, and a sample aggregation matrix A
as

vA:=AY,, n=1,2,..,N. (3.1)

In (3.1), A is an S4 x S matrix of full row rank where S is the number of seasons prior to aggregation
and S, is the number of seasons after aggregation; for example, in the case of aggregating monthly
to quarterly data, S = 12 and S4 = 4, while in the case where the seasonality is completely
aggregated out of the data, S4 = 1.

For most temporal aggregation schemes, the matrix A, can be written in generic form as

_aQ 0g Og - OQ_
0o ap 0p -~ O

A=]| 2T e (3.2)
0g 0g 0@ -+ ag

where @) := S/S4 is an integer, and where 0 is the 1 x @) vector of zeros, and ag is a 1 x @) vector.
Both systematic (or point-in-time) sampling and average sampling satisfy the form given in (3.2).
The former is used when dealing with stock variables® and is defined such that ag := (0,0,...,1)
so that only observations Q, 2Q, ..., kQ), ... of the original time series are retained in the aggregated
data. The latter is used when dealing with flow variables and is defined such that ag := 1, where
1 is the 1 x @ vector of ones, so that the kth element of the aggregated data series is formed as
the sum of elements (k — 1)@ + 1,..., kQ in the original data. Temporal aggregation can also be
considered for cases where () is non-integer, although we will not analyse such cases in any detail
here. An example of this is where daily data is converted to working day data, such that S =7
and S4 = 5. On possible way this can be done is by treating the data for Saturday and Sunday
as repeated missing observations. In this case A is comprised of the first five rows of the seven by
seven identity matrix.

In section 3.2 we will first consider the impact of temporal aggregation on the stochastic part
of Yysnis of (2.1); that is, we will consider the properties of X' := AX,. We will consider the
impact of systematic sampling in section 3.2.1, and average sampling in section 3.2.2. The impact
of temporal aggregation on the deterministic component, fis,+s, in (2.1) will then be considered in

section 3.3.

5Stocks are variables such as prices, unemployment, temperature, and the capital stock that can, in principle, be
observed at any given point in time, whereas flows are variables such as rainfall, income, and consumption expenditures
that are defined with respect to an interval of time.



3.2 The Impact of Aggregation on the Stochastic Component

3.2.1 Systematic Sampling

Consider again the decomposition given for the vector of seasons representation for X, given in

(2.13). Pre-multiplying through by A, we therefore have that

AX, = doAvove' Y ag Ui+ tssAvsavess' Y als Ui

i=1 =1
S* n ‘
+> (W AV VE H O AVEVY) D D af JiU + 0, (N12), (3.3)
k=1 =1

It immediately follows from (2.14) and an application of the continuous mapping theorem that,

under the conditions of Lemma 1, the following FCLT applies to X',
N_l/QXf?‘“NJ = N_1/2AXLTNJ =0 {Q,Z)()AV()\/EJQ,CO(T) + ¢S/2AVS/2\/§JS/2,CS/2(T)

+ i (U AVEV/ST2 (i, (1) + 10, () + v AVEVS2 (T, (1) = 1T, ()] } reo,1).
k=1

It is immediately seen from a comparison of (3.3) with (2.13) that the demodulation operators
V0, Vg2, v, and V,‘:, k=1,..,8% in (2.13) are transformed under data aggregation to Avg, Avg/s,
Av, and Avlj, kE =1,..,5% respectively, in (3.3). We will therefore need to examine the form
of these demodulation operators for a given A matrix to establish at which spectral frequencies
near-integrated behaviour will be present in the temporally aggregated data.

Under systematic sampling ag := (0,0,...,1). In connection with the first partial sum on the
right hand side of (3.3), we therefore have that Avy = 1g,. Consequently, the frequency associated
with the demodulation operator is not altered by aggregation and, hence, this term will converge
(on scaling) to an S4-dimensional vector each element of which is given by Joy,(r). Therefore
the temporally aggregated data will, like the original process, admit a near-unit root at the zero
frequency.

Turning to the second partial sum process in (3.3), we have that Avg/, = (el™Q, £l™2Q (im3Q
e™4@) - Where @ is odd it is seen that Avgp = (-1,1,.., 1) and, hence, the demodulation
operator will again not be altered by aggregation and the scaled partial sum will converge to
an Sa-dimensional vector the jth element of which is given by (—1)/.J /2,52 (r) which therefore
implies the presence of a Nyquist frequency near-unit in the aggregated data, just as in the original
data. However, where () is even it is seen that Avgy = 1g, and so the frequency associated
with the demodulation operator is altered to the zero frequency by aggregation. Consequently, the
partial sum is transformed to the zero frequency with convergence on scaling to an S 4-dimensional
vector each element of which is given by Jg/a . P (r) which therefore implies the presence of a zero

frequency near-unit root in the aggregated data.
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Finally, consider the seasonal harmonic frequencies, wg, k = 1, ..., 5*. Here we have that,

sz I (eiwk(Q—l)7 eiwk@Q—l)7 eiwk(3Q_1)’ e eiwk(SAQ—l))’
(eika’ eikaQ’ eikaQ, - eiwkSAQ)/’
AV’; — e—iwk (e_iwk(Q_l), e—iwk(QQ—l)’ e_iwk(3Q_1), e e—iwk(SAQ—l))/
— (e—ika’ e—iwk2Q7 e—iwk3Q7 s e—iwkSAQ)/.

We therefore see that the frequency associated with the demodulation operator is mapped from
wi to wr@, k = 1,..., 5%, by systematic sampling. As a consequence, the corresponding complex
conjugate pairs of partial sums in (3.3) are transformed to either a single partial sum process
(if wr@ coincides with the zero or Nyquist frequencies), or a complex conjugate pair of partial
sum processes associated with frequency wi@Q. These will converge, on scaling, to either an Sy4-
dimensional vector or a pair of S4-dimensional vectors each element of which is given by an OU
process or a complex-valued OU process at frequency wi(@, which therefore implies the presence
of either a near-unit root or a complex conjugate pair of near-unit roots at frequency wg(@ in the

aggregated data.

Table 1: Summary of Frequency Allocations under Systematic Sampling of Monthly Data

Ek 0 1 2 3 4 5 6
Original monthly frequency wr, 0 & 5 3 %’r %’r 7r
Allocation in quarterly data w,’? O 5 = 5 0 5§ =
Allocation in annual data w,‘f 0O 0 0 0 0 0 O

To illustrate these effects, consider the specific example of systematic sampling from monthly
(S = 12) observations to either quarterly (S4 = 4) observations, such that ) = 3, or to annual
observations, such that () = 12. Using the general results above, the implications for this example
are summarised in Table 1.5 We can see from Table 1 that a near-unit root at the zero frequency
in the systematically sampled quarterly data could be attributable to either the presence in the
monthly data of a zero frequency near-unit root or a complex conjugate pair of near-unit roots at
frequency %” in the monthly data, or indeed the presence of both. Similarly, a Nyquist frequency
near-unit root in the quarterly data under systematic sampling can obtain from the presence in the
monthly data of either a Nyquist frequency near-unit root or a pair of complex conjugate near-unit
roots at frequency %, or both. A complex conjugate pair of near-unit roots will arise at the annual
frequency (%) in the systematically sampled quarterly data if a complex conjugate pair of near-unit
roots appears at frequency /2 in the monthly data but will also arise if a complex conjugate pair
of near-unit roots is present at the § or %’T frequencies in the monthly data. In the case of the
systematically sampled annual data, it can be seen that a conventional near-unit root will arise

from the presence of near-unit roots at any of the zero and seasonal frequencies in the monthly

SRecalling that the spectrum repeats with period 27, and that w and 27 —w, w € (0,7), are conjugate frequencies.
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data.

