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REDUCIBLE SUBGROUPS OF EXCEPTIONAL ALGEBRAIC GROUPS

ALASTAIR J. LITTERICK AND ADAM R. THOMAS

Abstract. Let G be a simple algebraic group over an algebraically closed field. A closed subgroup
H of G is called G-completely reducible (G-cr) if, wheneverH is contained in a parabolic subgroup P

ofG, it is contained in a Levi factor of P . In this paper we complete the classification of connectedG-
cr subgroups when G has exceptional type, by determining the L0-irreducible connected reductive
subgroups for each simple classical factor L0 of a Levi subgroup of G. As an illustration, we
determine all reducible, G-cr semisimple subgroups when G has type F4 and various properties
thereof. This work complements results of Lawther, Liebeck, Seitz and Testerman, and is vital in
classifying non-G-cr reductive subgroups, a project being undertaken by the authors elsewhere.

1. Introduction

The subgroup structure of linear algebraic groups is a theory with applications throughout alge-
bra and beyond. When working over R or C, close connections with compact Lie groups give direct
applications in geometry and physics. Over local fields and global fields, important applications are
found in number theory, for instance in the Langlands program. Over finite fields and their alge-
braic closures, the subgroup structure has direct applications to the study of finite simple groups,
for instance the subgroup structure of exceptional simple algebraic groups has been heavily used
in understanding maximal subgroups of the corresponding finite groups of Lie type [18, 9, 8, 16].

Reductive subgroups of reductive groups are an important special instance of this problem. On
the one hand, a result of Borel and Tits [5] states that for a reductive group G, a connected
subgroup of G is either itself reductive, or contained ‘canonically’ in a proper parabolic subgroup of
G. Thus the problem reduces to understanding parabolic subgroups and reductive subgroups, for
instance a maximal connected subgroup of G is either parabolic or reductive. On the other hand,
understanding reductive subgroups is equivalent to understanding affine homogeneous spaces for
G, since for a closed subgroup H ≤ G, the coset space G/H is an affine variety precisely when H◦

is reductive [23].

Let G be a connected reductive algebraic group over an algebraically closed field. Following [25],
a closed subgroup H of G is said to be G-completely reducible (G-cr) if whenever H is contained
in a parabolic subgroup P of G, it is contained in a Levi factor of P , and non-G-cr otherwise.
Similarly, H is called G-irreducible or just irreducible if H is not contained in any proper parabolic
subgroup of G, and reducible otherwise. The G-cr subgroups of G are precisely the L-irreducible
subgroups of L, as L ranges over the Levi subgroups of G [4, Corollary 3.5], allowing L = G to
account for G-irreducible subgroups.

In the present work we classify the L0-irreducible connected subgroups as L0 varies over those
simple algebraic groups of classical type which occur as factors of Levi subgroups of a simple
algebraic group G of exceptional type. Together with work of the second author and many others
[1, 13, 14, 16, 28, 27, 29, 30, 31], the results here effectively complete the classification of G-cr
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connected subgroups for simple G of exceptional type. In particular, the cited papers of the second
author determine all G-irreducible connected subgroups for G of exceptional type, and so it remains
for us to describe L-irreducible connected subgroups for L involving factors of classical type.

The information on completely reducible subgroups derived here is also vital in the complemen-
tary problem of understanding non-G-cr subgroups. A fruitful approach to this problem, taken for
instance in [28, 19, 20], is as follows. For each parabolic subgroup P of G, fix a Levi factor L of
P and take the (known) list of L-irreducible subgroups of L. For each such subgroup X, consider
the set of complements to the unipotent radical Ru(P ) in the semidirect product Ru(P )X. As P ,
L and X vary, these complements give rise to all non-G-cr subgroups of G, modulo the subtle but
tractable problem of understanding the difference between ‘G-conjugacy’ and ‘P -conjugacy’.

By a ‘Levi subgroup of G’ we mean a Levi factor of a parabolic subgroup of G. To state our
main theorem, recall that for each G-cr subgroup X ≤ G, there exists a subgroup L of G which is
minimal among Levi subgroups of G containing X, and the conjugacy class of L in G is uniquely
determined by the class of X (cf. Proposition 6.1).

Theorem 1.1. Let G be a simple algebraic group of exceptional type over an algebraically closed
field, let X be a G-completely reducible connected subgroup of G, and let L be minimal among Levi
subgroups of G containing X. Then the image of X under projection to each classical simple factor
of L is given by an embedding in Section 5.3.

Remark 1.2. Irreducible subgroups of a simple algebraic group form a poset under inclusion, and
in Section 5.3 we give this poset structure for each simple factor. The subgroups are given up
to conjugacy in the factor, except for type D7 where for space reasons we list subgroups up to
conjugacy in the full automorphism group of the factor. A Levi subgroup of type D7 occurs for
exceptional G only when G = E8, in which case G induces the full automorphism group of this
subgroup. In Section 6.1 we describe how the conjugacy classes in the other factors fuse under
outer automorphisms.

Note that when L has a simple factor of exceptional type (including the case L = G), the image
of X in this exceptional group is irreducible, and therefore appears in existing work of the second
author [29, 30, 31]. Since we give the poset of irreducible subgroups in each classical simple factor of
each Levi subgroup of G, one can therefore construct the entire poset of G-cr connected subgroups
from Theorem 1.1 and these references (see also Lemma 3.3). In particular, if the characteristic
of the underlying field is zero or sufficiently large then every connected reductive subgroup of G is
G-cr (cf. [4, Theorem 3.48]), and thus all reductive subgroups of G are known in this case.

We illustrate the above in Section 6, by constructing the poset of reducibleG-completely reducible
subgroups when G has type F4. We also give a series of lemmas regarding G-completely reducible
subgroups, allowing us to derive much information on the subgroups which occur. The following
summarises this information.

Theorem 1.3. Let G = F4(K), where K is algebraically closed of arbitrary characteristic, and let
X be a connected G-completely reducible subgroup of G. If X is neither G-irreducible nor a torus,
then the semisimple part of X is conjugate to precisely one of the subgroups listed in Table 38, each
of which is G-completely reducible.

For each semisimple subgroup X appearing in Table 38, we give the action of X on the adjoint
module L(G), the connected centraliser CG(X)◦, as well as whether X is separable in G and whether
(G,X) is a reductive pair (see Section 6.3 for more details and definitions).

In addition to its illustrative purpose, Theorem 1.3 also corrects some omissions in [28, Corollary
5]; more details are given in Remark 6.4 on page 42.
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2. Notation

We now present notation used throughout. Since this paper complements [31] we remain consis-
tent with the notation there, which we recall for the convenience of the reader.

Throughout, algebraic groups are affine and defined over an algebraically closed field K. We
define p to be the characteristic of K when this is positive, and set p = ∞ whenK has characteristic
zero, so that expressions of the form ‘p ≥ n’ and ‘p 6= n’ include the case that K has characteristic
zero. Subgroups are taken to be Zariski-closed, and representations are taken to be rational. Let
G be a simple algebraic group. We fix a maximal torus T of G and corresponding set of roots
Φ. Let Φ+ be a choice of positive roots, with corresponding simple roots Π = {α1, . . . , αl} and
fundamental dominant weights {λ1, . . . , λl}. We use Bourbaki numbering [6, p. 250], and sometimes
use a1a2 . . . al to denote a weight a1λ1 + a2λ2 + · · · + alλl. When no ambiguity is possible, we
write V + W for the direct sum of G-modules V and W , and V ∗ denotes the dual module of
V . We denote by VG(λ) (or just λ) the irreducible G-module of high weight λ. Similarly, the
Weyl module and tilting module of high weight λ will respectively be denoted W (λ) and T (λ).
Given dominant weights µ1, µ2, . . . , µn, we define T (µ1;µ2; . . . ;µn) to be the tilting module with
the same composition factors as W (µ1) +W (µ2) + · · · +W (µn), when this exists and is uniquely
determined. For example, when G is of type A1 we use the notation T (6; 2) for p ≥ 5 only. In this
case T (6; 2) = 6+2 when p ≥ 7 and T (6; 2) = T (6) when p = 5. We use L(G) to denote the adjoint
module for G. Let J = {αj1 , αj2 , . . . , αjr} ⊆ Π and define ΦJ = Φ ∩ ZJ . Then the standard Levi
subgroup corresponding to J is Lj1j2...jr = 〈T,Uα : α ∈ ΦJ〉. The notation Ān denotes a subgroup
of G of type An which is generated by long root subgroups of G, and if Φ admits multiple root
lengths then Ãn denotes a subgroup of type An which is generated by short root subgroups. This
helps to distinguish between multiple subgroups of type An which arise together. No ambiguity
arises when considering simple subgroups of other types, and so we do not use such notation in
these cases.

Now let G = G1 . . . Gm, where each Gi is simple, and suppose K has prime characteristic p. Let
F be the standard Frobenius endomorphism of G acting on root groups Uα = {uα(c) | c ∈ K} by
F (uα(c)) = uα(c

p), and let ρ : G → GL(V ) be a representation. Then for a non-negative integer

r, V [r] denotes the ‘twisted’ module afforded by the representation ρ[r]
def
= ρ ◦ F r.

We let (V1, . . . , Vm) denote the G-module V1 ⊗ · · · ⊗ Vm, where Vi is a Gi-module for each i, and
we often use 0 to denote the trivial module for G. Let M1, . . . ,Mk be G-modules and n1, . . . , nk be
positive integers. Then Mn1

1 / . . . /Mnk

k denotes a G-module having the same composition factors
as Mn1

1 + · · · + Mnk

k . Furthermore, V = M1 | · · · | Mk denotes a G-module with socle series
V = V1 ⊇ V2 ⊇ . . . ⊇ Vk+1 = {0}, with Vi/Vi+1

∼= Mi for i = 1, . . . , k. The following notation is
used in Section 5. Suppose µi is a dominant weight for each Gi. Then we define

Θ(µ1; . . . ;µn)
def
= 0 | ((VG1

(µ1), 0, . . . , 0) + · · ·+ (0, . . . , 0, VGn(µn))) | 0.

In other words, Θ(µ1; . . . ;µn) has a unique minimal submodule, which is trivial, and a unique
maximal submodule, with trivial quotient, and the quotient of the maximal submodule by the
minimal submodule is a direct sum of irreducible modules, one for each simple factor of G.

2.1. Diagonal subgroups. Many subgroups encountered here are diagonal, in the following sense.
If H is a simply-connected simple group, then a diagonal subgroup of Hn = H × · · · ×H is defined
as the image of a morphism H → Hn, h 7→ (φ1(h), . . . , φn(h)), where each φi is a surjective
endomorphism of H. A general semisimple group Y is a central quotient of a direct product
Hn1

1 × · · · ×Hns
s , for simply-connected simple groups Hi, and we define a diagonal subgroup to be

3



the image of a morphism

H1 × · · · ×Hs
ψ1×···×ψs
−−−−−−→ Hn1

1 × · · · ×Hns
s ։ Y,

where each ψi : Hi → Hni

i gives a diagonal subgroup in the previous sense.

Thus to specify such a diagonal subgroup, we must specify a surjective homomorphism from
Hi to each simple factor of Hni

i , for each i. Since Hi is isomorphic to each factor of Hni

i , this is
equivalent to specifying a surjective endomorphism of Hi for each factor. By [12, Section 1.15], such
an endomorphism has the form αθF r for an inner automorphism α, a graph endomorphism θ and a
power F r of a standard Frobenius endomorphism F . Since we only distinguish diagonal subgroups
up to conjugacy, we can always take α to be trivial. Moreover a graph endomorphism induces an
endomorphism on the weight lattice, and unless Hi is of type Dn (n ≥ 4), the graph endomorphism
is determined up to inner automorphism by the image of the weight λ1; this includes the exceptional
graph morphisms of B2 and F4 when p = 2 and of G2 when p = 3, which respectively send λ1 to
2λ2, 2λ4 and 3λ2.

Our notation for diagonal subgroups is therefore as follows. When the simply-connected cover of
a semisimple group Y is Hn for a single simply-connected group H, we denote a diagonal subgroup
X of Y by

X →֒ Y via (µ
[r1]
1 , . . . , µ

[rk]
k ),

where the i-th endomorphism is θiF
ri , with θi a (possibly trivial) graph endomorphism sending λ1

to µi, and F a standard Frobenius morphism. In Section 5 the group Y is always clear and so we
drop ‘→֒ Y ’ from the notation there. If Y1Y2 . . . Ys is a commuting product of groups of the form

Y above, then we concatenate the tuples (µ
[r1]
1 , . . . , µ

[rk]
k ) to specify the diagonal subgroup, i.e. we

write

X1X2 . . . Xs →֒ Y1Y2 . . . Ys via (µ
[r1]
11 , . . . , µ

[rk1 ]

1k1
, . . . , µ

[rks ]
sks

).

Finally, if two or more of the Yi consist of factors of the same type, we must be careful to distinguish
where each factor of Xi is sent. We do this with subscripts a, b, etc. For example, if we write

X = A2
1 →֒ A4

1 = Y via (1a, 1
[r]
a , 1b, 1

[s]
b )

then the subscript ‘a’ in the first two coordinates means that the first factor A1 of X is a diagonal
subgroup of the first two factors A2

1 of Y , via (1, 1[r]), and the subscript ‘b’ indicates that the second

factor of X is a diagonal subgroup of the last two factors A2
1 of Y , via (1, 1[s]).

3. Preliminaries

We now give a series of results used in the proof of Theorem 1.1. In Section 3.1 we give a criterion
for identifying irreducible subgroups of simple algebraic groups of classical type. In Section 3.2
we enumerate the maximal connected subgroups of simple algebraic groups of types A6 and D7,
which are used in deriving the poset structure of subgroups in Section 5. The maximal connected
subgroups of other classical groups can be found in [31, Lemma 3.3].

3.1. Identifying L0-irreducible subgroups. The following is central in our proof of Theorem
1.1, as it provides a method of identifying L0-irreducible subgroups when L0 has classical type. The
result is essentially well-known, but is usually stated in the literature as a one-way implication, see
for example [17, Lemma 2.2]. We therefore provide a proof for completeness.

Proposition 3.1. Let G be a simple algebraic group of classical type over the algebraically closed
field K, let V = VG(λ1), and let X be a subgroup of G. Then X is G-irreducible if and only if one
of the following holds:
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(i) G has type An and X acts irreducibly on V ;
(ii) G has type Bn, Cn or Dn and V ↓ X = V1 ⊥ . . . ⊥ Vk with the Vi all non-degenerate,

irreducible and pairwise inequivalent as X-modules;
(iii) K has characteristic 2, G has type Dn and X fixes a non-singular vector v ∈ V , such that

X is Gv-irreducible in the point stabiliser Gv and does not lie in a subgroup Dn−1 of Gv.

Remark 3.2. In part (iii), the subgroup Gv is simple of type Bn−1, and X lies in a subgroup Dn−1

of Gv if and only if the non-degenerate bilinear form on the Gv-module 〈v〉⊥ / 〈v〉 is the polarisation
of an X-invariant quadratic form.

Proof. It is well-known that for G = SL(V ), Sp(V ) or SO(V ), the parabolic subgroups of G
are respectively the stabilisers of flags of subspaces, flags of totally isotropic subspaces, and flags
of totally singular subspaces [22, Proposition 12.13]. Thus if (i) holds then X is G-irreducible.
Similarly, if (ii) holds then every X-invariant subspace of V is a direct sum of some of the factors
Vi. Every such subspace being non-degenerate, it follows that X is G-irreducible.

Next, for a contradiction suppose that (iii) holds and X lies in a proper parabolic subgroup of
G. Then X stabilises a non-zero totally singular subspace W of V . Note that W ∩ 〈v〉 = {0}

since v is non-singular, and so W ∩ 〈v〉⊥ maps isomorphically onto its image in 〈v〉⊥ / 〈v〉. This

image is a totally isotropic subspace of 〈v〉⊥ / 〈v〉, and since X is Gv-irreducible we conclude that

W ∩ 〈v〉⊥ = {0}. Since 〈v〉⊥ has codimension 1 in V , this implies that W has dimension at most 1,
hence exactly 1 as W is non-zero. So we may write W = 〈w〉 where (v,w) 6= 0. Now (W + 〈v〉)⊥

is an X-submodule contained with codimension 1 in 〈v〉⊥. Suppose that for some c, d ∈ K we have
(av+bw, cv+dw) = 0 for all a, b ∈ K. As w is singular, this expands to ac(v, v)+(ad+bc)(v,w) = 0.
Since (v,w) 6= 0, evaluating this at a = 0 and any b 6= 0 shows that c = 0. So the equation simplifies
to ad(v,w) = 0 for all a ∈ K, showing that d = 0 also. Thus (W + 〈v〉)⊥ ∩ (W + 〈v〉) = {0}, so
(W + 〈v〉)⊥ is non-degenerate. This contradicts the assumption that X does not lie in a subgroup
of type Dn−1 in Gv, and we conclude that X is G-irreducible.

Conversely, suppose X is G-irreducible and that neither (i) nor (iii) hold. If K has characteristic
2, G = Dn and X fixes a non-singular vector v on V , then since (iii) does not hold, X lies either in a
subgroupDn−1 of G, or in a parabolic subgroup of Gv ; each of these contradicts the hypothesis that
X is G-irreducible. So X does not fix any non-singular vector of V . Thus the bilinear form is non-
degenerate on each irreducible X-submodule, so each irreducible X-submodule has an orthogonal
complement, and V ↓ X is completely reducible. Let U be an irreducible X-submodule of V ,
and suppose that W ⊆ U⊥ is an irreducible X-submodule with U ∼= W . Since U and W are
irreducible, their X-invariant non-degenerate bilinear or quadratic forms are uniquely determined
up to a constant, hence there exists an isometric X-module isomorphism φ : U → W . For a scalar
λ ∈ K, consider the X-invariant subspace {u + λφ(u) : u ∈ U}. Since U and W are orthogonal,
we have (u+λφ(u), u′ +λφ(u′)) = (1+λ2)(u, u′). In particular, taking λ to be a square root of −1
in K, we obtain a totally isotropic submodule. This contradiction shows that U⊥ does not contain
any submodule isomorphic to U , and thus (ii) holds. �

Lemma 3.3. Let L be a Levi subgroup of G. Then a subgroup X of L is L-irreducible if and only
if the image of X under projection to each simple factor of L/Z(L) is irreducible.

Proof. This follows because the parabolic subgroups of L are precisely the products of Z(L) with
parabolic subgroups of the simple factors of L, cf. [4, Lemmas 2.11, 2.12]. �

3.2. Maximal subgroups of classical groups of low rank. Proposition 3.1 lets us identify
irreducible subgroups of classical groups. Since we are also interested in the poset of G-cr subgroups,
it will be of use for us to know which subgroups arising in Proposition 3.1 are maximal among
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connected subgroups. This allows us to work recursively through chains of maximal connected
subgroups. For many groups of low rank, this information has been calculated in [31, Lemma 3.3];
we additionally require the maximal subgroups of simple algebraic groups of types A6 and D7. We
begin with a lemma on fusion of conjugacy classes under outer automorphisms.

