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ABSTRACT OF DISSERTATION

ON THE DIMENSION OF A CERTAIN MEASURE ARISING FROM A
QUASILINEAR ELLIPTIC PARTIAL DIFFERENTIAL EQUATION

We study the Hausdorff dimension of a certain Borel measure associated to a pos-
itive weak solution of a quasilinear elliptic partial differential equation in a simply
connected domain. We also assume that the solution vanishes on the boundary of
the domain. Then it is shown that the Hausdorff dimension of this measure is less
than one, equal to one, greater than one depending on the homogeneity of the certain
function. This work generalizes the work of Makarov when the partial differential
equation is the usual Laplaces equation and the work of Lewis and his coauthors
when it is the p-Laplace’s equation.
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Chapter 1 Introduction

In this dissertation we study the Hausdorff dimension of a finite positive Borel mea-
sure associated to a positive weak solution of a certain quasi linear elliptic partial
differential equations with certain boundary conditions. To explain the problem we
shall give some definitions.

1.1 Definitions

Let € denote a bounded region in the complex plane C. Given p, 1 < p < oo,
let z = z; + izo denote points in C and let WP(€)') denote equivalence classes of
functions h : C — R with distributional gradient Vh = h,, +ih,, and Sobolev norm

||h||W1,p(Q/) = /(|h|p =+ |Vh|p)dy < 0 (]_]_)
Q/

where dv denotes two dimensional Lebesgue measure. The space W27 (€) is defined
in the obvious manner; h € W.SP(Q') if and only if h € WP(U) for every open
U € (Y, i.e compactly conatined in €V,

Let C§°(£Y) denote infinitely differentiable functions with compact support in '
and let W, (€) denote the closure of C5°(€) in the norm of W'?(Q'). Let (-,
denote the standard inner product on C.

Fix p, 1 <p<ooandlet f:C\ {0} — (0,00) be homogeneous of degree p on

C\ {0}. That is,

f(n) = Inl”f(%) >0 when 7 € C\ {0}. (1.2)

We also assume that V f is d—monotone on C for some 0 < § < 1. By definition,
this means that f € WH(B(0, R)) for each R > 0 and for almost every 7,7 € C
(with respect to two dimensional Lebesgue measure)

(V) =Vf@0)n—n") =8|V fn) =V f)lln -l (1.3)
Next we give an example.

Example 1.1.1.

m _
Flm,me) = nP(1+ Em) = |n|P + em|nP~*

is homogeneous of degree p on C\ {0} and é—monotone on C for some ¢ > 0 provided
e is small enough. Homogeneity of f and f € WH(B(0, R)) for R > 0 are easily



checked. Also if n € C\ {0} and £ € C,

2

pmin(p — L D22 < > (InP)yn&ée < pmax(p — L1 P 2E. (1.4)
k;:

Now second derivatives of f are clearly continuous when |n| = 1 and homogeneous of
degree p — 2. Using this observation and (1.4) we deduce for £ > 0 small that there
exists M = M(p), 1 < M < oo, with

LinP21¢P < wa V&€ < MnlP=2|¢)%. (1.5)

j,k=1

(1.5) implies (1.3). In fact (1.3) for a degree p homogeneous f locally in Wh! and
(1.5) are equivalent as we show in Chapter 2.

Next, given b € W(Q) let A = {h + ¢ : ¢ € WP ()} It is well known from
[17, Chapter 5] that there is u' € 2 satisfying

we

inf /f(Vw)dz/ = /f(Vu')dl/ for some v’ € 2. (1.6)

Also v is a weak solution at z € )’ to the Euler-Lagrange equation,

0=V (VAT = Y o (i)

i 03 A (1.7)
- Z fmem VU zkz]( )
k,j=1
That is, v’ € WP(Q') and
/(Vf(Vu’(z)), Vé(2))dv = 0 whenever ¢ € W,P(Q). (1.8)