Remark 7: In the simplest possible case where a near-unit root at a given frequency in the
temporally aggregated data arises from near-unit root behaviour at a single frequency in the original
data then so it can be straightforwardly seen from the results above that it will inherit the local-to-
unity parameter associated with that near-unit root in the original data. However, as the examples
given in Table 1 have shown, near-unit root behaviour at a given frequency in the aggregated data
can also arise from near-unit root behaviour at more than one distinct frequency in the original
data. An interesting question this raises is what will the local-to-unity parameter associated with
that near-unit root be in such cases? The answer is that it will be some linear combination of the
relevant local-to-unity parameters present in the original process. In the supplementary appendix
we present in detail the algebra underlying this result for three example DGPs where the data
are systematically sampled and near-unit roots are present at more than one of the zero and
seasonal frequencies: Case A, ASOAkaSn+8 = ugpts; Case B, A(;%2Azka:gn+s = Ugn+s, and Case
C, A A;j TSn+s = Usn+s. Case A relates to a process which admits near-unit roots at the zero and
kth harmonic seasonal frequency, wy, while in Case B near-unit roots are present at the Nyquist
frequency and wg. Finally, in case C near-unit roots are present at the jth and kth harmonic
frequencies, w; and wy, j # k. To illustrate, consider the case where we systematically sample
from monthly to quarterly data. For Case A suppose we have wy = %’T such that both the zero
frequency near-unit root and the harmonic frequency complex conjugate pair of near unit-roots are
mapped to the zero frequency under aggregation. The resulting zero frequency near-unit root in the
aggregated data has local-to-unity parameter 664 := (co+2c¢4)/3. Notice, therefore, that even if the
original data contained a pure unit root at the zero frequency (co = 0), the temporally aggregated
data would not contain a pure zero frequency unit root unless the original process also contained

a pair of complex conjugate pure unit roots at frequency 2% (i.e. ¢4 = 0). Similarly, in Case B

s
30
complex conjugate pair of near unit-roots are mapped to the Nyquist frequency under aggregation,

where wr = I, such that both the Nyquist frequency near-unit root and the harmonic frequency
the resulting Nyquist frequency near-unit root in the aggregated data has local-to-unity parameter
CQ/Q = (g2 + 2ck) /3. O

3.2.2 Average Sampling

In contrast to systematic sampling, it is well known that average sampling will, in general, induce
moving average (MA) behaviour into the aggregated data; see Wei (2006, Chapter 20) for a general
discussion on this point and the Appendix of Pons (2006) for a discussion specific to the case of
average sampling from monthly to quarterly data when unit roots are present in the monthly data.
This will therefore also induce MA behaviour into the vector of seasons form for the aggregated
data; further discussion on this issue is provided in Section S.5 of the on-line supplementary ap-
pendix. However, the resulting MA dynamics do not impact on the near-integrated properties of
the aggregated process (they merely change the long-run variances associated with the terms in the
FCLT). For the purposes of the main text, without loss of generality for what concerns us here, we

may therefore simply disregard any MA behaviour induced in the vector of seasons form by average
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sampling of the data.
Under average sampling ag is a 1 x @ vector of ones, 1g and, therefore, Avyg = Q1g,. In the

case of the Nyquist frequency,

S/Sa—1
AVS/Q — ei7r Z eiﬂh(l, eiTl’Q’ ei7r2Q’ o ’eiﬂ'(SA—l)Q)/
h=0
— SlI.l (QW/Q) ei(QJrl)%(l, ei7rQ7 ei7r2Q7 o 7ei7r(SA71)Q)/. (34)
sin (7/2)

We can therefore see immediately that, just as in the case of systematic sampling, a near-unit root
at the zero frequency will always be retained under average sampling. Moreover, from (3.4) and
using the fact that Zg;ol elmh = %ei@_l)“/ 2 it follows that average sampling of a process
which admits a near-unit root at the Nyquist frequency will lead to the presence of a near-unit
root at the Nyquist frequency in the aggregated data only in the case where @ is odd. Where @ is

even, such that sin (Q7/2) = 0, the root will vanish under average sampling.

Turning to the seasonal harmonic frequencies, wy, k = 1,..., 5%, we have that,

Q-1
AV;'_ — eiwk Z eiwkh(17 eika’ eikaQ’ o ’eiwk(SAfl)Q)/
h=0
_ Sm(ka/Q)ei(QH)%k(l hQ (k2R n(Sa=1)Qy (3.5)
sin (w/2) ’ ’ Y
and
Q-1
AV’; — e—iwk Z e_iwkh(l, e—ika’ e—ikaQ’ . ’e—iwk(SA—l)Q)/
h=0
_ sin (ka/2) e—i(Q—l—l)wTk(l 6_ika e—iwk2Q o e—iwk(SA—l)Q)/ (36)
sin (wg/2) ’ ' Y

where we have used the fact that Zg;ol eTiwrh — %eﬁ@*”“k/ 2. Tt can be observed that a
pair of complex conjugate near-unit roots at frequency wj will vanish under average sampling in
cases where sin (Quwy/2) = 0. This will happen at all frequencies wy, for which the ratio (k/S4)
takes integer values, k = 1,...,5*. Where sin (Qwi/2) # 0, the frequency associated with the
demodulation operator is, as in the case of systematic sampling, mapped from wy to wi@, k =
1,...,.5% under average sampling and so the effects here are the same as described above under
systematic sampling.”

Paralleling the results in Table 1 for systematic sampling, Table 2 summarises the implications
of average sampling for the near-unit root properties of data aggregated from monthly observations

to either quarterly or annual observations. Notice that for the quarterly aggregated data, the

"In other words, Q is a constant that determines the outcome of the filters at a specific frequency, for instance,
for the zero, Nyquist and harmonic frequencies the filters are (1 + L + ... + LO7Y), sin(Qm/2)/ sin(m/2)e HQTD™/2,
and sin(Quy /2)/ sin(ws /2)e!@FD9k/2 and sin(Quwy /2)/ sin(ws /2)e " (@TDk/2 | respectively.
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impact of average sampling is the same as for systematic sampling except for the case of a pair
of complex conjugate near-unit roots at frequency %’T which are annihilated by average sampling.
For the annual aggregated data, average sampling will annihilate near-unit root behaviour at any
seasonal frequency. As with the case of systematic sampling discussed in Remark 7, the local-to-
unity parameter associated with a near-unit root process arising at a given frequency in the average
sampled data will be a weighted combination of the non-centrality parameter(s) at the frequency
or frequencies in the non-aggregated data which are mapped to that frequency in the aggregate

data.

Table 2: Summary of Frequency Allocations under Average Sampling of Monthly Data

kK 0 1 2 3 4 5 6
Original monthly frequency wy 0 § 3§ 3 %’T %r s
Allocation in quarterly data w,‘? o 5§ =~ 5 - 5
Allocation in annual data w,’;‘ o - - - - - =

3.3 The Impact of Aggregation on the Deterministic Kernel

We now turn our attention to the impact of temporal aggregation on the deterministic com-
ponent pignis = 0'zgnas of (2.1). We can write the vector of seasons representation for Y,
as Y, = X, + Z,6, n = 1,...,N, where X,, is as defined just below (2.7), and where Z, :=
(2Sn+1-8, 2Sn+2—S, ---» 2sn) . Consequently, the deterministic component in the temporally aggre-
gated data will be given by AZ,d = ZA54 where Z4 is the matrix of resulting deterministic
variables in the aggregated data and 64 the corresponding parameter vector. The deterministic
component in the aggregated data can therefore be straightforwardly evaluated for a given deter-
ministic kernel in the original data and aggregation matrix, A.