Lemma 3.4. Let G be a group with a normal subgroup S of finite index, and let X be a subgroup
of S. Then the conjugacy class XG splits into |G : S| classes of subgroups of S if and only if
NG(X) ≤ S. In particular, if |G : S| is prime then S is transitive on XG if and only if X is
normalised by an element of G \ S, otherwise XG splits into |G : S| classes of subgroups of S.

Proof. Consider the transitive action of G on the set XG/S of S-conjugacy classes of G-conjugates
of X. A point stabiliser is conjugate to SNG(X), and therefore |XG/S| = |G : SNG(X)|, which
equals |G : S| if and only if NG(X) ≤ S. �

Our classification is based on [15], which separates maximal subgroups of classical groups into
classes, of which we require the following. Write G = Cl(V ) to denote that G is one of the groups
SL(V ), SO(V ) or Sp(V ).

Class C1: Subspace stabilisers. Here H ∈ C1 if H = StabG(W ) where W is either a non-
degenerate subspace of V (V is given the zero form if G = SL(V )), or (G, p) = (SO(V ), 2) and W
is a non-singular subspace of dimension 1.

Class C4: Tensor product subgroups. Suppose that V = V1 ⊗ V2 with dimVi > 1 for each i.

Then H ∈ C4 if H = Cl(V1) ◦ Cl(V2), acting on V by (g1, g2)(v1 ⊗ v2)
def
= (g1v1) ⊗ (g2v2). The

subgroups occurring here have one of the following forms:

SL⊗ SL < SL, Sp⊗ SO < Sp (p 6= 2),

Sp⊗ Sp < SO, SO⊗ SO < SO (p 6= 2).

The following is immediate from [15, Theorem 1] (cf. also [31, Theorem 3.2]). Here a restricted
irreducible module is a module whose highest weight, when expressed as a sum of fundamental
dominant weights, has coefficients strictly less than p.

Lemma 3.5. Let G = Cl(V ) be a classical simple algebraic group. Suppose that M is a reductive,
maximal connected subgroup of G. Then one of the following holds:

(i) M belongs to C1;
(ii) M belongs to C4;
(iii) M is a simple algebraic group and V ↓M is irreducible and restricted.

Proposition 3.6. Let G be a classical simple algebraic group of type A6 or D7. Then Table 1 gives
all G-conjugacy classes of reductive, maximal connected subgroups of G.

Proof. For G of type A6, the class C1 contains no G-irreducible subgroups, and the class C4 is
empty since the natural module is 7-dimensional. Thus a maximal subgroup M falls into case (iii)
of Lemma 3.5. The only simple algebraic groups with a 7-dimensional irreducible module are those
of type A6, and of type B3 and G2 when p 6= 2. The module is then unique up to taking a Frobenius
twist, and so G contains a unique subgroup of each of these types up to conjugacy. Moreover a
subgroup of type B3 contains a subgroup of type G2, and it follows that every subgroup of G of
type G2 is contained in a subgroup of type B3.

For G of type D7, the G-irreducible subgroups in class C1 are of type B6, A1B5, Ā
2
1D5, B2B4,

Ā3D4 and B
2
3 , respectively corresponding to orthogonal decompositions of the 14-dimensional mod-

ule into spaces of dimension i and 14 − i for i ∈ {1, 3, 4, 5, 6, 7} when p 6= 2. When p = 2, the
subgroups A1B5, B2B4 and B2

3 each fix a non-singular vector, and are therefore contained in a
subgroup B6.

6



Table 1. Maximal connected subgroups of certain classical groups.

G Maximal subgroup M VG(λ1) ↓M Comments

A6 B3 (p 6= 2) 100

D7 B6 T (λ1; 0)

A1B5 (p 6= 2) (2, 0) + (0, λ1)

Ā2
1D5 (1, 1, 0) + (0, 0, λ1)

B2B4 (p 6= 2) (10, 0) + (0, λ1)

Ā3D4 (010, 0) + (0, λ1)

B2
3 (p 6= 2) (100, 0) + (0, 100)

C3 (p 6= 3) (2 classes) 010 classes permuted by graph aut.

B2 (p 6= 2, 5) (2 classes) 20 classes permuted by graph aut.

G2 (p ≥ 5) (2 classes) 01 classes permuted by graph aut.

The prime decomposition 14 = 2 × 7, and the fact that there does not exist a non-degenerate
orthogonal module of dimension 2 or symplectic module of dimension 7, shows that the class C4
is empty. It remains to consider the subgroups in case (iii) of Lemma 3.5. By [21] the restricted,
irreducible, 14-dimensional modules for a simple algebraic group are as follows: VB2

(20) (p 6= 2, 5),
VG2

(01) (p 6= 3), VA3
(101) (p = 2), VB3

(010) (p = 2), VC3
(010) (p 6= 3), and VC3

(001) (p 6= 2).
Using [26, Lemma 79], it is straightforward to calculate that if p 6= 2, then all but the last of these
modules supports a non-degenerate quadratic form, and therefore gives rise to a subgroup of G
(the final module is symplectic). If p = 2 then inspecting [24, Table 1, pp. 282–283], in particular
numbers IV7, IV8 and S7 there, shows that the relevant modules here still support a non-degenerate
quadratic form. Note that, since VB3

(010) is a direct summand of
∧2(VB3

(100)), the representation
factors through the morphism B3 → C3, so the image in D7 is a subgroup of type C3, and is thus
conjugate to the subgroup given by VC3

(010). When p = 2, a subgroup C3 contains a subgroup A3

acting via VA3
(101) and a subgroup G2 acting via VG2

(01), and so these latter subgroups are not
maximal in G. Thus when p = 2 the only possible maximal subgroups as in part (iii) of Lemma
3.5 are of type C3. When p 6= 2, the possible subgroups (of type B2, G2 and C3) do not contain
irreducible copies of one another, and so each gives rise to a maximal subgroup of G.

There is a unique subgroup class of each of these three types in GO14(K), and each has trivial
group of algebraic outer automorphisms. Thus if X is such a subgroup, then either NGO14(K)(X) ≤
SO14(K) or X centralises a non-trivial element of GO14(K) \ SO14(K). The latter does not occur,
since the centraliser of such an element is the stabiliser of an orthogonal decomposition of the
natural module, and X does not preserve such a decomposition. Thus by Lemma 3.4, X gives rise
to two classes of subgroups of SO14(K), hence to two classes of subgroups of G. �

4. Proof of the main theorem

In this section we describe the method used for proving Theorem 1.1, i.e. for determining the
poset of L0-irreducible connected subgroups of all classical simple factors L0 of a Levi subgroup
of an exceptional algebraic group G. It is very similar to the strategy described in [31, Section 4],
and employs a system of ID numbers for the different conjugacy classes of L0-irreducible connected
subgroups. The method is identical for each factor L0 and so we describe the general method, and
give explicit details only for L0 of type A3.

Fix the factor L0. Firstly, we find all of the reductive, maximal connected subgroups of L0,
given by Lemma 3.5 and [31, Lemma 3.3]; these subgroups are automatically L0-irreducible. Let
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M be the first reductive, maximal connected subgroup listed. We now find the L0-irreducible
maximal connected subgroupsM1 ofM . To do this, we again find the reductive, maximal connected
subgroups of M , using [31, Lemma 3.3] for classical factors of M and [2, Corollary 12] for factors
of type G2. Using Proposition 3.1 and Lemma 3.3, we check whether these maximal connected
subgroups are L0-irreducible. We now repeat this process for each L0-irreducible maximal connected
subgroup of M . Continuing in this manner yields all L0-irreducible subgroups of L0. However, we
must be careful to avoid repeats. Thus at each step, we check to see if each subgroup X arising has
been previously found. If not, we assign the subgroup a new unique ID number, and if it has been
found before, we use its existing ID number. To check for repeats we consider the action of X on
VL0

(λ1). This determines the L0-class of X, unless perhaps if L0 has type Dn, when the image of
X is determined up to Aut(Dn)-conjugacy and we use Lemma 3.4 to decide how these split in L0.
At this stage, we now know all of the connected overgroups of each L0-irreducible subgroup, and
thus understand the poset structure of the irreducible connected subgroups of L0.

The information obtained in this way is given in Tables 2–14. The notation used there is explained
in Section 2, and we explain how to read the tables at beginning of Section 5. In particular, when
an ID number is given in italics, it means the corresponding subgroup has appeared elsewhere in
the table.

To save space, we deviate from the above slightly when considering diagonal subgroups. Suppose
that X is an L0-irreducible connected subgroup of the form AnB for some n ≥ 2 with A and B
of different types. Then X has maximal diagonal subgroups of the form An−1B, and these have
subgroups of the form An−2B, and so on. We list all such diagonal subgroups of X at once. This
significantly reduces the size of the tables, without missing any L0-irreducible subgroups. The cost
is that some additional combinatorial work is required to recover the poset of overgroups of certain
diagonal subgroups. For readability, in some cases we move diagonal subgroups to a supplementary
table in Section 5.4.

There is a subtlety concerning the position of a subgroup in the poset of irreducible subgroups.
For instance, consider L0 = SO8, of type D4. When p 6= 2 this contains a maximal subgroup
SO5 SO3. When p = 2 such a subgroup still exists and is SO8-irreducible, but is now contained
in SO7. Thus we use the same ID number n for both groups but write na when p 6= 2 and nb
when p = 2. This allows us to discuss both cases together. In the tables, if we first arrive at the
subgroup labelled nb, we postpone listing its subgroups until reaching the subgroup labelled na.
This generalises to any situation where ‘the same’ subgroup X occurs in different places in the
poset depending on p. In particular, whenever we use this notation the subgroups na and nb have
identical weights (with multiplicities) on VL0

(λ1).

4.1. The irreducible subgroups of L0 = A3. The reductive, maximal connected subgroups of
A3 are B2 and A2

1 (p 6= 2), respectively acting on V = VA3
(λ1) via 01 and (1, 1). These are L0-

irreducible by Proposition 3.1. The module (1, 1) yields an irreducible A2
1 subgroup of A3. When

p = 2 we will shortly find this subgroup inside B2, and this explains why we write 2a for the ID
number of A2

1 (p 6= 2) in Table 3. Next, we consider the reductive, maximal connected subgroups
of B2 = A3(#1). These are A2

1, A
2
1 (p = 2) and A1 (p ≥ 5) acting as (1, 0) + (0, 1), (1, 1) and

3 on V , respectively. The former A2
1 subgroup is not L0-irreducible by Proposition 3.1, since it

acts reducibly on V . The second A2
1 subgroup is A3-irreducible and given ID number 2b because

of the explanation above. The subgroup A1 (p ≥ 5) is also A3-irreducible and given ID number
3. We now need to consider the A3-irreducible connected subgroups of A3(#2b) = A2

1 (p = 2)
and A3(#3) = A1. As discussed in Section 5, for presentation reasons we postpone studying the
irreducible subgroups of A3(#2b) and instead consider the subgroups of A3(#2a) and A3(#2b)
together later. Since A1 contains no proper reductive, maximal connected subgroups, there is
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nothing more to list so we turn immediately to A3(#2) = A2
1 (this means the class of subgroups

acting via (1, 1) with no restriction on the characteristic). The reductive, maximal connected

subgroups are diagonal A1 subgroups. These are embedded via (1[r], 1[s]) (rs = 0). These then act

on V via 1[r] ⊗ 1[s]. Therefore, they are A3-irreducible if and only if r 6= s. Furthermore, there is
an element of NA3

(A2
1) = (A2

1).2 swapping the two A1 factors. Therefore, up to A3-conjugacy we

have the L0-irreducible subgroups A1 →֒ A2
1 via (1, 1[r]) (r 6= 0). These we assign the ID number 4.

5. Tables of subgroups

We now present the embeddings referred to in Theorem 1.1, and begin by describing how to
read the tables. There is one table for each type of simple classical factor L0 of a Levi subgroup
of an exceptional algebraic group, except for L0 of type A1 where no table is required. Since we
are considering only connected subgroups, there in no harm in replacing L0 by an isogenous group
(finite central extension or quotient), which we do without further comment.

5.1. Identification numbers. In order to discuss the poset of subgroups occurring, we assign
each class of subgroups an ID number. Each subgroup listed denotes either a unique L0-conjugacy
class of subgroups, or an infinite collection of classes parametrised by some Frobenius twists. In
Table 14 subgroups are instead given up to Aut(D7)-conjugacy for space reasons. We write L0(#n)
(or just n when L0 is clear) to refer to the class of L0-irreducible subgroups with ID number a. We
set L0(#0) to be L0 itself.

If L0(#n) refers to a collection of classes depending on Frobenius twists with exponents r1, . . . , rk
and we wish to refer to a proper subset of these classes, we write L0(#n

{r1,...,rk}) to specify the
powers in the field twists.

Let us give an illustration. Consider the line A5(#8) in Table 5, giving diagonal subgroups

A1 →֒ A1A1 via (1[r], 1[s]) (p 6= 2; rs = 0; r 6= s). Then A5(#8{r,0}) refers to the conjugacy classes
with s = 0 and the notation A5(#8{1,0}) refers to the single conjugacy class A1 →֒ A1A1 via (1[1], 1).

We sometimes use a shorthand for n{r1,...,rk}. The notation n{0} simply means that each ri is
equal to 0. The notation n{δj} means rj = 1 and ri = 0 for all i 6= j.

5.2. Reading the tables. Each table is divided into sections, separated by horizontal lines. We
first list the maximal L0-irreducible connected subgroups, and in each subsequent section we list
the L0-irreducible maximal connected subgroups contained in a (previously listed) subgroup, say
X, as well as all L0-irreducible diagonal subgroups of X. The section heading gives the type and
ID number of X, as well as any restrictions on the characteristic p required for X to exist and be
L0-irreducible. There is one more piece of information in the heading, which is the “Mi =” for
i = 0, 1, . . . (where M0 is simply written as M). This is intended to make it easier for the reader
to follow the tables, and is explained below.

Other than section headings, the information given in a row depends on whether the subgroup
in question is a diagonal subgroup of its immediate overgroup X. If Y is a diagonal subgroup
of X, then the second column contains a statement “Y via . . . ” giving the embedding of Y into
X, as well as any restrictions on the characteristic or Frobenius twists in the embedding. If Y
is not diagonal then the second column gives the isomorphism type of Y and restrictions on the
characteristic, while the third gives the restriction VL0

↓ Y , where VL0
= VL0

(λ1). For a diagonal
subgroup Y of X, it is straightforward to work out VL0

↓ Y from VL0
↓ X. Restrictions on p are

inherited by subgroups, so for example, if X exists and is L0-irreducible only for p 6= 2, then we
write X (p 6= 2) in the heading and any subgroup Y of X implicitly inherits this restriction on p.
However, when we consider the subgroups of Y we explicitly repeat any inherited restriction on p.
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In Tables 13 and 14, for readability we have moved large collections of diagonal subgroups to
supplementary tables in Section 5.4. This is marked by an entry “See Table x” where x is the
relevant table number.

We now explain how to determine the poset of L0-irreducible connected subgroups using Tables
2–14. Each table starts with the maximal L0-irreducible connected subgroups, with their ID number
listed in the first column. A pair of horizontal lines indicates the end of this list. Next we write “In
M = H1H2 . . . (L0(#n1))” where n1 is the identification number for the first reductive, maximal
connected subgroup of typeH1H2 . . . , as well as any restrictions on the characteristic p. We then list
the L0-irreducible maximal connected subgroups ofM , as well as any diagonal connected subgroups
of M (not just the maximal ones). Recall that we will not explicitly consider the proper subgroups
of any diagonal connected subgroups, as discussed in Section 4. A horizontal line then indicates the
end of this list. The next row then gives a heading “InM1 = X1X2 . . . (L0(#n2))”, where X1X2 . . .
is the first L0-irreducible maximal connected subgroup of M . The subscript in “M1” indicates that
we are now listing subgroups of a maximal connected subgroup of a maximal connected subgroup.
We then repeat the process, listing the L0-irreducible maximal connected subgroups of M1 and
all diagonal subgroups of M1. The next heading could be “In M2 = Y1Y2 . . . (L0(#n3))”, where
Y1Y2 . . . is a maximal connected subgroup of M1 or it could be “In M1 = Z1Z2 . . . (L0(#n3))”,
where Z1Z2 . . . is the second maximal connected subgroup of M . This will depend on whether M1

has any proper L0-irreducible connected subgroups. Once all L0-irreducible connected subgroups
of M have been listed in this way, a pair of horizontal lines indicate the end of the subgroups
contained in the first reductive, maximal connected subgroup of G. The next heading will be “In
M = K1K2 . . . (L0(#n4))” and we repeat the process again for the second reductive, maximal
connected subgroup K1K2 . . . of L0. We iterate this process until we have considered all of the
L0-irreducible subgroups contained in all reductive, maximal connected subgroups.

To avoid redundancy, whenever some subgroup X occurs as a maximal connected subgroup of
two or more non-conjugate connected subgroups of L0, in each occurrence of X after the first we
give the ID number in italics, and do not re-list the proper subgroups of X, nor do we repeat the
restriction VL0

↓ X.

There is another important scenario where we do not immediately list the subgroups contained
in X. In this case the ID number will be nb and the subgroup X is defined for all p 6∈ {k1, . . . , kt},
but is only maximal in the subgroup currently being considered when the characteristic is some
particular prime l 6∈ {k1, . . . , kt}. At some point later in the table, X will be defined for all
p 6∈ {k1, . . . , kt} ∪ {l} and given ID number na, with a single exception when X = D7(#218). In
this latter case, X is a maximal subgroup of D7(#183) when p = 2 (where it gets the label 218b)
but X is defined later in the table for all p when it occurs as a maximal subgroup of D7(#176) and
simply given ID number 218. When the subgroup with ID number na (or 218 in the exception)
occurs, we then consider the subgroups of X for all p 6∈ {k1, . . . , kt} together. There are instances
where the subgroup X occurs again in the table, in which case we simply write n regardless of any
characteristic restrictions.

5.3. Tables of embeddings for Theorem 1.1.

Table 2: Irreducible subgroups of L0 = A2.

ID Subgroup X VL0
↓ X

1 A1 (p 6= 2) 2
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Table 3: Irreducible subgroups of L0 = A3.

ID Subgroup X VL0
↓ X

1 B2 01

2a A2
1 (p 6= 2) (1, 1)

In M = B2 (A3(#1))

2b A2
1 (p = 2) (1, 1)

3 A1 (p ≥ 5) 3

In M = A2
1 (A3(#2))

4 A1 via (1, 1[r]) (r 6= 0)

Table 4: Irreducible subgroups of L0 = A4.

ID Subgroup X VL0
↓ X

1 B2 (p 6= 2) 10

In M = B2 (p 6= 2) (A4(#1))

2 A1 (p ≥ 5) 4

Table 5: Irreducible subgroups of L0 = A5.

