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Abstract

The study of finite subgroups of a simple algebraic group G reduces in a sense
to those which are almost simple. If an almost simple subgroup of G has a socle
which is not isomorphic to a group of Lie type in the underlying characteristic
of G, then the subgroup is called non-generic. This paper considers non-generic
subgroups of simple algebraic groups of exceptional type in arbitrary characteristic.

A finite subgroup is called Lie primitive if it lies in no proper subgroup of
positive dimension. We prove here that many non-generic subgroup types, including
the alternating and symmetric groups Alt,,, Sym,, for n > 10, do not occur as Lie
primitive subgroups of an exceptional algebraic group.

A subgroup of G is called G-completely reducible if, whenever it lies in a par-
abolic subgroup of G, it lies in a conjugate of the corresponding Levi factor. Here,
we derive a fairly short list of possible isomorphism types of non-G-completely
reducible, non-generic simple subgroups.

As an intermediate result, for each simply connected G of exceptional type,
and each non-generic finite simple group H which embeds into G/Z(G), we derive
a set of feasible characters, which restrict the possible composition factors of V' | .S,
whenever S is a subgroup of G with image H in G/Z(G), and V is either the Lie
algebra of G or a non-trivial Weyl module for G of least dimension.

This has implications for the subgroup structure of the finite groups of excep-
tional Lie type. For instance, we show that for n > 10, Alt,, and Sym,,, as well as
numerous other almost simple groups, cannot occur as a maximal subgroup of an
almost simple group whose socle is a finite simple group of exceptional Lie type.
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CHAPTER 1

Introduction and Results

This paper concerns the closed subgroup structure of simple algebraic groups
of exceptional type over an algebraically closed field. Along with the corresponding
study for classical-type groups, this topic has been studied extensively ever since
Chevalley’s classification in the 1950s of reductive groups via their root systems.

The subgroup structure of a simple algebraic group divides naturally according
to properties of the subgroups under consideration. Some of the first major results
were produced by Dynkin [30L31], who classified maximal connected subgroups in
characteristic zero. The corresponding study over fields of positive characteristic
was initiated by Seitz [66L[67] and extended by Liebeck and Seitz [531[58], giving a
classification of maximal connected closed subgroups, and more generally maximal
closed subgroups of positive dimension.

Here, we consider the opposite extreme, the case of finite subgroups. Let G be
a simple algebraic group of exceptional type, over an algebraically closed field K
of characteristic p > 0. When considering finite subgroups of G, it is natural to
restrict attention to those not lying in any intermediate closed subgroup of positive
dimension. Such a finite subgroup is called Lie primitive, and a result due to
Borovik (Theorem 271]) reduces the study of Lie primitive subgroups to those which
are almost simple, that is, those groups H such that Hy < H < Aut(Hy) for some
non-abelian finite simple group Hy. The study then splits naturally according to
whether or not Hy is isomorphic to a member of Lie(p), the collection of finite
simple groups of Lie type in characteristic p (with the convention Lie(0) = ).

Subgroups isomorphic to a member of Lie(p) are generally well-understood. If
G has a semisimple subgroup X and p > 0, then G has a subgroup isomorphic to a
central extension of the corresponding finite simple group X (q) for each power g of
p. In [66] it is shown that, for ¢ above some explicit bound depending on the root
system of G, any such subgroup of G arises in this manner.

Turning to those simple groups not isomorphic to a member of Lie(p), the so-
called non-generic case, we have two problems: which of these admit an embedding
into G, and how do they embed? For example, are there any Lie primitive such
subgroups? If not, what can we say about the positive-dimensional overgroups
which occur?

The question of which simple groups admit an embedding now has a complete
answer, due to the sustained efforts of many authors [20122][24[38| 4546149150,
57]. The end product of these efforts is Theorem 2 of [57], where Liebeck and
Seitz present tables detailing precisely which non-generic simple groups admit an
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embedding into an exceptional algebraic group, and for which characteristics this
occurs. The following is a summary of this information.

THEOREM 0 ([57]). Let G be an adjoint exceptional algebraic group, over an
algebraically closed field of characteristic p > 0, and let H be a non-abelian fi-
nite simple group, not isomorphic to a member of Lie(p). Then G has a subgroup
isomorphic to H if and only if (G, H,p) appears in Table [L.0

Table 1.0: Non-generic subgroup types of adjoint exceptional G.

G H
Gy Alts, La(q) (¢ =17,8,13), Us(3),
Ji(p=11), J2 (p=2)
Fy Alts_s, La(q) (¢ = 7,8,13,17,25,27), L3(3), Us(3), >D4(2),
Alty (p=2,5), Altg—10 (p=2), M1 (p=11), J1 (p=11), J2 (p =2),
L4(3) (p=2)
Es | Alts_7, Mi1, L2(q) (¢ =7,8,11,13,17,19,25,27), L3(3), Us(3), Us(2), >D4(2),
2F4(2),

Altg—12 (p=2), Mi2 (p=2,5), M2z (p=2), 1 (p=11), J2 (p=2), J3 (p=2),

Fiz (p=2), La(3) (p=2), Us(3) (p =2), &2 (3) (p=2), G2(3) (p=12)
Er Alts_g, M1, M1z, Jo, L2(q) (¢ =17,8,11,13,17,19, 25,27,29,37), L3(3), L3(4),

Us(3), Us(8), Ua(2), Sps(2), 4 (2), *Da(2), 2Fu(2)’,
Altio (p=2,5), Alt11-13 (p =2), Ma2 (p=15), J1 (p=11), Ru (p=15),
HS (p=5), La(3) (p=2), *B2(8) (p=5)"
Bs | Alts_10, M1, La(q) (g = T7,8,11,13,16, 17, 19, 25, 27, 29, 31, 32, 41, 49, 61), L3(3),
L3(5), Us(3), Us(8), Us(2), Sps(2), QF (2), G2(3), *Da(2), *F1(2)’, *Bz(8),
Alt1r (p=2,11), Alt12—17 (p=2), M12 (p=2,5), J1 (p=11), J2 (p = 2),
Js (p=2), Th (p=3), L2(37) (p = 2), La(3) (p=2), La(5) (p=2),
)

3
PSpa(5) (p=2), *B2(32) (p =5)

Note that we have the following isomorphisms:
A1t5 = L2(4) = L2(5), A1t6 = L2(9) = Sp4(2)/, Altg = L4(2),
Lo(7) =2 L3(2), U4(2) = PSpa(3), Us(3) = Ga(2),

and we therefore consider these groups to be of Lie type in each such characteristic.
Lie Primitivity

At this point it remains to determine, for each pair (G, H) above, properties of
the possible embeddings H — G. Here, our aim is to determine whether or not H
occurs as a Lie primitive subgroup of G, and if not, to determine useful information
regarding the intermediate subgroups of positive dimension.

IThis subgroup was erroncously omitted from [57], however such a subgroup is easily seen to exist,
since an 8-dimensional module for the double-cover of 2 Ba(8) gives an embedding into A7.
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Our main result is the following. Let Aut(G) be the abstract group generated
by all inner automorphisms of G, as well as graph and field morphisms.

THEOREM 1. Let G be an adjoint exceptional simple algebraic group, over an
algebraically closed field of characteristic p > 0, and let S be a subgroup of G,
isomorphic to the finite simple group H ¢ Lie(p).

IfG, H, p appear in Table[I 1] then S lies in a proper, closed, connected subgroup
of G which is stable under all automorphisms in Nauy(c)(S).

Table 1.1: Imprimitive subgroup types.

G H
Fy Alts, Alty, Alto_10, Mi1, Ji, Ja,
Alte (p=5), L2(7) (p=3), L2(17) (p=2), Us(3) (p # 7)
Es Altg_12, Maa, L2(25), L2(27), La(3), Us(2), Us(3), D4(2),
Alts (p # 3), Altz (p # 3,5), M1 (p # 3,5), M2 (p=2), L2(7) (p = 3),
La(8) (p=17), L2(11) (p=5), L2(13) (p =7), L2(17) (p=2), Ls(3) (p=2),

Us(3) (p=17)
Er | Altio—13, Mu1, Ji, L2(17), L2(25), L3(3), La(3), Us(2), Spe(2), >Da(2), 2Fu(2)’,
Altg (p # 3), Alts (p # 3,5), Altr (p #5), M2 (p #5), J2 (p # 2),
La(8) (p #3,7)
Es | Alts, Altio_17, Mi2, Ji, J2, L2(27), L2(37), La(3), Us(8), Sps(2), Q4 (2), G2(3),
Altg (p # 2,3), Mui (p #3,11), Us(3) (p # 2,3,7), *Fu(2)’ (p # 3)

The ‘normaliser stability’ condition here is important for applications to the
subgroup structure of finite groups of Lie type. For instance, if G = F4(K) where
K has characteristic 5, then each subgroup S = Altg of G lies in a proper, closed
connected subgroup of G, which is stable under N¢(S) and under every Frobenius
morphism of G stabilising S. This can be used to deduce that no finite almost
simple group with socle Fy(5") (r > 1) contains a maximal subgroup with socle
Altg, as in Theorem [ below.

The proof of Theorem [l proceeds by considering the action of the finite groups
in question on certain modules for the algebraic group. We consider in particular
the adjoint module L(G), and a Weyl module of least dimension, denoted Viin, for
the simply connected cover G of G. Each such module has dimension at most 248.
For G of type Eg and Fy, the group G has a centre of order 3/(3,p) and 2/(2, p)
respectively, acting by scalars on Vi,i,. Thus to make use of Viin, we must consider
embeddings H — G, where H is a perfect central extension of the simple group H,
and where the image of Z(H) lies in Z(G).

For each (G, H,p) in Table [T, we calculate compatible feasible characters of
H on L(G) and Vipin, which are Brauer characters of H that agree with potential
restrictions of L(G) and Vi, to a subgroup S = H of G with Z(S) < Z(QG) (see
Definition B:2)). This requires knowledge of the irreducible Brauer characters of H
of degree at most dim(L(G)) for each subgroup type H, as well as knowledge of the
eigenvalues of various semisimple elements of G on the relevant K G-modules. The
necessary theory is already well-developed, and we give an outline in Chapter [3
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THEOREM 2. Let G be a simple algebraic group of type Fy, Eg, E7 or Eg over
an algebraically closed field of characteristic p > 0. Let S be a non-abelian finite
simple subgroup of G, not isomorphic to a member of Lie(p), and let S be a minimal
preimage of S in the simply connected cover of G. Then the composition factors of
LG) | S and Viin 1 S are given by a line of the appropriate table in Chapter[d.

Once these composition factors are known, the representation theory of the
finite subgroup can be used to determine further information on the structure of
L(G) and Vi, as an g—module, which in turn allows us to determine information
on the inclusion of S into G. In particular, if S fixes a nonzero vector on a non-
trivial G-composition factor of L(G) or Vi, then S lies in the full stabiliser of this
vector, which is positive-dimensional and proper. In Chapter Bl we present several
techniques for determining the existence of such a fixed vector.

Theorem [I] complements a number of existing results. Frey [33H36] and Lusztig
[60] give much information on embeddings of alternating groups Alt,, and their
proper covers into exceptional groups in characteristic zero. Lifting and reduction
results such as [69, Lemme 4 and Proposition 8] and [23], Corollary 2.2 and Theo-
rem 3.4] can then be used to pass results between characteristic zero and positive
characteristic not dividing the order of the subgroup in question.

For G of type G2, embeddings of non-generic finite simple groups are well un-
derstood, and hence we omit these from our study. In particular, by [67, Corollary
4], the only non-generic finite simple subgroups of G3(K) which are not Lie primi-
tive are isomorphic to Alts or L2(7). From [5, Theorems 8, 9], it follows that Alts
does not occur as a Lie primitive subgroup of G2(K), while L2(7) occurs both as a
Lie primitive subgroup and as a non-Lie primitive subgroup. In addition, Magaard
[61] gives a necessary condition for a given non-generic simple group to occur as
a maximal subgroup of Fy(F), where F' is a finite or algebraically closed field of
characteristic # 2,3. This can be used to limit the possible isomorphism types
of Lie primitive finite subgroups. The methods used here differ from those of the
above references, as well as from relevant papers of Aschbacher [4H8]. There, results
focus on the geometry of certain low-dimensional modules supporting a multilin-
ear form or algebra product. Here, however, we primarily use techniques from the
representation theory of finite groups and reductive algebraic groups.

For each adjoint exceptional group G, Corollary 4 of [57] lists those non-generic
finite simple groups H which embed into G and occur only as Lie primitive sub-
groups there. Since we will refer to this in Section B.1.3] we record this information
below in Table Combining this with Theorem [ gives the following;:

COROLLARY 3. Let G be an adjoint simple algebraic group of type Fy, Eg, Er
or Eg, over an algebraically closed field of characteristic p > 0, and let H ¢ Lie(p)
be a finite non-abelian simple group which embeds into G. Then exactly one of the
following holds:

(i) G, H appear in Table [ and G has no Lie primitive subgroups = H.
(ii) G, H appear in Table[[ and every subgroup S = H of G is Lie primitive.
(iii) G, H appear in Table 3.
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Table 1.2: Subgroup types occurring only as Lie primitive subgroups of G

G H
Fy L2(25), L2(27), L3(3), *D4(2), La(3) (p = 2)
Es L2(19), 2Fa(2)', 2(3) (p = 2), G2(3) (p=2), M1z (p =5), J3 (p = 2),
Fiz (p=2)
FEr L2(29), L2(37), Us(8), Mz (p=5), Ru (p=>5), HS (p = 5)
Fs Lo(q) (¢ = 31,32,41,49,61), L3(5), La(5) (p = 2), >Ba(8) (p # 5,13),
2B2(32) (p=5), Th (p=3)

Table 1.3: Subgroup types H ¢ Lie(p) possibly occurring both as a Lie primitive

subgroup and as a Lie imprimitive subgroup of G

G H
Fy | La(q) (¢=38,13), Alts (p # 5), L2(7) (p # 3), L2(17) (p #2), Us(3) (p=17)
Es Altg, Alts (p=3), Alty (p=3,5), M1y (p=23,5), J1 (p=11), Jo (p=2),
La(7) (p#3), L2(8) (p# 7), L2(11) (p #5), L2(13) (p # 7), L2(17) (p # 2),
Ls(3) (p#2), Us(3) (p#7)
Er Alts, Alts, L2(q) (¢ = 7,11,13,19,27), Ls(4), Us(3), QF (2), Alt7 (p = 5),
Alts (p=3,5), Altg (p=3), M12 (p=25), J2 (p=2), L2(8) (p=3,7),
*B2(8) (p=5)
Es Alts_7, La(q) (¢ =17,8,11,13,16,17, 19,25, 29), Ls(3
Alty (p=2,3), M1 (p=3,11), J3 (p=2), Us(3) (p =
B2(8) (p=5,13), °Fi(2)' (p=23)

), Us(2), *Da(2),
7), PSpa(5) (p = 2),

We remark that many of the groups appearing in Table admit only a single
feasible character on L(G) and Vi, in each characteristic where they embed. The
exceptions to this occur primarily for subgroups Ls(g), and these tend to have
elements of large order, whose Brauer character values we have not considered
(further on this is given at the start of Chapter[d). It is therefore likely that a small
number of the feasible characters for these groups are not realised by an embedding,
so that these groups also have very few possible actions on L(G) and Vpyp.

Complete Reducibility

In the course of proving Theorem[I], we derive much information on the interme-
diate positive-dimensional subgroups which occur when a finite group is shown not
to appear as a Lie primitive subgroup of G. Recall that a subgroup X of a reductive
algebraic group G is called G-completely reducible (in the sense of Serre [68]) if,
whenever X is contained in a parabolic subgroup P of G, it lies in a Levi factor
of P. In case G = GL,(K) or SL,(K), this coincides with X acting completely
reducibly on the natural n-dimensional module.

The concept of G-complete reducibility has seen much attention recently, for
instance in the context of classifying reductive subgroups of G, see for example
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[721[73]. Similar techniques can be brought to bear in the case of finite simple
subgroups.

THEOREM 4. Let G be an adjoint exceptional simple algebraic group in char-
acteristic p > 0, and let H be a non-abelian finite simple group, not isomorphic to
a member of Lie(p), which admits an embedding into G.

If G has a subgroup isomorphic to H, which is not G-completely reducible, then
(G, H) appears in Table[1]], with p one of the primes given there.

Table 1.4: Isomorphism types of potential non-G-cr subgroups

G | p | Subgroup types H ¢ Lie(p)
Fy | 2 | Jo, Lo(13)
3 | Alts, La(7), L2(8)
7 | L2(8)
Es | 2 | Maa, La(q) (¢ = 11,13,17), Us(3)
3 | Alts, Alty, My, La(q) (¢ =7,8,11,17)
5 | Alte, Mi1, La(11)
7 | Alty, Lo(8)
Er | 2 | Alt, (n=17,8,10,12), M1, Mia, Jo, La(q) (¢ = 11,13,17,19,27), L3(3)
3 | Alt, (n=5,7,8,9), M1, M2, L2(q) (¢ =17,8,11,13,17,25), *D4(2)
5 | Alte, Alty, Mi1, La(11), 2Fy(2)’
7 | Alty, L2(8), L2(13), Us(3)
11 | My
13 | L3(3)
Es | 2 | Alt, (n=7,9,10,12,16), M1, Mz, Jo,
La(q) (¢ =11,13,17,19,25,27,37), L3(3), PSp4(5)
3 | Alt, (n=5,7,8,9), M1, La(q) (¢ = 7,8,11,13,17,19,25), Us(8), *Da(2)
Alt,, (n =6,7,10), M11, L2(11), L2(19), Us(2), 2Fu(2)’
Altz, Lo(8), L2(13), Us(3)
11 | My
13 | L3(3)

COROLLARY 5. If G is an exceptional simple algebraic group over an alge-
braically closed field of characteristic p = 0 or p > 13, then all non-generic finite
simple subgroups of G are G-completely reducible.

Theorem [ and Corollary Bl mirror results of Guralnick [39] Theorem A], which
state that if G = GL, (K), where K has characteristic p > n+1, then all finite sub-
groups of G having no non-trivial normal p-subgroup are G-completely reducible.
Another general result in this direction appears in [10, Remark 3.43(ii)], which
tells us that if p > 3 for G of type Ga, Fy, Eg or Er, or if p > 5 for G of type FEj,
then a subgroup S of G is G-completely reducible if L(G) is a completely reducible
S-module. All of these results are in the spirit of those of Serre in [70] §4, 5].
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At this stage we do not attempt to classify those non-generic subgroups which
are not G-completely reducible. For most triples (G, H, p) in Table[[4lit is straight-
forward to show the existence of such a subgroup. However, some cases are quite
involved; we comment briefly on this in Section [5.3.1] on page

Almost Simple Subgroups

The ‘normaliser stability’ of the connected subgroups in Theorem [l also allows
us to extend our results to almost simple finite subgroups. Let Sy be almost simple,
with simple socle S, and suppose that the isomorphism type of S appears in Table
LI If S is the N Aut(c)(S)-stable connected subgroup given by Theorem [} then
So < Ng(S), and this latter group is positive-dimensional and proper since G is
simple.

COROLLARY 6. If G, H, p appear in Table [L1, then G has no Lie primitive
finite almost simple subgroup whose socle is isomorphic to H. In particular, no
group Alt,, or Sym,, (n > 10) occurs as a Lie primitive subgroup of an exceptional
simple algebraic group in any characteristic.

In the case that the field of definition has characteristic 0, we obtain the fol-
lowing. For Alt,,, this is proved independently in forthcoming work of D. Frey
[33].

COROLLARY 7. No exceptional simple algebraic group over an algebraically
closed field of characteristic 0 has a Lie primitive subgroup isomorphic to Alt, or
Sym,, forn > 8.

Application: Finite Groups of Lie Type

Ever since the classification of the finite simple groups, a question of primary
importance in finite group theory has been to understand their subgroups, and
in particular their maximal subgroups. Recall that a group of Lie type arises as
a subquotient of the group of fixed points of a simple algebraic group under a
Frobenius morphism (more details are given in Section 2] of Chapter [). If o is
a Frobenius morphism of an adjoint group G over a field of characteristic p > 0,
then the group O’ (G,) is usually simple. Simple groups of Lie type make up all
the non-abelian finite simple groups besides the alternating and sporadic groups.

For the alternating groups and classical groups of Lie type, the O’Nan-Scott
Theorem [27, Theorem 4.1A] and Aschbacher’s Theorem [3] reduce the study of
maximal subgroups to understanding primitive permutation actions and modular
representations of almost simple groups. For the exceptional groups of Lie type,
understanding maximal subgroups again reduces naturally to embeddings of almost
simple groups by an analogue of Borovik’s Theorem 2] (see [15] for the full state-
ment). As with the corresponding algebraic groups, we expect more explicit results
here than in the classical case.

In Section we use Theorem [I] to prove the following; note that again we
have not considered the groups of type G2 since a complete description of their
maximal subgroups is already available in [26], [48] and [5].
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THEOREM 8. Let G be an adjoint exceptional simple algebraic group over an
algebraically closed field of positive characteristic p. Let o be a Frobenius morphism
of G such that L = O (G, ) is simple, and let L < Ly < Aut(L).

If (G, H,p) appears in Table [ 1], then Ly has no maximal subgroup with socle
isomorphic to H.

Finally we remark that while the proof of Theorems [Il and [l are independent
of the classification of finite simple groups, Theorem [0l does rely on this, and hence
so do Theorems 2] and [4] as well as Corollaries[3 and

Layout

Our analysis requires an amount of background on the representation theory of
reductive algebraic groups and finite groups, and the subgroup structure of reduc-
tive groups. Chapter 2] gives a concise overview of the necessary theory. In Chapter
Bl we describe the calculations used to deduce Theorem [2] illustrating with a typical
example. The feasible characters themselves appear in Chapter

For most triples (G, H,p) in Table [[T] the proof that a subgroup S = H of G
lies in a proper connected subgroup is simply a matter of inspecting the feasible
characters and applying an elementary bound on the number of trivial composition
factors (Proposition B.6). In Chapter [6] we have marked with ‘P’ those feasible
characters which do mot satisfy the bound; thus every Lie primitive subgroup of
G gives rise to one of these feasible characters. The groups with no characters
marked ‘P’ are collected in Table 3.1l Table [[LT] consists of these together with
some additional cases, which are considered in Proposition

Chapter H begins by assuming that (G, H,p) appears in Table [[.I] and that
if S = H is a subgroup of G, then S lies in a proper connected subgroup of G.
A variety of techniques are then applied in order to show that S in fact lies in a
proper, connected, Nayg () (S)-stable subgroup. Theorem [l follows from Theorem
[ through a short argument which is independent of the remainder of the paper,
which we give in Section Finally, Chapter [l considers G-complete reducibil-
ity of the finite subgroups occurring, and Appendix [A] contains auxiliary data on
representations of finite simple groups used in Chapters [ d] and

Notation

Throughout, unless stated otherwise, all algebraic groups are affine and de-
fined over K, a fixed algebraically closed field of characteristic p > 0. Subgroups
are assumed to be closed, and modules are assumed to be rational and of finite di-
mension. A homomorphism between algebraic groups is assumed to be a morphism
of varieties, unless stated otherwise.

For a group X, the derived subgroup is denoted by X’. The image of X
under a homomorphism ¢ is denoted X?, and if ¢ is an endomorphism of X, then
X, denotes the fixed points of ¢ in X. If X is finite then O (X) denotes the
smallest normal subgroup of X with index coprime to p. If X3, Xo, ..., X, are
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simple algebraic groups or tori, then X;X5... X, denotes a commuting product
with pairwise finite intersections.

If V is a K X-module, then V* denotes the dual module Hom(V, K). If Y is a
subgroup of X, then V' | Y denotes the restriction of V' to Y. If My, Ms, ... M,
are K X-modules and ny, ..., n, are integers then we write

M /M3 M
to denote a module having the same composition factors as the direct sum M @
M3? @& ...® M. Finally, the notation

M| Ms| ... | M,

denotes a K X-module V with aseriesV =V, > Vo > ... > V.11 = 0 of submodules
such that soc(V/Vi11) =V;/Vig1 2 M, for 1 <i <.






CHAPTER 2

Background

Good general references for the theory of algebraic groups covered in this chap-
ter are [13], [42], [62] and [44] and we will also give references to specific results
when appropriate.

2.1. Affine Algebraic groups

2.1.1. Reductive and semisimple groups; root systems. For an alge-
braic group G, the connected component containing the identity is denoted G°.
The soluble and unipotent radicals of G are respectively denoted R(G) and R, (G);
they are the maximal normal connected soluble (respectively unipotent) subgroups
of G. Then G is called reductive if R,,(G) = 1 and semisimple if R(G) = 1. An alge-
braic group is simple if it has no non-trivial, proper, connected normal subgroups,
and a semisimple algebraic group is a commuting product of simple subgroups
whose pairwise intersections are finite.

Let G be reductive. We let T denote a fixed maximal torus of G, and B a

Borel subgroup (maximal connected soluble subgroup) containing T'. The rank of

G isr = dim(T). The character group X(T') Lef Hom(T', K*) is a free abelian group

of rank r, written additively. Any K G-module V restricts to T as a direct sum of
weight spaces

N weV : tv=Atvforallt e T}

where A runs over elements of X (T'). Those A with V) # {0} are the weights of V.
The Lie algebra of G, denoted L(G), is a KG-module under the adjoint action, and
the nonzero weights of L(G) are the roots of G; these form an abstract root system
in the sense of [42] Appendix]. We let ® denote the set of roots. The choice of
B gives a base of simple roots II = {ay,...,a,} and a partition of ® into positive
roots ®+ and negative roots ®~, which are those roots expressible as a positive
(respectively negative) integer sum of simple roots.

Abstract root systems are classified by their Dynkin diagram; nodes correspond
to simple roots, with bonds indicating relative lengths and angle of incidence be-
tween non-orthogonal roots. A semisimple group is simple if and only if its Dynkin
diagram is connected, and the well-known classification of possible connected dia-
grams, as well as our chosen numbering of the nodes, are as follows:

11
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1 2 3 4 n—1 n 1 3 4 5 n
A, o o ---0—0 E, o o --0
1 2 3 4 n—1 n l2
B, o o - -
1 2 3 4
1 2 3 4 n-1 n Fy o —— 0
C, o o - -

n—1
1 2 3 4 1 2
D, o o--n—2 G, ==
n

where type E, occurs for n € {6,7,8}.

For a simple algebraic group G, the corresponding label (4, etc.) is called
the (Lie) type of G. An isogeny is a surjective homomorphism of algebraic groups
with finite kernel, and for each Lie type there exists a simply connected group Ggc
and an adjoint group G,q, each unique up to isomorphism, such that there exist
isogenies G — G and G — G4 for each simple group G over K of the same type.

2.1.2. Weights and rational modules. The group Z® is naturally a lattice

in the Euclidean space F def X (T)®zR. In this space, an abstract weight is a point
A satisfying

(A a)
(a, @)
for each simple root a. The abstract weights form a lattice A (the weight lattice);
the quotient A/Z® is finite, and Z® < X (T') < A. The possible subgroups between
Z® and A correspond to isogeny types of simple group; G is simply connected if
and only if X(T") = A, and adjoint if and only if X (T") = Z®.

A weight A € A is called dominant if (\,a) > 0 for all a € II, and A is free
abelian on the set {A1,..., A} of fundamental dominant weights, which are defined
by (A, ;) = 0;; for all ¢ and j. If A\, p are weights, we say p < A if A — pis a
non-negative integer combination of positive roots.

A a) L2 €z

If V is a (rational, finite-dimensional) KG-module, the Lie-Kolchin theorem
[42] §17.6] implies that B stabilises a 1-space of V; an element spanning a B-stable
1-space is called a mazimal vector of V. If V is generated as a KG-module by a
maximal vector of weight A, we say that V is a highest weight module for G, of high
weight X\. Then X is dominant, and all other weights of V' are strictly less than A
under the above ordering.

A B-stable 1-space of a KG-module generates a K G-submodule under the
action of KG, and thus an irreducible KG-module has a unique B-stable 1-space
and is a highest weight module. Conversely, for any dominant A € X (T) there
exists an irreducible module of highest weight A, which we denote Vi (A). Then
Va(A) =2 V() implies A < g and g < A, hence p = A.

The Weyl group W = Ng(T)/T acts naturally on X(7'), inducing an action
on E = X(T) ®z R which preserves the set of roots, as well as the root and weight
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lattices. This identifies W with the group of isometries of E generated by simple
reflections s; : x — x — (x, ;) «; for each i. The length of an element w € W is
the smallest k such that w is expressible as a product of k simple reflections. The
longest element of the Weyl group is the unique element of maximal length; it is also
characterised as the unique element of W sending every positive root to a negative
one. Hence if w, is the longest element, then the linear transformation —w, of
E permutes the dominant weights. Since the weights of a module are precisely
the negatives of those of its dual, the simple modules Vg (—woA) and Vi (A\)* have
identical weight spaces, and thus Vg(—woA) = Vi (A)*. When no confusion can
arise, we abbreviate Vg (\) to simply A.

For each dominant A € X (T'), we also have a Weyl module, denoted Wg (M),
which is universal in the sense that if V' is a rational module of finite dimension
with V/Rad(V) = Viz()\), then V is a quotient of W (A). The Weyl module can
be defined in terms of the 1-dimensional B-module k), with R, (B) acting trivially
and T = B/R,(B) acting with weight A. Then H°(G/B,\) = Ind%(k,) has socle

~ Vi (M), and we set We(\) % HY(G/B, —w.\)*.

Recall that a rational module is called tilting if it has a filtration by Weyl
modules and a filtration by duals of Weyl modules. It is well-known (for instance,
see [28]) that the class of tilting modules is closed under taking direct sums and
summands. An indecomposable tilting module has a unique highest weight, occur-
ring with multiplicity 1, and moreover for each dominant A € X (T') there exists
a unique such indecomposable tilting module, denoted T (M) or T'(A\) when G is
understood.

If the ambient field K has characteristic zero then Tg(\), We(A) and Vg (A)
coincide for each A; in general, the module structure of Wg () can be quite com-
plicated, although much can still be said without too much effort. For instance,
the weights and multiplicities of W () are independent of the field K, and can be
calculated using the ‘Weyl character formula’ (see [37] §24]).

We will make frequent use of the module Vi, a non-trivial Weyl module for
G of least dimension, when G is simply connected of exceptional type, with high
weight and dimension as follows:

G | F4 E6 E? ES
Vinin We(A) We(h1) We(hr) Wa(ls) = L(G)
dim Vyin 26 27 56 248

We will give further information on the structure of Weyl modules when discussing
representations of reductive groups in Section [Z4.1]

2.1.3. Automorphisms, endomorphisms, groups of Lie type. With X
a semisimple algebraic group over an K, let ¢ : X — X be an abstract group
automorphism of X. If ¢ is a morphism of varieties, then by [71] 10.3] exactly one
of the following holds:

e The map ¢ is an automorphism of algebraic groups, that is, ¢~ ! is also a
morphism, or
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o the fixed-point subgroup X, is finite. In this case, ¢ is called a Frobenius
morphism.

We reserve the term ‘automorphism’ for maps of the first type. As well as inner
automorphisms, a simple group of type A, (n > 2), D,, (n > 3) or FEg additionally
has graph automorphisms, induced from symmetries of the Dynkin diagram.

Turning to Frobenius morphisms, when K has positive characteristic p, for each
power g of p, the g-power field automorphism there exists a field automorphism
sending = € K to z?. This induces a Frobenius morphism F, of GL, (K) for each
n > 0. A surjective endomorphism o : X — X is called a field morphism or
standard Frobenius morphism if there exists some n > 0, some power ¢ of p and
and injective morphism ¢ : G — GL,(K) such that i(o(z)) = F,(i(z)) for each
xz € X. If G is simple of type By or Fy with p = 2, or type G2 with p = 3, then
G additionally has exceptional graph morphisms, which are Frobenius morphisms
corresponding to symmetries of the Dynkin diagram when the root lengths are
ignored. For every Frobenius morphism o, there is an integer m such that o™ is a
standard Frobenius morphism [19] p. 31].

If o is a Frobenius morphism of G, the fixed-point set G, is a finite group
of Lie type, and if G is simple of adjoint type, the group O”/(GU) generated by
elements of order a power of p is usually simple, and is then called a simple group
of Lie type. For example, if G = PGL,(K) is adjoint of type A,_1 and o = oy
is a g-power field morphism, then G, = PGL,(¢q) and O (G,) = Ly(q). When
o involves an exceptional graph morphism of G, the corresponding finite simple
group is called a Suzuki-Ree group. Further Frobenius morphisms and groups of
Lie type arise through composition with an automorphism of G; for instance, if
G = SL,(K) (type A,_1), then composition of a g-power Frobenius automorphism
with a graph automorphism of G gives rise to the finite group SU,(g), hence to
the simple unitary group U, (q). We let Lie(p) denote the collection of finite simple
groups of Lie type in characteristic p, adopting the convention Lie(0) = .

2.2. Finite Subgroups

When considering finite subgroups of an algebraic group, Lie primitivity is a
natural maximality condition. If X is an algebraic group of positive dimension, and
if S is a finite subgroup of X, by dimension considerations there exists a positive-
dimensional subgroup Y containing .S such that S is Lie primitive in Y, and then
S normalises Y°. In this way, understanding embeddings of finite groups into
X reduces to understanding Lie primitive subgroups of normalisers of connected
subgroups; we can then appeal to the broad array of available results concerning
connected subgroups.

A natural idea when studying finite subgroups is to make use of the socle
(product of minimal normal subgroups). A minimal normal subgroup of a finite
group is characteristically simple, hence is a product of isomorphic finite simple
groups. We then have a dichotomy between the case that the finite subgroup is
local, that is, normalises a non-trivial elementary abelian subgroup, and the case
that the socle is a product of non-abelian simple groups. Local maximal subgroups



2.2. FINITE SUBGROUPS 15

of exceptional algebraic groups and finite groups of Lie type are well understood;
see [21] for more details.

This dichotomy is typified by the theorem of Borovik below, which reduces the
study of Lie primitive finite subgroups of G to almost simple groups, that is, those
finite groups H satisfying Hy < H < Aut(Hj) for some non-abelian simple group
Hy. In this case, the socle is soc(H) = Hp.

Recall from [1I] that a Jordan subgroup of a simple algebraic group G in char-
acteristic p is an elementary abelian pp-subgroup E (where py is a prime not equal
to p) such that:

e Ng(FE) is finite,
e F is a minimal normal subgroup of N¢g(E), and
e Ng(FE) > Ng(A) for any abelian pg-subgroup A < Ng(F) containing E.

THEOREM 2.1 ([15]). Let G be an adjoint simple algebraic group over an alge-
braically closed field K of characteristic p > 0, and let S be a Lie primitive finite
subgroup of G. Then one of the following holds:

(i) S < Ng(FE) where E is a Jordan subgroup of G.
(11) G= Eg(K), P 7§ 2, 3, 5 and SOC(S) = A1t5 X Altg

(iii) S is almost simple.

Cases (i) and (ii) here are well understood. For each adjoint simple algebraic
group G, the Jordan subgroups have been classified up to Aut(G)-conjugacy by
Alekseevskii [1] when p = 0, and by Borovik [14] when p > 0. Case (ii), sometimes
known as ‘the Borovik subgroup’, is unique up to conjugacy and is described by
Borovik in [15]. This theorem thus focuses our attention on the almost simple
groups in (iii).

If G is a simple algebraic group in positive characteristic p and X is a connected
simple subgroup of G, then a Frobenius endomorphism of X gives rise to a finite
subgroup as in Section 2T which will be a (possibly trivial) central extension of
an almost simple group. Due to the abundance of such subgroups, we say that an
almost simple subgroup S of G is generic if soc(S) is isomorphic to a member of
Lie(p) and non-generic otherwise.

Generic almost simple subgroups of exceptional simple algebraic groups are
mostly well understood. In [56] Theorem 1], Liebeck and Seitz prove that if S =
S(q) is a generic simple subgroup of G, then S arises in the manner above if ¢ is
larger than an explicit bound depending on the Lie type of S and the root system
of G (¢ > 9 is usually sufficient, and ¢ > 2624 always suffices). Subject to this
bound on ¢, they construct a closed, connected subgroup S containing S, such that
S and S fix precisely the same submodules on L(G), and if S < G, for a Frobenius
morphism ¢, then S is also o-stable and Ng(.S)-stable.

In the same article [56, Theorem 6], this latter statement is used to deduce
information on the subgroup structure of the finite groups of Lie type; roughly, an
almost simple subgroup of G, with generic socle, is either of the same Lie type
as G, or arises via the fixed points X, of a maximal closed, connected, reductive
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o-stable subgroup X of G. We will apply a similar argument in Section to
subgroups with non-generic socle.

As mentioned in the introduction, it is now known precisely which non-generic
simple groups admit an embedding to each exceptional simple algebraic group, and
it remains to classify these embeddings. Theorems [I] and B are an analogue for
non-generic subgroups of the aforementioned results of Liebeck and Seitz. If S is a
non-generic finite simple subgroup of the exceptional simple algebraic group G, we
wish to construct a ‘sufficiently small’ connected subgroup S of positive dimension
containing S. In the generic case, ‘sufficiently small’ was taken to mean that each
S-submodule of L(G) is S-invariant. This captures the idea that the representation
theory of S is in some sense ‘close’ to that of S when considering the action on
L(G). In the non-generic setting, we do not expect such a strong result to hold in
general. On the other hand, as we shall see in Chapter Ml it is often possible to
find a subgroup S which stabilises ‘sufficiently many’ S-submodules, for instance,
all those of a particular dimension. This is sufficient to prove Theorem [

2.3. Subgroups of Positive Dimension

Once a given finite simple group is shown not to occur as a Lie primitive
subgroup of G, proving the remainder of Theorem [[]and subsequent results requires
knowledge of the possible intermediate subgroups of positive dimension which can
occur.