QI

Next, suppose 2 C C is a bounded simply connected domain, NNV is a neighborhood
of 09, and u > 0 is a weak solution to the Euler Lagrange equation in (1.7) with
Q' =QNN, v =u. Also assume that u =0 on I in the W' (Q2 N N) sense. More
specifically, let u = 0 on N\ Q. Then u¢ € W,*(€) whenever ¢ € C3°(Q). Under
this scenario it follows from [17, Chapter 21] that there exists a unique finite positive
Borel measure p with support on 02 satistying

[ (v svute. vy = - [ oy (1.9)
oN

C



whenever ¢ € C§°(N) and ¢ > 0.
In case u has a continuous extension to 2 N IV, to prove the existence of p, it is
enough to show the map,

6> — /(Vf(Vu(z)), Ve)dy > 0. (1.10)

for every nonnegative admissible function ¢. Then it follows from the Riesz represen-
tation theorem and basic Caccioppoli inequalities that the integral can be represented
by a measure.

A proof of (1.10) is based on choosing the right admissible function. To this end,
let ¢ € C3°(B(z,1)), ¢ = 1 on B(z,r/2) with the support of ¢ C B(z,r) for some
z € 0L2. Define

Y = ((e + max(u — £,0))° — &%) for small &, > 0.

Then the support of b C 92 and 9 is an admissible function so we obtain

0= / (V(Vu(2)), Vi)

C

/ (V F(Vul2)), V(e + max(u — £,0))° — £9)))dv

((e + max(u — £,0))° — ) (VF(Vu(z)), Vo)dv

g

+ / 6é(e + max(u — €)) "NV f(Vu(z)), Vu)dv
{z: u(z)2e}

=I1+1I
By homogeneity of f we have

Il = / 0p(e + max(u — €))° UV f(Vu(z)), Vu)dy
(= u(z)>e}

=p / 5¢(e + max((u —€),0))° 1 f(Vu)dv

Hence I < 0. Moreover, we show in the Chapter 3 that |V f(Vu)| < ¢|Vu[P~!. Using
this, we have

(e +max(u —£,0))° = ")}V (Vu(2)), Vi) < | Vil Vul"".



As |[Vu| € LP7H(Q N N) we can first send § — 0 then € — 0 and after that use the
dominated convergence theorem to interchange the order of limits and integration.
We get

b — / (V£ (Vu(z)), Vé)dv > 0.
C

Remark 1.1.2. We remark from (1.9) that if 922 and Vu are smooth enough then
f(Vu

_ (V)
[V

We next introduce the notions of Hausdorff measure and Hausdorff dimension of
p associated with a positive weak solution u to (1.7) in 2N NV.
Let A > 0 be defined on (0, 7() with lir% A(r) = 0 for some fixed r9. We define the
T

H?* measure of a set £ C C as follows;
For fixed 0 < 6 < rg, let {B(z;,7;)} be a cover of E with 0 <r; <4,1=1,2,...,

and set
¢3(E) =inf Y A(ry).

where the infimum is taken over all possible covers of E.
Then the Hausdorff measure of E, denoted by H*(E), is

HA(E) = lim 63(F).

d,u dH1|3Q.

When A\(r) = r® we write H* for H*. Next we define the Hausdorff dimension of the
measure 4 obtained in (1.9) as

H-dim p = inf{or: JBorel set £ C 0Q with H*(E) =0 and p(E\ 0Q) = 0}.

1.2 History on the study of Hausdorff dimension measures

When f(n) = |n|? then it turns out that the pde in (1.7) becomes the usual Laplace
equation. In this case, if u is the Greens function for Laplaces equation with pole at
some zg € €2, then the measure associated to this function u as in (1.9) is harmonic
measure relative to zg and will be denoted by w.

The Hausdorff dimension of w has been extensively studied in the last 30 years in
planar domains. In particular, Carleson showed in [7] that

Theorem 1.2.1. H-dim w = 1 when 02 is a snowflake and H-dim w < 1 when §2 is
any self similar cantor set.