ID Subgroup X VL0
↓ X

1 C3 100

2 A1A2 (1, 10)

3a A3 (p 6= 2) 010

4 A2 (p 6= 2) 20

In M = C3 (A5(#1))

5 A1A1 (p 6= 2) (1, 2)

3b A3 (p = 2) 010

6 G2 (p = 2) 10

7 A1 (p ≥ 7) 5

In M1 = A1A1 (p 6= 2) (A5(#5))

8 A1 via (1[r], 1[s]) (rs = 0)

In M = A1A2 (A5(#2))

5 A1A1 (p 6= 2)
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Table 6: Irreducible subgroups of L0 = A6.

ID Subgroup X VL0
↓ X

1 B3 (p 6= 2) 100

In M = B3 (p 6= 2) (A6(#1))

2 G2 10

In M1 = G2 (p 6= 2) (A6(#2))

3 A1 (p ≥ 7) 6

4 A2 (p = 3) 11

Table 7: Irreducible subgroups of L0 = A7.

ID Subgroup X VL0
↓ X

1 C4 λ1

2a D4 (p 6= 2) λ1

3 A1A3 (1, 100)

In M = C4 (A7(#1))

4a A3
1 (p 6= 2) (1, 1, 1)

5 A1 (p ≥ 11) 7

2b D4 (p = 2) λ1

In M1 = A3
1 (p 6= 2) (A7(#4))

6 A1A1 via (1a, 1
[r]
a , 1b) (r 6= 0)

7 A1 via (1, 1[r], 1[s]) (0 < r < s)

In M = D4 (A7(#2))

8 B3 001

9a A1B2 (p 6= 2) (1, 01)

10 A2 (p 6= 3) 11

In M1 = B3 (A7(#8))

9b A1B2 (p = 2) (1, 01)

In M1 = A1B2 (A7(#9))

4b A3
1 (p = 2) (1, 1, 1)

In M = A1A3 (A7(#3))

9 A1B2

Table 8: Irreducible subgroups of L0 = C2.

ID Subgroup X VL0
↓ X

1 Ā2
1 (1, 0) + (0, 1)

2 Ã2
1 (p = 2) (1, 1)

3a A1 (p ≥ 5) 3

In M = Ā2
1 (C2(#1))

4 A1 via (1, 1[r]) (r 6= 0)
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In M = Ã2
1 (p = 2) (C2(#2))

3b A1 via (1, 1[1])

5 A1 via (1, 1[r]) (r > 1)

Table 9: Irreducible subgroups of L0 = C3.

ID Subgroup X VL0
↓ X

1 Ā1C2 (1, 0) + (0, 10)

2 A1A1 (p 6= 2) (2, 1)

3 Ã3 (p = 2) 010

4 G2 (p = 2) 10

5 A1 (p ≥ 7) 5

In M = Ā1C2 (C3(#1))

6 Ā1Ã
2
1 (p = 2) (1, 0, 0) + (0, 1, 1)

7 Ā1A1 (p ≥ 5) (1, 0) + (0, 3)

8 Ā3
1 (1, 0, 0) + (0, 1, 0) + (0, 0, 1)

In M1 = Ā1Ã
2
1 (p = 2) (C3(#6))

9 A1Ã1 via (1
[r]
a , 1

[s]
a , 1b) (rs = 0)

10 Ā1A1 via (1a, 1b, 1
[r]
b
) (r 6= 0)

11 A1 via (1[r], 1[s], 1[t]) (rs = 0; s < t)

In M1 = Ā1A1 (p ≥ 5) (C3(#7))

12 A1 via (1[r], 1[s]) (rs = 0)

In M1 = Ā3
1 (C3(#8))

13 Ā1A1 via (1a, 1
[r]
a , 1b) (r 6= 0)

14 A1 via (1, 1[r], 1[s]) (0 < r < s)

In M = A1A1 (p 6= 2) (C3(#2))

15 A1 via (1[r], 1[s]) (rs = 0; r 6= s)

12 {0} A1 via (1, 1) (p ≥ 5)

In M = G2 (p = 2) (C3(#4))

9 {δ1} Ã1A1

Table 10: Irreducible subgroups of L0 = B3.

ID Subgroup X VL0
↓ X

1a Ā2
1Ã1 (p 6= 2) (1, 1, 0) + (0, 0, 2)

2 Ā3 010 + 0 (p 6= 2) or 010 (p = 2)

3 G2 10

4 B2Ã1 (p = 2) (10, 0) + (0, 2)

In M = Ā2
1Ã1 (B3(#1))

5 A1Ã1 via (1a, 1
[r]
a , 1b) (if p = 2 then r 6= 0)

6 Ā1A1 via (1
[r]
a , 1b, 1

[s]
a ) (rs = 0)

7 A1 via (1[r], 1[s], 1[t]) (rt = 0; r ≤ s; if r = s then p 6= 2 and r < t)
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In M = Ā3 (B3(#2))

5 {0} Ã2
1 (p 6= 2)

In M = G2 (B3(#3))

6 {0} Ā1A1

8 A2 (p = 3) 11

9 A1 (p ≥ 7) 6

In M1 = A2 (p = 3) (B3(#8))

7 {δ2} A1

In M = B2Ã1 (p = 2) (B3(#4))

1b Ā2
1Ã1 (1, 1, 0) + (0, 0, 2)

10 Ã3
1 (2, 0, 0) + (0, 2, 0) + (0, 0, 2)

In M1 = Ã3
1 (p = 2) (B3(#10))

11 Ã1A1 via (1a, 1
[r]
a , 1b) (r 6= 0)

12 A1 via (1, 1[r], 1[s]) (0 < r < s)

Table 11: Irreducible subgroups of L0 = D4.

ID Subgroup X VL0
↓ X

1 Ā4
1 (1, 1, 0, 0) + (0, 0, 1, 1)

2 B3 T (λ1; 0)

3 B3 001

4 B3 001

5a A1B2 (p 6= 2) (2, 0) + (0, 10)

6a A1B2 (p 6= 2) (1, 01)

7a A1B2 (p 6= 2) (1, 01)

8a A2 (p 6= 3) 11

In M = Ā4
1 (D4(#1))

9 A1Ā
2
1 via (1a, 1

[r]
a , 1b, 1c)

10 A1Ā
2
1 via (1a, 1b, 1

[r]
a , 1c)

11 A1Ā
2
1 via (1a, 1b, 1c, 1

[r]
a )

12 A1Ā1 via (1
[r]
a , 1

[s]
a , 1

[t]
a , 1b) (rst = 0)

13 A1A1 via (1a, 1
[r]
a , 1

[s]
b
, 1

[t]
b
) (st = 0; r ≤ s+ t; if r = 0 then t 6= 0)

14 A1A1 via (1a, 1
[s]
b
, 1

[r]
a , 1

[t]
b
) (st = 0; r ≤ s+ t; if r = 0 then t 6= 0)

15 A1A1 via (1a, 1
[s]
b
, 1

[t]
b
, 1

[r]
a ) (st = 0; r ≤ s+ t; if r = 0 then t 6= 0)

16 A1 via (1, 1[r], 1[s], 1[t]) (if r = 0 then s < t; if s = 0 then r < t; if t = 0 then r < s)

In M = B3 (D4(#2))

9 {0} Ā2
1A1 (p 6= 2)

17 G2 T (10; 0)

5b A1B2 (p = 2) Θ(2; 10)

In M1 = G2 (D4(#17))

12 {0} Ā1A1

8b A2 (p = 3) 11 + 0
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18 A1 6 + 0

In M = B3 (D4(#3))

11 {0} Ā2
1A1 (p 6= 2)

17 G2

6b A1B2 (p = 2) (1, 01)

In M = B3 (D4(#4))

10 {0} Ā2
1A1 (p 6= 2)

17 G2

7b A1B2 (p = 2) (1, 01)

In M = A1B2 (D4(#5))

9 {0} A1Ā
2
1

19 A1A1 (p ≥ 5) (2, 0) + (0, 4)

20 A3
1 (p = 2) Θ(2; 2; 2)

In M1 = A1A1 (p ≥ 5) (D4(#19))

21 A1 via (1[r], 1[s]) (rs = 0)

In M = A3
1 (p = 2) (D4(#20))

22 A1A1 via (1a, 1
[r]
a , 1b) (r 6= 0)

23 A1 via (1, 1[r], 1[s]) (0 < r < s)

In M = A1B2 (D4(#6))

11 {0} A1Ā
2
1

24 A1A1 (p ≥ 5) (1, 3)

25 A3
1 (p = 2) (1, 1, 1)

In M1 = A1A1 (p ≥ 5) (D4(#24))

26 A1 via (1[r], 1[s]) (rs = 0)

In M1 = A3
1 (p = 2) (D4(#25))

27 A1A1 via (1a, 1
[r]
a , 1b) (r 6= 0)

28 A1 via (1, 1[r], 1[s]) (0 < r < s)

In M = A1B2 (D4(#7))

10 {0} A1Ā
2
1

29 A1A1 (p ≥ 5) (1, 3)

30 A3
1 (p = 2) (1, 1, 1)

In M1 = A1A1 (p ≥ 5) (D4(#29))

31 A1 via (1[r], 1[s]) (rs = 0)

In M1 = A3
1 (p = 2) (D4(#30))

32 A1A1 via (1a, 1
[r]
a , 1b) (r 6= 0)

33 A1 via (1, 1[r], 1[s]) (0 < r < s)

In M = A2 (D4(#8))

21 {0} A1 (p ≥ 5)

16 {δ3} A1 (p = 3)
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Table 12: Irreducible subgroups of L0 = D5.

ID Subgroup X VL0
↓ X

1 Ā2
1Ā3 (1, 1, 0) + (0, 0, 010)

2a B2
2 (p 6= 2) (10, 0) + (0, 10)

3a A1B3 (p 6= 2) (2, 0) + (0, 100)

4 B4 T (λ1; 0)

5 B2 (p 6= 2) 02

6 B2 (p 6= 2) 02

In M = Ā2
1Ā3 (D5(#1))

7 Ā2
1B2 (1, 1, 0) + (0, 0, T (10; 0))

8a Ā2
1A

2
1 (p 6= 2) (1, 1, 0, 0) + (0, 0, 2, 0) + (0, 0, 0, 2)

9 A1Ā3 via (1, 1[r], 100)

In M1 = Ā2
1B2 (D5(#7))

10 Ā2
1A1 (p ≥ 5) (1, 1, 0) + (0, 0, 4) + 0

8b Ā2
1A

2
1 (p = 2) (1, 1, 0, 0) + (0, 0,Θ(2; 2))

11 A1B2 via (1a, 1
[r]
a , 10) (r 6= 0)

In M2 = Ā2
1A1 (p ≥ 5) (D5(#10))

12 A1A1 via (1a, 1
[r]
a , 1b) (r 6= 0)

13 Ā1A1 via (1
[r]
a , 1b, 1

[s]
a ) (rs = 0)

14 A1 via (1[r], 1[s], 1[t]) (rt = 0; r < s)

In M2 = Ā2
1A

2
1 (D5(#8))

15 A1A
2
1 via (1a, 1

[r]
a , 1b, 1c) (if p = 2 then r 6= 0)

16 A1Ā1A1 via (1
[r]
a , 1b, 1

[s]
a , 1c) (rs = 0)

17 Ā2
1A1 via (1a, 1b, 1c, 1

[r]
c ) (r 6= 0)

18 A1A1 via (1
[r]
a , 1

[s]
a , 1

[t]
a , 1b) (rt = 0; r ≤ s; if r = s then p 6= 2 and r < t)

19 A1Ā1 via (1
[r]
a , 1b, 1

[s]
a , 1

[t]
a ) (rs = 0; s < t)

20 A1A1 via (1a, 1
[r]
a , 1b, 1

[s]
b
) (if p = 2 then r 6= 0; s 6= 0)

21 A1A1 via (1
[r]
a , 1

[t]
b
, 1

[s]
a , 1

[u]
b
) (rs = tu = 0; r ≤ t; if r = t then s ≤ u)

22 A1 via (1[r], 1[s], 1[t], 1[u]) (rt = 0; r ≤ s; t < u; if r = s then p 6= 2 and r < t)

In M = B2
2 (D5(#2))

7 Ā2
1B2

23 A1B2 (p ≥ 5) (4, 0) + (0, 10)

24 A2
1B2 (p = 2) Θ(2; 2; 10)

25 B2 via (10, 10[r]) (r 6= 0)

26 B2 via (10, 02[r]) (p = 2)

In M1 = A1B2 (p ≥ 5) (D5(#23))

10 A1Ā
2
1

27 A2
1 (4, 0) + (0, 4)

In M2 = A2
1 (p ≥ 5) (D5(#27))

28 A1 via (1, 1[r]) (r 6= 0)

In M1 = A2
1B2 (p = 2) (D5(#24))

8 A2
1Ā

2
1

29 A4
1 Θ(2; 2; 2; 2)
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30 A1B2 via (1a, 1
[r]
a , 10) (r 6= 0)

In M2 = A4
1 (p = 2) (D5(#29))

31 A1A
2
1 via (1a, 1

[r]
a , 1b, 1c) (r 6= 0)

32 A1A1 via (1a, 1
[r]
a , 1

[s]
a , 1b) (0 < r < s)

33 A1A1 via (1a, 1
[r]
a , 1b, 1

[s]
b
) (rs 6= 0; r ≤ s)

34 A1 via (1, 1[r], 1[s], 1[t]) (0 < r < s < t)

In M = A1B3 (D5(#3))

9 {0} A1Ā3

8 A2
1Ā

2
1 (p 6= 2)

35 A1G2 (2, 0) + (0, 10) (p 6= 2) or Θ(2; 10) (p = 2)

24 A2
1B2 (p = 2)

In M1 = A1G2 (D5(#35))

16 {0} A1Ā1A1

36 A1A2 (p = 3) (2, 0) + (0, 11)

37 A1A1 (p ≥ 7) (2, 0) + (0, 6)

In M2 = A1A2 (p = 3) (D5(#36))

18 {δ2} A1A1

In M2 = A1A1 (p ≥ 7) (D5(#37))

38 A1 via (1[r], 1[s]) (rs = 0)

In M = B4 (D5(#4))

9 {0} A1Ā3 (p 6= 2)

7 Ā2
1B2 (p 6= 2)

39 A2
1 (p 6= 2) (2, 2) + 0

40 A1 (p ≥ 11) 8 + 0

2b B2
2 (p = 2) Θ(10; 10)

3b A1B3 (p = 2) Θ(2; 100)

In M1 = A2
1 (p 6= 2) (D5(#39))

41 A1 via (1, 1[r]) (r 6= 0)

In M = B2 (p 6= 2) (D5(#5))

21 {0} A2
1

38 {0} A1 (p ≥ 7)

In M = B2 (p 6= 2) (D5(#6))

21 {0} A2
1

38 {0} A1 (p ≥ 7)

In the following table, subgroups of D6 which are not centralised by a graph automorphism
can be distinguished by their actions on the two half-spin modules VD6

(λ5) and VD6
(λ6). For

consistency, in the following table we fix how the subgroups A1C3 = D6(#6), A1C3 = D6(#7) and
Ā2

1A1B2 = D6(#12) act on these modules.

We take A1C3 = D6(#6) to act on VD6
(λ5) with factors (W (3), 0)/(1,W (010)) and therefore act

on VD6
(λ6) with factors (W (2), 100)/(0,W (001)). Taking an image under a graph automorphism, it

follows that A1C3 = D6(#7) acts on VD6
(λ5) with factors (W (2), 100)/(0,W (001)) and on VD6

(λ6)
with factors (W (3), 0)/(1,W (010)).
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We also take Ā2
1A1B2 = D6(#12) to act on VD6

(λ5) with factors (1, 0,W (2), 0)/(1, 0, 0,W (10))/
(0, 1, 1, 01) and on VD6

(λ6) with factors (1, 0, 1, 01)/(0, 1,W (2), 0)/(0, 1, 0,W (10)). This also deter-
mines the action of the subgroups Ā2

1A1A1 = D6(#73) (p ≥ 5) and Ā2
1A1A1 = D6(#74) (p ≥ 5).

Table 13: Irreducible subgroups of L0 = D6.

ID Subgroup X VL0
↓ X

1 Ā2
1D4 (1, 1, 0) + (0, 0, λ1)

2 Ā2
3 (010, 0) + (0, 010)

3a A1B4 (p 6= 2) (2, 0) + (0, λ1)

4a B2B3 (p 6= 2) (10, 0) + (0, 100)

5 B5 T (λ1; 0)

6 A1C3 (1, 100)

7 A1C3 (1, 100)

In M = Ā2
1D4 (D6(#1))

8 Ā6
1 (1, 1, 0, 0, 0, 0) + (0, 0, 1, 1, 0, 0)+ (0, 0, 0, 0, 1, 1)

9 Ā2
1B3 (1, 1, 0) + (0, 0, T (100; 0))

10 Ā2
1B3 (1, 1, 0) + (0, 0, 001)

11a Ā2
1A1B2 (p 6= 2) (1, 1, 0, 0) + (0, 0, 2, 0) + (0, 0, 0, 10)

12a Ā2
1A1B2 (p 6= 2) (1, 1, 0, 0) + (0, 0, 1, 01)

13a Ā2
1A2 (p 6= 3) (1, 1, 0) + (0, 0, 11)

14 A1D4 via (1, 1[r], λ1)

In M1 = Ā6
1 (D6(#8))

See Table 15

In M1 = Ā2
1B3 (D6(#9))

15 {0} Ā4
1A1 (p 6= 2)

39 Ā2
1G2 (1, 1, 0) + (0, 0, T (10; 0))

11b Ā2
1A1B2 (p = 2) (1, 1, 0, 0) + (0, 0,Θ(2; 10))

40 A1B3 via (1, 1[r], 100) (r 6= 0)

In M2 = Ā2
1G2 (D6(#39))

17 {0} Ā3
1A1

13b Ā2
1A2 (p = 3) (1, 1, 0) + (0, 0, 11) + 0

41 A1G2 via (1, 1[r], 10) (r 6= 0)

In M1 = Ā2
1B3 (D6(#10))

16 {0} Ā4
1A1 (p 6= 2)

39 Ā2
1G2

12b Ā2
1A1B2 (p = 2) (1, 1, 0, 0) + (0, 0, 1, 01)

42 A1B3 via (1[r], 1[s], 100) (rs = 0)

In M1 = Ā2
1A1B2 (D6(#11))

15 {0} Ā4
1A1

43 Ā2
1A1A1 (p ≥ 5) (1, 1, 0, 0) + (0, 0, 2, 0) + (0, 0, 0, 4)

44 Ā2
1A

3
1 (p = 2) (1, 1, 0, 0, 0) + (0, 0,Θ(2; 2; 2))

45 A1A1B2 via (1a, 1
[r]
a , 1b, 10) (if p = 2 then r 6= 0)

46 A1Ā1B2 via (1
[r]
a , 1b, 1

[s]
a , 10) (rs = 0)
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47 A1B2 via (1[r], 1[s], 1[t], 10) (rt = 0; r ≤ s; if p = 2 then r < s)

In M2 = Ā2
1A1A1 (p ≥ 5) (D6(#43))

See Table 17

In M2 = Ā2
1A

3
1 (p = 2) (D6(#44))

See Table 18

In M1 = Ā2
1A1B2 (D6(#12))

16 {0} Ā4
1A1

73 Ā2
1A1A1 (p ≥ 5) (1, 1, 0, 0) + (0, 0, 1, 3)