2.3.1. Maximal connected subgroups. In characteristic zero, connected
subgroups of an (affine) algebraic group G are in 1-1 correspondence with Lie
subalgebras of L(G) (see [42] §13]). Thus Dynkin’s classification of the maximal
Lie subalgebras of simple Lie algebras over C [30L[31], gives also a classification of
maximal connected subgroups of a simple algebraic group. This has been extended
into positive characteristic by Seitz [67] and by Liebeck and Seitz [5358]. The
following result enumerates the maximal connected subgroups of the exceptional
simple algebraic groups, in arbitrary characteristic. Thus a finite subgroup of G
which lies in a proper, connected subgroup, lies in a conjugate of one of these.

THEOREM 2.2 (|58, Corollary 2]). Let G be an adjoint exceptional simple al-
gebraic group over an algebraically closed field of characteristic p > 0, and let X
be mazimal among connected closed subgroups of G. Then either X is parabolic or
semisimple of mazimal rank, or X appears in the table below, and is given up to
Aut(QG)-conjugacy.

Since semisimple subgroups of maximal rank are examples of subsystem sub-
groups, i.e. semisimple subgroups normalised by a maximal torus, they can be enu-
merated by an algorithm of Borel and de Siebenthal [12]. Similarly, up to conjugacy
a parabolic subgroup corresponds to a choice of nodes in the Dynkin diagram; then
the parabolic has a non-trivial unipotent radical, whose structure is discussed in
Section 2.3.4] and the Dynkin diagram generated by the chosen nodes determines
the (reductive) Levi complement.
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| G | X simple | X not simple

Go Al (p > 7)

Fy | A (p>13), G (p=1T) A1Ge (p#2)

Ee | A2 (p#2 3) G2 (p#7), A2Ga
Cy (p# 2)

E; | 4 (2 classes, p > 17,19 resp.), A1Ar (p#2,3), A1Gs (p # 2),
A2 (p > 5) A1F4, GgCg

Eg | A; (3 classes, p > 23,29, 31 resp.), | 4142 (p # 2,3),
BQ (p > 5) G2F4

2.3.2. Parabolic subgroups and complete reducibility. Let G be a re-
ductive algebraic group, with maximal torus T and set of roots ®. Then for each
a € ®, there is a homomorphism z, : (K,+) — G of algebraic groups, whose
image U, is T-stable; this U, is the root subgroup corresponding to . We have
tro(c)t™! = zo(a(t)c) for all t € T and all ¢ € K.

Let II be a base of simple roots, with corresponding positive roots ®*. Then a
subset I C II generates a root subsystem ®; C ® in a natural way, and we have a
corresponding standard parabolic subgroup

P (T, U Usp : acdt, Bel).

The unipotent radical of P; is then

def
Qr —c< w i aEedT, a§§¢)1>

and in Py, the unipotent radical has a reductive closed complement, the Levi factor

L (T U« BeT)
whose root system is precisely ®;. A parabolic subgroup is any G-conjugate of
a standard parabolic subgroup, and each is conjugate to precisely one standard
parabolic subgroup. A Levi subgroup is any conjugate of some Ly; since each Levi
subgroup L contains a maximal torus of G, the derived subgroup L’ is a subsystem
subgroup of G.

Recall that a subgroup X of a reductive group G is G-completely reducible
(G-cr) if, whenever X lies in a parabolic subgroup P = QL of G, X then lies
in a conjugate of the Levi factor L. Similarly, X is G-irreducible (G-irr) if there
is no parabolic subgroup of G containing X, and G-reducible otherwise. A finite
subgroup which is Lie primitive in G is necessarily G-irreducible.

There now exists much literature on the concept of G-complete reducibility,
particularly with regard to classifying connected G-completely reducible subgroups.
Such a subgroup is necessarily reductive, by the following theorem of Borel and Tits:

THEOREM 2.3 ([62] Theorem 17.10]). Let U be a unipotent subgroup, not nec-
essarily closed or connected, of a reductive algebraic group G. Then there exists a
parabolic subgroup P of G with U < R, (P) and Ng(U) < P.

In particular, if X is a connected subgroup with non-trivial unipotent radical,
then X lies in some parabolic P with X N R,(P) = Ryu(X) # 1, so X is not
contained in a Levi factor of P.
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In [55], Liebeck and Seitz produce a constant N(X, G) < 7, for each exceptional
simple algebraic group G and each connected simple subgroup type X, such that
if p > N(X,G) then all subgroups of G of type X are G-completely reducible, and
this has been further refined by D. Stewart [74]. Theorem Ml can be viewed as an
analogue of this result for finite simple subgroups of G.

Knowledge of reductive subgroups, and G-cr subgroups in particular, is of use
in proving Theorem [[] since the precise action of these subgroups on L(G) and Vipin
has either already been determined or is straightforward to determine. For example
[65] Tables 8.1-8.7] gives the composition factors of all connected simple subgroups
of G of rank > 2 on L(G) or Vipin, provided p is greater than the largest entry of
the above table. The action is usually completely reducible, and if not, it is usually
straightforward to determine the precise action from the composition factors, using
techniques outlined shortly.

2.3.3. Irreducibility in classical groups. If G is a simple algebraic group
of classical type A,, B, C, or D,, then G is closely related to SL(V), SO(V)
or Sp(V) for some vector space V with an appropriate bilinear or quadratic form.
Then V is isomorphic to the Weyl module W (A1), and parabolic subgroups of G
have a straightforward characterisation in terms of the irreducible module V(A1)
[65] pp. 32-33]:

LEMMA 2.4. Let X be a G-irreducible subgroup of a simple algebraic group G
of classical type, and let V = Vgz(A1). Then one of the following holds:

e G=A, and X is irreducible on V,

e G=B,,C,orD, andV | S=V, L--- LV with the V; all nondegen-
erate, irreducible and inequivalent as X -modules,

e G=D,,p=2 and X fizes a non-singular vector v € V, such that X is
then Cg(v)-irreducible, where Cg(v) is simple of type Bn_1.

Thus determining when a finite simple group S admits a G-irreducible embed-
ding into some classical G is straightforward if we have sufficient information about
the representation theory of KS. For us, the necessary information is available in
the literature, and we give a summary in Section

2.3.4. Internal modules of parabolic subgroups. We recall some informa-
tion from [9]. With G a semisimple algebraic group, let P be a parabolic subgroup
of GG, and without loss of generality assume that P = Pr is a standard parabolic
subgroup for some I C II, with unipotent radical @ = @; and Levi factor L = L;
as before.

An arbitrary root 8 € ® can be written as 8 = 8y + 81 where Sr = >
and By =3, ey djoj. We then define

height(8) = Z ¢+ Z dj,
level(8) = > d;,
shape(8) = Br,
and for each i > 1 we define subgroup Q(i) = (Us : level(8) > i).

OLiGI Ciai
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Call (G, char K) special if it is one of (B, 2), (Cy,2), (Fy,2), (G2,2) or (Ga, 3).

LEMMA 2.5 ([9]). The subgroups Q(i) are each normal in P. There is a natural
K L-module structure on the quotient groups Q(i)/Q(i + 1), with decomposition
Q@)/Q(i+ 1) =[] Vs, the product being over all shapes S of level i. Each Vg is
an indecomposable K L-module of highest weight 8 where B is the unique root of
mazimal height and shape S. If (G, p) is not special, then Vg is irreducible.

Given G and the subset I of simple roots corresponding to P, it is a matter of
straightforward combinatorics to calculate the modules occurring in this filtration,
as laid out in [9]. A quick summary for the exceptional groups is provided by the
following lemma, which is [55] Lemma 3.1].

LEMMA 2.6. If P = QL is a parabolic subgroup of an exceptional algebraic group
G and Lo is a simple factor of L, then the possible high weights A of non-trivial
Lo-composition factors occurring in the module filtration of QQ are as follows:

LO = An A= Aj or AnJrl,j (j = 1,2,3),’

Lo= A1 or As (G =Fy only ): A =2\ or 2\y;

LQ = Al (G = G2 only): A= 3)\1,’

LQ = Bn, Cn (G = F4, n=2or 3) A= )\1, )\2 or /\3,’
LO = Dn )\1, /\n,1 or )\n;

LO = E6.’ A= )\1 or )\6;

Lo = E7: A= Ar.

In Section 5. Ilwe will use this information and some basic cohomology theory to
parametrise complements to ) in the subgroup QX, for X a finite simple subgroup
of G contained in P.

2.4. Representation Theory of Semisimple Groups

2.4.1. Structure of Weyl Modules. The following proposition summarises
information on the module structure of Weyl modules which we will use throughout
subsequent chapters. This information is well-known (for example, see [59]), and

can quickly be verified with computer calculations, for example using the Weyl
Modules GAP package of S. Doty [29].

PROPOSITION 2.7. Let G be a simple algebraic group in characteristic p > 0,
and let A be a dominant weight for G.

o If (G, \) appear in Table [21), then Wg(N\) = Vg (N) is irreducible in all
characteristics, with the given dimension.

o If (G, ) appear in Table[ZD then Wg () is reducible in each character-
istic given there, with the stated factors, and is irreducible in all other
characteristics.
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Table 2.1: Irreducible Weyl modules

G A Dimension
An [ Xi(i=1,...,n) ("

B, An 2"

Ch A1 2n

Dn | M, A1, An | 21,2771 o0l
Ee A1, A6 27

E; A7 56

Es As 248

Note that for the classical types, the module W (A1) is the natural module.
For type A, we have Wg(\;) = Va(A) = A" Va(M\y) fori=1,...,n.

The composition factors of the adjoint module L(G) are the same as those of
Wea(A) as in the following table (for a proof, see [56], Proposition 1.10]):

Type of G | An Bn On Dn Eg E7 Eg F4 G2
A | AMFA, A 220 X A A1 A A1 A

Note also that the simply connected groups form a chain
F4(K) < EG(K) < E7(K) < Eg(K)

and up to composition factors, we have the following well-known restrictions (see,
for example [55] Tables 8.1-8.4)):

L(Es) | Er = L(Er)/ Vi, (A)*/0°,
L(Er) | Es = L(E6)/Vis(M)/Vis(X6) /0, Vi, (M) L Es = Visg(\)/Visg (X6) /0,
L(Es) L Fy = L(Fy)/Wr, (M), VEg(A1) L Fa = Wp,(A1)/0.

In addition, the longest element w, of the Weyl group of GG induces the scalar
transformation —1 on X(T') ®z R if G is simple of type By, C,, Da,, G2, Fy,
E; or Eg. In this case, every irreducible K G-module is self-dual, as Vg (\)* =
Va(—wsA) = Vg(A). If G is instead simple of type A,, Da,11 or Eg, then w,
induces —7, where 7 corresponds to a non-trivial symmetry of the Dynkin diagram.

This gives rise to isomorphisms:

o Vo(\i) 2 Va(MAy1-4)" for G of type A,, and any 1 <1i < n,
o V(M) 2 Vg(Xe)* for G of type Eg,
o Vi(Aan) = Vo (A2nt1)* for G of type Dopy1,

For G of any type, if A is fixed by each graph automorphism of G, the module
Vi (A) is self-dual.

Finally, recall that a spin module for X is the irreducible module Vx(\,), of
dimension 2", for X of type B, or one of the modules Vx(A,—1) or Vx(Ay,), of
dimension 2" 1, for X of type D,.

LEMMA 2.8 ([565] Lemma 2.7]). Let X = By, (n > 3) or Dypt1 (n>4), and let
Y be either a Levi subgroup of type B, (r > 1) or D, (r > 3) of X, or a subgroup
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Table 2.2: Composition Factors of Reducible Weyl modules

G A P High Weights Factor dimensions
A, A+ A pln+1]0, A1+, 1,n?2+2n—1
2\ (n>1) 2 A2, 2\ ("), n+1
B, A1 2 0, M1 1, 2n
A2 (n > 2) 2 02 X1, Ao 1, 2n,
2n? —n — (2,n)
D, A2 2 002, Ay L (3 = (2n)
As 2o 2 22X, M+ A3 6, 14
3 0, 2X2 1,19
B3 2M 2 0, A1, A2, 2\ 1,6,14,6
7 0, 21 1, 26
23 2 0, A2, A2, 2X3 1,6,14, 8
By A3 2 0%, A1, A2, A3 1, 8, 26, 48
A+ M 3 Ad, A+ N\ 16, 112
2M 2 0%, A1, A2, 2)1 1, 8, 26, 8
3 0, 2X 1, 43
Cs A3 2 A1, A3 6, 8
Cy 2M 2 0%, 2X1, A2 1, 8, 26
A2 2 0, A2 1, 26
A4 2 A2, A4 26, 16
3 0, A\ 1, 41
Dy | 2\ (i=1,3,4) 2 0, A2, 2); 1, 26, 8
Ai + A, where 2 Ai F A5, A 48, 8
{i,5,k} ={1,3,4}
Eg A2 3 0, A2 1,77
Er A1 2 0, A1 1, 132
Fy Al 2 A1, Ad 26, 26
A4 3 0, A\ 1,25
Go A1 2 0, A1 1,6
A2 3 ALy A2 7,7
AL+ A2 3 0, A1, A2, A1+ A2 1,7, 7,49
7 A1+ Az, 2\ 38, 26
2M 2 0, A1, A2, 2\ 1,6,14,6
7 0, 2X 1, 26
3\ 2 0%, A2, X2, 202, 3)\; | 1, 6, 14, 6, 36
3 Ay A, A+ Ao, 3N | 7, 7,49, 7
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B, of X = Dpy1. If V is a spin module for X, then all composition factors of
V 1Y are spin modules for Y.

2.4.2. Tilting Modules. Tilting modules enjoy several properties that will
be of use here. For instance, L(G) and Vi, are often tilting; this only fails for an
exceptional simple algebraic group G in the following cases:

G = E7,p=2, L(G) = Vg(M)/0, T(A1) = 0|V (A1)|0;
G = FEs, p=3, L(G) = Va(\2)/0, T(A2) = 0[Va(\2)|0;
G =Fy,p=2, L(G) = Va(\)/Va(M), T(M) = Va(\)|Va(M)|Va (M)

G =Fy, p=3, Vimin = Ve (A1) /0, T(Ag) = 0|V (A4)]O0.

In every scenario encountered here, it is a trivial task to determine the structure
of a tilting module T () from the (known) structure of the Weyl modules W (1)
for p < A. Moreover, the following will be useful in determining the action of
subgroups of G on the various G-modules. This is parts (i)—(iii) of |28 Proposition
1.2] (cf. also [63]).

LEMMA 2.9. Let X be a reductive algebraic group.

(i) If M and N are tilting modules for X, then so is M @ N;
(ii) If V is a tilting module for X and L is a Levi subgroup of X, then V| L
is a tilting module for L;

(iii) Tx (\)* = Tx(—wo);

2.4.3. Extensions of Rational Modules. Suppose that a finite subgroup S
of the simple algebraic group G is known to lie in some proper, connected subgroup
of G. Then S lies in either a reductive subgroup of G, and then in the semisimple
derived subgroup, or in a parabolic subgroup of G. In the latter case, S can be
studied using its image under the projection to a Levi factor. Thus, as we shall
see in Chapter Ml useful information on embeddings S — G can be procured by
comparing the possible actions of S on L(G) and Vi, with those of the various
semisimple subgroups of G admitting an embedding of S.

We therefore require some results on the representation theory of semisimple
groups. A comprehensive reference for the material of this section is [44].

Let X be a semisimple algebraic group over the algebraically closed field K.
Recall that for rational K X-modules V and W, we denote by Ext% (V, W) the set
of all rational extensions of V by W up to equivalence.

LEMMA 2.10 ([44, p.183, Proposition]). If A\, u are dominant weights for X
with X not less than p, then

Ext) (Vx (V), Vi (1)) = Homyx (rad(Wx (V)), Vx (1).
This lemma is particularly useful in light of the information on the structure
of Weyl modules above. Another result of use in this direction is the following.

LEMMA 2.11 ([67, Lemma 1.6]). In a short exact sequence of KX -modules
0—=>Vx(\) =M — Vx(u) — 0,

one of the following occurs:
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(i) The sequence splits, so M = Vx () @ Vx(p),
(ii) A < p and M is a quotient of the Weyl module Wx (1),
(ili) p < X and M* is a quotient of the Weyl module Wx (—wo\).

COROLLARY 2.12. IfV is a rational K X -module with high weights {p1, ..., us},
and if Wx (i) has no high weight p; for all i # j, then V is completely reducible.

In particular, if each Wx (p;) is irreducible, then V is completely reducible.

Each of these will be useful in narrowing down the possibilities for intermediate
subgroups S < X < G when S is known not to be Lie primitive in G.






CHAPTER 3

Calculating and Utilising Feasible Characters

With G an adjoint exceptional simple algebraic group over K, our strategy for
studying embeddings of finite groups into G is to determine the possible composition
factors of restrictions of L(G) and V. Here we describe the tools which allow us
to achieve this.

3.1. Feasible Characters

3.1.1. Definitions. Let H be a finite group and let the field K have charac-
teristic p > 0. Recall that to a K H-module V' we can assign a Brauer character, a
map from H — C which encodes information about V' in much the same way as an
ordinary character encodes information about a module in characteristic zero. Let
n be the exponent of H if p = 0, or the p’-part of the exponent if p > 0. Then the
eigenvalues of elements of H on V are n-th roots of unity in K. Fix an isomorphism
¢ between the group of n-th roots of unity in K and in C. The Brauer character
of V' is then defined by mapping h € H to > ¢((), the sum over eigenvalues ¢ of h
onV.

When K has characteristic zero, a Brauer character is simply an ordinary char-
acter (a Galois conjugate of the usual character). In general, a Brauer character
has a unique expression as a sum of irreducible Brauer characters (those arising
from irreducible modules), though the decomposition of the Brauer character into
irreducibles only determines the corresponding module up to composition factors,
not up to isomorphism.

We now give some crucial definitions, the first of which is found in Frey [34].

DEFINITION 3.1. A fusion pattern from H to G is a map f from the p’-conjugacy
classes of H to the conjugacy classes of GG, which preserves element orders and is
compatible with power maps, i.e. for each i € Z, f maps the class (%) to the class
of i-th powers of elements in f(z!7).

DEFINITION 3.2. A feasible decomposition of H on a finite-dimensional G-
module V' is a K H-module V; such that for some fusion pattern f, the Brauer
character of any z € H on V; is equal to the trace of elements in f(z1) on V. The
Brauer character of Vj is then called a feasible character. We say that a collec-
tion of feasible decompositions or feasible characters of H on various G-modules is
compatible if they all correspond to the same fusion pattern.

Any subgroup S of G gives rise to a fusion pattern (map the S-conjugacy
class to the G-conjugacy class of its elements), and the restriction of any set of

25
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finite-dimensional G-modules gives a compatible collection of feasible decomposi-
tions. Not all feasible characters (or fusion patterns) are necessarily realised by an
embedding; however, determining all feasible characters places a strong restriction
on possible embeddings. Note that our definition of a feasible character is more
restrictive than that given by Cohen and Wales [24], p. 113], since the definition
there does not take power maps into account.

3.1.2. Determining feasible characters. Given G, a finite group H and a
collection {V;} of rational K G-modules, determining the compatible collections of
feasible characters of H on {V;} is a three-step process.

e Firstly, we need the Brauer character values of all irreducible K H-modules
of dimension at most Max(dim(V;)). The {V;} used here each have di-
mension at most 248 = dim L(Fs). The necessary information on Brauer
characters either exists in the literature or can be calculated directly. We
give more details on this in Section

e Secondly, for each m coprime to p such that H has elements of order m,
we will need to know the eigenvalues of elements of G of order m on each
module V;. These can be determined using the weight theory of G, which
we outline in Section We then take the corresponding sum in C
under the bijection determining the Brauer characters.

e Finally, determining feasible characters becomes a matter of enumerating
non-negative integer solutions to simultaneous equations, one equation for
each class in H. Each solution gives the irreducible character multiplicities
in a feasible character. This step is entirely routine, and we give an
illustrative example in Section 3211

In Chapter [6 proceeding as above we give the compatible feasible characters
of each finite simple group H ¢ Lie(p) on the KG-modules L(G) and Vi, defined
in Section 2471

3.1.3. Irreducible Modules for Finite Quasisimple Groups. Let S be
a finite simple subgroup of a semisimple algebraic group G, let G be the simply
connected cover of G and let S be a minimal preimage of S under the natural
projection G — G, so that S is a cover (perfect central extension) of S. If S = §
then we have an induced action of S on each KG module and no isogeny issues
are encountered. However, if S has non-trivial centre, then in order to make use
of any faithful G-modules (in particular, the module Vi, for G = Eg and E7), we
will need to consider the action of S rather than S. Note that in this case, we have
Z(S) < Ker(G — G) < Z(@G).

A perfect finite group has, up to isomorphism, a unique covering group of
maximal order, the universal cover. All covers are then quotients of this, and
the centre of the universal cover is called the Schur multiplier of S. The Schur
multipliers of the finite simple groups are all known.

In order to carry out the calculations described above, for each finite simple
group H appearing in Table[[.0) we will need to know information on the irreducible
K H-modules of dimension < 248, where H is a cover of H with |Z(H)| < 3. For
most such groups encountered here, the necessary Brauer characters appear in the
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Atlas [25] or the Modular Atlas [43]. In addition, Hiss and Malle [41] give a list of
each dimension at most 250 in which each finite quasisimple group has an absolutely
irreducible module (not in the ambient characteristic of the group is of Lie type).

The groups from Table [[L0] whose Brauer characters are not given explicitly in
the Modular Atlas are Alt,, (13 < n < 17), La(q) (¢ = 37, 41, 49, 61), Fise, Ru,
Th, Ly(5) and Q7(3). The modular character tables of La(q) for ¢ and p coprime
are well-known, cf. [17]. For the alternating groups, the following reciprocity result
is of use in determining all irreducible Brauer characters of a given degree.

LEMMA 3.3 ([2, p.58]). Let Y < X be finite groups, V a finite-dimensional
KY -module and U a finite-dimensional K X -module. Then

HOInKx(U, \%4 T X) = HOInKy(U \l, Y, V)

In particular, if U is simple, of dimension N, and if V is any KY -module quotient
of ULY, then U is a submodule of V 1 X.

In particular, the irreducible Brauer characters of degree < 248 for Alt,, can all
be found by inducing and decomposing the irreducible Brauer characters of degree
< 248 for Alt,,_1. For completeness, in Appendix[A]we include the Brauer character
values used for Alt13 to Alty7 in characteristic 2.

According to Corollary 4 of [57] (cf. Table[L[2)), the remaining groups from the
above list occur only as Lie primitive subgroups of an exceptional algebraic group.
Then according to [41], the faithful irreducible modules of dimension at most 248
for these groups and their double or triple covers are as follows:

H Module Dimensions | Adjoint G containing H

Figg (p = 2) 78 Eﬁ
3.Fiss (p=2) | 27 (not self-dual)

Ru (p=2>5) | 133 E;
2.Ru (p =5) | 28 (not self-dual)

Th (p=3) | 248 Ex

La(5) (p=2) | 154, 248 B

Q:(3) (p=2) | 78, 90, 104 B
3.07(3) (p =2) | 27 (not self-dual)

We see immediately that each embedding of Fise, Q27(3) and T'h must be ir-
reducible on both L(G) and V. An embedding of Ru into E7 must arise from
an embedding of 2 - Ru into the simply connected group, acting irreducibly on the
Lie algebra, and with composition factors 28/28* on the 56-dimensional self-dual
module Viyin. Finally, since L4(5) has no non-trivial modules of dimension less than
154, it must be irreducible on L(Eg) in any embedding, otherwise it would fix a
nonzero vector on L(G), and would not be Lie primitive in G by Lemma B3 below.
This determines all the feasible characters for these groups on L(G) and Viin.

3.1.4. Frobenius-Schur indicators. The (Frobenius-Schur) indicator of a
K H-module V' encodes whether the image of H in GL(V) lies in an orthogonal
or symplectic group. An irreducible K H-module V supports a nondegenerate H-
invariant bilinear form if and only if V' & V* and the form is then symmetric or
alternating. If K has characteristic # 2, then H preserves a symmetric form if and
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only if it preserves a quadratic form. In characteristic 2, any H-invariant bilinear
form on V is symmetric, and a nondegenerate H-invariant quadratic form on V'
gives rise to a nondegenerate H-invariant bilinear form, but not conversely.

The indicator of V is then defined as

0 (oro) ifVZV*
ind(V) = 1 (or +) if H preserves a nondegenerate quadratic form on V,
—1 (or —) otherwise.

Thus V has indicator — if and only if V is self-dual, supports an H-invariant
alternating bilinear form, and does not support an H-invariant quadratic form.

3.1.5. First cohomology groups. The last piece of information we will use
is the cohomology group H*(H,V) for various K H-modules V. Recall that this
is the quotient of the additive group Z'(H,V) of 1-cocycles (maps ¢ : H — V
satisfying ¢(xy) = ¢(x) + 2.¢(y)) by the subgroup B'(H,V) of 1-coboundaries
(cocycles ¢ such that ¢(z) = z.v — v for some v € V).

The cohomology group is a K-vector space which parametrises conjugacy classes
of complements to H in the semidirect product V H, via

o= {p(h)h : h e H},
and also parametrises short exact sequences of K H-modules
0=-V—E—-K-=0

under equivalence, where an equivalence is an isomorphism £ — E’ of K H-modules
inducing the identity map on V and K.

Knowledge of cohomology groups will be useful in determining the existence
of fixed points in group actions (see Proposition for a good example). Com-
putational routines exist for determining the dimension of H(H, V') (for instance,
Magma implements such routines). The information we have made use of here is
summarised as follows:

LEMMA 3.4. Let K be an algebraically closed field of characteristic p such that
the simple group H ¢ Lie(p) embeds into an adjoint exceptional simple algebraic
group over K (i.e. H appears in Table [.0). Then Tables [A3 to give every
non-trivial irreducible K H-module of dimension < 248.

We also give there the Frobenius-Schur indicator ind(V) of each module, as
well as dim(H!(H,V)) when this has been used.

Note that the computational packages used to calculate these cohomology group
dimensions do not perform calculations over an algebraically closed field, but rather
over a finite field. This is sufficient for us if we ensure that the field being used is a
splitting field for the group H (see for example [11] §1]). Such fields always exist;
for instance if |H| = p®r with r coprime to p, then a field containing a primitive
r-th root of unity suffices.
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3.1.6. Semisimple Elements of Exceptional Groups. In order to calcu-
late feasible characters, we need to know the eigenvalues of semisimple elements of
small order in Fy(K), Fg(K), E7(K) and Eg(K). A semisimple element necessarily
has order coprime to the characteristic p of K.

Let H be a group such that (G, H) appears in Table Let n be the p’ part
of the exponent of H. Let w,, be an n-th root of unity in K, let {,, be an n-th root
of unity in C, and let ¢ be the isomorphism of cyclic groups sending w,, to ¢,. For
each m dividing n, let w,, = w,(ln/ m), and similarly for (.

If m > 0 is coprime to p, then an element of order m in G is semisimple, hence
lies in some maximal torus 7. From the existence and uniqueness of the Bruhat
decomposition for elements in G, it follows (see for example [19] Section 3.7]) that
two elements of order m in T are conjugate in G if and only if they are in the same
orbit under the action of the Weyl group W = Ng(T)/T.

Now, let {x;} be a free basis of the character group X (7). If ¢ € T has order
m, then each x;(t) is a power of wy,, say x;(t) = wl, where 0 < n; < m and
ged({n;}) = 1. Conversely, for any r-tuple of integers (n,...,n,) satisfying these
conditions, there exists ¢t € T with x;(t) = w (see [42] Lemma 16.2C]), which

then has order m.

Thus, for a fixed basis of X (T), elements of T of order m correspond to r-tuples
of integers (ni,...,n,) as above, where r = rank(G), and the action of W on T
induces an action on these. This latter action makes no reference to K, only to
X(T) and the basis. In particular, if G; is a simple algebraic group over C with an
isomorphism of root systems ®(G) — ®(G;) identifying the character groups and
Weyl groups, then classes of elements of order m in G and in G are each in 1-1
correspondence with orbits of the Weyl group on these r-tuples, hence are in 1-1
correspondence with each other.

This correspondence respects Brauer character values; suppose V and W are
respectively modules for G and G, whose weight spaces correspond under the
isomorphism of root systems. If we express a weight A as a linear combination
of basis elements A = > m;(A)x;, then an element ¢ € G which is represented
by (ni,...,n,) has a corresponding eigenvalue [];_, wii™ ™ " and thus the Brauer
character value of g on V is

> ()

A a weight of V' \i=1

which is equal to the (true) character value of the corresponding elements in Gj.

There now exists a well-established theory of elements of finite order in simple
complex Lie groups, and in [64], Moody and Patera provide an algorithmic ap-
proach to enumerating elements of finite order, as well as determining their eigen-
values on rational modules. Classes of semisimple elements in a simply connected
simple group G over C are in 1-1 correspondence with (r + 1)-tuples (sg, $1,...,5;)
with ged(sg, $1,...,8r) = 1, where r = rank(G). Under projection to G/Z(G),
elements represented by (s, s1, ..., s,) have order 22:1 n;S;, where ag = > n;q;
is the highest root. The full order of the element is also determined by the s; (see
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[64] Section 4]), and the algorithm additionally tells us precisely when elements
represented by distinct (r 4+ 1)-tuples are conjugate in the adjoint group.

By implementing the procedure above in Magma, we have calculated the eigen-
values of all semisimple elements of order at most 37 in the simply connected groups
F4(C), E¢(C), E7(C) and Eg(C) on the adjoint and minimal modules. There are
a total of 2,098,586 conjugacy classes of such elements between these groups, and
it is impractical to give representatives of each. However, all but a few tables of
Chapter [0l can be verified using only elements of order at most 7, and the eigenval-
ues of such elements are already known. In particular, our calculations have been
checked against [20] (elements of Fg and simply connected E;) and [24] (elements
of Fy and simply connected Eg).

3.2. Deriving Theorem

3.2.1. Example: Feasible characters of Alti; on L(Fs), p = 2. We now
have sufficient information to derive the feasible characters for each (G, H,p) in
Table[I.0Q, which is the content of Theorem[2l We illustrate with the case H = Alty;
and G = Eg(K), where p = char(K) = 2, on the 248-dimensional adjoint module
L(G). Tt transpires that there is a unique feasible character, up to a permutation
of irreducible H-modules corresponding to an outer automorphism of H. Note that
G does indeed have a subgroup isomorphic to H, since GG has a simple subgroup
of type Dg, which is abstractly isomorphic to SO16(K) since p = 2, and it is
well-known that Alt;7 has a 16-dimensional irreducible module which supports a
nondegenerate quadratic form.

As given in the Appendix (Table [A2), in characteristic 2 there is a unique
K H-module of each dimension 1, 16 and 118 up to isomorphism, and two irre-
ducible modules of dimension 128, which are interchanged by an outer automor-
phism of H. There are no other irreducible K H-modules of dimension < 248. The
16-dimensional module is a quotient of the natural 17-dimensional permutation
module, the 118-dimensional module is a section of /\2 16 and the 128-dimensional
‘spin’ modules arise from embeddings Alt17 < SOf,(2) < SLyr(2).

In this case it suffices to consider rational elements of H, that is, elements
which are H-conjugate to all their proper powers of the same order. All Brauer
character values of rational elements are integers, and the character values of such
elements of H can be calculated by hand. It is well-known that the Brauer character
of h € H on the 16-dimensional deleted permutation module is [fix(h)| — 1, giving
also a formula for the Brauer character of the alternating square. The eigenvalues
of h on a spin module can be inferred directly from the eigenvalues of H on the
16-dimensional module; this is done, for example, in [47, pp. 195-196]. For the
elements of orders 3, 5 and 7, we obtain the following;:

X | e 3 3 3 3 3P 5 5 5 7 7
X16 6 13 10 7 4 1 11 6 1 9 2
X118 118 76 43 19 4 -2 53 13 -2 34 -1

X128,, X128, | 128 —64 32 —-16 8 -4 -32 8 -2 16 2
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Finding the possible Brauer characters of L(G) | H then involves finding non-
negative integers a, b, ¢, di, d2 such that

L(G) | H =1%/16"/118°/128% /128>

where we are denoting K H-modules by their degree. Let d = d; + ds be the total
number of 128-dimensional factors in the feasible character.

From the calculations described in B.I.8] we find that G has two classes of
rational elements of order 5; elements of these have traces —2 and 23 on L(G) (see
also [20] Table 1]). There is also a class of elements with trace 3 on L(G), however
such elements are not rational (they have non-integer trace on the 3875-dimensional
G-module). As all elements of H of order 5 are rational, each feasible character of
H on L(G) must take a value in {—2,23} on each such class.

Thus, evaluating the character of L(G) | H on the classes e, 5 and 52 gives the
following equations:

(1) 248 = a + 16b + 118¢c + 128d
(2) —2or 23 =a+ 11b+ 53c — 32d
(3) —2or23=a+6b+13c+8d

By (1) we have ¢ < 2, d < 1. The third line must equal 23, since coefficients are
non-negative. Subtracting (1) from (3) then gives:

45 = 2b+ 21c + 24d

and so ¢ must be odd, hence ¢ = 1. Assuming d = 0 forces b = 12, making (1)
inconsistent. Therefore d = 1, which therefore means b = 0, a = 2. Thus we have

L(G) | H=1%/118/128, or 12/118/128,

which are the same up to the action of an outer automorphism of H. This also
determines a fusion pattern from H to G, which is unique up to interchanging
classes according to an outer automorphism of H. In similar calculations with G
not of type Fg, it may be necessary to calculate a feasible character on both L(G)
and another non-trivial K G-module before a fusion pattern is determined. Here,
we have

ceH | e 3 3 3 3 3 5 5 5 7 7
Xr@nu(r) | 248 14 77 5 14 —4 23 23 —2 52 3
Classin G | 1A 3C 3D 3B 3C 3A 5G 5G 5C 7N 7H

where the conjugacy class labels are taken from [20] Table 1].

Given knowledge of the necessary Brauer characters and semisimple elements,
identical calculations to the above are possible for each pair (G, H) in Table [0,
as well as their double and triple covers when G is respectively of type E7; and Ej.
This is entirely routine, and we have used Magma to facilitate calculations and help
avoid errors. The results are the tables of feasible characters of Chapter

3.3. Finding Fixed Vectors

Let G be an exceptional simple algebraic group and let S be a finite quasisimple
subgroup of G with Z(S) < Z(G). Our approach to studying the embedding of S
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into G is to use the representation theory of S to find a nonzero fixed vector in the
action of S on L(G) or Viin, since then S < Cg(v), a closed subgroup, and

dim(Cg(v)) = dim(G) — dim(G.v).

In particular, if dim(V) < dim(G) then Cg(v) is of positive dimension. If also v is
not fixed by G, then Cg(v) is proper, and thus S is not Lie primitive in G. Note
that G can only fix a nonzero vector on V' if (G, V,p) = (Es, L(G), 3), (E7, L(G),2)
or (F4, Vg(/\4), 3)

If V = L(G), then although dim(V) = dim(G), a similar conclusion never-
theless holds. By the uniqueness of the Jordan decomposition, any endomorphism
fixing v € L(G) must also fix the semisimple and nilpotent parts of v. Thus if S
fixes a nonzero vector in its action on L(G), then it fixes a nonzero vector which
is semisimple or nilpotent. We then appeal to the following result; note that the
proof given in [67] is valid for an arbitrary reductive group G.

LEMMA 3.5 ([67), Lemma 1.3]). Let 0 # v € L(G).

(i) If v is semisimple then Cg(v) contains a mazimal torus of G.
(ii) If v is nilpotent, then R, (Cg(v)) # 1 and hence Cq(v) is contained in a
proper parabolic subgroup of G.

We are therefore interested in conditions on a feasible character which will
guarantee the existence of a fixed vector.

3.3.1. Group cohomology. To begin, recall that if Vand W are K .S-modules
then we denote by Extls (V, W) the set of equivalence classes of short exact sequences
of S-modules:

0—-W-—=FE—=>V =0,
and we have isomorphisms (see [44] 1, Chapter 4]):

Extg(V, W) = Extg(K,V* @ W)= HY(S,V* @ W),
where H!(S,V* @ W) is the first cohomology group.

The following result is based on [52] Lemma 1.2], and is a highly useful tool
for deducing the existence of a fixed vector in the action of S on a module V.

PROPOSITION 3.6. Let S be a finite group and M a finite-dimensional K S-
module, with composition factors Wy,...,W,, of which m are trivial. Set n =

S dim HY(S,W;), and assume H' (S, K) = {0}.
(i) If n < m then M contains a trivial submodule of dimension at least m—n.

(ii) Ifm = n and M has no nonzero trivial submodules, then H'(S, M) = {0}.

(iii) Suppose that m =n > 0, and that for each i we have
HY(S,W;) = {0} <= H'(S,W;) = {0}.

Then M has a nonzero trivial submodule or quotient.
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PROOF. In each case, we proceed by induction on the number r of composition
factors of M.

(i) If r = 1 or if M has only trivial composition factors, the result is immediate.
So let r > 1 and assume that M has a non-trivial composition factor. Let W C M
be a submodule which is maximal such that M/W has a non-trivial composition
factor. Let n’ = > dim(H(S, W;)), the sum being over composition factors of W,
and let m’ be the number of trivial composition factors of W. If n —n/ <m —m/,
then by induction M /W would have a trivial submodule, contradicting the choice
of W. Thus n —n' > m —m’ and so n’ < m’ + (n — m) < m/; by induction, W
contains a trivial submodule of dimension m’ —n’ > m — n.

(ii) Suppose that n = m, that M has no trivial submodule and that H'(S, M)
is nonzero, so that there exists a non-split extension 0 - M — N — K — 0. Since
M contains no trivial submodule, neither does N. This contradicts (i), since N has
m~+1 trivial composition factors, while the sum >~ dim H'(S, W;) over composition
factors W; of N is equal to m.

(iii) Now suppose n = m > 0. Assume that M has no trivial submodules. We
will show that M has a nonzero trivial quotient. Let N be a maximal submod-
ule of M. Since M has no nonzero trivial submodules, neither does N. Hence
H (S, M/N) = {0}, otherwise N would have a nonzero trivial submodule by part
(i). By induction on r, we deduce that N has a nonzero trivial quotient. Let @ be a
maximal submodule of N such that N/Q is trivial. Then M /(@ is an extension of a
trivial module by the irreducible module M/N. By our hypothesis on cohomology
groups, we have

Extg(M/N, K) = Extg(K, (M/N)*) = H*(S,(M/N)*) = {0}.