In what follows we will adopt the familiar trigonometric deterministic seasonal form and follow
del Barrio Castro, Rodrigues and Taylor (2018) by focusing attention on the following three cases
of practical relevance, although other possibilities, including seasonal mean shifts, could also be

analysed using the same framework:

Case 1: Zero and seasonal frequency intercepts:

ZSn+s = 28nts1 = (1,cos(2m(Sn +s)/S),sin(27(Sn + 5)/S), ...
ey c0s(2mS*(Sn + 8)/8S),sin(27S*(Sn + 5)/.9), (_1)Sn+s)/ ’

s=1-S5,..,0,n=1,...,N, with § := (50,51,...,(5’3*755/2)/ and & := (0k1,0k2) , k = 1,...,5%.

Notice that the first element of zg,1s1 is a zero frequency (or standard) intercept variable, while

the last element, (—1)°"%¢ is a Nyquist frequency intercept variable. Finally, cos(2wk(Sn + s)/.9)

14



and sin(27k(Sn + s)/S) together form a pair of intercepts at the kth harmonic frequency, wg,
k=1,.. 5"

Case 2: Zero and seasonal frequency intercepts, and zero frequency trend: zgnis = Zonys2 =
(2,/5'n+s,17Sn +s),s=1-25,..,0,n = 1,..,N, with § := (o, 17__.75{5*,55/2750)/ and 0y =
(Ok,1,0k,2)'s k=1,..., 5"

Case 3: Zero and seasonal frequency intercepts and trends:
/
ZSn+s = ZSnts3 = (Zonis 1 (SN +8) 25, 151) s s=1—5,..,0,n=1,..,N

with  := (do, i, ...,53*,55/2750,5,1, "'75;5'*755/2)/ and gk = (gkyl,gkyg),, k=1,..,5% Notice that
the interaction of the time index, (Sn + s), onto zg,1s1 results in deterministic spectral (linear)

trends at each of the zero and seasonal frequencies, wg, k =0, ..., [\S/2].

Remark 8: Notice that under Case 1, Z, = (Vo,h?,h?,...,h%*,hg*,v‘s/g), where vg, hf and
hg, k =1,..,5% and vg/y are the S X 1 vectors defined in section 2. Under Case 2, Z, =
(vo,h‘l",hf, ...,hg*,hg*,vsﬁ,tn), where t,, := (Sn+1—S5,5n+2—-5,...,Sn)". Finally, under Case
3, Zn = (vo,h{, by, ..., h&. hl., vg/o,tn, tn 0 Wi, t, o B t, 0 W b, 0 W, b, 0 vg)9), where o

denotes the Hadamard (elementwise) product. ]

Remark 9: The deterministic component pg, s under Case 3 above can be equivalently written
in terms of seasonally varying intercept and trend coefficients as pgn+s := a’ + b%(Sn + s). For
Case 1 this holds with b} =0, s =1 —5,...,0, imposed. In Case 2 this holds but with b} = b*,
s=1-25,...,0, imposed. These representations are mathematically equivalent with a unique linear

*b*O

mapping existing between the elements of § and {a}, b}},

_,_g above; see Canova and Hansen (1992,
p.239) for precise details. The vector of seasons representation for the deterministic component in
this case can be written as D,y, where: under Case 1, D,, = Ig, the Sth order identity matrix;
under Case 2, D), = (Ig,ty), and under Case 3, D,, = (Ig,t,ody,...,t,odg), whered;, j =1,...,5,

are S x 1 vectors whose elements are all zero other than their jth element which is 1. (]

It can be seen that the trigonometric representation for deterministic seasonality in Cases 1-3
is closely related to the demodulation operator introduced in section 2.1. In particular, the real

(Re[.]) and imaginary (Im/[.]) parts of e “*(5"+9) for ., k = 0,...,|S/2] correspond to the columns

of Z%n+s,1- Clearly for both wp and wg/y only the real parts are relevant because e~ i0(Sn+s) —

—im(Sn+s) _— (_1)Sn+s‘

For the harmonic seasonal frequencies, wg, & = 1,...,5*

and e
that Re[efi%ﬂ(snﬁ)} = cos (%5 (Sn+s)) and Im[efi%ﬂ(s’l“)] = sin (2 (Sn + s)). Bearing this in

mind, the impact of temporal aggregation on these trigonometric deterministic variables through

, we have

the implied change in the demodulation operator induced by the matrix A will parallel what we
observed in section 3.1 for the spectral frequency stochastic components of the aggregated data.
We consider the effects of systematic and average sampling on the deterministic component in turn.

Where systematic sampling is used it can then be seen that zero frequency intercept and trend
variables for the original data will be transformed to zero frequency intercept and trend variables re-

spectively for the aggregated data. Similarly, Nyquist frequency intercept and trend variables will be
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transformed to Nyquist frequency intercept and trend variables respectively for the aggregated data
when @ is odd, but will shift to zero frequency intercept and trend variables respectively when @ is
even. Finally for the harmonic frequencies, wg, k =1, ..., S*, the deterministic variables associated

with frequency wy will be transformed such that together they span the space of the analogous deter-

ministic variable(s) at frequency Quy, after systematic sampling. Defining the S4 x 1 vectors v{' :=
(1,1,..,1), V§/2 = (—1,1,...,1), together with hz‘é4 = (cos [Qug] , cos [2Quy] , . . ., cos [SaQug])
and hg{; = (sin [Quwg] ,sin [2Qwg] , ..., sin [SaQuwx]), £ = 1,...,S, these transformations can be

seen to occur because, under systematic sampling: Avy = vgl; Avg)y = vé/g when @ is odd and
Avg)y = vit when Q is even; and Ah{ = h¢4' and Ah = h}j, k = 1,..,5*% Taken together,
these results entail that the deterministic component in the aggregated data will again contain
zero and seasonal frequency intercepts in Case 1, zero and seasonal frequency intercepts and a zero
frequency linear trend in Case 2, and zero and seasonal frequency intercepts and trends in Case
3. In each case the zero and seasonal frequencies are now collectively given by w,? = 27k /Sa,
k=0,..,[S4/2]. The coefficients on these deterministic variables will be functions of the intercept
and trend parameters in the original data. To give a simple example, suppose we consider system-
atic aggregation from S =4 to S4 = 2 and let Case 1 above hold on the deterministic component.

Then in vector of seasons form the deterministic component for the original data is given by

10 1 -1 0o
1 -1 0 1 0
7.5 = 1,1
1 0 -1 -1 || b1
1 1 0 1] P
0100 (1 -1 0 1
Here A := , and so we have that AZ, = . Consequently,
0 0 01 1 101
1 -1 do + &
AZ,§ = 7254 = 0%
11 811

so that in the systematically sampled (biannual) data we have a zero frequency intercept with
coefficient dp + d2 and a Nyquist frequency intercept with coefficient 41 ;. Notice therefore that, for
example, the zero frequency intercept in the aggregated data could be zero (non-zero) even where
it is non-zero (zero) in the original data.

