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Abstract

In this thesis, we investigate the applicability of coupled mode theory in the cubic-
quintic nonlinear Schrodinger/Gross Pitaevskii (NLS/GP) equation with a linear
double-well potential and study justifications of the rotating wave approximations
in lattice systems.

First, we study the long-time dynamics near a symmetry breaking bifurcation
point of the cubic-quintic NLS/GP with symmetric double-well potentials. We
investigate the stability of the solutions of NLS/GP and analyze the error for the
finite dimensional ansatz.

Next, we consider a class of discrete nonlinear Klein-Gordon equations with
damping and parametric drive. Using small amplitude ansatzs, one usually ap-
proximates the equations using a damped, driven discrete nonlinear Schrodinger
type equation. Here, we show for the first time the justification of this approxima-
tion by finding the error bound using energy estimates. Additionally, we prove
the local and global existence of the solutions of Schrodinger equation. Numerical
comparisons of discrete breathers obtained from the original nonlinear equation
and the discrete nonlinear Schrédinger equation are presented describing the
analytical results.

Finally, we consider a damped, externally driven nonlinear Klein-Gordon equa-
tion and justify the small amplitude ansatz yields a discrete nonlinear Schrodinger
equation with damping and external drive. The same problems as the Klein-Gordon

equation with damping and parametric drive are addressed.
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Chapter 1

Introduction

1.1 What is the thesis about?

The main purpose of this thesis is to study the long-time dynamics near a symme-
try breaking bifurcation point in the cubic-quintic nonlinear Schrodinger/Gross-
Pitaevskii (NLS/GP) equation and to get approximate solutions of discrete Klein-
Gordon equations (dKG) by means of equations of discrete nonlinear Schrodinger
(dNLS) model through the justification of its solutions. For the cubic-quintic
NLS/GP equation, we focus on a class of symmetric double-well potentials, while
for the lattice system, we introduce an external or parametric driving with damping
for dKG and dNLS.

In Chapter 2, we present Sturm-Liouville theory and its properties which are
related to the calculation of an eigenvalue problem used in Chapter 3.

Our works are commenced in Chapter 3. We consider a cubic-quintic NLS/GP
equation with an external linear potential. We study the applicability of the coupled
mode theory in the cubic-quintic NLS/GP with a linear double-well potential. We
also analyze bifurcations of equilibria for the system and their stability as well as

symmetry breaking in NLS/GP.
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In Chapter 4, we introduce a lattice system by considering a dKG equation with
damping and parametric drive terms. We determine approximate solutions of the
dKG equation from dNLS using rotating wave method. In addition, a justification
is provided through an energy method approach. This method allows us to have
an error bound that is proven to be small. Moreover, a numerical comparison is
provided to illustrate analytical results and confirm the stability of our solutions.

Next, in Chapter 5 the model is still a lattice system by considering a dKG
equation with damping and external drive terms. Applying a similar method
into the model, we determine approximate solutions of the dKG, through a
dNLS equation. We observe the effect of external drive terms to the solutions.
Furthermore, we illustrate the error bound obtained using numerics. The main
difference between Chapter 4 and Chapter 5 is lied in space of the solutions. We
find that with external drive and damping, the solutions do not lie in £2-space of
7, while with parametric drive and damping, the initial value problem for the
discrete nonlinear Schrédinger equation with power nonlinearity is in weighted
{?-space.

Finally, a summary of our work and interesting problems related to our methods,
which are suggested for future investigation, is delivered in Chapter 6.

In the following, we will provide basic introductions to some keywords used

in this thesis.

1.2 Coupled mode reduction

The term of coupled mode reduction is actually derived from the coupled mode
theory. Why? Because coupled mode theory allows partial differential equations
(PDEs) to be expressed as ordinary differential equations (ODEs).

In many cases, we are dealing with PDEs because most of the mathematical

models are described by such equations. For example, Maxwell’s equations, Navier-
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Stokes equations, Gross-Pitaevskii equations describe more complex physical
system and therefore, this condition usually makes the PDEs much harder to solve
than ODEs.

A PDEs can be reduced to a system of ODEs by the method of separation
variables. Another way to convert PDEs into ODEs is by using transform method
such as Fourier transform. Assuming a solution of nonlinear PDEs as a linear
combination of its linear solution, and then substituting the solution into PDEs to
get ODEs can be used as well to solve a problem.

In Chapter 3, we will deal with a complicated PDEs which is cubic-quintic
nonlinear Schrodinger equation. We use an assumption that a solution of cubic-
quintic nonlinear Schrodinger equation is a linear combination of its linear solution.

The procedure or process to get ODEs is called as coupled mode reduction.

1.3 What is a symmetry breaking?

In term of physics, symmetry properties may be attributed to physical laws (equa-
tions) or to physical objects/phenomena (solutions) [19]. In addition, a symmetry
of physical laws can be broken in two ways, i.e., explicitly or spontaneously.

The simple way to know what a symmetry breaking is, let us consider a
symmetrical upward dome with a trough circling the bottom. If we put a ball at
the peak of the dome, the system is symmetrical with respect to a rotation around
the centre axis. But the ball will break this symmetry spontaneously by rolling
down the dome into the trough, which is a point of lowest energy. Thereafter, the
ball has come to a rest at some fixed point on the perimeter. The dome and the ball
maintain their individual symmetry, but the system does not.

Symmetry breaking indicates a situation where the dynamical equations are
not manifestly invariant under the symmetry group treated. This means, in the

Lagrangian (Hamiltonian) formulation the Lagrangian of the system contains
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one or more terms explicitly break the symmetry. While according to [70, 97],
spontaneous symmetry breaking (S5B) happens in a system when its Hamiltonian
possesses a particular symmetry, whereas the ground-state wave functions do not
maintain it. This yields a bifurcation, which breaks the symmetry when some
control parameters cross its critical value.

In addition, it is generally known that the ground state in quantum mechanics
exactly follows the symmetry of the underlying potential, while excited states
may realize other representations of the same symmetry [1]. In particular, the
wave function of the ground state of a particle trapped in the one-dimensional
double-well potential is even, with respect to the double-well structure, while the
first excited state has the opposite parity, being odd. Similarly, the wave function
corresponding to the state at the bottom of the lowest Bloch band induced by the
periodic potential features the same periodicity. In a simple explanation, we can
see the symmetry breaking phenomena in the solution of our mathematical model.

In this thesis, we will study the long-time dynamics near a SSB, particularly we

focus on symmetric double-well potentials.

1.4 Rotating wave approximation

Rotating wave approximation is the main method used in Chapters 4 and 5. We use
this method to approximate solutions of discrete Klein-Gordon (dKG) equations
through discrete nonlinear Schrodinger equations. In quantum optics, in order to
achieve an analytic approximate solution of some Schrodinger equations, rotating
wave approximation plays a very essential role [40].

To understand how rotating wave approximation works, we can find it through

multiple scale analysis as follows.
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1.4.1 Multiple scale analysis

A concept of expanding the solution into a perturbation series and including
multiple temporal and spatial scale is called multiple scale analysis methods.
Effect of this method could be meaningless on short time scales but become
essential on long time-scales. In general, classical perturbation methods will fail

due to resonances that lead to what is called a secular term.

Resonance and secular term

The influence of resonance in oscillatory problems are very fundamental and
cannot be ignored. For example, when a driving force is presented in our system,
then the influence of resonance may appear. A familiar example about resonance
is when we are pushing a child on a swing. Its amplitude will become larger and
larger when we are pushing at the same frequency as the child swings. We have to
avoid this effect.

Now, let us discuss the following example of a harmonic oscillator of natural
frequency wy, adopted from [10, 60].

The movement of a harmonic oscillator can be illustrated by the homogeneous

ordinary differential equation

() +wdy(t) =0, (1.1)

where the natural frequency of the system is wg and y(t) is the displacement of the
oscillator at time .

Its general solution is given by

yn(t) = Acos(wot) + Bsin(wot), (1.2)
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A,B € R arbitrary constants. Since |cos(wot)| <1 and |sin(wpt)| < 1 for all t € R, we
obtain

lya(t) < A+B. (1.3)

Now if we add a driving force, that periodically puts energy into the system at
frequency w, Equation becomes nonhomogeneous and the oscillation can be
described by

i(t) + w5y(t) = cos(wt). (1.4)

Its general solution depends on the relation between the driving frequency w and

natural frequency wy. If |w| # |wo| we obtain the general solution of (1.4):

cos(wt)

2_ .02
Wy —w

y(t) = Acos(wot) + Bsin(wot) + (1.5)

How about if the driving frequency gets close to the natural frequency of the
system? From Equation we can see that the denominator of the last term gets
close to 0 as |w| # |wo|. Since cos(wt) is bounded, the amplitude of the oscillation
thus increases more and more. This can be explained in physical terms by the
system absorbing more and more energy from the external force when the driving
frequency w gets close to the natural frequency wy of the system. Nevertheless,
we observe that for all fixed |w| # |wg| the solution remains bounded for all times ¢,
since the oscillation is out of phase with the driving force.

However, in case the |w| = |wo| the solution is given by
. 1, .
Ys(t) = Acos(wot) + Bsin(wot) + Etsm(a)t), (1.6)

and therefore grows with ¢t. Hence ys is unbounded as t — co. In this case the

system can continually absorb energy from the periodic external force, so the
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amplitude of the oscillation of increases without any bound. We say that the
system is in resonance with the external force.

The term %tsin(a)t), which appears in (L.6), is called a secular term or just
secularity, i.e., its amplitude grows algebraically with t. This secularity appear
because the right hand side of (1.4), i.e., cos(wt) with |w| = |wp| itself is a solution of
the homogeneous Eq. (L.I).

Let us see another example on the appearance of the secular term, which will
make a problem as we are interested in bounded solutions of differential equations.

The following two examples are also taken from [10].

Example 1.4.1. The solution of differential equation
jmy=¢" (17)

has a secular term, because e™" satisfies the associated homogeneous equation. The general

solution of (1.7) is
1
y(t) = Ae' +Be ™' — Ete_t. (1.8)

The particular solution —te™ is secular relative to the homogeneous solution Be™. We
must regard the term —%te‘t as secular even though it is negligible compared with the

homogeneous solution Ae' as t — oo.

Example 1.4.2. The solution of differential equation

y—2y+y:et (1.9)

has a secular term, because e' satisfies the associated homogeneous equation. The general

solution of (1.9) is
y(t) = Ae' + Btel + %tzet. (1.10)



1.4 Rotating wave approximation 8

In this case, the particular solution 3t%' is secular with respect to all solutions of the

associated homogeneous equation.

How multiple scales can eliminate a secular term

Again, the following explanation is generally adopted from [10, 54, 60]. Consider

the weak nonlinear oscillator equation (Duffing’s equation)
j+y+ey’=0, y(0)=1,  H0)=0, (1.11)

where the weak nonlinearity is given by ey> with small |e| < 1. A perturbative

solution of this equation is obtained by expanding y(t) as a power series in €

[©0]

y(t) =Y e"ylt), (1.12)

n=0

where 10(0) =1, (0) =0, y»(0) = ¥,(0) =0, n > 1. Substituting (1.12) into the
differential equation (1.11) and equating coefficients of like powers of € gives a

sequence of linear differential equations

(69 . [e¢] (5¢] 3
0 = Z4n=()€ny”+Zn=()€ny”-'_6(211:06”3/”) (1 13)
= (Jo+yo)+ e(yl +1y1+ 3/8) +0(e?).
This yields the first two differential equations
Yo+Yyo= 0, (1.14)

n+y=-v, (1.15)
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where the second equation (and also all further equations in the sequence) is

inhomogeneous. The solution to (1.14), which satisfy y0(0) =1, 70(0) =0 is

Yo(f) = cos(t). (1.16)

To solve (1.15) we appeal the trigonometric identity and obtain

yg(t) = cos>(t) = icos(St) + Z cos(t). (1.17)
Hence, becomes
N 1 3
1ty =- (Z cos(3t) + 1 cos(t)), (1.18)

We can see that y; contains a secular term, i.e., tsin(t). Hence y; features linear
growth in ¢t. Then, we can write down an approximation of solution of (1.11)

y(t) = cos(t)+€ (—31—2 cos(t) + 3l2 cos(3t) — %tsin(t)) +O0(e2). (1.20)

Equation shows that the perturbation theory will break down when t ~ €71
since y1(t) will be of the same order as yp. This t dependence in y;(t) is known
as secular growth and arises whenever there is a resonance between vy and ;.
However, for all ¢, Bender dan Orszag [10] have proved that the exact solution y(t)
to remains bounded. We can say that even though each term y,, in the series

may contain secular terms, these secularities must disappear by summation.
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Now, the perturbation theory in powers of € is invalid when ¢ gets larger than
O(e™'), as secular terms appear in all orders of € and lead to unboundedness of
a truncated perturbation series. We can omit the secular terms of a perturbation
series by using the method of multiple scales, i.e., we use several further time
scales et,€?t, ..., such that we can deal with times t of order O(e™"). Then it will
provide a way to eliminate secular terms in the approximate solution as we will

see in the following example.

Example 1.4.3. We use the Duffing’s equation as before to analyze the influence of
nonlinear effects. The procedure of obtaining an ansatz can be made using a two-scale
expansion i.e., t and T = et. We introduce a new variable T = et and this variable is
called the slow time because it does not become significant until t ~ ! . We consider a

perturbation expansion of the solution y(t) in the form

y(t) = Yolt, ) +eYa(t 1) +... = Y €"Yy(t, 7). (1.21)
n=0
From and using the chain rule, this implies
i B Y Yo (9Y1 5
dty(t) =5 +e( 3 T o ) O(e?), (1.22)
d? 821/0 P Yy, d*Yq )
~v(t) = (z it )+O(e ). (1.23)

By substituting (1.21)) and Eq. (1.22) - (1.23) into (I.11)) we obtain

&ZYO 82 32Y 3 2
WJFY (82 +Y, +2(9 8t+Y)+O(€ ). (1.24)
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Equating terms of powers of € gives

Yo P

8t2 YO 0 YO(OI 0) = 1/ gYU(O/ O)/ (125)
PY1 s PY B 2 9
SE V==Y -25— Vi00=1,  3Yi0,0)=-5Yp(0,0). (1.26)

The general solution (1.25)) is

Yo(t, 7) = A(7)e" + A(t)e ™, (1.27)

where A(7) is an arbitrary complex function of T and A(t) denotes its complex conjugate.

Substituting (1.27)) into (1.26) gives

——+ Y = -A%3 - A3 (3A2A 21‘2—‘4) it(—3AA2+2ifl—‘j) (1.28)

=p1(7) =p2(7)
We can check that e*" itself is a solution of the homogeneous equation

2

a2Y1+Y1 0,

corresponding to Eq. (1.26).
If the terms p1(7), p2(7) in front of e*'* in ([.28) are nonzero, then Y1(t,t) will be

secular in t. But that is exactly what we want to avoid. To ensure that there are no secular

terms in Y1(t, 7), we set p1(7) and py(t) equal to zero

_3A2A—2i _ 0, (1.29)
dt

—3AA% + sz—A =0. (1.30)
dt

Because (1.30) is just the complex conjugate of (1.29), we can omit it. If we have A

satisfying these conditions, Y1 will not contain secular terms and at least no secularities
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appear in the first two terms of the series representation of y in (1.21)), but we have to be
careful that we do not have any information on further terms. It means we have to restrict

our time interval to t € [0, Toe™!] such that the error of the approximation

() = Yo(t, 1) +€Yi(t,7) (1.31)

is of order O(€?), i.e. y(t)— (t) = O(€?).

From the above procedure, the approximation of Eq. (1.11) through Eq. (1.29)

is what we call a rotating wave approximation.

1.5 Nonlinear lattices

Nonlinear lattices or discrete nonlinear equations are obtained when physical
properties of a system are represented through an infinite set of coupled nonlinear
evolution equations [47]. We know that in lattice equations, the strength of the
interaction between lattices is determined by a coupling constant. This constant
can be used as a perturbation parameter for the analysis of existence and stability
of solutions to the lattice equations [82]. In that case, we consider the lattice
equation in the limit of the small coupling constant, the so-called anti-continuum
limit. MacKay and Aubry in [64] proposed this method for the first time to show
the existence of discrete breathers. Furthermore, when the coupling constant
approaches infinity, i.e., in the limit of the continuous approximation, one can
investigate solutions to the lattice equation using perturbation analysis through
the corresponding partial differential equation.

The main subjects in Chapters 4 and 5 are nonlinear lattice systems, i.e.,
discrete Klein-Gordon (dKG) equations and discrete nonlinear Schrédinger (ANLS)
equations, which describe a lattice of coupled anharmonic oscillators [26,159, 72].

We will see that the dNLS equations can be obtained from the dKG equations,
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via a multiscale expansion in the limits of small-amplitude oscillations and weak

inter-site coupling.

1.5.1 The discrete Klein-Gordon (dKG) equation

The one-dimensional discrete Klein-Gordon (dKG) equation with the hard quartic

potential can be written in the form of
.. 3 .
Xj+xj+x;= e(xjy1—2xj+xj-1), JEZ, (1.32)

where t € R is the evolution time, x;(t) € R is the horizontal displacement of the
j-th particle in the one-dimensional chain, and € > 0 is the coupling constant of
the linear interaction between neighbouring particles. Explanation about either
hard or soft potential can be seen in [77]. The initial-value problem for the dKG
equation is globally well-posed in the sequence space ¢*(Z), see [82] for the
proof.

Equation (1.32) admits a Hamiltonian
1 2 .2 2, 1 4
H:Eij+xj+e(xj+1—x]-) +szf' (1.33)
jEZ JEZ

The dKG (1.32), in the case of models of weakly coupled ascillators, is a fundamental

model for discrete breathers in nonlinear lattices.

1.5.2 The discrete nonlinear Schrodinger (ANLS) equation

The discrete nonlinear Schrodinger equation (ANLS) has appeared in many applica-
tions, such as those related to coupled optical wave guides [24, 32] or Bose-Einstein

condensates trapped in a periodic potential [20, 91].
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In one spatial dimension, the dNLS in its simplest form is
iAj+e(Aj1—2Aj+Aj)+YIAjPA; =0,  jeZ, (1.34)

which describes a lattice of coupled anharmonic oscillators, where i = V—1. The
quantity A; = Aj(t) is the complex mode amplitude of the oscillator at site j, and y
is a anharmonic parameter [23].

Note that the dNLS equation arises as the small-amplitude limit of the dKG

lattice [72]. The anti-continuum limit is related to the small values of €.

1.6 Bifurcation and stability analysis

In this section, we review bifurcation and stability analysis of ordinary differential
equations (ODEs). The application of this theory will be directly applied in Chapter
3,4 and 5.

In application, mathematical models are very useful to give quantitative
descriptions and to derive numerical conclusions. Generally, we are dealing with
an unspecified constant in a differential equation called parameter. One of the
techniques that is applied to study solutions of differential equations is to allow
a parameter varies and to observe the resulting changes in the behaviour of the
solutions [52].

Formally, we can state the definition of bifurcation as in [35]

Definition 1.6.1. In dynamical systems, a bifurcation occurs when a small smooth change
made to the parameter values (the bifurcation parameters) of a system causes a sudden

qualitative or topological change in its behaviour.

Now, consider we have a set of ODEs, written in vector form

= f(x), (1.35)
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where x is variable.

Definition 1.6.2. An equilibrium point x* of the scalar differential equation (1.35) is a
point for which f(x*) = 0.

Obviously, equilibrium points represent the simplest solutions to differential
equations. Furthermore, suppose that we take a multivariate Taylor expansion of

the right-hand side of our differential equation

. o, 0 o, P .
X = f(x)+a—fcr (x—x)+a—szr (x—x*)%+--
If N Pf " (1.36)
= 5| (=x)+53| (x-x) 4+
* x*

The partial derivative in the above equation is to be interpreted as the Jacobian
matrix. If the components of the state vector x are (x1,x2,---,x,;) and the components

of the vector f are (f1, f2,---, fu), then the Jacobian is

o6 9f ... 9]

ox1  0dxp oxy,

oh ok .. 9f
_|dx1 Ix oxp
] =

n Ofn .. n

| dx;  dxp oxy, |

Now, let us define 6x = x —x*. By taking a derivative of this definition, we
obtain 6x = x. If Ox is small, then only the first term in Equation is significant
since the higher terms involve powers of our small displacement from equilibrium.
If we want to know how trajectories behave near the equilibrium point, such as
whether they move closer or away from the equilibrium point, it should be good

enough to keep this term. Then we obtain

ox =TJ0x,
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where J* is the Jacobian evaluated at the equilibrium point. The matrix J* is a
constant, so this is a linear differential equation. According to the theory of linear
differential equations, the solution can be written as a superposition of terms of
the form e/, where A j is the set of eigenvalues of the Jacobian.

In general, the eigenvalues of the Jacobian are complex numbers, then we can

write A; = u;+iv;, where u; and v; are real and imaginary parts of the eigenvalue,

respectively. Each of the exponential terms in the expansion can be written

e/\t — e(uj+iv]~)t — eu]'teiv]'t.

The complex exponential can be written

e'’it = cos(v jt) +isin(v;t).

The complex part of the eigenvalue therefore only contributes an oscillatory
component to the solution. It’s the real part that matters: If u; > 0 for any j, then
e"i' grows with time, which means that trajectories will tend to move away from
the equilibrium point. Actually, what do eigenvalues tell us about stability? If the
eigenvalues have real parts less than zero, then x* is stable, and if at least one of the
eigenvalues has a real part greater than zero then x* is unstable, otherwise, there is
no conclusion, it means borderline case between stability and instability require an
investigation of the higher order terms. This leads us to a very important theorem

as follows

Theorem 1.6.3. (Linear stability analysis) An equilibrium point x* of the differential
equation (1.35) is stable if all the eigenvalues of J*, the Jacobian evaluated at x*, have
negative real parts. The equilibrium point is unstable if at least one of the eigenvalues has

a positive real part.
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Theorem (1.6.3) give us an information that eigenvalues allow to observe a
stability analysis of linear dynamical systems. Furthermore, eigenvalues can

contribute local stability analysis of nonlinear dynamical systems as well.

Example 1.6.4. Consider the equation

To look at the stability, we need the derivative of f(x,c). For ¢ > 0, the equation has three
equilibrium points, x* = 0, and x* = £ \/c. Df(x,c) =c— 3x2, then D f(0,c) =c> 0, which
implies that the fixed point at x* = 0 is unstable. While for D f(£ /c,c) = —2¢ < 0, so both
fixed point x* = + /c are stable.