74 Ā2
1A

3
1 (p = 2) (1, 1, 0, 0, 0) + (0, 0, 1, 1, 1)

75 A1A1B2 via (1
[r]
a , 1

[s]
a , 1b, 10) (rs = 0)

76 A1Ā1B2 via (1
[r]
a , 1b, 1

[s]
a , 10) (rs = 0)

77 A1Ā1B2 via (1a, 1
[r]
b
, 1

[s]
b
, 10) (rs = 0)

78 A1B2 via (1[r], 1[s], 1[t], 10) (rst = 0)

In M2 = Ā2
1A1A1 (p ≥ 5) (D6(#73))

See Table 19

In M2 = Ā2
1A

3
1 (p = 2) (D6(#74))

See Table 20

In M1 = Ā2
1A2 (D6(#13))

51 {0} Ā2
1A1 (p ≥ 5)

24 {δ3} Ā2
1A1 (p = 3)

113 A1A2 via (1, 1[r], 10) (if p = 3 then r 6= 0)

In M = Ā2
3 (D6(#2))

114 B2Ā3 (T (10; 0), 0) + (0, 010)

115a A2
1Ā3 (p 6= 2) (2, 0, 0) + (0, 2, 0) + (0, 0, 010)

116 A3 via (100, 100[r]) (r 6= 0)

117 A3 via (100, 001[r]) (r 6= 0)

In M1 = B2Ā3 (D6(#114))

118 A1Ā3 (p ≥ 5) (4, 0) + (0, 010) + 0

115b A2
1Ā3 (p = 2) (Θ(2; 2), 0) + (0, 0, 010)

45 {0} B2A
2
1 (p 6= 2)

In M2 = A1Ā3 (p ≥ 5) (D6(#118))

48 {0} A1A
2
1

In M1 = A2
1Ā3 (D6(#115))

45 {0} A2
1B2 (p 6= 2)

119 A4
1 (p 6= 2) (2, 0, 0, 0) + (0, 2, 0, 0) + (0, 0, 2, 0) + (0, 0, 0, 2)

120 A1Ā3 via (1, 1[r], 100) (r 6= 0)

In M2 = A4
1 (p 6= 2) (D6(#119))

121 A1A
2
1 via (1a, 1

[r]
a , 1b, 1c) (r 6= 0)

122 A1A1 via (1a, 1
[r]
a , 1

[s]
a , 1b) (0 < r < s)

123 A1A1 via (1a, 1
[r]
a , 1b, 1

[s]
b
) (rs 6= 0)

124 A1 via (1, 1[r], 1[s], 1[t]) (0 < r < s < t)

In M = A1B4 (D6(#3))

14 {0} A1D4
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115 A2
1Ā3 (p 6= 2)

11 A1Ā
2
1B2 (p 6= 2)

125 A1A
2
1 (p 6= 2) (2, 0, 0) + (0, 2, 2)

126 A1A1 (p ≥ 11) (2, 0) + (0, 8)

127 A2
1B3 (p = 2) Θ(2; 2; 100)

128 A1B
2
2 (p = 2) Θ(2; 10; 10)

In M1 = A1A
2
1 (p 6= 2) (D6(#125))

129 A1A1 via (1
[r]
a , 1

[s]
a , 1b) (rs = 0)

130 A1A1 via (1a, 1
[r]
b
, 1

[s]
b
) (rs = 0; r 6= s)

55 {0} A1A1 (p ≥ 5) via (1a, 1b, 1b)

131 A1 via (1[r], 1[s], 1[t]) (rs = 0; s < t)

In M1 = A1A1 (p ≥ 11) (D6(#126))

132 A1 via (1[r], 1[s]) (rs = 0)

In M1 = A2
1B3 (p = 2) (D6(#127))

115 A2
1Ā3

133 A2
1G2 Θ(2; 2; 10)

134 A3
1B2 Θ(2; 2; 2; 10)

135 A1B3 via (1, 1[r], 100) (r 6= 0)

In M2 = A2
1G2 (p = 2) (D6(#133))

59 {0} A2
1Ā1A1

136 A1G2 via (1, 1[r], 100) (r 6= 0)

In M2 = A3
1B2 (p = 2) (D6(#134))

44 A3
1Ā

2
1

137 A5
1 Θ(2; 2; 2; 2; 2)

138 A1A1B2 via (1a, 1
[r]
a , 1b, 100) (r 6= 0)

139 A1B2 via (1, 1[r], 1[s], 100) (0 < r < s)

In M3 = A5
1 (p = 2) (D6(#137))

See Table 21

In M1 = A1B
2
2 (p = 2) (D6(#128))

11 A1Ā
2
1B2

134 A3
1B2

146 A1B2 via (1, 10, 10[r]) (r 6= 0)

147 A1B2 via (1, 10, 02[r])

In M = B2B3 (D6(#4))

9 Ā2
1B3

148 A1B3 (p ≥ 5) (4, 0) + (0, 100)

127 A2
1B3 (p = 2)

114 B2Ā3

11 B2Ā
2
1A1 (p 6= 2)

149 B2G2 (10, 0) + (0, 10) (p 6= 2) or Θ(10; 10) (p = 2)

128 A1B
2
2 (p = 2)

In M1 = A1B3 (p ≥ 5) (D6(#148))

118 A1Ā3

43 A1Ā
2
1A1
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150 A1G2 (4, 0) + (0, 10)

In M2 = A1G2 (p ≥ 5) (D6(#150))

49 {0} A1Ā1A1

151 A1A1 (p ≥ 7) (4, 0) + (0, 6)

In M3 = A1A1 (p ≥ 7) (D6(#151))

152 A1 via (1[r], 1[s]) (rs = 0)

In M1 = B2G2 (p = 2) (D6(#149))

39 Ā2
1G2

133 A2
1G2 (p = 2)

46 {0} B2Ā1A1

In M = B5 (D6(#5))

14 {0} A1D4 (p 6= 2)

127 Ā2
1B3 (p 6= 2)

114 B2Ā3 (p 6= 2)

153 A1 (p ≥ 11) 10 + 0

3b A1B4 (p = 2) Θ(2;λ1)

4b B2B3 (p = 2) Θ(10, 100)

In M = A1C3 (D6(#6))

76 {0} A1Ā1B2

154 A1A1A1 (p 6= 2) (1, 2, 1)

155 A1A3 (p = 2) (1, 010)

156 A1G2 (p = 2) (1, 10)

157 A1A1 (p ≥ 7) (1, 5)

In M1 = A1A1A1 (p 6= 2) (D6(#154))

158 A1A1 via (1
[r]
a , 1

[s]
a , 1b) (rs = 0; r 6= s)

91 {0} A1A1 via (1a, 1a, 1b)

159 A1A1 via (1
[r]
a , 1b, 1

[s]
a ) (rs = 0; r 6= s)

129 {0} A1A1 via (1a, 1b, 1a)

160 A1A1 via (1a, 1
[r]
b
, 1

[s]
b
) (rs = 0; r 6= s)

90 {0} A1A1 via (1a, 1b, 1b)

161 A1 via (1[r], 1[s], 1[t]) (rst = 0; r, s, t distinct)

In M1 = A1G2 (p = 2) (D6(#156))

102 {δ3} A1A1A1

In M1 = A1A1 (p ≥ 7) (D6(#157))

162 A1 via (1[r], 1[s]) (rs = 0; r 6= s)

152 {0} A1 via (1, 1)

In M = A1C3 (D6(#7))

77 {0} A1Ā1B2

154 A1A1A1 (p 6= 2)

163 A1A3 (p = 2) (1, 010)

164 A1G2 (p = 2) (1, 10)

165 A1A1 (p ≥ 7) (1, 5)

In M1 = A1G2 (p = 2) (D6(#164))
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102 {δ1} A1A1A1

In M1 = A1A1 (p ≥ 7) (D6(#165))

166 A1 via (1[r], 1[s]) (rs = 0; r 6= s)

152 {0} A1 via (1, 1)

We remind the reader that in the following table, subgroups are listed up to Aut(L0)-conjugacy.

Table 14: Irreducible subgroups of L0 = D7.

ID Subgroup X VL0
↓ X

1 Ā2
1D5 (1, 1, 0) + (0, 0, λ1)

2 Ā3D4 (010, 0) + (0, λ1)

3 B6 T (λ1; 0)

4a B2
3 (p 6= 2) (100, 0) + (0, 100)

5a B2B4 (p 6= 2) (10, 0) + (0, λ1)

6a A1B5 (p 6= 2) (2, 0) + (0, λ1)

7a C3 (p 6= 3) 010

8a B2 (p 6= 2, 5) 20

9a G2 (p ≥ 5) 01

In M = Ā2
1D5 (D7(#1))

10 Ā4
1Ā3 (1, 1, 0, 0, 0) + (0, 0, 1, 1, 0) + (0, 0, 0, 0, 010)

11 Ā2
1B4 (1, 1, 0) + (0, 0, T (λ1; 0))

12a Ā2
1A1B3 (p 6= 2) (1, 1, 0, 0) + (0, 0, 2, 0) + (0, 0, 0, 100)

13a Ā2
1B

2
2 (p 6= 2) (1, 1, 0, 0) + (0, 0, 10, 0) + (0, 0, 0, 10)

14 Ā2
1B2 (p 6= 2) (1, 1, 0) + (0, 0, 02)

15 A1D5 via (1, 1[r], λ1)

In M1 = Ā4
1Ā3 (D7(#10))

16 Ā4
1B2 (1, 1, 0, 0, 0) + (0, 0, 1, 1, 0) + (0, 0, 0, 0, T (10; 0))

17a Ā4
1A

2
1 (p 6= 2) (1, 1, 0, 0, 0, 0)+ (0, 0, 1, 1, 0, 0) + (0, 0, 0, 0, 2, 0)+ (0, 0, 0, 0, 0, 2)

See Table 22

In M2 = Ā4
1B2 (D7(#16))

24 Ā4
1A1 (p ≥ 5) (1, 1, 0, 0, 0) + (0, 0, 1, 1, 0) + (0, 0, 0, 0, 4) + 0

17b Ā4
1A

2
1 (p = 2) (1, 1, 0, 0, 0, 0)+ (0, 0, 1, 1, 0, 0) + (0, 0, 0, 0,Θ(2; 2))

See Table 23

In M3 = Ā4
1A1 (p ≥ 5) (D7(#24))

See Table 24

In M2 = Ā4
1A

2
1 (D7(#17))

See Table 25

In M1 = Ā2
1B4 (D7(#11))

18 {0} Ā2
1A1Ā3 (p 6= 2)

16 Ā4
1B2 (p 6= 2)

85 Ā2
1A

2
1 (p 6= 2) (1, 1, 0, 0) + (0, 0, 2, 2) + 0

86 Ā2
1A1 (p ≥ 11) (1, 1, 0) + (0, 0, 8) + 0

12b Ā2
1A1B3 (p = 2) (1, 1, 0, 0) + (0, 0,Θ(2; 100))

13b Ā2
1B

2
2 (p = 2) (1, 1, 0, 0) + (0, 0,Θ(10; 10))
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87 A1B4 via (1, 1[r], λ1) (r 6= 0)

In M2 = Ā2
1A

2
1 (p 6= 2) (D7(#85))

See Table 26

In M2 = Ā2
1A1 (p ≥ 11) (D7(#86))

96 A1A1 via (1a, 1
[r]
a , 1b) (r 6= 0)

97 A1A1 via (1
[r]
a , 1b, 1

[s]
a ) (rs = 0)

98 A1 via (1[r], 1[s], 1[t]) (rt = 0; r < s)

In M1 = Ā2
1A1B3 (D7(#12))

18 {0} Ā2
1A1Ā3

17 Ā4
1A

2
1 (p 6= 2)

99 Ā2
1A1G2

(1, 1, 0, 0) + (0, 0, 2, 0) + (0, 0, 0, 10) (p 6= 2)

or (1, 1, 0, 0) + (0, 0,Θ(2; 10)) (p = 2)

100 Ā2
1A

2
1B2 (p = 2) (1, 1, 0, 0, 0) + (0, 2,Θ(2; 2; 10))

101 A1A1B3 via (1a, 1
[r]
a , 1b, 100) (if p = 2 then r 6= 0)

102 A1Ā1B3 via (1
[r]
a , 1b, 1

[s]
a , 100) (rs = 0)

103 A1B3 via (1[r], 1[s], 1[t], 100) (rt = 0; r ≤ s; if r = s then r < t and p 6= 2)

In M2 = Ā2
1A1G2 (D7(#99))

49 {0} Ā2
1A1Ā1A1

104 Ā2
1A1A2 (p = 3) (1, 1, 0, 0) + (0, 0, 2, 0) + (0, 0, 0, 11)

105 Ā2
1A1A1 (p ≥ 7) (1, 1, 0, 0) + (0, 0, 2, 0) + (0, 0, 0, 6)

106 A1A1G2 via (1a, 1
[r]
a , 1b, 10) (if p = 2 then r 6= 0)

107 A1Ā1G2 via (1
[r]
a , 1b, 1

[s]
a , 10) (rs = 0)

108 A1G2 via (1[r], 1[s], 1[t], 10) (rt = 0; r ≤ s; if r = s then r < t and p 6= 2)

In M3 = Ā2
1A1A2 (p = 3) (D7(#104))

52 {δ2} Ā2
1A1A1

109 A1A1A2 via (1a, 1
[r]
a , 1b, 10)

110 A1Ā1A2 via (1
[r]
a , 1b, 1

[s]
a , 10) (rs = 0)

111 A1A2 via (1[r], 1[s], 1[t], 10) (rt = 0; r ≤ s; if r = s then r < t)

In M3 = Ā2
1A1A1 (p ≥ 7) (D7(#105))

See Table 27

In M2 = Ā2
1A

2
1B2 (p = 2) (D7(#100))

17 Ā2
1A

2
1Ā

2
1

122 Ā2
1A

4
1 (1, 1, 0, 0, 0, 0)+ (0, 0,Θ(2; 2; 2; 2))

See Table 28

In M3 = Ā2
1A

4
1 (p = 2) (D7(#122))

See Table 29

In M1 = Ā2
1B

2
2 (D7(#13))

16 Ā4
1B2

156 Ā2
1A1B2 (p ≥ 5) (1, 1, 0, 0) + (0, 0, 4, 0) + (0, 0, 0, 10)

100 Ā2
1A

2
1B2 (p = 2)

See Table 30

In M2 = Ā2
1A1B2 (p ≥ 5) (D7(#156))

24 Ā4
1A1

162 Ā2
1A

2
1 (p ≥ 5) (1, 1, 0, 0) + (0, 0, 4, 0) + (0, 0, 0, 4)
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163 A1A1B2 via (1a, 1
[r]
a , 1b, 10)

164 A1Ā1B2 via (1
[r]
a , 1b, 1

[s]
a , 10) (rs = 0)

165 A1B2 via (1[r], 1[s], 1[t], 10) (rt = 0; r ≤ s)

In M3 = Ā2
1A

2
1 (p ≥ 5) (D7(#162))

See Table 31

In M1 = Ā2
1B2 (p 6= 2) (D7(#14))

61 {0} Ā2
1A

2
1

115 {0} Ā2
1A1 (p ≥ 5)

174 A1B2 via (1, 1[r], 10)

In M = Ā3D4 (D7(#2))

175 B2D4 (T (10; 0), 0) + (0, λ1)

176a A2
1D4 (p 6= 2) (2, 0, 0) + (0, 2, 0) + (0, 0, λ1)

177 Ā3B3 (010, 0) + (0, T (100; 0))

178 Ā3B3 (010, 0) + (0, 001)

179a Ā3A1B2 (p 6= 2) (010, 0, 0) + (0, 2, 0) + (0, 0, 10)

180a Ā3A1B2 (p 6= 2) (010, 0, 0) + (0, 1, 01)

10 Ā3Ā
4
1

181a Ā3A2 (p 6= 3) (010, 0) + (0, 11)

In M1 = B2D4 (D7(#175))

182 A1D4 (p ≥ 5) (4, 0) + (0, λ1) + 0

176b A2
1D4 (p = 2) (Θ(2; 2), 0) + (0, 0, λ1)

183 B2B3 (T (10; 0), 0) + (0, 001)

157 B2A1B2 (p 6= 2)

184a B2A1B2 (p 6= 2) (10, 0, 0) + (0, 1, 01) + 0

16 B2Ā
4
1

185 B2A2 (p 6= 3) (T (10; 0), 0) + (0, 11)

In M2 = A1D4 (p ≥ 5) (D7(#182))

186 A1B3 (4, 0) + (0, 001) + 0

163 {0} A1A1B2

187 A1A1B2 (4, 0, 0) + (0, 1, 01) + 0

24 A1Ā
4
1

188 A1A2 (4, 0) + (0, 11) + 0

In M3 = A1B3 (p ≥ 5) (D7(#186))

32 {0} A1Ā
2
1A1

In M3 = A1A1B2 (p ≥ 5) (D7(#187))

189 A1A1A1 (4, 0, 0) + (0, 1, 3) + 0

32 {0} A1A1Ā
2
1

190 A1B2 via (1[r], 1[s], 10) (rs = 0)

In M4 = A1A1A1 (p ≥ 5) (D7(#189))

See Table 32

In M3 = A1A2 (p ≥ 5) (D7(#188))

169 {0} A1A1

In M2 = B2B3 (D7(#183))

186 A1B3 (p ≥ 5)
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218b A2
1B3 (p = 2) (Θ(2; 2), 0) + (0, 0, 001)

26 {0} B2Ā
2
1A1 (p 6= 2)

184b B2A1B2 (p = 2) (Θ(10), 0, 0) + (0, 1, 01)

In M2 = B2A1B2 (D7(#184))

187 A1A1B2 (p ≥ 5)

220b A2
1A1B2 (p = 2) (Θ(2; 2), 0, 0) + (0, 0, 1, 01)

26 {0} B2A1Ā
2
1

195 B2A1A1 (p ≥ 5) (10, 0, 0) + (0, 1, 3) + 0

196 B2A
3
1 (p = 2) (Θ(10), 0, 0, 0) + (0, 1, 1, 1)

197 B2A1 via (10[r], 1, 10[s]) (rs = 0)

198 B2A1 (p = 2) via (10[r], 1, 02[s]) (rs = 0)

In M3 = B2A1A1 (p ≥ 5) (D7(#195))

189 A1A1A1

199 B2A1 via (10, 1[r], 1[s]) (rs = 0; r 6= s)

165 {0} B2A1 via (10, 1, 1)

In M3 = B2A
3
1 (p = 2) (D7(#196))

200 A2
1A

3
1 (Θ(2; 2), 0, 0, 0) + (0, 0, 1, 1, 1)

201 B2A1A1 via (10, 1a, 1
[r]
a , 1b) (r 6= 0)

202 B2A1 via (10, 1, 1[r], 1[s]) (0 < r < s)

In M4 = A2
1A

3
1 (p = 2) (D7(#200))

See Table 33

In M2 = B2A2 (p 6= 3) (D7(#185))

188 A1A2 (p ≥ 5)

221 A2
1A2 (p = 2)

165 {0} B2A1 (p ≥ 5)

In M1 = A2
1D4 (D7(#176))