Thus the extension splits and M has a trivial quotient, as required. (I

3.3.2. Some representation theory of finite groups. While Proposition
is widely applicable, it is sometimes possible to infer the existence of a fixed
vector even when it does not apply. In Section B.3.3] we detail a representation-
theoretic approach to determining whether a module can exist with a prescribed set
of composition factors and no nonzero trivial submodules. To describe this approach
properly, we give here a survey of preliminary results from the representation theory
of finite groups. A good reference is [2].

Let S be a finite group and K be an algebraically closed field of characteristic
p. The group algebra K S admits a K-algebra decomposition into indecomposable
block algebras B;, giving also a decomposition of the identity element:

KS=B1®By® - & By,
e=¢€e1+ex+...4¢€,.
In turn, this gives a canonical direct-sum decomposition of any K S-module M:
M=eM+esM+---+e,M.

We say that a module M belongs to the block B; if M = e; M (in which case e; M = 0
for all j # 4). It is immediate that any indecomposable module lies in a unique
block, and that if M lies in the block B;, then so do all submodules and quotients of
M. Hence if we know a priori to which block each irreducible K'S-module belongs,
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and if we know the composition factors of some K S-module, we know that it must
split into direct summands accordingly.

Next, recall that the Jacobson Radical rad(V') of a K S-module V is the inter-
section of all maximal submodules of V', or equivalently, is the smallest submodule
J of V such that V/J is completely reducible; we call V/rad(V') the head of V.
Dually, the socle soc(V) of V is the sum of all irreducible submodules of V, or
equivalently, is the unique maximal semisimple submodule of V.

A K S-module is called projective if it is a direct summand of a free module, or
equivalently, if any surjection onto it must split. We have the following basic facts
(see [2, Chapter II]):

LEMMA 3.7. Let V be a finite-dimensional KS-module. Then there exists a
finite-dimensional projective K.S-module P such that

(i) V/rad(V) = P/rad(P).
(ii) P is determined up to isomorphism by V.
(iii) V is a homomorphic image of P.
(iv) P/rad(P) = soc(P).
v) dim(P) is divisible by the order of a Sylow p-subgroup of S.

Such a P is then called the projective cover of V. Projective covers provide
a highly useful computational tool for studying the submodule structure of KS-
modules with known composition factors. Every finite-dimensional projective mod-
ule is a direct sum of indecomposable projective modules, and these are in 1-1 cor-
respondence with the irreducible K.S-modules {S;} via P;/rad(FP;) = soc(P;) = S;.
The projective indecomposable modules are the indecomposable direct summands
of the free module K S, and the projective module P; occurs precisely dim(.S;) times
in a direct-sum decomposition of K'S. We thus obtain the formula

Zdlm ) dim(S;) = dim(KS) = |5].

It is well-known that the number of isomorphism types of irreducible K.S-
modules is equal to the number of conjugacy classes of S of elements of order
coprime to p. Let m be the number of such classes. Then if a K S-module V has
composition factors Sj'/S52/.../S» where r; > 0, then by the above lemma the
projective cover of V' has the form

P=P"+P"»+...+P0m
with n; < r; for each 1.

Additionally, the Brauer characters of the irreducible K'S-modules can be used
to determine the composition factors of the indecomposable projective modules
(cf. [32) Chapter IV]). If the Brauer character of the irreducible K S-module S;
is x4, we extend each y; to a class function on S by setting x;(x) = 0 when-
ever z has order divisible by p. We can then define the inner product (x;, x;) =
ﬁ > es Xi(x)x;(z71), as in the case of ordinary characters. The (m x m) matrix
((Xi, Xj); ;) 1s invertible, and the (i, j)-entry of its inverse is the multiplicity of S;
as a composition factor of P;, and also to the multiplicity of S; as a composition
factor of P;.



3.3. FINDING FIXED VECTORS 35

Finally, a result involving the defect group of a K.S-module tells us that if p°
is the order of a Sylow p-subgroup of S, where p is the characteristic of K, and if
p¢ | dim S;, then S; & P; is its own projective cover [32], Theorem IV.4.5].

As a quick example, let us determine the structure of the projective indecom-
posables for S = Alts with p = 3. From [41], we know that S has four irreducible
modules S, ..., Sy, of dimension 1, 3, 3 and 4, respectively, each of which is self-
dual. Immediately, the 3-dimensional modules are projective since their dimension
is divisible by 3 (the order of a Sylow 3-subgroup), and the other two modules are
not, since their dimension is not divisible by 3.

If P, and Py are the projective covers of the 1- and 4-dimensional K .S-modules,
we have

60 = dim(P1) + 9+ 9 + 4 dim(Py)

Since 3|dim P;, we have dim Py < 10. It follows that P, is uniserial (has a unique
composition series) with composition series S4|S1[Ss. This in turn implies that
P, has a single 4-dimensional composition factor, and is thus uniserial of shape
S1154]51.

Methods for constructing and manipulating projective indecomposable mod-
ules have now been implemented in various computational algebra packages. As
with calculating cohomology groups, these implementations are designed to work
over finite extensions of the prime field Q or IF,. This is sufficient for determining
the submodule structure of the projective indecomposables, in particular their so-
cle series and radical series, since each projective K S-module can be obtained by
extending scalars from projective kS-module, whenever k C K is a splitting field
for S.

3.3.3. Projective covers and fixed vectors. As indicated above, the sub-
module structure of projective indecomposable modules for many of the simple
groups in Table [.0Ol can be determined either by hand or using computational tech-
niques. They thus provide a powerful tool for studying the possible structure of a
module with known composition factors.

Let S be a finite group, K an algebraically closed field, {S;} the irreducible
K S-modules and {P;} the corresponding projective indecomposable modules. Let
V be a K S-module with composition factors Si*/.../Sim. As above, the projective
cover of V has the form

P=P"+P?+...+Pm

with n; < r; for each i. To simplify calculations, it will be useful to find smaller
upper bounds for the n; such that V' must still be a quotient of P.

LEMMA 3.8. Let Sy, ..., S, be the irreducible K.S-modules and Py, ..., P, the
corresponding projective indecomposables. Let V = S /S5?/ ... /Sim be a self-dual

K S-module with no irreducible direct summands, and let P = @Pi"(Pi) be the
projective cover of V.

Then n(F;) + n(P*) < r; for all i. In particular, n(P;) < r;/2 when S; is
self-dual.
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PRrOOF. If soc(V) ¢ rad(V), then we may pick an irreducible submodule W C
soc(V') such that W N rad(V) = {0}. Since V/rad(V) is semisimple, we then have
the composition of surjective maps

V> V/iad(V) > W

whose kernel does not intersect W, hence W is an irreducible direct summand,
contrary to hypothesis. Therefore we have soc(V) C rad(V'). As V is self-dual, we
have V/rad(V') 2 soc(V)*. Hence we have

P/rad(P) 2 V/rad(V) = soc(V)* = P 5"
=1

and the result follows as the multiplicity of S; as a composition factor of V' is at
least the sum of multiplicities of S; in V/rad(V') and soc(V). O

Now, suppose that V = S7*/532/.../SI™ is a self-dual K S-module (in practice
V' will usually be the restriction to S of a self-dual K G-module for an algebraic
group G). Suppose that V has trivial composition factors, but does not necessarily
satisfy the hypotheses of Proposition3.6] and we want to deduce that V nevertheless
contains a nonzero trivial K S-submodule.

Let W be a direct summand of V' which is minimal subject to being self-dual
and containing all trivial composition factors of V. Then W lies in the principal
block (that is, the block to which the trivial irreducible module belongs), and has no
irreducible direct summands. In addition, since W is self-dual and has no nonzero
trivial submodules, it has no nonzero trivial quotients, and hence the projective
cover of W will have no projective indecomposable summand corresponding to
the trivial module. Applying Lemma [3.8 we deduce that W is an image of P =

@ P ") where

0 :S; is trivial or does not lie in the principal block,
m(P;) =< |r:i/2] :S;is non-trivial, S = S* and S lies in the principal block,
T :S; is non-trivial, S 2 S* and S lies in the principal block.

We therefore proceed by taking this module P, and looking for quotients which:

are self-dual,

have composition factor multiplicities bounded above by those of V|
have precisely as many trivial composition factors as V', and

have no trivial submodules.

If no such quotients exist, then V' must contain a nonzero trivial submodule.

We adopt this approach in Proposition B3] counsidering pairs (G, H) not sat-
isfying Proposition B.6(i) or (iii).

REMARK 3.9. In the course of proving Proposition [3.13] we refer on occasion
to calculations performed over a finite splitting field for S, say & C K. Since
KS =kS®, K, it follows that a projective K S-module P is equal to Py® K, where
Py is a projective kS-module. However, it need not be the case that every KS-
module quotient of P is obtained by extending scalars from a kS-module quotient
of Py. Here, the only calculations performed over a finite field are the determination
of the socle and radical series of P, and of quotients P/M, where M is the smallest
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submodule of P such that P/M has no composition factors of a given isomorphism
type. Such an M is equal to My ® K, where Mj is the smallest submodule of Fy
such that (Py/Mp) ® K has no composition factors of the given isomorphism type.
It suffices to work over a finite splitting field for these calculations.

3.3.4. Connectedness of Proper Overgroups. Once we have deduced that
a finite simple group H does not occur as a Lie primitive subgroup of the adjoint
exceptional simple algebraic group GG, we must next show that each subgroup S = H
of G lies in a proper connected subgroup of G. Proposition B.I1] below guarantees
this in all but a few cases. We begin with a preliminary lemma.

LEMMA 3.10. Let S be a non-abelian finite simple subgroup of an adjoint ex-
ceptional simple algebraic group G. Suppose that S normalises a maximal torus T
of G, so that S is isomorphic to a subgroup of W(G) = Ng(T)/T. Then either S
lies in a proper subsystem subgroup of G, or G = Eg and S = Uy(2), or G = Ex
and S = Ly(8), Us(3) or Spg(2).

ProOOF. The exceptional Weyl groups and their subgroup structure are well-
known (for instance, see |76l §§2.8.4, 3.12.4]). The Weyl groups of type G2 and
F, are soluble, and hence G is not one of these types. The remaining groups are
W (FEg), which has a subgroup of index 2 isomorphic to Uy (2); W(E7) 22 2 x Spe(2);
and W(FEs) = 2 - Q7 (2).2. The maximal subgroups of each classical group here
appear in the Altas [25].

If G is of type Fg, then besides the subgroup Us(2) as in the statement of
the lemma, there are three conjugacy classes of non-abelian simple subgroups of
W = W (Eg). There are two classes of subgroups isomorphic to Alts, and each such
subgroup lies in a subgroup isomorphic to Altg, which is unique up to W-conjugacy.
On the other hand, G has a subsystem subgroup of type As, giving rise to a class
of subgroups of W which are isomorphic to W(As) = Symg. Thus each simple
alternating subgroup of W lies in one of these, and if S = Alts or Altg then T'S lies
in a Levi subgroup of G of type As, as required.

Similarly, for G = E7 we have W = 2 x Spg(2), and the non-abelian simple
subgroups of W are either isomorphic to one of L2(8), Us(3) or Spg(2), which
appear in the statement of the lemma, or lie in the Weyl group of a subsystem
subgroup, call it X. The possibilities are S = Alts or Altg with X of type Dg;
Lo(7), Altr, or Altg with X of type A7, or Uy(2) with X of type Fg.

Similarly, for G = Es, W is a double cover of QF (2) : 2. The non-abelian
simple subgroups of W each lie in either a subgroup Lq(7) < W(Dsg) (2 classes),
Spe(2) < W(E7), Altg < W(As), or Alts < W(A4A4) (2 classes), and in each case
S lies in a proper subsystem subgroup. 0

PROPOSITION 3.11. Let S be a non-abelian finite simple subgroup of an adjoint
exceptional simple algebraic group G which is not Lie primitive in G. Then either
S lies in a proper connected subgroup of G, or the type of G and the isomorphism
type of S appear in the table below.
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G | Type of S

Es Ua(2)

E7 | Ly(7), L2(8), Us(3), Sps(2)
Fs Alts, La(7)

PROOF. Since S is not Lie primitive in G, it lies in some maximal subgroup X of
positive dimension and normalises the identity component. If S does not lie in X°,
then the image of S under X — X/X° is isomorphic to S. The possible maximal
closed subgroups X, as well as Ng(X)/Ng(X)°, are given by [58] Corollary 2(i)].
In particular, the subgroups such that Ng(X)/Ng(X)° contains a finite simple
group are either maximal tori, in which case S is isomorphic to a subgroup of the
Weyl group as in Lemma B0, or (G, X,S) = (E7, A7, Ly(7)), (Es, A$, La(7)) or
(Es, A1, Alts), where this latter subgroup exists only if p # 2,3, 5. O

3.4. Lie Imprimitivity of Subgroups in Theorem [It Standard Cases

In this section, we prove that if a triple (G, H,p) appears in Table [T then
any subgroup S = H of G must lie in a proper, connected subgroup of G. We
split the proof into two general propositions, as well as some cases requiring ad-hoc
arguments. Recall that G denotes the simply connected cover of G, and that Vi,
is a Weyl module for G of least dimension; this has highest weight A4, A1, A7 or Ag,
and dimension 26, 27, 56 or 248, for G respectively of type Fy, Fg, E7 or Eg.

PROPOSITION 3.12. Let H be a finite simple group, not isomorphic to a member
of Lie(p), and let S = H be a finite simple subgroup of the adjoint exceptional simple
algebraic group G, in characteristic p > 0. Let S be a minimal preimage of S in the
simply connected cover G of G, and let L and V respectively denote the quotient of
L(G) and Viin by any trivial G-submodules.

If (G, H,p) appears in Table[3d), then S fizes a nonzero vector on L, V or V*,
and is therefore not Lie primitive in G.

Furthermore, S lies in a proper connected subgroup of G.

PROOF. Since the composition factors of L | S and V | S appear in the
appropriate table in Chapter[6, proving that S is not Lie primitive in G comes down
to inspecting the corresponding table and comparing this with the information in
Appendix [Al to decide whether the conditions in Proposition [3.6]i) or (iii) hold for
L] SorV | S. For convenience, in Chapter [l we have labelled with ‘P’ those
feasible characters for which we cannot infer the existence of a fixed vector using
PropositionB:6l Thus (G, H,p) appears in TableB.Tlif and only if the corresponding
table in Chapter [0l has no rows labelled ‘P’.

As a typical example, take G = Eg, H = U3(3), p = 7. Here, we have four pairs
of compatible feasible characters on L(G) and Vi, given by Table on page
As stated in Table [A.3] of the Appendix, we know that H(Us(3),26) is 1-
dimensional, while the corresponding group for other composition factors vanishes.
Thus any subgroup S = H of G, having composition factors as in Cases 2), 3) or
4) of Table [6.101] satisfies Proposition B.6(i) in its action on L = L(G) and fixes a
nonzero vector.
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Table 3.1: Subgroup types satisfying Proposition

G H
Fy Alt7_10, M1z, J1, J2,

L(17) (p=2), Us(3) (p #7)
Es Alt1o-12, Maz, L2(25), La(3), Us(2), Us(3), D4(2),

Alts (p?é 3)7 Alty (p # 3, 5)7 M1 (p?é 375)7 M2 (p= 2)7 Lz( ) ( = )
Ly(11) (p =5), L2(13) (p=17), L2(17) (p = 2), L2(27) (p # 2), Ls(3) (p = 2),
Us(3) (p=17)

E7 | Altiio1s, M, Ji, L2(17), La(25), Ls(3), La(3), Us(2), Sps(2), *Da(2), 2Fa(2)’,
Altio (p = 2)7 Altg (p = 2)7 Alts (p 75 375)7 Alty (p 75 5)7 M2 (p 7£ 5)7 J2 (p 75 2)7
L2(8) (p 75 37 7)

Es | Altir, Altio_1s, Alts, Mi2, J1, Jo, L2(27), L2(37), La(3), Us(8), Sps(2), Qff (2),
G2(3),

Altyr (p=2), Alte (p #2,3), My (p #3,11), Us(3) (p #7), *Fu(2)’ (p # 3)

In Case 1), the feasible character has no trivial composition factors on L(G).
On the other hand, the corresponding composition factors of V' = Vo7 = Vi, are
‘1’ and ‘26’. Hence by Proposition B.6l(iii), if S = H gives rise to these feasible
characters, a preimage S of S in G must fix a nonzero vector on either V or its
dual, as required.

Now, with the exception of (G, H) = (E7, Sps(2)) or (E7, L2(8)), Proposition
B applies and so S lies in a proper, connected subgroup of G. To show that the
same holds for these two cases, for a contradiction assume that S lies in no proper
connected subgroup of G. Inspecting Tables 6164, [6.224] [6.225] [6.226], [6.227 we
see that S fixes a nonzero vector v € L(G). Since S lies in no parabolic subgroup
of G by assumption, by Lemma it follows that v is semisimple and Cg(v)
contains a maximal torus, say 7. Then S normalises C(v)° and moreover, since
H does not occur as a subgroup of Sym-, the proof of Proposition BTl shows that
S cannot normalise a non-trivial connected semisimple subgroup of G. It follows
that Cg(v)® = T is a maximal torus of G. Now since H = Spg(2) or L2(8) and
H ¢ Lie(p), the ambient characteristic p is not 2, hence a non-trivial K H-module
of least dimension is 7-dimensional. Since S normalises T' it follows that S acts
irreducibly on L(T'). Now, we have a well-known decomposition

LG) LT =LT) & P La
acd

where ® is the set of roots corresponding to T" and each L, is a non-trivial 1-
dimensional T-module. Since S acts irreducibly on L(T') it follows that T'S cannot
fix a nonzero vector on L(G), which contradicts T'S < Cg(v). O

PROPOSITION 3.13. With the notation of the previous Proposition, if (G, H,p)
appears in Table[3.2, then S lies in a proper, connected subgroup of G.

PRrOOF. For each (G, H,p), we let S be a hypothetical Lie primitive subgroup
of G, and derive a contradiction by showing that a minimal pre-image S of S in
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Table 3.2: Further simple groups not arising as Lie primitive subgroups of G

G | (H,p)

Fy (Altg, ) (A1t5,p # 2, 5)7 (L2(7)73)
Es | (Altg,2) (L2(7),3), (L2(27),2)

Eg | (Alt1g,3), (Alt1o,2)

G must fix a nonzero vector on some non-trivial G-composition factor of L(G) or
Vinin, using the approach described in Section B33l Since Proposition B.11] applies
to each (G, H) in Table B:2] the conclusion follows. Since S is Lie primitive, recall
that the composition factors of L(G) | S and Vi | S are given by a row in the
appropriate table of Chapter [d which is marked with ‘P’.

Case: (G,H,p) = (Fy,Altg,5). As given in Table [A2] there are four non-
trivial irreducible K H-modules, of dimensions 5, 5, 8 and 10. Since |H| = 23.32.5,
the 5- and 10-dimensional modules are projective. If P, and Py are respectively the
projective covers of the trivial and 8-dimensional irreducible modules, we have

|H| = 360 = dim(P;) 4 25 + 25 + 8 dim(Ps) + 100

and thus dim(Pg) < 26. Since 5 | dim(P;s), this has at least two 8-dimensional
composition factors, hence has composition factors 14/82 or 1/8%. The former
implies that P; has four 8-dimensional factors, contradicting the above equation.
Denoting modules by their dimension, we therefore deduce that Ps = 8|(1 + 8)|8,
P =1)8|1.

Suppose that S = H is a Lie primitive subgroup of G, so its composition
factors on L(G) and V(A1) are given by Case 1) of Table 66, and V(M) | S
has no nonzero trivial submodules. If V(A1) | S had an 8-dimensional S-direct
summand, then its complement would satisfy Proposition B.0(iii), and S would fix
a nonzero vector. Thus V(A1) | S must be indecomposable, and is therefore an
image of the projective module Py by Lemma [3.8 But this has only a single trivial
composition factor; a contradiction.

Case: (G,H,p) = (Fy,Alts,p # 2,3,5). Here there is a unique compatible
pair of fixed-point free feasible characters of H on L(G) and V. It is proved
in [61l pp. 117-118], that a subgroup Alts having these composition factors on
these modules is not Lie primitive (more precisely, the subgroup stabilises a certain
subalgebra on a 27-dimensional ‘Jordan algebra’ on which G acts; the stabiliser of
such a structure is a positive-dimensional subgroup of G).

Case: (G, H,p) = (Fy, Alts, 3). The projective K H-modules are 3,, 3, P, =
1/4|1 and Py = 4|1|4, where the latter two are uniserial. A Lie primitive subgroup
S = H of G must act on L(G) with composition factors as in Case 2) or 3) of Table
[6.3 fixing no nonzero vector. Now, all the trivial composition factors of S on L(G)
and all the composition factors ‘4’ must occur in a single indecomposable S-direct
summand W, otherwise Proposition B.6{(iii) would apply to an S-direct summand
of L(G). Furthermore W is self-dual since W* is also a direct summand of L(G)
with trivial composition factors. By Lemma [3.8 therefore, W is an image of P}.
But this has only three trivial composition factors; a contradiction.
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Case: (G, H,p) = (Fy or Eg, Ly(7),3). The projective K H-modules here are
3a, 3b, 6, Pr = 1]7|1 and P; = 7|1|7. Let L = L(G) if G has type Fy, or Vg(A2),
of dimension 77, if G has type Eg. Using Table and [6.69 we see that L | S
has four trivial composition factors, and a similar argument to the above shows
that if S = H is a subgroup of G fixing no nonzero vectors on L, then L | S has
an indecomposable self-dual direct summand W containing all trivial composition
factors and at least four 7-dimensional composition factors. This summand is then
an image of P2 by Lemma 3.8 But this only has three trivial composition factors;
a contradiction.

Case: (G,H,p) = (Fs,Altg,2). Here a Lie primitive subgroup S = H of G
must give rise to Case 1) of Table[6.40 Since Va7 | S then only has two composition
factors, one of which is trivial, it follows that either V(A1) or its dual Viz(Ag) has
a nonzero trivial g—submodule; a contradiction.

Case: (G, H,p) = (Eg, L2(27),2). Here a Lie primitive subgroup S = H of G
must give rise to Case 1) of Table Since S fixes no nonzero vector on Vg (A1)
or its dual, we see that Vg(\) | S = 13|1/13* or 13*|1|13. This is therefore an
image of Py3 or Pfs.

Now, the six 28-dimensional irreducible K H-modules are projective. Calcula-
tions with dimensions, and the fact that P/rad(P) & soc(P) for any projective K H-
module, quickly show that the projective cover Py, = 26,|26,, is uniserial, and sim-
ilarly for 26, and 26.; these involve no 13-dimensional factors, hence P;3 and P;3«
have no 26-dimensional composition factors. Since P; is self-dual and involves only
the modules 1, 13, 13*, dimension considerations imply that P; = 1|(13 4+ 13*)|1,
and it follows that Pjg = 13](1 + 13*)[13. Thus neither Pi3 nor Pj5 has a uniserial
quotient 13]1[13* or 13*|1|13; a contradiction.

Case: (G, H,p) = (Fs, Alt1g,3). Here, every composition factor of the unique
feasible character of H on L(G) (Table [6:237) is self-dual, and all except one (that
of dimension 84) have multiplicity 1. It follows that any irreducible S-submodule
of dimension # 84 is in fact a direct summand. Thus if L(G) | S has a reducible,
indecomposable direct summand, say W, then W is a quotient of the projective
module Psy. The radical series of Psy begins 84|1 + 41 + 84|34 + 41 + 842|.... Now
if N is a submodule of Pgy such that N/Rad(N) = 41, then N lies in the kernel of
P4y — W. Using Magma to facilitate calculations, we find that the quotient of Pgy4
by the sum of all such submodules is self-dual with shape 84|(1 + 84)|84. It follows
that either L(G) | S is completely reducible, or

L(G) 1 S=14+9+34+ 36+ (84/84).

In either case, S fixes a 1-space on L((G), and hence cannot be Lie primitive in G.

Case: (G, H,p) = (Es, Alt1g,2). Here a Lie primitive subgroup S = H of G
gives rise to Case 4) of Table 6237, so L(G) | S = 18/8%/26/482. Hence the
sum @ H'(S,W) over S-composition factors of L(G) is 9-dimensional. Now, let
L(G) = W1 @& ... ® W, where each W; is indecomposable. If more than one W;
had a trivial composition factor, then Proposition B.6(iii) would apply to at least
one such summand. Since S fixes no nonzero vectors of L(G), it follows that S
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has an indecomposable summand W on L(G) containing all trivial composition
factors, and also all S-composition factors with nonzero first cohomology group.
Moreover W is an image of Pg2 + 19226 + P,g, by Lemma B8 Now, let Qg, Q26 and
Q45 be the quotient of Py, Pos and Pyg, respectively, by the sum of all submodules
with a unique maximal submodule, and corresponding quotient not isomorphic to a
member of {1, 8,26,48}. Using Magma to facilitate calculations, we find that these
quotients have the following structure:

Qs = 8|1]26]1|(8 + 48)|(1 + 26)|(1 + 26)|(1 + 8)|(1 + 8),
Q26 = 26|(1 + 48)[(8 + 26)|12|(8 + 26)|(12 + 48)|8 + 261
Qus = 48|26/1|8|(1 + 48)|26/1

Now, if W/Rad (W) has more than one composition factor ‘8’ or ‘26’, then Rad(W)
satisfies Proposition B.6(i) and has a trivial submodule. So we may assume that
W is an image of Q48 ® Q26 or Qus  Qs. Each of these modules has exactly nine
trivial composition factors, so the kernel of the projection to W can have at most
one trivial factor. But also, both Q48 ® Q26 and Q48 & Qg contain a 2-dimensional
trivial submodule, and it follows that S fixes a nonzero vector of W C L(G). O

3.5. Postponed Cases of Theorem [Il

Those pairs (G, H) in Table [T for which the above propositions do not apply
are listed below. For these, a special argument is required, either because the
groups themselves have have feasible characters with no trivial composition factors
on L(G) or Vi, or because their representation theory allows for the existence of
modules having appropriate composition factors but no fixed vectors. For these,
we defer proving the conclusion of Theorem [l until Section 4.4l where some ad-hoc
arguments are applied.

G | (H,p)
Er Altio (p =5), Alte (p # 2,3)
FEs | Altig (p = 2), Altyy (p = 11), Alto (p > 3)




CHAPTER 4

Normaliser Stability

In this chapter we complete the proof of Theorem[Il At this stage we have now
shown that for (G, H, p) as in Table[[T], with the exception of the ‘postponed cases’
considered in Section [£.4] every subgroup S = H of G lies in a proper connected
subgroup of G. It remains to show the existence of a connected N () (S)-stable
subgroup. We apply a variety of techniques to achieve this; the following proposition
summarises the results of this chapter.

PROPOSITION 4.1. Let G be an adjoint exceptional simple algebraic group in
characteristic p, let H be a finite simple group, not isomorphic to a member of
Lie(p), and let S =2 H be a subgroup of G. If G, H, p appear in Table [, then
one of the following holds:

o S is not G-completely reducible, hence Lemma[{.Z applies;

o S is Lie primitive in a semisimple subgroup X of G as in Proposition [{-9;

e (G,H,p) appears in one of the tables [[-3{{-8 hence Proposition [{.11] ap-
plies;

e (G,H,p) appears in Table in Section[{-4]

Hence S is contained in a proper, N (q)(S)-stable connected subgroup of G.

4.1. Complete Reducibility and Normaliser Stability

Recall that a subgroup S of a reductive group G is called G-completely reducible
(G-cr) if whenever S is contained in a parabolic subgroup P of G, it is contained in
a Levi subgroup of P. In [10] it is shown that a subgroup of a reductive algebraic
group G is G-cr if and only if it is ‘strongly reductive’ in the sense of Richardson
[65]. A result of Liebeck, Martin and Shalev then states:

LEMMA 4.2 ([51] Proposition 2.2 and Remark 2.4]). Let S be a finite a finite
subgroup of an adjoint simple algebraic group G. Then either S is G-completely
reducible, or S is contained in a proper Ny (q)(S)-stable parabolic subgroup of G.

It thus remains to prove Theorem [[.T] for G-cr subgroups S =2 H. In this case,
let L be minimal among Levi subgroups of G containing S, so that S lies in the
semisimple subgroup L’ and is L’-irreducible. Then any connected subgroup of L’
containing S is also L’-irreducible, and is therefore G-cr and semisimple. Thus there
exists a proper semisimple subgroup X = X7 ... X; such that S projects to an X;-
irreducible subgroup of each simple factor X;. If we pick X to be minimal among
semisimple subgroups of L’ containing S, then the image of S under projection to
each simple factor is in fact Lie primitive in that factor.

43
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4.2. Subspace Stabilisers and Normaliser Stability

We now assume that S is G-completely reducible. Our strategy now is to
construct a ‘small’ G-cr semisimple subgroup X of G containing S. Informally,
‘small’ means that the actions of X and S on L(G) or Vi, should be similar,
which allows us to apply a number of results that we shall state in a moment. Note
that this does not require that S is Lie primitive in X, although this will be true
in many cases.

Our first result of interest is Proposition 1.12 of [56]. Recall that if M is a
G-module with corresponding representation p : G — GL(M), the conjugate M7
of M by an (abstract) automorphism 7 of G is the module corresponding to the
representation 7p : G — GL(M). If G is an algebraic group, if 7 is a morphism
and M is rational, then clearly M7 is also rational.

Recall that a Suzuki-Ree group is the fixed-point subgroup Gy when ¢ is an
exceptional graph morphism of G. For a subspace M of a G-module V', let Gy
denote the corresponding subspace stabiliser.

PROPOSITION 4.3 ([56l Proposition 1.12]). Let G be a simple algebraic group
over K, and let ¢ : G — G be a morphism which is an automorphism of abstract
groups.

(i) Suppose that Gy is not a finite Suzuki or Ree group, and let V be a G-
composition factor of L(G). If M is a subspace of V, then (Gar)® = G
for some subspace M’ of V.

(ii) Suppose Gy is a finite Suzuki or Ree group, and let Vi, Vo be the two
G-composition factors of L(G). If M is a subspace of V; (i = 1,2), then
Gf/[ = G for some subspace M' of V3_;.

(iii) Let S be a ¢-stable subgroup of G, and let M be the collection of all
S-invariant subspaces of all G-composition factors of L(G). Then the
subgroup (e Gw of G is ¢-stable.

Of particular interest to us here is part (iii). If S is a finite subgroup of G, and
if X is a connected subgroup containing S such that every S-submodule of every
G-composition factor of L(G) is an X-submodule, then the group (¢ Gw in
(iil) contains X, and is therefore also of positive dimension. Applying this result
for each morphism ¢ € Npy¢()(S), we obtain a positive-dimensional, N (S)-
stable subgroup of GG, whose identity component contains X and therefore S.

It will be useful for us to extend the above result, since we will encounter cases
when, for X a minimal semisimple subgroup containing S, not every S-submodule
of L(G) is an X-submodule. We now do this by mimicking the proof given in [56].

PROPOSITION 4.4. Let G be a simple algebraic group over K, let ¢ : G — G be
a morphism which is an automorphism of abstract groups.

(i) Let V. =@ Va(\;) be a completely reducible KG-module such that the set
{\:i} is stable under all graph morphisms of G. If M is a subspace of V,
then (GMW = G5 where § is an invertible semilinear transformation
V — V depending on ¢ but not on M.
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(ii) If S is a subgroup of G, then for each KS-submodule M of V, the sub-
space M6 is a KS?-submodule, of the same dimension as M, which is
irreducible, indecomposable or completely reducible if and only if M has
the same property.

PROOF. (i) Let V correspond to the representation p : G — GL(V). We
may write ¢ = yro where y, 7 and o are (possibly trivial) inner, graph and field
morphisms of G, respectively. By assumption, the representations p and 7p of G are
equivalent, since they are completely reducible with identical high weights. Hence
if o is a g-power field automorphism, where ¢ = p® > 1, then the high weights of
¢p are {gA\;}. There is therefore a g-power field automorphism w of GL(V') such
that ¢p and pw are equivalent. The automorphism w is induced by a semilinear
transformation V' — V which we shall also denote by w. Then y¥ = w™'yw for
y € GL(V). Thus, identifying each g € G with its image gp € GL(V), there exists
r € GL(V) such that g® = ¢** = 2w lgwa, for all g € G. Writing § = wx, this
gives g® = g6 for all g € G, and we have

(v8)g® = (vg)s
forallv € V, g € G. If M is a subspace of V, and m € M, g € G, then
(md)g?® = (mg)§ € M4, and hence g € Gars. Therefore (Gar)? < Gars. For the
reverse inclusion, if g € Gys, then by the displayed equality above, for any m € M
we have » »
(mb)g = (m).(g° ") = (mg®")§ = m's

for some m’ € M. Therefore mg® = m’ and g¢* € Gu, so g € (Gu)® as
required.

(ii) If M is a K S-submodule of V', then the displayed equation above, applied
to the elements of S?, tells us that S? preserves the subspace M§ of V. It is clear
that M and M¢ have the same dimension, since § is invertible. If W C M is a
nonzero K S-submodule of M, then W§ is a nonzero K S?-submodule of M§, and
M = My + My as KS-modules if and only if M§ = M6 + Msd, proving the final
claim. O

Thus if S = S?, then ¢ induces a permutation on the S-submodules of L(G),
and we immediately deduce:

COROLLARY 4.5. Let S be a subgroup of G, and let V be a KG-module as
in Proposition [{.7|(i), or the direct sum of the G-composition factors of L(G) if
(G,p) = (F4,2). Let ¢ be a morphism in Nayyc)(S), and let M be one of:

o The set of all KS-submodules of V', or all irreducible K .S-submodules, or
all indecomposable K S-submodules.

e Those members of one of the above collections, with a prescribed set of
composition factor dimensions.

Then the intersection H ' Narem Gu is ¢-stable.

Further, if some member of M is not G-stable, then H is proper. If S lies in
a positive-dimensional subgroup X such that each member of M is X-invariant,
then H is a positive-dimensional. If X is connected, then S lies in H®, which is
connected and ¢-stable.
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Thus with S a finite simple subgroup of G, lying in the connected subgroup
X, we are interested in techniques for spotting when K S-submodules of a given
K X-module are X-invariant. The following result of Liebeck and Seitz provides
such a method.

LEMMA 4.6 (|56l Proposition 1.4]). Let X be an algebraic group over K and let
S be a finite subgroup of X. Suppose V is a finite-dimensional rational K X -module
satisfying the following conditions:

(i) every X-composition factor of V is S-irreducible,
(ii) for any X -composition factors M, N of V, the restriction map
Ext% (M, N) — Extg(M, N) is injective,
(iii) for any X-composition factors M, N of V, if M | S =2 N | S, then
M = N as X-modules.

Then X and S fix precisely the same subspaces of V.

Conditions (i) and (iii) are straightforward to verify. Condition (ii) can often
be checked by showing that the groups Ext}((M , N) are trivial, for example using
Lemmas 210 and 2-TT1

The proof of Lemma 6 given in [56] uses condition (ii) only to deduce that an
indecomposable X-module section of V' remains indecomposable as an S-module.
This allows the following generalisation:

PROPOSITION 4.7. The conclusion of Lemma[].0 holds if we replace condition
(ii) with either:

(ii") Each indecomposable K X-module section of V is indecomposable as a
K S-module.
(ii") As a KX-module, V is completely reducible.

PRrROOF. Note that, assuming condition (i), we have implications (ii"”) = (ii’),
and (ii) = (ii’). Thus it suffices to assume that (i), (ii’) and (iii) hold. From here
we proceed as in [56], by induction on dim V', noting that the case dim V =1 is
trivial.

For a contradiction, suppose that some K S-submodule of V is not X-stable,
and let W be minimal among such submodules. If W' is a proper K S-submodule
of W, then W’ is X-invariant, and W/W’ is a KS-submodule of V/W’ which is
not X-invariant. The inductive hypothesis thus forces W’ = 0, so W is irreducible.

Now let U = <WX>, so U # W. If U were irreducible for X, it would be irre-
ducible for S by (i), contradicting U # W. Thus there exists a proper, irreducible
X-submodule Wy of W.

Consider V/Wj. Then S fixes the subspace (W + Wy)/Wy of this, and by
induction we deduce that X fixes W + Wy. Hence U = W + W, (vector space
direct sum). Since W and W, are irreducible as S-modules, this is also a direct-
sum decomposition of U into S-submodules. Thus U is not indecomposable as an
S-module, and hence by (ii’) is also not indecomposable as an X-module. Hence
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there is an X-submodule W, of U such that
U=W+Wy=W1+ W,

where W is S-isomorphic to W7. If W is not S-isomorphic to Wy, then W and
Wy are the only irreducible S-submodules of U, so W = W and W is X-invariant,
a contradiction. Thus W is S-isomorphic to Wy, and thus Wy and W; are X-
isomorphic. Now W C W; + Wy, and we have

W=Aw+we : weW}

for some S-isomorphism ¢ : W7 — Wy. But if « is any X-isomorphism : W7 — Wy,
then agp~! : Wy — Wi is an S-isomorphism, hence by Schur’s Lemma we have
a¢p~! = \idw, for some A € K*. Hence ¢ = \.a is an X-isomorphism, and W is
fixed by X, which is a contradiction. Therefore W = U, as required. (Il

4.2.1. Restriction of G-modules to G-cr semisimple subgroups. In or-
der to compare the action of a finite simple subgroup of G on various G-modules
with the action of a G-cr semisimple subgroup X, we need to determine some details
of how such a subgroup X acts. To begin, let L be minimal among Levi subgroups
of G containing S. We can thus assume that S < X < L’. The action of L’ on
L(G) and Viin now follows from the known composition factors of L', stated in
[55] Tables 8.1-8.7], and Lemma 2.9

If we work with the simply-connected cover G of G, and a minimal pre-image
S of S in G, the derived subgroup of a Levi subgroup L of G is simply connected
[62] Proposition 12.14], hence is a direct product of simply connected simple groups.
The image of S under projection to a simple factor Ly of L’ is Lo-irreducible. If
Ly is classical, we can use Lemma [2.4] to find a smaller connected subgroup of Lg
containing the image of S, such as the stabiliser of a direct-sum decomposition
of the natural module. On the other hand, if Lg is exceptional, then we can use
Propositions and 313 and the feasible characters in Chapter Bl to find a
smaller semisimple subgroup of Lj containing the image of S (if one exists).