Now, if ¢ <0, the equilibrium point is x* = 0, and Df(0,c) = ¢ <0, the the equilibrium
point is stable. Again, if c =0, the equilibrium point is x* = 0. Therefore, since D f(0,0) =0,
the equilibrium is nonhyperbolic and the equilibrium in this case is still stable. In this
problem, the bifurcation of the system undergoes what is called a pitchfork bifurcation at

the parameter value c = 0.

Example 1.6.5. Given a couple of nonlinear systems

X = —x2+3x-2xy,
(1.37)

y o= -yi+2y-xy.
From above equation, the equilibrium point are (0,0), (0,2), (3,0), and (1,1) and the
Jacobian matrix is

d J
hohl 3-aw-2y -

dfs Of '
352 3—; -y 2—x-2y

—
Il
Q)|
<

(1.38)



1.7 Floquet theory 18

Evaluating the Jacobian at (0,0), we obtain

30
I = : (1.39)

From (1.39) we obtain the eigenvalues are A1 = 3 and A, = 2. Because both of eigenvalues
are positive, from Theorem (1.6.3)), we can conclude the fixed point at (0,0) is unstable.

Using the similar calculation, we evaluate the Jacobian at (0,2), we get

J* = . (1.40)
2 -2

From (1.40), the eigenvalues are A1 = =1 and Ay = =2. So, the fixed point is stable. Again,

the Jacobian at (3,0) is

-3 -6
= , (1.41)
0 -1
and obtained the eigenvalues are Ay = =3 and Ay = —1. Therefore, we can say the

equilibrium point is also stable. Next, at (1,1), the Jacobian is

1 -2
J* = . (1.42)
-1 -1

The eigenvalues of J* are Ay = —1+ V2 and —1— V2. So, the fixed point is unstable.

1.7 Floquet theory

Floquet theory is used in Chapter 3, 4, and Chapter 5 to find linear stability
numerically. To know about this material, let us see the following theory which

generally adopted from [52]. In the Floquet system, we involve fundamental
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matrix which is obtained from a fundamental system that is a set of n linearly
independent solution of the linear system.

The fundamental matrix can be calculated by using the eigenpairs of the
coefficient matrix. But for a homogeneous system of differential equations with
a periodic coefficient matrix, to get the fundamental matrix, we need another
approach, which is Floquet’s theorem in Floquet theory.

Floquet’s theorem offers a canonical form for each fundamental matrix of these
periodic systems. Furthermore, Floquet’s theorem affords a technique to transform
a system with periodic coefficients into a system with constant coefficients. The
fundamental matrix of a system of ODEs or monodromy matrix is very useful for
stability analyses of periodic differential systems which are used in Chapter 4, and
5.

Because of Floquet system is closely linked to a linear system with constant
coefficients, then we can apply the properties of those systems. Therefore, let us

start this section by providing a theory about it.

1.7.1 Linear system

Consider linear system of the form

X1 = ap(Hxr +arp(t)xo + - +ay,(Hxn + f1(t)
Xo = ap(t)x1 +ax(t)xa + -+ +ag,(t)xn + fo(t)

(1.43)

Xn = a1 (£)xX1 +app(t)xo + -+ + @ (£)x, + fn(t)r

where we assume that the functions ajj, and fi, for i,j =1---n, are continuous
real-valued functions on an interval I. We say that the collection of n functions

X1,X2,+-+ ,Xp is a solution on I of this linear system provided each of these n functions
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is continuously differentiable on I and t € I. This system can be written as an

equivalent vector differential equation

x=A)x+ f(t), (1.44)

W] o a1 an®) - aw(®) o)

where x := x.z , X = XZ.(t) ,A(t) = a21.(t) azz.(t) azn.(t) ,and f(t) := fz.(t).
Xn Xn(t) ap1(t) anpp(t) -+ apn(t) fn(t)

Note that the matrix functions A and f are continuous on I (a matrix function is
continuous on I if and only if all of its entries are continuous on I). We say that
an n X 1 vector function x is a solution of on I provided x is a continuously
differentiable vector function on I (if and only if each component of x is continuously
differentiable on I) and x’(t) = A(t)x(t) + f(t), forall t € .

If we take f = 0 then Equation becomes a homogeneous system of n

differential equations and can be written as

(t) = A(H)x. (1.45)

Further, first we will solve the corresponding homogeneous linear vector differ-
ential equation, x'(t) = A(t)x. Therefore, we need to discuss the homogeneous
vector differential equation (1.45). For this purpose, we provide some theorems,

definitions, and examples as studied in [52].

Theorem 1.7.1. The linear differential equation (1.45) has n linearly independent solutions

on I, and if ¢1, ¢2, ..., Py are n linearly independent solutions on I, then

X =011+ + -+ Py, (1.46)



1.7 Floquet theory 21

for t €I, where c1,ca,-- ¢y are constants, is a general solution of (1.45).

Let us recall the definitions of eigenvalues and eigenvectors for an n X n matrix

A.

Definition 1.7.2. Let A be a given n X n constant matrix and let y be a column unknown

n-vector. For any number A the vector equation

Ax = Mx (1.47)

has the solution x = 0 called the trivial solution of the vector equation. If Ag is a number
such that the vector equation (1.47) with A replaced by Ay has a nontrivial solution xy,
then Ag is called an eigenvalue of A and x is called a corresponding eigenvector. We say

Ao, xo is an eigenpair of A.

Assume A is an eigenvalue of A, then Equation (1.47) has a nontrivial solution.
Therefore,

(A—ADx=0

has a nontrivial solution. From linear algebra we obtain that the characteristic
equation

det(A—AI) =0

is satisfied. If Ay is an eigenvalue, then its corresponding eigenvector is nonzero
vector x so that

(A—AoD)x =0.

Theorem 1.7.3. If Ay, xq is an eigenpair for the constant n X n matrix A, then

x(t) =My,  teR, (1.48)
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defines a solution x of

x = Ax, (1.49)
on R.

Example 1.7.4. Solve the differential equation

0 1
X = X. (1.50)
-2 -3
Define
0 1
A=
-2 -3
1 1
From the characteristic equation of A, we obtain its eigenpairs are =2, and -1,
-2 -1
Thus by Theorem (1.7.3)) the vector functions ¢1, P2 defined by
" 1
1)y = , and ¢p(t)=e! , (1.51)

-2 -1
are solution on R. Since the vector functions ¢1, (P2 are linearly independent on R, a

general solution x is given by

x(t) = cre”

telR.

Theorem 1.7.5. If y = u+iv is a complex vector-valued solution of (1.45), where u, v are

real vector-valued functions, then u, v are real vector-valued solutions of (1.45).
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Example 1.7.6. Solve the differential equation
3 1
X= x. (1.52)
-13 -3
From above we obtain the characteristic equation of the coefficient matrix
A2+4=0,
so that, and the eigenvalues are
Ay =2i, Ay = =2i.
To find an eigenvector corresponding to A = 2i, we solve
3-2i 1 xy| |0
= (1.53)

=13  -3-2iA||x 0

Therefore, the eigenpair of the coefficient matrix is

1
2i, )
—3+2i
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Hence by Theorem (1.7.3) the solution ¢ is ¢ defined by

i

o) = et
—-3+2i
= [cos(2t) +isin(2t)]
-3+2i
cos(2t) ) sin(2t)
_ +1

—3cos(2t) — 2sin(2t) 2cos(2t) — 3sin(2t)

Using Theorem (1.7.5)), we get that the vector functions ¢1, P2 defined by

cos(2t) sin(2t)
P1(t) = ;o o) = (1.54)
—3cos(2t) — 2sin(2f) 2cos(2t) — 3sin(2t)

are real vector-valued solutions of (1.52)). Since 1, ¢ are linearly independent on IR, we

have by Theorem (1.7.1)) that a general solution x of (1.52)) is given by

cos(2t) sin(2t)
x(t) =c1 +0 ,
—3cos(2t) — 2sin(2t) 2cos(2t) — 3sin(2t)

forteR.

Now, let us define the matrix differential equation

X = A(HX, (1.55)
where

X11 X120 Xin

X21 X220t X2

Xnl Xn2 *° Xpn
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and
X11 X2 o X
. Xo1 X v Xop
X:=
an xn2 to xnn

are n X n matrix variables. A continuous matrix function # X7 on an interval [ is
given by A and to be the matrix differential equation corresponding to the vector
differential equation in (1.45). Matrix function @ is a solution of (1.55)) on I afforded

® is a continuously differentiable 7 X n matrix function on I and

(1) = A(t)D(t),

for t € I. A relationship between the vector differential equation (1.45) and the

matrix differential equation (1.55) is given in the following theorem.

Theorem 1.7.7. Assume A is a continuous n X n matrix function on an interval I and

assume that O defined by

O(t) = [P1(8), p2(), -, Pu(B)],  tEL

is the n X n matrix function with columns p1(t), Ga(t), -+, dn(t). Then D is a solution of
the matrix differential equation (1.55) on I if and only if each column ¢; is a solution of the
vector differential equation (1.45) on I for 1 <i < n. Furthermore, if @ is a solution of the

matrix differential equation (1.55),then

x(t) = D(t)c

is a solution of the vector differential equation (1.45) for any constant nx 1 vector c.
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Definition 1.7.8. An nXn matrix function @ is said to be a fundamental matrix for
the vector differential equation (1.45)) provided @ is a solution of the matrix equation (1.55)

on I and det ®(t) # 0 on L.

Example 1.7.9. Find a fundamental matrix ® for

-2 3
X = X. (1.56)
2 3
The characteristic equation is
A2-1-12=0

so, the eigenvalues are Ay = =3, and Ay = 4. The corresponding eigenvectors are

3 1
and .
-1 2

Therefore, the solutions of (1.56)) are

3 1
1ty =e3t |, and ¢a(t)=€| |,
-1 2

for t € R. From Theorem (1.7.7), we obtain the matrix function @ defined by

36_3t e4t
O(t) = [P1,P2] = ,
_e—3t 2€4t

for t € R is a matrix solution of the matrix equation corresponding to (1.55). Since det
D(t) #0, forall t € R, D is a fundamental matrix of (1.56) on R. It follows from Theorem
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(1.7.7)) that a general solution x of (1.56) is given by

36_3t e4t
x(t) = D(t)c = ¢
_e—3t 2e4t

for t € R, where c is an arbritrary 2 X 1 constant vector.

1.7.2 Floquet’s theorem

From above explanation, we know the fundamental matrix of a homogeneous
system of differential equations with a constant coefficient matrix can be calculated
by using the eigenpairs. However, for a homogeneous system of differential
equations with a periodic coefficient matrix, we need another approach to obtain
the fundamental matrix. In this case we will use Floquet’s theorem because this
theorem offers a canonical form for each fundamental matrix of these periodic
systems.

In this sub section, we provide some statements about the fundamental system

of a periodic homogeneous system. But, we will not prove it as available in [52].

Definition 1.7.10. A matrix A is a periodic with period T > 0 if A(t+T) = A(t) for every

t.

Now, let us rewrite Equation (1.45) and note that A(t) is always a periodic

matrix with period T and consider the Floquet system as follow

1= A(b)x. (1.57)

Theorem 1.7.11. If ® is a fundamental matrix for (1.57)), then Y = ®B where B is an

arbitrary n X n nonsingular constant matrix is a general fundamental matrix of (1.57)).

Theorem 1.7.12. (Jordan Canonical Form) If A is an n X n constant matrix, then there

is a nonsingular n x n constant matrix P so that A = PJP~1, where | is a block diagonal
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matrix of the form

—]1 0o - 0-
0 |
J=
0
0 - 0 J;

where either J; is the 1 X 1 matrix J; = [A;] or

A1 0 0
0 A 1
Ji=|: ..o el (1.58)
A1
0 0 0 A

1 <i<k, and the A;’s are the eigenvalues of A.

Because of every nonsingular matrix can be written as the exponential of one

other matrix [84], then we have the following theorem.

Theorem 1.7.13. (Log of matrix) If C is an n X n nonsingular matrix, then there is a

matrix B such that e = C.
Now, let us deliver Floquet’s Theorem as follows

Theorem 1.7.14. (Floquet’s Theorem) If ® is a fundamental matrix for the Floquet
system (1.57), where the matrix function A is continuous on R and has minimum
positive period w, then the matrix function \V defined by \W(t) := O(t + w), t € R is also
a fundamental matrix. Furthermore there is a nonsingular, continuously differentiable
n X n matrix function P which is periodic with period w and an n X n constant matrix B
(possibly complex) so that

O(t) = P(t)e?,

forall te R
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Definition 1.7.15. Let @ be a fundamental matrix for the Floquet system (1.57)). Then
the eigenvalues 1 of

C:= 0 (0)P(w) (1.59)
are called the Floquet multipliers of the Floquet system (1.57).

The application above theory will be found in Chapter 3, 4 and 5.

1.8 Preliminary definitions

In here, we provide and adopt the following definitions, which will be used in this

thesis as well.

1. A Hilbert space is a complete inner product space (equipped with the natural

norm) and any Hilbert space is a Banach space.

Example 1.8.1. (*(Z) is a Hilbert space with the inner product

oo oo 1/2
oy =Y wi  ldi= (Zmﬁ] : (1.60)
k=1 k=1

2. From [3]], a linear operator T is bounded in its domain D if

sup [ITfl < 0. (1.61)
feD/Ifll=1

The left member of this inequality is called the norm of the operator T in D
and is denoted by the symbol ||T]| or, sometimes, by [|T||p, then we have the

norm of a bounded linear operator T can be defined equivalently by

T £l
IT||= sup IITf||=sup—f

: (1.62)
feDJIfI=1 e lIfIl
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3. A Banach algebra is an algebra A with a norm ||| such that (A, ||]) is a
Banach space and

lxeyll < lixllllyll,  (x,y € A). (1.63)



Chapter 2

Sturm-Liouville equations and

eigenvalue problems

In this chapter, we provide basic theory, general information, and an introductory

calculations of eigenvalue problems which are relevant and useful for Chapter 3.

2.1 Sturm-Liouville theory

In mathematics and its applications, many problems emerge in the form of
boundary value problems that involve second-order differential equations. One
of them is the classical Sturm-Liouville equation, which is a second-order linear

differential equation of the form

+q()y =Aw(x)y,  x€lab], (2.1)

d dy
" lp(X)%

where p(x), g(x), and w(x) are given continuous functions defined on the finite
closed interval [4,b] with p(x) and w(x) both positive-valued on (g,b), and A is an
unknown constant called the eigenvalue parameter. The function w(x) is called

the weight function for the Sturm-Liouville equation.

31
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We can define the Sturm-Liouville operator as

, w®)>0, (2.2)

d d
L=— l—ﬂp(x)§ +q(x)

So, the Sturm-Liouville eigenvalue problem is given by the differential equation
Ly = Ay, or the equation (2.1).

In addition, the Sturm-Liouville equation is defined together with the boundary
condition at 4 and b to find the solution y. The value of A in the equation
(2.1) is not given and finding the value of A for which there exists a nontrivial
(nonzero) solution y of satisfying the boundary condition is part of the
problem called the Sturm-Liouville problem. A nonzero function y that solves the
Sturm-Liouville problem (2.1) with boundary conditions is called an eigenfunction,
and the corresponding value of A is called its eigenvalue. Note that, the eigenvalues
of a Sturm-Liouville problem are the values of A for which nonzero solution exists.

There are some types of Sturm-Liouville problem, and we provide it as the

following definition:

Definition 2.1.1. The Sturm-Liouville differential equation on a finite interval [a, b] with

homogeneous mixed boundary conditions, that is

d dy _
- [p(x)E] gy =Aw@)y,  xelabl

a1 y(a)+ 1y (@) = 0

ay(B) +Bay (b) = 0

with p(x) > 0 and w(x) > 0 for x € [a,b] is called as reqular Sturm-Liouville system or
problem. The homogeneous mixed boundary conditions are also called symmetric boundary

conditions.
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The main aim is to find all values A for which a nontrivial solution y exists. It
is implicitly assumed that y and its derivative are continuous on [a, b], which also
means that they are bounded. We are not interested in the trivial solution y =0
since every Sturm-Liouville system has a trivial solution.

Boundary conditions for a solution y of a differential equation on interval [a, b]

are classified as

1. Boundary conditions of the form

ay@) +p1y’ (a) = a,

azy(b) + B2y’ (b) = B,

(2.3)

where aj, 8, & and f are constants, are called mixed Diriclet Neumann boundary
conditions. When both a = =0, then the boundary conditions are said
to be homogeneous. Special cases are Dirichlet boundary conditions when

p1 = B2 = 0 and Neumann boundary conditions when a1 = a = 0.

2. Boundary conditions of the form

y(a) = y(b),

y'(@) =y'b).

(2.4)

are called periodic boundary conditions.

Now, consider the second-order differential equations of the form

ap(x)y" +a1(x)y’ +ap(x)y = f(x) (2.5)
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We want to show that equation (2.5) can be turned into a differential equation of
Sturm-Liouville (2.1)). Particularly, Equation (2.5) can be put into the form:

d dy B
& (p(x)a) +4()y = F(), 26)

and we can provide that condition in the following theorem as mentioned in [61].

Theorem 2.1.2. Any second order linear operator can be put into the form of the Sturm-

Liouville operator (2.2).

Proof. To proof the theorem, first we can consider the Equation . If a1 (x) = a))(x)

then we can write the equation in the form

f(x) = ax(x)y”" +a1(x)y’ +ao(x)y
2.7)

= (a2(0y') +ao(x)y.
The resulting equation above has been changed in the Sturm-Liouville form. We

just introduce p(x) = ax(x) and g(x) = ap(x). [

However, not all second-order differential equations are modest to transform.

Consider the differential equation
Xy’ +xy’ +2y =0.

In this case, a5(x) = x? and a}(x) = 2x # a1(x). The linear differential operator in this
equation is not of Sturm-Liouville type. But, we can change it to a Sturm-Liouville
operator.

In the Sturm-Liouville operator, the derivative terms are gathered together into
one exact derivative. We seek a multiplicative function u(x) that we can multiply

through (2.5) so that it can be written in Sturm-Liouville form. We first divide out
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a(x), giving

;) a0 f(x)

0@ Tnm? T ne)

Now, we multiply the differential equation by u:

W+ Dy Dy o L

The first two terms can now be combined into an exact derivative (uy’)" if p(x)

satisfies
du ay(x)
dx H(x)ﬂz(x)'
This is formally solved to give
aq(x)
p(x) = ef ‘%dx.

Thus, the original equation can be multiplied by factor

pe) _ 1[G
0(x)  a(x)

to turn it into Sturm-Liouville form. In other words, we say that the Equation (2.5)
ap(x)

can be put into Sturm-Liouville form 1.} where p(x) = ef CIk , q(x) = p(x)

ap(x)
a(x)”

and F(x) = p(x) L2

az(x)

Example 2.1.3. For the example above,

2y +xy + (2 -07) =0,

can be written in Sturm-Liouville form as

(xy’)’+(x_xvz)y =0.
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2.2 Properties of the Sturm-Liouville problems

In this section we will discuss an interesting explanation about eigenvalues and
eigenfunction. These things will be delivered by giving some properties of them.
Some of the properties for the regular Sturm-Liouville problem are that the
eigenvalues are always real and bounded [42]. If the interval [a, b] is finite, then the
eigenvalues are discrete and the eigenfunctions corresponding to each eigenvalue
are oscillatory in nature.

Let us start by considering a regular Sturm-Liouville problem as definition

(2.1.1) as follow:

d d
- lp(x)d_z +q(x)y = Aw(x)y, x € [a,b],

ary(@) +p1y’(@) =0,

ary(b) + B2y’ (b) = 0.

Let L2[a, b] be the Hilbert space of square integrable functions with an inner product

b_
(fg) = f F@s(w(x)dx

where w(x) is a nonnegative function on [4,b] and called weight function. When
w(x) = 1, these definitions become to the "ordinary" ones. We will see that Sturm-
Liouville operator is self-adjoint, but first we define the domain of an operator and

introduce concept of adjoint operators.

Definition 2.2.1. The domain of a differential operator L is the set of all u € L?[a,b]

satisfying a given set of homogeneous boundary conditions.
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Definition 2.2.2. The adjoint, L, of operator L satisfies
(u,Lo) = (L"u,0)

for all v in the domain of L and u in the domain of LY.
We can see an example in [61], as follow.

Example 2.2.3. We will find the adjoint of second order linear differential operator of

2
L= a2(x);l? +a1(x)% +ap(x).

In order to find the adjoint, we place the operator under an integral. So, we

consider the inner product

b
(u, Loy = f u (a0 + 110" +ago)dx.
a

We have to move the operator L from v and determine what operator is acting on u
in order to formally preserve the inner product. For a simple operator like L = ;—x,
this is easily done using integration by parts. For the given operator, we will need
to apply several integrations by parts to the individual terms. We will consider
the individual terms.

First, we consider the 210" term. Integration by parts yields

b b b
f u(x)ay (x)ov’ (x)dx :al(x)u(x)v(x)L - f (u(x)aq (x)) v(x)dx. (2.8)
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Now, we consider the a,v” term. In this case it will take two integrations by

parts:

b b b
f u(x)az(x)o” (x)dx =a2(x)u(x)v’(x)‘a— f (u(x)az(x)) v(x)dx

a

= [a2()u(x)?’ (x) = (a2(x)u(x)) o(x)] b (2.9)

a

b
+ f (u(x)az(x))” v(x)dx.

Combining these results, we obtain

b
(u,Lv) :f u(a0” +av" +agv)dx
= [ (U + (U ()~ (@) o] @210)

b
+ f [(a2u)” = (a1u)" +agu] vdx.

By applying the homogeneous boundary conditions for v, we have to find

boundary condition for u such that

b
[a1 (x)u(x)o(x) + a2 (x)u(x)0" (x) = (a2(x)u(x)) v(x)] ‘ 0.

a

Now we just have

b
(u,Lo) = f [(aou)” — (ayu)’ +agu]vdx = (L'u,v).

Hence, we obtain the adjoint operator of L

Lt = d—Za (x) - ia (x) +ap(x) (2.11)
T T g T '
If LT = L and the domain of both operators are the same, then the operator is

called self-adjoint.
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Example 2.2.4. Determine L' for the operator Lu = g—z, where u satisfies the boundary

conditions.

We have to find the adjoint operator such that (v, Lu) = (L*v,u). Hence, we can

write it as

1 1
B du, |1 do ., 4
(v,Lu) = j(; vadx = uv}o —j(; uadx ={(L"v,u).

d

From above we obtain that LT = -0

Now, let us prove that Sturm-Liouville operator is self adjoint.

Theorem 2.2.5. Let H be the subspace of functions that satisfy the boundary conditions

of Sturm-Liouville problem. Sturm-Liouville operator (2.2) is self-adjoint operator on H.

