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Abstract—A major challenge to devising robust brain-
computer interfaces (BCIs) based on electroencephalogram (EEG) 
data is the immanent non-stationary characteristics of EEG 
signals. Statistical properties of the signals may shift during inter-
or-intra session transfers that often leads to deteriorated BCI 
performance. The shift in the input data distribution from 
training to testing phase is called a covariate shift. It can be 
caused by various reasons such as different electrode placements, 
varying impedances and other ongoing brain activities. We 
propose an algorithm to handle this issue by adapting to the 
covariate shifts in the EEG data using a transductive learning 
approach. The performance of the proposed method is evaluated 
on the BCI competition 2008-Graz dataset B. The results show an 
improvement in classification accuracy of the BCI system over a 
traditional learning method. The obtained results support the 
conclusion that covariate-shift-adaptation using transductive 
learning is helpful to realize adaptive BCI systems.  

Keywords— Non-stationary learning,  covaraite shift adaptation, 
transductive learning, semi-supervised learning.  

I.  INTRODUCTION 
A brain-computer interface (BCI) is an intelligently 

designed platform, which allows a user to express his or her will 
without muscle exertion, provided that the brain signals are 
properly translated into computer commands [1]. However, it 
may be difficult to satisfactorily classify the 
electroencephalography (EEG) patterns using fixed traditional 
classification algorithms because of inherent non-stationarity in 
the EEG signals. The non-stationarities in the EEG signal can 
be caused by various reasons such as user attention fluctuations, 
electrode placement, and user fatigue [2]–[4]. There are notable 
covariate shifts in the EEG signals during trial-to-trial, and 
session-to-session transfers [2], [5]. The covariate shift 
corresponds to a shift in the input data distribution, while the 
conditional distribution remains the same [6]. The covariate 
shift is one of the rationales behind the development of an 
adaptive learning BCI system. Moreover, a robust BCI system 
should provide visual/auditory feedback to a subject, and the 
system should be able to adapt to the subject, possibly with an 
adaptive algorithm. Various adaptive learning algorithms have 
been presented in the literature. Most of the adaptive learning 
algorithms made efforts to reduce the effect of non-stationarities 
in the extracted features [1]–[4], [7]–[9]. However, these require 
prior information about the ongoing EEG signal characteristics, 
and the prior information may not be available or maybe 
difficult obtain in real-world situations.  

So far, constantly achieving a satisfactory classification 
accuracy has been one of the main challenges of the developed 
BCI systems, which directly affects the decision made from the 

BCI output [10]. To overcome this issue several feature 
extraction and feature classification techniques have been 
presented in the literature. A great variety of features have been 
attempted to make the BCI system more robust towards non-
stationarities such as band powers, power spectral density, 
autoregressive, and time frequency features [1]. Moreover, 
some critical properties of the features must also be considered 
such as noise, outliers, high-dimensionality, and small 
calibration set for training phase. 

To overcome the limitation of stationarity assumption in 
traditional supervised learning algorithms, we present a 
transductive learning algorithm. A ݇-nearest neighbour method 
is used to implement the proposed transductive learning based 
on Vapnik’s principle [11]. Moreover, the method incorporates 
a semi-supervised learning (SSL), to extract the meaningful 
information from the unlabeled features, along with labelled 
samples. In order to make use of unlabeled data, it is necessary 
to assume some structure to the underlying distribution of data. 
Additionally, it is essential  that the SSL must satisfy at least 
one of the following assumptions such as smoothness, cluster, 
or manifold assumption [12], [13]. Here, we have used the 
smoothness assumption to implement the transductive algorithm 
i.e., the points which are close to each other are more likely to 
share the same label. Furthermore, according to a discussion 
given in [14], it is said that the transductive learning method is a 
combination of SSL and inductive learning. The covariate shift 
problem is managed by initiating the adaptation based on the 
existing and new knowledge obtained through transductive 
learning. By considering state-of-the-art benchmark data set, we 
demonstrate the effectiveness of the proposed approach over 
traditional learning algorithms. 

This paper proceeds as follows: Section II presents a 
background of BCI, non-stationarity and covariate shift in EEG 
signals. Section III consists of the proposed methodology 
involving the transductive learning algorithm. Section IV 
presents the data sets and feature analysis. The results are 
detailed and discussed in Section V and IV. Finally, Section VII 
presents the conclusion.   