This gives a ‘small’ semisimple subgroup X of L’ which contains S. The known
action of L’ on the various G-modules is then usually enough information to de-
termine the action of X. If X is simple of rank > %rank(G), then X is given up
to conjugacy by [62 Theorem 1], and the restrictions of L(G) and Vi, to such a
subgroup are given, at least up to composition factors, by [565] Tables 8.1-8.7] or
[73, Chapter 5]. Once the composition factors are known, more precise information
about the module structure can be inferred using Proposition 2.7 and Lemma 2111

The following summarises the module restrictions we need which are most dif-
ficult to verify from the above sources.

LEMMA 4.8. Let G be a simply connected simple algebraic group of exceptional
type in characteristic p = 2. If X is a G-cr simple subgroup of type Cy or Dy, then
either X = L' for a Levi subgroup L of G, or X is conjugate to a subgroup in Table
£ acting on the G-module V' as stated.

PROOF. Theorem 1 of [52] lists all subgroups Cy or Dy when G has type Fy,
Eg or E7. The non-Levi subgroups Dy < E7 given in part (IV) there are non-E7-cr,
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Table 4.1: Non-Levi, G-cr simple subgroups of type Cy, Dy, p =2

G X 1% Vi9iX
Fy C, Vo (A1) 0% /Vx (\1)/Vx (2\1)
Va(A1) Vx (A2)
Dy (long) Va(A1) Vx (A2)
Va (M) 0POM BN DM
Dy (short) Va (M) 0% @ Vx(2X\1) @ Vx(2X3) @ Vx (2A4)
Va(A1) Vx (A2)
Es Cy < Fy VG()\l) 0 Vx ()\2)
Dy < Fy (short) | Va(A) 0 Vx(A2)
Er Cy< Fy Va (A7) 0o Vx()\z)z
Cy < A7 VG()\7) (0|VX()\2)|0)2
Dy < Fy (short) | V(A7) 0* ® Vx(A2)?
Es| Ci<ArLevi | L(G) (M @ A1) @ AT D (0]Vx (A2)]0)% @ A2
Ci< Fy L(G) | (02/Vx(X2)?/Vx(A\1)/Vx(2A1)) @ 0™ @ Vx (X2)®
Dy < A7 Levi | L(G) (A1 @A) @A @ (0[Vx (A2)]0)2 @ Vi (A3 + Aa)?
D, < Fy (short) | L(G) (0% /Vx (A2)?/Vx (2X1)/Vx (2X3) /Vx (2)4))
® 0" @ Vx(X2)®
Dy < D4Dy Infinitely many, G-irreducible, cf. [75] Theorem 3]

except for the subgroup D4 < Fjy generated by short root subgroups. The C4 and
D, subgroups of A7 < Er are non-FEr-cr, by [54] Lemma 4.9] (see also [75, Lemma
6.1]).

For G of type Eg, Theorem 3 of [75] states that the only G-irreducible sub-
groups of type Cy or Dy are the subgroups Dy < D4Dy listed above. Each remaining
G-cr subgroup lies in some Levi subgroup L of G. Using the list of subgroups for
E¢ and E7, it follows that L’ is simple of type A7 or Eg, which gives the remaining
subgroups for Fg.

The composition factors of V' | X now follow from [55, Table 8.1-8.7]. For G
of type Fy, the module structure of Vig(A4) | X is stated in [73, Chapter 5]. Since
Ve (A1) and Vig(\4) are conjugate by an exceptional graph morphism of G, which
swaps the long and short D4 subgroups, a direct-sum decomposition of Viz(A4) as a
module for a long subgroup Dy, implies a decomposition of V(A1) for a short Dy,
and vice-versa. The given module structures for G = F; now follow.

For G # Fy the stated module structures follow by first considering V' | Fy or
V' | Az, which are straightforward to derive using the known composition factors
and Lemmas and Since C4 and D4 each support a unique nondegenerate
bilinear form on their natural modules, there exists a unique nonzero K X-module
homomorphism A*(A;) — K (up to scalars), and thus Va, (A2) | X = Va. (Xe) 4
X = 0|Vx(A2)|0 for each X. Finally, for X = Cy, A*(A1) = A1 + As, by considera-
tion of high weights and Lemma The remaining restrictions follow. (Il

4.3. Proof of Theorem [It Standard Cases

In view of the above results, Propositions[d.9 and .11l below complete the proof
of Theorem [l except for the ‘postponed cases’ considered in Section 4]
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PROPOSITION 4.9. Let G be a simple algebraic group of exceptional type, let S
be a finite subgroup of G, and suppose that S is Lie primitive in G-cr subgroup X
of G. If X is the derived subgroup of a Levi subgroup of G, or if X is as follows:

e X =G5 in a Levi subgroup of type Dy or Bs;
e X = B, _1 in a Levi subgroup of type D,, (n > 3);
o X < Fy, and X has type Az, B4, Cy, Dy or Fy.

then X is Ny (S)-stable.

PRrOOF. To begin, note that if dim(X) > 1dim(G), then X N X7 has positive
dimension for any o € Aut(G). In particular, if 0 € Naygg)(S) then X N X7 = X
since S is Lie primitive in X and X is connected. This gives the result when G = F
and X is a proper subgroup of maximal rank listed above, so we now assume that
this is not the case.

Let V be the direct sum of non-trivial G-composition factors of either L(G) or
Vinin @ Vi, For the remaining groups X, we prove that every fixed point of S on
V is a fixed point of X on V, and that X has a nonzero fixed point on some such
V. The desired conclusion then follows from Corollary .5

Firstly, the composition factors of X on V are known by [65 Tables 8.1-8.7].
Then Lemmas and show that X fixes a nonzero vector on V. Moreover
every composition factor of V' | X has dimension at most dim(X), and equality
holds only if this composition factor is isomorphic to L(X). Thus by Lemma B.5]
since S is Lie primitive in X it cannot fix a nonzero vector in its action on any
nontrivial X-composition factor of V' | X.

Next, if V' | X has an indecomposable section of the form K|W, where W is
irreducible of dimension at most dim(X) — 2, then this extension cannot split as
an S-module (since the corresponding vector centraliser has positive dimension). It
remains to show that this must also hold if W instead has dimension > dim(X)—1.
From the known action of X on V, this can only occur in the following cases:

X:An,p|n—1,W:VX(/\1+)\n);

X =D, (nodd) or By, p=2, W =Vx(\2);
X = E’77 p= 2, W = VX()\l);

X = EG, p = 3, W = Vx()\z)

In each case, H*(X,W) is 1-dimensional, hence there is a unique indecom-
posable extension K|W up to isomorphism. Moreover the representation X —
GL(K|W) factors through the adjoint group X,.q, and K|W is isomorphic to
L(X.q). In particular since S is Lie primitive in X, its image in X,q is also Lie
primitive and so S cannot fix a nonzero vector on L(Xaq), by Lemma Thus
every fixed point of S on W is fixed by X, as required. O

For reference, the following table lists the types H of non-generic finite simple
subgroup of G such that each subgroup S & H of G is necessarily Lie primitive in
some simple subgroup X as in Proposition For each type H, the types of X
which may occur are straightforward to determine from Lemma 2.4 and Proposi-
tions andB.I3l For instance, when p = 5, H = Altg has irreducible modules of
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dimension 5 and 8, giving embeddings into Bz and Dy. Since Altg has no nontriv-
ial irreducible modules of dimension 4 or less, it cannot occur as a subgroup of a
(simply connected) subgroup of type By or As in G = Fy. Hence such a subgroup
Altg of G must be Lie primitive in a subgroup of type Dj.

Table 4.2: Types of subgroup necessarily in some X satisfying Proposition

G H
Fy A1t77 Ah?gfm7 M117 le Ja,

FEs Altg_12, Moz, L2(25), L2(27), L(3), Us(3), D4 (2),
M (p #3,5), Miz2 (p=2), L2(11) (p =5), L2(17) (p = 2), L3(3) (p = 2)
Er Alt11-13, M11, L2(25), L3(3), La(3), *Da(2), 2Fu(2)’,
Alto—10 (p=2), M2 (p # 5)
F Alt1o_15, Alt17, Mia, L2(27), L2(37), L4(3), Us(8), Qf (2), G2(3),

Alt1y (p=2), M1 (p # 3,11), 2F4(2)’ (p # 3)

LEMMA 4.10. Let S be a finite simple subgroup of a simple algebraic group G. If
S is contained in a semisimple subgroup X of G, such that the following conditions

all hold:

(i) X is G-conjugate to X7 for all ¢ € Nayy(a)(S),
(ii) If g € G and S9 < X, then S9 = S* for some x € Ng(X),
(iii) Ng(S) < Ng(X),

then X is Ny (S)-stable.

PROOF. If 0 € Naue(e)(S), then X7 = X9 for some g € G, by (i). Thus
597" < X, and §9 ' = S for some x € Ng(X), by (ii). Then zg € Ng(S) <
Ng(X), and X7 = X9 = X* = X, as required. O

In view of the above, the following proposition now proves the conclusion of
Theorem [I] for those triples (G, H, p) not postponed until Section 4

PROPOSITION 4.11. Let G be an adjoint exceptional simple algebraic group in
characteristic p, and let H ¢ Lie(p) be a non-abelian finite simple group, and let
S = H be G-cr subgroup of G. Let S denote a minimal preimage of S in the simply
connected cover G of G, and let H denote the isomorphism type of S.

If (G, fl,p) appears in one of the tables[{.3 to[{.8, then S is an X -irreducible
subgroup of some subgroup X listed there. Moreover one of the following holds:

(a) S is Lie primitive in X and Proposition [{-9 applies;

(b) Lemma[4-10| applies to X ;

(¢) X has a submodule W on V, such that every S-submodule of W is X-
stable, and the collection M of such submodules has the necessary form

to apply Corollary [.5

Thus S lies in a proper connected Ny (q)(S)-stable subgroup of G.
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In Tables L.3HA.8 we use the following notation. When X is contained in a
semisimple subgroup Y with classical factors, we write ‘X < Y via A\’ to indicate
the action of X on the natural module for Y. If the simple factors of Y are Y;

(i =1,...,r) we write (V1,Va,..

., V) to indicate a tensor product V1 ® ... ® V,,

where Vj is a module for Y;. Also V"l denotes the conjugate of the module V by
a p"-power Frobenius morphism. Finally, we write ‘X (fpf)’ to indicate that S can
be assumed to fix no nonzero vectors on any nontrivial X-composition factor of V'
(otherwise S lies in some other listed subgroup).

Table 4.3: G-cr overgroups X: G of type Fy, p # 2,V =Vg(M\4), d = 0p,3

H p X VIiX w
Alts > 13 A; max Fy Lemma 10| applies
#£2,35| A <Bsvia(lo1ed4|oeoaeies2e20(1Mw3) | 0
A1 <Bsvia0®2®4 0’e2°04° @ (1®3)? 0?
#2.5 A1C5 (fpf) Lemma [£.10Q] applies
£2,35 Ay < A3 via (2,2) 02 @ 2% @48 28
p=3 Ar < A3 via (2,2) (014/0)* ®2* ® 4 23
p#2,5 Ay < A3 via (21Y)2), Y ®2)?@ 26 V(4 2
Ay < Bz via (1@ 1Y) @ 2 0° @2 e (1) 1%
Ay < Bz via 0@ 2 @ 201 00 g2a2l @ (1@1th) 1%
A1 < long A; Levi via 2 039 g 28 1%
Ay < short As Levi via 2 2" @ Va, (4) 27
La(7) 3 Az < A2 A, via (10, 10) (0]11]0)* @ Vx (11) 1%
As < Az A via (10,01) 2002 @10 @ 01 © Vx(11) 1%
Ay < Bs via Vx(11) 0* @ Vx(11)® 1%
As Levi Prop. [£9] applies
Table 4.4: G-cr overgroups X: G of type Fs, V = Va(A2)
a | » | x | VIX | w
3. Altr #3,5 As Prop. [£9] applies
Alty | #2,3,57| A3 < As | 0D (M1 +X3) 22T D222 @ 2)\3 | 0°
Table 4.5: G-cr overgroups X: G of type Es, V = Vg (A1) ® Va(Xe)
H p X Vi9iX 104
Alt; 7 D5 Prop. [£9] applies
By < A4 0* @ X\ @ 2)3 1%
2 As Levi Prop. [£9] applies
Az < As A2 @ (02/Vx (M1 + A3)?) A3
Alts | #2,3,5 Ay < A3 via (2,2,2) 0% @ 26 @ 48 1%
Ay < A3 via (2,2,21) 02a22e4?e (220 0?




52

4. NORMALISER STABILITY

Ay < Ay As via (1,5) 0% @ (4/6/Wx (8)/Wx (4))? 0?
Fy or A1C3 < Fy (fpf) (Vr, (M) L X)2 @02 0?
A1 < Byvia 4@ (1@ 10) 0t @22 @4t 0*
o(1e1t)?e M es3)?
A1 < Bz via2® (1@ 11) 02 @28 @ (1 10)° 1%
A1 < Dyvia2®4 0% @ 2% @ 4° 1%
Ay < Ay via 4 0@ 2> 4° @ 6? 0*
Ay < Az Levi via 1@ 11 0% @ 22 @ (212 1%
(1 1M)®
A1 < Az Levi via 2 08 @ 212 Vv
Ay < A3 Levi via (2,2) 0> @2t @42 1%
Ay < A3 Levi via (2,21) (2@ 20 g (2@ 2M1)?
L (7) 3 Ay < A3 via (10,10, 10) (0]11]0)¢ Vv
Ay < A3 via (10,10, 01) (0]11]0)* © 10 @ 012 1%
@ 20% @ 022
Ay < A3 Levi via (10,10) (0[11]0) @ 10° @ 01° Vv
As < A3 Levi via (10,01) 20 @ 02 @ 107 @ 017 1%
As Levi Prop. [£9] applies
Az < G2 < Dy Prop. [£9] applies
Az < As A3 @ (M +A3) A3
L2(8) 7 G2 max Fy 0% @ Vx (20)? 0?
As < Dy via Vx(11) 02 @ Vx(11)8 1%
G2 or B3 < D4 Prop. [£9] applies
Dy, Fy Prop. [£9] applies
Lo(13) 7 G2 max Fy 0% ® Vx (20)? 0?
Gao < Dy Prop. [£9] applies
Fy Prop. [£9] applies
Us(3) 7 G2 max Fy 0% & Vx (20)? 0?
Cs < As 0D AN @ Ao \%
G2 < Dy Prop. [£9] applies
Fy Prop. [£9] applies
Us(2) | #2,3 Az < As A3 D (A1 + X3)? %
Ay Prop. 29 applies
Table 4.6: G-cr overgroups X: G of type E7, V = Vg (A7)
H p X Vi9iX w
Alts | #2,3,5| Bs < Ag DYDY 1%
Alty | #2,5,7| Az < As 201 @203 @ NS 1%
Az < Aj 0@ A5 ® (M1 + Ma)? 1%
7 By < A4 0° @ 10° @ 022 1%
Ds Prop. applies
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2 Az < As | A5 @ (a|(Vx(2X1) @ Vi (2X3))|X2) | AS
As < A (0*/Vx (A1 + A3)%) © A3 A3
Az Levi Prop. applies
2 Altr 3 Cs < 45 A @ A3 Y
Ji 11 G2 < Ag 10* @ 017 1%
G2 max Fg 0% @ 202 1%
G2 < Dy Prop. £9 applies
Es Prop. 29 applies
2. Jy #£2 Cs < As M@ s 14
Lo(8) | #2,3,7 | G2 max Es 02 @ 202 0?
Fy, Es Prop. applies
Lo (17) 2 Cy < Fy Prop. applies
Cy < Az (0]Vx (X2)]0)? 0*
B4 < Ds Prop. applies
# 2,17 Ba Prop. applies
on 0% & A3 0?
Fy, Eg Prop. 4.9 applies
Us(2) #+2,3 Ay Prop. 29 applies
Az < AzAs 0@ (A1 +23)2@ A3 1%
(2 classes) 201 @ 23 D NS 1%
Spe(2) #2 Bs < Ag A @ A2 1%
Table 4.7: G-cr overgroups X: G of type E7, V = Vg (A1)
a | » | X VIX | w
Ly(8) | #2,3,7 By, Fy Prop. [£9] applies
G2 or B3 < D4 Levi Prop. [£9] applies
Bs < Ao 0N @2 OA @203 | 0
G2 < As 0*®10° @01 ®20° | 0°
Table 4.8: G-cr overgroups X: G of type Eg, V = L(G)
H p X LG) | X w
Alt1g By < Ds 0@ Vx(2X1) ® X2 @ A3 A2
B4 < Dg via A4 (Wx(A2)/Wx(A3)) ® (A1 + Aa) A1+ A
By < Ds Prop. [.9] applies
Cy < A7 (A1 ® A1) & AT & (0]Vx (X2)]0)* @ A3 A3
Cy < Fy Prop. [.9] applies
Altg #2,3 | Dy< Ay Levi 0D A @A D201 & (A3 + )2 (A3 4+ Ag)?
Altg £2 B; < Ag 0' @A DN D 2) @223 A5
3,5 Er Prop. [.9] applies
Ji 11 G2 < Dy Levi Prop. [4.9] applies
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Es Prop. 9] applies
G2 < Ag 0° @ 10" @ 01° @ 20° 1%
G2 < D7 via 01 00013 ® 30 112 1%
G2 max Eg 0 p01®20° @11 1%
J> 2 Es (fpf) 0@ X ® N B A 08
G2 max Eg 0® 1101 0®
@ (01]20]00|10)* @ (10]00|20]01)?
Er (fpf) 0% @ (0[Vx (A1)]|0) @ A2 @ A 0?
G2 < D7 via 01 0@ 112 @ 012 @ (30/01) 112
G2 < Dy Levi Prop. [£9] applies
G2 < As 0'° & ((0 @ 01)|Vx (20)](0 @ 01))® 07
@ 01° @ (Vx (10)]0|Vx (20)|0|Vx (10))?
Spe(2) | #2 Bs < Ag (0*/Wx (2X1)) ® A§ @ A3 @ 273 PN
Us(3) | #2,3,7 Ag Prop. [.9] applies
Er (fpf) 0P e DA 03
Es Prop. 9] applies
G2 max Eg 092090111 01
Cs < As 0 @22 B AT DN @ A2 07
C3 < Dy 062X B A3 ® (A1 + As) B (A2 + As)? 0
Ga < D7 via 01 001> ®30® 117 0
G2 < Dy Prop. [£9] applies
G2 < Asg 0% @ 10" @ 01° & 20° 1%

PROOF. This is straightforward to verify on a case-by-case basis. We now give
a general outline, and then illustrate by giving details in the most involved cases.

The groups X are representatives of the G-cr semisimple subgroups which con-
tain a copy of S ‘minimally’, in the sense that S centralises no simple factor of
X and does not lie in a diagonal subgroup when X has two or more isomorphic
factors. Moreover if X has a classical factor, then S does not lie in the subgroup
of X corresponding to the stabiliser of a direct-sum decomposition, tensor-product
decomposition or another bilinear or quadratic form on the natural module. If X
is exceptional, then the image of S must correspond to a character marked ‘P’ in
Chapter

Since X is G-cr, it is L’-irreducible for some Levi subgroup L of G. The
structure of V' | L’ is easy to determine from the composition factors given in
[55] Tables 8.1-8.7], and Lemma This is enough information to determine
V' | X in each case here. This restriction then limits the possible feasible characters
of S on V, and identifying the submodule W is usually straightforward. In many
cases, Proposition [4.7] applies to the whole of V', and we take W = V.

The most complicated constructions of X and W are as follows.
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Case: (G,H,p) = (Fu,L2(7),3) or (Es,L2(7),3). Here, H has irreducible
modules of dimension 3, 6 and 7, giving irreducible embeddings into groups of type
Ay, Az and Bs. Moreover an embedding of H into Bj3 lies in a subgroup Gs.
Further, an embedding of H into G5 stabilises a vector on Vg, (01) and therefore
lies in a subgroup As; this holds since A® Vi, (10) = Vi, (10)2/Vg, (01) while the
exterior square of the 7-dimensional H-module has composition factors 72/3/3*/1,

and 3 and 3* are projective since their dimension is the largest power of 3 dividing
[H.

First suppose that G = Fy. Inspecting [55] Table 8.4] we see that each simple
subgroup Az of G is simply connected. Since S has no irreducible 4-dimensional
modules, S cannot be contained irreducibly in such a subgroup As.

If S is G-irreducible, then from Proposition B.13 we know that S fixes a point
on L(G), and therefore lies in a proper subsystem subgroup of G. Now S has no
irreducible embeddings into a subgroup of type By or A;C3 (Lemma [Z4]), hence
S lies in a subgroup AsAs. This acts on V = Vg(Ag) as (10,10) + (01,01) +
(0,V4,(11)). Since the 3-dimensional irreducible S-modules are projective, so is
any tensor product of them, hence the A3 Ay-modules (01, 10) and (10, 01) restrict
to S either as 346 or 3* 4 6, or as a uniserial projective module 1|7|1. In any case,
the embedding of S factors through a diagonal subgroup A, and has a unique 7-
dimensional irreducible submodule on Vi ()\4), which is the restriction of the unique
Ag-submodule Vg, (11).

If instead S lies in a proper Levi subgroup L of G, then L’ has type A or Bs. In
the former case, S is Lie primitive in X = L’ and Corollary[£.9 applies. In the latter
case, since S is L'-irreducible and is not contained irreducibly in a subgroup As, it
follows that S is irreducible on Vi, (A1). Since the unique 7-dimensional irreducible
S-module is a section of 3®3*, S lies in an irreducible subgroup X = As of B3 acting
as Va,(11) on the natural module. The given action of X follows and Proposition
[ applies to the action of S and X on V.

Now suppose G = Fg and V = V(A1) ® Vo(Xs). Then similar reasoning
to the above applies, where we also note that a maximal connected subgroup A3
acts on V as a direct sum of tensor products of two 3-dimensional modules (cf.
[55 Proposition 2.3]), so the same reasoning as for S < A3 shows that S lies in a
diagonal subgroup As stabilising every S-submodule of V.

Case: (G,H) = (Fy,Alts). Here p # 2,5. In this case, every irreducible
module for S and its double cover 2- S5 2 SLy(5) is obtained as a symmetric power
or tensor product of 2-dimensional SLs(5)-modules. Hence an embedding of S
into a classical simple algebraic group factors through an embedding of an adjoint
simple subgroup of type A;. Furthermore if S lies in a subgroup of type G2 then it
stabilises a 3- or 4-dimensional subspace of the 7-dimensional module, hence lies in
a subgroup A;A; or Ay (cf. [5, Theorem 8)), and then in a further subgroup Aj.

We now break the proof up into several cases: (1) S lies in no proper subsystem
subgroup of G; (2) S is G-irreducible and lies in a proper subsystem subgroup of
G; (3) S lies in a proper Levi subgroup of G. Furthermore we divide case (2) into
the sub-cases where S lies in a subgroup: (2a) By; (2b) A1Cs; or (2¢) AzAs.
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(1) In this case Cg(S) = 1 and S cannot fix a nonzero vector on L(G) by Lemma
3.5 and cannot fix a nonzero vector on Vi, since the corresponding stabiliser has
dimension at least 52 — 26 and is either G-reducible or a subsystem subgroup By
or Dy. Thus p # 3 and S corresponds to Case 1) of Table If S is contained
in a maximal subgroup A1G2 or G (p = T7), then the image of S in G lies in
a subgroup A;A; or Az, hence centralises a non-trivial semisimple element of G,
contradicting the fact that S lies in no subsystem subgroup. Therefore p > 13
and S lies in a maximal subgroup X of type A;. This is unique up to conjugacy
in G, hence condition (i) of Lemma holds. Moreover SO3(K) has a unique
subgroup Alts up to conjugacy, hence condition (ii) of Lemma also holds.
Finally, the two 3-dimensional irreducible S-modules are interchanged by an outer
automorphism of S. Since these occur with different multiplicities as composition
factors of L(G), it follows that G does not induce an outer automorphism on S,
hence Ng(S) = SCq(S) = S. Thus condition (iii) of Lemma also holds, and
X is Naug(a)(S)-stable.

(2a) If S lies in X = B, and is X-irreducible then by Lemma 24 S acts on
VB, (A1) with composition factor dimensions 1, 3 and 5 or 4 and 5 (hence p # 3).
The image of S therefore lies in a subgroup A; acting as 0@ 2@ 4 or (1® 111) @ 4.
The restriction of Viz(A4) to these respective subgroups follows from the restriction
Va(A1) 4 B4 = 0® A & A\q and Lemma 28 Each nontrivial summand for such
a subgroup A; restricts to S with no trivial composition factors, and it follows
that each trivial S-submodule of Viz(A4) is a trivial submodule also for the relevant
subgroup A;.

(2b) Here S lies in a subgroup A;C3; we show that Lemma [0 holds in this
case. Firstly, since G has a unique class of subgroups A;C3, condition (i) is immedi-
ate. Next, since the double cover 2-S has a unique 6-dimensional symplectic module
and SLy(5) has a unique 2-dimensional irreducible module up to conjugation by
an outer automorphism, it follows that A;C3 has a unique class of subgroups Alts
which centralise neither factor. Thus condition (ii) of Lemma [0 holds.

Finally, since S lies in no Levi subgroup of G, if we assume that S lies in no
maximal subgroup As As or By of G then the only nontrivial elements of C(.S) are
involutions which are G-conjugate to the central involution t of A;C5. Therefore
C¢(S) is commutative, and is therefore contained in Cg(t) = A1C5. Now V() |
A1Cs = (1,M1) ® (0, \;) restricts to S as (2 ® 6) & A*(6), where ‘2’ and ‘6’ are
irreducible modules for the double cover 2 - S. The first summand has a unique
3-dimensional composition factor, while the second has none. Thus the two 3-
dimensional S-modules occur with differing multiplicities, hence Ng(S) does not
induce an outer automorphism on S. This shows that Ng(S) = SCq(S) < A1C5 =
Ng(A:1Cs), so condition (iii) of Lemma [£10] holds.

(2¢) Here S lies in a subgroup AsAs, acting irreducibly on the natural module
for each factor. Since the two 3-dimensional S-modules are the symmetric squares of
the 2-dimensional modules for 2-5, and since these are conjugate under a Frobenius
morphism of SLy(K), the image of S lies in a diagonal subgroup A; acting as 2
or 211 on the natural module for each A, factor, giving two subgroups of type Aj,
one of which contains S. Now, Vg (Ay) | A245 = (10,01) + (01,10) + (0, Va,(11)).
The restrictions Vig(A\4) | A1 given in Table @3] follow easily. Since 2l © 2 restricts
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to S as 3, ®3, = 1/4% (p = 3) or 4/5 (p # 3), it follows that every 3-dimensional
S-submodule of Viz(\4) is preserved by the subgroup Aj.

(3) Let L be minimal among Levi subgroups of G containing S. Since G is
simply connected, so is L’. Since S itself has no nontrivial 2-dimensional modules
or irreducible symplectic modules, it follows that L’ has no factor Ay, By or Cs.
Thus L’ has type Bs or As. If L’ = B3 then S acts as 3, +4 or 1 + 3, + 3, on the
natural L’-module, hence lies in a subgroup A; < Bs via (1@1M1)+2 or 0+2+4 201,
as in Table L3l The restrictions for X follow from Vg(\4) | Bz = 0% + A\ + A3
and Lemma 28 If L' = A, then S acts irreducibly on the natural L’-module.
Since there are two G-classes of Levi subgroups As, this gives the final subgroups
Al < A2 for A1t5 in Table

Case: (G,H) = (Fs, Alts). Here p # 2,3,5. As argued for G = F; above, S
lies in an adjoint subgroup A; of GG, and if L’ is minimal among Levi subgroups of
G containing S then L’ is simply connected and therefore has no factors A; or As
as S has no irreducible 2- or 6-dimensional modules. Thus L’ has type Eg, Ds, Dy,
Ay, Az, Ay or A3. In all but the first case, using Lemma [2.4] and proceeding as in
Fy gives a list of possible subgroups of type A; containing S; the restrictions of the
various G-modules are again straightforward to determine, and it is clear that the
given summand W satisfies the required property.

So now assume that S is G-irreducible. If S fixes a nonzero vector on Vg (A1)
then S lies in a subgroup of dimension > 78 — 27 = 51, and such a subgroup is
either simple of type Fy, or is G-reducible. If S fixes no nonzero vector on Vg (A1),
then inspecting Table we see that S must fix a nonzero vector on L(G), and
therefore lies in a subgroup containing a maximal torus. This shows that S lies in
a subgroup A3, A1 As or Fy. In the first two cases, we again derive a list of possible
subgroups A; containing S, which appear in Table [£.4] or

So now we assume that S lies in a subgroup Fj of G and in no subsystem
subgroup of G. Then S must be fixed-point free on Vg, (\4), otherwise it lies in a
subsystem subgroup of Fj, hence centralises a non-central semisimple element of G
and lies in the corresponding subsystem subgroup of G. Since Vg (A1) @ Va(Xe) |
Fy = 02® Vi, (\4)?, every trivial S-submodule of this is a trivial submodule for Fy.

Remaining cases. For the remaining triples (G, H, p), the possible subgroups
X are straightforward to determine using the representation theory of H and Propo-
sitions and Moreover comparing V' | X with the appropriate table of
feasible characters in Chapter [6] shows that the conditions of Proposition hold
for the action of X and S on the submodule W. There are a few cases where further
argument is required to show that the submodules of W are of the form necessary
to apply Corollary 5] as follows:

e When (G,p) = (E7,7) and H = Ly(8), La(13) or Us(3), if S = H lies
in a subgroup X = G4 such that V | X is a sum of trivial modules and
26-dimensional modules Vi, (20), we claim that every trivial S-submodule
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of V' is an X-submodule. The symmetric square of each 7-dimensional or-
thogonal S-module has a unique 1-dimensional submodule and a unique 1-
dimensional quotient. Since Vi, (20) is a 26-dimensional section of the 28-
dimensional module A* Vg, (10), it follows that S fixes no nonzero points
on Vi, (20), and the claim follows.

e Similarly if S = Ls(17) lies in a subgroup Cy when p = 2, we must show
that X fixes no nonzero vectors on Vg, (A2). This follows because this
is a 26-dimensional section of A” Vg, (A1), and the exterior square of the
8-dimensional irreducible H-module has shape 1|8|1|8|1|8]1.

e If S = Alt; is a subgroup of G = F7 when p = 2, we must justify the stated
structure of V(A7) | X where X = A3 < As, given in Table This
follows since V(A7) | As = A3 + A2 + A3; the factors A\; and A5 restrict
to X as Vx(\2), while A3 restricts with high weights A3, 2\; and 2As.
We verify computationally that the Alt7-module /\3(6) is indecomposable
with shape 6](4 + 4*)6.

o If (G,H,p) = (Es,J2,2) and S = H lies in a subgroup X = FEg or Ey
and in no proper subsystem subgroup of this, then as in the proof of
Proposition [£.9]it follows that the only nonzero vectors of L(G) which are
fixed by S, must also be fixed by X, and so X and S fix exactly the same
trivial submodules on L(G), and W is the sum of these.

e Also with (G, H,p) = (Es, J2,2), if S = H lies either in a subgroup Gs
which is maximal in a subgroup FEg, or in a subgroup G2 < As, then the
action of G2 on Vg, (A1) is given by [58] Table 10.2] or [55] Table 8.1]. It
follows that if S fixes a vector which is not fixed by this Ga, then there
is an indecomposable Ga-module 0]10 or 0|20 on which S fixes a non-zero
vector. This is impossible since this would place S in the full centraliser
of this vector, which is proper in G and has dimension at least 7.

4.4. Proof of Theorem [It Special Cases

We now complete the proof of Theorem [ by applying ad-hoc arguments for
the types (G, H, p) not covered above. Recall from Section [30that these remaining
cases are as follows:

G | (H,p)
FEr Altio (p=5), Alte (p # 2,3)
Es | Altys (p = 2)7 Altqq (p = 11)7 Altqo (p 75 2, 3)

In each case, we let S = H be a subgroup of GG, take a proper simple subgroup
A of S, construct a proper, connected subgroup X of G containing A, and show that
y &f (S, X)° is proper and stabilises an appropriate subset M of Y-submodules of
L(G) or Viin, so that Corollary .3 applies and Y is contained in the Nau(a)(S)-
stable proper connected subgroup (ﬂMeM GM)O. Since Y N S is normal in S and
contains A, it follows that S <Y < (ﬂ MeM G M)O, and the conclusion of Theorem
@ holds for (G, H, p).
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4.4.1. Remark. In order to construct an appropriate subgroup X as above,
we assume that the subgroup A of S is G-completely reducible. For this, we appeal
to Theorem Ml hence Theorem [l depends on Theorem M in these few cases. We
take this opportunity to note that the proof of Theorem [ given in Chapter
depends only on the feasible characters of simple subgroups (Theorem [2]), and not
on Theorem [}

Case: G = FE7, H = Alt;g or Altg, p # 2,3. Here the composition factors
of S on L(G) and Vi, are specified by one of the tables on pages Let
A = Altg be a subgroup of S, lying in an intermediate subgroup isomorphic to
Altg. Then this subgroup Altg has an 8-dimensional composition factor on L(G),
whose restriction to A contains a trivial submodule. Thus Proposition applies
to L(G) | A, and A is not Lie primitive in G. Since p # 2,3, Theorem M holds
and A is G-completely reducible. In addition, by Theorem [0l there does not exist
an embedding of Altg into a smaller exceptional algebraic group, and thus A lies
in a G-completely reducible semisimple subgroup, whose simple factors are all of
classical type.

Now Altg has a 7-dimensional irreducible module, giving an embedding into
Bs, and no other non-trivial irreducible modules dimension < 12. In addition, the
only non-trivial faithful module for 2 - Altg of dimension < 12 is 8-dimensional,
giving an embedding into Dy. If 2 - Altg embeds into a simply connected group of
type D4 with its centre contained in Z(Dy), then its centre acts trivially on one
of the three D4-modules Ay, A3 or A\4. Since these are self-dual, this restricts as a
direct-sum 1 @ 7, and therefore the quotient Altg in Dy lies in a proper subgroup
of type Bs.

Thus A lies in a subgroup B3 of G. The two conjugacy classes of such subgroups
and their action on Vi (A7) are given by [55] Table 8.6]. Comparing these with the
feasible characters of A (Tables[6.123] [6.122] [E.12T]), we see that A lies in a subgroup
X = Bs < Ag with Vg(A7) } X = A2/)\3. By Lemma and Proposition 2.7
this is completely reducible. Thus Proposition [£.7] applies and every A-submodule
of V(A7) is X-stable. In particular, every S-submodule of Vi (A7) is preserved by
Y = (S, X), hence if M denotes the (non-empty) collection of proper S-submodules
of Vi(A7), we have S < YV < (Nyrem GM)O, and this latter group is proper,
connected and Ny () (S)-stable.

Case: (G,H,p) = (Es,Alt16,2). Let A = Alty5 be a subgroup of S. Then
Proposition B. 12 and Theorem [l apply to A, and A is not Lie primitive in G, and is
G-cr. Since the smallest nontrivial A-module is 14-dimensional and H'(A, 14) = 0,
and since A does not embed into a smaller exceptional algebraic group, we deduce
that A lies in a Levi subgroup of type D7, call it X. From [55] Table 8.1] it follows
that

L(G) L X = (0%/Vx (X)) ® AT @ X6 @ A7
Comparing this with L(G) | A, whose factors are given by Table [6.235 we find
that A must be irreducible on each X-composition factor. In particular every 14-
and 64-dimensional A-submodule of L(G) is the restriction of an X-submodule.

Now, if S has no irreducible submodules of dimension 1, 14 or 64 on L(G), then
L(G) | S is an image of the projective cover of the 90-dimensional S-module. But
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this is absurd, since this composition factor is self-dual and occurs with multiplicity
1. Thus either S has a nonzero trivial submodule on L(G) or has irreducible
submodules of dimension 14 or 64, in which case (S, X)° preserves every such
submodule, and is therefore a proper, connected subgroup containing S.

So S is not Lie primitive in G; hence by Lemma we may assume that S
is G-cr. Since the smallest S-module is 14-dimensional and supports a quadratic
form, we deduce that S lies in a subgroup Dy; this is the subgroup X constructed
above, and we deduce that every 14- and 64-dimensional S-composition factor on
L(G) is in fact an X-submodule. Thus S < X < ((N,; Gm)°, the intersection over
14- and 64-dimensional S-submodules, and by Corollary this latter group is
proper, connected and Naye(q)(S)-stable.

Case: (G, H,p) = (Fs, Alt11,11) or (Es, Alt1g,p # 2,3,5). Assume first that
p # 7. Note that each feasible character of Alt;; or Altyp on L(G) has two 84-
dimensional composition factors (Table [6.2235). Let S 22 H be a subgroup of G, and
let A = Altg be a subgroup of S. Matching up Tables and [6.238] we see that

L(G) | A=1/8%/27/283/56,

which is completely reducible since p { |A|. Thus A fixes a vector on L(G) and
lies in a proper subgroup of positive dimension, hence also in a proper, connected
subgroup by Proposition B.I1l By Theorem [ A also is G-completely reducible.