Similarly, it can be seen that under average sampling the zero frequency deterministic variables
for the original data will again be transformed to the corresponding zero frequency variables for
the aggregated data. Nyquist frequency deterministic variables will either be annihilated (vanish)
when @ is even, or will be transformed to the corresponding Nyquist frequency variables for the
aggregated data when @) is odd. For the harmonic frequencies wy, k =1, ..., 5%, the deterministic

variables associated with frequency wy, will be annihilated when k/S 4 is an integer, and transformed

8Notice that where Qui = am with a a positive integer, then so h’,:é = 0, while h%@4 = (-1,1,...,1) if a is odd
and hpd' = (1,1,...,1)" if a is even.
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to the analogous deterministic variable(s) at frequency Qwy, when k/S 4 is non-integer. In particular:
Avg is proportional to V64; Avg/y = 0 when @ is even and proportional to Vé/2 when @ is odd;
Ah} = Ah} = 0 when k/Sy4 is an integer, k = 1, ..., 5%, while Ah%,s and Ahg,s are proportional to
thA and hgél , respectively, when k/S,4 is non-integer, k = 1, ..., S*. As with systematic sampling,
the deterministic component in the aggregated data will therefore again contain zero and seasonal
frequency intercepts in Case 1, zero and seasonal frequency intercepts and a zero frequency linear
trend in Case 2, and zero and seasonal frequency intercepts and trends in Case 3, but where in
each case the zero and seasonal frequencies are again collectively given by w,’?, kE=0,..S4/2].
The coefficients on these deterministic variables will again be functions of the intercept and trend
parameters in the original data but these will not be the same functions as in the systematic

sampling case. For the sample example given above aggregating quarterly to biannual data under
110 0 2 -1 10

. Consequently,
0 011 2 1 -1 0 4 Y

Case 1, A := [ ] , and so we have that AZ, =

Azs=zAgh— |1 1 200
" 1 1 01,1 — 02,1

so that in the average sampled data we have a zero frequency intercept with coefficient 20y (which
therefore depends only on the value of the zero frequency intercept in the original data), and a

Nyquist frequency intercept with coefficient 911 — d21.

4 Conclusions

In this paper we have built upon earlier work pertaining to monthly data in Pons (2006) and
investigated the implications for the zero and seasonal frequency near-unit root properties of a time
series which has been subject to temporal aggregation from S seasons per cycle to S4 < S seasons.
As part of these results we have shown that systematic sampling, appropriate for stock variables, can
impact on the non-seasonal unit root properties of the data, while for average sampling, appropriate
for flow variables, this is not the case. We have also analysed the impact of aggregation on the
deterministic kernel of the series. Our results again show that for systematically sampled data the
non-seasonal aspect of the deterministic kernel can be affected by temporal aggregation. The results
relating to the near-unit root properties and the deterministic kernel properties of the aggregated
series were shown to parallel each other. In particular, both were shown to be attributable to
changes, induced by the temporal aggregation scheme, in the frequency associated with the relevant
demodulation operator.

As a final comment, we have explored the impact that temporal aggregation has on the inte-
gration properties of a seasonally observed processes by using conventional asymptotic arguments
based on an increasing time span. As pointed out by a referee, it might also be possible to attack
this problem in a way that views the sample size as two-dimensional, using so-called infill asymp-
totics whereby the sampling frequency is also allowed to increase. Undertaking such an analysis is

beyond the scope of the present paper, but could constitute a fruitful avenue for further research
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in this topic.
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Supplementary Online Appendix
to

Temporal Aggregation of Seasonally Near-Integrated Processes
by

T. del Barrio Castro, P.M.M. Rodrigues and A.M.R. Taylor

S.1 Introduction

The contents of this supplement are organised as follows. In section S.2 we provide a proof of
Lemma 1. Next in section S.3 we provide a derivation of the results given for the three examples
in Remark 3. In section S.4 we provide detailed derivations for Cases A, B and C considered in
Remark 7 where near-unit roots occur at more than one distinct frequency. Finally, in section S.5,
we present an additional discussion related to the moving average dynamics potentially induced by

average sampling. Additional references are included at the end of the supplement.

S.2 Proof of Lemma 1

Consider first the following partial fraction decomposition,

1 _ cpt\ 1kt cj* -1 ES
W = (Ak: ) Pri — (Aj ) Ok (S.1)
where k,j =0,1,...,5/2, Azki = (1—etray L), Azji = (1—e*Wia;rL), and

eﬂ:lwk T eile T

oy = ( . Phy = (

eTiwg QT — etiw; Odij) eTiwg QT — etiw; Oéj,T) .

The terms pgf and p{;, are such that

eiiwk QT eiiwk

b= = _. ~kt
Prj = (@iiwkak,T _ eiiwjajj) - (eFiwn — eiiwj) +0(1)T) =: O + o(1/T),
and
Fiw; +iw;
V== e JOéj’T - e j o
Prj — (Frapr — eF@iayp)  (eFior — i) +O0(1T) = g7 + O(1/T).



In what follows, to simplify notation, but without loss of asymptotic generality, we will ignore the

O(1/T) remainders and define gFF := = and FIT = ﬁeimj . The following results
kj * eiiwkfe lwy kj : eiiwkfe lwj ®

which will prove useful in the proofs that follow may then be stated,

~S/2 c (Cs 2~ Co)
AP Psﬁzo - Ass/; @?@/z,o = 1+ /27TL (S.2)
ASFGE _ADTGE 14 (b —c) o (S.3)

T(e:tiwj _ eiiwk)
Fiwy, Liwy _
cy ~k+ it~y o € € (Ck CU)
APy =B Pk = 1+ T(etiwn — eiwn)

‘ (S.4)

where k, j = 1,...,5*. Recall also that ¢* = 1, for v = 0 and €“» = —1 for v = S/2.

Notice that the results for the pure unit root case follow straightforwardly from (S.2) to (S.4) by
considering ¢, =0, k =0,1,...,5/2.

Proofs of (S.2) - (S.4)
e Consider first the left hand side of (S.2). This satisfies

~.S/2 c ~.S/2 ~S/2  Ti Co i €s/2
Ay’ @542,0 — Ayl P50 = @s§20 = Plsya0 — (@sjme%wo(l + ) 820 2 (1 + 7T/ )L
1
= 1—ﬁ(co—cs/2)L
(CS/Q - Co)
= 14+ —————"L S.5
t—57 (S.5)
. . i0 o 1 ~S/2 o i 1
with @2‘/2,0 = m—en = —3 and ¥s5/20 = e = 3

e Consider next (S.3). For k, j = 1,...,.5*%, we observe first that,

~ iF~jt ~j+ ~] i Ck i+ Fiw; G
A;’“;gagj.t — A;J pfgj = pﬁjt - pij - (p]lfjejF “k(1+ ?) - @ﬂkj e wi(1+ %))L (S.6)
Next, observe that
) Fiwy +iw,

~kt _ ~jE _ € e _

pkj o pkj T etiwr _ pFiw; o etiwp _ pFiw; 1 (87)
and

. . Fiwy, +iw; .
~k+  Fiw Cky  ~jE Fiw, G _ e Fiw Cky e —Fiw; ¢
(pk‘] e k(1+ T) pk’]e ](]‘+ T)) - (6ilwk _eiiw]'e k(1+ T) eiiwk _e:tiwje ](1+ T)
= b A , fork#jand k,j=1,...,5". (S.8)

T(e:tiwj _ eiiwk)
Substituting (S.7) and (S.8) into (S.6), the result in (S.3) is obtained.

iwy

e Consider next (S.4). For the zero (v = 0) and Nyquist (v = S/2) frequencies notice that e

s . ~] j:iwk ~ iw
e v, Therefore, for v = 0, S/2 and j = 1,..., 5%, pﬁvi = e@cm and ), = m and,



+iw : iw : . :
ek iw. Cv\ _ e'“v +iwyg Ck\\ — _  Uiwg iw Ck—Cv
hence, (=6, — e (1 + %) — =6 —mye (1 + F)) = —e"™re e e & Consequently,

the result in (S.4) follows from,

~ i+ ~ ~ i C oy Cj
APl —ATTOh = Fhy — Pk — Bk € (L4 ) = Gl (14 )L

e:l:iwk eiwv (Ck _ C'u)

T(eiiwk _ eiwv) (Sg)

= 1+

Recall that ev = 1, for v = 0 and e“* = —1 for v = §/2.
Next consider the following definitions from del Barrio Castro, Rodrigues and Taylor (2018),