II. BACKGROUND 

A. Brain-Computer Interfacing (BCI) 
With a BCI, a subject can control a device such as a cursor 

on the screen, by performing mental activities that are 
associated with actions, and are dependent on the BCI 
application. The system operates in two-phases, namely the 
calibration or training phase, and testing or evaluation 
(operation) phase. Figure 1 shows a block diagram of a generic 
BCI system. The EEG signals are acquired through a 
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Fig. 1.  Block diagram of a BCI system. The systems runs in two phases. In the training phase, subjects are instructed to perform certain task and short 

segments of labeled EEG (trials) are collected. The features are extracted from the EEG signals using temporal and spatial filtering. Then, a classifier is trained 
on these labeled features. In the test phase, a window of features or a sliding window from continuous stream of EGG is passed to the classifier. The classifier 
outputs a real value that either belongs to class -1 or +1 according to the likeliness of the class membership. The output of the classifier is passed as input into the 
feedback/application [15] and finally the subject receives the feedback from the screen.  

           
                                                                          

                                                    (a)  Synthetic data                                                                                  (b) log of EEG band power              

Fig. 2. Covariate shift [6]: (a) Training dataset has normal distribution with ࣨሺݔ; 2, 1.5ሻ, and test dataset also has normal distribution with ࣨሺݔ; 4, 1.5ሻ. Thus 
the mean of the testing data distribution has changed from that of training, resulting in covariate shift. (b) Covariate shift in EEG data between training and 
testing input distribution for real-world dataset.  

multichannel EEG amplifier, and a pre-processing is 
performed. In this stage the undesired effects of artifacts, e.g., 
eye movement or noises, are removed from the signal. In the 
next stage, BCI task related features are extracted from the 
signals using feature extraction techniques such as band power 
filtering and spatial filtering. Spatial filters such as common 
spatial pattern (CSP) are typically used to extract discriminative 
spatial filters for the classification of EEG signals. A CSP [3] is 
a data-driven technique for supervised decomposition of the 
EEG signals.  The new features obtained after CSP are vectors 
of numbers that are extracted from each trial of the experiment. 
The classifier then uses the best extracted feature vector to train 
itself. After training, the users can actually transfer information 
through their brain activity and control application. Finally, the 
user interface translates the classifier output into control signals. 

B. Non-Stationarity in BCI 
Non-stationarity is a very common issue in EEG based BCI. 

Due to the non-stationarity effects, the covariate shift can be 
often found in trial-to-trial, and session-to-session transfers of 

EEG signals. The covariate shift corresponds to a change in the 
density of the input data distribution over time (Figure 2.). It is 
well known that due to covariate shift, the generalization 
performance of the classifier degrades over time [2]. The 
optimal classification boundary obtained from the calibration 
session may not be able to correctly classify the upcoming data 
having very different distribution.  

Most of the traditional BCI classification algorithms are 
built upon the common assumption that the density distribution 
during training and testing stages remains the same. 
Unfortunately, this assumption is often violated. To cope up 
with this issue, several non-stationary learning algorithms have 
been proposed in the literature. Non-stationary BCI learning 
algorithms  include co-adaptation [1], covariate shift-adaptation 
using density ratio estimation approach [2], bias adaptation [6], 
dynamically weighted ensemble classification [16], principal 
component based covariate shift-adaptation [17], covariate 
shift-minimization [11], and unsupervised short-term covariate 
shift-minimization [18]. Most of the methods are focused on 
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reducing the non-stationarity effects or by estimating the density 
of the upcoming data.   

C. Inductive and Transductive learning 
 Most of the learning model developed and implemented 

thus far are based on an inductive inference method. A model in 
an inductive inference is derived from data representing the 
problem space during the training phase, and this model is 
further applied to new data. This model is usually created 
without taking into account any information about the particular 
new data i.e., test data. The models, in most of the cases, are 
global models, covering the whole searching space. These 
models are difficult to update on new data without using old 
(previous) data. Some global models may consist of multiple 
local models that collectively cover the whole searching space, 
and can be adjusted incrementally on new data. In contrast to an 
inductive inference, a transductive learning claims that it is 
more powerful to solve a simpler task than inductive learning 
[14] . In an inductive leaning, one learns a function that makes 
prediction on the whole search space. A transductive approach 
asks for less, and it only concerns itself with predicting the 
values of the function at the test point of interest.  