Inspecting [41] Table 2] we see that the smallest irreducible modules for A and
its proper cover 2.A are of dimension 8 and 21, and the 8-dimensional modules
give an embedding into D4. Since Altg admits no embeddings into a proper excep-
tional subgroup of G by Theorem [0} it follows that a minimal connected reductive
subgroup containing A can only involve factors of type D4. Comparing the above
decomposition with [55] Table 8.1], we deduce that A lies in a simple subgroup X
of type Dy, contained in a Levi subgroup A7. Then

L(G) L X = 0/XT/A3/2M1/ (A3 + Ma)?,

which is completely reducible by Corollary and Proposition Z771 Now, let W
be the span of all 28-dimensional and 56-dimensional A-submodules of L(G). Then
W is the restriction of an X-submodule with factors A3 /(A3 + A4)?, which contains
every 28- and 56-dimensional X-composition factor of L(G). Proposition [£7 then
applies, so that every A-submodule of W is X-invariant.

Now, as L(G) is self-dual, S has either a unique 84-dimensional submodule or
has a summand of shape 84 + 84. In either case, this is contained in W, since

‘84" must restrict to A with composition factors 28/56. Thus each 84-dimensional

irreducible S-submodule of L(G) is an X-submodule, hence preserved by Y def

(S,X). Thus S <Y < ([\Gu)®, the intersection over 84-dimensional irreducible
S-submodules of L(G). This latter group is Naug(a)(S)-stable by Corollary 4.5l

If p = 7, then the same argument goes through with the caveat that L(G) | A
may no longer be completely reducible; however, it still has a trivial submodule
since H'(Altg, M) vanishes for each composition factor M in a feasible character
(cf. Table[A2]). The 28- and 56-dimensional A-modules are projective, since their
dimension is divisible by the order of a Sylow subgroup of A, and therefore they
are A-direct summands of L(G).
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Case: (G, H,p) = (Es, Alt1g,5). Here we have two feasible characters (Table
[6.236). The only H-module W occurring in either such that H'(H, W) # {0} is
the 8-dimensional module. Thus in Case 2), Proposition 3.6 applies, and G has no
Lie primitive subgroups isomorphic to H having this action on L(G).

So let S = H be a subgroup of G giving rise to Case 1), and let A = Altg
be a subgroup of S. Inspecting Table [6.240, A must act with composition factors
1/83/27/283 /562 on L(G). Each factor has zero first cohomology group, and so A
fixes a nonzero vector, and is not Lie primitive in G. By Proposition B.11] A lies in
a proper connected subgroup of G. It is also G-completely reducible by Proposition
BEIl Now, A does not lie in a subgroup F7 (as this has three trivial composition
factors on L(G)), and does not embed into a group of type Ga, Fy or Fg, and so A
lies in a semisimple subgroup having only classical factors. The smallest non-trivial
A-module has dimension 8 and gives an embedding into a group of type Dy, hence
A lies in a subgroup D4 of G. The conjugacy classes of these, and their action
on L(G), are given by [55, Table 8.1]. Comparing this with the factors above, we
deduce that A lies in a subgroup X of type Dy, such that

L(G) L X = 0/AT/A3/2M1/(As + Ma)?,

which is completely reducible by Corollary and Proposition 271 Thus every
irreducible A-submodule of dimension 1, 28 or 56 is an X-submodule. In particular,
if S has any irreducible submodules of dimension 1, 28 or 56 on L(G), then S <
(S, X)° < (N Gm)°, the intersection over such S-submodules, and this is a proper,
connected subgroup of G, which is Naye () (S)-stable by Corollary E.5l

So suppose L(G) has no irreducible S-submodules of dimension 1, 28 or 56.
Since L(G) is self-dual it has no such irreducible quotients either, hence Lemma 3.8
implies that L(G) is an image of the projective module PZ @ Pg. However, neither
Ps nor Ps5 have a 56-dimensional composition factor; contradiction.

4.4.2. Remark: Scope of Theorem [Il The representation theory outlined
here is not sufficient to prove results along the lines of Theorems [1l and [ for all the
non-generic simple subgroups appearing in Table [0l which are not known to occur
as a Lie primitive subgroup of an exceptional group G.

For instance, when p = 7 the maximal subgroup G2 of G = Fy gives rise to a
subgroup Us(3), which is fixed-point free on L(G) and Vi, but is not Lie primitive
in G. In order to handle such subgroups in the manner of Theorems [Il d and their
corollaries, it will be necessary to incorporate more information, such as the Lie
algebra structure of L(G).

4.5. Proof of Theorem [§

Having proved Theorem [ the following result now implies Theorem Bl The
proof is similar to that of [56, Theorem 6].

PROPOSITION 4.12. Let G be an adjoint simple algebraic group and let S be
a non-abelian finite simple subgroup of G, not isomorphic to a member of Lie(p).
Let o be a Frobenius morphism of G such that L = or' (Gy) is simple, and let
L <L <Aut(L).
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If there exists a proper closed, connected, Nay(c)(S)-stable subgroup of G' con-
taining S, then L1 has no mazimal subgroup with socle S.

PROOF. Suppose that X < L is a maximal subgroup with socle S. It is well
known that a simple group of Lie type has soluble outer automorphism group, hence
the image of S under the quotient map L; — Li/L is trivial. Thus S < L and
S is fixed point-wise by o, and in particular o € Nauye)(S). In addition, every
automorphism of L extends to a morphism G — G (cf. [18, §12.2]). Since S is
normal in X, we can view X (o) as a subgroup of Ny q)(S)-

So let S be a proper connected, N, Aut(@) (S)-stable subgroup of G which contains
S. Then S is X (o)-stable. Let Y be maximal among proper, connected, X (o)-stable
subgroups containing S. Then or’ (Y,) contains S and is thus non-trivial. Now, we
have containments

X <N, (Y)< Ly

and if Nz, (Y) = Ly then L normalises the non-trivial subgroup O (Y,), which is
a proper subgroup of L since Y is connected and proper in GG, and this contradicts
the simplicity of L. From the maximality of X in L; it follows that X = N, (Y) >
ov (Y;). In particular, if Y is not reductive then X normalises the non-trivial
p-subgroup R, (Y), of Li, a contradiction. Hence Y is reductive, and therefore
S = 0P (Y,), contradicting S ¢ Lie(p). O



CHAPTER 5

Complete Reducibility

In this chapter we prove Theorem @ We require an amount of background
material concerning rational cohomology and complements in parabolic subgroups.

5.1. Cohomology and Complements

Let X be an algebraic group acting on a commutative algebraic group V, such
that the action map X x V — V is a morphism of varieties. We define H'(X, V)
to be the quotient of the additive group Z'(X,V) of rational 1-cocycles, by the
subgroup B!(X,V) of rational 1-coboundaries. If X is finite, then all cocycles are
rational and we recover the usual first cohomology group.

This rational cohomology group parametrises conjugacy classes of closed com-
plements to V in VX, where a complement to V (as an algebraic group) is now
a subgroup X' not only satisfying VX’ = VX and VN X’ = 1, but also L(V) N
L(X') =0 (cf. [44] 1.7.9(2)]). Note that this latter condition is trivially satisfied
when X’ is finite.

If X is a closed subgroup of a parabolic subgroup P of G with X N R, (P) = 1,
then R, (P) admits a filtration by modules for the Levi factor, and we can use the
cohomology groups of these to study complements to R, (P) in R, (P)X, as follows.

ProOPOSITION 5.1. Let P = QL be a parabolic subgroup of G, and let X be a
finite subgroup of P with X N Q = 1. Then the K L-modules V; = Q(i)/Q(i + 1)
also have the structure of KX -modules, and if H*(X,V;) = {0} for all i, then all
complements to Q in QX are Q-conjugate, and X lies in a conjugate of L.

PROOF. The conjugation action of X on P induces an action on each V;. If
7 : P — L is the natural quotient map, then we have (qQ(i+1))* = (¢Q(i+1))™®
for all ¢ € Q(i) and = € X, since Q(i)/Q(i+ 1) is central in Q/Q(i + 1). Thus the
(linear) action of L on each V; gives rise to linear action of X.

To prove that all closed complements to @ in QX are Q)-conjugate, we work by
induction on ¢, proving that all copies of X in (Q/Q(i))X are Q/Q(i)-conjugate.
When ¢ = 1 we have @Q/Q(i) = V1 and the vanishing cohomology group gives the
result. Now assume this holds for some ¢ > 1. If Q(¢) = {0} then we are done, so
suppose not and let Y be a complement to Q/Q(i + 1) in (Q/Q(i + 1))X. Now,
consider the projection (Q/Q(i+1))X — (Q/Q(i))X. By the inductive hypothesis,
we may replace Y by a conjugate whose image under this projection is X. Then
we have

Y ={¢(x)x : z€ X}

63
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for some rational map ¢ : X — Q/Q(i + 1), whose image lies in the kernel of the
projection Q/Q(i + 1) — Q/Q(i), which is Q(i)/Q(i + 1). Hence ¢ € Z*(X,V;) =
BY(X,V;) and Y is (Q/Q(i + 1))-conjugate to X, as required.

Finally, since @ N X = 1, the projection P — L restricts to an isomorphism of
X onto its image X < L. This is a complement to @ in QX, and is thus conjugate
to X by the above. O

Next, we note that if Y is a complement to X in QX, then the composition
factors of Y and of X in the filtration of @) correspond. This is proved for reductive
X in [73l Lemma 3.4.3]; the proof here is identical.

LEMMA 5.2. Let Q be a unipotent algebraic group over K, and let X be a
finite group, with no non-trivial normal p-subgroups if K has characteristic p > 0.
If Y is a complement to @Q in the semidirect product QX, and if V is a rational
QX -module, then the composition factors of V| X correspond to the composition
factors of V' | 'Y under an isomorphism X — Y.

Proor. Without loss of generality we can assume that V is an irreducible
@QX-module. Since @ is unipotent, the fixed-point space of @) in V is non-trivial
[42] Theorem 17.5], and since @ is normal in QX , the space of Q-fixed points is QX -
invariant, hence equal to V. Thus @ acts trivially on V', hence the representation
of QX on V factors through the projection QX — X, and the composed map
Y — QX — X is the required isomorphism. (I

COROLLARY b5.3. If X is a non-abelian finite simple subgroup of G which is
not G-completely reducible, then L(G) | X has a trivial composition factor, as well
as a factor W such that

o H'(X,W) £ {0},

o FEither W has multiplicity > 2, or W 22 W*,

o W has dimension at most 14, 20, 35, 64 when G is respectively of type
F,, Es, E, Eg.

PROOF. Let P = QL be a parabolic subgroup of G containing X, such that X
is not contained in a conjugate of the Levi factor L. The torus Z(L) gives rise to
a 1-dimensional X-composition factor on L(G), which must be trivial.

By Proposition 5.1l some X-composition factor W exists in the filtration of @
by X-modules, such that H*(X, W) # {0}, which is then an X-composition factor
of L(P) C L(G). Further, W* occurs as a composition factor of L(G)/L(P) =
L(Q°P), where Q°P is the unipotent radical of the opposite parabolic subgroup (see
[9) Remark 6, p. 561]), hence either W has multiplicity > 2 as a factor of L(G), or
W 2 W+,

Finally, Lemma gives us the high weights of each simple factor of L on the
modules occurring in the filtration of @, which allows us to determine the largest
dimensions of a module occurring for some L. For instance, if G has type Fy then
the types of Levi subgroup and the highest dimension of an irreducible module in
the filtration of @ is as follows:
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Levi subgroup | B3 C3 A1A2 A2 BQ A1A1 Al
High weight A3 A3 20N 20 M 1®2 2
Dimension 8 14 12 9 5 6 3

where we note that the high weights 2 for a factor of type Aj, and 2\, 2\, for
type As, can only occur when this factor contains short root subgroups; hence no
module 2 ® 2 can occur for L of type A1 A1, and no module 2 ® 2); for i € {1,2}
can occur for L of type A1 As. Hence the largest module dimension occurring is 14.

Similarly, for G of type Fg, the highest possible dimension of a module for a
Levi subgroup with weights as in Lemma are the 20-dimensional module A3 for
L of type As, and the 20-dimensional module A\; ® Ay for L of type A1 A,.

For G of type Er, and L of type Ag we get a 35-dimensional module A\3. The
only higher-dimensional module for a Levi subgroup with weights as in Lemma
is the 40-dimensional module 1 ® A3 for L of type A;A5. However, G has a
unique standard parabolic subgroup of this type, and we check directly that the
high weights of modules occurring in the unipotent radical are 1 ® A2, 0 ® A4 and
1 ® 0, and all such modules have dimension less than 35.

For G of type Eg and L of type D7 we get a 64-dimensional module A7. The
only modules of larger dimension for a Levi factor with weights as in Lemma
are the 70-dimensional modules 1 ® A3 and 1 ® Ay when L has type A;Ag, and
again we check directly that these do not occur in standard parabolic with this
Levi subgroup type. ([l

5.2. Completely Reducible Subgroups

Corollary [£.3] above places restrictions on the feasible characters potentially
arising from a non-G-cr subgroup of an adjoint exceptional simple algebraic group

G.

Let S = H be a non-G-cr subgroup of G, and let S be a minimal preimage of
S in the simply connected group G. Then S lies in a proper parabolic subgroup
P of G, with Levi decomposition P = QL. Since G is simply connected, so is L',
hence L’ is a direct product of simply connected simple groups. In addition the
image of S under the projection P — L lies in L', since S is perfect. Thus if Lo is a
simple factor of L', then S acts on the natural module Vz,, (A1) if Lo is classical, and
if Lo is exceptional then the image of S under L' — L corresponds to a feasible
character in Chapter

Thus it is straightforward to determine whether S admits an embedding into
a proper Levi subgroup of G. In Chapter [6l we have labelled ‘N’ those feasible
characters which satisfy the conclusion of Corollary B3] for subgroup types of S
which admit an embedding into a proper Levi subgroup of G. In Table .1l we
collect together all triples (G, H, p) with such a feasible character. Thus if G has a
non-G-cr subgroup isomorphic to the group H ¢ Lie(p), then (G, H, p) appears in
Table B.11

Recall that the groups Alts & La(4) & La(5), Alte & La(9) = Spa(2)’, Altg =
L4(2), Lo(7) = L3(2), Us(2) = PSps(3) and Us(3) = G2(2)" are considered to
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be of Lie type in each corresponding characteristic, hence do not appear in those
characteristics in Table B.]

Note also that if G is of type Go, then according to Table [[L2 the only non-
generic finite simple subgroups of G which are not Lie primitive in G, are isomorphic
to Alts or L2(7), in which case p # 2. But neither Alts nor Ly(7) has a non-trivial
2-dimensional module for p # 2, and so these groups have no embeddings into a Levi
subgroup of G, hence all non-generic finite simple subgroups of G are G-irreducible
in this case.

Table 5.1: Candidate Non-G-cr subgroup types

G (H,p)

Fy | (Alts, 3), (J2,2), (L2(7),3), (L2(8),7), (L2(8),3), (L2(13),2)

FEs (Altlo, ), (A1t972), (A1t7,7), (A1t7,3), (Alt7,2), (Alt6,5), (Alt5,3),
(Mllv )7 (M1173)7 (Mllv )7 (M2272)T7 (J272)7 (L2(7)73)7 (L2(8)77)7
(L2(8),3), (L2(11),5), (L2(11),3), (L2(11),2), (L2(13),7), (L2(13),2),
(L2(17),3), (L2(17),2), (Us(3),2)"

E7 (A1t1272)7 (Altm7 ) (A1t97 )7 (Altg72)7 (A1t873)7 (A1t77 )7 (A1t775)7
(Alt7, ), (A1t77 ) (Alt6,5), (A1t5,3), (Mll,ll), (M11,5), (]\411,3)7
(M11,2), (Mi2,3)", (Mi2,2), (J2,3)", (J2,2), (L2(7),3), (L2(8),7),
(L2(8),3), (L2(11),5), (La(11),3), (La(11),2), (L2(13),7), (L2(13).3),
(L2(13),2), (L2(17),3), (L2(17),2), (L2(19),5)1, (L2(19),3), (L2(19).2),
(L2(25),3), (L2(25),2), (L2(27),13)", (L2(27),7), (L2(27),2), (L3(3),13),
(L5(3),2), (Ls(4),3)1, (Us(3),7), Da(2),3), CFi(2)'.5)

FEs (A1t1672)7 (A1t147 ) (A1t127 ) (A1t1075)7 (A1t1072)7 (A1t973)7 (Altg7 )7
(Alts, 7), (Alts,3), (Altr,7), (Altr,5), (Alt7,3), (Altr,2), (Alts,5),
(Alts,3), (Mi1,11), (Mi1,5), (Mi1,3), (Mi1,2), (Mi2,2), (J2,2),
(L2(7),3), (L2(8),7), (L2(8),3), (L2(11),5), (L2(11),3), (L2(11),2),
(L2(13),7), (L2(13),3), (L2(13),2), (L2(17),3), (L2(17),2), (L2(19),5),
(L2(19),3), (L2(19),2), (L2(25),3), (L2(25),2), (L2(27),7), (L2(27),2),
(L2(29),2), (L2(37),2), ( 3(3),13), (L3(3),2), (Us(3),7), (Us(8),3),
(Ua(2),5), (PSpa(5),2), (*Da(2),3), (*F(2)',5)

If a subgroup type is marked with T, then any non-G-cr subgroup of this type lifts to a
proper cover in the simply connected cover of G.

5.3. Proof of Theorem M

We now prove that certain triples (G, H, p) appearing in Table 5.1 do not give
rise to non-G-cr subgroups. This proves Theorem [ and Corollary [l

ProroSITION 5.4. If G is an adjoint exceptional simple algebraic group in
characteristic p, if H ¢ Lie(p), and if (G, H,p) appears in Table [Z2, then all
subgroups of G isomorphic to H are G-completely reducible.

Table 5.2: Candidates giving rise only to G-cr subgroups

G | (H,p)

EG (Altl()y )7 (Altg, ) (A1t772)7 (M1172)7 (J272)7 (L2(13)77)

Er EJz, 3), gL( 9),5), (L2(19),3), (L2(25),2), (L2(27),13), (L2(27),7),
(A

)3

Ls(4
Es It14, ), (Alts, ) (L2(27),7), (L2(29),2)
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PROOF. In each case, let S = H be a subgroup of G, let S be a preimage of
S in the simply connected cover G of G, and suppose that P is a proper parabolic
subgroup, with Levi decomposition P = L, which is minimal among parabolic
subgroups of G containing S, so that the image of S in L is an L’-irreducible
subgroup of L.

If G is of type Er, note that no cover of any of the corresponding groups La(q)
in Table has a faithful, irreducible orthogonal module of dimension < 12, a
symplectic module of dimension < 10, or any faithful module of dimension < 7 (cf.
[40] Table 2]). In particular, this means that such a group cannot have a non-trivial
homomorphism into a simple factor of L of classical type. Thus L’ is simple of type
Eg. The corresponding unipotent radical is abelian and irreducible as an L’-module,
with high weight \;. Since Vg, (A7) | L' = 0%/X1 /)¢ by [55} Table 8.2], we deduce
that a non-G-cr subgroup isomorphic to H must have a composition factor on both
L(G) and Vg, (A7) with a nonzero first cohomology group. Inspecting the relevant

tables (6.186] [6.188, [6.194 [6.197 [6.199), we see that this never occurs.

If (G,H,p) = (Er,J2,3), the double cover 2 - J5 has a faithful 6-dimensional
symplectic irreducible module, giving an irreducible embedding into a Levi sub-
group of type As. Now HY(2 - J2,6,) = H'(2- J,6;,) = 0, and also J> does not
embed into a smaller exceptional group when p = 3 by Theorem [0l It follows that
L' is simple of type As. Comparing Table6. 156 with the composition factors of each
on L(G) (given by [55], Table 8.2]), we deduce that L(G) | L' = 08/A3/A\3/(M1+Xs),
and in particular, the non-trivial irreducible L'-modules occurring in the filtration of
Q@ each have high weight A2 or A4. The corresponding Weyl modules are irreducible
and are isomorphic to the alternating squares of the modules A; and A5, respec-
tively, which restrict to irreducible 6-dimensional S-modules. Using Magma to help
with calculations, we find that A*(6,) and A*(6,) are each self-dual and uniserial
with composition factor dimensions 1, 13, 1. Since H!(J2,13,) = H!(J2,13p) is
1-dimensional, from Proposition BB(ii) it follows that H'(S, \s) = H'(S, \4) = 0,
and so Proposition [5.1] applies and S is G-completely reducible.

If (G,H,p) = (E7,L3(4),3), the double cover 2 - L3(4) of H has a faithful
6-dimensional irreducible module, giving an embedding into a subgroup of type
As. Since the image of S in L’ is L'-irreducible, and since L3(4) does not embed
into a smaller exceptional group by Theorem [0, we deduce that L’ is simple of
type As. But by [55l Table 8.6], each subgroup of G of type A has at least
four six-dimensional composition factors on Vsg. Thus the embedding of H must
correspond to Case 3) of Table[6.217 which cannot come from a non-G-cr subgroup
by Corollary 5.3

If (G, H,p) = (Eg, Alt1g, 2), we must have L’ simple of type Ds, as no other Levi
subgroup admits an embedding of H. Since Alt1g does not preserve a nondegenerate
quadratic form on its 8-dimensional irreducible module, and has no other non-trivial
irreducible modules of dimension < 10, a subgroup S 2 H of L’ must act uniserially
on the natural 10-dimensional L’-module, with shape 1|8|1. Inspecting Table
we see that the L’-module of high weight A5 occurring in the filtration ) restricts to
S as an irreducible 16-dimensional module. Applying Proposition B6l(ii) to 1|8|1,
in each case deduce that H'(S,V) = {0}, and so all subgroups S = H of G are
G-completely reducible.
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If (G,H,p) = (Eg,Altg,2), then L’ is simple of type Dy. Every non-trivial
L’-module occurring in the filtration of the unipotent radical has dimension 8,
hence restricts to a subgroup S = H with only trivial or 8-dimensional composition
factors. The first cohomology group vanishes for each such S-module, hence by (5.3l
all subgroups S = H of G are G-completely reducible.

If (G, H,p) = (Fs, Alt7,2), a non-G-cr subgroup isomorphic to H must corre-
spond to Case 1) or 3) of Table[6.48] or to Case 1) of Table[6.49] The Levi subgroups
of G containing a copy of H are of type A3 and As. The only factors in the fea-
sible character with nonzero first cohomology group are 14— or 20—dimensional.
By Lemma 2.6 the non-trivial modules occurring in the filtration of the unipotent
radical of an As-parabolic subgroup containing S are have high weight A1, A2 or
A3, hence dimension 4 or 6, and hence have trivial first cohomology group, so such
a parabolic cannot contain a non-G-cr subgroup isomorphic to H.

On the other hand, an As Levi subgroup of a parabolic P acts on R, (P) with
high weights A3 and 0. It is routine to check that the module Az | S = A*(A\1) |
S = A%(64) or A\*(6,) has no 14- or 20-dimensional composition factors, when
S = 3. Alty is a subgroup of As. Thus no non-G-cr subgroups isomorphic to H
occur here, either.

If (G,H,p) = (Eg, M11,2), the only parabolic subgroups of G admitting an
embedding of H have Levi factor L with L’ simple of type Ds. Then Q is a 16-
dimensional irreducible L’-module, which by comparison with Table must re-
strict irreducibly to a subgroup S = H. Thus H'(H, Q) = {0} and so all subgroups
S = H of G are G-completely reducible.

If (G,H,p) = (Fs,J2,2), a parabolic subgroup P = QL containing an L’-
irreducible copy of H must have L’ of type D4 or As. In the first case, the unipotent
radical has a filtration by 8-dimensional D,-modules which each admit a nonde-
generate quadratic form. Since H does not preserve a nonzero quadratic form on
its 6-dimensional modules, and has no other faithful modules of dimension < 8§,
each of these Dy-modules must restrict to H with shape 1|6,]1, where z € {a, b}.
In particular, H'(H, V') vanishes for each such module (Proposition [3.6(ii)), hence
H'(H,Q) = {0} and no non-G-cr subgroups arise here. If instead L’ is of type
As, then the only non-trivial L’-module occurring in ) has high weight A\3. We
find that A®(6,) is uniserial of shape 6,|1|65|16,, and similarly for 6,. Now, if
HY(H, \*(6,)) # {0}, let E be a non-split extension of A\*(6,) by 1-dimensional
trivial K .S-module. Then FE has socle 6,, and so E* is an image of the projec-
tive cover Ps, . Using Magma to help with calculations, we find that the largest
quotient of Ps, having only 1- and 6-dimensional composition factors, has only
two trivial composition factors, and is thus not isomorphic to E*. It follows that
HY(H, \*(6,)) vanishes, and similarly H(H, \*(6,)) vanishes, so all subgroups
S = H of G are G-completely reducible.

If (G,H,p) = (Eg,L2(13),7) we must have L' of type Dy. Then Va7 | L'
respectively has composition factor dimensions §8,8,8,1,1,1 or 10,16,1. Now, if
there exists a non-G-cr subgroup S = H, then as well as a trivial composition
factor, S must have at least two composition factors of dimension 12, since these
are self-dual and are the only factors with nonzero first cohomology group. Thus
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we are in Case 2) of Table[6.78, and so Va7 | .S = 1/12/14;. This is not compatible
with the L’-composition factors of L(G), hence all subgroups S = H of G are
G-completely reducible.

For (G, H,p) = (Es, Alt14,2), noting that H does not preserve a nonzero qua-
dratic form on its 12-dimensional irreducible module, we necessarily have L’ simple
of type D7, corresponding to a self-dual uniserial module of shape 1]/12|1. By
Table 6235, we have L(G) | S = 18/12%/64,/642. Now, R,(P) has two levels,
which are irreducible L’-modules of high weight A¢ and A;. These restrict to S
as 64; and a uniserial module of shape 1|12|1, respectively. In each case we have
H'Y(H,V) = {0}, and hence S is G-completely reducible.

For (G,H,p) = (Es,Alts,7), suppose first that L’ has type E7. Then the
non-trivial L'-modules occurring in the corresponding unipotent radical have high
weight A7, and by Table 6122 these we have H'(S, M) = 0 for each S-composition
factor M of such module, hence S is G-completely reducible in this case.

So now assume that L’ has no exceptional factors. Then L' is simple of type D7,
Ag or Dy, since the smallest non-trivial irreducible H-modules have dimensions 7
and 14. If L’ has type D7 then Vp. (A1) occurs with multiplicity 2 as a composition
factor of L(G) (cf. [55, Table 8.1]). Since S is irreducible on this module, this
contradicts the fact that L(G) | S has at most one 14-dimensional composition
factor (Table [6244)). Similarly if L’ has type D4 then L’ has at least 28 trivial
composition factors on L(G), contradicting the feasible characters in Table
Hence L' has type Ag. By Lemmal[2.6] the L-modules occurring in the corresponding
unipotent radical @@ have high weights A1, A2, ..., Ag, and these are respectively
isomorphic to A'(Via, (A1), A°(Vag (A1), -, A°(Vag(A1)). Using Magma to help
with calculations, we find that the S-modules A'(7), A*(7), ..., A%(7) are each
irreducible, and in particular none of these involve a 19-dimensional composition
factor. Hence H'(S,M) = 0 for each S-composition factor of each L’-module
occurring in the filtration of @), and so S is G-completely reducible.

For (G,H,p) = (Es,L2(27),7), the only Levi subgroups of G admitting an
embedding of H have derived subgroup Eg or E;. In the corresponding parabolic
subgroups, the unipotent radicals have filtrations by modules of high weight 0, A\;
or \g for Fg, or A7 for F7. On the other hand, the composition factors of a subgroup
S = H on these modules are given by Tables [6.94] and [6.19% they are always 1- or
13-dimensional, and hence their first cohomology groups vanish. Thus Proposition
[E.1 applies to any such subgroup S, so all subgroups S = H of G are G-completely
reducible.

For (G, H,p) = (Es, L2(29),2), if P = QL is a parabolic subgroup containing
a copy of H, then L' has type F;. From Table [6.200] the 56-dimensional module
Vi (A7) restricts to a subgroup isomorphic to H with 28-dimensional composition
factor dimensions, and H'(H, V') vanishes for each. Now, @ has two levels, which
are irreducible L’-modules of respective high weights A7 and 0. Thus H'(H,Q)
vanishes and all subgroups S = H of G are G-completely reducible. O

5.3.1. Remark: Existence of Non-Completely Reducible subgroups.
At this stage, we do not attempt the converse problem of classifying non-G-cr
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subgroups of each candidate type. In many cases, finding a non-G-cr subgroup iso-
morphic to H is straightforward using the existence of indecomposable H-modules;
for instance, since Alts has an indecomposable module of shape 1|4 when p = 3,
this gives a non-completely reducible embedding into SL5(K). A result of Serre
[70l Proposition 3.2] then implies that the image of Alts is non-G-completely re-
ducible whenever SL5(K) is embedded as a Levi subgroup into G = Eg(K), E7(K)
or Eg (K)

In general, however, classifying non-G-cr subgroups requires determining prop-
erties of the non-abelian cohomology set H'(S, Q) when S is a finite subgroup of G,
and @ is the unipotent radical of a parabolic subgroup containing S. When @ is not
abelian, this is not a group, only a pointed set, and its exact structure is not straight-
forward to determine. For instance, consider the case (G, H,p) = (Es, Ma2,2),
where 3.Mas admits an embedding into L' = SLg(K) and is L’-irreducible, where
L a Levi subgroup of G. The corresponding unipotent radical has two levels, and
H'(Mas, Q) fits into an exact sequence of pointed sets:

{0} — HY(Maa, Q) — H'(Mao,10[10%) — H? (Mo, K)
where H! (Mgg, 10|10*) = H2(M22, K) ~ K.



CHAPTER 6

Tables of Feasible Characters

Notes on the Tables

If G is a simply connected exceptional simple algebraic group, and H is qua-
sisimple finite group which embeds into G, and H/Z(H) ¢ Lie(p), then the following
tables give all feasible characters of H on the adjoint and minimal modules for G,
such that Z(H) acts as a group of scalars on Vi,i,. This therefore contains the
composition factors of the possible restrictions L(G) | S and Vi, | S, whenever S
is a simple subgroup of G/Z(G) and S is a minimal preimage of S in G.

The relevant K G-modules are denoted as follows:

G | L(G) | Vmin
Es | W(A1) = Vagg Vaas
E7 | W(A1) = Vizz | W(A7) = Vse
Eg | W(A2) = Vag | W(A1) = Var
Fy | W(A)=Vsa | W(Ag) = Vag

In calculating these tables, we have used information on elements of S and G
of orders 2 to 37. A very small number of characters given here may be ruled out as
occurring via an embedding S — G by consideration of elements of higher order. For
example, PSLy(61) has two 30-dimensional irreducible modules in characteristic 2,
whose Brauer characters differ only on elements of order 61.

If two sets of feasible characters differ only by permuting the module isomor-
phism types, we list only one member of each orbit. For example, line 1) of the first
table for Altg overleaf corresponds to two sets of compatible feasible characters of
Altg on L(G) and Vg(A4), when G = Fy and p = 0 or p > 5; these respectively
have factors 8;/10? and 8!/10? on L(G) (and similarly for Vini,). When we have
shortened a table in this way, the permutations used will be noted underneath the
table.

For G not of type FEjg, each irreducible G-module is self-dual, and hence each
irreducible factor of a feasible character occurs with the same multiplicity as its
dual. For G of type Eg, note that a feasible character on V(A1) gives rise to a
feasible character on Vi (Ag) = Vig(A1)* by the taking of duals. We therefore omit
characters which arise by taking duals.

Finally, since several of the results of this paper follow by inspecting each
of these tables, for convenience we attach labels to feasible characters satisfying

71
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certain conditions, as follows. Let L and V respectively be the sum of non-trivial
G-composition factors of L(G) and Viyin.

P | Possibly Lie Primitive. A row has this label if and only if a subgroup S
of G with these composition factors on L(G) and Vi, fails to satisfy the
conditions of Proposition B.6[i) and (iii) in its action on both L and V.
Every non-generic Lie primitive finite simple subgroup of G must give rise
to feasible characters with this label, though the converse is not true.

N | Possibly Non-G-cr. A feasible character has this label if and only if both:

e H admits an embedding into a proper Levi subgroup of G, and

e The feasible character of H on L satisfies the conclusion of Corollary [5.3]
that is, it contains a trivial factor, as well as a factor W such that H*(H, W)
is nonzero, and either W occurs with multiplicity at least two, or W 2 W*.
Furthermore, W has dimension at least 14, 20, 35 or 64, if the type of G is
respectively Fy, Fg, F7 or Ejg.

Every non-G-cr non-generic finite simple subgroup of G must give rise to
feasible characters with this label, though the converse is not true.

Thus a triple (G, H,p) appears in Table Bl (page B9)) if and only if none of the
corresponding feasible characters are marked with P, and the triple appears in

Table B11 (page [6G) if and only if some corresponding feasible character is marked
with N.

6.1. Fy
6.1.1. Alternating Groups.

Table 6.1: Altig < Fy, p=2

Vs2 Vae
1 8 16 261 8 16 26
|2 1 1 110 0 O 1
2) 12 1 1 112 1 1 0
Table 6.2: Altg < Fy, p=2
Vs2 Vae
1 8 & 8 26 |1 8 8 8 26
]2 1 1 1 110 O 0 0 1
2) 12 1 1 1 112 1 1 1 0

Permutations: (8, 8¢).

Table 6.3: Alt; < Fy, p=5

Vas
1 8 1 8 10 107
njo 4 1 1]2 3 0 0
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6.1. Fy

2

Table 6.4: Alty < Fy, p

14 20

Vag
6

4 47

1

Va2
6 14 20

1 4 47

Oorpt|H|

Table 6.5: Altg < Fy, p

Vase

5% S 8« 8& 9 10

1

Va2

5b 8a 8b 9 10

a

Permutations: (54, 55), (8a,8b)-

5

Table 6.6: Altg < Fy, p

8 10

Vas
Sp

8 10‘1 5

Vs2
Sp

s,

Permutations: (5q,5s).

Oorpt|H|

Table 6.7: Alts < Fy, p

Vag

3 3 4 5

1

Va2

3% 4 5

3a

13 0 1

0
Permutations: (3q,3s).

8
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Table 6.8: Alts < Fy, p=3

Vs2 Vag
1 3¢ 3 4|1 3, 3 4
) N |21 1 0 7]1 7 0 1
2) PN|4 3 5 6|3 1 0 5
3) PN|4 4 4 6|4 1 1 4
4) 4 6 2 6|5 3 0 3
5) 9 0 13 1|8 0 6 0
Permutations: (3q,3s)-
6.1.2. Sporadic Groups.
Table 6.9: My, < Fy, p=11
Va2 Vae
10 10* 16|1 9 16
D1 1 21 1 1
Table 6.10: J; < Fy, p=11
Va2 Vae
1 7 14|11 7
D3 5 1]5 3
Table 6.11: Jo < Fy, p=2
Vs Vas
1 64 6, 14, 145 |1 64 6, 14, 14,
1) N8 2 3 1 010 2 0 1 0
2) N|8 5 0 1 0 8 3 0 0
Permutations: (64, 6s)(14a,145).
6.1.3. Cross-characteristic Groups L2(q) (¢ # 4, 5, 9).
Table 6.12: Ly(7) < Fy, p=0or pt|H]
Vs2 Vae
1 3 3 6 7 8|1 3 3 6 7 8
) P|0O1 1 0 2 4(0 1 1 2 0 1
2) o1 1 0 2 4|12 0 0 0 0 3
3) 31 1 0 5 10 1 1 2 0 1
4) 31 1 05 1(2 0 0 0 0 3
5) 31 1 05 15 0 0 0 3 0
6) 8 0 0 6 0 10 3 3 O 0 1
7) 8§ 6 6 0 0 1|18 3 3 0 0 O
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6.1. Fy

3

Table 6.13: Lo(7) < Fy, p

6a

Vase
3 3

6. 7

Va2
3 3

Oorpt|H|

Table 6.14: Lo(8) < Fy, p

Vas

9% 9e

8 94

Ta 71, Te 7d

1

Vs2

9%  9e

8 9.

Ty Te T4

Ta

Permutations: (7c,7¢,74)(9a, 9%, 9¢).

7

Table 6.15: Lo(8) < Fy, p

Te Ta 8

Vase

Te T4 8‘1 Ta Ty

Va2

Ty

L

Permutations: (7y,7¢,74).

3

Table 6.16: Lo(8) < Fy, p

9% 9

Vas
7 9q

1
1

9% 9

V2
7 9a

1

1
0

0
0

0
0

6

1

1

P, N

N |3 7 ‘5 3 0
Permutations: (94,9, 9¢).

)

2

Oorpt|H|

Table 6.17: L2(13) < Fy, p

Vag
12, 12, 12, 14y

Ty

12, 12 14,

V5 2

12,

‘1 Ta T

Permutations: (7q,7s), (124,125, 12¢).
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Table 6.18: Lo(13) < Fu, p=17

Vs2 Vae
Ta Tp 12 14, 14 |1 T4 7p 12 14, 14y

1
1) P|0 O 0 2 2 0 0O 0 O 1 0 1
3 0 5 0 1 0 5 0 3 0 0 0
Permutations: (7q4,7s).

Table 6.19: Ly(13) < Fy,p=3

Vs2 Vas
1 7. T 12, 12, 12, 13 |1 7o 7 12 12, 12, 13
) P|0 2 2 0 1 1 o1 0 O 0 1 0 1
2) 3 1 6 0 0 0 0|5 0 3 0 0 0 0
Permutations: (7a,7s), (124, 125,12.)
Table 6.20: L2(13) < Fy, p=2
V52 ‘/26
1 6, 6, 12, 12, 12, 14 |1 6, 65 12, 12, 12, 14
1) PO O O 0 1 1 210 0 O 0 0 1 1
2) N|8 0 5 0 0 0 118 0 3 0 0 0 0
3) N|[8 2 3 0 0 0 110 2 O 0 0 0 1
Permutations: (6q,6p), (124,125, 12.).
Table 6.21: Lo(17) < Fy, p=0or pt|H|
Vs2 Vas
16, 18, 18. (1 9, 9 16, 17
1) P 1 1 110 0 1 1
2) 1 1 1 1 0 1 1
Permutations: (94,9 ).
Table 6.22: Ly(17) < Fy,p=3
Vb2 Vas
16 18, 18 18 |1 9. 9 16

Hn P[1 0 1 1]1 0 1 1
Permutations: (94, 9).