Sn+s
Sic, (Sn+s)= > cos[((Sn+s)—j)wj]ajpt> /L= i=0,8/2 (S.10)
j=1
Sn+s A ' . '
(Sn+s):= Y e tnSmbemiginrsmipsntei =1 8 (S.11)
j=1
Sn+s
(Sn+s):= Y enlSntemgpubsmipsnteni  p=1 8", (S.12)
j=1

g

k,Ck
S—l—

k,ck

Using (S.10) - (S.12), we can write (2.3) as,

S*
hs; B hi
Tsnis = [(SO,CO (St + )" (Ssyzesys (S + )" ] {Ste, (Sn+9) S, (Sn+9)} ] Usines

k=1
hs/2
=[S (504 )™ (S50 (514 )
5 ”
<1 {akS,;Ck (Sn+s)+ S, (Sn + s)} Usnis + Op (1) (S.13)
k=1
where by := ew;i% and ay 1= %, k € {1,...,5*} and where we have used the fact that
Shee, (ST +8) S,I% (Sn+s) = apS; ., (Sn+s) + ka,j’Ck (Sn + s); see Gregoir (2006). Combining

(S.13) with (S.2) to (S.4) we obtain that,

TSnts = {¢0507c0 (Sn+5) +1g/25s)2,c5,, (ST + 5)
S*
+ Z [w;S,;Ck (Sn+s)+ w,jS,:Ck (Sn + s)} } Usn+s + Op (1). (S.14)
k=1

To determine the specific values for o, ¥g/2, ¥ and w;, kE=1,...,58% in (S.14) knowledge of
which operators Sp ¢, (Sn + s), S5/2,c5/2 (Sn+s), Sp., (Sn+s) and Sl;"’% (Sn+s),k=1,...,5*
are present in (S.13) is required. The specific values of these weights can then be computed directly
from (S.2) to (S.4).



From (S.14) it then follows that the vector of seasons representation for X, is given by,

X, = woCOZaONU +15/9Cs/2 Zas/2NU + Z { Yp Cp + 9 C) Zag’;’m} +0,(1).
=1 =1
(S.15)

S.3 Derivation of the Examples in Remark 3

o Consider first the DGP AS*A*xgn 45 = Ugnts, v =0,5/2, k =1,...,5* This corresponds
to (S.13) with h, = hy = 1 and all remaining h; = 0, for all j # v, k. Using (S.2) and (S.3), it is

possible after some algebra to write xg,15 as,

1 e 1wk
Tonts = [2 (1 — elwr cos (wg)) Sve, (Sn+s) +ar <eiwk—eiwv) She, (S 5)
elwk

It is then straightforward to show that the vector of seasons representation associated with (S.16)

is given by,
X, = ! C’ E Q"N+ a & C, E U
" 2(1 — €@y cos (wy)) P oN B e—ior — eiwn gt k,N
b . ohy U Oy ( S.17
T Ok (ew ew) E: +0,(1). (S.17)

o Consider next the DGP A} A;j TSn+s = USn+s, which corresponds to (S.13) with Ay, = h; =1
and all remaining h; = 0, i # j, k. Using (S.3) we obtain after some algebra that,

eiwj e—iw]- _
monts = |4\ G e ) T G ) f ke (911 9)
ei“”“ eiiwk B
(ew_ew> b (w) } Sje; (Sn+5) +
eiwj e—iwj N
by, {aj <eiwg'_e—iwk> +b; <e_iwj_e_iwk> } Sk, (Sn+5) +

1WE 1wy
“ ) o () Sl (St )| wsare 40, (1) (839

h SR e N S — = e and by = ol C tly, th
where ag ‘— oW Colwg L — PPt aj; = m an = m onsequently, (§



corresponding vector of seasons representation of (S.18) is given by

eiwj e—iwj n .
— . . - n— .
Xn = {a] <eion - em) +b <6ion - em)}ck > oinUi+
=1
eiw}C e—i(.u;c n )
. - n—1 .
4 {ak <eiwk — ei‘*’j> 0k (ei‘“k — elwj ) } Cj Z akaUZ +

=1

e\wi e iw; N n )
n—i
bk {aj (eiwj _ e—iwk> + bj (e—iwj — e~ lwg ) } Ck Z ak,NUi T

=1

eiwk e—iwk n i

=1
S.4 Derivation of Examples in Remark 7

In what follows we make use of the multivariate FCLT (see, for example, Phillips, 1988), from

which we observe for the scaled partial sums that, under Assumption 1,

-1 [rN] )
:’/—N S oV U= 3, (1), rel01], k=0,..,5/2
=1

where J., (r) is an S x 1 vector of standard Ornstein-Uhlenbeck processes.

° Consider first the DGP

AgvAzklﬁsn_‘_s = USn+s- (820)

where ug, s satisfies Assumption 1. Here zg,+s admits a near-unit root at the zero (v = 0) or the
Nyquist (v = 5/2) frequency and a complex conjugate pair of near-unit roots at the kth harmonic
seasonal frequency, wy := 27k/S. The DGP in (S.20) therefore coincides with (2.3) for the case
where h, = hj, = 1 and all remaining h; = 0, for j # v, k. Consequently, using Lemma 1, Remark
3, and the definition of A in (3.2), we have that

1 e_i‘“‘”“
—1 2 A ! — +/
N / XI_’V’NJ = O-A |:2 (1 _ eiwv cos (wk))vUvUJCv (T) + ak‘ (eiwk _ eiwv> Vk Vk Jck (T)
elwk L
+ b <eiwk _ em,) Vi Vi, Je (7”)] : (S.21)
Recalling the definitions Vi = he + ihfl and v;/ =hy — ihf’ from Remark 6, it is possible
to write (S.21) as,
o e—iwk

N_l/QXﬁNJ = 9 (1 _ ein cos (wk>)AVvV;JCU (T) + oag <6_Wk—elwv> Av; (hg/ + lh£,> Jck (T)
iwg

e + af B!
+ oby, <eiwk — eiwv> Av] (hk ih}, ) Je, (7). (S5.22)



Moreover, for Av, and Av,j we have that

. . . . /
Avi = [ 4FQ e gshe e |
i2rk 27k i 2mk . /
= [ el Sa el S A 2 el Sa 3 N elQﬂ'k :| (823)
and
. . . . ,
AV]; = [ 6_1% e_l%QQ 6_1%36‘? cee e_I%SAQ }

: 27k s 27k : 27k
—ig= —ig=2 —i5=3
= |: e S e S A e S A

o2k }/. (S.24)

The results in (S.23) and (S.24) are crucial for the understanding of whether or not near-unit
roots present at a given spectral frequency in the original data will shift to another frequency under
temporal aggregation. Specifically, it can be seen from the general results in the main text that
a pair of complex conjugate near-unit roots at the harmonic seasonal frequency wy := 27k/S will
be mapped to the zero frequency under systematic sampling if the ratio k/S4 belongs to the set
of natural numbers or to the Nyquist frequency under systematic sampling if the ratio 2k/S4 is a
positive odd integer. For the former case we have that Avg = Av, = Av,;r =1g, =: VOSA and
for the latter Avg,y = Av, = Av};F = vg, where v is an Sy X 1 vector defined as v§ =
[~1,1,—1,...]". Hence, for these two cases (v =0 and v = S/2), (S.22) becomes,

g

—1/2y A f /
N XU“NJ = O0Vg, [2 (1 — e cos (wk))vv‘]cu (7)
e*iwk . eiwk .
+ o <e—wk_ew> (h%’+1h§’) Jop (r) + by (M_ew> (hg’ —lhf’) ., ('r)}
— f 1 /J
IV, [2 (1— elws cog (wk))vv e (1)

sin (wy,) — € sin (2wy) cos (wy,) — € cos (2wy)

hi'Je, (r) -

hfl']ck (T)]
(S.25)

2[1 — ewv cos (wg)] sin (wy) 2[1 — ev cos (wg)] sin (wy)

where f =0 when v =0 and f = 7 when v = 5/2, and where we have used the following results

—iwp, iwg 1 B
o < e > b ( e > __sin (wg) — e sin (2wy) (S.26)

e~ Wk — eiwy elwr — elwu 2[1 — e“v cos (wg)] sin (wy)

and

o < e Wk > p < ek > _ _Qicos (wi) — e cos (2wg,) . (8.27)

e~lwk — elwy elwr — elww [1 — elwr cos (wy)] sin (wg)

Recall that the results for the Nyquist frequency are only considered when 2k/S 4 is a positive
odd integer.