A transductive learning approach is different from a semi-
supervised learning (SSL). An SSL uses the information 
contained in unlabeled data which we have in addition to the 
training (labelled) data. Transduction on other hand, claims that 
it is powerful because it is solving a simpler task than the 
inductive learning. Moreover, a transductive learning algorithm 
is a combination of SSL and inductive learning [14].  

The basic idea implemented in this work concerns a novel 
transductive learning algorithm. The ݇-nearest neighbors 
approach is used to devise the transductive learning, so as to 
locally fit the model on the selected ݇-nearest neighbors. The 
proposed approach is given in the next section. 

 

III. TRANSDUCTIVE LEARNING MODEL  
Transductive inference was already proposed and briefly 

studied more than 40 years ago by Vapnik and Chervonenkis  
[19]. Later, it was empirically acknowledged that transduction 
can often serve as more efficient or accurate learning than 
traditional inductive supervised learning approaches [13]. This 
appreciation is the main rationale behind the development of a 
transductive learning model for the non-stationary BCI. 
Moreover, transductive inference methods estimate the value of 
a potential model (function) only at a single point of space (new 
data) using additional information related to that point [20]. 
This approach is based on the Vapnik’s principle, “one should 
avoid solving more difficult intermediate problems when solving 
a target problem” [11].  

It can be formally stated that the transductive learning is a 
combination of an SSL and an inductive learning [14]. Using an 
SSL approach, the unlabeled points may give information 
about ܲሺݔሻ at the desired point, where P is the probability of the 
input distribution. The usefulness of the point will depend on 
whether the distribution has changed significantly. For example, 
in an SSL, the smoothness assumption states that the points 
closest to each other are more likely to share the same label. 
Hence, if the point satisfies the smoothness assumption, then a 
single point provides useful information. The information 
extracted from every single point is useful to update the 

knowledge base (KB).  Then, using the inductive learning, the 
best global model can be obtained, to classify the unlabeled data 
points from the test distribution. This approach seems more 
appropriate for clinical and medical applications of learning 
systems, where the focus is not to fit the global model, but on 
the individual patient/subject. 

   In this paper, we propose a transductive learning model based 
on the ݇-nearest neighbors principle. Initially, the classifier is 
trained on the data obtained from the calibration/training stage. 
Once the classifier is trained and optimal classification 
boundary is obtained, then the evaluation phase starts. In the 
evaluation phase, after every five consecutive trials, the 
classifier will initiate adaptation based on the transductive 
learning approach. The reason for considering a small number 
of trials in each epoch is that it results in focusing on trial-by-
trial shift, which may occur due to muscular artifacts. The 
incremental step of five trials was chosen empirically, and in 
relation to the size of the data set. Each time the classifier 
initiates adaptation, it is considered as one epoch, also there is 
no overlap between the epochs. Once the adaptation is initiated, 
the Euclidean distance ሺ݀௜ሻ from the unlabeled data point ሺ݌ሻ to 
the labelled data point ሺݍሻ  in the initial training database is 
computed as given below:  

 

                     ݀ሺ௣,௤ሻ ൌ ට∑ ሺݍ௝ െ ௝ሻଶ௠௝ୀଵ݌                               ሺ1ሻ 

 
where in Cartesian coordinates ݍ and ݌ are the two different 
points in Euclidean ݉-space. The row vector ݀ ൌ  ሾ݀ଵ, … … … , ݀௡ሿ is a vector of Euclidean distances 
between p and each of the ݊ points in the initial training 
database. Then, the ݇-nearest neighbors are selected (for 
example, if the number of neighbors ݇=6, then ݀݅ݐݏ ൌ ሾ݀ଵ, ݀ଶ, ݀ଷ, ݀ସ, ݀ହ, ݀଺ሿ is a vector of the ݇ shortest distances 
from ݀ and  ݈ ൌ  ሾ݈ଵ, ݈ଶ, ݈ଷ, ݈ସ, ݈ହ, ݈଺ሿ is the vector of the 
corresponding labels of the nearest points in the training data 
set,  ݈ ሺ݅ሻ א ሼ1,2ሽ). Next, the inverse of the Euclidean distance 
is computed as given below: 