Table 6.23: Ly(17) < Fy, p =2

‘ Vs2 Vae

1 8 8 164 |1 8, 8, 164

1)|4 2 2 1 2 0 1 1

2)‘ 4 2 2 1 ‘ 2 1 2 0
Permutations: (8q,8s).



6.1. Fy
Table 6.24: Lo(25) < Fy, p # 2,3,5

‘ Vs2 Vae

26, 26 | 26,
P 1 11

265, 26, are Aut(L2(25))-conjugate.

Table 6.25: Ly(25) < Fy,p=3

Vs2 | Vas
26 |1 25
Pl 2|1 1

Table 6.26: Ly(25) < Fy, p =2

Vs2 | Vag
26 | 26
) P 2|1

Table 6.27: Ly(27) < Fy, p # 2,3,7

Vs2 Vas
26, 26, 26.| 264 26. 26,

n» P[0 1 1]1 0 0
Permutations: (264,26, 26.)(264, 26¢,26¢).

Table 6.28: Lo(27) < Fy,p=T7
‘ Vs2 Vas

26 | 13 13y
D Pl 2|1 1

Table 6.29: Lo(27) < Fy, p=2

‘ Vs Vae

26, 265 | 264
) Pl 1 1]1

Permutations: (264,26, 26.).

6.1.4. Cross-characteristic Groups % La(q).
Table 6.30: Ly(3) < Fy, p £ 2,3
Va2 Vag

‘26;) (265)" | 264
1) P| 1 1|1

s
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Table 6.31: L3(3) < Fy, p=2

Vase

Table 6.32: L4(3) < Fy, p=2

‘ Vs2 Vae
26, 265 | 26,
Pl 1 1 ]1

Permutations: (264,265).

Table 6.33: Us(3) < Fy, p=0or pt|H]|

‘ Vsa Vae
1 6 7, (7(1)* Ty 14 21, |1 6 7, 14
)3 0 0 0 5 1 0 5 0 3 0
2)‘ 302 2 0 0 1 ‘ 02 0 1
Table 6.34: Us(3) < Fy,p=7
Vs2 Vae
‘ 1 6 7. T (71))* 14 21, 26 ‘ 1 6 7, 14 26
1) P|0 2 O 0 0 1 0 110 0 O 0 1
2) 3 0 O 2 2 0 1 00 2 O 1 0
3) 3 0 5 0 0 1 0 0|5 0 3 0 0

Vs2 | Vas
52 |1 25
Pl 1|1 1
6.2. Fg

6.2.1. Alternating Groups.
Table 6.37: Alt1s < FEg, p=2

Vis Var
1 16 16" 44 |1 10 16 16"
D2 1 1 1|1 1 0 1
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Table 6.38: Alt1; < FEg, p=2

Vis Vaz
1 16 16" 44 |1 10 16 16"
D2 1 1 1]1 1 1 0

Table 6.39: Alt1g < FEg, p=2

‘ Vg ‘ Var

1 8 16 261 &8 16 26
1) 2 1 1 2 1 0 0 1
2)‘ 42 2 1 ‘ 31 1 0

Table 6.40: Altg < Fg, p = 2

Vg ‘ Var

1 8 8 8 261 8 8 8 26

1) P|2 1 1 1 2 1 0 0 0 1
E B

2 2 2 113 1 0
Permutations: (8, 8¢).

Table 6.41: Alt; < Eg, p=0or p{|H]|

‘ V78 ‘/27
1 6, 10 10" 14, 14y 15, |1 6, 154
nDfi{3 1 2 2 1 0 1]0 2 1
Permutations: (10,10%).
14, is a section of 6, ® 6.

Table 6.42: 3-Alt; < Eg, p=10or p1 |H]|

Vzs Var
‘ 1 6, 10 10" 14, 14, 15, 21, | 6, 15,
ni3 o 2 2 1 0 0 1 ]2 1
14, is a section of 6, ® 6.

Table 6.43: Alt; < Eg,p=17

Vas
‘1 5 10 14, 14, |1 5 10
) N[4 2 5 1 02 3 1
14, is a section of 5 ® 5.

Var

Table 6.44: 3-Alt; < Eg, p=17

Vs Var
10 14, 14, 21 356 6 9 9 15 15*

15
i3 o 4 1 0 1 0f0 2 0 0 0 1
14, is a section of 5 ® 5.
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Table 6.45: Alt; < Eg, p=5

Vs Var
1 6 8 10 10* 15 351 6 8 13 15
) PO 0 1 O 0 0 210 1 1 1 0
2) 3 2 1 2 2 1 00 2 0 O 1
3) 2 0 7 1 1 0 013 0 3 O 0
Table 6.46: 3-Alt; < Eg, p=15
Vs Var
1 6, 8 10 10* 13 15, 35|3 6 (65)* 15 21
1) P|O 0 1 O 0 0 0 210 O 1 0 1
2) 3 1 2 2 2 1 0 00 O 2 1 0
3) 14 0 8 O 0 0 0 0|17 1 0 0 0
15; is a section of 6, ® 6y.
Table 6.47: Alt; < Eg,p=3
Vs Var
1 6 10 10" 13 151 6 10 10* 13 15
) PN[4 1 2 2 1 1]0 2 0 0 0 1
Table 6.48: Alt; < Eg, p =2
Vzs Var
1 4 4 6, 14 20|11 4 4 6, 14 20
1) N4 2 2 3 0 211 0 O 1 0 1
2) 4 2 2 4 1 1 ({1 0 O 1 0 1
3) N|4 2 2 5 2 o1 0 O 2 1 0
4) 8 4 4 3 0 115 2 2 1 0 0
5) 8 4 4 4 1 05 2 2 1 0 0
Table 6.49: 3-Alt; < Eg, p=2
Vs Var
1 4 4° 6, 14 206, (6,)° 15 15*
1) N|4 2 2 3 0 2 0 2 0 1
2) 4 2 2 4 1 1 0 2 0 1
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Var

5% 8 8& 9 10
Var

6 6% 9, 15

Oorpt|H|
Oorpt|H|
3p

6.2. Eg
Vs
8 8& 9 10
Permutations: (54, 5s)(8a,8s)-
Vg
5 8 8 94 10| 34

Table 6.50: Altg < Eg, p
5p

Table 6.51: 3-Altg < Eg, p

14

™

<t

0

©

™~

0

AN AN AN AN N N S N

=)

8 10
15 15"

5
Var
Sp
5
Var
6 6

da

1

10

103 3°

8

Sp
8

Vzs
da
Permutations: (5q,5s).
Vzs
b

Table 6.52: Altg < Eg, p
Table 6.53: 3-Altg < Fg, p
54

Permutations: (3q,35)(84,8p).

1
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Oorpf|H|

Table 6.54: Alts < Egs, p

Var
3 4 5

3a

Permutations: (3q,3s)-

3

Table 6.55: Alts < Fg, p

Var

3a

4

3p

Vg

3p

3a

Permutations: (3q,3s).

6.2.2. Sporadic Groups.

Oorpt|H|

Table 6.56: M1 < Fg, p

16 16"

Var
4511 10, 11

Vs
16*

‘116

0
1

0
1

10, is self-dual.

1
1

1
1

Table 6.57: M7, < Eg, p=11

Ne]
—
—
VWl
D
—
Ne]
—
*
o
—
0
~
> o
—
D
—
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Table 6.58: M7, < Eg, p=2>5

83

Vs Var
1 16 16" 45|1 10, 11 16 16"
1) PN|1 1 1 1 {0 0 1 0 1
2) PN|1 1 1 1 {0 0 1 1 0
3) N 1 1 1 111 1 0 0 1
4) N 1 1 1 171 1 0 1 0
10, is self-dual.
Table 6.59: M1, < Eg, p=3
V78 ‘/27
1 5 5% 10 10, (10p)" 24 45|1 5 5% 10, 10, (104)*
) PN |3 1 1 0 1 1 0 112 0 1 1 0 1
2) PPN|3 1 1 0 1 1 o 112 1 2 0 0 1
3) PN |4 1 1 0 2 2 1 01(2 1 2 0 1 0
Table 6.60: M1 < Fg, p =2
Vzs Var
1 10 16 16" 44 |1 10 16 16
1) 2 0 1 1 1 ({1 1 0 1
2) N|4 3 0 0 11 1 0 1
Table 6.61: Mo < FEg,p=5
Vzs Var
78 | 11, 16 16™
Pl 1|1 1 0
Permutations: (114,115), (16,16%).
Table 6.62: My, < Eg, p=2
Vzs Var
1 10 16 16 44 |1 10 16 16"
nj2 o 1 1 1]1 1 0 1

Table 6.63: 3 - Moy < Eg, p=2

‘ Vzs ‘ Var
1 10 10 34|6 15
) N[4 2 2 1]2 1
Permutations: (6,6%)(15,15%).
15 = A\°6".
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Table 6.64: J; < Fg, p=11

N~
N
-
-
—
<
&
o X
N
I~
—

2

Table 6.65: Jo < Fg, p

Var

65

Vzs

14,

14,

1 64

64

36 64,

6, 14, 144

6a

Permutations: (6q,6p)(14q,145)(64q,645).

2

Table 6.66: 3-J3 < Eg, p

Var
18, (184)" 18, (18)"

9 9

8

Vzs

784

A A A A

A~ N

— N <t

6.2.67: 3 Fioa < Eg, p=2. Irreducible on V7g and Var. P

6.2.3. Cross-characteristic Groups L3(q) (¢ # 4, 5, 9).

Oorpt|H|

Table 6.68: Ly(7) < Fg, p

V[H =N 4 N O - O OO
MO O "0 O0OMmMOoO OO0
CNNONNODODO = O
8
o~ OO 0O mM~oOm
nmo~ oo 0o MmMOoOI~m
O MO MmO A0 OD®
0NO IO I~ NN F o~ N0 0
M AN NIn I In 0o o o0
NN ONNODODOLOOO
0
~
Vwo22122113009
NN A NN~ NDOOD
oo mmmwmow o I T Y
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6.2. Fg

3

Table 6.69: Lo(7) < Fg, p

NN = N - O OO
O N O OO -
5
V30103370
N[O~ O mMm MmO b~
= AN O N OO
M~~~ o N~ 00
NN O © o oo
Pirilm = mo oo
N
NN AN —H MO OO
—owoe gy
[al
~ e~~~ o~~~
— AN M <H o O b~

Oorpt|H|

Table 6.70: L2(8) < Fg, p

Var

9% 9e

8 94

T Te Tq

Ta

Vg

9% 9

8 9a

Ty Te Tq

7a

Permutations: (7p,7¢,74)(9a; 9%, 9c).

7

Table 6.71: Lo(8) < Fg, p

Te Tqa 8

Var

7c 7d 8 ‘ 1 7a 7b

Vzs

Ty

Permutations: (7y,7¢,74).

3

Table 6.72: Ly(8) < Fg, p

9b 9c

Var
7 9

1

9b 9C

Vzs
9a

7

P,N |2

Permutations: (9a4,9,9c).

Oorpt|H|

Table 6.73: Lo(11) < Eg, p

Var
5 5% 10, 10, 11 12, 124

1

Vzs
11 12, 12

10p

5 5*

Permutations: (124,12;).
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Table 6.74: Lo(11) < Eg,p=5

‘ Vs ‘ Var
1 5 5 10, 10, 11 |1 5 5* 10, 10, 11
1) N3 1 1 0 1 511 0 1 1 0 1
2) N ‘ 6 1 1 0 4 2 ‘ 2 2 1 0 1 0
Table 6.75: Lo(11) < Eg, p=3
‘ Vs Var
1 5 5% 10 12, 12, |1 5 5* 10 12, 12
) PN|[2 1 1 3 1 2 0o 1 2 0 1 0
2) N ‘ 4 1 1 4 1 1 2 2 1 1 0 0
Permutations: (124,12;)
Table 6.76: Lo(11) < Eg, p =2
V78 ‘/27
1 5 5 10 12, 12, |1 5 5 10 12, 12
1) 2 0 0 4 1 2 0o 0 1 1 1 0
2) PN|2 3 3 1 1 2 0 0 1 1 1 0
3) N 4 1 1 4 1 1 2 1 2 1 0 0
4) P, N |4 4 4 1 1 1 2 1 2 1 0 0
Permutations: (124,12;).
Table 6.77: Ly(13) < Eg, p=0or pt|H|
Vs Var
1 T7¢ Tp 12, 12, 12, 13 14, 14y |1 T, Tp 12, 13 14,
1) 0 O 0 1 1 1 0 2 1 0 O 0 0 1 1
2) 0 O 0 2 1 0 0 2 1 1 0 0 1 0 1
3) 1 2 2 1 1 1 1 0 0 0 O 0 0 1 1
4) 1 2 2 2 1 0 1 0 0 1 0 0 1 0 1
5) 8 0 8 0 0 0 0 1 0 6 0 3 0 0 0
Permutations: (7a,7s), (124,125, 12.).
Table 6.78: Ly(13) < Eg, p=17
Vzs Var
1 7, Ty 12 14, 14 |1 7, Ty 12 14, 14y
1) 0 0 O 3 2 1 1 0 O 1 0 1
2) N|2 2 2 4 0 0 1 0 0 1 0 1
3) N|8 0 8 0 1 0 6 0 3 0 0 0

Permutations: (7q,7s).
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6.2. Fg

3

Table 6.79: L2(13) < Eg, p

12, 12, 13

Var

12,

12, 12, 13‘1 Ta Ty

Vg
12,

T

Ta

Permutations: (7a,7s), (124,125, 12.).

2

Table 6.80: L2(13) < FEg, p

Mllllllo
Q
Nooocooooo
i
=
Nooocoooo

I~

N s

o —~oc o =00
Sloxn o am
SlHeoeo—~ocoo
= o = = o O
<

=M Mmoo oo NN -
Q

A~ = O = = O O
i
=
Nloo o oo
i

0

=3

VH1201200
Sloo —~mm < ®©
Sloocommmo
—looc oo wnd

Permutations: (6q,6p), (124,125, 12.).

0orpt|H|

Table 6.81: Ly(17) < Eg, p

Var
9. 9 164 17 18,

1

Vs
17 18, 18.

164

‘1 9% %

Permutations: (94,9 ).

3

Table 6.82: Lo(17) < Eg, p

Var
9, 16 18,

9a

Vg
9% 18, 18

9a

P, N
N

Permutations: (94,9 ).

2

Table 6.83: Lo(17) < Eg, p

164
1
0

Var
8

1

2

8a
0
1

1
3
3

16,
2
1
Permutations: (8q,8s).

Vg
8. 8
2 3
3 4

1

N |6
N |6

)
)

1
2
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Table 6.84: L2(19) < Eg, p=0or pt|H|

Vg Var

18 18; 20, 20 204 |9 9" 18, 18,

n»n P[0 1 1 1 1]0 1 1
Permutations: (184,185)(18c,184).

Table 6.85: L2(19) < Eg, p=5

V78 V27
18 20, 20. 204 |9 9
n P11 1 1 1|1 2

Table 6.86: Ly(19) < Fg, p=3

Vas Var

1 18. 184 1919 9" 18, 18,

Hn P[3 0 1 3]0 1 1 0
Permutations: (184,18p)(18.,184).

Table 6.87: Ly(19) < Eg, p =2

V78 V27

0

18y

18, 18, 20, 20, 204 |9 9* 18,
nPjo0o 1 1 1 1]0 1 1
Permutations: (18,,185).

Table 6.88: L2(25) < Eg, p=0or pt|H]

Vs Var

‘1 25 26, 26, 264 26,

0

1 26, 26,
)]0 0 1 0 1 1 1 1 0
2) 1 1 0 2 0 0|1 O 1
265, 26, are Aut(L2(25))-conjugate.

Table 6.89: Lo(25) < Eg, p =13

Var

Vs
26, 26,

24 26, 26, 26 264

1

0 1 0 1 1 1
1 0 2 0 0 |1
1 0 2 0 0 1
265, 26, are Aut(L2(25))-conjugate.

1
0
1

[\

—
NN O
o = o
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Table 6.90: L2(25) < Eg, p=3

‘ Vg ‘ Var

1 256 261 13, 13 25
1) 1 1 2 |1 1 1 0
2) ‘ 112 ‘ 2 0 0 1

Table 6.91: Ly(25) < Eg, p =2

Vg Var

‘ 112, 12, 26 ‘ 1 2
D0 0 0 3|1 1
2) 6 3 3 0|1 1

Table 6.92: Ly(27) < Eg,p=0or pt|H]

Vzs Var
26, 26, 26 264 26 26; |1 264 26, 267

nfo 1 1 o0 1 O0]1 0 1 0
Permutations: (264, 265,26.)(264, 26¢,267).

Table 6.93: Ly(27) < Eg, p = 13

Vzs Var
26, 26, 26 264 26 26; |1 264 26, 267

nfo 1 1 o0 0 1|1 0 0 1
Permutations: (264, 265,26.)(264, 26¢,267).

Table 6.94: Lo(27) < Eg, p=17

V78 V27
13, 13, 26 |1 13, 13
n] 1 1 2|1 1 1

Table 6.95: Ly(27) < Eg, p =2

‘ Vs Var

26, 26, 26. |1 13 13" 26,

1) 1 1 1 1 1 1 0
‘ 2 0 1 ‘1 0 0 1

Permutations: (264,26, 26.).
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6.2.4. Cross-characteristic Groups % L2(q).

Table 6.96: L3(3) < Eg, p=0orpt|H|

Vs Var
1 13 16, (16%) 16, (165)* 26a 26, (26,)" | 1 26, 27
) P|0 O 0 0 0 0 1 1 1 0 0
2) 0 0 0 0 0 0 1 1 1 1 1 0
3) 1 1 1 1 1 1 0 0 0 0 0 1
4) 1 1 1 1 1 1 0 0 0 1 1 0
Table 6.97: L3(3) < Fg, p =13
Vzs Var
1 13 16 26, 26 (261,)* 1 11 16 264
1) P|O0O O 0 1 1 1 0 1 1 0
2) 0 0 0 1 1 1 1 0 0 1
3) 1 1 4 0 0 0 0 1 1 0
4) 1 1 4 0 0 0 |1 0 0 1
Table 6.98: L3(3) < Eg, p = 2
Vs Var
1 12 16, (164)* 16, (16,)* 26 |1 26
)]0 0 0 0 0 0 311 1
2) 2 1 1 1 1 1 0|1 1
Table 6.99: L4(3) < Eg, p =2
Vs Var
26, 26, | 1 26,
Dl 2 1|1 1
Permutations: (264,265).
Table 6.100: Us(3) < Eg, p=0or pt|H]
Vg Var
1 6 7. T (71,)* 14 21, 28 28 32 32 |1 6 7, 14
1) P|0 0 O 0 0 1 0 0 0 1 1 0 0 O 0 1
2) 1 0 1 1 1 0 0 1 1 0 0 0 0 O 0 1
3) 3 2 0 2 2 1 1 0 0 0 0 1 2 0 1 0
4) 8 0 8 0 0 1 0 0 0 0 0 6 0 3 0 0
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Table 6.101: Us(3) < Eg, p=17

Vis Var
1 6 7. 7 (7)" 14 21, 26 28 28" |1 6 7, 14 26
|0 2 0 O 0 1 0 2 0 01 0 0 0 1
2)11 0 1 1 1 0 0 0 1 1 1 0 0 0 1
313 2 0 2 2 1 1 0 0 o1 2 0 1 O
4)18 0 8 0 0 1 0 0 0 06 0 3 0 O
Table 6.102: U4(2) < Eg, p=0or pt|H|
‘ Vis ‘ Var
1 5 5% 10 10" 15 20 24 |1 5 5 6 10 15
|3 0 0 2 2 1 1 0(0 0 0 2 O 1
2) ‘ 4 1 1 2 2 0 0 1 ‘ 21 2 0 1 0
Table 6.103: Uy(2) < Eg,p=5
‘ Vzs ‘ Var
1 5 5° 10 10 15, 20 23|1 5 5 6 10 15
H(3 0 0 2 2 1 1 0(0 0 0 2 1
2) ‘ 5 1 1 2 2 0 0 1 ‘ 21 2 0 1

Table 6.104: 3-Ux(3) < Eg, p=2

Var
1 6 6° 15 15"
1) N4 2 110 2 0 1
2) N ‘ 4 2 112 0 1 0
There are two triple covers of Us(3) up to isomorphism, however one of these has no
27-dimensional faithful modules, hence has no feasible characters here.

6.105: 3-Q~(3) < Eg, p = 2. Irreducible on V7g and Va7. P

6.106: 3 - G2(3) < Es, p = 2. Irreducible on Vzg and Vor. P

Table 6.107: 3D4(2) < Eg, p # 2,3
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Table 6.108: 3Dy (2) < Eg, p=3

Vzs Var
1 25 52|1 25
D1 1 1]2 1

6.109: 2F4(2) < Es, p # 2, 3. Trreducible on V7s and Var. P

Table 6.110: 2Fy(2)' < Eg, p=3

Vis | Var
1 77| 27
P11 1] 1
6.3. E;

6.3.1. Alternating Groups.

Table 6.111: Alt13 < Er, p=2

Vizs Vse
1 32, 32, 64|12 32, 32
D5 0 2 1]2 0 1
Permutations: (32q,32;).

Table 6.112: Alts < E7, p =2

Viss Vse
1 10 16 16* 44 |1 10 16 16"
) N[5 2 2 2 1[4 2 1 1

Table 6.113: Alt1; < E7, p =2

Viss
1 10 16 16* 44 |1 10 16 16"
nDlis 2 2 2 1[4 2 1 1

Vse

Table 6.114: Alt1g < Er, p=2>5
Viss Vse

28 35, 35, 3bc
np P|1 1 1 12
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Table 6.115: Alt1g < Er, p=2

‘ Viss ‘ Vse

1 8 16 261 8 16 26
1) N|5 1 1 4 14 0 O 2
2) PJ‘ 14 4 1 ‘ 8 2 2 0

Table 6.116: Altg < E7,p=0or p1|H]|

Viss Vse
8 27 28 35, 35, | 28
D P|1 1 1 1 1]2

Table 6.117: Altg < E7, p=7

Vass Vse
8 19 28 35, 35, | 28
np Pl2 1 1 1 1]2

Table 6.118: Altg < E7, p=15

Viss Vse
8 27 28 35, 35, | 28
P11 1 1 1]2

Table 6.119: Altg < E7, p=3

Viss Vse
1 7 21 27 35|7 21
) PN|1 2 1 1 2[|2 2

Table 6.120: Altg < E7, p = 2

‘ Vi3s3 ‘ Vse

1 8 8 8 261 8, 8 8
) N|5 1 1 1 4]4 0 0 0
2) ‘11 44 4 1 ‘ 8 2 2 2

Table 6.121: Alts < E7,p=0or p{|H]|

Vizs Vse
1 7 20 21, 35|7 2,
njt 3 1 1 2]2 2
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Table 6.122: Alts < E7,p=7

Vizs Vse
7 19 21, 35|7 21,
31 1 2]2 2

1
1) ]2

Table 6.123: Alts < E7, p=15

Vi3s3 Vse
1 7 13 20 21, 35 43 70| 7 21, 21,
1) P|0 0 O 1 0 0 1 1|2 0 2
2) 1 2 1 0 0 1 0 1|2 0 2
3) 1 3 0 1 1 2 0 0|2 2 0
Table 6.124: Altg < E7, p=3
Viss Vse
1 7 13 21 35 |7 21
1) P,N | 4 1 1 2]2 2
Table 6.125: Alty < Er,p=0orp{|H]
Viss Vse
1 6 10 10* 14, 15|1 6 10 10* 15
1)|8 1 0 0 1 710 6 1 1 0
2) |4 5 2 2 1 312 4 0 0 2
14, is a section of 5 ® 5.
Table 6.126: Alt; < E7,p=7
Vi3s3 Vse
1 5 10 14, |1 5 10
) NJ9 8 7 1|6 6 2
14, is a section of 5 ® 5.
Table 6.127: Alt; < E7, p=5
Viss Vse
1 6 &8 10 10" 13 15 351 6 8 10 10" 13 15
1) PO 3 7 1 1 3 0 0(0 0 2 2 2 0 0
2) 8 2 1 0 0 0 7 00 6 0 1 1 0 0
3) N|1 2 3 0 0 2 0 212 2 2 0 0 2 0
4) 1 3 2 0 0 1 1 212 2 2 0 0 2 0
5 N4 1 2 1 1 4 0 112 2 2 0 0 2 0
6) N|4 2 1 1 1 3 1 112 2 2 0 0 2 0
7) 4 6 1 2 2 0 3 012 4 0 O 0 0 2
8) 9 0 13 1 1 0 0 0|18 0 6 0 0 0 0
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5

Table 6.128: 2-Alt; < E7, p

3
=
(o]
=
<f
A}
b
3
~ g
i
*
<t
<t
i}
o
*
=)
™
=
=
o
—
00

1 3]1 1 0
Permutations: (144, 145).

1

P|1

1)

3

Table 6.129: Alt; < E7, p

13 15

10*

Vse
13 151 6 10

10"

Viss

‘1 6 10

3

Table 6.130: 2-Alty < E7, p

6.
7

6
1

Vse

7

13 15‘ 4 4
01
Permutations: (6, 6c).

Viss
1 10 10*
1 1

N | 22

1)

2

Table 6.131: Alty < E7, p

14 20

Vse
4 4 6

1

14 20

6

Viss

4 4

Oorpt|H|

Table 6.132: Alte < E7, p

¥t FToo0oo0o0o00O
SO0 OO0 0O OMMMAX
AN NOOONN
8 s
WSFfooooo000 A~ =00
SloooococoFFANNANANN
Sloocooococoo NN
o0 o000 o000 A —a™
Sl NN ;N m
DM M IO MID IO O O MMM
S| O F NN AN F NI F D H D
)
2
Wo%3231213132132
S AN AN
St oNo AN —ma—
O NN Mm MmO F N
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Permutations: (54, 56), (8a,8p).

Table 6.133: 2-Alts < E7, p=0or p{|H|

Vse

4y 8 8¢ 10, 10,

4o

Viss

5 84 8 9 104

da

)

o

3
3

a9

—~ ~~ ~ =~ "~~~ —~ —~

— AN M <O O D~ 0D

a9

o]
—

—
i

N
i

Permutations: (4a,4s)(5a,56), (8a,85)(8¢,84)(10s, 10.).

5

Table 6.134: Altg < E7, p

10

< o
) [ B R S N S I I B o © ©
6b
WFoo oo oo YA © oo
Soocooocooco <+ coo
—“|lccocococococo © 0 ©
Slam ¥ m <o M~ o
0| woN2SwRa — M o
o0
Wmu%354132012 oo
St oo ~a o o~
—|n F B~ 00 oo Do S oo
A A A A A

P

a0 <
— o~

123456789m

Permutations: (54, 5p).
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Table 6.135: 2-Altg < E7, p=5

Viss Vse
1 5, 5, 8 104 |4 4p 10, 10,
1) PN|[3 0 0 10 5 2 2 1 3
2) PN|5 1 1 6 7 2 2 1 3
3) PN|5 1 1 6 7 3 6 2 0
Permutations: (4q,46)(5a,5s), (10p, 10.).
Table 6.136: Alts < E7, p=0or p{|H]|
Viss Vse
1 3. 3 4 5 1 3. 3 4 5
n|7 5 7 10 10| O 1 0 2 9
2) | 8 6 10 3 13| 0 1 9 4 2
3)]11 6 10 6 10| 0O 1 9 4 2
4) | 3 5 6 8 13| 0 4 6 4 2
5) 1 6 5 6 11 10| O 4 6 4 2
6) | 6 5 6 11 10| 1 0 2 1 9
7| 6 7 7 5 13| 2 6 6 2 2
8) 1 9 7 7 8 10| 2 6 6 2 2
9) | 4 5 7 7 13| 3 1 0 5 6
10) | 7 5 7 10 10| 3 1 0 5 6
11) | 3 5 6 8 13| 4 0 2 4 6
12) | 6 5 6 11 10| 4 0 2 4 6
13) (17 0 22 0 10| 4 0O 14 0 2
14) | 9 2 15 2 13| 4 4 10 0 2
15) (12 2 15 5 10| 4 4 10 0 2
16) | 6 7 7 5 13| 6 2 2 2 6
171 9 7 7 8 10| 6 2 2 2 6
18) | 9 2 15 2 13| 8 0 6 0 6
19) (12 2 15 5 10| 8 0 6 0 6
20) | 16 5 7 19 1 9 1 0 11 0
21) |15 5 6 20 1 10 O 2 10 O
22) 118 7 7 17 1 12 2 2 8 0
23) 121 2 15 14 1 (14 0 6 6 0
24) 135 0 31 0 1120 0 12 0 O

Permutations: (3q,3s)-
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Table 6.137: 2-Alts < E7, p=0or pt|H|

Viss Vse

1 3¢ 3 4a 5 | 2. 2o 4 6

1) P|O 8 9 8 10| O 2 4 6
2) 1 8 10 7 10| 2 1 5 5
3) 3 5 15 5 10| 5 0o 7 3
4) 3 8 9 11 7 0 2 4 6
5) 3 8 9 11 7 3 5 1 6
6) 3 10 10 5 10| O 0 2 8
7) 4 8 10 10 7 2 1 5 5
8) 4 8 10 10 7 5 4 2 5
9) 6 5 15 8 7 5 0o 7 3
0) 6 5 15 8 7 8 3 4 3
1) 6 10 10 & 7 0 0 2 8
12) 8 0 1 8 18| 0 2 4 6
13) 8 9 13 6 7 0 8 1 6
14) 9 0 2 7 18| 2 1 5 5
15) 11 0 1 11 15| 0 2 4 6
16) 11 0 1 11 15| 3 5 1 6
17) 11 2 2 5 18] 0 0 2 8
18) 12 0 2 10 15| 2 1 5 5
19) 12 0 2 10 15| 5 4 2 5
20) 13 9 18 1 7 7 0 9 1
1) 13 9 18 1 7110 3 6 1
2) 14 0 28 0 7114 0 7 O
3) 14 2 2 8 15| 0 0 2 8
4) 16 1 5 6 15| 0 8 1 6
5) 21 1 10 1 15| 7 0 9 1
6) 21 1 10 1 15|10 3 6 1
7) 36 1 10 16 0 ({16 9 O 1
8) 52 0 27 O 01126 O 1 0

Permutations: (24,25)(3s,3s)-

4y, is faithful for 2 - Alts, 4, is not.

<

Table 6.138: Alts < E7, p =3

Vi3s3 Vse

1 3. 3 4 1 3. 3 4

1) PN |17 5 7T 20| 1 5 4 7

2) N 21 6 10 16| 2 1 9 6

3) PN |16 5 6 21| 2 4 6 6

4) N 19 7 7 18 | 4 6 6 4

5) N 27 0 22 10| 6 0 14 2

6) N 22 2 15 15| 6 4 10 2

7) PN |17 5 7 20| 9 1 0 11

8) N 16 5 6 21|10 O 2 10

9) N 19 7 7 18|12 2 2 8

10) N 22 2 15 15|14 O 6 6
11) N 36 0 31 1 (20 0O 12 O

Permutations: (3q,3s)-
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Table 6.139: 2-Alts < E7, p=3

Viss Vse

1 3. 3 4 |2, 2 6

1) N 15 9 13 13| 1 9 6

2) N 31 1 5 21 1 9 6

3) 52 27 O 0 1 27 0

4) P,N|13 10 10 15| 2 2 8

5) N 29 2 2 23| 2 2 8

6) P, N |10 8 9 18| 4 6 6

7) N 26 0 1 26| 4 6 6

8 P,N |11 8 10 17| 7 6 5

9) N 27 0 2 25| 7 6 5

10) PN|13 15 5 15| 7 12 3
11) N 20 18 9 8 9 16 1
12) N 36 10 1 16| 9 16 1
13) N 21 0 280 7 (21 7 O

Permutations: (24,25)(3a,3s)-

6.3.2. Sporadic Groups.

Table 6.140: Mq11 < E7, p=0or pt|H]|

Viss Vse
1 10, 11 16 16* 45 55 |1 10, 11 16 16* 45 55
1) |2 0 2 2 2 1 0|2 0 2 1 1 0 0
2) |3 0 1 2 2 0 1|2 0 2 1 1 0 0
3) | 4 2 0 2 2 1 0|4 2 0 1 1 0 0
Table 6.141: My, < E7, p=11
Viss Vse
1 9 10 10" 11 16 44 551 9 10 10* 11 16 44 55
1) 2 1 1 1 2 5 0 012 0 O 0 2 2 0 0
2) 3 0 O 0 1 4 0 1 {2 0 0 0 2 2 0 0
3) N|6 3 1 1 0 5 0 06 2 0 0 0 2 0 0
Table 6.142: M1y < E7,p=25
Viss Vse
1 10, 11 16 16 45 551 10, 11 16 16"
1) 1 1 2 0 0 1 1|2 0 2 1 1
2) 2 0 2 2 2 1 0|2 0 2 1 1
3) 2 1 1 0 0 0 212 0 2 1 1
4) 3 0 1 2 2 0 1|2 0 2 1 1
5) 3 3 0 0 0 1 1|4 2 0 1 1
6) 4 2 0 2 2 1 0|4 2 0 1 1
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Table 6.143: My, < FEr, p=3

Vi3s3 Vse
1 5 5° 10, 10, (10,)* 24 451 5 5% 10, 10, (10s)*
1) N| |8 2 2 2 2 2 0 116 1 1 2 1 1
2) N |8 4 4 0 2 2 0 116 3 3 0 1 1
3) N|9 4 4 0 3 3 1 0|6 3 3 0 1 1

Table 6.144: My, < E7, p =2

10 16 16"

Table 6.145: 2- Mys < E7, p=0or pt|H|

Viss Vse
1 16 16* 66 | 12 32
D3 2 2 1]2 1

Table 6.146: 2 - M5 < FEr, p=11

Vizs Vse
1 16 66|12 32
D3 4 1]2 1

Table 6.147: Mys < FE7, p=2>5

‘ Viss ‘ Vse

1 11, 16 16 78 |1 11, 16 16*

[T 2 1 1 1|2 2 1 1
Permutations: (114,115).

)

Table 6.148: 2 - M5 < E7, p=2>

Viss Vse

1 16 16 55. 66 78 |12 32

1) I" 0 0 O 1 0 1 ‘ 2 1
3

2) 2 2 0 1 0] 2 1
55. is fixed by Out(G).

Table 6.149: 2 - M5 < E7, p=3
Viss Vse

‘ 1 15 15° 34:‘ 6 6" 10. (10.)*
) N[9 3 3 1][3 3 1 1




6.3. Er
Table 6.150: M5 < FEr, p=2

Viss Vse

‘ 10 16 16" 44‘ 10 16 16"

1 1
) N[5 2 2 2 1[4 2 1 1

Table 6.151: 2- Moy < E7, p=15

Viss Vse
133 | 28 28"
n Pl 1 |1 1

Table 6.152: J; < E7, p=11

‘ Viss ‘ Vse

1 7T 14 27 64| 1 7 14 27
1) | 3 5 1 3 0 0 4 2 0
2) 1 0 1 2 1 2 0 O 2
3) 21 14 1 0 014 6 O 0

Table 6.153: 2+ Jo < E7, p=0or pt|H|

Viss Vse
1 14, 14, 21, 21, | 6o 6, 14,
nDj4 7 0 1 o0]0 7 1
Permutations: (6q,6p)(14q,145)(214,215).

Table 6.154: 2- Jo < E7, p=7T7

Viss Vse
1 14, 14y 21, 21, | 6o 6, 14,
nDj4 o 7 0 1|0 7 1
Permutations: (6q,6p)(14q,145)(214,215).

Table 6.155: 2-Jo < E7, p=15

Viss Vse
‘ 1 14, 21, |6 144
Dl 7 1|7 1
Outer automorphism fixes these isomorphism types.

Table 6.156: 2- Jo < E7, p=3

‘ Viss Vse

1 13, 13y 21, 21, | 64 6, 14

) Nf21. 7 0 1 0]O0 7 1
Permutations: (6q,6p)(134,135)(214,215).

101
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2

Table 6.157: Jo < E7, p

o
AN e o oo
=
F|lo oo
—
3
6400000
—
8
=
S| oo o
3
S| = o o
e ]
<t
| @ © O o
=
o oo — O
Nej
3
el = el
Nej
Nej
R oo o
vl
™ o
V142OO430
i
3
H|H O O O~
—
=
Slo o w oo
3 <t
S| — »m T
=Ry
M ZZZ

o~~~ —

— A

™ <t 0

Permutations: (6q,6p)(14q,145)(64q,645).

5

Table 6.158: 2- Ru < E7, p

*

Q0 |+
%2
~

K|~
[

[l
20—
o

[a W
—

Table 6.159: 2- HS < E7,p=5

Vse

28 28"

133
1

Viss

6.3.3. Cross-characteristic Groups L2(q) (¢ # 4, 5, 9).

Oorpf|H|

Table 6.160: L2(7) < E7, p

Vse

7 8

6a

3*

14

Vi3s3

3*

7 8

6a

3

14

15 15 0

35
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6.3. E7

0orpt|H|

Table 6.161: SLs(7) < E7, p

Vse
6, 6. 8

4 47

6. 7 84

Viss

3*

Permutations: (6, 6¢)

3

Table 6.162: Lo(7) < E7, p

Vse

3 3

6 7

1

2
0
2
2
6
1
3
0
7
6

2
4
2
6
6
0
2
14
2
20

Viss

3 6 7

3

6 12
6 11
6 10
6 9
6 4
2 15
2 13
0 15
2 8
0 1

1

2

3

4

9

0

2

1

7
15

3

Table 6.163: SLy(7) < E7, p

6c

6

Vse

Viss
3 3

1

6a 7‘4 4

Permutations: (6, 6¢)

Oorpt|H|

Table 6.164: Lo(8) < E7, p

9c

Sloamooamamwano oo
SlemNcNnococoococoococoo
Voo oo N HO©O
S lflvco—~ococoocococoo
=
NNocomaNoo oo o ©
Rlocooantoococoooo
SlNocoama~moo~Nmo ™o
—loamNocowmoow S
SO Mmmmm MmO oo
St o o0
Slmmaammoocoocooo
VNN MmOO O~ 0O
o
I8~ A N O =
=
Ol H —H 0m o
I~ —
7b11115111110
IS [ I I B B o\ IRV R o\ R TR ]

Permutations: (7s,7¢, 74)(9a, 9%, 9c)-
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7

Table 6.165: L2(8) < E7, p

Vse
T Tc Tqa 8

Ta

14

Vi3s3
T T Tq 8

Ta

14

Permutations: (7s,7¢,74).