101 {0} A2
1B3 (p 6= 2)

218 A2
1B3

(2, 0, 0) + (0, 2, 0) + (0, 0, 001) (p 6= 2)

or (Θ(2; 2), 0) + (0, 0, 001) (p = 2)

219 A3
1B2 (p 6= 2) (2, 0, 0, 0) + (0, 2, 0, 0) + (0, 0, 2, 0) + (0, 0, 0, 10)

220a A2
1A1B2 (p 6= 2) (2, 0, 0, 0) + (0, 2, 0, 0) + (0, 0, 1, 01)

17 A2
1Ā

4
1

221 A2
1A2 (p 6= 3)

(2, 0, 0) + (0, 2, 0) + (0, 0, 11) (p ≥ 5)

or (Θ(2; 2), 0) + (0, 0, 11) (p = 2)

222 A1D4 via (1, 1[r], λ1) (r 6= 0)

In M2 = A2
1B3 (D7(#218))

48 {0} A2
1Ā

2
1A1 (p 6= 2)

106 {0} A2
1G2 (p 6= 2)

220 A2
1A1B2 (p = 2)

223 A1B3 via (1, 1[r], 100) (r 6= 0)

In M2 = A3
1B2 (p 6= 2) (D7(#219))

47 {0} A3
1Ā

2
1

224 A3
1A1 (p ≥ 5) (2, 0, 0, 0) + (0, 2, 0, 0) + (0, 0, 2, 0) + (0, 0, 0, 4)

225 A1A1B2 via (1a, 1
[r]
a , 1b, 10) (r 6= 0)
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226 A1B2 via (1, 1[r], 1[s], 10) (0 < r < s)

In M3 = A3
1A1 (p ≥ 5) (D7(#224))

See Table 34

In M2 = A2
1A1B2 (D7(#220))

48 {0} A2
1A1Ā

2
1

233 A2
1A1A1 (p ≥ 5) (2, 0, 0, 0) + (0, 2, 0, 0) + (0, 0, 1, 3)

200 A2
1A

3
1 (p = 2)

234 A1A1B2 via (1a, 1
[r]
a , 1b, 10) (r 6= 0)

235 A1A1B2 via (1
[r]
a , 1b, 1

[s]
a , 10) (rs = 0)

236 A1B2 via (1[r], 1[s], 1[t], 10) (rt = 0; r < s)

In M3 = A2
1A1A1 (p ≥ 5) (D7(#233))

See Table 35

In M2 = A2
1A2 (p 6= 3) (D7(#221))

228 {0} A2
1A1

247 A1A2 via (1, 1[r], 10) (r 6= 0)

In M1 = Ā3B3 (D7(#177))

101 {0} A2
1B3 (p 6= 2)

18 {0} Ā3Ā
2
1A1 (p 6= 2)

248 Ā3G2 (010, 0) + (0, T (10; 0))

179b Ā3A1B2 (p = 2) (010, 0, 0) + (0,Θ(2; 10))

In M2 = Ā3G2 (D7(#248))

106 {0} A2
1G2 (p 6= 2)

20 {0} Ā3Ā1A1

181b Ā3A2 (p = 3) (010, 0) + (0, 11) + 0

In M1 = Ā3B3 (D7(#178))

218 A2
1B3 (p 6= 2)

183 B2B3

19 {0} Ā3Ā
2
1A1 (p 6= 2)

248 Ā3G2

180b Ā3A1B2 (p = 2) (010, 0, 0) + (0, 1, 01)

In M1 = Ā3A1B2 (D7(#179))

219 A3
1B2 (p 6= 2)

157 {0} B2
2A1 (p 6= 2)

18 {0} Ā3A1Ā
2
1

249 Ā3A1A1 (p ≥ 5) (010, 0, 0) + (0, 2, 0) + (0, 0, 4)

250 Ā3A
3
1 (p = 2) (010, 0, 0, 0)+ (0,Θ(2; 2; 2))

In M2 = Ā3A1A1 (p ≥ 5) (D7(#249))

224 A3
1A1

163 {0} B2A1A1

251 Ā3A1 via (100, 1[r], 1[s]) (rs = 0)

In M2 = Ā3A
3
1 (p = 2) (D7(#250))

252 Ā3A1A1 via (100, 1a, 1
[r]
a , 1b) (r 6= 0)

253 Ā3A1 via (100, 1, 1[r], 1[s]) (0 < r < s)

In M1 = Ā3A1B2 (D7(#180))
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220 A2
1A1B2 (p 6= 2)

184 B2A1B2

19 {0} Ā3A1Ā
2
1

254 Ā3A1A1 (p ≥ 5) (010, 0, 0) + (0, 1, 3)

255 Ā3A
3
1 (p = 2) (010, 0, 0, 0)+ (0, 1, 1, 1)

In M2 = Ā3A1A1 (p ≥ 5) (D7(#254))

233 A2
1A1A1 (p 6= 2)

195 B2A1A1

256 Ā3A1 via (100, 1[r], 1[s]) (rs = 0; r 6= s)

In M2 = Ā3A
3
1 (p = 2) (D7(#255))

196 B2A
3
1

257 Ā3A1A1 via (100, 1a, 1
[r]
a , 1b) (r 6= 0)

258 Ā3A1 via (100, 1, 1[r], 1[s]) (0 < r < s)

In M1 = Ā3A2 (D7(#181))

221 A2
1A2 (p ≥ 5)

109 {0} A2
1A2 (p = 3)

185 B2A2 (p 6= 3)

251 {0} Ā3A1

In M = B6 (D7(#3))

15 {0} A1D5 (p 6= 2)

11 Ā2
1B4 (p 6= 2)

175 B2D4 (p 6= 2)

177 Ā3B3 (p 6= 2)

259 A1 (p ≥ 13) 12 + 0

4b B2
3 (p = 2) Θ(100; 100)

5b B2B4 (p = 2) Θ(10;λ1)

6b A1B5 (p = 2) Θ(2;λ1)

7b C3 (p = 3) 010 + 0

8b B2 (p = 5) 20 + 0

In M = B2
3 (D7(#4))

177 Ā3B3

12 Ā2
1A1B3 (p 6= 2)

260 G2B3 (10, 0) + (0, 100) (p 6= 2) or Θ(10; 100) (p = 2)

261 A1B2B3 (p = 2) Θ(2; 10; 100)

262 B3 via (100, 100[r]) (r 6= 0)

In M1 = G2B3 (D7(#260))

102 {0} Ā1A1B3

263 A2B3 (p = 3) (11, 0) + (0, 100)

264 A1B3 (p ≥ 7) (6, 0) + (0, 100)

248 G2Ā3

99 G2Ā
2
1A1

265 G2
2 (10, 0) + (0, 10) (p 6= 2) or Θ(10; 10) (p = 2)

266 G2A1B2 (p = 2) Θ(10; 2; 10)

In M2 = A2B3 (p = 3) (D7(#263))
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103 {0} A1B3

181 A2Ā3

104 A2Ā
2
1A1

267 A2G2 (11, 0) + (0, 10)

In M3 = A2G2 (p = 3) (D7(#267))

108 {0} A1G2

110 {0} A2Ā1A1

268 A2
2 (11, 0) + (0, 11)

In M4 = A2
2 (p = 3) (D7(#268))

111 {δ2} A1A2

269 A2 via (10, 10[r]) (r 6= 0)

In M2 = A1B3 (p ≥ 7) (D7(#264))

264 A1Ā3

105 A1Ā
2
1A1

270 A1G2 (6, 0) + (0, 10)

In M3 = A1G2 (p ≥ 7) (D7(#270))

113 {0} A1Ā1A1

271 A2
1 (6, 0) + (0, 6)

In M4 = A2
1 (p ≥ 7) (D7(#271))

272 A1 via (1, 1[r]) (r 6= 0)

In M2 = G2
2 (D7(#265))

107 {0} Ā1A1G2

270 A1G2 (p ≥ 7)

267 A2G2 (p = 3)

273 G2 via (10, 10[r]) (r 6= 0)

274 G2 (p = 3) via (10, 03[r])

In M2 = G2A1B2 (p = 2) (D7(#266))

124 {0} Ā1A1A1B2

99 G2A1Ā
2
1

275 G2A
3
1 Θ(10; 2; 2; 2)

In M3 = G2A
3
1 (p = 2) (D7(#275))

132 {0} Ā1A1A
3
1

276 G2A1A1 via (10, 1a, 1
[r]
a , 1b) (r 6= 0)

277 G2A1 via (10, 1, 1[r], 1[s]) (0 < r < s)

In M1 = A1B2B3 (p = 2) (D7(#261))

12 A1Ā
2
1B3

278 A3
1B3 Θ(2; 2; 2; 100)

179 A1B2Ā3

266 A1B2G2

279 A2
1B

2
2 Θ(2; 2; 10; 10)

In M2 = A3
1B3 (p = 2) (D7(#278))

250 A3
1Ā3

275 A3
1G2

280 A4
1B2 Θ(2; 2; 2; 2; 10)
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281 A1A1B3 via (1a, 1
[r]
a , 1b, 100) (r 6= 0)

282 A1B3 via (1, 1[r], 1[s], 100) (0 < r < s)

In M3 = A4
1B2 (p = 2) (D7(#280))

122 A4
1Ā

2
1

283 A6
1 Θ(2; 2; 2; 2; 2; 2)

284 A1A
2
1B2 via (1a, 1

[r]
a , 1b, 1c, 10) (r 6= 0)

285 A1A1B2 via (1a, 1
[r]
a , 1

[s]
a , 1b, 10) (0 < r < s)

286 A1A1B2 via (1a, 1
[r]
a , 1b, 1

[s]
b
, 10) (rs 6= 0; r ≤ s)

287 A1B2 via (1, 1[r], 1[s], 1[t], 10) (0 < r < s < t)

In M4 = A6
1 (p = 2) (D7(#283))

See Table 36

In M2 = A2
1B

2
2 (p = 2) (D7(#279))

100 A2
1Ā

2
1B2

280 A4
1B2

See Table 37

In M = B2B4 (D7(#5))

11 Ā2
1B4

303 A1B4 (p ≥ 5) (4, 0) + (0, λ1)

304 A2
1B4 (p = 2) Θ(2; 2;λ1)

175 B2D4

179 B2A1Ā3 (p 6= 2)

13 B2Ā
2
1B2 (p 6= 2)

305 B2A
2
1 (p 6= 2) (10, 0, 0) + (0, 2, 2)

306 B2A1 (p ≥ 11) (10, 0) + (0, 8)

261 B2A1B3 (p = 2)

307 B3
2 (p = 2) Θ(10; 10; 10)

In M1 = A1B4 (p ≥ 5) (D7(#303))

182 A1D4

249 A1A1Ā3

156 A1Ā
2
1B2

308 A1A
2
1 (4, 0, 0) + (0, 2, 2)

309 A1A1 (p ≥ 11) (4, 0) + (0, 8)

In M2 = A1A
2
1 (p ≥ 5) (D7(#308))

310 A1A1 via (1
[r]
a , 1

[s]
a , 1b)

311 A1A1 via (1a, 1b, 1
[r]
b
) (r 6= 0)

169 {0} A1A1 via (1a, 1b, 1b)

312 A1 via (1[r], 1[s], 1[t]) (rs = 0; s < t)

In M2 = A1A1 (p ≥ 11) (D7(#309))

313 A1 via (1[r], 1[s])

In M1 = A2
1B4 (p = 2) (D7(#304))

176 A2
1D4

278 A3
1B3 (p = 2)

279 A2
1B

2
2 (p = 2)
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314 A1B4 via (1, 1[r], λ1) (r 6= 0)

In M1 = B2A
2
1 (p 6= 2) (D7(#305))

85 Ā2
1A

2
1

308 A1A
2
1 (p ≥ 5)

315 B2A1 via (10, 1, 1[r]) (r 6= 0)

165 {0} B2A1 (p ≥ 5) via (10, 1, 1)

In M1 = B2A1 (p ≥ 11) (D7(#306))

86 Ā2
1A1

309 A1A1

In M1 = B3
2 (p = 2) (D7(#307))

13 Ā2
1B

2
2

279 A2
1B

2
2

316 B2B2 via (10a, 10
[r]
a , 10) (r 6= 0)

317 B2B2 via (10a, 02
[r]
a , 10)

318 B2 via (10, 10[r], 10[s]) (0 < r < s)

319 B2 via (10[r], 10[s], 02[t]) (rt = 0; r < s)

In M = A1B5 (D7(#6))

15 {0} A1D5

176 A2
1D4 (p 6= 2)

12 A1Ā
2
1B3 (p 6= 2)

179 A1B2Ā3 (p 6= 2)

320 A1A1 (p ≥ 11) (2, 0) + (0, 10)

304 A2
1B4 (p = 2)

261 A1B2B3 (p = 2)

In M1 = A1A1 (D7(#320))

321 A1 via (1[r], 1[s]) (rs = 0)

In M = C3 (D7(#7))

197 {0} A1B2

310 {0} A1A1 (p ≥ 5)

91 {0} A1A1 (p = 3)

322 A3 (p = 2) 101

9b G2 (p = 2) 01

313 {0} A1 (p ≥ 11)

In M = B2 (p 6= 2) (D7(#8))

94 {0} A2
1

313 {0} A1 (p ≥ 11)

193 {δ1} A1 (p = 5)

In M = G2 (p 6= 3) (D7(#9))

245 {0} A1A1 (p ≥ 5)

215 {δ3} A1A1 (p = 2)

321 {0} A1 (p ≥ 11)

5.4. Irreducible diagonal subgroups. In this section we give the tables of diagonal subgroups
referred to in Tables 13 and 14. The first column gives the ID number, as in the previous tables,

30



and the second column gives the embedding of the diagonal subgroups. To describe the embeddings
we use a slightly modified notation, to shorten the tables. Specifically, we introduce a shorthand
for diagonal subgroups of An1Z, where Z has no simple factor of type A1. For example, instead of

writing A2
1B2 →֒ A3

1B2 via (1
[r]
a , 1

[s]
a , 1b, 10) we just write (a[r], a[s], b, 10); from any such vector it

is easy to recover the isomorphism type of the diagonal subgroup. Moreover, in Tables 30 and 37
the usual notation for diagonal subgroups is used but we again omit the isomorphism type of each
diagonal subgroup as they too can be easily recovered from the listed embedding.

Table 16 gives the extra restrictions on the field twists for D6(#38), a diagonal subgroup of
Ā6

1 = D6(#8). The restrictions are given in rows of the tables: the first column lists all permitted
equalities amongst the field twists; the second column lists any further requirements. So an ordered
set {r, . . . , w} is permitted if it satisfies the conditions in the first and second column of a row of the
table. We note that a set of field twists satisfies the conditions of at most one row. We emphasise
that an ordered set may be excluded either because it yields a D7-reducible subgroup, or because
it yields a repeated diagonal subgroup.

5.4.1. Diagonal subgroups contained in D6.

Table 15: Irreducible diagonal subgroups of Ā6
1 = D6(#8).

ID Diagonal embedding

15 (a, a[r], b, c, d, e)

16 (a, b, a[r], c, d, e)

17 (a[r], a[s], a[t], b, c, d) (rt = 0; r ≤ s)

18 (a, b, a[r], c, a[s], d) (r ≤ s)

19 (a, b, a[r], c, d, a[s]) (r ≤ s)

20 (a, a[r], b, b[s], c, d) (r ≤ s; if r = 0 then s 6= 0)

21 (a[r], a[s], b, c, b[t], d) (rs = 0)

22 (a, b[s], a[r], b[t], c, d) (st = 0; r ≤ s+ t; if r = 0 then t 6= 0)

23 (a[r], b[t], a[s], c, b[u], d) (rs = tu = 0)

24 (a, a[r], a[s], a[t], b, c) (s ≤ t; if r = 0 then s < t; if s = 0 then r < t; if t = 0 then r < s)

25 (a[r], a[s], a[t], b, a[u], c) (rst = 0; t ≤ u);

26 (a[r], a[s], a[t], b[u], b[v], c) (rst = uv = 0)

27 (a[r], a[s], a[t], b, c, c[u]) (rst = 0; if u = 0 then r < s)

28 (a[r], b, a[s], b[u], a[t], c) (rst = 0; if u = 0 then r < s)

29 (a[r], b, a[s], b[u], c, a[t]) (rst = 0; if u = 0 then r < s)

30 (a, a[r], b, b[s], c[t], c[u]) (tu = 0; r ≤ s; if r = 0 then s 6= 0 and t < u; if s = 0 then t < u)

31 (a[r], a[s], b, c[u], b[t], c[v]) (rs = uv = 0; t ≤ u+ v; if t = 0 then v 6= 0)

32 (a[r], b[t], a[s], c[v], b[u], c[w]) (rs = tu = vw = 0)

33 (a[r], a[s], a[t], a[u], a[v], b) (rv = 0; r ≤ min{s, t, u}; if r = s then t < u; if r = t then s < u; if r = u
then s < t)

34 (a, a[r], a[s], a[t], b, b[u]) (if u = 0 then r 6= 0 and s < t; if r = 0 then s < t; if s = 0 then r < t; if t = 0
then r < s)

35 (a[r], a[s], a[t], b, a[u], b[v]) (rstu = 0; if v = 0 then t < u)

36 (a[r], a[s], a[t], b[u], b[v], b[w]) (rt = uvw = 0; r ≤ s; if r = s then v < w)

37 (a, b[t], a[r], b[u], a[s], b[v]) (tuv = 0; r ≤ s; if r = 0 then t < u; if r = s then u < v; if s = 0 then t < v)

38 (a[r], a[s], a[t], a[u], a[v], a[w]) (rstuvw = 0 and see Table 16)
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Table 16: Conditions on field twists for D6(#38).

Equalities among r, . . . , w Further requirements on r, . . . , w

none r < min{s, t}; t < min{u, v, w}; s < u

r = s t < min{u, v}; v < w

r = t s < u

r = s = t v < w

r = t = v s < u < w

r = t = w s < u < v

r = s; t = v u < w

r = t; s = v none

r = s = t = v u < w

r = s = t; u = v none

r = t; s = v; u = w none

Table 17: Irreducible diagonal subgroups of Ā2
1A1A1 = D6(#43) (p ≥ 5).

ID Diagonal embedding ID Diagonal embedding

48 (a, a[r], b, c) 53 (a[r], a[s], b, a[t]) (rt = 0; r ≤ s)

49 (a[r], b, a[s], c) (rs = 0) 54 (a[r], b, a[s], a[t]) (rst = 0)

50 (a[r], b, c, a[s]) (rs = 0) 55 (a, a[r], b[s], b[t]) (st = 0)

51 (a, b, c[r], c[s]) (rs = 0) 56 (a[r], b[t], a[s], b[u]) (rs = tu = 0)

52 (a[r], a[s], a[t], b) (rt = 0; r ≤ s; if r = s then r < t) 57 (a[r], a[s], a[t], a[u]) (rtu = 0; r ≤ s;

if r = s then r < t)

Table 18: Irreducible diagonal subgroups of Ā2
1A

3
1 = D6(#44) (p = 2).