To determine the local-to-unity parameter associated with the resulting zero frequency near-unit

root in the systematically sampled aggregated data, consider the following lemma.



Lemma S.1. Let xg,1s be generated as in (S.20). Then, the vector of seasons representation for
the systematically sampled data when k/S4 takes values in the set of natural numbers (when the
zero frequency is considered, f = 0 and v = 0) or 2k/Sa takes values in the set of positive odd

integer numbers (when the Nyquist frequency is considered, f = m and v = S/2) is given by

sin (wg) — €9 sin (2wr) | 0

1 - ,
XA _ f . ! n—irr . n—iry.
n VSa (2(1 — e cos (wk))vv;%ﬂ T 51 = e cos (wp)) sin (wp) * £ RN

_ cos (wg) — €97 cos (2wk) . BN ns A
31— e con (@) sin () ¢ 2 AU )+ Op (D) (5.28)

Proof of Lemma S.1. To prove (S.28), note first that on pre-multiplying (S.17) by A we obtain

1 R e Wk NS i
AX, = 2 (1 — ei“v cos (wr)) AvVyVy ; aZJ\;Ui + ak (e_lwk_elwv> Avk Vi ; O/kLJ\;Ui
eiwk n n .
— ! n—1
+ by, <eiwk — eiwv) Av, v} ; ak’NUi + 0, (1). (S.29)

When the ratio k/S4 takes values in the set of natural numbers (the zero frequency case) or 2k/S 4

takes values in the set of positive odd integer numbers (the Nyquist frequency case), (S.29) becomes

n —iwk n
. f 1 / —i7T e +/ —irT.
AXo = s, (zu_emcos(wk))vv D P A M
=1 =1
Wk n .
o <w_w> Vi’ 2 kNl | + Op (1), (5.40)
=1

Noting that V]—:/ =hy + ihg' and V]:l =hy — ihg', it is possible to write:

1 - :
AX, = v . " iU
n VSA (2 (1 — elwv cos (wk))vv ;av,N 7

e_iwk 2 . B/ = —1
+ ag (eiwk — eiwv) (hg + ih), ) ZaZJGUi
i=1
B N R 1
R el > _cinUi] +op (1)
i=1

1 " :
— f / TL*ZU'
o (2 1 o cos (o)) 2 oV

e—iwk eiwk n .
al n—iyr.
T [ak (e—iwk _ em) + br <eiwk ~ oo )] b’y i Ui

i=1

6—iwk eiwk . /B/ n i
+ [ak <eiwk — 1) — by, <eiaug — 1” ih) Zak’NUi + 0, (1)
i=1




_ of 1 n—ig.
Vs, (2 (1 — elwv cos (wk»v” ;avN

sin (wy,) — €“ sin ka ho" Z n—igy
2 (1 — el“v cos (wy)) sin (wg) N

cos (wg) — €7 cos (2wg) . g i
— . h;, U; | +0,(1). S.31
2 (1 — elwv cos (wy)) sin (wg) ZakN +0p (1) (8:31)
Then from (S.26) and (S.27), (S.31) is seen to be equivalent to (S.28), as required. [ |

To illustrate how to determine the local-to-unity parameter in (S.28), we will use the following

two examples:

Example 1: Consider the case shown in Table 1 for S = 12 and S4 = 4. For frequency wy, = 27/3,
k = 4 so that k/S4 = 1 and so the results in (S.25)-(S.28) above apply. Hence, (S.28) for this

example is given by

1, < : 2. 0o ;

X4 =1g, <3v6 > iU+ Bhgfzag;m> +0,(1). (S.32)
i=1 i=1

Note that frequency 27/3 completes a full cycle every 3 periods, and hence for h{’ we only need

to consider the following three values that are repeated cyclically, cos (27/3) = —1/2, cos (47/3) =

—1/2 and cos (67/3) = 1, so that h®’ = [—1/2,—1/2,1,—1/2,-1/2,1,-1/2,—1/2,1,-1/2,—1/2,1].

Therefore, for (S.32) we have that

n n n—i

A —i (co+2ck) /3

Xy = sy [ 25% NUL2i-11, 5 25&7}‘\;%2@'—10,2 (1 e U12i-9,

1=

n n—u
co+ 2c) /3
Z 6Okz NU121 8 5 Z 5Ok Nu12z 7 Z <1 + (Ojvk)/> U12i—6,

=1
i o+ 2c) /3\" "
Z 50k NUI12i=5, 5 Z 50k Nu12z 4, 2 <1 + <0Nk)/> U12i—3,
" (Co + QCk) /3 n—i
Z 50k Nulgz 2, = Z 5Ok NulgZ 1, Zl 1+ # U12; | + Op (1)(8.33)

where doi v := (92%). Given that dop vy = O (N1), (S.33) can be re-written as
b N b

_ISA OZe p(co+26k)/3> UZ‘—FOp(l)

where v¥ := | 0 0 1 0 0 1 0 0 1 0 0 1 } This can immediately be seen to corre-

spond to a zero frequency near-unit root with local-to-unity parameter 064 := (co + 2¢x) /3. Notice



also from the multivariate FCLT that,

1/2XL N = UwolsAwalvg’chx (r) = owols,Joca (r)

A 1/2

where ¢ is as given above and wg := (vi'vy)'~ = 2.

Example 2: Consider the case shown in Table 1 for S =12 and S4 = 4. If wy, = 7/3, then k = 2
and so 2k/S, = 1. Here (S.28) reduces to,

X:;:ng< VS/ZZQS/QNU + ha'Z ZA}U> +0,(1). (S.34)

Since frequency 7/3 completes a full cycle every six periods, we only need to consider the
following six values that are repeated cyclically for determining h{’: cos (7w/3) = 1/2, cos (27/3) =
—1/2, cos(37/3) = —1, cos(4n/3) = —1/2, cos (57/3) = 1/2 and cos (67/3) = 1; viz, h}/ =
1/2,-1/2,-1,-1/2,1/2,1,1/2,—-1/2,—1,—1/2,1/2,1]. Therefore, from (S.34) we have that,

n n—i
cs/o + 2¢) /3
Xy = VS, Z 5kS/2 NW2i-11, 5 des/z NU12i-105 — Z (1 + (/N) 12i=9,

=1

n cg/o + 2¢ck) /3 e
Z 5k5/2 NU12i-85 5 ZékS/Q NU12i-7, Z (1 + (S/QNk)/> U12i—6,

=1

" cg/o + 2¢ci) /3 e
Z5k5/2 NU12i=55 5 25k5/2 NU12i—4, — Z (1 + (S/QNk)/) U12i—3,

=1

1 & - cso + 2¢k) /3 e
3 Z5k5/2 NU12i-2, o Z(SkSﬂ NU12i— hz (1 + (/2N)> uiz; | +Op (1) (S.35)
=1

=1

where 8g/0 n = 2—5/2 Given that g5 v = O (N71), we can re-write (S.35) as
/2, N /2,

n 19 3 n—i
= AX, = V5, Va » €xp <(CS/2N0k)/> Ui + 0, (1)
=1

wherevZ’:=|10 0 -1 0 01 0 0 -1 0 O 1}.This can then be seen to correspond to

a Nyquist frequency near-unit root with local-to-unity parameter c§/2 = (c s/2 + 2ck) /3. Moreover,

1/2 !
NV XL N| = 0WrV5, @y vy e, (r) = awﬁngJmcg/Q(r)

where w, = (v’"v”)l/2 2.