௜௡௩ሺ݅ሻݐݏ݅݀                        ൌ ሺ݅ሻݐݏ1݀݅ ൅ ߝ                              ሺ2ሻ     
where, ߝ ൌ 10ିସ , is a appended to avoid the problem of 
division by zero. A high value of  ݀݅ݐݏ௜௡௩ሺ݅ሻ implies that the 
corresponding pattern in the training data-base is closer to the 
current unlabeled feature set. In order to estimate a measure of 
confidence for the prediction using kNN, the sum of the 
inverse of Euclidean distances of the selected neighbors in a 
particular class are computed and divided by the sum of inverse 
of Euclidean distances of all the ݇-nearest neighbors as given 
in equation (3) 

ܥ               ௝ܴ  ൌ  ∑ ௜௡௩ሺ݅ሻݐݏ݅݀  כ ሺ݈ሺ݅ሻ ൌൌ ݆ሻ௞ଵ ∑ ௜௡௩ሺ݅ሻ௞ଵݐݏ݅݀                   ሺ3ሻ 

 
where ݆ א ሼ1,2ሽ. 

ெ௔௫ܴܥ                                    ൌ ,ଵܴܥሺܺܣܯ  ଶሻ                         ሺ4ሻܴܥ
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Fig. 3. Schematic diagram for transductive learning. (a) Initial 

classification boundary for class 1 (cross) and class 2 (circle), (b) Triangles 
represent the unlabeled data points. (c) For each unlabeled point, ݇-nearest 
neighbors are selected and the class is assigned to each of them based on 
confidence ratio. If the score ܴܥெ௔௫ is more than confidence ratio threshold, 
then the information is inserted into KB. (d) The classifier is retrained on the 
updated KB and new shifted boundary is obtained.   

 

This confidence ratio (ܴܥெ௔௫) acts as a belief or confidence for 
a data sample to belong to a particular class.  ܴܥெ௔௫ is used to 
decide if the current trial’s features and estimated label should 
be added to the existing knowledge base, i.e., labeled data.  
Figure 3. shows the transductive inference model, where after 
every ݊-consecutive trials, the learning function/model and the 
class separation plane are updated.  

We investigate two variants of the proposed transductive 
learning in this study, namely Trans1 and Trans2. In method 
Trans1, the confidence ratio threshold is empirically set to 0.70. 
The value of CR threshold is fixed based on an empirical study, 
later described in the experimental section. If ܴܥெ௔௫ >0.70, 
then the information is added to the existing KB, otherwise the 
information is discarded. Once the new information is added 
into the training base, the classifier’s parameters are re-
estimated, and its decision boundary is shifted as shown in 
Figure 3.   

In method Trans2, the number of neighbors ሺ݇ሻ and 
confidence ratio ሺܴܥெ௔௫ሻ are optimized to maximize the 
accuracy on the data in session-2. The optimized hyper 
parameters obtained from the session-2 are fixed, and then the 
evaluation is performed on the rest of the three sessions. In the 
evaluation phase, the value of ݇ is fixed for each subject. If the 
confidence value of predicted sample is greater than the CR 
threshold then, the information is added to the existing KB, 
otherwise the information is discarded. After adding the new 
information, the classifier’s parameters are re-estimated and its 
hyper-plane is shifted.   

The main difference between the Trans1 and Trans2 method 
is the choice of the parameters (i.e. the number of neighbors ሺ݇ሻ 
and confidence ratio threshold). In the method Trans1, the 
parameters are fixed based on an empirical study given in 
experimental section. Whereas in the method Trans2, the 
parameters are optimized to maximize the accuracy on the data 
in session-2.  

Moreover, to adapt to the covariate shift in the EEG, the data 
are normalized by removing the mean and dividing by standard 
deviation in the training phase as given in equation (5), 

ݖ                                                   ൌ ݔ െ ߪߤ                                        ሺ5ሻ 
 
where ߤ is the mean of the population and ߪ is the standard 
deviation of the population. However, in the testing phase for 
the first epoch (i.e., 5 initial trials), the mean and standard 
deviation obtained from the training phase are used to 
normalize the data. After each epoch the new knowledge is 
inserted in the training base. Hence, the mean and standard 
deviation are re-estimated and new statistics are obtained, then 
further standardization is performed using new-statistics. This 
helps in adapting the covariate shift after each epoch, because 
the data are normalized to zero-mean.   