Proof. Since we want to prove that Sturm-Liouville operator is self adjoint, so we

have to show that (f,Lg) = (Lf, ). First, let us define
b_
(fiig)= [ T
b_
- [7® [—%[P(x)g’(X)]+q(x)g(x)]dx

and

b _
(Lf,g) = f LF@g(x)w(x)dx

b —_ —_—
- [ [—%{p(x)f«x)+q<x>f(x>]g<x>dx.

By integrating the first and the second term by parts, we obtain

—_— b — —_—
(L) =~ [P g @] + f [F@px)g () + Fq(x)g(x)] dx,

—_— b S —_—
(L1,9) == [T+ [ [Fopg e+ TEgege]dx.
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Therefore,
— b — b
(f LY~ (Lf,8) = = [p)fg' W] +[pe)f ()g)],
= p(b) (' (b)g(B) - Fb)S' ()~ p(@) (F (@)8(@) - F(@)8'(a)).
Since both f and g conform the same boundary condition, then a; f(a) + 1 f'(a) = 0.
So, a1 f(a) + B1f'(a) = 0 and a1 g(a) + 1¢’(a) = 0.
Thus, if @y # 0 or 1 # 0, it yields
(F(@)3(a) - fla)g' @) =0.
Similarly,
(F B - FB)g' () =0.
Hence
(fLg)=(Lf.8) n

Example 2.2.6. We consider the constant coefficient second order differential operator

0?2
Ly = [ﬁ - Cl y, Creal,

defined on the domain L?[a,b] with the boundary conditions

ary(a)+p1y’(a) = 0;

axy(b) + By’ (b) =0,

and ay,B1, a2, B2 are real and not zero.
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Let us claim that LT = L, or that operator is self-adjoint, so for y,z € L?[a,b] we

have

b —_
L2 = [ (/- Cyta) s

b
~ v @] - [ [y @+ oz ax

b
L, — S
= [y (0)z(x) - y(x)z’(x)]a + f y(x)[z” (x) — Cz(x)]dx
a
o — S
= [y @)2() - y0Z @] +(y, L2).
Because both of y and z obey the same boundary conditions, then we have the
self-adjointness property.
Hereafter, let us prove the theorem that says that eigenvalues of Sturm-
Liouville problem are real and two eigenfunctions of a Sturm-Liouville system
with corresponding to two different eigenvalues are orthogonal. Before we deal

with that, we need to introduce two important identities for the Sturm-Liouville

operator,

L= dd—x(p%)ﬂy, (2.12)
ie.,
e Lagrange’s identity, that is uLv—v.Lu = [p(uv’ —ou’)]".
e Green’s identity, that is fa b(uLv —vLu)dx = [p(uv’ —ou’ )L
Now, we are able to prove the following theorem.
Theorem 2.2.7. The eigenvalues of Sturm-Liouville problem are real

Proof. Let ¢, (x) be a solution of the eigenvalue problem associated with A,:

Ly = —Awd,.
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The conjugate of that equation is
‘Lan = _anan.
Then, multiply both equation by 5;1 and ¢, respectively and subtract to yield

Gy Lon = pnLd, = (An=A)wpnp,
b b
— [ @ Lon-0uL8)dx= (A0 [ w05,

By applying the Green’s identity to the left hand side, we obtain

_ b — b _
lp (@040 | [ = @200 f W,
a
b
0=~ An)f w||¢n||2dx-
a
Since the integral is nonzero, so we have Ay = A,. Hence, the eigenvalues are
real. [ ]

Theorem 2.2.8. The eigenfunctions corresponding to different eigenvalues of the Sturm-

Liouville problem are orthogonal.

Proof. Let ¢,(x) and ¢;,;(x) be solutions of an eigenvalue problem associated with

Ay and Ay, with A, # A,,;,. Therefore, we have

‘Lﬂbn = _Anwﬁbn;

and

-E(Pm = _Aqubm-
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Respectively, multiply the above equations by ¢, and ¢, and then subtract the

results to get

(Pml:qbn - qanCPm =(Am— /\n)wqbnqu

Integrate both side and apply Green’s identity and the boundary condition for a

self-adjoint operator to have

b
0=Am— An)f WPy Pdx.

Because the eigenvalues are different, so we have

Lb WPy Pmdx = 0.

Therefore, the eigenfunctions are orthogonal with respect to the weight function

w(x). [

2.3 The spectrum of a linear operator

The spectrum of a linear operator on a finite-dimensional case precisely consists
of its eigenvalues. However, a linear operator on infinite-dimensional space may
have an additional element in its spectrum, and may have no eigenvalues. Let us

see an example discussed in [41].

Example 2.3.1. Consider the right shift operator T on the Hilbert space £*

T: 6> %, where

T(x1,x2,x3,...) =(0,x1,x2,...)

If x € £? so x = (x1,X2,X3,...) then Tx = (0,x1,xp,...). This operator does not

have an eigenvalues, because if Tx = Ax then (0,x1,x2,...) = A(x1,x2,x3,...) and by
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expanding this expression we obtain that x; = 0,x; = 0, and so on. On the other
hand, 0 is in the spectrum because the operator T—AI =T—-0[ =T and T - Al is
not invertible. The operator is also not surjective since any vector with nonzero
component is not in its range, or in other words, we can say that for every y € £2

(in range/codomain) we could not find x € ¢? (in domain) such that y = Tx.

Definition 2.3.2. Let H be a Hilbert space. The resolvent set of an operator A, denoted
by p(A), is the set of complex numbers A such that (A — Al) : H — H is one-to-one and
onto. The spectrum of A, denoted by o(A), is the complement of the resolvent set in C,
meaning that o(A) = C\p(A) [22]].

As in the finite-dimensional case, a complex number A is called an eigenvalue of
A, if there is a nonzero vector u € H such that Au = Au. In that case, ker(A— AI) #0,
so A — Al is not injective, and A € 6(A). However, that complex number can belong
to the spectrum. We will subdivide the spectrum of linear operator as the following

definition.
Definition 2.3.3. Let A be a linear operator from Hilbert space H to H.

1. The point spectrum o,(A) of A consists of all A € (A) such that A — Al is not

injective. In this case A is called an eigenvalue of A.

2. The continuous spectrum o.(A) of A consists of all A € 6(A) such that A—Al is

injective but not surjective, and range(A — Al) is dense in H

Since A — Al is a linear operator, the inverse is also linear if it exists. Hence, the

spectrum consists precisely of those scalars A for which A — Al is not bijective.

2.3.1 Discrete or point spectrum

According to the definition, if an operator is not injective, so there is some nonzero

x with A(x) = 0, then it is clearly not invertible. If A is an eigenvalue of A, one
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necessarily has A € 0(A). The set of eigenvalues of A is then called the discrete or
point spectrum of A, denoted by o,(A).
We will give an example of discrete spectrum that related to the Sturm-Liouville

problem. First, let us start from our Sturm-Liouville equation of the form:

QP = Py + V()P (2.13)

where V(x) is a given function and in this case it will be known as a potential. In

here, we can define that our linear operator in this problem is T = —dyy + V(x).

2.3.1.1 Discrete spectrum of a one-well potential

In this part, we will solve the eigenvalue problem (2.13) with V(x) representing a
one-well potential. We will also determine the discrete spectrum of that problem.

Consider the linear Schrodinger equation:

Py =~ + V()P , (2.14)

with

P(x,t) = Plx)e ™ (2.15)

If equation (2.15) and its derivative is substituted into equation (2.14), we will
obtain the Sturm-Liouville equation (2.13).
Let us consider a piece-wise constant potential defined as:

—-d, |x|<a
V(x) = (2.16)

0, |x|>a.
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Therefore, if we substitute (2.16) into equation (2.13)), then we have three different

regions for ¢, i.e.:

Pt QP=0, x<-a, (2.17)
#Aixx+Qlﬁ+d1ﬁ =0, -a<x<a, (2.18)
P +QP=0, x>a (2.19)

The general solution for (2.17) and (2.19) is g@(x) =Cie” V-Qx Czemx, while
for (2.18), the general solution is 1(x) = Cze~ V™% 4+ Cye~ V=29, Since we want

to obtain a bounded solution, then the general solution for each region is:

= AV 9x < g (2.20)
1,311 = Ay cos( VQ+d x)+ By sin( VQ+d x), —a<x<a, (2.21)

dur=Bse VO, x>a (2.22)

Note that the potential has a symmetry under parity, i.e. V(x) = V(-x). It
implies that if g@(x) a solution, then 1[1(—x) is a solution as well. Therefore, we have
even (Lﬁo) and odd (g@l) solutions in this case.

1. Even solution
Based on the above solution for each region on the first case, we can write an even

solution, i.e.:

AjeVox X< —a,
Po(x) ={ Ay cos(VQo+dx), —a<x<a, (2.23)

Bye~ V-tox, x> a.
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and its derivative

Ay V=QgeVthx, X< —a,
d .
—Po(x) =9 Ay VQo+d sin(VQo+dx), —a<x<a, (2.24)
dx

—B3/—Qpe~ Vo x X>a.

Since 1/30(x) and %lﬁo(x) must be continuous, then we have the following conditions:

Are V=00 = A, cos(VQ +da),

Ay V=0pe V01 = Ay VO +d sin(VQo +da),
Bse V"% = A, cos(VQg+da),

~B3 V=Qpe V"0 = A, VQp+d sin(VQo +4d a).

(2.25)

With a simple calculation, we can simplify equations (2.25) and obtain the coefficient

A1 = B3. By choosing A; =1 = B3, we will obtain the transcendental equation

tan(yQo+da) = \/% . (2.26)
0

The above equation cannot be solved analytically, we thus search for a solution
graphically. By taking d =1 and a = 4, then we get the solutions for the transcen-
dental equation as the intersection in Figure Furthermore, we can plot the
eigenfunctions for each )y as shown in Figure

2. Odd solution

The following is an odd solution for 11 (x) for the first case:

Ale _Ql x/ x < —a,
P1(0) ={ By sin(VQ1+dx), —-a<x<a, (2.27)

Bye~ V-tux, x>a,
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tan(4y/Qp +1)

—Q
2+

Figure 2.1. Graphic solution of the eigenvalue Equation (2.26). The solutions are the
intersections between the red and blue curves, ie., Qy, = -0.9019757111 and Qo, =
—0.1921114320.

0.08[ 0.2
0.07} 0.15
0.06 0.1
0.05 0.05
0.04f 0
0.03 -0.05}
0.02f -0.1f
0.01} -0.15}

20 -10 0 10 20 %0 -10 0 10 20

X X
(@) Qo, =-0.9019757111 (b) Qp, =-0.1921114320

Figure 2.2. The graphs of eigenfunction corresponding to the eigenvalue Qg presented in

Figure

and its derivative

A =QpeVtax X < —a,
P1(0) ={ =By VO +d cos(VQ; +dx), —a<x<a, (2.28)

—B3/—Qqe” Vthx x>a,
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Since y@l(x) and %@1(36) must be also continuous, then we have the following

conditions:

Aje V"1 = B, sin(— Qg +d a),
A1 -Qqe” V=Cha — By Q1 +d COS(\/Ql +d(l),
Bse~ V=912 = B, sin(1/Qy +d a),

—Bs [—Qp e V"% = By \JQ; +d cos(1/Q; +da).

(2.29)

If we solve equations (2.29), we obtain the coefficient A; = —B3z. By doing the
similar ways with the even solutions, we can choose A; = 1 which implies B3 = -1

and obtain a transcendental equation for Q as:

cot(A/Qq +d a) = ;/Q: “_?;. (2.30)
1

. - _Ql . — _
By plotting cot( V() +d a) and —\/Q_~1+d separately, and taking d =1 and a =4,

we get the graphs in Figure Next, we can plot the eigenfunction for the odd

solution as shown in Figure

10

—cot(4y/ F 1)

0
Qi

-10

Figure 2.3. Graphic solution of the eigenvalue Equation (2.30). The solutions are the
intersections between the red and blue curves, i.e., O; = —0.6172793577.

From the graphs in Figures 2.2]and 2.4, we can see that eigenfunction decays to

. 00 | A 2
zero when x tend to + oo or we can write it down as f_ - |17b1(x)| dx < oo,
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Figure 2.4. Graphs of eigenfunctions corresponding to the eigenvalue €2; in Figure (2.3)

2.3.1.2 Discrete spectrum of a double-well potential

In this part, we will determine the discrete spectrum of a double-well potential
that will be used in our next chapter. Let us consider a double-well potential for

the same Sturm-Liouville Equation (2.13):

—-d, a<l|x|<a+b
V(x) = (2.31)

0, elsewhere

If the above potential is substituted into Equation (2.13), then we have five

different regions for 1, and the solution for each region is:

Dr=AeV9%,  x<-a-b, (2.32)
gﬁu = Ay cos( Vi+Q X) + By sin( Vi+Q X), —a-b<x<-a, (2.33)
tfjm = Ajz cosh( V-Q X) or B3 sinh( V-Q X), —a<x<a, (2.34)
l/A’IV = Ay cos( Vi+Q x) + By sin( Vi+Q X), a<x<a+b, (2.35)
Py = Ase” V-0x x>a+b. (2.36)

Following the similar calculations with the one-well potential, we also have

even and odd solutions.



2.3 The spectrum of a linear operator 51

1. Even solution
Based on the above solutions for each region, we can write an even solution for

double-well potential case as follow:

AjeV—tox, x<-—-a-b>,
Po(x) ={ Ay sin(Vd+ Qg x)+ By cos(VA+Qpx), —a-b<x<-a, (2.37)
Aszcosh(vV—-0) x)), x> —a.

Since 1o(x) and %gﬁo(x) must be continuous, again we have parity solutions for

Equation (2.37) written as:

Aye V" Cab) — Ay gin (A +Qq (—a—b))
+B; cos(Vd+Qq (-a-b)),
A1 =Qpe V"D =4y \Jd+ 0y cos(—vd+Q (—a-b))
— By \d+Qq sin(d+Qq (—a-b)),
Azcosh(y=Qq (=a)) =As sin(+/d +Qy (-a))
+B, cos(Vd+Qq (-a)),
Az A/-Qsinh(~+/-Q (-a)) =A; Vd+ Qg cos(- v + Qg (-a))
— By \d+Qq sin(d+Qq ().

(2.38)

Numerically, we get an even solution for {y = —0.4550947238 witha =4,b =
2,d =1. The graph of the eigenfunction can be seen in Figure
2. Odd solution

The following is an odd solution for g@l(x) for the double-well potential case:

AjeV—thx, x<-—-a->,
P1(0) ={ Ay sin(VAd+Qq x)+By cos(VA+ Q1 x), —a-b<x<-a, (2.39)
B3 sinh( V-0 x)), x> —a.
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Figure 2.5. Graph of an eigenfunction corresponding to the eigenvalue )y in a double-well
potential.

Again, since ¢;(x) and ;—xyﬁl(x) must be continuous, we have the following

condition:

Ape V" Cab) — A gin (\Jd+ O (~a—b))
+By cos(Vd+Q; (-a—b)),
Ay V=01 eV D) =45 T+ Oy cos(- A+ Oy (—a—D))
— By VA +Qy sin(Vd+Qy (—a-1)),
Assinh(y/-Qy (-a)) =A; sin (Vi +Qy (-a))
+By cos (Vd +0y (-a),
Az A= cosh(~y/-Q (~a)) =A \d + Oy cos (- +Q (-a)
— By Vd + 0y sin(y/d+0Oy (-a)).

(2.40)

Solving equations numerically, we obtain an odd solution for €2; = —0.4523889358
with the same parameter as in the even solution in Figure[2.5 Plot of the eigenfunc-
tion for the odd solution is given in Figure Figure[2.5and 2.6|show that the
eigenfunctions decay to zero when x goes to oo in the same way as the one-well

potential problem.
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Figure 2.6. Graph of the eigenfunction corresponding to the eigenvalue €2; in a double-
well potential.

2.3.2 Continuous spectrum

In Section we provide the definition of discrete or point spectrum as well
as continuous spectrum. However, in general we have several definitions of
continuous spectrum in [6, 11} 51] which are not equivalent. However, for self-
adjoint operators, all the definitions coincide. Here, we choose to deliver the

definitions in [6] as follow

Definition 2.3.4. For bounded operator T : H — H on a Hilbert space, we define
1. The resolvent consists of A € C for which T — Al is invertible.
2. The point spectrum consists of A € C for which T — Al is not injective .

3. The continuous spectrum consists of A € C for which T — Al is one to one, is not

onto but for which Im(T — Al) is dense.

4. The residual spectrum consists of A € C with T — AI being one to one but Im(T — AI)

is not dense.

Definition 2.3.5. For an operator T : H — H (not necessarily bounded) on a Hilbert

space, we define
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1. The resolvent consists of A € C for which T — Al is one to one and Im(T — Al) is

dense in H and (T — AI)™! is bounded on the image of D(T).
2. The point spectrum consists of A € C for which T — Al is not one to one on D(T).

3. The continuous spectrum consists of A € C for which T — Al is one to one, Im(T — AI)

is dense but (T — AI)~1 is not bounded on Im(T — AI).

4. The residual spectrum consists of A € C with T — Al is one to one but Im(T — AI)

is not dense.

2.3.2.1 Continuous spectrum of the one-well potential

In here, we want to find the eigenfunction of continuous spectrum of the one-well
potential. Since we already dealt with the eigenfunction for discrete spectrum,

now with similar calculations, we obtain the following solution for each region:

Pr=4A sin(\/ﬁx)+Bl cos(‘/ﬁx), (2.41)
1,@11 =Ap sin( VQ +dx) or B, cos( ‘VQ+dx), (2.42)
i = As sin( \/ﬁx) + B3 cos( \/ﬁx) (2.43)

As we must also have the symmetry under parity as mentioned above, i.e., if
@(x) a solution, then lﬁ(—x) is a solution as well, we can separate the solution into
even and odd solution again.

First, let us find our continuous spectrum for our eigenvalue problem Qi =

—thyx + V(x)1). This equation can be rewritten as

J}x = q/
gz = (V(2) = Q).
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A simple calculation shows that we will obtain our eigenvalue Q = k? for every
k € R. So, for every positive () we always can find the corresponding eigenfunction.
1. Even solution

The conditions below are for even parity solutions:

Ajpcos(VQ+d(—a)) =A, sin( \/5(—11)) + B, cos( \/5(—11)) ,
—Ar VQ+d sin( VQ +d(—a)) =Aq VO cos( \/5(—11)) -B;VQ sin( Vﬁ(—a)), (
2.44)
A cos(VQ+d(a)) =A3sin( VQ(a)) + Bs cos( VQ(@)),

—A; VQ +d sin(VQ +d(a)) =A3 VQ cos( VQ(a)) - Bs VQ sin ( VO(a)).

By taking A, =1, we can solve Equation (2.44) and plot the graph with parameter
a=4,d=1,and Q =1 as shown in Figure 2.7,
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Figure 2.7. Graph of an even eigenfunction with Q=1

2. Odd solution

Furthermore, for the odd parity solutions, we have the conditions:

Asin(VQ+d(—a)) = Ay sin( VQ(-a)) + By cos( VQ(-a)),
Ay VQ +d cos(VQ+d(-a) = Ay VQ cos ( VQ(-a)) - B; VQ sin( VQ(-a)),
Ay sin(VQ +d(a)) = Azsin( VQ(a)) + B3 cos( VQ(a)),
Ay VQ+d cos(VQ+d(a)) = A3 VQ cos ( VQ(a)) - B VQ sin( VQ(a)).

(2.45)



2.3 The spectrum of a linear operator 56

Again, by choosing A> =1, Equation (2.45) can be solved. Then, if we take
the same parameter as the even solution before, the graph of the eigenfunction is

drawn in Figure

Figure 2.8. Eigenfunction of odd solution with () =1.

2.3.2.2 Continuous spectrum of the double-well potential

1. Even solution
Next, using the continuous spectrum on page 38, we will see the graph of
continuous spectrum for the even solutions. Recall the solution for our eigenvalues

problem as the following;:

1 = Aq cos( VQ x) + By sin( VQ x), (2.46)
lﬁH = Ay cos(VQ+d x)+ B sin( VQ+d x), (2.47)
lﬁm = A3z cos( VQ X) or Bj sin( VQ X). (2.48)

Therefore, with similar calculations as for the one-well potential, we take Ay =1
and by taking the parameter valuesa =4,b=2,d =1 and Q = 2.5, we can plot our

eigenfunction as shown in Figure
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Figure 2.9. Graph of the eigenfunction with QO = 2.5 for even solution.

2. Odd solution

Similar calculations for the same parameter values will give the eigenfunction as
seen in Figure

1.5¢

-20 -10 0 10 20
X

Figure 2.10. Graph of the eigenfunction with Q = 2.5 for odd solution.



Chapter 3

Coupled mode reductions in the
Cubic-Quintic NLS with a

double-well potential

3.1 Introduction

We consider the cubic-quintic nonlinear Schrédinger/Gross-Pitaevskii (NLS/GP)
equation with a linear potential

i&l,b(x, H_ *Y(x,t)

4
ot 0x2 V().  (3.1)

200, )+ hi(x, b)

+ V(b + g [(x, )

Here, ¢ denotes a wave function, V the external potential and g and & are the cubic
and quintic nonlinearity constants, respectively. We will consider a nonlinear
NLS/GP with a focusing (g = —1) nonlinear potential. Derivations of NLS/GP type
solutions with the standard Kerr (Ju|?«) nonlinearity exist in the context of optics
[16,71], and Bose-Einstein condensate (BECs) confined by a magnetically-induced
linear potential [34} 78]. Cubic-quintic nonlinearities arise in a variety of physical

settings, such as in glasses and organic optical media whose dielectric response

58
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features a self-defocusing quintic correction to the self-focusing cubic Kerr effect
[15, 143, 96].

In this section, we study the long-time dynamics near a symmetry breaking
bifurcation point for using the shadowing theorem techniques of [69, 80]. In
particular, we focus on a class of symmetric double-well potentials. A model to keep
in mind is the two parameter family of symmetric double well potentials:

—d, a<l|x|<a+b

0. elsewhere,

which converges as d — oo and b — 0+ to a double-delta well at +a. For the sake
of illustration, in the following we will take d = 1,4 =4, and b = 2. Double-well
potentials in optics serve as models of coupled parallel wave guides or as a simple
version quantum tunneling in Bose-Einstein condensate models. As discussed
in [48]], the combined effects of a confining double-well potential with focusing
cubic nonlinearity lead to the phenomenon of spontaneous symmetry breaking
of the ground state at sufficiently high optical power or particle number. The
notion of symmetry breaking has been studied in a variety of contexts, in terms of
constructing stationary solutions as in [55, 56], dynamical shadowing theorems
as in [69, 76} 180], more complicated well-structure [44), 50] as well as countless
numerical works as reviewed in [65]. The governing equation with the
potential was also studied by Birnbaum and Malomed [14], where a class
of symmetry breaking bifurcations appears (see also, e.g., [92] for a similar work
but using nonlocal cubic-quintic nonlinearity). One important difference with the
Kerr nonlinearity is the presence of various further bifurcations beyond just those
observed in the standard cubic case, such as saddle-centre bifurcations of both

symmetric and asymmetric solutions. The question we are interested in is: can the
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shadowing theorem techniques (i.e., coupled mode theory) of [69, 80] cover the
cubic-quintic nonlinearity problem as well?