ID Diagonal embedding

58 (a, a[r], b, c, d) (r 6= 0)

59 (a[r], b, a[s], c, d) (rs = 0)

60 (a, b, c, c[r], d) (r 6= 0)

61 (a[r], a[s], a[t], b, c) (rt = 0; r < s)

62 (a[r], b, a[s], a[t], c) (rs = 0; s < t)

63 (a, b, c, c[r], c[s]) (0 < r < s)

64 (a, a[r], b, b[s], c) (rs 6= 0)

65 (a[r], b[t], a[s], b[u], c) (rs = tu = 0; r ≤ t; if r = t then s ≤ u)

66 (a[r], b, a[s], c, c[t]) (rs = 0 6= t)

67 (a[r], a[s], a[t], a[u], b) (rt = 0; r < s; t < u)

68 (a[r], b, a[s], a[t], a[u]) (rs = 0; s < t < u)

69 (a[r], a[s], a[t], b, b[u]) (rt = 0 6= u; r < s)

70 (a[r], b[u], a[s], a[t], b[v]) (rs = uv = 0; s < t)

71 (a, a[r], b, b[s], b[t]) (r 6= 0; 0 < s < t)

72 (a[r], a[s], a[t], a[u], a[v]) (rt = 0; r < s; t < u < v)
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Table 19: Irreducible diagonal subgroups of Ā2
1A1A1 = D6(#73) (p ≥ 5).

ID Diagonal embedding ID Diagonal embedding

79 (a[r], a[s], b, c) (rs = 0) 86 (a[r], a[s], b, a[t]) (rst = 0)

80 (a[r], b, a[s], c) (rs = 0) 87 (a[r], b, a[s], a[t]) (rst = 0; s 6= t)

81 (a[r], b, c, a[s]) (rs = 0) 88 (a, b[r], b[s], b[t]) (rst = 0; s 6= t)

82 (a, b[r], b[s], c) (rs = 0) 89 (a[r], a[s], b[t], b[u]) (rs = tu = 0; t 6= u)

83 (a, b[r], c, b[s]) (rs = 0) 90 (a[r], b[t], a[s], b[u]) (rs = tu = 0)

84 (a, b, c[r], c[s]) (rs = 0; r 6= s) 91 (a[r], b[t], b[u], a[s]) (rs = tu = 0)

85 (a[r], a[s], a[t], b) (rst = 0) 92 (a[r], a[s], a[t], a[u]) (rstu = 0; t 6= u)

Table 20: Irreducible diagonal subgroups of Ā2
1A

3
1 = D6(#74) (p = 2).

ID Diagonal embedding ID Diagonal embedding

93 (a[r], a[s], b, c, d) (rs = 0; r 6= s) 103 (a[r], b, a[s], c, c[t]) (rs = 0 6= t)

94 (a[r], b, a[s], c, d) (rs = 0) 104 (a, b[r], b[s], c, c[t]) (rs = 0 6= t)

95 (a, b[r], b[s], c, d) (rs = 0) 105 (a[r], a[s], a[t], a[u], b) (rst = 0; r 6= s; t < u)

96 (a, b, c, c[r], d) (r 6= 0) 106 (a[r], b, a[s], a[t], a[u]) (rs = 0; s < t < u)

97 (a[r], a[s], a[t], b, c) (rst = 0; r 6= s) 107 (a, b[r], b[s], b[t], b[u]) (rs = 0; s < t < u)

98 (a[r], b, a[s], a[t], c) (rs = 0; s < t) 108 (a[r], a[s], a[t], b, b[u]) (rst = 0; r 6= s;u 6= 0)

99 (a, b[r], b[s], b[t], c) (rs = 0; s < t) 109 (a[r], b[u], a[s], a[t], b[v]) (rs = uv = 0; s < t)

100 (a, b, c, c[r], c[s]) (0 < r < s) 110 (a[r], b[t], b[u], b[v], a[s]) (rs = tu = 0;u < v)

101 (a[r], a[s], b, b[t], c) (rs = 0; r 6= s; t 6= 0) 111 (a[r], a[s], b, b[t], b[u]) (rs = 0; r 6= s; 0 < t < u)

102 (a[r], b[t], a[s], b[u], c) (rs = tu = 0) 112 (a[r], a[s], a[t], a[u], a[v]) (rst = 0; r 6= s; t < u < v)

Table 21: Irreducible diagonal subgroups of A5
1 = D6(#137) (p = 2).

ID Diagonal embedding ID Diagonal embedding

140 (a, a[r], b, c, d) (r 6= 0) 143 (a, a[r], a[s], a[t], b) (0 < r < s < t)

141 (a, a[r], a[s], b, c) (0 < r < s) 144 (a, a[r], a[s], b, b[t]) (0 < r < s; t 6= 0)

142 (a, a[r], b, b[s], c) (rs 6= 0; r ≤ s) 145 (a, a[r], a[s], a[t], a[u]) (0 < r < s < t < u)

5.4.2. Diagonal subgroups contained in D7.

Table 22: Irreducible diagonal subgroups of Ā4
1Ā3 = D7(#10).

ID Diagonal embedding

18 (a, a[r], b, c, 100)

19 (a, b, a[r], c, 100)

20 (a[r], a[s], a[t], b, 100) (rt = 0; r ≤ s)

21 (a, a[r], b, b[s], 100) (r ≤ s; if r = 0 then s 6= 0)

22 (a, b[s], a[r], b[t], 100) (st = 0; r ≤ s+ t; if r = 0 then t 6= 0)

23 (a, a[r], a[s], a[t], 100) (s ≤ t; if r = 0 then s < t; if s = 0 then r < t)
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Table 23: Irreducible diagonal subgroups of Ā4
1B2 = D7(#16).

ID Diagonal embedding

25 (a, a[r], b, c, 10) (r 6= 0)

26 (a, b, a[r], c, 10)

27 (a[r], a[s], a[t], b, 10) (rt = 0; r < s)

28 (a, a[r], b, b[s], 10) (rs 6= 0; r ≤ s)

29 (a, b[s], a[r], b[t], 10) (st = 0; r ≤ s+ t; if r = 0 then t 6= 0)

30 (a, a[r], a[s], a[t], 10) (r 6= 0; s < t; if s = 0 then r < t)

Table 24: Irreducible diagonal subgroups of Ā4
1A1 = D7(#24) (p ≥ 5).

ID Diagonal embedding

31 (a, a[r], b, c, d) (r 6= 0)

32 (a, b, a[r], c, d)

33 (a[r], b, c, d, a[s]) (rs = 0)

34 (a[r], a[s], a[t], b, c) (rt = 0; r < s)

35 (a[r], a[s], c, d, a[t]) (rt = 0; r < s)

36 (a[r], b, a[s], c, a[t]) (rt = 0; r ≤ s)

37 (a, a[r], b, b[s], c) (rs 6= 0; r ≤ s)

38 (a, a[r], b[s], c, b[t]) (r 6= 0; st = 0)

39 (a, b[s], a[r], b[t], c) (st = 0; r ≤ s+ t; if r = 0 then t 6= 0)

40 (a[r], b[t], a[s], c, b[u]) (rs = tu = 0)

41 (a, a[r], a[s], a[t], b) (r 6= 0; s < t; if s = 0 then r < t)

42 (a[r], a[s], a[t], b, a[u]) (rtu = 0; r < s)

43 (a, a[r], b[s], b[t], b[u]) (r 6= 0; su = 0; s < t)

44 (a, b[s], a[r], b[t], b[u]) (stu = 0; if r = 0 then s ≤ t)

45 (a[r], b[t], b[u], b[v], a[s]) (rs = tu = 0;u < v)

46 (a[r], a[s], a[t], a[u], a[v]) (rv = 0; r < s; t < u; r ≤ t; if r = t then s < u)

Table 25: Irreducible diagonal subgroups of Ā4
1A

2
1 = D7(#17).

ID Diagonal embedding

47 (a, a[r], b, c, d, e) (if p = 2 then r 6= 0)

48 (a, b, a[r], c, d, e)

49 (a[r], b, c, d, a[s], d) (rs = 0)

50 (a, b, c, d, e, e[r]) (r 6= 0)

51 (a[r], a[s], a[t], b, c, d) (rt = 0; r ≤ s; if p = 2 then r < s)

52 (a[r], a[s], b, c, a[t], d) (rt = 0; r ≤ s; if r = s then r < t and p 6= 2)

53 (a[r], b, a[s], c, a[t], d) (rt = 0; r ≤ s)

54 (a[r], b, c, d, a[s], a[t]) (rs = 0; s < t)

55 (a, a[r], b, b[s], c, d) (r ≤ s; s 6= 0; if p = 2 then r 6= 0)

56 (a, a[r], b[s], c, b[t], d) (if p = 2 then r 6= 0)

57 (a, a[r], b, c, d, d[s]) (s 6= 0; if p = 2 then r 6= 0)

58 (a, b[s], a[r], b[t], c, d) (st = 0; r ≤ s+ t; if r = 0 then t 6= 0)
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59 (a[r], b[t], a[s], c, b[u], d) (rs = tu = 0)

60 (a, b, a[r], c, d, d[s]) (s 6= 0)

61 (a[r], b[t], c, d, a[s], b[u]) (rs = tu = 0; r ≤ t; if r = t then s ≤ u)

62 (a[r], b, c[t], d, a[s], c[u]) (rs = tu = 0; r ≤ t; if r = t then s ≤ u)

63 (a, a[r], a[s], a[t], b, c) (s ≤ t; if r = 0 then p 6= 2 and s < t; if s = 0 then r < t; if s = t then p 6= 2)

64 (a[r], a[s], a[t], b, a[u], c) (rtu = 0; r ≤ s; if r = s then r < u and p 6= 2)

65 (a[r], a[s], b, c, a[t], a[u]) (rt = 0; r ≤ s; t < u; if r = s then r < t and p 6= 2)

66 (a[r], b, a[s], c, a[t], a[u]) (rt = 0; r ≤ s; t < u)

67 (a[r], a[s], a[t], b[u], b[v], c) (rt = uv = 0; r ≤ s; if p = 2 then r < s)

68 (a[r], a[s], a[t], b, c, c[u]) (rt = 0 6= u; r ≤ s; if p = 2 then r < s)

69 (a[r], a[s], b, b[u], a[t], c) (rt = 0; r ≤ s; if r = s then r < t, u 6= 0 and p 6= 2; if u = 0 then p 6= 2)

70 (a[r], a[s], b[u], c, a[t], b[v]) (rt = uv = 0; r ≤ s; if r = s then r < t and p 6= 2)

71 (a[r], b[u], a[s], b[v], a[t], c) (rt = uv = 0; r ≤ s; if r = s then u < v)

72 (a[r], b[u], a[s], c, a[t], b[v]) (rst = uv = 0)

73 (a[r], b[u], b[v], c, a[s], a[t]) (rs = uv = 0; s < t)

74 (a[r], b, c, c[u], a[s], a[t]) (rs = 0; s < t; if p = 2 then u 6= 0)

75 (a, a[r], b, b[s], c, c[u]) (r ≤ s; su 6= 0; if p = 2 r 6= 0)

76 (a, a[r], b[s], c[u], b[t], c[v]) (uv = 0; s ≤ u; if s = u then t ≤ v; if p = 2 then r 6= 0)

77 (a, b[s], a[r], b[t], c, c[u]) (st = 0 6= u; r ≤ s+ t; if r = 0 then t 6= 0)

78 (a, b[s], a[r], c[u], b[t], c[v]) (st = uv = 0; if r = 0 then s ≤ u; if r = 0 and s = u then t ≤ v)

79 (a[r], a[s], a[t], a[u], a[v], b) (rv = 0; r ≤ s; r ≤ t ≤ u; if r = s then r < v, t < u and p 6= 2; if r = t then
s < u; if t = u then p 6= 2)

80 (a[r], a[s], a[t], b, a[u], a[v]) (rtu = 0; r ≤ s;u < v; if r = s then r < u and p 6= 2)

81 (a[r], a[s], a[t], b[u], b[v], b[w]) (rt = uv = 0; r ≤ s; v < w; if p = 2 then r < s)

82 (a[r], a[s], b[u], b[v], a[t], b[w]) (rt = uw = 0; r ≤ s;u ≤ v; r ≤ u; if r = s then r < t, u < v and p 6= 2; if
u = v then u < w and p 6= 2; if r = u then s ≤ v; if r = u and s = v then t ≤ w)

83 (a[r], b[u], a[s], b[v], a[t], b[w]) (rt = 0; r ≤ s; r ≤ u; if r = s then u < v; if r = u then s ≤ v; if r = u and
s = v then t ≤ w)

84 (a[r], a[s], a[t], a[u], a[v], a[w]) (rv = 0; r ≤ s; r ≤ t ≤ u; v < w; if r = s then r < v, t < u and p 6= 2; if
r = t then s < u; if t = u then t < v and p 6= 2)

Table 26: Irreducible diagonal subgroups of Ā2
1A

2
1 = D7(#85) (p 6= 2).

ID Diagonal embedding ID Diagonal embedding

88 (a, a[r], b, c) (r 6= 0) 92 (a[r], b, a[s], a[t]) (rs = 0; s < t)

89 (a[r], b, a[s], c) (rs = 0) 93 (a, a[r], b, b[s]) (rs 6= 0)

90 (a, b, c, c[r]) (r 6= 0) 94 (a[r], b[t], a[s], b[u]) (rs = tu = 0; r ≤ t; if r = t then s ≤ u)

91 (a[r], a[s], a[t], b) (rt = 0; r < s) 95 (a[r], a[s], a[t], a[u]) (rt = 0; r < s; t < u)

Table 27: Irreducible diagonal subgroups of Ā2
1A1A1 = D7(#105) (p ≥ 7).

ID Diagonal embedding ID Diagonal embedding

112 (a, a[r], b, c) 117 (a[r], a[s], b, a[t]) (rst = 0)

113 (a[r], b, a[s], c) (rs = 0) 118 (a[r], b, a[s], a[t]) (rst = 0)

114 (a[r], b, c, a[s]) (rs = 0) 119 (a, a[r], b[s], b[t]) (st = 0)
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115 (a, b, c[r], c[s]) (rs = 0) 120 (a[r], b[t], a[s], b[u]) (rs = tu = 0)

116 (a[r], a[s], a[t], b) (rt = 0; r ≤ s; if r = s then r < t) 121 (a[r], a[s], a[t], a[u]) (rtu = 0; r ≤ s;

if r = s then r < t)

Table 28: Irreducible diagonal subgroups of Ā2
1A

2
1B2 = D7(#100) (p = 2).

ID Diagonal embedding

123 (a, a[r], b, c, 10) (r 6= 0)

124 (a[r], b, a[s], c, 10) (rs = 0)

125 (a, b, c, c[r], 10) (r 6= 0)

126 (a[r], a[s], a[t], b, 10) (rt = 0; r < s)

127 (a[r], b, a[s], a[t], 10) (rs = 0; s < t)

128 (a, a[r], b, b[s], 10) (rs 6= 0)

129 (a[r], b[t], a[s], b[u], 10) (rs = tu = 0; r ≤ t; if r = t then s ≤ u)

130 (a[r], a[s], a[t], a[u], 10) (rt = 0; r < s; t < u)

Table 29: Irreducible diagonal subgroups of Ā2
1A

4
1 = D7(#122) (p = 2).

ID Diagonal embedding

131 (a, a[r], b, c, d, e) (r 6= 0)

132 (a[r], b, a[s], c, d, e) (rs = 0)

133 (a, b, c, c[r], d, e) (r 6= 0)

134 (a[r], a[s], a[t], b, c, d) (rt = 0; r < s)

135 (a[r], b, a[s], a[t], c, d) (rs = 0; s < t)

136 (a, b, c, c[r], c[s], d) (0 < r < s)

137 (a, a[r], b, b[s], c, d) (rs 6= 0)

138 (a[r], b[t], a[s], b[u], c, d) (rs = tu = 0; r ≤ t; if r = t then s ≤ u)

139 (a[r], b, a[s], c, c[t], d) (rs = 0; t 6= 0)

140 (a, b, c, c[r], d, d[s]) (rs 6= 0; r ≤ s)

141 (a[r], a[s], a[t], a[u], b, c) (rt = 0; r < s; t < u)

142 (a[r], b, a[s], a[t], a[u], c) (rs = 0; s < t < u)

143 (a, b, c, c[r], c[s], c[t]) (0 < r < s < t)

144 (a[r], a[s], a[t], b, b[u], c) (rt = 0 6= u; r < s)

145 (a[r], b[u], a[s], a[t], b[v], c) (rs = uv = 0; s < t)

146 (a[r], b, a[s], a[t], c, c[u]) (rs = 0 6= u; s < t)

147 (a, a[r], b, b[s], b[t], c) (r 6= 0; 0 < s < t)

148 (a[r], b, a[s], c, c[t], c[u]) (rs = 0; 0 < t < u)

149 (a[r], a[s], a[t], a[u], a[v], b) (rt = 0; r < s; t < u < v)

150 (a[r], b, a[s], a[t], a[u], a[v]) (rs = 0; s < t < u < v)

151 (a[r], a[s], a[t], b, b[v], b[w]) (rt = 0; r < s)

152 (a[r], b[u], a[s], a[t], b[v], b[w]) (rs = uv = 0; s < t; v < w)

153 (a, a[r], b, b[s], c, c[t]) (rst 6= 0; s ≤ t)

154 (a[r], b[t], a[s], b[u], c, c[v]) (rs = tu = 0 6= v; r ≤ t; if r = t then s ≤ u)

155 (a[r], a[s], a[t], a[u], a[v], a[w]) (rt = 0; r < s; t < u < v < w)
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Table 30: Irreducible diagonal subgroups of Ā2
1B

2
2 = D7(#13).

ID Diagonal embedding ID Diagonal embedding

157 (1a, 1
[r]
a , 10b, 10c) (if p = 2 then r 6= 0) 160 (1a, 1

[r]
a , 10b, 10

[s]
b
) (s 6= 0; if p = 2 then r 6= 0)

158 (1a, 1b, 10c, 10
[r]
c ) (r 6= 0) 161 (1a, 1

[r]
a , 10b, 02

[s]
b
) (r 6= 0)

159 (1a, 1b, 10c, 02
[r]
c )

Table 31: Irreducible diagonal subgroups of Ā2
1A

2
1 = D7(#162) (p ≥ 5).

ID Diagonal embedding ID Diagonal embedding

166 (a, a[r], b, c) 170 (a[r], b, a[s], a[t]) (rs = 0; s < t)

167 (a[r], b, a[s], c) (rs = 0) 171 (a, a[r], b, b[s]) (s 6= 0)

168 (a, b, c, c[r]) (r 6= 0) 172 (a[r], b[t], a[s], b[u]) (rs = tu = 0; r ≤ t; if r = t then s ≤ u)

169 (a[r], a[s], a[t], b) (rt = 0; r ≤ s) 173 (a[r], a[s], a[t], a[u]) (rt = 0; r < s; t < u)

Table 32: Irreducible diagonal subgroups of A1A1A1 = D7(#189) (p ≥ 5).