3

Table 6.166: Lo(8) < E7, p

Vse

9

7 9

1

Viss

9 % 9

7

Permutations: (9a4,9,9c).

Oorpt|H|

Table 6.167: Lo(11) < E7, p

Vse

10, 10, 11 12, 12

5 5*

Viss

5 5% 10, 10, 11 12, 12

1

Permutations: (124,125).

Oorpf|H|

Table 6.168: SLy(11) < Er, p

Vse

104

12, 124

10,

10,

6 6"

Viss

10 10, 11 12, 12

5 5*

Permutations: (124,125)(12c, 124).
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5

Table 6.169: Lo(11) < E7, p

—
—
=
=]
—
S
Lo
€9
*
0
0
—
—
—
=
=]
—
o S
.
*
0
0
—

5

Table 6.170: SL2(11) < E7, p

104 10

Vse
10,

10, 11 ‘ 6 6"

Viss
5% 104

5

3

Table 6.171: Lo(11) < E7, p

Vse
5 5% 10, 12, 12

1

Viss
10, 12, 12

5 5"

3

Table 6.172: SLy(11) < E7, p

Vse
10, 12, 124

6 6"

12, 124

10,

Vi3s3

‘155*

2
1
1
1
Permutations: (12q4,12p)(12¢,124). j

PRy

— N <f

Table 6.173: Ly(11) < Er, p =2

Vse
10 12, 12

5 5*

Viss
10 12, 12

5 5*

Permutations: (124,12;).



6. TABLES OF FEASIBLE CHARACTERS

106

Oorpf|H|

Table 6.174: Ly(13) < Ex, p

Vse

12,

14, 14

13

T

Viss

Ty 12, 12, 12, 13 14, 14

Ta

Permutations: (7q,7s), (124,125, 12¢).

Oorpf|H|

Table 6.175: SL(13) < Er, p

Vse

12 12, 12y 14, 144,

6a

Viss

To 1245 12 13 14, 14

7a

Permutations: (6a4,66)(7a, 75), (124, 12p,12:)(124, 12, 12¢).
12, and 12 occur with equal multiplicities, as do 144 and 14..

=7

Table 6.176: L2(13) < E7, p

Vse
Ty 12 14, 14,

Ta

Viss
Ty 12 14, 14

Ta

Permutations: (7q,7s).

Vse

14,

14,

144

6y

6a

Table 6.177: SLy(13) < E7,p=17

Vi3s3

T 12 14, 14

Ta

Permutations: (74, 7s)(6a,6s)-
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13
14
14

12,
12,

12;

Vse
124
Vse
12,
Vse
12, 12

12,

=3
Tp
=3
6y

6a

13
14

6.3. E7

12,

12,
12, 12, 13‘6a 6, 124

124
124

12,
Viss
12,
Viss
124

Vi3s3

Ty
Table 6.180: Ly(13) < E7, p =2

Table 6.178: L2(13) < E7, p
Table 6.179: SL2(13) < Er, p

Permutations: (7q,7s), (124,125, 12¢).
6

T
Ta

Permutations: (6q,66)(7a,7s), (124,125, 12)(124, 12¢, 12¢).
64

M N ™M

<t

(=2}

o™

—
i

o

0
i

14
Permutations: (6q,6p), (124,125, 12¢).

i)
o

4

4

NP7NNNNP7NNNN

NN AN N N AN N AN N N S N
S — N
— =

— ™M

0

Vse
9% 16, 17 18,

Oorpf|H|

18, 18,

18,
Permutations: (94,9 ).

Table 6.181: Lo(17) < E7, p
Viss
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Table 6.182: Lo(17) < E7, p =3

1 2 1 1 1 1

Viss Vse
1 9, 9 16 18, 18, 18 |1 9, 9, 16 18,
1) N2 0 3 2 2 1 1 2 0 2 0 2
2) N|6 O 3 4 0 1 1 2 2 4 0 0
3) N|6 O 3 4 0 1 1 6 0 2 2 0
Permutations: (94, 9).
Table 6.183: Lo(17) < Er7, p =2
Viss Vse
1 8, 8 165 |1 8, 8, 164
1) N |13 2 5 4 8 0 2 2
2) N|13 5 8 1 8 2 4 0
Permutations: (8q,8s).
Table 6.184: Ly(19) < E7, p=0or pt|H]
Viss Vse
1 9 9° 18, 18, 18, 18; 20, 20. 204 |1 9 9 18, 18
|1 1 1 0 2 1 0 1 1 1 2 1 1 0 2
2) 1 1 1 2 0 0 1 1 1 1 2 1 1 2 0
Table 6.185: SL2(19) < E7r,p=0orp{ |H|
Viss Vse
18, 18, 19 20, 20. 204 | 10 10" 18y 18, 18, 18; 20
1) P 1 2 1 1 1 1 1 1 0 1 0 1 0
0 0 0 1 0 1 1

Permutation: (18p,18.)(18¢,18,)(18%,18;).

Table 6.186: L2(19) < E7,p=5

Viss Vse
1 9 9° 18, 20, 20, 20. 204 |1 9 9*
njTr 3 3 1 o0 1 1 1]2 3 3
Table 6.187: SL2(19) < E7,p=5
Viss Vse
1 18, 20, 20. 204 | 10 10" 18, 20.
1) PN|1 4 1 1 1 0 0 2 1
2) PN|1 4 1 1 1 1 1 2 0
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Table 6.188: L2(19) < E7, p =3

Viss Vse
1 9* 18, 18, 18. 18; 191 9 9 18, 18,
1) N|4 1 1 0 2 0 1 312 1 1 0 2
2) N|4 1 1 2 0 1 0 312 1 1 2 0
Table 6.189: SLy(19) < E7, p=3
Vi3s3 Vse
1 18, 18 19|10 10 18. 18y 18, 18, 18;
1) P, N |3 1 2 4 1 1 0 0 1 0 1
2) PN |3 2 1 4 1 1 0 1 0 1 0
Table 6.190: Ly(19) < By, p = 2
Vi3s3 Vse
1 9 9° 18, 18, 20, 20. 204 |1 9 9* 18, 18, 20,
1) 1 0 O 1 3 1 1 1 0 1 1 1 0 1
2) 1 0 O 1 3 1 1 1 2 2 2 1 0 0
3) PN|1 1 1 2 1 1 1 1 0 0 O 2 0 1
4) N 1 1 1 2 1 1 1 1 2 1 1 2 0 0
Table 6.191: L2(25) < E7, p=0or p{|H]|
Viss Vse
1 25 26, 26, 26, 264 26 |1 26, 26
1) 3 0 3 0 0 1 1 4 2 0
2) 4 1 0 2 2 0 0 4 0 2
3) 4 1 2 0 2 0 0 4 2 0
Table 6.192: Ly(25) < By, p = 13
Viss Vse
1 24 26, 26, 26, 264 260 |1 26, 26¢
1) 3 0 3 0 1 1 0 4 2 0
2) 5 1 0 2 0 0 2 4 0 2
315 1 2 2 0 0 0 4 2 0
Table 6.193: L2(25) < E7, p =3
Vi3s3 Vse
1 13, 13, 25 26 |1 13, 13, 25
1) 4 2 2 1 2 |4 2 2 0
2) N|6 0 0 3 216 0 0 2
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Table 6.194: Lo(25) < Er7, p =2

‘ Viss ‘ 6

1 12, 12, 26 |1 26
0 3 0 0 5|4 2
2) N|9 3 3 2|4 2

Table 6.195: Ly(27) < E7, p=0or pt|H]

Viss ‘ Vse
1 264 26, 26 264 26 265 |1 260 2645 26,
1) 3 0 1 0 3 0 1 4 0 2 0
2) |3 1 0 0 0 3 1 4 0 0 2
3) 3 1 1 3 0 0 0 4 2 0 0

Table 6.196: SL2(27) < Ez,p=0or p{|H]

Viss Vse
1 26, 264 26, 27 28, |14 14* 28, 28

1) P|0 1 1 1 1 1 0 0 1 1
2) 1 1 1 1 2 0 2 2 0
Permutations: (284,28, ...,28¢)(284,28;,...,28)).

Table 6.197: Ly(27) < Er, p =13

Viss Vse
26, 26, 26, 264 26 265 |1 264 26, 265

1
nDf{3 o 1 1 0 3 04 0 2 0
Permutations: (264,26, 26.)(264, 26¢,26¢).

Table 6.198: SLy(27) < Er, p =13

Viss Vse
1 260 26. 26y 27 |14 14
) PN|[1 1 1 1 2]2 2

Table 6.199: Ly(27) < E7, p=7

Viss Vse
1 13 13* 26, |1 13 13"
) N[3 3 3 2[4 2 2

Table 6.200: SLy(27) < E7,p=17

‘ Vi3s3 Vse

1 26, 28, | 14 147 28, 28
1) PN |1 4 1 0 0 1 1
2) PN |3 5 0 ‘2 2 0 0

Permutations: (284,285, ..,28¢)(284,284,...,28;).
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Table 6.201: Lo(27) < Er7, p =2

Vizs Vse
1 13 13" 26, 26, 26. 28, |1 13 13" 26, 285 28¢
1) PN|1 1 1 1 1 1 1 0 0 0 0 1 1
2) 3 0 0 0 1 4 0 |4 O 0 2 0 0
3) N 3 2 2 1 1 1 0 |4 2 2 0 0 0
Permutations: (264, 26s,26.), (284, 28,28, 284, 28, 285).
Table 6.202: SLy(29) < E7,p=0or p{|H]
Viss Vse
15, 15, 28, 28:. 30« 30, 30 | 28; 28; 28, 2§
n»nPpPlo 1 0o 1 1 1 1]1 0 1 0
Permutations: (154,15s), (284,28)(28;, 28;)(28%, 28;).
Table 6.203: SL2(29) < E7,p=7
Viss Vse
154 15, 28, 28¢ | 28, 28 28, 28,
n» P} 3 4 0 1[]1 0 1 0
Permutations: (154, 15s), (28k,28;)(28m, 28,).
Table 6.204: SL2(29) < E7,p=15
Vizs Vse
154 15, 28, 304 30, 30 | 28
n»n P[0 1 1 1 1 17]2
Permutations: (154, 15p).
Table 6.205: SL2(29) < E7, p=3
Viss Vse
15, 15, 28, 28. 304 304 30 | 285 28,
n»P|o0 1 o0 1 1 1 1]2 0
Permutations: (154, 155), (28s,28.)(284,28¢).
Table 6.206: L2(29) < Er, p =2
Viss Vse
1 14, 14y 28, 28. 30, 30, 30. | 284 28 28y 28,

nPjr o 1 o0 1 1 1 1[]1 0 1
Permutations: (14q4,145), (28s,28.)(284,28.)(28¢,28,).
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Table 6.207: SL2(37) < Er,p=0or p{|H]

Vass Vse
19, 19, 38, 384 38. |18, 18, 38; 38; 38
n»n Pjo 1 1 1 1]0 1 0 0

Permutations: (184,185), (194,19), (38:,38;,38%).

Table 6.208: SLy(37) < E7, p =19

Viss Vse
19, 19, 38, 38. 38, | 18, 18, 38; 38 38,
) P| O 1 0 1 0 0

Permutations: (184,185), (194,19), (38:,38;,38m).

Table 6.209: SL2(37) < E7, p=3

Viss Vse

‘IQQ 19y ‘181, 38

) P r 7-r|] 1 1
where r =1,...,7.

Permutations: (18,4, 18;).

Table 6.210: Ly(37) < E7, p = 2

Viss Vse
1 18, 38, 38 38; |1 18, 18, 38,
1) P|1 1 1 1 1 0 0 1 1
2) P|1 1 1 1 1 2 0 3 0
3) P|1 1 1 1 1 2 1 2 0
Permutations: (184, 18p).
6.3.4. Cross-characteristic Groups % La(q).
Table 6.211: L3(3) < E7, p=0or pt|H|
Viss Vse
1 13 16, 16, 26, 26, 27 39 |1 12 16, 26, 27
1)1 o0 0 0 1 1 2 012 O 0 0 2
2) 12 1 0 2 0 0 2 010 2 1 0 0
312 1 1 1 0 0 2 012 O 0 0 2
4)13 0 0 0 3 1 0 014 O 0 2 0
513 0 0 2 0 0 1 110 2 1 0 0
6) |3 0 1 1 0 0 1 112 0 0 0 2
Hnl4 1 1 1 2 0 0 014 O 0 2 0
16, 16; and 26; occur with the same multiplicities as their duals.

Permutations: (164,165)(167, 165 ).
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Table 6.212: L3(3) < E7, p =13

Vizs Vse
1 11 13 16 26, 26, (265)° 39 |1 11 16 26,
) N1 2 0 2 1 1 1 012 2 2 0
2) N|2 2 1 6 0 0 0 0112 2 2 0
3) 3 0 0 O 3 1 1 014 0 O 2
4) 3 1 0 5 0 0 0 112 2 2 0
5) 4 0 1 4 2 0 0 014 0 O 2
Table 6.213: L3(3) < E7, p=2
Viss Vse
1 12 160 (164)" 16, (16,)* 26 |1 12 16, (16,)* 26
1) N3 0 0 0 0 0 514 0 0 0 2
2) N|5 1 2 2 0 0 210 2 1 1 0
3) N|5 1 1 1 1 1 214 0 0 0 2
Permutations: (164,165)(167, 16 ).

Table 6.214: 2- L3(4) < E7, p=0or p{|H]|

113

Note that although L3(4) has Schur multiplier C3 x Cy x C4, all double-covers of L3 (4)

are isomorphic.
‘ Viss Vse
35, 35. 63, 63y | 28, 28
) P| 1 1 0 1 0 2
2) P‘ 1 1 1 0 ‘ 2 0

Table 6.215: 2- L3(4) < E7,p=17T7

Viss Vise
‘ 354 35y, 634 63p | 28, 28

1) P 1 1 0 1 0 2
2) P‘ 1110 ‘ 2 0

Table 6.216: 2- L3(4) < E7, p=5

Viss Vse
35« 35. 63| 28
Pl 1 1 172

Table 6.217: 2- L3(4) < E7, p=3

Viss Vse
1 15, 15, 15. 19 63, 63, | 6 10 10* 22, 22
1) PN |2 1 0 1 2 0 1 2 0 0 0 2
2) PN |2 1 0 1 2 1 0 2 0 0 2 0
3) 9 0 7 0 1 0 0 6 1 1 0 0

15, = A*(6).
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2

Table 6.218: L4(3) < E7, p

=
Sl o
I
5 s
=~ Olo -
I
— < <f
]
S|t —
I
2l
D s
© | <
-8
—|en ™
——
_—

Oorpt|H|

Table 6.219: U3(3) < E7, p

Here, the duals of 73, 215, 28 and 32 also occur, with the same multiplicity.

Viss

14 21,

27 28 32

21,

T

Ta

Vse

14 21,

27 28

21y

Ty

Ta
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6.3. E7

=7

Table 6.220: Us(3) < E7, p

Here, the duals of 7y, 21, and 28 also occur, with the same multiplicity.

Viss

14 21,

26 28

21,

Ty

Ta

[

i

[a]

i

[\l

A NOo oo

[arBEa BRI

14

14

21 0

A A4

[

L2 ZZ
[a M

AN AN AN N AN N N N S N

123456789m

i
i

Vse

14 21,

26 28

21,

Tp

Ta

Table 6.221: Us(8) < Er, p # 2

56

Vse

Vi3s3
133, 133¢

s,

P |

Permutations: (133,,1335,133.).

1

0

0

1

1)

Oorpt|H|

Table 6.222: Uy(2) < E7, p

Vse

Viss

10

0" 15, 20 24‘1 5 5 6

10" 15

10

1

6

5 5"
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Table 6.223: Uy(2) < E7,p=5

‘ Viss ‘ Vse

1 5 5 6 10 10 15, 20 231 5 5 6 10 10 15
1) 4 0 0 4 2 2 3 1 0|2 0 0 4 O 0 2
2) 8 0 0 0 O 0 7 1 0jl]0 0 O 6 1 1 0
3)]10 4 4 0 3 3 0 0 116 3 3 0 1 1 0

Table 6.224: Spe(2) < E7, p=0orpt|H]

Viss Vse
1 7 21, 27 35, |7 21,
nDi1t 2 1 1 2]2 2

Table 6.225: Spe(2) < E7, p=17

Viss Vse
7 21, 26 35, |7 21,
2 1 1 2 ]2 2

Table 6.226: Spe(2) < E7, p=15

Viss Vse
1.7 21, 27 35 |7 21,
it 2 1 1 2[2 2

Table 6.227: Spe(2) < E7, p =3

Viss Vse
7 21 27 35|7 21
2 1 1 2[2 2

1
1

Table 6.228: Qf (2) < E7, p # 2

Viss Vse
28 35, 35, 35. | 28
H P|1 1 1 12

Table 6.229: 3D4(2) < Er7, p # 2,3
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Table 6.230: 3Dy (2) < Bz, p=3
‘ Viss ‘ Vs

6
1 25 52|1 25
) N|6 3 1|6 2

Table 6.231: 2F4(2) < E7, p #2,3,5

Viss Vse
127 270 78 |1 271 27
nDjr 1 1 1]2 1 1

Table 6.232: 2Fy(2)' < E7z,p=5

Viss Vse
1 27 27" 78 |1 27 27"
11 1 1]2 1 1

1) N

Table 6.233: 2Fy(2)' < E7, p=3

Viss Vse
127 270 77 |1 271 27
Dj2 1 1 1]2 1 1

Table 6.234: 2B5(8) < E7, p=15

Viss Vse
14 14* 35, 35, 35. |14 14
P11 1 1 1 1|1 1

6.4. Eg

6.4.1. Alternating Groups.
Each group in the following table has a unique feasible character on L(Eg(K)):

Table 6.235: Alt,, < Eg, n > 10, unique feasible character

n P Factors Notes
17 2 17/118/128, Permutation: (128,,128;)
16 2 12/142 /64/64* /90 P, N
15 2 12/14% /64/64* /90
14 2 18/12* /64, /643 64, is a section of A*12. N
13 2 18/12* /322 /322 /64
12 2 1'6/10%/16* /(16*)* /44 | N
11 11 36,/44/84% P
2 1%6/105/16*/(16%)* /44
10 | p#2,3,5 | 9/35/36/84> P
3 1/9/34/36/84> P
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Table 6.236: Alt1g < Eg, p=2>5

|1 8 28 35, 35, 35 56
) PN|1 2 3 1 0 0 2
2) 305 1 1 1 0

Table 6.237: Altig < Eg, p=2

1 8 16 26 48 64, 64, 198
1) 2 0 0 0 1 0 0 1
2) N 4 2 0 2 1 1 1 0
3) N 4 2 1 2 2 0 1 0
4) PN|8 5 0 4 2 0 0 0
5) N 6 1 1 8 0 0 0 0
6) N 30 8 8 1 0 0 0 0

Permutations: (64q,64s).

Table 6.238: Altg < Es, p =0 or p{|H]|
1 8 27 28 35, 35 56

nHi1 3 1 3 0 0 2
31 1 5 1 1 0

Table 6.239: Altg < Eg, p=17

|1 8 19 28 35, 35, 56
DT 4 1 3 0 0 2
213 2 1 5 1 1 0

Table 6.240: Altg < Eg, p =5

|1 8 21 27 28 35, 35, 56 134
Dt 2 21 1 0 0 0 1
2){1 3 0 1 3 0 0 2 0
331 0 1 5 1 1 0 0

Table 6.241: Altg < Eg, p =3

|1 7 21 27 35
) PN[4 6 5 1 2
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Table 6.242: Altg < Eg, p =2

1 8 8 8 20 20" 26 48 78
) PN| 2 2 1 1 1 1 0 2 1
2) 4 0 0 O 1 1 0 1 2
3) PN|4 0 0 1 2 2 0O 0 2
49 PN|4 2 2 3 1 1 2 2 0
5 P,N|4 2 3 3 2 2 2 1 0
6) PN| 6 0 0 3 1 1 2 1 1
" PN|6 0 2 2 2 2 2 0 1
8 PN|8 0 2 4 1 1 4 1 0
9 PN|8 0 2 5 2 2 4 0 O
10) N 8 5 0 0 O 0 4 2 0
11) N 6 1 1 1 0 0 8§ 0 O
12) 30 8 8 8 O 0 1 0 O
Permutations: (8, 8¢).
Table 6.243: Altg < Es, p=0or p{|H|
| 1 7 14 20 21, 28 35 64 70
D[3 1 0 1 0 3 0 1 1
2) 13 2 1 0 0 4 1 0 1
3)|4 7 0 1 5 o 2 0 0
21, = N\ 7.
Table 6.244: Altg < Eg, p=17
|1 7 14 19 21, 28 35 45 70
1) 3 2 1 0 0 4 1 0 1
2) N|4 1 0 2 0 3 0 1 1
3) 5 7 0 1 5 o 2 0 0
21, = N\ 7.
Table 6.245: Altg < Eg, p=15
| 1 7 13 20 21, 21, 35 43 70
)3 4 0 1 0 4 0 1 1
2) 13 4 0 1 1 3 0 1 1
34 6 1 0 0 4 1 0 1
Hl4 7 0 1 5 0 2 0 0
21, = N\’ 7

Table 6.246: Altg < Eg, p =3
|1 7 13 21 28 35

) N[4 3 1 0 5 2
N|4 8 1 5 0 2
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Table 6.247: Alt; < Eg, p

120

e e e e o T T e D e e e T L Yo Do T T e e U e
S AN FO OO A ANM IO O~ — AN
L B B e B B B B B BN e BN

14, is a section of 5 ® 5.
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5

Table 6.249: Alt; < Eg, p

Rt~ 0mmooNooaNOoOoNN—— OO0
VN FOONFOOAFTAMNO A NN ~O A~
NN Ao~ mamMI-—F0~0I0 TG oo o
W A A AN NI ONNOOOOOO OO — — N —
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wtrmaJaa~fTooanw 0ot mow—~ g
COANFOOAMNMI-NOOOI-OI-mFmFH oo
—“locoocoammmmmmwooowowoon DD O 02X
snnn 22zt 28072725z
A A A A A

3

Table 6.250: Alt; < Eg, p

6 10 10 13 15

| 1

6 10 10* 13 15|

1

0
13

10
12

P, N
N

2

Table 6.251: Alt; < Eg, p

14 20

6

4*

<t oo oS
B U S I I
L U S I Bt

8
8
8
8
18
18
46

14 20

6

4*

1 1 0
1 1 2
4 4 5
T 7 8
T 7 10
2 2 10
16 16 9

8
8
8
8
8
18
46
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Table 6.252: Altg < Eg, p

SEL 0ol faafd 1 a~dYNom NN mMOM IO FO FNFNMmN
N[O OMNDIFINOIOMNNDIDO I DIONIE ODONOORNDOORNDO 00 mE HE o~~~
SIF TS O ZT 0N FFNNOMNMOVOIDINMNS VOO FOJ[ OJN0mMmD DO
ST IO OSSN IOLNNDFIFTNNONMN A IDFANIODNMNMDIDNANOF A A ONMMD 0D O
Bloma ot FoOMmMZTOoNFTAIS A F T OoONID JORNOZ00DRI--I0~O 00O
SlomM AN O A FTOOMIBONFOIS " FINODNIDINOMNMOI-OIDII-ID O OO
HlOO A H AN NN MM MO F T F OO OO OO0 T DR TG e o
A A
N N N N N N N N N N S S N N SN N N N S SN SN S S N N N SN N N N I N N S SN N N s o N
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A A AT AR AN ANAADNOONIFIIFIDIDOINND OO0 DR~ NN®D©
=] — o o — o — — ]
Qoo T w8~ oo oo aal—mmId 9 Fmamst NN~ F
oot FoOowFooF T~OMT OO Do DN D~ 0wo -0 4~ T Ao
BlO-O©NMI-FIDIOMN FO~ IO~ T FFE FIO-OMFODINMWOVOEMF I SF oo~ Q
SO ONI-FID IO FO~ IOV FFE FIONONFAFNMMONONMNF IO ST~~~
SO FIN O A MO MDD A IO~ MRI0 0W0MM~0Z N0 OWOEOOIDND A~ O
SO 1o —~mMO0oNI:E AN FI-OMIO VD FIDI-NFI-DNMOIDIEO O FM A~ O
HO O NN NN NMOMO T FFIOIDIDIOID OO OO0 DN TN QN0
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D N e N e e Y N N N N
[ T S S T e R e R R R A e o T S e N T R R e R o e R o T
HE A A A AN NN FFFFFOIDIOI00H 00D DN~ R 0@

Permutations: (54, 5s), (8a,8b).
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Table 6.253: Altg < Eg, p=05

1 5, 5 8 10 1 5, 5 8 10
) PN |4 2 2 18 8| 2 P,N|5 1 4 16 9
3) PN| 6 0 6 14 10 4) P,N| 6 3 3 14 10
5 P,N| 7 2 5 12 11 6) P,N| 8 0 0 20 8
7 P,N| 8 4 4 10 12 8) P,N |10 1 1 16 10
99 P,N|10 7 7 21 O 10) PN |11 O 3 14 11
1) P,N |11 6 9 19 1 12) 12 2 2 12 12
13) PN |12 5 11 17 2 14) P,N |12 8 8 17 2
15) P,N|13 7 10 15 3 16) P,N |14 5 5 23 0
17) N 14 9 9 13 4 18) P,N |15 4 7T 21 1
19) P,N |16 3 9 19 2 200 PN |16 6 6 19 2
21) N 17 5 8 17 3 22) N 18 7 7T 15 4
23) 20 0 24 1 10| 24) 25 0 21 1 11
25) N 28 0 0 25 2 26) N 30 1 1 21 4
Permutations: (5q,5s)-
Table 6.254: Alts < Eg, p=0orpt|H|

1 3. 3 4 5 1 3. 3 4 5

1) P| 0 14 14 16 20 2)| 2 15 15 14 20

3) 3 13 18 13 20 4) 1 3 14 14 19 17

5) 5 15 15 17 17 6)| 6 13 18 16 17

7) 6 14 14 22 14 8) | 8 6 6 16 28

9) 8 8 28 8 20/ 10)|8 15 15 20 14

11) 9 13 18 19 14| 12)|10 7 7 14 28

13) 10 19 19 6 20| 14|11 5 10 13 28

15) 11 6 6 19 25]16) |11 8 28 11 17

17) 13 7 7T 17 25418 |13 19 19 9 17

19) 14 5 10 16 25| 20) |14 6 6 22 22

21) 14 8 28 14 14|/ 22)|16 0 20 8 28

23) 16 7 7T 20 224/24)|16 19 19 12 14

25) 17 5 10 19 22| 26) |18 11 11 6 28

27) 19 0 20 11 25| 28) (20 10 35 2 17

29) 21 11 11 9 251/30) |22 0 20 14 22

31) 23 10 35 5 1432 |24 11 11 12 22

33) 28 0 50 0 14(/34) |28 2 271 2 25

35) 31 2 27 5 221/36) |35 6 6 43 1

37) 37 7 7 41 1 38) 138 5 10 40 1

39) 43 0 20 35 1 40) | 45 11 11 33 1

41) 52 2 27 26 1 42) |78 0 55 0 1

Permutations: (3q,3s)-

123
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Table 6.255: Alts < Eg, p =3

1 3, 3 4 1 3,

1) P,N|20 14 14 36| 2 P,N|22 15

3) P,N |23 18 13 33 4) 28 28

5) N 30 19 19 26 6) PN |3 6

7 N |37 35 10 19| 8 P,N |38 7

99 P,N |39 10 5 41 10) N 42 50

11) N 4 20 0 36| 12) N 46 11
13) N |53 27 2 27| 14) 79 55

Permutations: (3a,3s)

6.4.2. Sporadic Groups.

Table 6.256: Mq1 < Eg, p=0or pt|H]|

| 1 10, 11 16 16" 45 55

]9 0 6 4 4 1 0
2010 0 5 4 4 0 1
3l15 6 0 4 4 1 0

Table 6.257: My, < Ejg, p=11

ocfbo~No ®

1 9 10 10° 11 16 44
1) P 0o 2 3 3 0 1 1 2
2) PN|2 3 0 0 1 2 4 0
3) PN|3 4 0 0 2 0 3 1
4) P,N|4 6 4 4 0 0 0 2
5) 9 1 1 1 6 9 0 0
6) 10 0 O 0 5 8 0 1
7) N 21 7 1 1 0 9 0 0
Table 6.258: My, < Fjg, p=>5
1 10, 11 16 16" 45 55
1) 3 1 0 0 0 4 1
2) N| 4 0 0 2 2 4 0
3) N | 7 1 7 2 2 2 0
4) N | 8 1 6 2 2 1 1
5 N| 9 0 6 4 4 1 0
6) N| 9 1 5 2 2 0 2
7) N |10 0 5 4 4 0 1
8) N | 14 7 0 2 2 1 1
9) N |15 6 0 4 4 1 0
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Table 6.259: My, < Fjg, p=3

1 5 5 10, 10, (105)* 24 45
1) P 0O 0 0 2 0 0 2 4
2) PN[1 2 2 0 1 1 3 3
3) PN| 2 2 2 0 2 2 4 2
4) P,N|4 5 5 5 0 0 6 0
5 PN| 4 7 7 3 0 0 6 0
6) N 23 4 4 6 4 4 0 1
7) N 23 10 10 O 4 4 0 1
8) N 24 10 10 O 5 5 1 0
Table 6.260: My; < Fjg, p=2
| 1 10 16 16° 44
1) N|[14 3 5 5 1
2) N|16 6 4 4 1
3) N|18 9 3 3 1
Table 6.261: M2 < Eg,p=25
|1 11, 16 16 78
D8 6 3 3 1
Permutations: (114,115).
Table 6.262: Mis < Eg, p=2
|1 10 16 16" 44
) N[16 6 4 4 1
Table 6.263: J; < Eg, p =11
|1 7 14 27 64 77,
|1 o 3 0 2 1
2)16 13 5 3 0 0
3)18 0 1 6 1 0
4)152 26 1 0 0 0
77, is a section of /\2 14.
Table 6.264: Jo < Eg, p =2
1 6, 6, 14, 14, 36 64, 64, 84
1) 2 1 0 1 3 1 1 0 1
2) N| 4 2 2 0 4 1 0 2 0
3) N|8 3 4 1 2 2 0 0 1
4) N |14 6 6 0 7 0 0 1 0
5 N |16 8 8 1 1 3 0 0 0
6) N|22 3 16 0 8 0 0 0 0
7 N|7 0 26 0 1 0 0 0 0
Permutations: (6q,6p)(14q,144)(64q,64s).
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Table 6.265: J3 < Eg, p =2

| 80 84 84

)

P|1

1

1

6.266: Th < Es, p = 3. Irreducible on Va4s. P

6.4.3. Cross-characteristic Groups L3(q) (¢ # 4, 5, 9).

Table 6.267: La(7) < Eg, p=0or pt|H]

1 3 3 6 7 8 1 3 3 6 7 8
) P[0 5 5 6 10 14 22 7 7 6 8 14
3) 30 0 14 7 14| 4|3 5 5 6 13 11
5) 5 2 2 14 5 14| 6|5 7 7 6 11 11
7) 6 0 0 14 10 11|l 8|6 5 5 6 16 8
9) 8 2 2 14 8 111008 7 7 6 14 8
11) 9 0 0 14 13 81211 2 2 14 11 8
13) 14 8 8 14 2 11| 14)|17 8 8 14 5 8
15) 22 21 21 6 0 8|16 |28 1 1 0 2 25
17) 3. 1 1 0 5 2218 |52 1 1 0 26 1
19) 78 27 271 0 0 1
Table 6.268: Ly(7) < Es,p=3
|1 3 3 6 7] |1 3 3 6 7
) PN[14 5 5 6 242 P,N[16 7 7 6 22
3) P,N|[17 0 0 14 21{4 N |19 2 2 14 19
5 N |25 8 8 14 13|/6) N |30 21 21 6 8
77 N [53 1 1 0 27| 38) 79 027 271 0 1
Table 6.269: L2(8) < Es, p=0or pt|H]
1 7. Ty 7¢c 74 8 9% 9 9
1) P{0 3 5 5 5 4 3 3 4
2) PO 6 3 5 4 4 3 3 4
3) 13 5 5 5 5 3 3 3
4) 1 4 5 5 5 3 3 3 4
5) 1 6 3 5 4 5 3 3 3
6) 2 2 4 8 6 2 3 3 4
7) 2 2 5 6 7 2 3 3 4
8) 2 3 5 5 5 6 1 2 5
9) 2 4 5 5 5 4 3 3 3
10) 2 5 2 8 5 2 3 3 4
11) 2 6 3 5 4 6 1 2 5
12) 3 2 4 8 6 3 3 3 3
13) 3 2 5 6 7 3 3 3 3
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1
10
10

14

14

14

Permutations: (74, 7c,74), (9a; 9, 9¢)-
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7

Table 6.270: L2(8) < Es, p

<+ NN o 0 —
VNS A =P Pa @
= — o Ne]
[SSE LSl SR SN BRI A
Ll oo e~ o
Lot aNnoo —~0 0
Slommw e~ N o~ —
Lot in o~ o
— o o = = = D
P,NNNNNNN
o~~~ o~~~
N oo N o
R e B o R e T
e I ) N ©
Sl IS R -
Zho o oo Mo o —~
Lo~ Do~
KXo 000 o H —
St o~ R ao

O = AN M 10 O O
L B B B B e BN e I ap)

Z Z
P7P7NNNNNNN

NN AN S N S N S
— M~ O~ M0 I~
— =~

Permutations: (7s,7¢,74).

3

Table 6.271: Lo(8) < Eg, p

% 9

9a

9 9. |

9a

22 3
6 7
TT
8 5
13 0

4
8
10
12
22

NN N N N

— M0 I~ O

Permutations: (94,9, 9¢).

0 or pi |H|

Table 6.272: Lo(11) < Eg, p

10, 10, 11 12, 12

5*

R e
N0 N A~
NOo —~—~ 30
— N A e
© N NO ™

<t 00 AN o0 AN O

<t 00 AN 00 AN O

10 10 O 10

24

Permutations: (124,12;).
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5

Table 6.273: Ly(11) < Eg, p

10, 11
15
11

10,

5*

10, 10, 11 ||

5*

13

10

10

10 10 O

26

N

10

3

Table 6.274: Ly(11) < Eg, p

10 12, 12

5*

10 12, 12 |

5*

5

© 10 AN~
NoRBTall SRS
o mS
o O OO
o o~
o O OO
o o~
<+ oS F
~
AN <f © o
© 10 AN~
© 0 -~
— 00
8m11
2\ e B AN e}
AN AN AN
w2
A A A
~ ~~
— MO b~

Table 6.275: Ly(11) < Es, p = 2

10 12, 124

5*

5

10 12, 12,

5*

5

Oorpt|H

Table 6.276: L2(13) < Es, p

Ty 12, 12, 12, 13 14, 14

Ta

10

i

i

10
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I~ © © b~

N O

© o0 - O

— — — 00

o o~

— o — O

o NN o

o NN o

0 0o I

o~ —~

N
N

N

[a\]

[a]

©
N

26

52
Permutations: (7a,7s), (124,125, 12.).

™~
(o]

Table 6.277: L2(13) < Es,p=17

Ty 12 14, 14

Ta

Ty 12 14, 14

Ta

N7N7N7NNN
A A A

— MO I~ =M
—

3

Table 6.278: L2(13) < Es, p

Ty 12, 12, 12, 13

Ta

[a\]

10 10 O
10 10

6
7

14
13

[a\]

<f
—

[

0
i

[

i
[a\]

27

52

4

RNNNNNNNN

AN AN AN AN N AN N N S N

— AN M <o O -

0

=)

o
—

Permutations: (7a,7s), (124,125, 12¢).
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2

Table 6.279: Ly(13) < Es, p

Slowowo T Jwmwmmwooo TN © OO0~
Hc433114338110m43381100
mb533115331110353311100
Ha132101320100213201000
SlHFamomtrmwmooor~rRaroomoa S 9Yg
R B I R o R e R =R I S I R
o3I EIEIE2EEE2R88KAR
4 4 4

2 Ll l - LZLZZZZ LLZZZ
A A A

AN AN AN AN AN AN N SN SN SN N N N N N N N N N N N

—H NN F O OO0 NN OO 0O
e B B R T e I B B

—
N

el
N

Permutations: (6q,6p), (124,125, 12¢).

0 or pi |H|

Table 6.280: Lo(16) < Eg, p

17d,e, 1,9

S O O O OO
Q

<

Slo oo A A — — —
I~
—
Qoocor—-moo
=
K1u21222231
>
w31132141
o
K1u22222211
U
W[~ = —~ — —~ —~ —~ N
—

)
z1011211212
C
w12112133
=
K1u22221203
3
K1u02101100
—O OO +H - - NN
A A A

Py

— ™M

<t

0 O

™~

0

., 154).

17,4, 17, and 17, occur with equal multiplicities, as do 174, 17, 17y and 17,.

Permutations: (154,15, ..



15 17, 17, 17. 174 17. 17y 17,

Table 6.281: Ly(16) < Es, p = 17

6. TABLES OF FEASIBLE CHARACTERS
1

12
13

132

A A

15, 15, 16 17
3
15, 16 17, 17,

., 155).
15,
., 15n).

15. 15, 15, 15,
15, 154 15. 15;

15
Table 6.283: L2(16) < FEg,p

Table 6.282: Ly(16) < Es,p=5

Permutations: (154, 15s, ..
Permutations: (154,15, ..