The NLS/GP equation (3.1)) is a Hamiltonian system and expressible in the form:

. OH
Zatlp = 6_#1* , (33)
where H denotes the Hamiltonian density:
_ 2 2 8a e
HIYl = [ |10xpl"+ VIPE+ L+ [yl |dx.
The conserved squared L? norm (particle number / optical power) is:
NI = [ g 64)

We are interested in the dynamics near special classes of nonlinear bound states

of NLS/GP. Nonlinear bound states are solutions of the form

Y(x,t) = Plx)e™,

where 1 is a spatially localized solution of

(=Oux + V)Y =[PP +HIPITY = Q. (3.5)

Solutions to (3.5) can be computed at low mass using a Lyapunov-Schmidt
reduction off of the spectrum of the linear operator (—dx, + V) in a similar fashion to
the works [55,56] and continued to large mass. We will assume that the spectrum

of our double well potential, namely the values Q) < 0 such that

(=0 + V() =Qp, e H(R), (3.6)
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has a simple, special structure. The spaces H*(R) (as well as LP(IR) and W*? in
the following) are the standardly defined Sobolev integration spaces. In this
case, there is a least energy ground state eigenfunction, yp with corresponding
simple eigenvalue () [81]. If the separation between wells is sufficiently large,
L <1, then the ground state eigenfunction is a positive symmetric state with equal
concentration on each potential well. In addition, for L sufficiently large there
is an anti-symmetric (odd) state, 11 with energy (;, such that Oy < )y <0. For
references on the linear spectral properties of multi-modal potential wells, see
[45, 148, 185].

In the cubic-quintic case (3.1)), the character of solutions and the solution set
varies with the solution norm. Indeed, if we consider the set of solutions of

on the level set

f ol =N, (37)

we find that for large enough well-separation, there is a symmetry breaking threshold

Ner [56].
1. If N < N there is a unique positive, symmetric and bimodal state.

2. For N > N, (modulo phase) there are three positive localized states: a
symmetric state (which exists for all N > 0) and two asymmetric states, biased

respectively to the right and left wells.

3. As N increases beyond N, this symmetry broken state becomes increasingly

concentrated in one of the wells [5, 56]].

4. The symmetric (bimodal) state is dynamically stable for N < N, and unstable

for N > N¢,. For N > N, the asymmetric states are stable.
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We wish to show that on large but finite time scales, the dynamics are controlled
by a finite dimensional dynamical system, which is significantly more rich and
complex in the setting of the quintic-cubic than of that in [69, 80].

Toward a formulation of precise results, we first introduce a class of double-well
potentials in one dimension. Following [45], start with a single rapidly decaying
potential well centered at 0, V(x), for which the Schrodiner operator Hy = -2+ V)

has exactly one (simple) eigenvalue Q. Then, construct a double well potential
Vi(x)=Vo(x-L)+Vo(x+L), L>0 (3.8)
and define the Schrodinger operator
Hp=-+V]. (3.9)

There exists Lo > 0 such that for L > Ly, H; has a pair of simple eigenvalues,
Qp = Qp(L) and Q; = (L) and corresponding eigenfunctions ¢y (even) and ;
(odd):

Hiy;=Qj;, j=0,1; ;el?

Qp <) <0.

The symmetry breaking threshold, N.,(L) which is N (L) = O(w1(L) — wo(L)) =
O(e™"), k>0, is exponentially small for large well-separation. Therefore, to
study the dynamics in a neighborhood of the symmetry breaking point, it is natural
to use coordinates associated with the linear operator Hy. Throughout this result,
we will assume that V is such that ¢y and 1 are the only discrete eigenfunctions

of Hp and in addition that V is sufficiently smooth and decaying. We note that the



3.2 Coupled mode equations for cubic-quintic nonlinearity 63

essential estimates are also satisfied for double piecewise-constant function wells,
that we explore in our numerical computations.

The outline of this chapter is as follows. We start our work by deriving the
coupled-mode approximation as the finite dimensional reduction in Sec. using
two different coordinate representations. Standing wave solutions are considered
in Sec. where the equilibria of the coupled-mode equations are derived and
their stabilities are analysed. We show that there are spontaneous symmetry-
breaking and turning point bifurcations. Moreover, dynamics near the symmetry
breaking bifurcation point are delivered in Sec. In Sec. we consider small
perturbation dynamics around a solution of the finite dimensional reduction. The
aim is to show that for any sufficiently small amplitude periodic solution about an
equilibrium state of the finite dimensional reduction (above or below the symmetry
breaking bifurcation threshold), there is a solution of the NLS/GP equation whose
projection into the finite dimensional phase space, shadows this finite dimension
orbit on very long time scales. Finally, Sec. 3.6 presents numerical comparisons of

the equilibria of the NLS/GP and those of the coupled-mode approximations.

3.2 Coupled mode equations for cubic-quintic nonlin-
earity

Based on a calculation of the linear eigenvalue problem in Chapter 2, Sub-
section (2.3.1.2), we obtain a ground state eigenfunction ¢y with corresponding
eigenvalue ()g and excited state eigenfunction 1)1 with the energy Q; such that
Qp < g <0. For the specific parameter values mentioned above, (Jp = —0.455 and

Q, = —-0.452.
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First, define a projection onto the bound states and the continuous spectral part

of Hj, respectively, as

Pif =i, Ny =(mifig;, j=0,1,

Pcf:(I_PO_Pl)f/

where we have the L2-inner product: (f,g) = fIR f3.

Now, let us describe steady state solutions of the form

P(x,£) = co(t)po(x) + c1 ()1 (x) + R(x, £), (3.10)

with (¢;,R(,H) =0, j=0,1.

Using the above ansatz, substituting it into (3.1), and applying the projection

operators Py, P1, and P., we obtain

ico =Qpco + gA|00|2c0 +gC (200|C1|2 + Eoc%) +hU|col*co
+ hW(6|C0|2C()|C1 |+ E%cg + 3|c0|250c%) +hY (3c0|c1 |* + 2¢0|cq Izc%)
+Fo(co,c1,80,C1; R, R),

icy =Qqcq + gElc1 e + gC (2c1|c0|2 + Elcé) +hMcyl*c; (3.11)
+hY (6lc1Perleol? + 3¢5 + 3ler Pe1cl) + hW (3cyleol* + 21 1colc?)
+F1(co,1,80,¢1;R, R),

iR — H.R =P_Fy(co, c1,%0,¢1) + PcFRr(co, c1,%0,1;R,R),
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where A = [ydx, C= [yipidx, E= [yidx, U= [yfdx, M= [yidx, W= [yiyidx,
Y= f‘l%ﬁb%dx/ and F; = mFg, j = 0,1, with

Fr = [2lcoPy2+2le1Py? +2(cots +crdo)poypr — Shicol - Bhiey [*y?
~3h(c5es +caed )it — 6h(Icol*co + leol*Coct) g
—6h(Eolcr Py + coler Pe) o3 — 12hlco Ple Py2y2 | R
+[ 22 + g2 + 2cocr oy - 2hlcoPedyph - 2hley P2yt
—2h08611}18¢1 - 2hc?50¢i’¢0 - 6h(c%|c1|2 + |CQ|ZC%)17[)(2)IJD%
—6hlcolPcoc 3 - 6hcoler Perpoyy? | R
+[ oy + &1 — BhcoB oy — Bhcdey Y2y! - BhicoPEoy]
—3hlc1 Peyy3 - 6hlcolPe 2y — 6hlcy Peoypoy? | R2 (3.12)
+ 20010 + 211 — 6hc2e1y2upy — 6hdoc2po? — GhlcolPeot)
—6hlc1 Per? — 12hjco Py g2y — 12hcoler Ppoy? | IRP

+[1 - 6hlcolPy2 - 6hler P? — 6l(cozs +Eocr) oy | IRPR

— [c3yd + 3hc2er s + Bheoc?poy? + hedp3 | R2

- h(%l,l)g + hf%gb% +2hcyCy I,l)(ﬂ’bl] R3

- 3hC%¢% + 3hC%1/J% + 6hCOC1 gb()lpl] |R|2R
— [Bhcow + 3hey ] IRI* = HIRIR,

and

Fy = lcolcoy] + (31 + 2lcolPco) i1 + (c1co + 2cole1 P oyt + et [Per s
4. 15 4. 15 3232 122323 225 14

—h|col Co%—hlcll a1y —thC]L oV —hcoc1 oV —2h|co| cgC1¥gYn

~2hcoler Peipoyt = Bhicol* ey — Bheolerl* oyt — BhlecoPeoct Pyt

~3hcerPeryy] - BhicolPler Py — 6hicolPeoler Pyy3.

(3.13)
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By taking ¢ =-1,¢p = % and ¢1 = é—\/%, we have:

A A A 12A C Ara 12 A A2

ip =QoCo — |Col"Co — 7 (2CO|C1| + Cocl)
U . u W 25 A2 4 R2A3 23 2
+h—Icot*eo + o (6lcoPeoles ? + &85 + 31202203
A2|O| 0+tha |Col“Colé1|” + €765 + 3|0l “Coly

+ hﬁ (360|C1|4 + 260|C1|2c%) +Fo(co, c1,80,61;R,R),

" s aa Clnn i x4
ity =Qq 61 — 1611761 - Z(chlcolz +c1c%) (3.14)
Y

M, 4.
+hﬁ|C1| 1 +hAE

(6lexPetcol? + 2363 +31e1 213
W A lAa 2 1A A _ -
+hﬁ (301|C0|4+2C1|CO|2c%)+F1(C0,C1,C0,C1,’R,R),

iR—HLR :PCFb(CO,Cl,E(),El) +PCFR(C0/C1150151;R/R)‘

For the specific parameter valuesabove, S ¥ S x U x M x W x L o X o W

Writing ¢;’s without "hat” to make it easier, equation (3.14) becomes:

ico =Qoco — leol*co — 2coler [* = Eoc] + hlcol*co
+h (6|c0|2c0|c1 >+ E%cg + 3|c0|250c%) +h (3co|01|4 + 250|01|2c%)
+Fo(co, c1,%0,1;R,R), (3.15a)
ie1 =Qqc1 —le1ler — 2c1leol* — E1¢) + hler|*er
+h (6|c1 |2c1 |c0|2 + E%c? +3|cq Izélc%) +h (3c1 |c0|4 +2¢4 |C0|2C%)
+Fy(co,c1,80,1; R, R), (3.15b)

iR —HpR =PFj(co,c1,0,¢1) + PcFr(co, ¢1,0,21; R, R). (3.15¢)

3.2.1 Alternative coordinate

In the following, we introduce the change of coordinates:

(CO(t)/ 4| (t)/ EO(t)/ C1 (t)/R('/ t)) L (r(t)/ a(t)/ ﬁ(t)/ Q(t)/ R(-/ t))/
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defined by
co() = T(#)e'?®, (3.16)
c1(t) = (a(t) +iB())e™®, (3.17)
such that
P(x, ) = (T(E)Po + () +iB(E))pr)e . (3.18)

Substituting ansatz (3.18)) into (3.15)) yields:

(il — OT — Qoo + (ice — f — O(ar +iB) — (a +iB) Q1 )

+iR—H[R - OR = F,(T,a, ) + Fr(T,, B;R,R),

where F), Fr is determined similarly to (3.12) and (3.13) (see Appendix A for

further details). This leads to the system

I =|-2ap +4hap® +4ha® + 4hapT?|T + Error(R, R;T,a, ), (3.19a)
i =[Q - (@ + D) =T+ 0+ h(a* + ) + 212 (@? +T2) + % (60 +T2) |
+Error(R,R;T, a,B), (3.19b)
B=—[Q1—(a®+f*+T2) =27 + O+ h(a* + B*) + 2h(a?? + 3°T% + 5a°T?)
+5h*| o+ Error(R, R;T, a1, B), (3.19¢)
0 =—Qo+T%+(3a® + %) — h(B* +T* + 5a*) — 2h(B°T? + 30 B2 + 5a°T?)
+T 'Error(R,R;T, a,B), (3.19d)

iRy =(Hp — Q0)R =T "R (ro(F))R + P.Ey(T, , ) + P.Lr(T, a, B; R, R). (3.19%)
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The terms containing 6 in (3.19b) and (3.19d) can be replaced using (3.19d) to yield

I'=|-2ap +4hap® +4ha® + 4hapT?|T + Errorr(R,R;T, a, B), (3.20a)

@ =[Q — Qo +2a* — 4ha*? — 4ha* — 4ha®T?)B + Error, (R, R;T, a, B), (3.20b)

B =—[Q1 - Qo —2I% +2a% — 4ha®p? — dha* + 4hF°T? + 4T 4 (3.20c)
+Errorg (R,R;T,a,p),

0 =—Qy+T2+(3a® +p%) —h(B* +T* +5a*) — 2h(B*T? + 30> + 5a°T?)  (3.20d)
+ Errorg(R,R;T,a,B),

iRy =(Hp — Qo)R + T2 +3a® + p2 — h(p* + T* +50*) (3.20e)

—2h(B°T? +3a%p* + 5a2F2)] R+ P.Fy(T,a,B) + P.Fr(T,a,8;R,R),
with

PeFy =P [IPy5+ (2 + BA)(a+iB)yd + T(a+iB)poy? + 2T(a? + f2)yoy?
+I2(a = iB)ydyr + 2T + iB) Y1 — KPP — h(a? + pH)(a + iB)Y]
—hI3(a = iB)* gy} —h(a +iB)* gy — 2hT°(a — i)Yoy
—2hT (0 + B2)(a + i) * oy — BhT*(a + iB)ipgp1 — BhT (0 + B2)* Yot}
—3hI3(a +ip)* Y] —3hI2 (o + ) (a — iB) Y33
—6hT%(o2 + B2)(or + iB)yY2y1° — 6hT3 (a2 + BR)Y3u2 ],

(3.21)
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and

PFr =P ([2T2y2 +4Tapoypy +2(a? + fA)y? — BhT*ps — 3h(a® + p2)
—6hT%(a? + B2)yp2p% — 12hT B apdupy — 121T (a3 + ap?) oy
—121T%(a2 + B2)p2 IR + T2 + (a +i)* Y2 + 2T (e + if) ot
—2hI*yh - 2h(a? + B2)(a + iB)yt — 2hT3(a — if)Ydyn
—2hT(a +if)* oy’ — 12112 + iB)yY 2y
—6hI3 (a +iB)yop1 — 6hT (a® + B)(a +iB) o3 IR
+[To + (a = iB)yp1 = 3hT (a — if)* o3 — BhT(a + if)ypdpy — BHT 3
=3h(a? + p%)(a — ip)y; — 6hT*(a — iB)yhoyp1 — 6hL (a? + B2 Yoy} IR?
+[2T o +2(a +ip)yy — 6hT* (= iB)Y2ip1 — 6hT (a +if)*Poy)?
~6hT3y3 — 6h(a? + B2)(a +iB)y3 — 12hT2(a +iB)y2yn

(3.22)

~12hT(a” + B2 Yoy 71IRP

+[1 - 6hI2Y3 — 6h(a? + B2)y3 — 12T a1 IRPPR

—[HT33 + 3T (v + iB) Y31 + 3hT (a + iB)* P2 + h(ax +iB)> P3| R?
—[HT23 + h(a — iB)*2 + 2hT (o — iB) o1 IR

—[3hT23 + 3h(ar +iB)*p2 + 6hL (a + if)ipoy1 ]IRIPR

~[3HT1po + 3h(r + i)y IR — HR[R).

3.3 Symmetry breaking bifurcations

Neglecting the R terms, the relevant equations from system (3.20) to study symme-

try breaking bifurcations are

i = (Q) — Qg +20% - 4ha®f? — 4ho* - 4ha’T?) B,
B =—(Q1 - Qo +20% - 212 — 4ha (B + a?) + 4hT2 (B2 +T2) ) a, (3.23)

I' = (—2ap +4hap’ + 4ha’B + 4hapT?)T.
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One can verify that

N=T2+a%+p?, (3.24)

and system (3.23) has a Hamiltonian

H =Ql2+0q(a?+pY) -1 - L(a? +p2)2 - 2I%(a? + %) - T2(a? - ?)
+1h (F6 +ab+ ﬁ6) +3hT2(a2 + B2)% + ha*(B* + 5T4) + hp?(a* +T) (3.25)

+2hT2(a* - gh).

We obtain a closed system for (a, ) using that N is conserved. Then, we may

reduce the system to:

& = (AQ+2a% - 4hNa?)p,

(3.26)
f=-(AQ-@2-4hN)(N 207 - %)),
where AQ = )1 — )y, and the Hamiltonian becomes
H =[5(a?+p%)+a%(1-20N)(@?+p2-N)|. (3.27)
In this case, we have
a
|=JVH, (3.28)
p
where
0 1
] =
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3.3.1 Bifurcation of equilibria for (3.23) and Symmetry Breaking

in NLS/GP

Next, we look for standing wave solutions. Consider again (3.19). Let us transform

the system to a rotating frame by setting

o(t) = O(t) — Q, (3.29)
and obtain
d = [01 —Q+Ot) — (2 +p2) -T2+ h(a* + B +T4) + 212 (2 + a?) (3.30a)
+6hI%a?| B,
p=—[Q1-Q+6(t) - (@ +p%) - 3T+ ha* + p* +5T*) (3.30b)

+2h(o*B? +3T2B% + 5T%%) | a,

I'=-[20p—4hap(p® +o* +T?)]T, (3.300)

O =Q—Qy+T2+3a + p - h(B* +T* + 5at) — 2h(B*T? + 3a?B% +5a°T2).  (3.30d)
The states we seek are equilibria in this rotating frame. Thus, we obtain

[ Q1 - Q— (2 + D) -T2+ h(a? + B +T4) + 21> (12 + a?) + 6hT 20> ] B=0, (3.31a)

| 21— Q- (@?+p%) 302+ h(a* + * +5T*) + 2h(a?f? + 3727 + 51%a?) |a = 0,
(3.31b)

|20 - 4hap(B? +a? +TA)|T =0, (3.310)

Q- Qo +T%+3a%+ B2 —h(p* +T*+5a*) — 2n(B°T? + 30> +5a°T?) =0,  (3.31d)
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whose solutions we consider on the level set
I?+a?+p>=N. (3.32)

Set p = 0. Then, Eq. (3.31c) is satisfied and (3.31b)-(3.31d)) become:

| Q1 - Qg +2(a? -T?) +4h(T* - *) |a =0, (3.33)

Q- Qo +TI?+3a% —h([* +5a*) — 10ha’T?) = 0. (3.34)

3.3.1.1 Symmetric states

Taking a = 0, we obtain from (3.34)

2= %(1 + VAQK—4Qh +1). (3.35)

The symmetric solution existing for i = 0 corresponds to the minus sign, from

which we can say that for N > 0:

I.=NZ= \/1— VI+4n(Q—-Qg)/ V2h, a. =B. =0, Q. = Qy—N(1—hN). (3.36)

Solution (3.35) with the plus sign becomes singular in the limit 7 — 0. We will
study the latter one here only numerically. Clearly the two types of solutions
merge at a turning point

1

Q=02 (3.37)

3.3.1.2 Symmetry broken states

Symmetry breaking occurs in the system when some control parameter crosses its

critical value. A second bifurcating family can be found as follows.
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Consider a # 0. Then one will obtain a polynomial of order 4 for either a or T,
which leads to long expressions. Therefore, instead we will solve it asymptotically.

The asymptotic solution existing for 1 = 0 is

1 202 - 400 + Q2 + 200y — Q2
a=-+420BQ)-Q -2Q)+ h+..., (3.38a)
4 44/2(3Q — Qg —2Q))

2002 - 400 — Q(Z) +2000 + Q%
44/2(30 —Qp—2Q)

=
+

(3.38b)

r= % V2(3Q; - Qg —2Q) +

From a and I" above we can obtain N as
1 1
N = Z(QO+Q1 —2Q)+§(Q—Q1)(Q—Q0)h+....
We also obtain a (singular when /1 — 0) asymmetric state as

B=—+ (=22 =y + Q) Vh+ O(h), (3.39a)
2vh

2002 - 400, - Q2 +20,0; + Q2
r:%\/z(ml—go—zg)ju L0 !

Lhvo??).  (3.39b)
44/2(30 —Qp—2Q)

As we will see from the computational results later that in total there are
generally three asymmetric solutions, including the regular and the singular
states (3.38)) and (3.39), that are connected to each other through turning point

bifurcations.

3.3.2 Stability of equilibria; finite dimensional analysis

We consider the stability of the regular solution branches existing for 1 = 0 obtained

in the previous section. We rewrite the system (3.30), using the last equation to
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eliminate —Q + © from the equations for a and . Thus we have

=[O - Qp+20% —4ha? (B2 +a? +T2) | B,

ﬁ. __ [ Q- Qp+ 202 — 212 _4ha2(ﬁ2 + az) +4hrz(ﬁ2 + FZ) ]a’ (3.40)
f=— [ 2ap —dhap(a? + > +T2) ]17

O =Q-Qy+T?%+3a% +p2 —h(p* +T* +5a*) — 2h(B°T? + 302 + 5a°T2).

Note that in these coordinates the equations for a, p and I decouple from the
equation for ©.
We now start on detailed linear stability analysis of these states.