In [26], Makarov proved that

Theorem 1.2.2. Let Q be simply connected and = w in (1.9) be harmonic measure
with respect to a point in €2, and let

1 1
Ar)y=r exp{A\/Iog;logloglog;}’ 0<pr< 106

then



a) There ezists an absolute constant A > 0 such that harmonic measure w is
absolutely continuous with respect to the H measure.

b) w is concentrated on a set of o—finite H' measure.
In [18], Jones and Wolff proved that
Theorem 1.2.3. H-dim w < 1 for an arbitrary domain €2 in the plane when w exists.

Later Wolff in [29] proved that

Theorem 1.2.4. Harmonic measure w is concentrated on a set of o— finite H' mea-
sure.

Batakis in [4], Kaufmann and Wu in [19], and Volberg in [28] independently
showed that

Theorem 1.2.5. For certain fractal domains and domains whose complements are
Cantor sets,

Hausdorff dimension of 092 = inf{av: H*(0Q2) = 0} > H-dim w

In [5], Bennewitz and Lewis obtained the following result for u defined as in (1.9)
for fixed p, 1 < p < oo, relative to f(Vu) = |VulP. In this case the corresponding
pde in (1.7) becomes

V- (|VulP~2Vu) = 0, (1.11)

which is called the p—Laplace equation. Moreover a positive weak solution of (1.11)
is called a p—harmonic function.

Theorem 1.2.6. Let Q C C be a domain bounded by a quasi circle and let N be
a neighborhood of 02. Fix p # 2, 1 < p < 00, and suppose u is p-harmonic in
QNN with boundary value 0 in the WIP(Q N N) Sobolev sense. If u is the measure
corresponding to w as in (1.9) relative to f(Vu) = |Vul?, then H-dim p < 1 for
2 < p < oo while H-dim p > 1 for 1 < p < 2. Moreover, if 02 is the von Koch
snowflake then strict inequality holds for H-dvm p.

In [25], Lewis, Nystrom, and Poggi-Corradini proved that

Theorem 1.2.7. Let €2 C C be a bounded simply connected domain and N a neigh-
borhood of 0. Fixp # 2,1 < p < 0o, and let u be p harmonic in QNN with boundary
value 0 on QY in the WIP(QN N) Sobolev sense. Let p be the measure corresponding
tow as in (1.9), relative to f(Vu) = |VulP and put

A(r) =71 exp

1 1
A\/Iog— log log —] for 0 <r <1079,
r r

a) If p > 2, there exists A = A(p) < —1 such that p is concentrated on a set of
o—finite H measure.



b) If 1 < p < 2, there exists A = A(p) > 1, such that p is absolutely continuous
with respect to H* measure.

In the recent paper [24], Lewis proved that

Theorem 1.2.8. Let 2 C C be a bounded simply connected domain and N be a
neighborhood of 0). Fiz p # 2, 1 < p < 0o, and let u be p—harmonic in QN N with
boundary value 0 on 02 in the WHP(Q2 N N) Sobolev sense. Let p be the measure
corresponding to u as in (1.9), relative to f(Vu) = |VulP and put

A(r) =1 exp

1 1
A\/log— log log log —] for 0 <r < 107°.
r r

a) If p > 2, then u is concentrated on a set of o—finite H' measure.

b) If 1 < p < 2, there exists A = A(p) > 1, such that p is absolutely continuous
with respect to H* measure. Moreover A(p) is bounded on (3/2,2).

This theorem is the complete extension of Makarov’s theorem to the p-harmonic
setting.

In [17], it was shown that the measure associated to a positive weak solution u
with 0 boundary values as in (1.9) exists for a large class of quasilinear elliptic PDE.
In [5][Closing remarks 10], the authors pointed out this fact and asked for what PDE
can one obtain dimension estimates on the associated measure.

In this dissertation we try to give an answer to this problem. More specifically,
we show that

Main Theorem 1.2.9. Let Q0 C C be a bounded simply connected domain and N
be a neighborhood of ). Fix p, 1 < p < oo, let f be homogeneous of degree p and
let Vf be § monotone for some 0 < § < 1. Let u > 0 be a weak solution to (1.7) in
QNN with boundary value 0 on 9Q in the WHP(Q2 N N) Sobolev sense. Let p be the
measure corresponding to u as in (1.9) and put

A(r) =71 exp

1 1
A\/log— log log —] for 0 <r <1079,
r r

a) If p > 2, there exists A = A(p) < —1 such that p is concentrated on a set of
o—finite H measure.

b) If 1 < p < 2, there exists A = A(p) > 1, such that p is absolutely continuous
with respect to H measure.