° Finally, consider the case where the DGP is given by
A;k A;‘j$5n+s = USn+s; (836)

where ug,1 s again satisfies Assumption 1. Here zg,1 s admits a pair of complex conjugate near-unit
roots at both the jth and kth, j > k, harmonic seasonal frequencies, w; := 27j/S and wy, := 27k/S,
respectively. The DGP in (S.36) therefore coincides with (2.3) on setting h; = hy = 1 and all

remaining h; = 0, for ¢ # j, k. Again, using Lemma 1 and Remark 3, we have that

N~V2xA = oA |aqa; _ +b; e
[rN] k% elwi _ elwp I\ e—lwj _ piwg
eiou;C e*iwk
+ (lj af eiwk _ eiwj + bk e*iwk _ ei“’j
eiwj' e—iw]'
b {aﬂ' (ew_e—w> b (e—w_e—w)

+b;

<
—
)
>
7N
Q.
€
kol
Cbb—t
€
™ ES
|
g
S
N———
+
=2
>
7 N
9]
L
3 ®
g€
o | =
|
€
£

which can be re-written as
1/2uA eion efion -
NY XN, = o {aj <ei‘*’f — eiwk) +b; (e_i‘“j o Av, v I, (r)

eiwk b e—iwk A _ +J

toagyan | o ) o | oo | AV Vi e ()
eiwj e—iw]‘

. . +—
+O'bk {a] <61“’J—e_1wk> +bj <61WJ_6_1W}9>}Avk Vk: Jck (7’)
b B WP (s N N (N S
+ obj § ay p—— + by = r——— vivide (r). (S.38)

We observe from (S.24) and (S.23) that Av, and Av} will correspond with frequency wj! =
27k /S 4 and Av; and Av;F with frequency wJA = 27j/Sa. Hence, the only possible situation where
the OU processes in (S.38) will be allocated to the same harmonic frequency is when 27k/S4 and
2mj/S4 are such that 27wj/S4 = 2w — 27k /S ; that is, j = S4 — k. For example, when aggregating
from monthly to quarterly observations (S = 12 and S4 = 4), the complex pairs of OU processes
associated with frequencies 7/6 (k = 1) and 7/2 (j = 3) in the monthly data will both be mapped
under aggregation to a complex pair of OU processes at frequency /2 (since 37/2 = 271 — 7/2)
in the quarterly data. Where j = S4 — k, we therefore have that Av, = Avj and sz = Av;,

and, hence,

N_1/2XfiNj N ? {Av,; [GZ (h?’ + ihg,) Jo, (r) + b (h;?‘/ _ ihf/) Je, (r)}

+ AvY [0 (09 +0]") 3, () + 0 (B = i) 3, (0]} (8:39)

10



where

eiwj 71w]
ap = apqaj | — | +b;
k- k T\ elwj — piws J 6_1“’3 eiwk
eiwk 71wk
*  — . -
a; = 4 {ak’ <€iwk _ eiwj> + bk <€_1wk _ le>}
Ciwj —lw]
ewi — e~ Wk e—iwj — e—iwg
eiwk 6—1wk
* R .
bj T bJ {ak <eiwk _ e—iw]-> + by <eiwk — e iwj :

As with Cases A and B above, it can be shown that the resulting complex pair of OU processes
at frequency w,’;‘ will have a drift (local-to-unity) parameter given by a linear combination of the
drifts defining the OU processes at frequencies w; and wy, prior to aggregation, and, hence, that
the systematically sampled process has a complex pair of near-unit roots at frequency w;f with this

local-to-unity parameter.

S.5 Additional Material relating to Average Sampling

For any value P < S, (2.3) can always be represented as a first order vector of seasons process as

n (2.4), replicated below for convenience
UoX, =V 1X,_1+ U:, n=1,...N

where X, := (an—(S—1)7xSn—(S—2)7 ...,:rgn)/, Xp—1 = ($S(n—1)—(S—1)7fL"S(n—l)—(S—Q)a ...,ms(n_l))/,
Xo is a vector of zeros, and U, := (uSn_(S_l),USH_(S_2), ey uSn)/ is a vector white noise process
with zero mean vector and variance o%Ig, and where ¥y and ¥, are lower and upper triangular
S x S parameter matrices, respectively. In particular, Vg is a lower triangular Toeplitz matrix
which for P < S takes the form

1 0
—af
D -t 1 0 0 0
Uo=| —ap 1 o :
0 —ab 10 0
0 —ap - —a] 1 0
| 0 —a; —aj 1

11



and for P = S takes the form

1 0 0 0 0 0

—of 1 0 0 0 0

—a5 -0 1 0 0 0

Ug=| —03 —aj —aj 1 0 0
-y o —aj —aj 1 0

|~y —0gy —Qgp —ag.z gy 0 b

For P < S, the upper triangular matrix ¥, takes the form

[0 ap o |
0 o5
| 0 0 0 0 0 |
and for P = S takes the form
[ ap o o]
az o
| 0 0 0 0 |

As we will see, the vector of seasons representation has clear advantages compared to univariate
approaches which have appeared in the literature because the effects of temporal aggregation in
terms of processes moving from one frequency to another or vanishing after aggregation can be seen
clearly, as can the form of any moving average dynamics induced by average sampling.

As discussed in the main text, it is convenient in what follows to consider the reduced form of

(2.4) given in (2.5), again replicated for convenience below,
Xn = (I)Xn—l + Un

where® ® := vy W, and U, = vy IU;'{, where the error term U, has zero mean and variance matrix
EB(UU;) = 05 E (U507 ) w5 = o205t wg

In the body of the paper we are concerned only with the impact of average sampling on the
autoregressive dynamics of (2.5). However, when we aggregate (2.5) the structure of ¥, has the

potential to generate moving average behaviour. In general, for any seasonal unrestricted AR(p)

°The elements of U;' are determined by the parameters of the inverse of a (L); see Pollock (1999,pp.46-48) for
details. An example is given in (S.46) below for the DGP in (S.40).

12



process, with p < S, ¥ 1 will always be lower triangular, which means that average sampling of
such a process, will result in the presence of moving average dynamics in the aggregated process.
An exception occurs in cases where the AR(p) process is a restricted seasonal process, with p = S,
such as (1 —apLl® ) TSn+s = USn+s- In this case, in the vector of seasons representation the matrix
Vo =¥, 1 — Ig and therefore no moving average dynamics will be generated by average sampling.