Linearization about an arbitrary equilibrium solution

(a(t), p(1), T'(2), O(F))

gives the linearized perturbation equation

— oa H _ B11 B Bz 0 Il oa _
5 op _ By1 By Bz 0 || 6B
0A B31 B3z Bzz 0 [| 0A
o0 Byt By Byz O | o0
i . -
= B(t) o , (3.41)
0A
o0
where

Bi1 = 4af — 8hap(f> +2a% +1?),
Bip = Q1 — Qo +2a% — 4ha®(3p% + o +T?), B3 = —8ha’fT,

Bo1 = Qo —Q — 60 + 212 + 12ha®(B* + 30%) — 4hT2(B2 +T?2), By, = 8hap(a® —T?),
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Bys = 4al — 8haT' (8% +21'2), B3y = —2BT + 4hpT (3a? + > +T2),
B3, = —2aTl +4haT(a? + 3B% +T?), Baz = —2af + 4hap(a® + p2 + 3?),
By1 = 6a —12ha(B? + 3%+ 3I2),Byy = 28— 4hB(> + 2 + 3a?),
By = 2T — 4hT (T2 + % + 3a?).
Since the evolution of «, f and A decouple from that for ®, we consider the

behavior of the reduced system

o o B11 B12 Bl3 o
Iy (Sﬁ :B(t) (3,3 =| By1 By Boys (55 . (3.42)
0A 0A Bs1 B3y Bsz [| 0A

3.3.2.1 Linearized dynamics about the symmetric equilibrium state

For the symmetric equilibrium, as displayed in (3.36), we have

@6, A%,0%(8)) = (0,0,NZ,(N — Qg — IN?)t). (3.43)

Note that N =% = (1 - y/1+4h(Q— Qy)).

Hence,
0 - 0 0
Qo —Qq +2N —4hN? 0 0 0
B=B_=
0 0 0 0
0 0  2NZ—4hN3 0

For the reduced system, we have

0 0-Qp 0
B- =] 30y -0y —2Q-2h(Q - Q)% +32h2(Q - Qp)? 0 0| (344

0 0 0
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whose eigenvalues are as follows:

(Q—00)*(Qo— Q1) h
Q1 =300 +20)(Qo - )
(Q-Q0)*(Qo—)
V(1 =300 +2Q)(Q — )

Ao=0, Ay = V(Q1-3Q0+2Q)(Qo— ) +

A= —(Q1 —3Q) +2Q)(Qp - Q) — h.

As (Qp—0q) <0, theniif (QQ; =30 +2Q2) <0, our point is unstable and conversely

if (€ —3Qp +2Q) > 0 then our system is stable elliptic point.

3.3.2.2 Linearized dynamics about asymmetric equilibrium states

For the (regular, existing when / = 0) asymmetric equilibrium, we have up to order

Oh3/?)
“ 0 Nt — 20%-400 -Q2 4200 -2
4.87,AY, = (120300 - —2Q) + e h,
1 — 202400 -02+2000 -2
0,7 v2(BQ— Q1 —2Q) + Y Temeoree) h,
15 (O + 1Oy + \BH2(Qg — 0)2 +1+1)).
Hence,

0 B,(12 0 0

B.21) 0  B.(23)

)

B+:
0 B3 0 0

| B.(41) 0 B.(43) 0



3.3 Symmetry breaking bifurcations 77

where
B.(12) = Q;—Qq+2a?—4ha*(a*+T?)

B.(21) = Qp—Qq+2I%—6a?+4h(5a* -T%)
B.(23) = 4al —16hal®
B.(32) = —2aT +4hal(a?+T7?)

B.(41) = 6a—20ha(a®+T7?)

B, (43) 2T — 4hT(I'? + 5a2)

In this case, we substitute (3.45) into the expression for B in (3.42) and obtain:

0 Bpp O
B+ = 321 0 Bzg . (3-45)
0 Byp O

where
Bio = 301-3Q0-3Q—(Qo—)%h,

By = 301-3Q0+Q—3(Qo—)%h,

By = 1(Q1+2Q-30Q0)(Qo—3Q1 +2Q) +O(h),

By = —1(Q1+2Q-30Q0)(Q)—3Q; +20Q)+O0(h).

The eigenvalues of B are:

Ao = 0,

Av = 34/-2Q-30Q0+Q1)(2Q—30Q; + Q)
(Qo—1)(2Q2-300-Q0; —O2+50 2 —20Q?)
44/-2Q-3Q0+0Q1)(2Q-30Q; +Q)
Ao = —34/-(2Q-3Q0 + Q1)(2Q - 3Q; +Qy)
3 (Q0—01)(20Q%-300) -0 -3 +502 Q1 -202) :
44/-(20-30Q0+01)(2Q-3Q; +Qy) )

4

Therefore, the bifurcating asymmetric states are stable elliptic points.
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3.4 Dynamics near the symmetry breaking bifurca-
tion point

In this section, we are shifting to polar coordinate, to see dynamics near the
bifurcation point. Let us set ¢y = r0e'% and ¢ = 1'% and substituted into (3.15)

this leads to the following system of ODE’s are (but we neglect R):

fo = Torp 25in(2A6) + hrorl sin(2A0) — Zhr()r1 sin(2A0) + 3hr0r1 sin(2604)

s}

—r0r1 sin(2A0) — hrorl sin(2A0) + 2hr0r1 sin(2A0) + 3hr0r1 sin(26))
and

(AO) = Q5 —Qq+(r5—1])(1+cos(2A0)) — (4hr] — 4hrg)(4 + 4 cos(2A0))

+3hr3ri(cos(20p) — cos(201)), (3.46)

where AO = 0p — 0. Given the system above, we can say that the bifurcation of

stability occurs at

1
32h

Nerit = == (1= v/321(Q — Q1) +1). (3.47)

Since we are interested in the behavior quite near the bifurcation point, let we

define
ro = VNe+eo,
rn = €,
N = Ngi+n,
where

n= e% +e"1Z + 2 4/N €.
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Then, we have

€ = 2he§(\/Ncr+eo)sin(2Ae)+he-’1’-(\/Ncr+eo)3 (3sin(26;) —sin(2A0))

+e% ( VN + eo) sin(2A0),

e = —2he; (VNG +ey) sin(2A0)+hed( VNG +ep) (3sin(26p) +sin(2A6))
—€1 ( VN + 60)2 sin(2A0),

and
(AB) = Qp—0Q+ (e§ ~(VNo+ eo)z)(l +cos(2A6))

+2h ((—:‘1L - ( VN, + 60)4)
+2h ((—:‘1L - ( VN + 60)4)COS(2A9)

+3he? ( VN + 60)2 (cos(2A0)).

Looking at the phase equation, we have

(AO) = Qo—Qq—n+2e7— N +2he] —2hN7,
—8h \[NZ,€0 — 12hN €5 — 8h VN € — 2he
+ (3h€%N o+ 6h€% VN €9+ 3h€%€%) (cos(2A0))
- (Sh NS o + 8 VNG€d + 2het — 2het + 121N €2 +2hN?,

+n— 26% — Ncr) cos(2A0).

However, we would also like to see analytically that such things exist for long

times. As a first approximation of this, let us take the ansatz

(1) = @00 (NG, +eo(B)) o + e Oeg () +R(x, 1), (3.48)
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and plug it into equation3.1and let —A +V = H, so we have

(idr—H)R = [eieo( VNG +€0) (B0 + wo) — ie'Pégipo + €11 (61 + w1)
—ie'%1é111 — (N, + €0)3¢g - eiele%gb?
—e'90( VN, + €0)e2 o3 (2 + 220
~e01 (VNG + €0 eripiipn (2 +e72A9) + he® (VNG +e0)° ¢
+ hel® e?yb? + he'% (/N +¢€9)? e%¢8¢%(6 +¢2i(A0))
+he'%1 (VNg + o) eSS (6 + e2i(A0)y
+3he'%1 (VNer + €0) paerl +2he'® (VN + eo)e‘l"gboﬂf(% + %(A0)y
+3he'%1 (/N + eo)ze? QDSIP?E_Zi(AQ)
+3he'% (/N + 60)3€%¢8¢%€_2im9)
+2he’% (VNer +€0)*e1 5 eZi(Ae)]
-2 [( VN +€0)21P3 + 2( VN + €g)e1popy cos(Bg — 01) + e
—3h(( VNG +e€0) it + dpt) — 6h( VNG, + €0)2y2edy?
=31 AN (VN + o)1y (1 +e72A9)
—3heAO)(VN,, + e())e?gbgl,b:i3 (14 ¢~ 2(A0))
—3he? A0 (N, +€0)? 39293 (1 + e‘4i(A9))] R
00 | (VN +e0) e 40 +edyde™? +2(VNGr +eoJeryoy
—6h( VNer +€0)?€2932e A9 — 6h( VN, + €9)’e1pin
—6h(VNer +€9)? €32 p2e A0 —2p (( VNer +€0) 5 + e‘flp‘ll)e_i(w)
—2h(VNer +€0)ed P33 +¢72(A9)
—2h(VN +¢€p)’er ¢8¢1€—2i(A6)] R
- [e_ieo( VN +€0)go +e %1€y = 3he P (VN +€0)° Y
—3he™ 0133 — 3he %0 (Ney + €0)edipoip2(2 + 7 2(A9))
—3he™01( /N, +€9)2€1 gb%lpl 2+ eZi(AG))] R?

+ [he3i60( VN, + 60)31,1)8 + hedi0 ei’gbi’
(3.49)
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+3he™ 100 (/N + eo)e%gbogb%e%(elw())

+3he™01( /N +€0)?€; ¢%¢1€2i(91+60)] R?

+ [he‘ZiQO( VN, + eo)ng% +2he 0100 (VN + €0)e1 1o + 7201 he%t#ﬂ R3
— [Zeieo( VN +€0) o +2¢%1€11;

~61el%1 (VNG +eo)2erygipn (2 +e2(0=00)

—6he'% (/N + eo)e%gboyb%Q + %80y _ ghei% (/N + 60)31;1(3) — 6hel%1 e%gb?] IRJ?
—[1- 61 (VN +e0)?y2 +€2y?)

—~6he @00 (VNG +eo)prerpo(1 +eXAN)| [RPR

+ [3h€2i60( VN + eo)ngg + 3he?i0 e%yb%

+6he OO0 (N, +eo)poer s | IRPR

+ [3h (6160( VNg + 60)1#0 + eielelybl)] |R|4

+h|R[*R.

Then, using the ODE’s, we have

(i0—H)R = Pc|-ie%ép; — (VNG +€)’y] — e edy?
—e'% (N, + €9)edpoip?(2 + e2(20)
—e01( /N, +€0)2e1 yb(z)l,bl(Z +¢721(80)) 4 pei% (/N + 60)5¢8
+helt e?tp? + he'% (N, +eo)® e%t,bgvﬁ% +¢2i(A0))
+he'%1 (VN +€0) €3 Pay3 (6 +¢2(A9)
+3he'%1 (/N + 60)41Pé€1 1+ 2he'%(Ng + eo)e‘llgbolp‘ll(% + ¢%i(A0))
+3he'%1 (VNer + €0) €13 ybi’e‘Zi(Ae) +3he'% (VN +€0)* €3] p2em2(A0)
+2he'%1 (\/Ng, +€9) e qlgtpleZi(AG)]
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-2 [( VNg + 60)2¢% +2(VN¢r +€0)er Yoy cos(Bp—61) + %e%
~3h((VNer +eo)*9ig +efy}) - (VNG +eo)piely?
—3he A0 (N, +€0)’e1 1/}81701(1 +¢2i(A0))
—3he' A0 (/N + e0)es oy (1+ ¢ 2i(A0)y
—3he?(A0)(Ng + o)’ eTPiPA(1+ e‘4i(A9))] R
—¢l(01+00) [( VN + eo)zl,b%e‘ime) + G%I,D%EiAG +2(VNer + €0)e1Poun
—6h(VNer + €0)?€2y2 2" A9 — 6h(VNey + €0)’e1ydh
—6h( VN +€0)?eqyate A0 — 21 (( VNer +€0)* gy + e‘lltﬁ) ¢~i(A0)
—2h(VNg + eo)e%gbogb? (3472 _2n( /N, +€0)’er gbggble‘Zi(Ae)] R
- [e_ieo( VNer +e0)ipo +e 1€y —3he 90 (VN +€0)* 3
—3he™ 0133 — 3he %0 (N + €0)ed P2 (2 + e 2(A9))
—3he™01( /N, +€0)2€1 gb%lpl 2+ eZi(AG))] R?
+ [he3i90( VN, + 60)3¢8 + he3i0 e:fgbi’ +3he 9 (/N + €0)€%¢0¢%€2i(91+90)
+3he™01( /N +€9)?€; ¢%¢1€2i(91+60)] R?
+ [he‘ZiGO( VN, + eo)zlpg +2he {0100 (\/N, + €0)e1 1o + 201 he%ybﬂ R3
- [2€i90( VNG +€0)o +2¢ %1 €19y
~61e'%1(VNer + €)1y (2 +eX(00~0)
—6he'% (/N + eo)e%gboyb%(Z + 280y _ ghei% (/N + 60)31[}8 — 6hel? e?tp?] IR]?
—[1-6h(( VN +e0)?y2 +€2y?)
—~6he @00 (VNG +eo)prerpo(1 +eXAN)| [RPR
+ [BheZiQO( VN, + eo)ng% + 3he?it e%yb%
+6he 0OV (\N, + €0)¢0€1¢1] IR’R
+ [3h <€i60( VN + 6())1P() + Eielellpl)] |R|4
+h|R*R
= (D)+UIDR+IIDR+(IV)R?+ (V)R? + (VI)R3 + (VID)|R? + (VIID)|R[*R

+(IX)IRPR + (X)|R[* = hIR|*R.
(3.50)
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Notice that P.(I) = (I). Hence, in order to increase the existence time for the
observed orbits, it seems natural to attempt to include a term in the ansatz to
account for the linear behavior of such an operator. Specifically, we would like to

to slightly alther our ansatz to include a term R such that

(ids — H)R = (I).

In this case, it is particularly challenging as (I) is a function of x and ¢, meaning we
must do a perturbative argument in order to pull out the leading order behavior
of this term. Another possibility is to couple the ODE’s to a term in the continuous
spectrum, say R, which would add a term very similar to the above 7 equation.
However, we would only see the observed Hamiltonian dynamics if R was small
in relation to the leading order parameters. The leading order equation for R is
precisely

(ids — H)R = (I).

Hence, in order to do a perturbative argument about the finite dimensial dynamics
on the system of ODE’s couple to the continuous spectrum, we would need to do
it on a time scale for which R is small relative to the dynamical parameters.

Now, assuming we have an asymptotic parameter, say 6 such that

60/€1INC1’/n < 6/

we see

I =~ 0@,

(D) =~ O©®Y),
() =~ O,
(V) ~ O3,
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V) =~ 0©®),
V) =~ 0@,
vi) ~ 0@,
(VIII) = O(5?),
(IX) =~ 0@,
X) = O0©).

3.5 Perturbative analysis for cubic-quintic nonlinear-
ity

In this section, we will linearize the solution about the finite dimensional ODE

solutions above. To begin, we look at solutions of the form n > 0, g, €1, AO small. In

this case, linearising about the localised solution shows that the essential frequency

of oscillation is the form
T

2(N2 =N - nz)%

Hence, it is on the time scale of multiple oscillations and we hope to control the
difference between the observed finite dimensional periodic solutions and the full
solution to the PDE. Consider again (3.15), where here we denote F, and G are
P.Fy(co,c1,80,¢1) and P.Fr(co,c1,€0,¢1; R, R) respectively.

Let co, c1 be the periodic solutions to the finite dimensional system above,
which is obtained by taking Fy = F1 = 0. Now, we wish to linearize about an infinite

dimensional solution, namely po, p1, and R. In other words, we further refine our
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ansatz again such that

where

or

co(t) = po(t) +10(t), (3.51a)
c1(t) = p1(8) +m(t), (3.51b)
R(x,t) = R(x,t) + W(x, 1), (3.51¢)

iRi’ _HLR +FJ.(PO:P1/pO/ﬁ1) = 0/

t
R = —lf elHL(t_S)PCFJ_(pO/ P1, ﬁOI ﬁl)ds
0

t
= —lf eiHL(t_S)FJ_(PO;Plzfjo/fjl)ds-
0

If we plug equations (3.51)) into equation (3.15), we obtain

Z'170

i

Qoo + Qo + 2lpol*no + pZio + 370 +2pop1m1 + 2lp1 P10 +2pop1 1 +2p0p1m

2h (lpolngﬁo + papril + Popii + |P1|2P%770) - 3h(|,00|4170 + p5P1M0 + PopTMo + |,01|4170)
6h(Ipol2poprm +1polp?7i0 + Ip1PA1pon + 1 Pp1pofis + p1 Pp1pon:

Ipolpoprns +lpoPpopris +1p12p2ii0) — 12hlpolPlp 2o

Fo (Po +10,p1+ 1M1, Po + lo, pr + ;R + W, R+ W) +h.o.t,

Qi+ Q1+ 2lp1lPn1 + pT7 + pgin +2p1p0m0 + 2lpol*n1 +2p1poflo +2p1 P00
2h(p3priio +1polp2is + pop3iio + Ip1 P31 ) — 3k (Ipol*n1 + p2p3m + P22 + lpal*m)
6h (|PO|2P%771 +1p11*p1pomo +1p11* 31 + Ipol*Popimo + pol* pop1 o

Ipol2poprno +1p1p1pono +p1p1pofio) — 12klpolPlp1 Pm

F (po +10, p1 + 1M1, Po+ flo, 1 +71; R+ W, R + VV) +h.o.t.,
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iWe — HLW+FL(po+10,p1+m,po0+70,p1+71)—F1(po, p1,P0,P1)
= G(P0+770,101+171,ﬁo+170,ﬁ1+171;f2+1/\/,1:2+W),

where Fy, F1, G have higher order dependence on R+ W.
Now, let us define again o

710
Mo

=
Il

m

Then, we obtain

i A(t)ﬁ+F(17;R+W,I:{+W),
iWy — HLW+F(po+n0,p1+m,p0+10,p1+71)—Fi(po,p1,P0,01)

= G(po+n0,pr+m,Po+ o, pr+ TR+ WR+W),

where

IF1 (po+ 10, p1+m1, Po +io, p1 + 1) — F1 (po, p1, Po, pr)| = O(3).

This system must then be analyzed. There are dispersive estimates for the
infinite dimensional part of the system, but we need to understand the estimates on
the linear part of the finite dimensional piece. In particular, we must understand

the system

i = A(®)if+ £(t)

using Floquet theory, where A(t) is given by a matrix as follow:
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where

Aq1 =2|pol? +2|p1> = Qo - 3h (|p0|4 +p5p]+PapT+ |p1|4) —12h|polPlp11?,
A1z = py+ p} =16k (lpolp5 + lp1Pp7) = 61 (IpolpF +1p1p3),

A1z =2(pop1+ pop1) — 6h(|P0|2ﬁ0P1 +Ip1p1po +lp1lPp1po + |F’0|2F’0p1)’
A1 =2pop1 —2h (pgﬁl + ﬁop‘;’) —6h (|Pl|2P1PO + |,00|Zpopl)/

A1 == = 7 + 20 (Ipol* 0 + |1 Pp3) + 6k (IpoP* 07 + lpa P 5)

Az = =2lpoP = 2lp1? + Qo + 31 (lpol* + pp3 + p3p% + lpal) + 12hlpoPlp 2,
A = —=2pop1 +2h (pgpl + popi’) +6h(|p1|2p1p0 + |P0|2popl>/

Aga = =2(pop1 + pop1) + 61 (IpolPpopr + Ip1 2 p1po +1p1Pp1p0 + Ipolpopr ),
A1 =2(p1po+ p1p0) - 61 (1112100 + Ipol2popr +1polPpop + p1 Pp1po),
Asz = 2p0p1 =20 (31 +pop3) = 61 (IpoPpops + 1 po),

Az =2|pol* +2|p1[> - Q1 - 3h (|PO|4 + PP+ PgP; + |p1|4) —12HlpoPlpsl?,
Asy = p3+p5 =2k (IpoP o} + o1 p3) — 61 (1poPp3 + 1p1Pp3),

Ag = —2pop1 +2h (pgpl + popi’) +6h(|Po|2Poﬁ1 + Ipllzplpo),

Agp = =2(p1po+ prpo) + 6l (112 p1p0 + IpoPpop +pol*pop1 +1p1p1po).
Agz = =p? = p2+2h(IpoPp2 + Ip1Pp2) + 6k (lpol2p? + |p12p2),  and

Ags = =2lpol* 2|1+ 1 +3h (lpol* + p5p3 + P37 +1p1l*) + 120lpoPlpa -

Analysis of the phase diagram shows that the finite dimensional ODE system

is nonlinearly stable. By linearizing about the radially symmetric ODE’s, it is clear

that the system is also linearly stable, hence A is a purely oscillatory matrix.
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Now, we proceed to make the necessary asymptotic assumptions. From Sec.

above, we have

2 2
lpol= +1p1l" = Ney +1,

and for our analysis, we assume
O<n<N,=n*"«1,

for some a < 1 to be chosen later. Now, as n > 0, we are assuming po and p; to be
such that they are close to the equilibrium point as shown in the ODE analysis

above. As a result, we have
a 1
lpol ® n2, |p1| = n2.

As a result, we would like the error terms to be of size nf for > 1. Also, we have

the period T approximated by

Tt Tt

~

a+l *
2

Hence, we wish to prove the remainder terms are small on a time period n~” where
y>a.

To this end, let us first analyze the term R. Our analysis will both show the
necessary bounds on R and give us a natural time interval I on which to run our

contraction argument for existence. Based on the expansion in the ansatz, we have:

Fi(p) = P [|P0|2P01P(3) +(p5p1 + 2lpol*p1) Y51 + (p7p0 +2p0lp1P) ot + o113
—hlpol*poy5 — Hlp1*p1S — h(6lpoPpolp1? + p3p2) w32 — 1 (6lpollp1Ppy
+hppr ) Vg —2pr P p3 oot = 2hlpoPp5prygs —3h (ol prvgin
~polp1l“ort — p2lo1 P13y - Ipolpop?yu?) -
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The term of largest order in this expansion is |p0|4pogb8. The bounds on the

remaining terms will follow similarly, so we look at

t
f eMLEIP (AN +€0)°e PO ySds,

0

where we have expanded in radial coordinates. Hence, we must bound a term of

the form

t
( ‘/Ncr)Sf ezHL(t—s)ezHO(s)pC¢gdS — n%“f elHL(t_s)€160(S)Pc¢gds.

t
0 0
In particular, we would like

sn

~ 4

t
S5a i _q)
5 f ezHL(t S)eIGO(S)PCybgdS
0 [
tx

for t € I to be determined later. From above, we know

0o = Qo— (VN +e€0)* —2e] —€7c05(2A0) + (VN + €p)*
+h(VNer + €0)%€2(4c0s(2A0) + 6) + he (3 +2c05(2A0))

From 0y, we need the leading order constant term from the derivative. We have
the leading order constant terms from the derivative is Qy— N, + N2,

We write

t
0

t
n%ﬂ iHLE f e—iHLs+iQos—iNcrs+ihN§,sei60(s)—iQ05+iNcrs—ihN§,sPCl/}(S)ds:
0

e—i(HL—QO+Ncr—hNC2r)s

t
0% iHLt f £100(9)=iQ0s+iNers—ihNZ s d
0

Pb2ds,
ds —i(Hy, — Qo+ Ney — IN2) Vo

where the resolvent (H — Qg+ N¢ — hNg,,)_1 is well-defined operator in H Lon Pclpg.