Note that the Main Theorem 1.2.9 and the definition of H-dim p imply the fol-
lowing corollary.

Corollary 1.2.10. Given p, 1 < p < oo, let u, v be as in the Main Theorem 1.2.9,
and suppose 2 C C s a simply connected domain. Then H-dim p < 1 for2 < p < oo,
while H-dim p > 1 for 1 <p < 2.



The pde (1.7) we consider is more complicated and has less regularity than the
p-Laplacian. Thus one has to overcome numerous procedural difficulties not encoun-
tered in p-harmonic setting.

This thesis is organized as follows. In chapter 2 we first introduce some notation
which we use throughout this thesis and state some well known theorems: Sobolev’s
theorem and standard theorems on quasiregularity, (regularity properties of a quasi-
regular function, Stoilow factorization theorem). Second we derive some regularity
properties of f satisfying (1.2) and (1.3) suitable for use in elliptic regularity theory.

In chapter 3 we study a variational problem and indicate some properties of weak
solutions to the corresponding Euler Lagrange equation: maximum principle, Harnack
inequality, interior Holder continuity of a solution, and Hélder continuity near the
boundary of €. After that we study the behavior of u near 92 and the relationship
between u and g as in (1.9). Using this relationship we obtain that H-dim g is
independent of the corresponding u. Moreover, we use elliptic and quasiregularity
theory to derive more advanced regularity properties of u: quasiregulariy of u,, Holder
continuity of Vu, and Vu locally in W12, so u is almost everywhere a pointwise
solution to (1.7). We also show for a certain u that Vu # 0 near 052.

In chapter 4 we outline a proof in [25] which shows in our situation that for a
certain u as in Theorem (1.2.9) Vu satisfies a certain inequality. Using this inequality
and results from chapters 2, 3, 4 we obtain first that © and Vu are weak solutions to
a certain pde and then that log f(Vu) is a weak sub, super or solution to this pde,
depending on whether p > 2, < 2, or = 2.

In chapter 5 we give a proof for Theorem 1.2.9.

Copyright© Murat Akman, 2014.



Chapter 2 K Quasiregularity and é Monotonicity

2.1 Notation and Terminology

Throughout this thesis various positive constants are denoted by ¢ and they may differ
even on the same line. The dependence on parameters is expressed, for example, by
¢ = c(p, f). We use ~ symbols for example g ~ h to mean that there is constant c¢
such that

%h <g<ch.

Yp
Let B(z,r) denote the disk in R? or C with center z and radius r and let v be two
dimensional Lebesgue measure. We specifically denote the unit disk, B(0,1), by D.
Q) will always denote an open set and often € is a simply connected domain. That is
Q2 is an open connected domain whose complement is connected.
We are now ready to define quasiregular mappings.

Iftn= {771] is a 2 x 1 column matrix, let nT = [771 772} denote the transpose of 7.

Definition 2.1.1. A mapping h : Q — C is called K-quasiregular in Q) if h €
WE?(Q) and

ocC

oh

0z

ohl

—| < v a.e. in Q (2.1)
0z

where we use complex derivatives

d 1 /0 .0 d 1 /0 .0
—=—-|l——i— | and —=—-|—+1i— ],
0z 2 \ozx oy 0z 2 \ozx oY

and
K -1
K+ 1
Next regarding h = hy + ihy as a mapping from Q — R? we let Dh(z) be the

matrix whose jk entry is defined by Dh(z) = <%), 1 < j,k < 2, and Jacobian

determinant Jy,(z) = det Dh(z) at the points z = z; + ize in © where all partials of
hy, hy exist. Then a second equivalent definition of K —quasiregularity is to require
that h € W,"2(Q) is sense preserving and for a.e z = 2, +izy € Q

IDR() | = max | DA(:)6 < K Ju(2) (2.2)
where € is regarded as a column matrix.

