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Abstract

The class of groups defined by periodic paired relations, as introduced by
Vinberg, includes the generalized triangle groups, the generalized tetrahedron
groups, and the generalized Coxeter groups. We observe that any group de-
fined by periodic paired relations I' can be realized as a so-called ‘Pride group’.
Using results of Howie and Kopteva we give necessary and sufficient conditions
for this Pride group to be non-spherical. Under such conditions we show that
I' satisfies the Tits alternative.

1 Introduction

A group defined by periodic paired relations is a group with presentation of the form
F=(x1,....zn |2l =1 (1 <i<n), wy(z,z))W=11<i<j<n)) (1)

where n > 2, each ¢;,¢;; € {2,3,4,...} U{oo}, and each w;;(x;, x;) is a cyclically
reduced word in the free product ( x; | =" ) * (x; | xg-j ) involving both z; and ;.
This class of groups was introduced by Vinberg [12] and includes the generalized
triangle groups (n = 2), the generalized tetrahedron groups (n = 3), Coxeter groups
(each g; = 2), and the generalized Coxeter groups (w;; = ;" x]ﬂ”) considered by
Tsaranov [11]. A group is said to satisfy the Tits alternative if it either contains
a non-abelian free subgroup or has a soluble subgroup of finite index. Coxeter
groups are known to satisfy the Tits alternative [8], and it has been conjectured
that generalized triangle and generalized tetrahedron groups do the same [5, 6]. We
consider the corresponding question for groups defined by periodic paired relations.

Conjecture Fvery group defined by periodic paired relations satisfies the Tits
alternative.
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Vinberg [12] has shown that if each ¢;, qij < oo and

O = Y —<m-1)

1<i<n B 1<ici<n T
then I' has a finite index subgroup which maps onto the free group of rank 2; in
particular, I' contains a non-abelian free subgroup. In this note we observe that
any group defined by periodic paired relations I' (with n > 3) can be realized as
a so-called Pride group [9]. By appealing to results of Howie and Kopteva [6], we
give necessary and sufficient conditions for such a Pride group to be non-spherical
and show that under these conditions the Tits alternative holds for I'.

We will say that two presentations Pj, P, of the form (1) are equivalent if P

and P, have the same number of generators and P, can be obtained from P; by a
sequence of operations of the following type:

1. apply a permutation to the set of generators {z; | 1 <i < n};

2. if vyj(x;, x;) is a cyclically reduced conjugate of wyj(x;, ;) in the free group on
x; and x;, then replace the relator wj;(z;, x;)% with the relator v (x;, x;)%.

Clearly two equivalent presentations define the same group. (For generalized tetra-
hedron groups, a stronger definition of equivalence is given in [3], but the above is
sufficient for our purposes.)

To each relator w;;(x;, ;)% in the presentation (1) we will associate a number
lij. If ¢;; < oo we define £;; to be equal to the length of w;;(x;, z;) in the free
product ( z; | 2% )« (z; | xg-j ); if gij = 0o we set ¢;; = co. We prove the following
result (where, as throughout this paper, 1/00 is understood to mean 0):
Theorem 1 Let I' be as defined in (1) with 3 < mn. If for each 1 <i<j<k<n

1 1 1 1

+ <
qijlij  qikli  qiplje — 2

then I' satisfies the Tits alternative. In particular, I' contains a non-abelian free
subgroup unless I' is equivalent to one of the following:

3 3

x1,22,T3 \ $1’$%,$3>($1$2) 7(301%3) 7(1U2963)3 )>

r1,T2,T3 \ 331733373337($1x2)27(501333)47 (332963)4 >7

(

(

(21,229,235 | x1733%’$3,(901362)2»(%1563)37 (962333)6 ),
(1,229,235 | x?l,xé,xi,(wlxz)z (z123)” ),

< T1,22,T3,T4 ‘ 32‘17 $%, l‘%, 1'421, (.%'1.1‘2)2, (1‘11‘3)2, (1‘2.’1)4)2, (.%'3.1‘4)2 >7

in which case I' is infinite and virtually abelian.