ID Diagonal embedding ID Diagonal embedding

191 (a[r], a[s], b) (rs = 0) 169 {0} (a, b, b)

192 (a[r], b, a[s]) (rs = 0) 194 (a[r], a[s], a[t]) (rst = 0; s 6= t)

193 (a, b[r], b[s]) (rs = 0; r 6= s)

Table 33: Irreducible diagonal subgroups of A2
1A

3
1 = D7(#200) (p = 2).

ID Diagonal embedding

203 (a, a[r], b, c, d) (r 6= 0)

204 (a[r], b, a[s], c, d) (rs = 0)

205 (a, b, c, c[r], d) (r 6= 0)

206 (a[r], a[s], a[t], b, c) (rt = 0; r < s)

207 (a[r], b, a[s], a[t], c) (rs = 0; s < t)

208 (a, b, c, c[r], c[s]) (0 < r < s)

209 (a, a[r], b, b[s], c) (rs 6= 0)

210 (a[r], b[t], a[s], b[u], c) (rs = tu = 0; r ≤ t; if r = t then s ≤ u)

211 (a[r], b, a[s], c, c[t]) (rs = 0 6= t)

212 (a[r], a[s], a[t], a[u], b) (rt = 0; r < s; t < u)

213 (a[r], b, a[s], a[t], a[u]) (rs = 0; s < t < u)

214 (a[r], a[s], a[t], b, b[u]) (rt = 0 6= u; r < s)

215 (a[r], b[u], a[s], a[t], b[v]) (rs = uv = 0; s < t)

216 (a, a[r], b, b[s], b[t]) (r 6= 0; 0 < s < t)

217 (a[r], a[s], a[t], a[u], a[v]) (rt = 0; r < s; t < u < v)
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Table 34: Irreducible diagonal subgroups of A3
1A1 = D7(#224) (p ≥ 5).

ID Diagonal embedding ID Diagonal embedding

227 (a, a[r], b, c) (r 6= 0) 230 (a[r], a[s], b, a[t]) (rt = 0; r < s)

228 (a[r], b, c, a[s]) (rs = 0) 231 (a, a[r], b[s], b[t]) (r 6= 0 = st)

229 (a, a[r], a[s], b) (0 < r < s) 232 (a[r], a[s], a[t], a[u]) (ru = 0; r < s < t)

Table 35: Irreducible diagonal subgroups of A2
1A1A1 = D7(#233) (p ≥ 5).

ID Diagonal embedding

237 (a, a[r], b, c) (r 6= 0) 242 (a[r], a[s], b, a[t]) (rt = 0; r < s)

238 (a[r], b, a[s], c) (rs = 0) 243 (a[r], b, a[s], a[t]) (rst = 0; s 6= t)

239 (a[r], b, c, a[s]) (rs = 0) 244 (a, a[r], b[s], b[t]) (r 6= 0 = st; s 6= t)

240 (a, b, c[r], c[s]) (rs = 0; r 6= s) 245 (a[r], b[t], a[s], b[u]) (rs = tu = 0)

228 {0} (a, b, c, c) 246 (a[r], a[s], a[t], a[u]) (rtu = 0; r < s; t 6= u)

241 (a[r], a[s], a[t], b) (rt = 0; r < s)

Table 36: Irreducible diagonal subgroups of A6
1 = D7(#283) (p = 2).

ID Diagonal embedding

288 (a, a[r], b, c, d, e) (r 6= 0) 294 (a, a[r], a[s], a[t], a[u], b) (0 < r < s < t < u)

289 (a, a[r], a[s], b, c, d) (0 < r < s) 295 (a, a[r], a[s], a[t], b, b[u]) (0 < r < s < t;u 6= 0)

290 (a, a[r], b, b[s], c, d) (rs 6= 0; r ≤ s) 296 (a, a[r], a[s], b, b[t], b[u]) (0 < r < s; 0 < t < u; r ≤ t;

291 (a, a[r], a[s], a[t], b, c) (0 < r < s < t) if r = t then s ≤ u)

292 (a, a[r], a[s], b, b[t], c) (0 < r < s; t 6= 0) 297 (a, a[r], a[s], a[t], a[u], a[v]) (0 < r < s < t < u < v)

293 (a, a[r], b, b[s], c, c[t]) (rst 6= 0; r ≤ s ≤ t)

Table 37: Irreducible diagonal subgroups of A2
1B

2
2 = D7(#279) (p = 2).

ID Diagonal embedding

298 (1a, 1
[r]
b
, 10c, 10d) (r 6= 0) 301 (1a, 1

[r]
a , 10b, 10

[s]
b
) (rs 6= 0)

299 (1a, 1b, 10c, 10
[r]
c ) (r 6= 0) 302 (1a, 1

[r]
a , 10b, 02

[s]
b
) (r 6= 0)

300 (1a, 1b, 10c, 02
[r]
c )

6. Applying the main theorem

We now describe how Theorem 1.1 allows one to classify all connected G-cr subgroups, and
illustrate with the case G = F4(K), in arbitrary characteristic. In this section we present a series
of additional lemmas which allow one to derive properties of the G-cr subgroups arising. The
subgroups themselves, and various properties thereof, are given in Table 38.

6.1. G-conjugacy vs. L-conjugacy. Once we know the L′-irreducible subgroups for each possible
Levi subgroup L of our reductive algebraic group G, it remains to consider how the various classes
of subgroups fuse in G. This is achieved in the following result.

Proposition 6.1. Let X and Y be G-cr subgroups of G, and let L and L∗ be Levi subgroups of G
which are minimal among those containing X and Y respectively. Suppose further that X and Y
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are G-conjugate. Then L and L∗ are also G-conjugate; moreover if L∗ = L then X and Y are in
fact NG(L)-conjugate.

Proof. Take g ∈ G such that Y = Xg. Then Z(L)◦ and (Z(L∗)◦)g
−1

are both maximal tori of

CG(X)◦, so there exists c ∈ CG(X)◦ such that (Z(L∗)◦)g
−1

= (Z(L)◦)c. Thus L∗ = CG(Z(L
∗)◦) =

CG(Z(L)
◦)cg = Lcg, proving the first statement. Now assume L∗ = L, and write n = cg. Then

Ln = L so n ∈ NG(L), and X
n = Xcg = Xg = Y , proving the second statement. �

In light of the above result, it is desirable to understand how the classes of subgroups of simple
Levi factors L0 fuse under graph automorphisms of L0. We consider only the case that L0 has
type An or Dn (n ≥ 1), since the exceptional graph morphism of B2 (p = 2) is not a variety
automorphism. For L0 of type An, we refer to the well-known fact that an irreducible module for
a connected reductive algebraic group is either self-dual, or equivalent to its dual under an outer
automorphism. It follows that every irreducible reductive subgroup of L0 is normalised by an outer
automorphism of L0, hence by Lemma 3.4 distinct L0-conjugacy classes of such subgroups are not
fused by an outer automorphism.

It remains to consider L0 of type Dn. Now, D7 only occurs as a Levi factor in E8, and its
normaliser then contains an element inducing a graph automorphism, and the irreducible subgroups
in Table 13 are already given up to Aut(D7)-conjugacy. This leaves L0 of type D4, D5 and D6. In
these cases, the tables present the irreducible subgroups up to L0-conjugacy, and we describe how
these subgroup classes fuse under graph automorphisms. Firstly, for types D5 and D6 the notation
‘l ∼ m’ indicates that Dn(#l) is Aut(Dn)-conjugate to Dn(#m). For type D6, the notation ‘l :
condition’ for the subgroup Dn(#l) indicates that Dn(#l) is a collection of diagonal subgroups
and the ‘condition’ is an extra constraint that is placed on the corresponding field twists to obtain
the representatives of Aut(Dn)-classes of subgroups. For type D4 we are interested in the fusion
of classes under both an involutory graph automorphism and under the full outer automorphism
group S3. We present this using brackets, for instance, 3 ∼ 4(∼ 2) indicates that the two B3 classes
with ID numbers 3 and 4 are fused by an involutory graph automorphism, and that the three B3

classes with ID numbers 2, 3 and 4 are fused under the full outer automorphism group.

D4: 3 ∼ 4 (∼ 2); 6 ∼ 7 (∼ 5); 10 ∼ 11 (∼ 9); 12: r ≤ s (s ≤ t); 14 ∼ 15 (∼ 13); 16: s ≤ t
(r ≤ s); 24 ∼ 29 (∼ 19); 25 ∼ 30 (∼ 20); 26 ∼ 31 (∼ 21); 27 ∼ 32 (∼ 22); 28 ∼ 33 (∼ 23).

D5: 5 ∼ 6

D6: 6 ∼ 7; 18 ∼ 19; 21: r ≤ s; 23: r ≤ t, if r = t then s ≤ u; 25: r ≤ s; 26: r ≤ s; 27: r ≤ s;
28 ∼ 29; 30: t ≤ u; 31: r ≤ s; 32: r ≤ t ≤ v, if r = t then s ≤ u, if t = v then u ≤ w; 33: t ≤ u; 34:
s ≤ t; 35: r ≤ s; 36: v ≤ w; 37: if t = 0 then r ≤ u, if t = 0 and r = u then s ≤ v; 38: in Table 16
remove line 6 and add the following to the further requirements column: v < w to lines 1 and 3,
u < w to line 8, r < s < u to line 11; 42: r ≤ s; 75: r ≤ s; 76 ∼ 77; 78: r ≤ s; 79: r ≤ s; 80 ∼ 82;
81 ∼ 83; 85: r ≤ s; 86: r ≤ s; 87 ∼ 88; 89: r ≤ s; 90 ∼ 91; 92: r ≤ s; 93: r < s; 94 ∼ 95; 97: r < s;
98 ∼ 99; 101: r < s; 102: r ≤ t and if r = t then s ≤ u; 103 ∼ 104; 105: r < s; 106 ∼ 107; 108:
r < s; 109 ∼ 110; 111: r < s; 112: r < s; 116 ∼ 117; 155 ∼ 163; 156 ∼ 164; 157 ∼ 165; 158 ∼ 160;
159: r < s; 162 ∼ 166.

6.2. Normaliser Structure. Let X be a G-cr subgroup of G. The following result gives us a
method for calculating the structure of NG(X). In particular, one need only inspect the parabolic
subgroups of G which are minimal subject to containing X, and the normaliser of a Levi subgroup
which is minimal subject to containing X. By Proposition 6.1 there is a unique such Levi subgroup
up to conjugacy, and there are finitely many such parabolic subgroups to consider, corresponding
to the different standard parabolic subgroups having conjugate Levi factors.
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Proposition 6.2. Let X be a G-cr subgroup of G.

(i) If L is minimal among Levi subgroups of G containing X, then

NG(X) = CG(X)◦(NG(L) ∩NG(X)).

(ii) There exists a parabolic subgroup P , with Levi decomposition P = QL, such that P is
minimal among parabolic subgroups containing X and CG(X)◦ = 〈CQ(X), CQop(X), Z(L)◦〉,
where Qop is the unipotent radical of the parabolic subgroup opposite to P .

Proof. (i) Taking Y = X in the proof of Proposition 6.1, we see that if g ∈ NG(X) then g = c−1n
for some c ∈ CG(X)◦ and some n ∈ NG(L) ∩NG(X).

(ii) Let U be a maximal unipotent subgroup of CG(X)◦. Then there is a parabolic subgroup P

of G which contains UX, such that U ≤ Q
def
= Ru(P ). Since X is G-cr, there exists a Levi subgroup

L of P containing X, and moreover we can assume that X is L-irreducible, otherwise there is a
smaller parabolic subgroup of G containing both UX and the unipotent radical of a proper parabolic
subgroup of L normalised by X. Then U ≤ CQ(X), and thus U = CQ(X) by maximality of U .
Since X is L-irreducible, Z(L)◦ is a maximal torus of CG(X)◦. Therefore UZ(L)◦, which contains
a maximal torus of CG(X)◦ and a maximal unipotent subgroup of CG(X)◦, is a Borel subgroup of
CG(X)◦. For the same reason, CQop(X)Z(L)◦ is also a Borel subgroup of CG(X)◦, and is clearly
opposite to CQ(X)Z(L)◦. Thus CG(X)◦ is generated by CQ(X)Z(L)◦ and CQop(X)Z(L)◦, which
gives the desired result. �

6.3. Action on G-modules, separability and reductive pairs. Given a reductive subgroup X
of G, it is of interest to know how X acts on various G-modules, particularly the Lie algebra L(G)
and the non-trivial G-module(s) of minimal dimension. Such information allows one, for instance,
to study the conjugacy classes of G meeting X. Additionally, recall that X is called separable in G
if dimCG(X) = dimCL(G)(X); equivalently, the scheme-theoretic centraliser of X in G is smooth.
Once the normaliser structure and action of X on L(G) are known, one can see directly whether this
equality holds. Recall also that (G,X) is a reductive pair if L(X) is an X-module direct summand
of L(G). Both of these properties are closely related to complete reducibility, cf. [4, Theorem 3.35].

The next lemma is useful in determining the action of X on L(G). Specifically, one first considers
the action of L, where L is minimal among Levi subgroups of G containing X, and then considers
the action of X on each L-module arising. We briefly recall some material from [3]. For a subset
I of simple roots of G, each root β of G can be written uniquely as βI + βI′ where βI and βI′ are
respectively a linear combination of the simple roots in I and the simple roots not in I. The shape
of β (with respect to I) is defined to be βI′ . For a fixed shape S, we denote by VS the sum of
all root subspaces of L(G) corresponding to roots of shape S. Since each root subgroup of G is
isomorphic as a T -module to its Lie algebra, this definition of VS is compatible with that given in
[3, p. 553].

Lemma 6.3. Let G be a reductive algebraic group and let L be a Levi subgroup of G.

(i) If V is a tilting module for G then it is tilting for L and for L′;
(ii) Suppose L = LI is a standard Levi subgroup, corresponding to some subset I of the simple

roots of G. Then as L-modules, we have a direct sum decomposition

L(G) ↓ L = L(L)⊕
⊕

VS ,

the right-hand sum taken over non-zero shapes S.

Proof. (i) is [10, Proposition 1.2(ii), Lemma 1.4(i)]. (ii) L is generated by some maximal torus T
of G together with those root subgroups corresponding to roots of shape zero (i.e. the roots in the
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span of I). Similarly L(L) is generated by L(T ) and the root subspaces corresponding to roots
of shape zero. Hence as vector spaces, the given direct sum holds. Since T preserves each root
subspace, and since a root subgroup of L acting on a root vector of non-zero shape S can only
produce sums of other root vectors of shape S, it follows that each VS in the given direct sum is
an L-submodule of L(G) (cf. [7, p. 64] for the action of root elements on root spaces). �

Importantly, the modules VS arising in [3] have a very limited range of possible high weights,
which can be explicitly determined using [3, Theorem 2 and Remark 1]. For G of exceptional type,
the weights occurring are given in [14, Lemma 3.1]. In most cases, these modules lie in the tensor
algebra of the natural modules for the simple classical factors of L.

6.4. Subgroups of F4. We now classify the G-completely reducible semisimple subgroups of G =
F4(K). For each such subgroup X, we also give the X-module structure of L(G), as well as the

connected centraliser C◦ def
= CG(X)◦. Using these, we also determine whether X is a separable

subgroup of G (‘Sep’), and whether (G,X) is a reductive pair (‘RP’). More precisely, in the two
rightmost columns of Table 38 below either we write ‘Yes’ or ‘No’ to indicate whether the subgroup
is separable or forms a reductive pair with G, or we write conditions on the characteristic and field
twists to indicate that the subgroup is separable (or forms a reductive pair with G) precisely when
these conditions hold.

Our process for classifying subgroups is as follows. For each Levi subgroup L, and each simple
factor L0 of L, the image in L0 of an L-irreducible subgroup X of L is L0-conjugate to one of the
subgroups in Section 5. Thus each simple factor of X either is contained in a simple factor of L,
or is a diagonal subgroup of a product of two or more such factors.

Let us illustrate with the case L134, of type A1A2. Then X projects surjectively to the first
factor, and its image in the second factor is either A2 itself or an irreducible subgroup of type A1

(given by A2(#1) in Table 2). Thus one of the following holds:

• X = L′. We denote this with the ID L134(#0);
• p 6= 2 and X = A1A1, where the second factor is the subgroup A2(#1) in Table 2. We
denote this by L134(#0;#1);

• p 6= 2, X = A1, and X is embedded diagonally in the subgroup L134(#0;#1) above. Such
an embedding is determined by a pair of Frobenius twists, and we therefore denote this by
L134(#0r,#1s), where r and s are the powers of p giving the twists. In such a situation we
implicitly take rs = 0.

Next, the stated composition factors of X = L134(#0) = L′
134 on L(G) follow from Lemma 6.3

and the calculation of the high weights of L on the modules VS . When p 6= 2, L(G) is tilting, and we
obtain the direct sum decomposition stated. When p = 2, we consider instead the tilting modules
TG(λ4) = λ4 (irreducible of dimension 26) and TG(λ1) = λ4 | λ1 | λ4. Each of these restricts to X
as a tilting module. Thus, using for instance Doty’s software [11] for computing the structure of
Weyl modules, we deduce that

T (λ1) ↓ X = (1, T (20)) + (1, T (02)) + (0, 11)2

+ (0, T (20)) + (0, T (02)) + (T (2), 0) + (1, 0)2,

λ4 ↓ X = (1, 01) + (1, 10) + (0, 01) + (0, 10) + (0, 11),

where we have T (2) = 0 | 2 | 0 for A1, and T (20) = 01 | 20 | 01 for A2. Therefore L(G), a
52-dimensional submodule of T (λ1) with λ4 as a submodule, has structure

L(G) ↓ X = (1,W (20)) + (0,W (20)) + (0, 11)

+ (1,W (02)) + (0,W (02)) + (T (2), 0) + (1, 0)2
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as in the table. For the other possibilities forX, we need only compute the restriction of the modules
for L′

134, which are tensor products of modules for X, to deduce the given module structure.

Finally, each possible subgroup X above clearly centralises the 1-dimensional torus Z(L134).
Since the centraliser of a G-cr subgroup is G-cr [4, Corollary 3.17] and thus reductive, we deduce
that CG(X)◦ is either a 1-dimensional torus (‘T1’) or a simple subgroup of type A1. Using Propo-
sition 6.2, we need to consider the action of X on the unipotent radical Q of the (unique) standard
parabolic subgroup having L134 as a Levi factor. We find that the proper subgroups of L′

134 (and
only these) centralise a vector of Q. Specifically, the module VS , where S consists of roots having
α2-coefficient equal to 2, is an irreducible high weight module (0, 20) for L′

134, and thus restricts
to the diagonal subgroup L134(#0;#1) as the symmetric square S2(2) = 4+ 0. The 1-dimensional
trivial submodule here gives rise to a 1-dimensional X-invariant subgroup, hence dimCG(X)◦ ≥ 2,
and so CG(X)◦ is simple of type A1. This gives all the information for these subgroups in Table
38.

Remark 6.4. The following semisimple reducible G-cr subgroups were omitted in [28, Table 4.1]:

L124(#1;#0), L124(#1[r];#0[s]), L134(#0;#1), L134(#0[r];#1[s]), L123(#5), L123(#6), L123(#7)
when p = 2, L123(#11), L123(#12), L234(#9), L234(#10), L234(#11), L234(#13), L234(#14),
L234(#15) when p ≥ 3, L23(#3) when p = 2, L23(#5), and L34(#1) when p ≥ 3.