A third equivalent definition of K —quasiregularity is to require that h € VVI})CQ(Q),
is sense preserving and

|DR(2)|| < K lréllri |Dh(z)¢| v a.e in €. (2.3)



To see why the definitions are equivalent suppose h(z) = Az + Bz with |A| > |B|.
Then it is easily checked that

oh oh
— =A, — =B, and min|Dh(0)¢| = |A| — |B].
0z 0z l€)=1
Also
Jn(0) = |A* = |B? and | DR(0)| = |A| + |B.
Thus AL+ 1B
+
IDRO)|I* = (JA] + |BI)* = {75 /1(0) = K Ju(0)
Al = |B|
nd oh oh
D = K min|D hile | —=| =k |—]|.
IDHO) = K min [ Dh(0)¢] while |51 — & |

h is said to be quasiregular if h is K—quasiregular for some K. We now give the
definition of a quasiconformal mapping.

Definition 2.1.2. A mapping ¢ : Q — R? is called a quasiconformal mapping if ¢
is a quasiregular homeomorphism onto ¢(£2).

In the next theorem, we see that in the plane quasiregular mappings are not more
general than analytic functions.

Theorem 2.1.3 (Stoilov’s Decomposition Theorem). Suppose that h : Q — R? is a
K —quasireqular mapping. Then h = g o ¢ where ¢ is a K—quasiconformal mapping
and g is an analytic function in ¢(£2).

A proof of this theorem is in [22, Chapter VI|. An immediate consequence of the
Stoilov’s decomposition theorem and well-known fact that the zeros of an analytic
function are isolated is the following corollary.

Corollary 2.1.4. The zeros of a nonconstant quasireqular mapping are isolated.
Next we recall the definition of d—monotonicity of a function.

Definition 2.1.5 (6-Monotone). A mapping h : Q — C is called 5—monotone if
(h(i) = h(n), 7 — 0) = 6|h(7]) — h(D)||7 — 7| (2.4)
holds for all 77,9 €  and for some 6 € (0,1].

d—Monotonicity has been studied by Kovalev in [20] in Hilbert space. See also
the book [3, Chapter 3.11] for more details about d—monotonicity.

Geometrically d —monotonicity of a function A means that the angle between n—7
and Vh(7) — V(7)) is at most cos™'(§) < m/2. Following [20] we see that every non-
constant d-monotone function in the domain (2 is indeed K —quasiconformal where

K_1+\/1—<52
11— V1=—62



We first give a sketch of Kovalev’s proof for 0 —monotonicity implies K-quasiconformality
in Q To this end, let & be d-monotone in Q and let 7,7, ¢ be distinct points in Q with

(C—=m,n—mn) > 0ol¢—7ql|¢ —a] and (¢ —7,7—0) > o[¢—7|[¢ -7l

Using d—monotonicity of h one can show that

1(C) = h(@)| + [R(C) = h(A)] < %Ih(ﬁ) — h(n)|

where 0 = 1 — 6%/8. Thus if (7)) = k(7)) then h({) = h(7) for all ¢ in the above
sectorial type region. Continuing this argument throughout € one gets that h = h(7).
We conclude that h is either a homeomorphism of Q or identically constant. Using
the above inequality Kovalev also shows that a non-constant d—monotone mapping
h satisfies for some 1 < H = H(d) < o0

h(C) — k()| < HIR(C) = h(D)] 7,7, ¢ € B(w, ), [¢ =7 < [¢—1l, (2.5)

whenever B(w,2r) C €.
Then using injectivity, (2.5) and [15, Theorem 11.14] Kovalev obtains that A is
K —quasiconformal.

2.2 Basic Regularity Results for f

Let f be as in (1.2), (1.3). Then Vf has a representative in L'(C) (also denoted
by Vf) that is §—monotone on C. From homogeneity of f and Kovalev’s theorem
in [20] we see that Vf is in fact a K —quasiconformal mapping. In this section we
give an alternate proof for K —quasiregularity of V f and in the process we obtain
some elliptic type inequalities which will be useful in our study of regularity for weak
solutions to (1.7).