IV. DATASETS AND FEATURE ANALYSIS 

A. Data Discription 
BCI competition 2008-Graz dataset B [21] is used to 

evaluate the performance of the proposed method. This dataset 
consists of EEG data from 9 subjects, namely [B01-B09]. We 
have used a subset of 7 subjects to evaluate the performance of 
the proposed method, except subjects B05 and B08. Three 
channel bipolar recordings (C3, Cz and C4) were made with a 
sampling frequency of 250 Hz, the montage is shown in Figure 
4. All signals were recorded monopolarly with the left mastoid 
serving as reference and the right mastoid as ground. For each 
subject, 5 sessions are provided. Each trial is a complete 
paradigm of 8 seconds, for more detail refer to [22]. For the 
experimentation in this paper, the session-1 is used for training, 
the session-2 is used to set additional hyper parameters for 
method Trans2, and the three remaining sessions are used for 
testing/evaluation for both the methods Trans1 and Trans2. 

C3 CZ C4
Ref Gnd

 
Fig. 4. Electrode montage corresponding to the international 10-20 system.  

B. Temporal Filtering 
Band power features for all the channels are extracted for 

mu (µ) (8-12 Hz) and beta (β) (12-30 Hz) bands. During each 
trial, a specific time over the imagery period is selected to 
obtain the temporal features for the classification. The 
information obtained from event-related de-synchronization 
(ERD) at certain frequency bands are useful for classification. 
ERD can be seen as a correlate of an activated cortical area, and 
presents itself as a decrease in power in certain frequency bands 
in the EEG, and is observable in the µ and central β rhythms.    

C. Spatial Filtering 
Raw EEG scalp potentials are known to have poor spatial 

resolution due to volume conduction. If the signal of interest is 
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weak, while other sources produce strong signals in the same 
frequency range, effective filtering becomes a problem [3]. 
Common Spatial Patterns (CSP) is a technique to analyse 
multichannel data based on the recording from two classes. It is 
a data-driven supervised decomposition of signals 
parameterized by a matrix ܹ א  Թ஼ൈ஼ that projects the signal ݔሺݐሻ א Թ஼  in the original sensor space to ݔ஼ௌ௉ሺݐሻ א Թ஼, which 
lives in the surrogate sensor space, as given in following 
equation (6): 

 
ሻݐ஼ௌ௉ሺݔ                           ൌ               ሻ                                ሺ6ሻݐሺݔ ்ܹ
 

In a nutshell, CSP filter maximizes the variance of spatially 
filtered signal under one condition while minimizing it for the 
other condition. CSP analysis is applied in order to obtain an 

effective discrimination of mental states that are characterised 
by ERD/ERS effects.  

V. EXPERIMENTS AND RESULTS 
The performance of the proposed transductive learning is 
evaluated using support vector machines (SVMs), and linear 
discriminant analysis (LDA) pattern classifiers. The average 
classification accuracy obtained from the sessions 3, 4 and 5 is 
presented in Table I and Table II, for SVM and LDA, 
respectively. The proposed methods are compared with a 
traditional learning algorithm when CSP is applied for feature 
extraction and is mentioned in Tables I and II as baseline 
method.  
 
 
   
 
 

TABLE I: CLASSIFICATION ACCURACY (%) FOR DIFFERENT SUBJECTS USING SVM CLASSIFIER  

Support Vector Machine (SVM) 

     Non-Normalized Normalized 

  Baseline  Trans_1 Trans_2 Trans_1 Trans_2 

Subject SVM  K Acc % K CR Acc % K Acc % K CR Acc % 

B01 51.88 18 54.38 6 0.75 54.58 18 52.71 6 0.6 53.33 

B02 54.51 6 54.72 12 0.85 57.29 18 57.22 18 0.7 54.17 

B03 45.42 18 47.50 6 0.60 46.88 6 50.00 6 0.75 48.96 

B04 94.58 12 94.67 6 0.85 93.54 6 89.17 12 0.75 90.42 

B06 59.79 6 61.88 6 0.75 62.08 18 60.63 18 0.7 58.96 

B07 52.71 6 56.88 6 0.85 52.50 6 56.67 12 0.75 57.08 

B09 61.67 12 63.33 18 0.65 59.17 6 67.50 18 0.7 62.71 

Mean 60.08  61.91   60.86  61.98   60.80 

STD 16.13  15.36   15.22  13.24   13.77 
 
 