Table 38: Reducible, G-cr subgroups of G = F4(K)

X ID Conditions L(G) ↓ X C◦ Sep RP

B3 L123(#0) p 6= 2 010 + 1002 + 0012 + 0 T1 Yes Yes

p = 2 ((010 + 0)|100|0) +W (100)2 + 0012 Ã1 Yes No

C3 L234(#0) p 6= 2 200 + 0012 + 03 Ā1 Yes Yes

p = 2 (0|200|(010 + 0)) +W (001)2 + 02 Ā1 Yes No

A3 L123(#2) T (101; 0) + 1002 + 0103 + 0012 + 02 Ã1 Yes p 6= 2

L234(#3) p = 2 ((020 + 0)|101)+ ((200+ 002)|010)2 + 03 Ā1 Yes No

A1B2 L123(#4) p = 2 (0|(0, 02)|((2, 10) + 02)|((2, 0) +
(0, 10))|0)+(((2, 0)+(0, 10))|0)2+(1, 01)2

Ã1 Yes No

L234(#1) p 6= 2 (2, 0) + (0, 02) + (0, 01)2 + (1, 01) +
(1, 10)2 + 03

Ā1 Yes Yes

p = 2 (0|(0, 02)|0|((0, 10) + (2, 0))|02) +
(0, 01)2 + (1, 01) + (1,W (10))2 + 02

Ā1 No No

A1A2 L124(#0) p 6= 2 (2, 0) + (0, T (11; 0)) + (0, 10) + (0, 01) +
(1, 10)+(1, 01)+(2, 10)+(2, 01)+(1, 0)2

T1 Yes p 6= 3

p = 2 (T (2), 0) + (0, 11) + (0, 10) + (0, 01) +
(1, 10) + (1, 01) + (W (2), 10) +
(W (2), 01) + (1, 0)2

T1 Yes No

L134(#0) p 6= 2 (1, 20) + (1, 02) + (0, 20) + (0, 02) +
(0, T (11; 0)) + (2, 0) + (1, 0)2

T1 Yes p 6= 3

p = 2 (1,W (20)) + (0,W (20)) + (0, 11) +
(1,W (02)) + (0,W (02)) + (T (2), 0) +
(1, 0)2

T1 Yes No

A3
1 L123(#1) p 6= 2 (1, 1, 2)+(1, 1, 0)2+(0, 1, 1)2+(1, 0, 1)2+

(2, 0, 0) + (0, 2, 0) + (0, 0, 2)3 + 0
T1 Yes Yes
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p = 2 (1, 1,W (2)) + (1, 1, 0)2 + (0, 1, 1)2 +
(1, 0, 1)2 + (02|(2, 0, 0) + (0, 2, 0) +
(0, 0, 2)|02) + (0, 0,W (2))2

Ã1 No No

L123(#10) p = 2 (((2, 2, 0) + (2, 0, 2) + (0, 2, 2) +
03)|((2, 0, 0) + (0, 2, 0) + (0, 0, 2))|0) +
(((2, 0, 0) + (0, 2, 0) + (0, 0, 2))|0)2 +
(1, 1, 1)2

Ã1 Yes No

L234(#6) p = 2 ((02 + (0, 2, 2))|((2, 0, 0) + (0, 2, 0) +
(0, 0, 2))|02) + (0, 1, 1)2 + (1, 1, 1) +
(((1, 2, 0) + (1, 0, 2))|(1, 0, 0))2 + 02

Ā1 No No

L234(#8) p 6= 2 (2, 0, 0) + (0, 2, 0) + (0, 0, 2) + (0, 1, 1) +
(1, 1, 0) + (1, 0, 1) + (1, 0, 0)2 +
(0, 1, 0)2 + (0, 0, 1)2 + (1, 1, 1)2 + 03

Ā1 Yes Yes

p = 2 (0|((2, 0, 0) + (0, 2, 0) + (0, 0, 2))|03) +
(1, 1, 1)2 + (1, 1, 0) + (0, 1, 1) + (1, 0, 1) +
(1, 0, 0)2 + (0, 1, 0)2 + (0, 0, 1)2 + 02

Ā1 No No

G2 L123(#3) p 6= 2 W (01) + 105 + 03 Ã1 Yes Yes

p = 2 01 +W (10)2 + T (10)3 Ã1 No Yes

L234(#4) p = 2 (0|20|(01 + 0)) + (0|20|0|10)2 + 02 Ā1 Yes No

B2 L23(#0) p 6= 2 02 + 104 + 014 + 06 Ā2
1 Yes Yes

p = 2 (0|10|0|02|0) +W (10)4 + 014 + 05 B2 Yes No

A2 L12(#0) T (11; 0) + 106 + 016 + 07 Ã2 Yes p 6= 3

L34(#0) T (11; 0) +W (20)3 +W (02)3 + 07 Ā2 Yes p 6= 3

L123(#8) p = 3 ((30 + 03 + 0)|11) + 115 + 03 A1 Yes No

A2
1 L13(#0) p 6= 2 (2, 0) + (0, 2)3 + (1, 0)4 + (0, 1)4 +

(1, 1)2 + (1, 2)2 + 04
Ā1T1 Yes Yes

p = 2 (T (2), 0)+ (1,W (2))2+(1, 1)2+(1, 0)4+
(0, T (2)) + (0,W (2))2 + (0, 1)4 + 02

Ā1Ã1 Yes No

L124(#1;#0) p 6= 2 (0, T (4; 0)) + (2, 0) + (0, 2)3 + (1, 2)2 +
(2, 2)2 + (0, 1)2

T1 Yes Yes

L134(#0;#1) p 6= 2 (1, T (4; 0))2 + (0, T (4; 0))3 + (2, 0) +
(0, 2) + (1, 0)2

A1 Yes Yes

L23(#1) p 6= 2 (2, 0)+(0, 2)+(1, 1)5+(1, 0)4+(0, 1)4+010 B2 Yes Yes

p = 2 (0|((2, 0)+ (0, 2))|02) + (1, 1)5 + (1, 0)4 +
(0, 1)4 + 09

B2 No No

L23(#2) p = 2 ((02 + (2, 2))|((2, 0) + (0, 2))|0) +
(((0, 2) + (2, 0))|0)4 + (1, 1)4 + 05

B2 Yes No

L123(#5) p 6= 2, r 6= 0 (1 ⊗ 1[r], 2) + (1⊗ 1[r], 0)2 + (1[r], 1)2 +
(1, 1)2 + (2, 0) + (2[r], 0) + (0, 2)3 + 0

T1 Yes Yes

p 6= 2, r = 0 (2, 2) + (2, 0)4 + (0, 2)4 + (1, 1)4 + 03 Ã1 Yes Yes

p = 2, r 6= 0 (1 ⊗ 1[r],W (2)) + (1⊗ 1[r], 0)2 +
(1[r], 1)2 + (1, 1)2 + (02|(2, 0) + (2[r], 0) +
(0, 2)|02) + (0,W (2))2

Ã1 No No

L123(#6) p 6= 2 (1[r] ⊗ 2[s], 1) + (1[r], 1)2 + (1[s], 1)2 +
(1[r] ⊗ 1[s], 0)2 + (2[r], 0) + (0, 2) +
(2[s], 0)3 + 0

T1 Yes Yes
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p = 2 (1[r]⊗W (2)[s], 1)+ (1[r], 1)2 +(1[s], 1)2 +
(1[r] ⊗ 1[s], 0)2 + (02|((2[r], 0) + (2[s], 0) +
(0, 2))|02) + (W (2)[s], 0)2

Ã1 No No

L123(#11) p = 2 (((2[r], 2) + (2⊗ 2[r], 0) + (2, 2) +
03)|((2, 0)+(2[r], 0)+(0, 2))|0)+(((2, 0)+
(2[r], 0) + (0, 2))|0)2 + (1⊗ 1[r], 1)2

Ã1 Yes No

L234(#2) p ≥ 5 (4, 2)+(4, 1)2+(2, 0)+(0, 3)2+(0, 2)+03 Ā1 Yes Yes

p = 3 (T (4), 2) + (2, 0) + ((0, 1)|((4, 1) +
(0, 3))|(0, 1))2 + 03

Ā1 Yes No

L234(#7) p ≥ 5 (2, 0) + (0, T (6; 2)) + (0, 3)2 + (1, 3) +
(1, 4)2 + 03

Ā1 Yes p 6= 5

L234(#9) p = 2,
r 6= s, s+ 1

(02 + (2[s], 2)|((2[r], 0) + (2[s], 0) +
(0, 2))|02) + (1[s], 1)2 + (1[r] ⊗ 1[s], 1) +
(((1[r] ⊗ 2[s], 0) + (1[r], 2))|(1[r], 0))2 + 02

Ā1 No No

p = 2, r = s (0+(2, 2)|((2, 0)+(2, 0))|0)+(0, T (2)[1])+
(1, 1)2+(T (2), 1)+(3, 0)2+(1,W (2))2+02

Ā1 No No

p = 2,
r = s+ 1

(02 + (2, 2)|((4, 0) + (2, 0) + (0, 2))|02) +
(1, 1)2 + (3, 1) + (((T (2)[1], 0) +
(2, 2))|(2, 0))2 + 02

Ā1 No No

L234(#10) p = 2 ((02 + (0, 2⊗ 2[r]))|((2, 0) + (0, 2) +
(0, 2[r]))|02)+(0, 1⊗ 1[r])2+(1, 1⊗ 1[r])+
(((1, 2) + (1, 2[r]))|(1, 0))2 + 02

Ā1 No No

L234(#13) p 6= 2 (2, 0) + (2[r], 0) + (0, 2) + (1⊗ 1[r], 1)2 +
(1, 1) + (1[r], 1) + (1⊗ 1[r], 0) + (1, 0)2 +
(1[r], 0)2 + (0, 1)2 + 03

Ā1 Yes Yes

p = 2 (0|((2, 0) + (2[r], 0) + (0, 2))|03) + (1⊗
1[r], 1)2 + (1, 1)+ (1[r], 1)+ (1⊗ 1[r], 0) +
(1, 0)2 + (1[r], 0)2 + (0, 1)2 + 02

Ā1 No No

A1 L1(#0) T (2; 0) + 114 + 020 C3 Yes p 6= 2

L3(#0) p 6= 2 27 + 18 + 015 Ā3 Yes Yes

p = 2 T (2) +W (2)6 + 18 + 014 B3 Yes No

L12(#1) p 6= 2 T (4; 0) + 213 + 07 Ã2 Yes Yes

L34(#1) p 6= 2 T (4; 0)7 + 2+ 07 G2 Yes Yes

L13(#0[r]; #0[s]) p 6= 2, r 6= s 2[r] + (2[s])3 + (1[r])4 + (1[s])4 + (1[r] ⊗
1[s])2 + (1[r] ⊗ 2[s])2 + 04

Ā1T1 Yes Yes

p 6= 2, r = s 26 + 18 + T (3; 1)2 + 06 Ā1A1 Yes Yes

p = 2,
r 6= s, s+ 1

T (2)[r] + T (2)[s] + (1[r] ⊗W (2)[s])2 +
(1[r])4 + (1[s])4 + (1[r] ⊗ 1[s])2 +
(W (2)[s])2 + 02

Ā1Ã1 Yes No

p = 2,
r = s+ 1

T (2) + T (2)[1] + (0|4|0|2)2 + 14 + 24 +
32 +W (2)2 + 02

Ā1Ã1 Yes No

p = 2, r = s 32 + T (2)4 +W (2)2 + 110 + 02 Ã2 Yes No

L23(#3) p ≥ 5 T (6; 2) + 44 + 34 + 06 Ā2
1 Yes p 6= 5

p = 2 ((02+6)|(2+4)|0)+((2+4)|0)4+34+05 B2 Yes No

L23(#4) p 6= 2 2 + 2[r] + (1⊗ 1[r])5 + 14 + (1[r])4 + 010 B2 Yes Yes

p = 2 (0|(2[r] + 2)|02) + (1⊗ 1[r])5 + 14 +
(1[r])4 + 09

B2 No No
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L23(#5) p = 2 ((02 + (2, 2[r]))|(2 + 2[r])|0) + ((2 +
2[r])|0)4 + (1⊗ 1[r])4 + 05

B2 Yes No

L134(#0[r]; #1[s])p 6= 2,
r 6= s, s+ 1

(1[r] ⊗ T (4; 0)[s])2 + (T (4; 0)[s])3 + 2[r] +
2[s] + (1[r])2

A1 Yes Yes

p 6= 2, r = s T (5; 3; 1)2 + 12 + 22 + T (4; 0)3 A1 Yes Yes

p = 3,
r = s+ 1

(1[1]|((1⊗ 2[1]) + 1)|1[1])2 + T (4; 0)3 +
2 + 2[1] + (1[1])2

A1 Yes Yes

p ≥ 5,
r = s+ 1

(4 ⊗ 1[1])2 + (1[1])4 + 2+ 2[1] + 43 + 03 A1 Yes Yes

L124(#1[r]; #0[s])p 6= 2, r 6= s T (4; 0)[s] + (2[s])3 + 2[r] + (1[r] ⊗ 2[s])2 +
(2[r] ⊗ 2[s])2 + (1[r])2

T1 Yes Yes

p 6= 2, r = s T (4; 0)3 + 26 + T (3; 1)2 + 12 A1 Yes Yes

L123(#7) p 6= 2,
r, s, t distinct

(1[r] ⊗ 1[s] ⊗ 2[t]) + 2[r] + 2[s] + (2[t])3 +
(1[r]⊗1[s])2+(1[s]⊗1[t])2+(1[r]⊗1[t])2+0

T1 Yes Yes

p 6= 2,
r = s < t

(2 ⊗ 2[t]) + 24 + (2[t])4 + (1 ⊗ 1[t])4 + 03 Ã1 Yes Yes

p 6= 2,
r = t < s

(T (3; 1)⊗1[s])+26+2[s]+(1⊗1[s])4+03 Ã1 Yes Yes

p 6= 2,
r < s = t

2+(2[s])6+(1⊗T (3; 1)[s])+(1⊗1[s])4+03 Ã1 Yes Yes

p = 2,
r, s, t distinct

(1[r] ⊗ 1[s] ⊗W (2)[t]) + (1[r] ⊗ 1[s])2 +
(1[s]⊗ 1[t])2+(1[r]⊗ 1[t])2+ (W (2)[t])2+
(02|(2[r] + 2[s] + 2[t])|02)

Ã1 No No

p = 2,
r < s = t

(1 ⊗ 3[s]) + (1⊗ 1[s])5 + (T (2)[s])3 +
(0|(2 + 2[s])|0) + (W (2)[s])2

Ã1 No No

p = 2,
r = t < s

(3 ⊗ 1[s]) + (1⊗ 1[s])5 + T (2)3 + (0|(2 +
2[s])|0) +W (2)2

Ã1 No No

L123(#9) p ≥ 7 T (10; 2) + 65 + 03 A1 Yes p 6= 7

L123(#12) p = 2 (((2[r] ⊗ 2[s]) + (2⊗ 2[r]) + (2⊗ 2[s]) +
03)|(2 + 2[r] + 2[s])|0) + ((2 + 2[r] +
2[s])|0)2 + (1⊗ 1[r] ⊗ 1[s])2

Ã1 Yes No

L234(#5) p ≥ 7 T (10; 2) + 6 + T (9; 3)2 + 03 Ā1 Yes p 6= 7

L234(#11) p = 2, r 6=
s, t, s+ 1, t+ 1

((02 +(2[s] ⊗ 2[t]))|(2[r] +2[s] +2[t])|02) +
(1[s] ⊗ 1[t])2 + (1[r] ⊗ 1[s] ⊗ 1[t]) +
(((1[r] ⊗ 2[s]) + (1[r] ⊗ 2[t]))|1[r])2 + 02

Ā1 No No

p = 2, r = s,
t ≥ 2

((0 + (2⊗ 2[t]))|(2 + 2[t])|0)+T (2)+ (1⊗
1[t])2+(T (2)⊗1[t])+32+((1⊗2[t])|1)2+02

Ā1 No No

p = 2, r = s,
t = 1

((0 + 6)|(2 + 4)|0) + T (2) + 34 + T (4) +
W (5)2 + 02

Ā1 No No

p = 2,
r = s+1, t ≥ 2

((02 + (2⊗ 2[t]))|(2 + 4 + 2[t])|02) + (1⊗
1[t])2 + (3⊗ 1[t]) + (0|4|(0 + (2⊗
2[t]))|2)2 + 02

Ā1 No No

p = 2, r = t+1 ((02 + (2⊗ 4[t]))|(2 + 2[t] + 4[t])|02) +
(1⊗ 1[t])2 + (1⊗ 1[t] ⊗ 2[t]) + (0|4[t]|((2⊗
2[t]) + 0)|2[t])2 + 02

Ā1 No No

p = 2,
r = t = 1

((0 + (2⊗ 4))|(2 + 4)|0) + T (2)[1] + 32 +
(T (2)[1] ⊗ 1) + (2⊗ 4)2 + ((0|4|0|2)2 + 02

Ā1 No No

45



p = 2,
r = t > 1

((0 + (2⊗ 2[r]))|(2 + 2[r])|0) + T (2)[r] +
(1 ⊗ 1[r])2 + (1 ⊗ T (2)[r]) + (1[r] ⊗
2[r])2 + ((2 ⊗ 1[r])|1[r])2 + 02

Ā1 No No

L234(#12) p ≥ 5, r 6= s 2[r] + T (6; 2)[s] + (3[r])2 + (1[r] ⊗ 3[s]) +
(1[r] ⊗ 4[s])2 + 03

Ā1 Yes p 6= 5
or
r < s

p ≥ 5, r = s 22 + T (6; 2) + 4 + 32 + T (5; 3)2 + 03 Ā1 Yes Yes

L234(#14) p 6= 2 2 + 2[r] + 2[s] + (1⊗ 1[r] ⊗ 1[s])2 + (1⊗
1[r]) + (1⊗ 1[s]) + (1[r] ⊗ 1[s]) + 12 +
(1[r])2 + (1[s])2 + 03

Ā1 Yes Yes

p = 2 (0|(2 + 2[r] + 2[s])|03) + (1⊗ 1[r] ⊗
1[s])2 + (1⊗ 1[r]) + (1⊗ 1[s]) + (1[r] ⊗
1[s]) + 12 + (1[r])2 + (1[s])2 + 02

Ā1 No No

L234(#15) p ≥ 5 (4[r] ⊗ 2[s]) + (4[r] ⊗ 1[s])2 + 2[r] +
(3[s])2 + 2[s] + 03

Ā1 Yes Yes

p = 3,
s 6= r + 1

(T (4)[r] ⊗ 2[s]) + 2[r] + (1[s]|((4[r] ⊗
1[s]) + 3[s])|1[s])2 + 03

Ā1 Yes r < s

p = 3,
s = r + 1

T (10) + 2 + (3|(9 + 7 + 1)|3)2 + 03 Ā1 Yes Yes
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