In the case n = 3 (generalized tetrahedron groups) the result is essentially
due to Howie and Kopteva [6]. Their definition of generalized tetrahedron group
however, requires that each of the exponents q1, q2, g3, q12, g23, q13 is finite. We first
extend their result to include the possibility that the exponents are infinite.



2 Proof of Theorem 1 for n =3

Under the hypotheses of Theorem 1, I' is realized by a non-spherical triangle of
groups with vertex groups

Gio2 = (@1, 22 | 21, 22 wia(z1, 22)2 ),

Giz = (w1, 23 | 2", 28, wiz(w1, 12) ™ ),

G23 = < T2, I3 | ﬂf%Q,l‘gS,wgg($2,$3)q23 >
(see [6, Theorem 1]). If q1, g2, g3, 12, q23, 13 are all finite, then Theorem 1 is due
to Howie and Kopteva [6]; if the inequality in the statement of the theorem is
strict then I' is the amalgamated sum of a negatively curved triangle of groups,
so contains a non-abelian free subgroup by [6, Proposition 2.2]; and if G2, Gas,
or (G13 contains a non-abelian free subgroup then since (by [10]) the vertex groups
embed in I', I" contains a non-abelian free subgroup. Thus we may assume that

1 1 1 1
= 5 (2)

+ + =
qi2li2  qi3li3  qozlez 2

that q1, g2, q3, 12, ¢23, q13 are not all finite, and that none of G2, G13, Go3 contains
a non-abelian free subgroup.

Suppose first that one or more of {q1, 2, g3} is equal to infinity. Without loss
of generality we may assume ¢q; = oco. Then Gj2 (respectively Gi3) contains a
non-abelian free subgroup if ¢12 > 3 (respectively ¢13 > 3) by [4], and contains
a non-abelian free subgroup if ga > 3 (respectively g3 > 3) by [5, Theorem 5].
Thus we may assume that ga = g3 = ¢12 = ¢13 = 2; the condition (2) then implies
that g23 = oo and that ¢15 = ¢13 = 2. By [5, Theorem 4] G2 (respectively Gi3)
contains a non-abelian free subgroup unless (up to equivalence) wia = x1x9 or w%wg
(respectively w3 = x123 or #2x3). This means that (up to equivalence) T' has one
of the following presentations:

27 (ZE%"E3)2 >7

7(‘7;%%3) >7

7(961333)2 )-

Hy = ( 21,72,23 | 23, 73, (v]29)
2

[\

Hy = ( x1, 29,73 | 23,23, (v172)

H3 = < Z1,T2,T3 | x%vxga (xle)Q

Adjoining the relator 22 to H; shows that H; maps homomorphically onto
(1, 20,23 | 3,03, 02 ) =2 Ty % Lo % Ly

so contains a non-abelian free subgroup. Adjoining the relator 22 to Ho shows that
Hy maps homomorphically onto

(@1, 29,23 | 2%, 23,23, (v1202)? ) = Dy * Zo

so contains a non-abelian free subgroup.



For the group Hg, consider the epimorphism ¢ : H3 — { o | o? ) & Zy given
by ¢(z1) = 1, ¢(x2) = ¢(x3) = a. The Reidemeister-Schreier process provides the
following presentation for ker(¢):

ker(¢) = ( a,b | aba™'b7' ) = Z x Z.

Hence Hj is infinite and virtually abelian. (Note that Hs is of the form I'y with
q1 = 00).