TABLE II: CLASSIFICATION ACCURACY (%) FOR DIFFERENT SUBJECTS USING LDA CLASSIFIER  

Linear Discriminant Analysis (LDA) 

  Non-Normalized Normalized 

  Baseline Trans_1 Trans_2 Trans_1 Trans_2 

Subject LDA K Acc % K CR Acc % K Acc % K CR Acc % 

B01 45.63 18 51.46 6 0.55 50.00 6 55.00 6 0.55 55.00 

B02 56.94 12 55.76 6 0.70 54.51 18 58.40 6 0.85 54.79 

B03 47.29 6 47.71 6 0.70 46.88 6 52.08 6 0.75 51.46 

B04 93.13 18 92.67 6 0.75 90.63 6 91.67 6 0.65 91.67 

B06 61.25 18 62.08 12 0.90 66.46 18 62.29 6 0.75 59.18 

B07 55.21 6 56.88 6 0.80 53.33 12 55.42 6 0.8 58.54 

B09 72.50 12 68.75 18 0.85 61.46 18 67.92 18 0.8 65.63 

Mean 61.71  62.19   60.47  63.25   62.32 

STD 16.51  15.09   14.87  13.59   13.69 
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A. Performance Evaluation for Trans1 
In the proposed Trans1 method, two parameters 
to be selected, namely, the confidence rat
threshold and the number of neighbors ሺ݇ሻ. The
initially trained on the data from the session
parameters (ܴܥெ௔௫ threshold and ݇) are select
session-2 based on an empirical analysis. The
performed different values of  ݇ א ሼ6, 12, ெ௔௫ threshold is selected in the range [0ܴܥ18
evaluated accuracy from the session-2 is used t
threshold for the ܴܥெ௔௫ as presented in Figure 5

 

 Figure 5 shows, the maximum accuracy is 
the value of ܴܥெ௔௫ threshold is in between 0.7
the value of ܴܥெ௔௫ threshold is fixed at 0.70 fo
phase. The accuracy and the values of ݇ given
Table II are the best accuracies for the corres
of ݇. For the SVM, the accuracies given by the
are better for all subjects, in both cases of norm
normalized data. But, for LDA, two subjects, n
B09 in the baseline method are slightly b
normalized and non-normalized data. 

B. Performance Evaluation for Trans2 
In the proposed Trans2 method, two paramet

to be optimally selected, namely, the confidenc
threshold and the numbers of neighbours ሺ݇ሻ. T
performed on the rest of the sessions 3, 4 and 5.
of the ݇ is selected from the set ሼ6,12,18ሽ. Th
performed on each element of the ݇, where
threshold is evaluated and selected in the rang
accuracies and the values of ݇ given in Table I a
the best accuracies for the corresponding value
SVM, the accuracies given by the method Tran

Fig. 5.   Classification accuracy obtained for the differe
threshold in the range [0.50-1] from session-2 of the dataset. 
mean accuracy of for 7 subjects. The accuracy is evlauted fo
of ݇ א ሼ6,12,18ሽ. For all values of ݇, the best accuracy is obta
between [0.7-0.8].    

are required 
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n-1 and the 
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e analysis is 8ሽ, and the 
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improvement when the data is 
subject B06 is best for non-normaliz

VI. DISCUS

The proposed idea is based on V
a test point, one should focus on the
a neighborhood of this test point. T
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learning), and predict the label of th
transduction rule. However, the loc
because there exists an implicit dec
it is never explicitly constructed. T
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information is then added to the existing knowledge base. 
Based on the updated knowledge base, the classifier’s 
parameters are re-estimated and the classification boundary is 
shifted. Experimental results demonstrated that the new 
techniques are especially effective for non-stationary EEG 
signals. The proposed methods have better classification 
accuracy over the baseline method. This framework provides 
a foundation for transductive learning and semi-supervised 
learning for EEG based BCI. Following the proposed 
framework, more advanced strategies can be developed. A 
promising extension of the strategies would be to detect the 
covariate shift in the data and then, the corrective adaptive 
initiative can be taken. This approach may reduce the 
unnecessary efforts needed to retrain the classifier.   
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