We can see this explanation in Appendix C in [48], also see reference [95] for the
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details. Using the estimates from that appendix and integrations by part, we have

Sar

t
> ezHLtf e_lHLSHQOS_ZN”SeZQO(S)_ZQOS+ZNC’SPC¢8dS
0

Sa - sa | -
n? |(H- Qo+ Ne —8hN2) Py +n2 [eFL(H - Qg + N —hNZ) 1Py

A

t
+n%0(7l) f ||31HLS(HL — Qo+ N¢— hN?r)_lpCl’l)g”Lm ds
0

S5a _ Sa 1 4 _
< 1 ||[(H = Qo+ Ney TP o +1m% || (H — Qo + Ner — IN2) 1P| 1
t
+n%O(n) f |5 (H = Qg + Nep = hNZ) ' Petp || 1 ds
0
< n57a+n5Ta+n57aO(n)t.

By selecting a > %, we ensure that all terms resulting from integration by parts are

bounded by 7 for all t and t2n% <1, which implies that t < 7n7°%. Hence, we may
allow t € I, where I c [0,n72]. For reasons that will be become clear in below, let us
set] = [O,n"HTa_€ ], where € > 0 will be chosen small enough in the sequel and for

simplicity, we set y = “T“ In other words, a time period allowing one to observe

n~¢ oscillations of the finite dimensional system. Note, on this time scale, we have

for any 0 < 6 < 69, where 0g is determined by a.
Now that we have bounds of R, we can proceed with the contraction argument

on nnand W. To begin, let us assume
5 1+6
Il < n*, IWIllpeopy S 77772,

for all t € I where 62 > 61 > € > 0 will be chosen later. Note, by Sobolev embeddings,

we have

Wil <m0,
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Then, we must control terms of the form

i) = [ AE-9)foln) +g1OR, x1)+g2(NR2, x2) + g3@(R, x3) +(IRI*R, Po)]ds
= I+II+I1I+IV+YV,
where
fo = o),
g1 = O,
g2 = O,
g = O(a?),
g = 0(d),

and x1, X2, x3 € S.

Using the bounds on 7, Rand W, plus the fact that [|A|| <1, we have

|I| < n4a+461t < na+61’
Il < nlto2p <« pator,

Il < n?*202t < no+d1,
V| < n3+302t na+61,

|V| < n5+562t<< na+61’

~

for all t € [ where a < b implies a < nPb where > 0 and we have implicitly assumed
07 —€ > 61. Hence, the contraction argument works on the 1 equations.

For the W equation, we must bound terms of the form

P
[y HEIP(F L@ — FL(P)x1 + GL@x2R + Ga(O)x3R? + Ga(A)xaR> +R[*R]ds
=I+II+1I+IV+YV,
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where
Fi(@-F.(p) = O),
G = O(dY),
Ga = O(cP),
Gs = O(cP),
Gy = 0(ld),

and x1, X2, X3, X4 € S, which is the Schwartz space.
Before we continue, using the theory of Strichartz estimates on linear dispersive

operators, we have the following useful relation

t
HL ezHL(t—s)Pcf

where (,§) is a dual Strichartz pair. In one dimension, it is useful to note we may

s |lF@ b, oy
L*HL £

take p = % and § = 1. Then, we proceed similarly to above to see

3
n20{+61 t4 < n1+62’

A

Il Loo g1
I < o3 |Wilpep < nl*o2,
|I11| < n20+2+2024 o n1+62’

VI < 0330243 W]l e < n1*2,

|V| n5a+5+562 < n1+62.

A

assuming « close enough to 1. Hence, the contraction argument holds on W and
we have existence of a unique solution (n, W) for all t € .

This concludes our main result that for any sufficiently small amplitude periodic
solution about an equilibrium state of the finite dimensional reduction, there is a
solution of the PDE (NLS/GP), whose projection into the finite dimensional phase

space, shadows this finite dimension orbit on very long time scales.
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3.6 Numerical computations: stationary solutions

0
-0.65 -0.6 -0.55 -0.5 -0.45 -0.4

Figure 3.1. The stationary solution branches for & = 1. The analytical predictions are
denoted with the blue (thin) line while the numerically determined solutions are denoted
with the black (thick) line that is solid when it is stable and dashed otherwise.

We turn to the examination of our analysis against numerical computations of
the NLS/GP equation. We focus here on stationary solutions as the dynamics of
the case considered herein has been simulated elsewhere [69, 80] (see also, e.g.,
[86,186] and references therein).

In our calculations, the stationary solutions are obtained by using a fixed-point
Newton-Raphson iteration for a finite difference discretization of the relevant
boundary value problem (3.5), with a choice of the grid spacing of Ax = 0.1 and
employing a pseudo-arclength continuation of the solutions with respect to the

bifurcation parameter Q.
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Figure 3.2. Corresponding solutions of the bifurcation diagram in Fig.[3.1|for the same
power at N = 3 and their spectrum in the complex plane.
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The linear stability is analyzed by considering the standard linearization around

the stationary solutions 1) in the form
Y(x,t) = (@ +e(a(x)e + b*(x)em)) e,
This yields the eigenvalue problem

Ll L2 a a
= i) , (3.52)

Ly -L; || b b

where the operators are defined as
L1 = =0xy + V = Q+2g0% + 3h*, Lo = gib? + 2hi*.

Because for our Hamiltonian system when A is an eigenvalue, so are —A, A* and
—A\*, instability of ¢ is guaranteed by the existence of any eigenvalues A of the
linearized operator with R(A) # 0.

We present in Fig. the bifurcation diagram of our ground state that is
symmetric as a function of Q. It bifurcates from () as a marginally stable solution.
As Q) decreases and the power increases, there is a critical value where the state
becomes unstable. When () decreases further, there is a turning point where our
symmetric state regains its stability. We plot the corresponding solution for N =3
(i.e., past the turning point) in Fig.[3.2(a) and its spectrum in the complex plane
in Fig.[3.2(b), obtained from solving the eigenvalue problem (3.52), showing its
stability.

The point of stability change near () is the symmetry breaking bifurcation. A
stable asymmetric state emanates from the point. The corresponding branch is
also depicted in Fig. As we follow the branch, there are two turning points.

In Fig. [3.2c-f) we plot two asymmetric states for the same power N = 3 and their
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corresponding spectrum. The figure shows that for high enough power, the system
prefers states where almost all of it is concetrated in one of the wells only.

In Fig. we also plot the equilibria of the finite dimensional reduction. It is
clear that in accordance with the theory, the coupled mode approximation captures
the full system very well near the bifurcation point g. For relatively large N, the
approximation deviates rather rapidly. For this reason, our shadowing result is
only applicable for solutions along the lower symmetric and asymmetric branches.
To obtain a better comparison between numerical results and the approximations,
especially for the asymetric states, one needs to ‘force’ the system to admit them at

low powers, which can be achieved by considering a higher value of /.

15¢

0.5

O I I I
-0.48 -0.46 -0.44 -0.42 -0.4

Figure 3.3. The same as Fig. but for for h = 5.

We compute the bifurcation diagram of the symmetric and asymmetric states
for h =5 and plot the results in Fig. As we expected, in this case our finite
dimensional reduction provides a better approximation. In addition to the lower
branches, in this case we can also show that the shadowing result applies to the
asymmetric states in their entire existence region. The challange in here is that the

solutions may not be representable conveniently in closed expressions.



Chapter 4

Justification of the discrete nonlinear
Schrodinger equation from a
parametrically driven damped
nonlinear Klein-Gordon equation

and numerical comparisons

4.1 Introduction
We consider the following parametrically driven discrete Klein-Gordon (dKG)
equation with damping

u]-:—uj—5u?+52Auj—auj+Hc0s(2Qt)uj, (4.1)

where u; = uj(t) is a real-valued wave function at site j, the overdot denotes the
time derivative and &2 represents the coupling constant between two adjacent

sites, with Auj = uj1 —2u;j+u;1 being the one dimensional discrete Laplacian.

97
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The positive parameters a and H denote the damping coefficient and the strength
of the parametric drive, respectively. The real constant £ is the nonlinearity
coefficient and () is the driving frequency. The governing equation is relevant
to the experimental study of localised structures in coupled pendula [25| 27] and
micromechanical arrays [18].

To analyse the equation, one usually uses a multiple scale expansion and the
rotating wave approximation under the assumption of small wave amplitudes, that
lead to a damped, parametrically driven discrete nonlinear Schrodinger (ANLS)
equation [28, 163,72, 79]. Using the scaling a = 24, H=2¢%h,Q=1+¢%2A/2,and a
slow time variable T = £2t/2, we consider a (2 : 1) parametric resonance and define

a slowly varying approximation to the solutions of the dKG lattice equation (4.1)
o &3 .
uj(t) = () = & Aj(D)eY + —[£A;(1)° —hA;(T) | +c.c, (4.2)
8
that will yield the dNLS equation
iAj= AA;j—i0Aj+ AAj = 3E|AIPA; + hA;. (4.3)

Here, the dot denotes derivative with respect to the slow time 7, which implies
that the approximation [@2)-(£.3) is expected to be valid until t ~ O(2/&?). The
abbreviation c.c. means the complex conjugate of the preceding terms. It should be
clear by now that the coupling constant (i.e., the prefactor of the discrete Laplacian
term) is scaled to &2 only for the sake of convenience, so that u; = O(¢). Replacing
¢ = e will yield the standard scaling used, e.g., in [75]. Our scaling may also
be interpreted that instead of using the coupling constant as a measure of the
smallness, we use the solution amplitude.

The presence of parametric drive and damping in the dNLS equation was

possibly first studied in [46], where the existence of localised solutions was
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discussed using a nonlinear map approach. It was shown that numerous types
of localised states emerge from the system depending on the strength of the
parametric driving. The parametrically driven dNLS equation was studied in
[87,188]], where it was shown that the parametric drive can change the stability of
fundamental discrete solitons, i.e., it can destroy onsite solitons as well as restore
the stability of intersite discrete solitons, both for bright and dark cases. In [89],
breathers of [.3), i.e., spatially localised solutions with periodically time varying
|Aj(7)] emanating from Hopf bifurcations, were studied systematically.

Despite the wide interests in both equations and (4.3), the reduction from
the former to the latter has not been rigorously justified. Without damping and
parametric drive, the analysis was provided rather recently by Pelinovsky, Penati
and Paleari [75]. However, as the presence of damping and drive will certainly
require modifications in the justification of the reduction, here we address the
problem, which will be the primary aim of the chapter. Following [75], we use an
energy estimate method. The method has been used as well in various systems of
differential equations, see, e.g., [8, 13} 31, 39, 83].

This chapter is organized as follows. Mathematical formulations to obtain the
uniqueness and global existence of solutions to the dNLS equation (4.3) are given
in Section[4.2] In Section 4.3} we discuss an error bound estimation of the rotating
wave approximation, which leads to the main result of the paper, i.e., Theorem4.3.1]
Finally, in Section 4.4 we illustrate the main results by considering the evolution of
errors made by the rotating wave approximation for two different initial conditions,
with one of them corresponding to discrete solitons of the nonlinear Schrodinger

equation (4.3).



4.2 Analytical formulation and preliminary results 100

4.2 Analytical formulation and preliminary results

Substituting the slowly varying approximation ansatz into the original dKG
equation (4.1) and taking into account the dNLS equation (4.3, we obtain the

residual terms in the form of

iQt

e ~ _ ) )
Rj(t) = & | = (-3hEAJAT + 3EATAL + 1P A~ hEAT + diah A+ 4

—2A%Aj+4iNA;j+24))
3iQt
8
—2hAj+hAj_1 + %hA jo1 +BAEAT = 9ENAT + 9IEATA,
52t
8

+

(-6hEATA; +6E2ATA; - BiahAj+9hAA; - 3ihA,

e

e AT - e |+ S (1P - aneAl+ 35%4?)]

v [3212 (PeA2A; - nE2AA; - hE2A2A2 + EALAY)
31
7
+6aEATA[—9EN? AT + IBIEAATA [ +65A AT +3EATA))
50t

64
7iQt

64

(~6iahAA;j—2ahA;—hA;+ A’ A;—6iAA +6iat AAT  (4:4)

(3h2£A2A 6h£2A4A +3£3A6A)

6‘

(3h2£A3 6h£2A5 + 3£3A7)

31Ot
+£9[65 12( ~BIPEAZA; + O AY A + OS2 AL AT — 3hEPAA,

9th

3 44 53 4 26 13
—6hE>ATA +35AA) 512(

~IPEAT +3H7E2AT
347 o c4 A9
—3hEPAT+E4A7) |+ e
Note that the dNLS equation is obtained from removing the resonant

terms at O(&%). The usual rotating frame ansatz, where one uses only the first term

of (4.2) and its complex conjugate, i.e., uj(t) ~ ¢ A ]-(’c)e’Qt +c.c., will also yield (#.3),



4.2 Analytical formulation and preliminary results 101

but it leaves a larger residue:
Ri(t) 1= (EAT-hADS ¥ + 65 (JaNA;— JAPAj+50A + JINAj+ 3 A;) Y +cc.

Over a long time, this can yield an error that is of the same order as the approx-
imation itself, which will be problematic for the expansion. Thus, R; needs to
be smaller. It might be made small only if £ and h were both to be very small.
However, this cannot be the case since they have been derived from scaling the
original "physical" parameters properly with respect to ¢, i.e., their smallness
have already been exploited. The only way to reduce the residue is therefore by
modifying the rotating ansatz, which following [30] (see Chapter 5) yields (4.2).
In the followings, we denote by A the sequence (4))jez in {?(Z), which is a

Banach space equipped with norm,
1/2
1Al 2z, = [Z |A,-|2] . (4.5)
jEZ

First, we prove the preliminary estimates on the global solutions of the dNLS
equation (3) in ¢?(Z)-space, the leading order approximation (4.2), and the

residual term (4.4).

Lemma 4.2.1. For every A(0) = ¢ € (*(Z), the ANLS equation admits a unique
global solution A(t) on [0, c0) which belongs to Ck ([O,+00),€2(Z)). Furthermore, the

unique solution A(t) satisfies the estimate

1AMl 22y < @l 2z @207 (4.6)

Proof. We split the proof into four parts.
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1. Local existence. Let us rewrite Eq. (4.3) in its equivalent integral form

T
Aj(z)=<pj—if0 (AAj—iaAj+ AA;—-BE|AjPA;+hA;)ds. (4.7)

Define a Banach space,
B=14eC([0,7, @) Allpz <6}, (48)

equipped with norm,

IAllg = sup [[A(D)l2z)- (4.9)

7€[0,7]

For A € t?(Z), we define a nonlinear operator
T
K] [A(’C)] =Qj— l‘[o (AA] - iaA]' + AA] - 3E|A]'|2A]' +hA]>dS (4.10)

We want to prove that the operator K is a contraction mapping on 8. Because the

discrete Laplacian A is a bounded operator on t?(Z), we have
1AAll2(z) < CallAll2(z)- (4.11)

To be precise, Cp = 4 because the operator is a self-adjoint and its continuous
spectrum lies within the interval [-4,0].

Since {2(Z) is an algebra, there is a constant C > 0 such that for every A, B € £?(Z),
we have

From Eq. (4.10) and using the estimate (4.12), we obtain the following bound

IK(A)llg < 80+ T(CS +&d + AS +3|E[6° + [H5). (4.13)
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: 0 ~ o .
We can pick 6p < 5 and 7 < SCoras Ao e ) O conclude that K: 8 — 8.

Let A,B € B. Then we have

KA1 -K[B(D)] = —'fo |A(Aj - Bj)—ia(A; - Bj) + A(Aj - B))

—35(AjPA;— BBy +h(A;—B))|ds.  (414)

Noting that

|AjIPA;~ |Bj*B;

|Aj?A;—|A;*Bj +|Ajl*B;—BjI*B;

AjI*(Aj— Bj)+Bj(1A;* - B;)

) ) . ) (4.15)
= |A]'|2(A]'—B]')+B]'(A]'A]'—A]'B]'+A]'B]'—B]'B]')
= |A]'|2(Aj—Bj)+B]'[A]'(A]'—B]')+(A]'—B]')B]'],
we obtain that
IK(A) ~KB)llg < 7 (Ca + &+ A+3(EIC + |h]) A~ Bllg. (4.16)
By taking
T < min — ! , — 0 , (4.17)
Ca+a+A+3[ECO%+ || 2(CO + &d + Ad + 3|&|63 + |h|O)

then K is a contraction mapping on 8. Therefore, by Banach fixed point theorem,

there exists a unique fixed point of operator K, which is a unique solution of (4.7).

2. Smoothness. From Eq. (4.3), we obtain that

sup |All2(zy < (Ca+a+A+|h|+3E[6%)5, (4.18)

7€[0,7]

which shows that the solution belongs to C! ([O,%),f2 (Z)).
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Furthermore, by writing 1 = (4, A), we have

d
i=1 = L+ NG +Fr), (4.19)
where
A—id+A 3¢, 0,h
Ln= n,  N(= 7lnl n, Fm)= n. (4.20)
“A—id—A h,0

Differentiating (4.19)), we obtain

L P S e
Zde - dT (TI) dT (TI)

dn

- (4.21)

Since N(n) and F(n) are smooth on {*(Z) and % eC ([0, ’c),fz(Z)), then we have

d?
dTZ ec(10,9,2)), (4.22)

which implies that A € C? ([O, %),fz(Z)). Using a similar procedure for higher

derivatives, we conclude that

AeC([0,7),4(z)). (4.23)

3. Maximal solutions. We can construct a maximal solution by repeating the
steps above with the initial condition A(%7 — tp) for some 0 < 79 < 7 and by using

the uniqueness result to glue the solutions.
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4. Global existence. To prove the global existence, first we multiply the dNLS

equation (4.3) with A; and use its complex conjugate to obtain

dt

Note that

jEZ

Summing up (4.24) over j, we then get

IIAII
jEZ

For the last term in the above equation, we have the estimate

hz Im(A)Re(A ) < |h|Z tm(A)||Re(A))| < |h|||A||
j€Z j€Z
which leads to
d .
TlIAI ) + 2@ = 21l1Al ) <O

Integrating the inequality, we get

AN 2(z) < ll@llz(zy e @207,

zi(A Aj) = (AjAAj - AJAA) = <2idlAjP + (AT - A%).

22y = 2014l +4 hZ Im(A )Re(A)).

/

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

which shows that A(t) cannot blow up in finite time. Thus, the dNLS equation

admits global solutions.

It is worth mentioning that due to the damping term, the dNLS equation (4.3)

does not possess a constant of motion. However, we can define a Hamiltonian



4.2 Analytical formulation and preliminary results 106

(i.e., an energy function) associated with equation (4.3) as

3
Hois[AI(0) = Y (VAR - AP + 144~ hRe(A%)),  (430)
j€Z

with VA = Aj;1 — A;j. The Hamiltonian function satisfies the differential equation,

2 HanisTAI®) + 20Hanisl A = ~3a& Y 14,01 @31)

d jEZ
When a =0 (i.e., there is no damping present), Hynis is conserved.
Now we provide estimates for the leading order approximation (4.2) and the

residual terms (4.4) in the following lemmas.

Lemma 4.2.2. For every A(0) = ¢ € t*(Z), there exists a e-independent positive constant
Cy that depends on ||¢lle2(z),h, & and o, such that the leading-order approximation
satisfies

Pl e2(z) + ||€b(t)||{2(z) <eCy, (4.32)
forall te [0,270/€%] and € € (0,1).

Proof. From the global existence in Lemma and using the Banach algebra

property of £2(Z), we obtain

. - 3 3 o
[0y = [l + Ajeion)+ 5| (£ - hay e
; (5,43 _hA j) e—mf]
] 2(Z)

< “é Aol 4 A it + £(5A3e3i9t—hA-e3iQt)

(4 ’ )52<Z> S\ "o lle@ (433

+lle (5 A38—3iQt_hA‘e—3iQt)

8 j ] 2z)

< e(2MAlag + 1 4% g, + ANy
<

€ C‘Pl
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and
1600y = || Piireie A, Lpeseviong o 3ipereving,
@) 16 716 178 I
3. 5,-3i0t 73, O £.5 30t F2 5. Oir.3 ~3i0t 53
161£A€ e A]. + 1656 e A].A] 81&: e A].

1 . / T 1 i} = . . _

3 . 1 .3 . (4.34)
—13—6171/\656310541' _ %hESeB»thA], _ gih§3e3thAj
O e A 530 A3 L D £ 53100 A2 4 2 e 3,310 23
+%6Z£Aé e A{+16& e A].A]+81& e A].
+—iAe3eiQtA]~ + —e3eiQtA]- +ice 1A j .
Since A € C1([0,+0), £2(Z)), then we have
6| 2z < € Cos - (4.35)

From Egs. (4.33) and (4.35)), we obtain the inequality (4.32), which concludes the

proof. ]

Lemma 4.2.3. For every A(0) = @ € £%(Z), there exists a positive e—independent constant
Cg that depends on ||Aoll g2, h, & and to, such that for every € € (0,1) and every t € [0,27¢/ 2],

the residual terms in is estimated by
IR()ll2z) < Cre. (4.36)

Proof. To prove this lemma, we can use the result from Lemma (4.2.1) as well as
the property of Banach algebra in ¢?(Z), such that from the global existence and

smoothness of the solution A(7) of the discrete nonlinear Schrédinger equation

in Lemma (4.2.T)), we obtain the result (4.36). ]
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4.3 Main Results

We are now ready to formulate the main result of the chapter that is stated in the

following theorem:

Theorem 4.3.1. Let u = (u) jcz be a solution of the ANLS equation and let o = (¢;)jez
be the leading approximation terms given by (.2). For every to > 0, there are a small

€0 > 0 and positive constants Cy and C such that for every € € (0, o) with

11(0) = POl 2z + 12(0) = p(O)ll 2z < Coe®, (4.37)
the inequality
() = p()ll 22y + () = (D)l 22y < Ce®, (4.38)
holds for t € [0,27oe~2].
Proof. Write
uj(t) = ;) + y;(t), (4.39)

where ¢(t) is the leading-order approximation and yj(t) is the error term.
The error will give us a description of how good ¢;(f) is as an approximation to
solutions of the dKG equation.