154

10
10
10
10
10
10
12
Permutations: (17p,17.)(174,17,17¢,17,).

154

154

AN AN AN N N N S N

—
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Oorpf|H|

Table 6.284: Ly(17) < Eg, p

O
w33311111
=
w33311111
3
B11166000
N oo ~mr~o
=3
m21200000
Q
m22200000
=
w20200000
3
OO M —A A —~ —~ — 0
—
S|l—= — — o0~~~
Slococo—~o oo
100178mMm
A A
e T e
— N M <H 1O O b~ 0

Permutations: (94,9 ), (16p, 16., 164).

=3

Table 6.285: Ly(17) < Es, p

91, 16 18a 18b 180

9a

o
o
— O O oo
=
(=]
S
I~ — A <f 0 o>
=
W
— oo~ T~ g
.9
=
o]
SO —H O F O L
z
—~o R F
W
[aF
A~~~
— N M <o

2

Table 6.286: Ly(17) < Es, p

16, 16, 16 164

8p

NeliNoiNoBNe BNe I B

— = =~ — M

NNNN7N7NN
[agyal

Permutations: (84,8p), (16p, 16., 164).

Oorpf|H|

Table 6.287: Ly(19) < Eg, p

20, 20, 204

19 204

18, 18, 18, 184

9 9"

Permutations: (184,185)(18c,184), (20p,20c, 204).



264 26

20, 204
18; 19
2
20, 204
26, 26,

5
3

20y
1

204

18,

0orpf|H]|
25 264

204
0

18, 20,
18, 18
18, 18
2 2
Permutations: (184, 18p), (20,20, 204).
24, 24,

9*

6
244

9 9
9*

| 1

Permutations: (20,20, 204).
24,

Permutations: (184, 18p)(18.,184).

Table 6.289: Lo(19) < Eg, p
Table 6.290: Ly(19) < Es, p

6. TABLES OF FEASIBLE CHARACTERS
Table 6.288: L2(19) < Eg, p

Table 6.291: Ly(25) < Es, p
24y,

24,

SO O OO OO

14
15
15

134

A A A A A A A

AN AN AN N AN N S N S
123456789m
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Table 6.292: Ly(25) < Es, p =13

| 1 24 26. 26, 26. 264 26

1) P| 0 6 0 0 2 2 0
2) 14 0 7 0 1 1 0
3) 16 1 0 2 0 0 6
4) 16 1 6 2 0 0 0
Table 6.293: L2(25) < Eg, p =3
| 1 134 13, 24, 24y 24, 244 24. 245 25 26
1) P|O 0 0 0 1 1 1 1 2 0 4
2) 15 6 6 0 0 0 0 0 0 1 2
3) N |21 0 0 0 0 0 0 0 0 7T 2
Permutations: (24q,24s,...,245).
Table 6.294: L2(25) < Eg, p =2
1 124 12, 24, 24y 24 244 24. 245 26
1) P|O 0 0 0 1 1 1 1 2 4
2) P| O 0 0 1 1 1 1 1 1 4
3) N| 6 2 2 0 1 2 2 0 2 1
4) N | 6 3 3 1 1 1 1 1 1 1
5 N | 6 3 3 1 1 1 1 2 0 1
6) N |10 2 7 0 0 0 0 0 0 5
7) 14 0 0 0 0 0 0 0 0 9
8) N | 16 5 10 0 0 0 0 0 0 2
9) N |20 3 3 0 0 0 0 0 0 6

Permutations: (124,12,

~—

(244,24, ..., 245).

Table 6.295: Ly(27) < Es, p=0, 13 or pt|H|

1 26, 26, 26, 264 26 26f
nHj4 o 1 1 0 0 7
Permutations: (264,26, 26.)(264, 26¢,26¢).

Table 6.296: L2(27) < Eg, p=7

| 1 13 13° 26
) N[14 7 7 2

Table 6.298: L2(29) < Eg, p=0or p{|H]|

|15a 15, 28, 28, 28. 283 28. 28y 28, 29 30, 30, 30

» PO 1 1 1 1 1 0 0 0 o0 1 1 2
2P| 1 2 1 1 1 1 0 o0 0 0 1 1 1
Permutations: (154,15), (304,305, 30.), (154, 15.) (155, 157)(15¢, 154) (154, 15).
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Table 6.297: Lo(27) < Eg, p = 2

1 13 13" 26, 26, 26 28, 28, 28. 28; 28. 28y
1) 2 0 0 1 1 1 0 2 1 1 1 1
2) 2 0 0 1 1 1 1 1 1 1 1 1
3) N| 2 1 1 0 1 1 0 2 1 1 1 1
4) N | 2 1 1 0 1 1 1 1 1 1 1 1
5 N| 4 1 1 1 1 1 0 0 0 0 4 1
6) N| 4 1 1 1 1 1 0 0 2 0 2 1
7 N| 4 2 2 0 1 1 0 0 0 0 4 1
8) N | 4 2 2 0 1 1 0 0 2 0 2 1
9) 14 0 0 0 1 8 0 0 0 0 0 0
10) N |14 6 6 1 1 1 0 0 0 0 0 0
11) N |14 7 7 0 1 1 0 0 0 0 0 0
Permutations: (264,265, 26.), (284,28, ...,28¢).

Table 6.299: L2(29) < Eg, p=7

15 15, 28, 28, 28. 285 28 28y 28, 29

1
P|O 4 5 1 1 1 0 0 0 0 1
1 4 5 0 0 0 1 1 1 1 0
Permutations: (154,15).

Table 6.300: L2(29) < Eg, p=15

1 15, 15, 28, 28, 30, 30, 30

1) 1 0 1 0 4 1 1 2

2) P |1 0 1 3 1 1 1 2

3) 1 0 3 0 4 1 1 1

4) P |1 0 3 3 1 1 1 1

5) 1 1 2 0 4 1 1 1

6) P |1 1 2 3 1 1 1 1

Permutations: (154,155), (304, 30p, 30c).
Table 6.301: L2(29) < Es, p=3

| 1 15, 15y 28, 28, 28:. 30, 30, 30,
1) 1 0 1 0 2 2 1 1 2
2) PN |1 0 1 2 1 1 1 1 2
3) 1 1 2 0 2 2 1 1 1
4) P,N |1 1 2 2 1 1 1 1 1

Permutations: (154,155), (304, 30p, 30c).
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Table 6.302: Ly(29) < Es, p

9 >
%221111 wlllllooooo
o f
Ol —~ — o~ o~ -, N[ - O OO0 OO
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> o o
R ooo =g m g1 1000000 DI A~ A
N
< N —
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a S [ ©
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Q Sl —~
~ N & S K O NN~ O N~
VO NO —=H O - ~ N OO0 O H — — — ~ V
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%011101% e o cooo o= = o
=] = ~,
- O
o S * SN N 0N AN — O < Vee =00 === amno
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g Voo A~ "0 O = — —
NN B —
Z g —|loO o000 O ~ —H H A~
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Table 6.305: L2(31) < Eg, p=3

1 15 15" 30, 30, 30. 31 32, 32
1) P|0 O 0 0 2 2 0 2 2
2) P|0 O 0 2 1 1 0 2 2
3) P|O0 1 1 1 0 2 0 2 2
4) P|0 1 1 1 1 1 0 2 2
5 P|0 1 1 1 2 0 0 2 2
6) 2 0 0 0 2 2 2 1 1
7) 2 0 0 2 1 1 2 1 1
8) 2 1 1 1 0 2 2 1 1
9) 2 1 1 1 1 1 2 1 1
10) 2 1 1 1 2 0 2 1 1
11) 4 2 2 2 1 1 0 1 1
12) 4 3 3 1 1 1 0 1 1

Table 6.306: Ly(31) < Es, p =2

1 15 15" 32, 32, 32, 324 32. 327 32
1) P|0 4 4 0 0 0 1 1 1 1
P|2 5 5 1 1 1 0 0 0 0

Table 6.307: L2(32) < Es,p=0,31or pt|H|

| 31, 31, 31. 31q 31y 314 31, 31
n» P}l 1 1 1 1 1 1 1 1
Permutations: (31a4,31s,...,31e)(31f,31g,...,31;)(31%,31;,...,31,).
Outer automorphism group induces this permutation. Elements of order 3 have Brauer
character value —2 on 31,,...,31c, and 1 on the rest.

Table 6.308: Ly(32) < Es, p =11

| 3la 31,
1) P 1 7
2) P 4 4
Elements of order 3 have Brauer character value —2 on 31,, and 1 on 315.

Table 6.309: L2(32) < Es, p=3

| 3la 31, 3l. 314 3L
1) P| 3 0 1 1 3
2) P| 2 2 1 2 1
Permutations: (314, 31s,31¢, 314, 31e).
These modules are all conjugate by an outer automorphism.




6.4. Eg

Table 6.310: L2(37) < Eg, p =2

1 18, 18, 38, 38, 38, 384
1) 2 0 1 0 1 3 2
2) 2 0 1 3 1 1 1
3) N |4 0 3 2 1 1 1
4) N |4 1 2 2 1 1 1
5 N|[s o 7 o 1 1 1
6) N |8 1 6 0 1 1 1
7 N8 2 5 0 1 1 1
8§ N|8 3 4 0 1 1 1

Permutations: (184, 18s), (385,38, 384).

Table 6.311: Lo(41) < Eg, p=0,3 or p1 |H|

| 40. 404

42

42,

42y,

42;

1) P| 1
Permutations: (40p,40c,40q).

1

1

1

1

Table 6.312: Lo(41) < Eg, p=7

| 404

424

42,

42y,

42;

1)

P| 2

1

1

1

1

Table 6.313: Ly(41) < Es,p=5

| 40,

404

42

) P 1

1

4
Permutations: (40p,40c,404).

Table 6.314: Lo(41) < Eg, p =2

1

1 20, 20, 40, 40, 40. 405 40y 40, 40; 42, 42,
1) P{0 O 0 0 0 1 1 0 0 0 2 2
2) 4 0 2 0 0 0 0 1 1 1 1 1
3) 4 0 2 0 1 1 1 0 0 0 1 1
4) 4 0 4 0 0 1 1 0 0 0 1 1
5) 4 1 1 0 0 0 0 1 1 1 1 1
6) 4 1 1 0 1 1 1 0 0 0 1 1
7) 4 1 3 0 0 1 1 0 0 0 1 1
8) 4 2 2 0 0 1 1 0 0 0 1 1
Permutations: (20q,205), (40s,40¢,404), (40e,40¢)(404,40x)(40;, 40;).

Table 6.315: L(49) < Eg, p=0or pt|H|

| 48,

50¢

50,

50;

50,

1)

P| 1

1

1

1

Permutations: (48,,485).

1

139
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Table 6.316: L2(49) < Eg, p =5

| 48 505 50, 50n 50;
n P11 1 1 1 1

Table 6.317: Ly(49) < Es,p=3

| 48, 50, 50,
n Pl 1 2 2
Permutations: (48,,485).

Table 6.318: Ly(49) < Es, p =2

|1 24, 24, 48, 48, 50
) P[0 0 o0 1 0 4
2) 6 1 1 1 2 1
3) 6 3 3 1 0 1

Permutations: (48,,485).

Table 6.319: L2(61) < Eg, p=0,31or pt|H|

| 62, 62, 62 62;
n» P 1 1 1 1

Table 6.320: Lo(61) < Es,p=15

Table 6.321: Ly(61) < Es,p=3

| 62, 62
) P 2 2

Table 6.322: Ly(61) < Eg, p =2

|1 30, 30, 62, 62, 62 624 62 625 62
) PO 0 0 0 o0 o0 1 1 1 1
2) 2 2 0 1 1 1 0 0 0 0
3) 2 1 1 1 1 1 0 0 0 0
4) 2 0 2 1 1 1 0 0 0 0
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6.4.4. Cross-characteristic Groups % L2(q).

Oorpt|H|

Table 6.323: L3(3) < Fg, p

27 39

(162)° 16, (165)* 264 26, (265)"

12 13 164

1

13

Table 6.324: L3(3) < FEg, p

16 26, 26, (265)* 39

13

11

2

Table 6.325: L3(3) < Es, p

(162)* 16, (16,)* 26

16,

12

o~~~ —

— AN M <0
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Table 6.326: L3(5) < Eg, p # 2,5

124,

| 1244

2

Table 6.327: L3(5) < Fs, p

30 124, 124,

| 1

2

Table 6.328: L4(3) < Es, p

26, 38 208, 208,

264

1

= 2. Irreducible on Vass. P

6.329: L4(5) < E87 p

0 or pt |H]

Table 6.330: Us(3) < FEg, p

32 327

27 28 28"

(Ty)* 14 21, 21, (21,)"

Ty

Ta

o

i

=]

[

=]

[

o

o™

=]

™

=]

™

o

<t

=]

<t

=]

0

o

©

=]

0

=]

(=2}

0
26

14
0

17
52

AN AN AN AN N N N N N N S

— AN M <O O -0 D

o]
—

i
i

[a]
i

13)
14)
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=7

Table 6.331: U3(3) < Es, p

26 28 28"

(7o) 14 21, 21, (21,)*

Ty

Ta

[a]

i

<t

i

0

14

4

a9

4

24 27 ZZLZZ7Z

a9

Table 6.332: Us(8) < Eg, p # 2,3

56 57 57" 133, 133, 133.
1 0 0 1
0 0 0 1

| 1
1
3

Permutations: (1334, 133, 133.).

3

Table 6.333: Us(8) < Fs, p

133, 133, 133c
0 0 1

|1 56
N[3 2

Permutations: (1334, 1335, 133.).

1)

Oorpt|H]|

Table 6.334: Uy(2) < Eg, p

64

20 24 40 40" 45 45"

6 10 10" 15

5*

0 0
1 0
0 12
10 O

0
1
0
10

5

Table 6.335: Uy(2) < Es, p

58

20 23 40 40" 45 45"

6 10 10" 15

5*

0o 0 2
1 1 0
0 0 12
10 10 0O

0
2
11
25
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Table 6.336: PSpa(5) < Eg, p=2

|1 12, 12, 40 64 104
n» P |0 0O 0 1 0 2
2) PN|8 4 4 2 1 0

Table 6.337: Spe(2) < Es, p=0,50r pt|H|

21a 27 35
5 1 2

Table 6.338: Sps(2) < Es,p=17

1
1[5

7 21a 26 35
6 5 1 2

Table 6.339: Spe(2) < Eg, p=3

Table 6.340: Q; (2) < Eg, p # 2

|1 28 35, 35, 35
ni3 5 1 1 1

Table 6.341: G2(3) < Eg, p # 2,3

|1 14 64 64" 78 9l
it o o o 2 1
2)|1 2 1 1 0 1

Table 6.342: G2(3) < Es, p =2

|1 14 64 64" 78 904
nl2 0o 0o o0 2 1
2)|2 2 1 1 0 1

Table 6.343: 3D4(2) < Es, p # 2,3

| 1 26 52 196
P[0 0 1 1
2) 4 7 1 0
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Table 6.344: 3Dy (2) < Es, p=3

Table 6.345: 2Fy(2) < Es, p # 2,3,5

|1 27 27" 78
s 3 3 1

Table 6.346: 2F4(2) < Es,p=5

|1 27 27" 78
) N|8 3 3 1

Table 6.347: 2Fy(2)' < Es, p=3

|1 27 27° 77 124, 124,
nfo o o o0 1 1
2)|9 3 3 1 0 0

Table 6.348: 2B5(8) < Es,p=0or pt |H|

|1 14 14" 35, 35. 64 65, 91

) P|O0 1 1 0 0 1 1 1

2) 1 0 0 0 0 0 1 2

3) 1 1 1 0 0 2 0 1

4) 2 0 0 0 0 1 0 2

5) 3 0 0 4 3 0 0 0
Permutations: (354, 35s, 35¢)(654, 655, 65¢).

Table 6.349: 2B5(8) < Eg, p =13

|1 14 14* 35 65, 91

1) 1 0 0 0 1 2

2) P|1 2 2 1 1 1

3) 3 0 0 7 0 0

4) 3 1 1 1 0 2

5 P|3 3 3 2 0 1
Permutations: (654,655, 65.).
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Table 6.350: 2B2(8) < Eg, p =7

|1 14 14° 35, 35. 64 91
) P11 1 0 0 2 1
2) 2 0 0 0 0 1 2
3) 3.0 0 3 4 0 0
4) 8 4 4 0 0 2 0
5) 9 3 3 0 0 1 1

Permutations: (35a, 355, 35¢).

Table 6.351: 2B(8) < Eg, p=15

Table 6.352: 2B2(32) < Es, p=5

| 124

124~

1)

P| 1

1

| 1 14 14 35, 35, 35. 63 65,
1) P|1 2 2 0 0 0 2 1
2) 3 0 0 0 3 4 0 0
3) 3 2 2 0 0 0 3 0
4) 3 5 5 1 1 1 0 0
Permutations: (35a, 355, 35¢)(654, 65, 65¢).



APPENDIX A

Auxiliary Data

We collect here various data calculated for use in Chapters BHAL as well as
references to data already in the literature. All of the following information is
found either in the Atlas of Finite Groups [25], the modular Atlas [43], the list of
Hiss and Malle [40l[41], or is straightforward to calculate using well-known routines
which have been implemented in Magma [16].

In calculating the tables of feasible characters, we have made use of Brauer
characters for various finite groups in Table and their proper covers. Of those
we require, those which do not appear elsewhere in the literature are those of the
alternating groups Alt,, with 13 < n < 17 in characteristic 2. Here, we give enough
character values to verify that each feasible character appears in the relevant table
of Chapter

Table A.1: Alt,, Brauer Character Values, Degree < 248, p = 2

Cycle type/Character Value

H = Altir 3 32 33 3t 35 5 52 5 7 7 11 13
16 13 10 7 4 1 11 6 1 9 2 5 3
118 76 43 19 4 -2 53 13 -2 34 -1 8 1

128,,128, | —64 32 —-16 8 —4 -32 8 -2 16 2 —4 -2

=

H = Altig 3 32 33 31 35 5 52 53 7 7 11 13
14 11 8 5 2 -1 9 4 -1 7 0 3 1
644,64, | —32 16 -8 4 -2 —-16 4 -1 8 1 -2 -1
90 54 27 9 0 0 3 5 0 2 -1 2 -1

H = Altys | Same as Altig

H = Alt1y 3 32 33 3t 5 52 7 7% 11 13
12 9 6 3 0 7 2 5 —2 1 -1
644 34 13 1 -2 19 -1 8 1 -2 -1
645 -32 16 -8 4 -—16 4 8 1 -2 -1
208 76 16 1 4 28 -2 5 -2 -1 0

H = Alt1s 3 32 33 3t 5 5° 7 11 13, 13,
12 9 6 3 0 7 2 5 1 -1 -1
32, -6 8 -4 2 -8 2 4 -1 4B 1/
32, -6 8 -4 2 -8 2 4 -1 =18 VB
64 34 13 1 -2 19 -1 8 =2 -1 -1

144,, 144, | —48 12 0 -3 —-16 -1 4 1 1 1
208 76 16 1 4 28 -2 5 -1 0 0

147
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In addition to the Brauer characters, for many of the irreducible K H-modules
encountered, we have made use of the Frobenius-Schur indicator, as well as the
dimension of the first the cohomology group.

In the following tables we list all K H-modules of dimension at most 248, where
H is a finite simple group which embeds into an adjoint exceptional simple al-
gebraic group over the algebraically closed field K. Frobenius-Schur indicators
are taken from [41], and the dimension of the group H'(H,V), when given, has
been calculated using Magma. Note that the list of [41] does not distinguish be-
tween non-isomorphic K H-modules of the same dimension which have the same
Frobenius-Schur indicator, however we list all modules in such a case, to clarify
when cohomology groups differ.

Whenever V 2 V* but H'(H,V) = H'(H,V*), we omit V*. Subscripts denote
a collection of modules having identical properties, for example ‘(15,_p, +, 0)’
denotes eight pairwise non-isomorphic modules of dimension 15, such that H'(H, V)
vanishes for each such module V.

Table A.2: H alternating

),
(9, +, 0)
, (104, +, 0)

n | char K=p (V, ind(V), dim H(H,V))
5 2 abs — 1), (4, +, 0)
3 ab7+70) (47+71)
5 , 1), (5, +,0)
#273 5 a,by )7( a +)7 (57 +)
6 2 abs —5 1)y (8ab, 0
)
, 0),
(

(9 +), (10, +)

)
+, 1), (20, —, 1)

3 6, ) (0, 1), 2), (15, +, 0)
5 64, +, 0), (8, +, 0), (10, o, 0), (13, +, 1), (154, +, 0),
35 ,+, 0)
7 5, +, 1), (10, 4+, 0), (144, +, 0), (214, +, 0), (35, +, 0)
p #2357 (64, (10, o), (1441, +), (154, +), (214, +), (35, +)
1), (64, +, 0)
3 +,0), (13, +, 1), (21, +, 0), (28, +, 0), (35, +, 1),

5, 0, 0)
7, +,0), (13, +, 1), (20, +, 0), (214, +, 0), (35, +, 0),
43, +, 0), (45, o, 0), (70, +, 0)

7,4+, 0), (14, +, 0), (19, +, 1), (214, +, 0), (214, o, 0),
28, +, 0), (35, +, 0), (45, +, 0), (56, +, 0), (70, +, 0)

+), (14, +), (20, +), (214, +), (213, o), (28, +),

+), (45, 0), (564, +), (644, +), (70, +)

+
+
bC’ + O) (207 O7 1)7 (26? +7 2)7 (48? +7 0)7 (787 +7 1)7
0 +,0)

1), (21, +, 0), (27, +, 0), (35, +, 1), (41, +, 1),
162 + 0), (189, +, 0)

8as +, 0), (21, +, 0), (27, +, 0), (28, +, 0), (34, +, 0), (3546, +, 0),
564, +, 0), (83, +, 1), (105, +, 0), (120, +, 0), (133, +, 0),

8,
35,
16

(2
(3
(3,
(3
(4
(3
(5
(5
(
(
(
(
(
(6a, +),
8 2 (4, ,0), G, 7, 1), (14, 1, 1), (20, o,
(7
(4
(
(
(
(
(7,
(
(8
(
(7,
(
(
(
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8a) + O) (19, +, 0), (21, o, 0), (28, +, 0), (354, +, 0),
42, +, 0), (47, +, 1), (564, +, 0), (84, +, 0), (101, +, 0),
105, +, 0), (115, +, 0), (168, +, 0), (189, +, 0)

8a, +) )7 (277 +)7 (287 +)7 (35a,b7 +)7

42, +), +), (564, +), (84, +), (105, +),

120a, +), (162, +), (168, +), (189, +), (216, +)

1
6
(
, O

(21
(48
) (

10

p#2357

1), (16, +, 0), (26, +, 1), (48, +, 0), (644, +, 0),
0), (198, +, 2), (200, +, 1)
), (34, +, 1), (36, +, 0), (41, +, 1), (84, +, 1),
(126, +, 0), (224, +, 1)
(28, +, 0), (34, +, 0), (354.p.c, +, 0), (55, +, 0),
) (757 +7 0)7 (133a,b7 +, 0)7
), (1604, +, 0), (217, +, 1), (225, +, 0)
), (35, +, 0), (36, +, 0), (42, +, 0), (66, +, 0),
4, +, 0), (89, +, 1), (101, +, 0), (124, +, 0), (126, +, 0),
99, +, 0), (210, +, 0), (2244, +, 0)

+), (35, 4), (36, +), (42, +), (75, +), (84, +), (90, +),
26, +), (160, +), (210, +), (2244, +), (225, +)

160+
9, +,0
90, +, 0),
8,+)
564, +, 0
155, +, 0
9,+,0
8
1

11

11

)
0, +, 0, (16, o, 0), (44, +, 1), (100, +, 0), (144, +, 0),
64 —, 1), (186, +, 1), (198, +, 2)

, 1), (36, 4, 0), (44, +, 0), (84, +, 0), (110, +, 0),
126 ) 0), (132, +, 0), (165, +, 0), (231, +, 0)

1
1
1

12

13
14
15
16
17

(
(
(
(
(
(
(
(8,
(
(
(
(
(
(
(
(
(
9,
(
(
(
9,
(
(
(
(
(12
(
(
(

NN NN

10, +, 1), (16, o, 0), (44, +, 1), (100, +, 0), (144, o, 0),

12, +, 0), (324, +, 0), (64, —, 2), (144, o, 0), (208, +, 0)
(644, —, 1), (645, +, 0), (208, +)
, (64, 0, 0), (90, +, 1)
(
(

3 +7
3 +7
+

)

, (64, 0, 0), (90, +, 1)

-1
14, +, 0)
14, +, 1)
16, +, 0), (118, +, 2), (128,44, +, 0)

) )

Table A.3: H sporadic

char K =p

(V, mnd(V), dim H(H,V))

My

11

p#£2,3,511

10, +, 1), (16, o, 0), (44, +, 1)

,0), (5%, 0, 1), (104, 4, 0), (104, o, 1), ((10)*, o, 0),
24, +, 0), (45, +, 0)

104, +, 0), (105, 0, 0), (11, +, 0), (16, o, 0), (16",
45, +, 0), (55, +, 0)

9, +, 1), (10, o, 0), (11, +, 0), (16, +, 0), (44, +, 0),

o, 1)7

o), (44, +), (45, +),

1), (144, +, 0)
1)7 (450‘767 +7 0)7

167 o, 0)7 (457 +7 0)7 (5511—07 +7 0)7
+7 0)7 (987 +7 1)7 (120117 +7 0)
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11 (11as, +, 0), (16, +, 0), (29, +, 0), (53, +, 1),
(554—c, +, 0), (66, +, 0), (91, +, 0), (99, +, 0), (176, +, 0)
p#2,3,511 | (g, +), (16, 0), (44, +), (45, +), (54, +), (54—c, +),
(66, +), (99, +) (1204, +), (144, +), (176, +)
Moo 2 (10, o, 1), (10%, o, 0), (34, —, 1), (70, o, 1), (98, —, 1)
5 (214, +, 0), (454, o, 0), (55, +, 0), (98, +, 1), (133, +, 0),
(210a, +, 0)
7 11 (7, +, 0), (14, +, 0), (27, +, 0), (49, +, 0), (56, -+, 0),
(64 + 0), (69, +, 0), (T7a—c, +, 0), (106, +, 0),
(119, 4, 1), (209, +, 0)
T 2 (64.0, — 1), (1444, +, 0), (36, +, 0), (6445, +, 0),
(84, +, 1), (160, +, 0)
3 (1305, +, 1), (2104, +, 0), (364, +, 0), (57as, +, 0),
(63, +, 0), (90, +, 0), (133, +, 0), (18944, +, 0),
(225, +, 0)
5 (144, +, 0), (21, 4+, 1), (41, +, 0), (70, +, 0), (85, +, 0),
(90, +, 0), (175, +, 0), (189, +, 0), (225, +, 0)
7 (144, +, 0), (214, +, 0), (36, +, 0), (63, +, 0),
(7045, +, 0), (89, +, 1), (101, +, 0), (124, +, 0),
(126, +, 0), (175, +, 0), (1894, +, 0), (199, +, 0),
(22411 by T+ O)
p 7£ 2337557 (14a b ) (21a by )a (367 +)v (63’ +)a (7Oa,ba+)a (907 +)a
(126, +), (160, +), (175, +), (1894, +),
(22445, +), (225, +)
J3 2 (784, +, 0), (80, +, 0), (84, o, 1), (244, +, 1)
Table A.4: H = Lo(q)
q char K =p (V, ind(V ) dim H(H,V))
7 3 (3, 0,0), (64, +,0), (7, +, 1)
p#2,3,7 (3, 0), (64, +), (7, ),( +)
8 3 (7?+?1)?(aca+0)
7 (Ta—a, +,0), (8, +, 1)
p#2,3,7 (a d, ) (8 +) (ga c +)
11 2 (5, o, 1), (10, +, 0), (124, +, 0)
3 (5, 0, 0), (104, +, 1), (124, +, 0)
5 (5, 0,0), (104, +, 0), (11, +, 1)
p#2,3511 | (5, ) (1046, +), (11, +), (124, +)
13 2 (64,6, — 1), (124—c, +, 0), (14, +, 0)
3 ( a,by + O) (12a7C7 +7 0)7 (135 +7 1)
7 ( a,by + O) (12 +7 1)7 (14a,b, +a O)
p 7& 253771 13 ( a,b ) (1211 cy +)a (137 +)’ (1411,177 +)
16 3 (15q—p, +, 0), (16, +, 1), (1745, +, 0)
5 (15q—p, +, 0), (16, +, 1), (17, +, 0)
17 (15, +, 1), (174—g, +, 0)
p#2,3,5,17 (15g—n, +), (164, +), (17q—g, +)
17 2 (8apy, — 1), (164—4, +, 0)
3 ( a,by + 0)7 (165 +7 1)7 (18a7m +7 O)
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7£ 2,3,17 ( a,by ) (1611 d> ) (17a +)7 (180*0 +)
19 2 (9, 0, 1), (1840, +, 0), (204_a, +, 0)
3 (9, 0, 0), (184—q, +, 0), (19, +, 1)
5 (9 o, O) ( 84, +, 1)7 (2Oafda =+, O)
p#23,519 ( ) ( 8a—ds )7 (19, +)7 (2Oa 3) )
25 2 (1200, — 1), (2401, +, 0), (26, +, 0)
3 (1345, +, 0), (24—, +, 0), (25, +, 1), (264, +, 0)
13 (1348, +, 0), (24, +, 1), (264—¢, +, 0)
p£2,3.513 | (1304, +), (240 £ 4), (25, 4), (264_c, +)
27 2 (13, 0, 1), (264_c, +, 0), (284_5, +, 0)
7 (13, 0, 0), (264, +, 1), (28,—¢, +, 0)
13 (13, o, 0), (26a i+, 0), (27, 4+, 1)
p#2,3,7,13 (13 ) (26q—f, +), (27, +), (284—5, +)
29 2 (14a bs —, 1), (28,1 g: +, 0), (304—c, +, 0)
3 (1546, +, 0), (284, +, 1), (28b,c, +, 0), (304—y¢, +, 0)
) (154, +, 0), (284, +, 1), (28, +, 0), (304—¢, +, 0)
7 (1546, +, 0), (284—4, +, 0), (29, +, 1)
p#2,3,5729 | (1544, +), (28a—g, +), (29, +), (304—y, +)
31 2 (15, o, 1), (324—g, +, 0)
3 (15, 0, 0), (30q—g, +, 0), (31, +, 1), (324, +, 0)
) (15, o, 0), (304—g, +, 0), (31, +, 1), (32, +, 0)
p#2,3,531 (15 ) (30a—g, +), (31, +), (324—¢, +)
32 3 (31a, +, 1), (3lp—y, +, 0), (334—0, +, 0)
11 (314, +, 1), (314, +, 0), (33a—0, +, 0)
31 (3la_p, +, 0), (32, +, 1)
p#2,3,11,31 | (3lacp, 4), (32, 4), (33a—0, +)
37 2 (1846 —» 1), (364—s, +, 0), (384—a, +, 0)
3 (1940, +, 0), (3644, +, 0), (37, +, 1)
19 (1944, +, 0), (36, +, 1), (384—n, +, 0)
p#2,3,19,37 | (194, )7 (36a—i, +), (37, +), (38a—n, +)
1 2 (2045, — 1), (40,_;, +, 0), (42,4, +, 0)
3 (2145, +, 0), (404, +, 1), (40p—q, +, 0), (424—;, +, 0)
5 (210, +, 0), (404, +, 0), (41, +, 1), (424, +, 0)
7 (2144, +, 0), (404, +, 1), (405, +, 0), (424—;, +, 0)
p 7£ 2735577541 (2111 b, )7 ( Oa J> ) (41 +) (420.71'7 +)
49 2 (24,4, —, 1), (48,1, +, 0), (50, +, 0)
3 (2540, +, 0), (4841, +, 0), (49, +, 1), (504_c, +, 0)
5 (2546, +, 0), (48, +, 1), (504—g, +, 0)
p#2,3,5,7 (2540, ), (4841, +), (49, +), (50q—k, +)
61 2 (304, = 1), (60a—0, +, 0), (624—4, +, 0)
3 (314, +, 0), (604—0, +, 0), (61, +, 1), (624—q, +, 0)
) (314, +, 0), (60q—0, +, 0), (61, +, 1), (6244, +, 0)
31 (3145, +, 0), (60, +, 1), (62¢—n, +, 0)
( (60

p#£2,3,531,61

31a by )7 ) (617 +)7 (6211—717 +)

a—o»
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Table A.5: H of Lie type, H 2 L2(q)

H char K =p (V, ind(V), dim H(H,V))
L3(3) 2 (12,4+,1), (164,0,0), (164,0,0), (26,4, 1)
13 (11,+,1), (13,+,0), (16,+,0), (264, +,0), (26p,0,0),
(39,+,0)
p#2,3,13 | (12,4), (13,4), (164,5,°), (264, +), (26p,0), (27,+),
(39,4)
L4 3 (15q_c, +,0), (19,+,2), (45,0,0), (6345, +,0)
5 (20, +,0), (354_c,+,0), (454,0,0), (63, +,1)
7 (19,+,1), (354—¢, +,0), (45,+,0), (634, +,0)
p#2,3,5,7 | (20,4), (354—c, +), (454,0), (634, +), (64, +)
I:05) 2 (30, +, 1), (964_c,0,0), (1244, 1, 0), (1245, —, 1)
3 (30,+,0), (314,4,0), (314,0,0), (964—¢, 0,0),
(1244, +,1), (1244, +,0), (1244, 0,0), (186,+,0)
31 (29, 4+, 1), (314,4,0), (31p,0,0), (96,+,0),
(12445, +,0), (124¢_¢,0,0), (1554, +,0), (1554, 0,0),
(186, 4, 0)
p#2,3,531 | (30,4), (3la,+), (31p,0), (964_c,0), (12404, +),
(124, 0), (125, +), (1554, +), (155, 0), (186, +)
I.03) 2 (264, +,0), (38, +,2), (20844, +,0)
I.(5) 2 (154,+,2), (24844, +,0)
Us(3) 7 (6,—,0), (7a,+,0), (Tp,0,0), (14,+,0), (214, +,0),
(21 b,o, 0), (26,+,1), (28,0,0)
p 7£ 27357 (67 )7 (7 ) (7b7 ) (145 +)v (21(la+)? (21570)3
(27,4), (28,0), (32,0)
Us(8) 3 (56,—,1), (133a e+, 0)
7 (56,—,0), (57,0,0), (133,—¢,+,0)
19 (56,—,0), (57,0,0), (1334—¢, +,0)
p#2,3,7,19 | (57,0), (1334—c,+)
Us(2) 5 (5,0,0), (6,+,0), (10,0,0), (154,4, +,0), (204, +,0),
(23,4, 1), (304, 4,0), (30, 0,0), (40,0,0), (45, 0,0),
(58,+,0), (60,,4,0)
p#2,3,5 | (5,0), (6,+), (10,0), (15a,,+), (204, +), (24, +),
(304, +), (30p,0), (40,0), (45,0), (604, +), (644, +),
(81,+)
Us(3) 2 (20,+,1), (3446, — 1), (7045, 0,0), (120,+,0)
PSpa(5) 2 (12,117, ,1), (40,+,0), (64,—,1), (104a,b,+,0),
(2084, +,0), (248,4,+,0)
Spe(2) 3 (7,+,0), (14,+,1), (21,+,0), (27,+,0), (34,+,1),
(35, 4,0, (49, +0), (91, +,0), (98, +, 1),
(189,1 o +,0), (196, +,0)
5 (7, 1
(
(
(

) ( 55+ O) (21a ba+30)7 (277+7O)7
_|_

35ab,+0 (56,+,0), (70,+,0), (83,+,1),
1054, +,0), (120, +,0), (133, +,0), (141, +,0),

);
16845, +,0), (2104, +,0)
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153

7 (7,4,0), (15,+,0), (214, +,0), (26, +,1),
(3545, +,0), (56 +,0), (70,+,0), (84,+,0),
(94,4,0), (1054_c, +,0), (168, 4+,0), (1894_c, +,0),
(201, + 0) (2104, +,0)
p#2,3,5,7 | (T,4), (15,+), (21a,b7+)7 (27,4), (35a,p; 1), (56, +),
(70 +), (84,4), (1054—¢,+), (120,+), (168, +),
(1894—c, +), (2104, +), (216, +)
Q4 (2) 3 (28, +,0), (354—c, +,0), (48, +,2), (147, +,0)
5 (28,+,0), (354—c, +, 0), (50,4,0), (83a—c, +, 1),
(175, +,0), (2104—¢, +,0)
p#2,3,5 |(28,+,0), (354—c, +, 0) (50,4,0), (844—c,+,0),
(175,+,0), (2104—¢, +,0)
G2(3) 2 (14,+,0), (64,0,0), (78,4,0), (904—c, +, 1)
7 (14,+,0), (64,0,0), (78,+,0), (914—¢, +,0),
(103,+,1), (168,+,0), (1824, +,0)
13 (14,4,0), (64,0,0), (78,+,0), (914—¢, +,0),
(104,+,0), (167,+,1), (1824, +,0)
p#2,3,7,13 | (14,4), (64,0), (78,4), (9ac, +), (104, +),
(168, +), (18245, +)
3D4(2) 3 (25,4,1), (52,+,0), (196, +,0)
p#2,3 (26,+,0), (52,+,0), (196, +,0)
2Fi(2) 3 (26,0,0), (27,0,0), (77,0,1), (12444, +,0)
5 (26,0,0), (27,0,1), (27*,0,0), (78,+,0), (10945, +,0)
p#2,3,5 (26,0,0), (27,0,0), (78,+,0)
2By (8) 5 (14,0,0), (354—¢, +,0), (63,+,1), (654_c, +,0)
7 (14,0,0), (354—¢, +,0), (64,+,1), (91, +,0)
13 (14,0,0), (14*,0,1), (35,+,0), (654_c, +,0),
(91,4,0)
#5,7,13 | (14,0), (354—¢,0), (64,+), (654—c,+), (91, +)
2By(32) 5 (124 o)
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