Suppose then that q1, ¢, g3 are all finite, and that at least one of g2, ¢23, ¢13
is equal to infinity. We may assume go3 = 0o. The condition (2) implies that
q12 = @13 = 2 and that f12 = {13 = 2. If either g0 > 3 or g3 > 3 then Go3z = Zg, ¥ Zg,
contains a non-abelian free subgroup. Thus we may assume go = g3 = 2. The
groups G192, G113 then have the presentations

Gra = (1,72 | i, 23, (2f20)? ),

Gz = (w1, 23 | 2f', 23, (2]23)? ),

where we may assume that 6,7 are positive. If § > 3 (respectively n > 3) then
by [5, Theorem 6] G2 (respectively G13) contains a non-abelian free subgroup.
Thus we may assume {0,n} = {1,1},{1,2}, or {2,2}.
If # = n =1 then I' is a homomorphic image of Hs, so is virtually abelian (and
is of the form I'y). If 6 = n = 2 we can write I' as an amalgamated free product
(wi,20 | af' a3, (aT22)® ) * - (ar,as | 2] af, (el2s)? )

(1| fh)

where by [5, Theorem 6] each factor is infinite. The amalgamated subgroup is then
of infinite index in each of the factors, so I' contains a non-abelian free subgroup.
Suppose then that {0,n} = {1,2} and (without loss of generality) take § = 1,7 =
2. The kernel of the epimorphism p : I' — ( a | a® ) = Zy given by p(x1) =
p(z3) =1, p(x2) = « has a presentation

ker(p) = ( a,b,c | a®,b?, 2, (a®b)?, (a*c)?)

and we have already shown that such a group contains a non-abelian free subgroup
(see the case § = n = 2, above). Hence I' contains a non-abelian free subgroup.

3 Groups defined by periodic paired relations as Pride
groups

We consider a class of groups known as Pride groups, introduced in [9]; our notation
and terminology is essentially that used by Meier [7]. Let G be a finite simplicial
graph with vertex set I = I(G), and edge set E(G). Further, let there be non-trivial
groups G; (with fixed finite presentations) associated to each vertex ¢ € I(G) and in



addition, for each edge {i,j} € E(G) let Ry; j; be a finite, non-empty collection of
cyclically reduced words. We assume each word in Ry, j; is of free product length
greater than or equal to 2 in G; * Gj. The Pride group based on the graph G with
groups G; assigned to the vertices and with edge relations R = Uy; j1ep(g)Ryi ) 18
the group G := x;cy(g)Gi/N where N is the normal closure of R in *;cr(g)Gi.

We refer to the groups G; as verter groups and we define the edge groups to be
Gyijy = {GixGj} /Ny, j) where {i, j} € E(G) and where N; ;3 is the normal closure
of Ry; jy in G;xGj. More generally, if F is any full subgraph of G generated by a set
of vertices I(F) C I(G) then the subgraph group G is {*;c1(7)Gi}/{ Ny | {17} €
E(F)}. In particular, Gg = G. A Pride group in which the subgraph groups embed
is said to be developable.

For each i, j € I, the natural homomorphisms G; — Gy, jy, Gj — Gy, j; deter-
mine a homomorphism G; * G; — Gy; j;. Let m;; denote the length of a shortest
non-trivial element in its kernel (in the usual length function on the free product),
or put m;; = oo if the kernel is trivial. Note that either m;; = 1 (in which case one
of the natural maps G; — Gy, j3, Gj — Gy, ;3 is not injective), or m;; is even.

We will say that a Pride group is non-spherical if for every ¢,j,k € I

1 1 1 1

+ — < -
mij m;i mjk 2
Corson has proved the following:

Theorem 2 ([2]) A non-spherical Pride group is developable.

Any group defined by periodic paired relations (1) can be realized as a Pride
group with the following configuration:

e G is the complete graph with vertex set I = {1,...,n};
o G, = (x| z]') for each i € I;
o Ry jy = {wij(zi, 25)% } for each i,j € I.

The values of the m;; are determined by the induced maps

o (i |2l ) ey |2 ) = (aiy | 2l 2wy, 25)™ ).

If g;; = oo then ¢ is injective, so m;; = oco. If ¢;; < oo then, by the Spelling
Theorem for generalized triangle groups [6, Theorem 3.2|, m;; = ¢;j¢;;. Thus a
group defined by periodic paired relations (1) can be realized as a non-spherical

Pride group if and only if for all 1 <i< j<k <n

1 n 1 n 1 1
aijli; Gl Grlie ~ 2

IN




4 Proof of Theorem 1 for n > 4

Let ' be as in the statement of the theorem and let G be the corresponding la-
belled graph, as described in Section 3. The labelled graphs corresponding to the
groups I'1,I'9, '3, 'y are given by Fi, Fa, F3, F4 in Figure 1. By Theorem 2, I is a
developable Pride group.