Plugging the decomposition into equation (4.1)), we obtain the evolution

problem for the error term as

o 3 2. 2 2A 1 2 A D2 LR =

ity +£(yj +3¢jy] +3qb]y].)— e“Ayj+e"ayj—2e"hcos(2Qt) y;j+Ri(t) =0. (4.40)
Associated with equation (4.40), we can define the energy of the error term as

B0 =5 Y[+ 2= 2¢ (0 - 7). (4.41)
j€Z
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Note that from the Cauchy-Schwartz inequality, we have

1/2 1/2
Z YiVj+1 = [Z yi] (Z y]2'+1] = ”y”[z(z (4.42)

j€Z j€z j€Z
and
_ZEZ]/]‘]/]‘+1 +2€Zy? 2&||y|| +2&||y||€2(z) . (4.43)
j€Z jeZ

Thus the energy is always positive for all + on which the solution y(t) is defined.

We also have the inequality

From the energy (4.41) and the error term (4.40), we obtain that

dE 1 . . . . \
i EZ[Zyjyj‘*'zyjyj_zgz(yjyjﬂ+yjyj+1—2yjyj)]
jEZ
= Z[Vj+yj—€2(yj+1+yj—2yj)]y'j
jEZ
= =Y [Ri)+& (v} + 3¢y, +3¢17) + €2y — 2e2hcos(20) y; | (4.45)
JEZ

Setting E = Q? and using the Cauchy-Schwarz inequality, we have

2 A

‘ < ”R(t)”ﬂ@ﬁ IEI(ZQ3+3II¢II&(ZQ+3x6||¢||gz(z)Q2)+%Q

+252|h|Q2] . (4.46)

Take 7o > 0 arbitrarily. Assume that the initial norm of the perturbation term
satisfies the bound

Q(0) < Coé’, (4.47)
where Cy is a positive constant. Define

To = sup to € [0,270e 2] : sup Q(t)SCQe3 ,Cr= sup Cg, (4.48)
i’E[O,fo] TE[O,T()]
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on the time scale [0,279¢72]. Then, we can rewrite the energy estimate (4.46) by

applying Lemma and the definition (4.48) as

dQ

2
= <L cpes +(4le1c}, ¢! +61EIC3 +6¢] V2CCqe? +a+4|h|) Q. (4.49)

\/_

Thus, for every t € [0,Tp] and suffeciently small ¢ > 0, we can find a positive

constant Ky, which is independent of ¢, such that
41€1CHe* + 6IEICS +6l¢] V2CyCoe® +a +4Jh| < Ko. (4.50)

By simplifying and integrating (4.49), we get

2K, t 5 2x.s 3
Qe =" —Q(0) < f Cre? P, V2Cre (4.51)
0o V2 Ko

By using (#.47), then we obtain
Qt) < & (co + ‘E—OCR)(;KOTO. (4.52)

Therefore, we can define Cg := (Co +2V 2Ka Ic R)eKoTO and this concludes the proof.

4.4 Numerical comparisons: Breather solutions

In Section 4.2} we have discussed that small-amplitude solutions of the parametri-
cally driven dKG equation can be approximated by ansatz ({#.2), that satisfies
the dNLS equation with a residue of order O(¢°). We then showed in Section
that the difference between solutions of Egs. and (4.3), that are initially of
at most order O(¢e%), will be of the same order for some finite time. In this section,

we will illustrate the results numerically.
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Figure 4.1. Panels (a,b) show numerical solutions of the dKG equation (blue circles) and
the corresponding rotating wave approximations from the dNLS equation (red stars) at
two time instances t = 100 and t = 1000. Here, ¢ = 0.1. Panel (c) is the time dynamics of
the error. Panel (d) is the maximum error of the dNLS approximation within the interval
t € [0,2/€?] for varying ¢ — 0. In the picture, we also plot the best power fit of the error,
showing the same order as in Theorem [£.3.1]
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We consider Eq. as an initial value problem in the domain D = {(n,t)|(n,t) €
[1,N] x [O,T]}, N e ]N,T € R. The differential equation is then integrated using the
fourth order Runge-Kutta method. Simultaneously we also need to integrate Eq.

(£.3). As the initial data of the dKG equation, we take

uj(0) = ¢(0), 11;0) = P;(8)],y- (4.53)

In this way, the initial error y(0) between u;(0) and ¢;(0) (see ([.39)) will satisfy
lyO)ll2=0< Coe3, for any Cop > 0.

In the following, we take the parameter values A = -3, h = —0.5,and @ = 0.1. The
nonlinearity is considered to be ‘softening’, which without loss of generality is taken
to be & = —1. This choice of nonlinearity coefficient will yield the dNLS equation
with a "focusing’ or “attractive’ nonlinearity. The case & = +1, i.e., "stiffening’
nonlinearity, corresponds to the ‘defocusing’ or 'repulsive’ dNLS equation #.3).
In the dNLS description, the attractive and repulsive cases are mathematically
equivalent through a "staggering” transformation (—1)/, that reverses the phases
in every second lattice.

In our first simulation, we consider the fundamental site-centred discrete soliton
of the dNLS equation, that has been considered before in, e.g., [46,87-89]. Such
solutions will satisfy with A; = 0 and can be obtained rather straightforwardly

using Newton’s method.

In Fig.[5.1(a) and 5.1(b)| we plot the solutions u;(f) and ¢;(t) for ¢ = 0.1 at two

different subsequent times. In panel (c) of the same figure, we plot the error [|y(#)]|
between the two solutions, which shows that it increases. However, the increment
is bounded within the proven estimate ~ Ce? for quite a long while.

We have performed similar computations for several different values of ¢ — 0.

Taking 79 = 1, we record supye[q 2r,/:21ll¥(#)Il for each e. We plot in Fig. the
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Figure 4.2. The same as Fig. but for the initial data (4.54).

maximum error as a function of . We also plot in the same panel the best power
fit in the nonlinear least squares sense, which agrees with Theorem

Discrete solitons of the dNLS equation expectedly approximate discrete
breathers of the dKG equation. Our simulations above indicate this as well.
Yet, how close are they with each other? In Appendix B, we show numerically
that they are O(¢3)-apart, which interestingly seem to follow the result in Theorem
431

In our second simulations, we consider a perhaps more interesting initial

condition in the form of a clustered state:

Aj=e"%i j=21,...,30, (4.54)
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and A; vanishes elsewhere. The dynamics at some instances are shown in Fig.
We also computed the maximum error made by the rotating wave approximation
within the time interval [0,27(/2], with 7 taken to be 1, and plotted it in Fig.
for several values of ¢. The best power fit to the error also shows the same

behaviour, i.e., the error is O(&3).



Chapter 5

Reduction of damped, driven
Klein-Gordon equations into a
discrete nonlinear Schrodinger
equation: justification and numerical

comparisons

5.1 Introduction

Nonlinear lattices are a set of nonlinear evolution equations that are coupled
spatially. Prominent classes of nonlinear lattices are discrete Klein-Gordon [94]
and Frenkel-Kontorova equations [17] that serve as possibly the simplest models
for many complex physical and biological systems. While Frenkel-Kontorova type
systems correspond to coupled equations with harmonic on-site potential, the

discrete Klein-Gordon equations do with the anharmonic one.

115
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Small-amplitude wave packets of nonlinear lattices are usually explored via
reduction to an amplitude or modulation equation in the form of either continuous
or discrete nonlinear Schrodinger equations. The method is usually referred to as
the rotating wave approximation. If one is interested in solution profiles with a
much larger length scale than the typical distance between the lattices, they can
aim for a continuous approximation and obtain nonlinear Schrodinger equations
(see, e.g., [7,153,57]). When one is instead interested in waves with the same scale
of the typical lattice distance, one will obtain an approximation in the form of a
discrete nonlinear Schrédinger equation (see, e.g., [26, 38,149, 58, 159, [72, 188]) with
the corresponding wave properties quite distinct from those in the continuous
limit.

Despite their widespread use, rigorous justifications of the rotating wave
procedures are more sparse, with an early example being [57], wherein Hamiltonian
Klein-Gordon lattices are approximated by nonlinear Schrodinger equations (see
also [30}160]). A justification for the discrete nonlinear Schrodinger approximation
was provided rather recently in [75].

In this chapter, we consider a Klein-Gordon equation with external damping
and drive. Our present work will be relevant to models appearing in the study of,
e.g., superconducting Josephson junctions [4], mechanical oscillators [62], electrical
lattices [33], etc. Using the rotating-wave approximation, we will show that
the corresponding modulation equation is a damped, driven discrete nonlinear
Schrodinger equation. The similar approximation has been used to reduce
an externally driven sine-Gordon equation into a damped, driven continuous
nonlinear Schrodinger equation [9, 90]. In here, we are going to provide a rigorous
justification of the discrete Schrodinger equation. Note that our work here is
significantly different from the aforementioned published works in the sense that

our original governing equation as well as the modulation one are not Hamiltonian.
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Moreover, the external drive yields a constant term that can be challenging to
control in providing boundedness of the error, i.e., the solution does not lie in
{%-space of Z. Without external damping and drive, the initial value problem for
the discrete nonlinear Schrodinger equation with power nonlinearity in weighted
{?-space has been shown to be globally well-posed in [74]. N’Guérékata and
Pankov [73] provides a stronger result of global well-posedness in spaces of
exponentially decaying data. Here, by considering the problem with damping
and drive in a periodic domain, we are able to provide the global existence of the
discrete nolinear Schrdinger equation as well as the error bound of the rotating
wave approximation.

This chapter is organized as follows. We define the governing equation and
formulate preliminary results on the unique global solution and error estimate
in Section The main result on the error bound of the rotating-wave approxi-
mation as time evolves is presented in Section In Section [5.4|we describe the
computation of the error made by the Schrodinger approximation numerically.

The comparison is provided for localised waves, i.e., breather solutions.

5.2 Mathematical formulation and preliminary results

Consider the following model of coupled oscillators with damping and drive on a

finite lattice
.. 3 . h iQt —iQt :
u]-:—uj—cfuj+e(A2uj)—auj+§(e +e ), ]EZNZ{L...,N}, (5.1)

where u; = u;(t) is a real-valued wave function at site j, the overdot is the time
derivative and € represents the coupling constant between two adjacent sites,
with Apuj = uj1 —2uj+ujq being the discrete Laplacian in one dimension. The

parameters « and /1 denote the damping coefficient and the strength of the external
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drive, respectively. The driving frequency is taken to be Q =1~ -, i.e., it is close
to the natural frequency of the uncoupled linear oscillator. We also consider a

periodic boundary condition,
ujpN(t) = uj(t), for allj € Zy. (5.2)

Considering small-amplitude oscillations, one commonly uses the rotating

wave approximation
uj(t) = X;(t) = \/EAj (1) e’ + %563/214? (1)e¥* +cc., (5.3)

i.e., Xj(t) is the leading order approximation of u;(t) and 7 = § is the slow time
variable. Substituting the ansatz (5.3) into Eq. (5.1) and removing the resonant
iQt

terms e*** at the leading order of O(€%/?), we obtain the damped, driven discrete

nonlinear Schrédinger equation
iAj+3E|AIPA; - MAj+idAj—h+wA; =0, (5.4)

where a = €@, h = 2¢3/2i, and A j+N(t) = Aj(t), i.e., the periodic boundary condition.
Using Egs. (5.3) and (5.4) to approximate the solutions of (5.1) will yield the

residual terms

Qt 2A. A
— 5/2 ¢ 3 243712 :a A A w . j
ReS](t) = 6/ [T(Zg AjAj—laa)A]"FO(A]'—T—Z(UA]"F?]
Pt 244 1 ; 3 3 T A2 A 3
+— (682A1A; + 3iALAT + 95 wA + iEATA + 2EA;

e, e, )+ S (3245
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31Qt

- ( 6za£wA3+6acEA2A 9c§a)2A3

2 g

+IIAEAT +O%wAT + OIEATA + 28 + 654 (A)) + 3224

G AR+ T (a5
+e9/2[653112t( 3&4A 6 3)+ 5911(; (§4A9)]+cc (5.5)

The terms with derivatives of A; can be changed into those without derivative

using Eq. 1) provided that (A ]')]_ezN is a twice differentiable sequence with

respect to time. Because of the periodic boundary condition, we consider the

sequence space {2(Zy) and we will simply denote (A f)jez € (*(Zy) by A. The
N

space (?(Zy) is a Hilbert space equipped with norm,

N
All gz, = ) AR, (5.6)
j=1
The following lemma gives us a preliminary result on the global solutions of

the discrete nonlinear Schrodinger equation (5.4).

Lemma 5.2.1. For every ¢ € (*(Zy), there exists a unique global solution A(t) of the
discrete nonlinear Schrodinger equation in €2(Zy) such that A(0) = ¢. Moreover,
the solution A(t) is smooth in T and there is a real constant Cy, that depends on the initial

value, 1, & and N such that ||A(T)||gz(ZN) <Cay.

Proof. Let us rewrite Eq. in the following equivalent integral form

T
Aj(f):A]-(O)—ifO (A2Aj—iaA;-3EA;PA; - wA;j+h)ds. (5.7)

Define a Banach space,

B =1AeC(10,1u], AZN) Al (zy) <8}, (5.8)
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equipped with the norm

lAllg = sup IAMDIlzzy)-
7€[0,T]

For A € t?(Zy), we define a nonlinear operator,

T

Ki[A(D] =¢—i i (A2Aj—iaA;-3EA;PA; - wA;+h)ds. (5.9)

We want to prove that K is contraction mapping on 8.

Due to the periodic boundary condition, A; = Ay, we get

||A2A||g2(ZN) S CA,Z”AHKZ(ZN)' (510)

Therefore, the discrete Laplacian A, is a bounded operator in ¢2(Zy). From the
Banach algebra property of the (2(Zy)-space, there is a constant C > 0 such that

forevery A,B € {2(ZyN) we have
||AB||€2(ZN) S C”A”[Z(ZN)”B”gZ(ZN). (511)
From (5.9) and using the estimate (5.11) we obtain the following bound

IK(A)|lg < 60 + T(CS + ad +3C5> + wbd).

We can pick 6p < % and T < 5 Cora 6+63C )" Thus, K is a mapping from Bj to itself.
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For A,B € Bs, we have

KA - K{[B()] = i fo [Aa(A;— Bj) - ia(A;— B)) ~3E(A A, - BB

—a)(A]' - B])] ds.
Therefore, we obtain

IK(A) = K(B)|lg < T{Cx + & +3Ca* + w}||A - Bl|.

By taking T < min( , then K is a contraction mapping.

CA+&+§>C&2 o’ 2(C6+a6f3C63 +ad) )
Therefore, there exists a constant T such that the discrete nonlinear Schrodinger
equation has alocal unique solution A € C ([O, T], {’Z(ZN)) with SUP.¢[0.T] ANl 2z, <
0.

Now, we will prove the global well-posedness of the discrete nonlinear
Schrodinger equation (5.4). Multiplying the jth-component of the equation
by Aj, taking the imaginary part and summing over j, we obtain

d
il

N
?z(ZN) + Z&HA”?z(ZN) = 2|h| Z Im(A;) < 2/lllAll 2z, - (5.12)
j=1

Integrating the inequality, we get

i A\ s
WAl < = +|Mollagy = e
< Ca(lollaizy b a,N), (5.13)

which provides a global bound to the solutions and hence, conclude the proof of

the lemma. ]

The following lemma will give us an estimate for the leading order approxima-

tion (5.3)).
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Lemma5.2.2. Forevery Ag € 02(ZN), there exits a positive constant Cx(||Aol| 2(ZN) ha,N )

such that the leading-order approximation is estimated by
IX(Oll 2z + IXOllzzy < Ve CxllAollzzyy hdN), (5.14)

forall t €[0,00) and € € (0,1).

Proof. From the global existence in Lemma and using the Banach algebra

property of {*(Zy), we obtain

\/E( A 4 Ae—iQt) +% &2 ( 4330t | 3 e—BiQt)

X2z = ‘

2(ZN)
. . 1 , _ )
< H 2( A 4 Ap—iCt +H_ 312 ( A3,310 | 13,310
\/_( ) 52(ZN) 8é ( ) 2ZN)
Lo 320143
<2VellAllpgzy + 76672 4% o,
S \/E CX1 (”AO”{’Z(ZN)/I/:Z/&/N)
(5.15)

and

2
+Ve (%ee"l@tﬁ —iQAe O ¢ %eAeiQt + iQAeiQt)

. 1 _ R _ . o .
“X(t)ut’z(ZN) _ H§5€3/z (§€Aze—3thA _3i0A%e-30t §€A2A63z(2t + 3iQA3e3IQt)

2zy)
(5.16)
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From (5.4), we have that

1A 2z, = [BiEAP A~ 3A +iwA ~i(B02A) ~ ]| o,
<3EC5 (Aol 2z 1, @) + aCa (Il Aoll 2z, 1 &) + wCa (Aol 2z, B )
+Ca,Ca (lAoll 2z, &) + Ch

< Ca(llAoll2(zy) 1 &,N).

(5.17)
Therefore, Eq. becomes
Xt 2z < Ve Cxo(lAullizizy, B, N) (5.18)
and
IX(B)ll2zy) + IXONl 2z, < Ve Cx1Aoll 2z, 1 6, N)
|

Next, we have the following result on the bound of the residual terms Eq. (5.5).

Lemma 5.2.3. For every Ao € (2(Zy), there exists a positive e—independent constant

CR(IIAollgz(ZN),fz,aAc,N), such that for every € € (0,1) and every t € R, the residual term in

is estimated by
IRes(B)l2(zy) < Cr (IlAoll 2z, 1 6, N)e>/2. (5.19)

Proof. To prove this lemma, we can use the result from Lemma as well as
the property of Banach algebra in £2(Zy), such that from the global existence and

smoothness of the solution A(t) of the discrete nonlinear Schrédinger equation

(5.4) in Lemma we obtain (5.19). [
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5.3 Main Results

In this section we will develop the main result on the time evolution of the
rotating-wave approximation error by writing u;(t) = X;(t) + y;(t), where X;(t) is
the leading-order approximation (5.3) and y;(f) is the error term. Plugging the

decomposition into Eq. (5.1), we obtain the evolution problem for the error term:
G+ yj+E(v] +3X0y+3Xy7) —ehoyj +edyj+Resi(t) =0, jeZy,  (5.20)

where the residual term Res;(f) is given by (5.5) if A(7) satisfies Eq. (5.4). Since
u and X satisfy periodic boundary conditions, the error term y also satisfies the
same condition y;,n(f) = y(t).

Associated with Eq. (5.20), we can define the energy of the error term as

N
B0 =3 ) [+ -2 (v - 7)) 521)
j=1

For every t for which the solution y(t) is defined, we have E(t) > 0 and the following
inequality,

(N ) + YN,y < 2EC). (5.22)

The rate of change for the energy (5.21)) is found from the evolution problem (5.20)

as follows

N
Z Res; () +edy;+E(y) +3X3y;+3Xy7) | ). (5.23)
j=1
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Using the Cauchy-Schwarz inequality and setting E = Q?, we get

2 < —||Res(t)||zz<zN> e+ 20200 + I VAIX Bl ez Q

ENVAXOR. g, |0 (524)

Take 79 > 0 arbitrarily. Assume that the initial norm of the perturbation term

satisfies the following bound
Q(0) < Coe'?, (5.25)

where Cj is a positive constant, and define

To = sup {to € [0,270e71]: sup Q) < CQe3/2}, (5.26)
te[0,to]

on the time scale [0,270e7].

Applying Lemmas and the definition (5.26), we have

' 5/2CR

+(2a+416IC%E? + 61l V2CoCxe +61ICE) % :

(5.27)

Thus, for every t € [0, Tp] and € > 0 which is sufficiently small, we can find a positive

constant Ko, which is independent of ¢, such that
24 +41E|CHe* +6|€] V2CoCxe +6|EICK < Ko. (5.28)

Integrating (5.27), we get

€Ky 5/2 eKns 3/2
: f Crel? o 1o V2GR (5.29)
V2

Qe -QO) < 7
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Since we assume (5.25) holds, then we obtain

‘/ECR)eKOTO. (5.30)

Q(t) < e (CO +—
Ko
Therefore, we can define Cq := (Co +21/ ZKO_ 1CR)eK070.
Based on the above analysis, we can state the main result of this paper in the

following theorem.

Theorem 5.3.1. For every to > 0, there are a small €y > 0 and positive constants Cy and

C such that for every € € (0,€p), for which the initial data satisfies

YOl 2z, + 17OVl 2z, < Co®'?, (531)

the solution of the discrete Klein-Gordon equation satisfies for every t € [0,210e7 ],

ly®llzzy) + 17Ol 2z, < Ce2. (5.32)

Remark 5.3.2. The error bound that is of order O(e*/?) in Theorem is linked to
the choice of our rotating wave ansatz (5.3) that creates a residue of order O(€>/?). If we
include a higher-order correction term in the ansatz (5.3)), see Chapter 5.3 of [30] for the

procedure to do it, we will obtain a smaller residue and in return a smaller error bound.

5.4 Numerical Discussions

We have discussed in Section that as an approximate solution of the Klein-
Gordon equation (5.1I), the rotating wave approximation and yields
a residue of order 0(65/ 2). Following on the result, we proved in Section
that the difference between solutions of Egs. and that are initially of at

most order O<e3/ 2) will be of the same order for some finite time 27 /€, for 79 > 0.
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Figure 5.1. (a,b) Numerical solutions of the Klein-Gordon equation (blue circles) and the
corresponding rotating wave approximations from the Schrodinger equation (red stars)
at two time instances t =75 and t = 200. Here, € = 0.05. (c) Time dynamics of the error.
(d) Maximum error of the Schrodinger approximation within the interval ¢ € [0,2/€] for
varying € — 0. In the picture, we also plot the best power fit of the error, showing that the
error approximately has the same order as in Theorem@
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Figure 5.2. Breather solution of for € = 0.05. Panel (a) shows the dynamics of the
solution in one period, while panel (b) presents the comparison of the breather and its
approximation (5.3), with A; obtained from solving the Schrodinger equation (5.4).

In this section, we will illustrate the analytical result on the error bound above

numerically.

5.4.1 Error growth

We consider Eq. (0.1) as an initial value problem, that is then integrated using
the fourth-order Runge-Kutta method. To compare solutions of Eq. (5.1) and the
rotating wave approximation (5.3), simultaneously we also need to integrate Eq.