As an illustration of the result in (2.5) consider the general AR(1) process,
(1 — et ozj,TL) TSnts = USnts (S.40)
which admits the following first order vector of seasons representation, viz.,

UEX, = WEX,  + U n=1,..,N, j=0,1,..,5/2 (S.41)

/ !/

where X, := (J:Sn—(S—l)?xSn—(S—Z)v "'71'»5'%) s Xpo1 = (xS(n—l)—(S—l)a:L'S(n—l)—(S—2), "-7xS(n—1)) >
Xy is again taken for simplicity to be a vector of zeros, and U} := (usn,(s,l), USp—(S—2)s s ugn)/
is a vector white noise process with zero mean vector and variance o2Ig, and \If%i is a lower
triangular S x S parameter matrix with the following form: \I/(])‘jE =Us—M geTiwi aj 1) where Mg
1 if i—j=1

) and \IljljE is an S x S matrix of zeros
0 otherwise

is an S x S matrix with elements m;; = {

with the exception of the element in position (1,.S) which is equal to eTwj ;7. Notice that because
elwo = ¢=iwo and eWs/2 = e_in/Q, whenever the zero or Nyquist frequencies are under consideration
we will simply use elwo and elws/2,

It will prove convenient to consider the reduced form of (S.41); that is,

-1
X, = X, + (qx’gi) Ur, k=0,1,..,5/2 (S.42)

~1
where ®F*F .= (\Ilgi) \Il’fi. When k = 0 or kK = S/2 are under consideration, we will therefore
denote the resulting parameter matrices by simply \Il'g and \IJ’f, k =0, S/2. Notice that the error term
-1 , -1 -1
U, = (qf’gi) U? has zero mean and variance matrix £ (UnUn) - (xy’gi) E(U:U) (\If’gi) -
—1 ~1
o? (‘Iflgi) (\Pgi) . Backward substitution in (S.42) yields that,

X, = (cb’fi)j (\Ij’gi)fl Ui (S.43)

with the convention that (@ji)o = Ig. Hence, the vector of seasons representation of (S.40) can
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be expressed as,

—_

n— n—1

Yo = S0 (0 (W) Uiy s 2 (397 (85) Ui+
5* n—1 A n—1 . B
; 5,;; (@k—yU;_ﬁ(s;; (e5) () " ua, ). (S.44)

The effects of temporal aggregation on (S.40) can be explored by pre-multiplying (S.44) by the
S x S4 matrix A defined in (3.2); viz,

AX, = & A(@8)‘1U2+A7§(<1>0)j (W) o |+
j=1
052 | A (95%) 1U§+A;<<I>S/2)j (w") o)
g+ B n—1 . B
; 5 (A (wh) 1U;+Ajzo(<1>’f—>] (w5) Uz
e A(¢§+)1U;+A§<¢k+)j (v5*) | |- (S.45)

Temporal aggregation of these frequency specific processes induces MA(1) dynamics in the error
process which is observed from A (\118)71 Uy, A <\I/OS/2>_1 Uy, A (\Il’(‘j_) o U and A <\P§+>_1 Uy,
k =1,...,5% where the coefficients of the infinite order moving average representation of (S.40)
are collected as the elements of the resulting matrices A (\1'8)_1, A (Wg/2) o and A (\Ifgi) 71. To
illustrate, consider frequency wy = 2wk/S for the case of Q@ = S/S4 = 3. The coefficients of the

infinite order moving average representation of (S.40) for this frequency are given by

[ 1 0 0 0 0
o, pe i 1 0 0 0
ot 1 aiTeim’k ak,Teii“”f 1 0 0
( 0 ) - azyTeii?""k azTeﬂQ“k aki’eﬂwk 1 0
i aéffl)eii(5—1)wk a}(€752;2)6—¢(5—2)wk a}gf';B)e—i(S—g)wk alsi;‘l)e—i(S—él)wk 1 |
(S.46)

-1
Hence, the elements of A (\Illgi) , which follow directly from (11), characterize the moving average

dynamics. O

Remark S.1: It is interesting to contrast the foregoing results with the alternative univariate
approach to determining the impact of temporal aggregation considered in Silvestrini and Veredas
(2008, Section 3.1) and Teles, Wei and Hodgess (2008). These authors show that the effects of
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temporal aggregation of the process in (S.40) from S observations per year to S4 per year, that is

S/Sa = be obtained by multiplying both sides of (3.40) by | L= eirt?) | f1-29
/Sa = @, can be obtained by multiplying both sides of (S.40) by (lieiiwjaj’TL) { 1L ], SO
that,

(1 — eiiwaafTLQ) (1 +L+---+ LQ_l) TSnts =

(1 +etWig L - eﬂ@*UwiaﬁT‘lLQ*1) (L+ L+ + L) ugpys. (S.47)

From (S.47) we observe that after aggregation of the frequency specific AR(1) process we obtain
an AR(1) process for the temporally aggregated process (1 + L4+ LQfl) Tsn+s With the au-
toregressive parameter given by et Qv a]Ci?T. Moreover, Silvestrini and Veredas (2008) and Teles,
Wei and Hodgess (2008) show that the left hand side of (S.47) implies the presence of an MA(1)
disturbance, such that the temporally aggregated time series follows an ARMA(1,1) process. [

Remark S.2: An advantage of the demodulator operator is that we clearly see that the AR(1)
process vanishes when k/Sy4 is an integer. However, this result cannot be clearly appreciated from
(S.47). To illustrate, consider the case where S = 12, S4 = 4 and @) = 3. Here the coefficients of
the MA(c0)

o0
Y (L) =14 L' = (1+ T ap L+ e¥%%af o L?) (14 L+ L?) / (1 — e¥%%aj 1 L?)
=1

are such that

Y1 = 1+eT@ayr
Py = 1+ e:Flwkak7T + €:Flwk205%7T
_ Fiwg Fiwg2 2 Fiwg3 .3 S4
Y3 = e agT + e Qprt+e O T (5.48)
w2 2 i iwpd 4
e = eTPad o TR0 ot TRy 1
_ iwg(j—2)  (1—2) iwk(j—1) . (G—1) iwrg o J
;= o Fiwk (4 )ak,T + oFiwk(y )ava +eF k]a’ﬁT

which correspond precisely to the coefficients we would obtain from aggregating (S.46), i.e., from
-1 .

A (‘Illgi> . For example, consider the Nyquist frequency process (1 —e"a 5/2’TL) TSn+s = USn+ts-

Using the same approach as in (S.47) it follows that

(1 — (ei”aS/Q,T)Q LQ> (1 + L4+ LQfl) TSnts = (1 + ei“aS/QyTL +- 4 (ei”as/lT)Q_l LQfl)
(L+ L+ + L") ugps. (S.49)

From (S.49) see that after aggregation the resulting process is an ARMA(1,1) with the MA(1)

component induced by the temporal aggregation. Clearly when Q = S/S4 is odd the AR(1) process
remains associated with the Nyquist frequency because (1 — ei“Qag/Q’TLQ) = (1 + ag/Q’TLQ)
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However, for @ even the resulting AR(1) dynamics from temporal aggregation are now associated
with the zero frequency because in this case (1 — ei”Qag/ZTLQ) = (1 — ag/z,TLQ). However,
as shown in the main text, when using the demodulator operator for @ even the AR(1) process
(1 — ei”Qag/Q’TLQ) will vanish. This situation can also be illustrated with the following example
for @ = 2, where (S.49) becomes:

(1 - O‘%/Q,TL2> (1+ L) zspis = (1 — agpprL) (14 L) usnys. (S.50)

Regarding the coefficients of the resulting MA(oco) representation of (S.50), i.e., ¥ (L) = 1+
S il = (1 —agprL) (1+ L)/ (1 - aé/ZTLQ), it can be shown that

Cs/2
h = l—agpr= —Tf

- cs/2\2 €s/2\ ~, €s/2
g2 = odpr—aspr = (14 5F) (14 5F) =52

N cs/2\? 3 . Cs)2
Vs = adur—aspr= (14 20) - (14 57) = -2

@)3 o G52
T T

- cs/2\*
s = QG —agpr = (1 + 7T/ ) - (1 +

¥j

1
—
|
—_
S~—

Cs/2

As agpr = (1 + = ), in this case the AR(1) process originally associated with the Nyquist

frequency vanishes after aggregation when moving from S to S4 seasons per year and ) = 2. This
is clearly seen when we use the approach based on circulant matrices and the demodulator operator.
O
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