Suppose n = 4. We may assume that every labelled full subgraph F of G with
3 vertices is of the form of one of Fi, Fo, F3, Fy4, for otherwise, by Section 2, Gr
(and hence I') contains a non-abelian free subgroup. The only possibilities for G
are then the labelled graphs Fs5, Fg, F7, Fg in Figure 1. The corresponding groups
have the presentations:

= < T1,T2,X3,T4 | 331 75537%»%4, (551552)2, ($15E3)2» ($2$4)2» (IE3$4)2 >
= (@1, 22, w3, 24 | 23,23, 23, 23, (2172)°, (2123)°, (2124)°, (2223)%, (w224)?, (2374)° ),
= (@1, 29,3, 34 | 27,25, 23,03, (1172)%, (z123)*, (2124)*, (22m3)", (w2m4)?, (w324)° ),
= < T1,T2,X3,T4 | 371,562733373347 ($19€2)2, ($1$3)3, ($1$4)6> (332963)67( )37 (33?@4)2 >
The group I's can be expressed as an amalgamated free product
(@1,22,24 | 2", 25, 23, (z122)%, (2274)? ) * (@1,23,24 | 2", 23, 23, (x123)%, (w324)? )

(w124 | aft 2} )

If g1 > 3 then the amalgamated subgroup, and hence I's, contains a non-abelian free
subgroup. If ¢¢ = 2 then the kernel of the epimorphism ¢ : I's —
(a,B ] a® 3% apa™' 7! ) = Zy x Zy given by ¢(x1) = ¢(x4) = o, p(22) =
¥(x3) = ( has a presentation

ker(v) = ( a,b | aba o' ) 2 Z x Z,

so I's is infinite and virtually abelian.
The kernel of the epimorphism ¢ : I's — { a, 3 | o2, 32, (a3)? ) = Dg given by
d(r1) = «, ¢p(x2) = B, ¢(x3) = ¢(x4) = afa has a presentation:

ker(¢) = (a,b,c,d | (ad)?, (bc)?, (abed)? ).

Adjoining the relations ad = 1,bc = 1 shows that ker(¢) is mapped onto the free
group of rank 2. Hence I's contains a non-abelian free subgroup. (This fact is
observed in [1], where an alternative proof is also given.)

The kernel of the epimorphism o : I'y — ( a | a? ) & Zs given by o(x1) =
o(x2) =1, o(x3) = o(z4) = a has a presentation

ker(o) = (a,b,c,d e | 0%, ¢%, d% €%, (ab)?, (ad)?, (be)?, (de)?, (beec)?, (acde)? ).

Adjoining the relations a = 1,e = 1 shows that ker(c) maps onto the group
( bye,d | b?,c%,d% ) = 7y % Zsy * Zs, which contains a non-abelian free subgroup.

Hence I'7 contains a non-abelian free subgroup.



The kernel of the epimorphism p: I's — ( o, 8 | a2, 3%, (af)? ) = Dy given by
p(xz1) = p(x3) = a, p(x2) = p(x4) = [ has a presentation

ker(p) = ( a,b,c,d | a3, 03, ¢3,d3, (ad)?, (be)3, abtde™t ).

Adjoining the relation d = 1 shows that ker(p) maps onto the generalized triangle
group ( a,b | a3,b3, (ab1)3 ), which contains a non-abelian free subgroup by [5,
Theorem 6]. Hence I's contains a non-abelian free subgroup.

This completes the analysis for the case n = 4.

Now suppose n > 5. We may assume that every labelled full subgraph F of G
with 4 vertices is of the form of F5 with ¢ = 2, for otherwise G£ (and hence I)
contains a non-abelian free subgroup. But, under the hypotheses of the theorem,
G cannot satisfy this condition, so the proof is complete.
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