(5.4). As the initial data of the Klein-Gordon equation, we take

u;(0) +c.c.,

1
1/2 4. L L¢.3/243
€ A]+ 8&—: A]. o

1
y 1/2 ; 3/2 42 ;
1(0) = € [A]-T+1QA]~]+§56 242[34;, +3iQ4]

+c.c.,
t=0

where A; (0) can be obtained from the Schrédinger equation (5.4). In this way,
the error y(t) = u;(t) — X;(t) will satisfy the initial condition [ly(0)||2 = 0. In the
following, we take the parameter values w = 3, hi=-05,4=0.1,and the nonlinearity

coefficient £ = —1. We also take the number of sites N = 50.
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For our illustration, we consider a discrete soliton, i.e., a special standing wave
solution of the Schrodinger equation that is localised in space. Such a solution
can be obtained rather immediately from solving the time-independent equation
of using, e.g., Newton’s method.

In Fig.[5.1(a) and [5.1(b)| we plot the solutions u;(t) and X;(t) for € = 0.05 at two

different subsequent times. In panel (c) of the same figure, we plot the error ||y(t)|
between the two solutions, which shows that it increases. However, the increment
is bounded within the prediction ~ Ce%/2 for quite a long while.

We have performed similar computations for several different values of € — 0.
Taking 79 = 1, we record supye[o2q,/¢]/ly(t)ll for each e. We plot in Fig. the
maximum error within the time interval as a function of e. We also plot in the
same panel the best power fit in the nonlinear least squares sense, showing that

the error is approximately of order O(e*/?) in agreement with Theorem m

5.4.2 Discrete solitons vs. discrete breathers

Our simulations in Fig. indicate that discrete solitons of the Schrodinger
equation shall approximate breathers, i.e., solutions that are periodic in time but
localised in space, of the discrete Klein-Gordon equation. Yet, how close are the
actual discrete breathers from the solitons? If they are quite close, do they share
the same stability characteristics?

To answer the questions, we need to look for breathers of (5.I). Due to the

temporal periodicity of the solutions, we can write u(t) in trigonometric series:
K
u(t) = Za,-,k cos((k—1) Q) +bj;sin(kQb), j=1,2,...,N, (5.33)
k=1

where a;; and b are the Fourier coefficients and K is the number of Fourier modes

we will use in our numerics. Herein, we use K = 3 and N = 50, even though larger
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Figure 5.3. Plot of the estimated error of the discrete Schrodinger approximation for
various € — 0. The dashed line is the best power fit, indicated in the legend.

numbers have been used as well to make sure that the results are independent of
the lattice size and the number of modes.

Substituting the series into Eq. and integrating the resulting equation
over the time-period 271/(), one will obtain coupled nonlinear equations for the
coefficients a;; and b;x. We then use Newton’s method to solve the resulting
equations. Breathers will be obtained by properly choosing the initial guess for
the coefficients.

Once a solution, e.g., il ]-(t), is obtained, we determine its linear stability using
Floquet theory. Defining u;(t) = #1;(t) + 6Y(t), substituting it into Eq. (6.I), and
linearising about 6 = 0, we obtain the linear second-order differential-difference
equation
Yi = Z;

! r (5.34)

Zj

—Y]' — 3612]2.Y]' + €A2Y]' - O(Z]'.
By integrating the system of linear equations until ¢ = 27t/(), and using a standard

basisin RZV, i.e., {€?,éY, ..., €0
1

o1+ ZN} as the initial condition at t = 0, we obtain a collection
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of solutions at t = 27t/Q:
M = {Ey, Ey, .., Ean} € RPN, (5.35)

as a monodromy matrix. The solution #(f) is said to be linearly stable when all
the eigenvalues A of the monodromy matrix lies inside or on the unit circle and
unstable when there exists at least one A that is outside the unit circle.

As for discrete solitons of the Schrodinger equation (5.4), after a standing wave
solution A j = (¥j+iJ) is obtained, its linear stability can also be determined from
solving the linear eigenvalue problem

%] —6&xjyj—a A—w-3& (x]2.+3y?) %]

A _ , (5.36)
7j w—A+3£(3x]2.+y?) 6ExYj—a 7j

that is derived straightforwardly as above from substituting A; = A jHo(X+ i%)eAT
into Eq. and linearising the equation about 6 = 0. Solution A j is said to be
linearly stable when all of the eigenvalues have Re(A) < 0 and unstable when there
is an eigenvalue with Re(A) > 0.

We present in Fig. a breather solution and its time-dynamics in one
period for € = 0.05. We also compare in Fig.[5.2(b)| the breather in panel (a) and the
approximation where A is the discrete soliton solution obtained from solving
Eq. (5.4). One can see the good agreement between them.

By defining the error between breathers of and the approximation (5.3)
using discrete solitons of as

E= sup lly®lleez,)
0<t<21t/Q
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Figure 5.4. (a) Characteristic multipliers, i.e., eigenvalues of the monodromy matrix, of
the breather in Fig. showing the linear stability of the solution. (b) Eigenvalues of
the corresponding discrete soliton. Because all of the eigenvalues are on the left half-plane,
the solution is linearly stable. (c) The same as panel (a), but for € = 0.1, i.e., the breather is
linearly unstable. (d) Time dynamics of the unstable breather with multipliers shown in
panel (c).
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we plot the error in Fig. 5.3 for varying e. We also depict in the same picture,
the best power fit, which interestingly shows an algebraic power that follows the
estimated error in Theorem ie., ~e32.

For the sake of completeness, we show in Fig. the Floquet multipliers
of the solution in Fig. for € = 0.05, that are obtained from solving the linear
equations (5.34). Because all the eigenvalues are inside the unit circle, the breather
is stable. We plot the eigenvalues of the corresponding discrete soliton in Fig.
also showing stability. Because both solutions are stable, the error between
them, that is initially of order O(e%/?), will stay the same as time evolves until at
least t = 271(/€, for some 7y > 0.

When e is taken to be larger, we observe that breathers of Eq. can become
unstable. Shown in Fig. are the Floquet multipliers of the breather when
€ =0.1. Because there is an eigenvalue outside the unit circle, the localised solution
is unstable. The unstable eigenvalue bifurcates from the collision of an eigenvalue
with the continuous spectrum. Note that the corresponding localised solution of
the approximating Schrodinger equation is still the same as that shown in Fig.
i.e., it is a stable solution.

We show in Fig. the dynamics of the unstable solution. One can observe
that it maintains its shape in the form of periodic oscillations for a while, i.e.,
t ~ 270/€e. After that, the breather starts to deform and break up. Eventually the
solution will collapse, i.e. unbounded blow-up, which is typical for the Klein-
Gordon equation (5.I), even when it is undriven [2] (see also a related work

[29]).



Chapter 6

Conclusion and future work

In this thesis, we studied the long-time dynamics near a symmetry breaking
bifurcation for the cubic-quintic nonlinear Schrodinger/Gross-Pitaevskii equation,
and the rotating wave approximations in lattice models. Moreover, we showed
the justification of that approximation by finding the error bound. Now, let us
conclude the work that we have gained and delivered in the previous chapters as
well as bring up a certain problem that might be interesting to be considered in

the future.

6.1 Conclusion

We presented background information of coupled mode reduction, symmetry
breaking bifurcation and the rotating wave approximation in Chapter 1. In this
chapter, some analytical methods used throughout this thesis were also reviewed
briefly. We closed this chapter by delivering the outline of the thesis. Next,
proceed with Chapter 2 which discussed definitions, examples and calculation of
eigenvalue problems to support Chapter 3.

In Chapter 3 we investigated the long-time dynamics near a symmetry breaking

bifurcation for the cubic-quintic nonlinear Schrodinger/Gross-Pitaevskii equation.

134
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Moreover, we studied the applicability of the coupled mode theory in the cubic-
quintic NLS/GP with a linear double-well potential.

In Chapter 4 we discussed a parametrically driven discrete nonlinear Schrodinger
equation derived from a discrete nonlinear Klein-Gordon equation with damping
and parametric drive terms. Here, using a small amplitude ansatz, we justified the
approximation by getting the error bound. We proved the global existence and
error bound of the rotating wave approximation in ¢2-space of Z.

Next, in Chapter 5 we used a similar method, we studied an externally driven
nonlinear Klein-Gordon equation with a discrete nonlinear Schrddinger equation
with damping and external drive. In addition, as well as Chapter 4, we provided
a justification of the approximation by finding the error bound using an energy
estimate. Moreover, we found that with external damping and drive, the solutions
do not lie in ¢?-space of Z, while without external damping and drive, the
initial value problem for the discrete nonlinear Schrodinger equation with power

nonlinearity is in weighted ¢2-space.

6.2 Future work

One of interesting problems that we can investigate in the future is from [21],
where the Swift-Hohenberg equation is studied using multiple scale analysis.

Consider the equation [12, 66]

OF s 2\’
Ezy-i'CE—E —(1+E) E, (6.1)

where in the context of nonlinear optics, E is the amplitude of the optical electric
field, Y is the injection field, and C is the cooperativity parameter. Here, the

homogeneous steady state Ej¢ is given by Y = Eflg —CEjpg + Ejg. Looking for steady
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perturbations to Ej,, we set
C=3E; - €, E(xt)=Epg+ef(x),
where 0 < € < 1, to give the classical Swift-Hohenberg equation

2 \2
(1+%) f+E f+3eEf>+e*f° =0. (6.2)

We can also set

C=3E> —¢, E(x,t) = Epg +ef(x),
to obtain

& \?
(1 + @) f+e f+3eE f2+€e*f° =0. (6.3)
Equations (6.2) and (6.3)) correspond to the so-called conditions far and near from
the Maxwell point, respectively. Rotating wave approximations have been used to
analyse the equations [21]].

Consider Eq. (6.2). Let X = ex and treat x and X as independent variables to

give

Ff AL B P LR P
e +§€8x38X+6€ PR APy Ry A TR s G

d
+2€28_Xj; +f=—€*f —3eEy  f>—€f°.

We expand f in powers of € as
f=fole, X)+efi(x, X) +€ fo(x, X) +-+- . (6.5)

Substituting the expansion (6.5) into (6.4), at O(e”) we obtain

*fo , ,Ph

o Zﬁ +f0 =0, (66)
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so that

fo=Ag(X)e + Ag(X)e ™, 6.7)

where ¥ = x — ¢, with 0 < ¢ < 2n. Here, ¢ is an arbitrary constant which determines

the relative phase between the fast oscillation and the slow amplitude modulation.

AtO(e), Eq. gives

Lfi=-3Enf;. (6.8)
Using (6.7), we have
fro Do BT g 69)
At 0(62), Eq. gives
Lh=42 0 po-eEiehoh (6.10)

To avoid secular terms, the coefficients of ¢*** on the right hand side must be zero,

which gives the solvability condition
440+ (38E§g —3)|AglfAg—Ag = 0. (6.11)

So far, the error made in approximating Eq. using Eq. is still lacking,
which we address for future work. The energy method we presented in Chapters
3 and 4 should be readily applicable.

Now, consider Eq. (6.3), i.e., near the Maxwell point. This time we consider the

slow scale as X = €2x. We develop a multiple scale solution

4

-1
f~ > € fulx,X)+Rn(x—,X). (6.12)

B
Il
o
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We also expand

Eng ~ Eo+€E1 +€°Ey+-+- +OF. (6.13)

Now, substituting (6.12)) into (6.3) and performing the same calculations as before,

we will obtain the solvability condition at O(e*) to be given by

. 16iAg|Aol? 20|Ag|*A
44y + 28 1“9' ol _ 88 03|6;’| 0 42 VIT4E,|AgPAg — Ag = 0. (6.14)

Again, here we ask whether the energy method we used in the previous chapters
can be applied in this case. Can we find an error bound and decrease the error?
This question is particularly challenging because Eq. (6.14) admits a front solution

that is not square integrable.
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Appendix A

The error for the finite dimensional ansatz

We assume we are near the symmetry breaking equilibrium point, meaning we

may take a(t), B(t) < I'(t) and I'(f) > 0. Then, we have

(il — OT — Qo) + (ic — p— O(a +iB) — (@ +iB)Q1 )y +iR—HR — OR =

—~ [r%pﬁ +(a? + B +iB)yT + T(a +iB)y o + 2T (a? + B¢ o+

T%(a— if)y2gr + 20+ iB) 2y — TS — h(a® + B2)%(a + iB) S -

W3 (a—iB)* P — T (a+iB)>Payps — 2hT3 (a — iB)Yigyhr —

2hT(a? + B7)(a + By poip — 3T + iB) gy — BT (a? + B2 oy —
3hIS (a +iB) a2 — 3hI2 (a” + B2)(a — ip)YS s —

6HT2(a + B7)(cr + i)Y} — 6hT> (@® + B2

— [2r2y2 + 4Tayoupy +2(a? + BA)g2 - 3HTHYg - 3h(a? + )P -

6hT2(a? + B2) a3 — 12hDay s — 1200 (a® + af?)ipoys — 1200 (a? + 52)¢3¢§] R
—|T293 + (@ +iB)* 93 + 2T (o + i)y — 2HT* 4 — 2(a + 7)o+ iB) 2y -
2hD3(a — iB) Yoy — 2hT (o + iB)*hoys — 12T v + iB) e —

6hT (cv + i)Yy — 6hT(a® + B2)(a + i)y} | R
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-~ [wo +(a — i)y — 3hT(a — By Yoyt — 3hT(a + i)Yoy — 3hT s —

3h(a? + ) (e — iB)y; — 6hT*(a = iB) Yoy — 6T ( + BH)pot} | R

— 2Ty + 2(a + iB)1 — 6hT (o — iB)y2ups — 6hT (v +iB)*potp?—

6HT3Y3 — 6h(a® + B*)(a +iB)y3 — 12hT*(ar + iB) Y1 — 12hT (a® + 52)¢0¢§] IR?
—[1-6hT2p3 — 6h(a® + p2)y2 — 12hT ooy | IRPR

+ [y + 3HT% (o + iB)Y2yn + BHT (o + iB) 2ot} + (v +iB)* ¢} | R?

+ [héggbg +he2y? +2heoe ¢0¢1] R3

+[BHT22 + 3+ iB)*y2 + 6hT (o + iB)potfr | IRPR

+[3hT'g + 3h(a +iB)yn ] IR[* + HIR[*R
Hence,

(it = O — QT +T° + T(a +i)* + 2T (0 + ) — hI° — hT* (o - iB)*~

2hT(a? + B7) (e +if)? = BHT (o + )2 = BHT> (a +iB)? — 6hT>(a? + 7)) =

— [T, R?) + (@ = iB)(woypr, R?) — KT (a— i) (Wi, R?) — BHT2 (v + iB)(pipn, RZ)—
33 (3, R?) = 3h(a? + p*)(a — iB)(yoy3, R?)—
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+[HE2 (5, R?) + (@ —iB)* oy, R?) + 2hT (@ — iB) (Y31, RO)|
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As a result, we have

(ia— - O(a+ip) — (a+iB)Qy + (@® + B2 (e +iB) + T (e — i) + 2T (a + i) -
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+ [T (i1, R?) + 3T (o + iB)(W23, R?) + BHT(a + iB) oy, R?) + ha +iB) >y}, R?)|
+ [HE2 (g, R) + (e i3, R%) + 2hT (@ — iB)(Woyd, R |
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and

iRy—HR-OR =

~Pe[TPy5 + (@ + )@ +ip)Y; +T(@ +i Yo + 2T (@ + By yo+
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or

iR —HR - OR = [Fy(A,a,B,0) + Fr(A,a,B,0;R,R)],

where we have assumed

P.F, =F,, P.Fg = Fx.

Let us take I' > 0. Then, we see

I =|-2ap +32hap’ + 32ha> + 32hapT?| T + Error]

(=[Q - (@%+p2) -T2+ 0+ 8h(a* + p*) + 161> (a® +T2) + 8hT2(6a> + T?)| B
+ Error),

f=—[O1— (®+p7+T2) — 2T + 0+ 8h(a* + *) + 16h(a?? + 3°T* + 5a°T?)
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+Errory,
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Specifically, we have (3.20) - (3.20e) with
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Appendix B

Discrete breathers vs. discrete solitons
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Figure 1. A breather of for €2 = 0.05. Panel (a) shows the dynamics of the solution in
one period, while panel (b) presents the comparison of the breather and its approximation
at t =0, with A; being a discrete soliton of Eq. (4.3).

While discrete solitons of the dNLS correspond to spatially localised,
but time-independent solutions of the equation and can be computed rather
immediately, discrete breathers are spatially localised, but temporally periodic
solutions of the dKG equation (#.1).

There are several numerical methods that have been developed to seek for dis-
crete breathers, see the review [36,37]. Here, we use a Fourier series representation

by writing u(t) as

ui(h) = Zaj,k cos ((k—1)Qt) +bjjsin (kQ), (15)

K
k=1
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where a;; and b are the Fourier coefficients and K> 1 is the number of Fourier
modes used in our numerics. By substituting the expansion into the dKG
equation (4.1), multiplying with each mode, and integrating it over the time-period
21/€), one will obtain coupled nonlinear algebraic equations for the coefficients
ajx and bjx. Then, we use a Newton’s method to solve the equations. Breather
solutions will be obtained by choosing a proper initial guess for the coefficients 4

and bj,k-

——Numerics

0.08 |- - -7.2186%%

0 0.05 0.1 0.15 0.2
€

Figure 2. Plot of the maximum difference of the discrete Schrodinger approximation
for varying ¢. The dashed line is the best power fit, indicated in the legend. The inset
shows the curves in a log scale.

Once a discrete soliton or a discrete breather is found, it is naturally relevant to
study their stability.
Let A j = X;+ij; be a discrete soliton of the dNLS equation. We determine its

linear stability by writing
Aj=Aj+06(%+if)e". (16)

Substituting (16)) into and linearising around 6 = 0 will yield the eigenvalue

problem

N 2 2 o
£ —6&xyi—a A+ a-n-3¢(2+392) | 2,

7j ~A-A-h+3¢& (Sx? +y§) 6EXjYj— 7j
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In here, the solution A j is said to be linearly stable when all of the eigenvalues A
have Re(A) <0 and unstable when there is an eigenvalue with Re(A) > 0.

As for discrete breathers of the dKG equation, their linear stability is determined
using Floquet theory that can be computed numerically as follows. Let i;(t) be
a breather solution. By defining u;(t) = i1;(t) + 6Y(t), substituting it into Eq.
(4.1), and linearising the equation around 6 = 0, we obtain the system of linear
differential-difference equations

Y., = 7.

] ] (18)

Zj = —Y;=3EYj+?AYj—aZj+Heos20N)Y).
Integrating Eqgs. in the numerical domain D, where now T = 27/Q, and using
the standard basis in R, i.e., {e(l),eg, ...,egN} as the initial condition at t = 0, we will

obtain a set of solutions at t = T, which is our monodromy matrix
_JpT pT  ¢T 2Nx2N
M={EL L. EL | e REVY, (19)

The breather i;(t) is said to be linearly stable when all the eigenvalues A4k of the
monodromy matrix M, which are known as Floquet multipliers, lie inside or on
the unit circle and unstable when there exists at least one Ak lying outside the
unit circle. Note that in the presence of damping, the set of continuous multipliers
will lie on a circle of radius e%, see [67, 68].

In the following, we focus on breathers and discrete solitons for the same
parameter values as in Section ie, A=-3,h=-05,a4=0.1, and & = —1.
For & = +1, due to the staggering transformation explained briefly in Section 4.4}
discrete breathers of with small amplitudes and discrete solitons of will

have exponentially decaying staggered tails.
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Figure 3. Panel (a) shows Floquet multipliers of the breather in Fig. showing the
linear instability of the solution. Panel (b) presents the eigenvalues of the corresponding
discrete soliton of DNLS equation (£.3). Red stars in the panel are the critical multipliers
in panel (a), that have been transformed following the relation (2I). Panels (c) and (d)
compare the real and imaginary part of the critical eigenvalue of the discrete soliton (blue

solid line) and the critical multiplier of the corresponding breather of the dKG equation
(red dashed line) for varying .
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Figure 4. Time dynamics of the unstable breather (a) and discrete soliton (b) shown in
Fig.[5.2l Note that the time variable in the second panel has been scaled to the original one.

For our computations, we solve the dKG equation for periodic in time
solutions using the number of Fourier modes K = 3 and the lattice sites N = 50.
Larger numbers, i.e., K =9 and N =400, have been used as well to make sure that
the results are independent of the lattice size and the number of modes.

We present a breather solution and its time dynamics within one period in
Fig. 5.2/ for ¢ = 0.05. In Fig. we compare the breather in panel (a) with its
corresponding approximation [#.2), where A; is the discrete soliton of Eq. (.3).
One can note that they are in good agreement.

By defining a maximum difference between breathers of and their approx-

imations (4.2) using discrete solitons of as

E= sup lly®llep, (20)
0<t<21t/Q

we depict the error for varying ¢ in Fig.[2l We also present in the same panel, the
best power fit to the numerical results, which interestingly follows the theoretical
prediction of the error in Theorem ie., ~ &3

We have computed the corresponding monodromy matrix for the stability of

the solution in Fig. The Floquet multipliers are plotted in Fig.[3(a)l We have
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also solved Eq. for the corresponding discrete soliton of the dNLS equation
and plot the eigenvalues A in Fig. where interestingly we obtain that
both solutions experience the same type of instability (i.e., oscillatory instability as
the critical multipliers and eigenvalues are both complex valued). For the dNLS
solitons, this is in agreement with the results of Refs. [87]. For the dKG breather,
the instability is similar to that reported in [25]. Moreover, from the time scales
that lead to Eqs. (4.2)—(4.3), we can obtain the relation between Floquet multipliers

Agxg of the dKG monodromy matrix and eigenvalues A of the dNLS stability

matrix (I7), i.e.,

Adka ~ €mEML. 1)

Using the transformation, we depict in Fig. the critical multipliers as red stars,
where we learn that the localised solutions do not only have the same type of
instability, but their critical eigenvalues have relatively comparable magnitudes.

While in Fig. 2 we plot the error made by the dNLS solitons in approximating
the dKG breathers, in Figs. and we compare their critical eigenvalues
and multipliers for varying €. We obtain that the breathers and solitons do not
necessarily share the same type of stability. In fact, there are intervals of coupling
constant ¢ on which the breathers are stable, even though the corresponding dNLS
solitons are unstable. This observation nonetheless does not violate the analytical
results in Sections

Figures and [4(b)| show the typical dynamics of the oscillatory instability of
the breather and its corresponding discrete soliton approximation. We can observe
that in both cases the instability destroys localised solutions, i.e., we also obtain
qualitative agreement in the instability dynamics.

Finally, for the sake of completeness, we studied the typical dynamics of dKG
breathers when they experience an exponential instability, i.e., the critical Floquet

multipliers are real. In Figs. and they are in a finite interval close to
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the uncoupled limit ¢ = 0 and their absolute magnitudes are near unity. Due to
these facts, we could not clearly see any instability in our simulations, even after

integrating the dKG equation for quite a long while.
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