Let 6(z) be the standard mollifier, i.e;

_ [ cexp(pp) if |2 <1
9(2)_{0 if |z > 1

and the constant c is selected so that

/ 0(2)dv =

0.(z) == 8%9(?)

Moreover, we define
Then 6.(z) € C~(C),

/He(z)du = 1 and support of 6. C B(0,¢).
C
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We first define f. = f % 6. by

) = [0 = wipwide = [ 6.0)(: - w)du (2.6)

C B(0,¢)

for z € C. Next we show that V f. is also d—monotone.
Since V f is 0-monotone we see that

(VE(7) — V£.(3), 7 — / V (f(i - 2) — £ — 2)) 0u(z)dv, 7] — )
= [(VU=2) = £ 2= 2) - (- 2)6.(:)aw
>4 / V(7 — =) — £ — 2)] [ — 16(2)dv

> 4] / V(i — =) — £ — 2)0.(z)dv]}if — |
= SV LG) — VA7 — il

(2.7)
Using smoothness of f. and d—monotonicity of V f. we have
Vi(z+tn) —Vf(z Vi(z+1tn) —Vf(z
FEEA W V) ) 5 g VL) - V) (28)

where n € R? with |n| = 1 and ¢ € (0,00). If we let ¢ — 0 we obtain in the matrix
notation that

' D*fe(2)n > 6 |D fo(=) ) (2.9)

where D?f.(2) is 2 x 2 matrix whose jk entry is aa gs (z) and 7 is column matrix.

Let nT = 11, my with n; = cos(f) and 7, = sm(@), and let O be an orthonormal
matrix such that OT D?f.(2) O is a diagonal matrix, with diagonals A\;, As. As O is
orthonormal we see that

(0" D*f.(2) On,m) > 8|D* f(2) . (2.10)
Then we see that (2.10) is indeed equivalent to
At + Aam >0 ()‘1771 + )\%773)5 : (2.11)

Suppose first that we have Ay = 0. Then (2.11) becomes Ay15 > §|Ao||n2]. But
for 0 near zero we have 6 > ¢ which is contradiction unless Ay = 0 in which case
D?f.(z) = 0. Otherwise suppose 0 < A\; < \y. Dividing both sides of (2.10) by A; we
may assume that \; = 1, Ay = A > 1, and D?f.(z) is a diagonal matrix with entries
1 and X on the diagonal. Then

D fu(z)n =\ ) = m+idm = 3(1+ Ve + 51— A)e ™
A2

11



in complex notation. Moreover

nt D*f.(z)n = Re %(1 +A) + %(1 — N)e 20,

. 2.12
[D*fe(2)nl = 15(1+A) + 5(1 = A)e™™”. 212
If A > 1 we put
A+1 ,
A= — A — —2i6
1 ¢ e
and use (2.12) to rewrite (2.10) after division by A — 1 as
Re ¢ > §](]. (2.13)

Letting 6 vary from 0 to m we see that ( describes a circle, say C of radius 1 with
center at A. From high school geometry it is easily seen that Re(/|(|, ( € C has a
minimum at a point 5 on C' with the property that the line from the origin to 5 is
tangent to C.

Using this fact it follows that equality holds in (2.13) when ¢ = (6+iv/1 — 62)(A%—
1)Y/2. Since ( — A = —/1 — 02 + 10 we conclude that

5 1
— VAT Tor A=
Ny Y

Solving for A it follows that

< 1+v1—-02 i

T1-V1I-6

We conclude for K as in (2.14) that V f. is K —quasiregular mapping in C.
From K —quasiregularity of Vf. and f € W' B(0, R) we see that V f. € W,>(B(0, R))

for each R > 0 with norm bounds that are independent of . Using these facts,

f- — fin W B(0, R), and taking a weak limit of second derivatives of f. we see

that Vf € Wh2B(0, R) for each R > 0. From properties of mollifiers it follows first

that ) )
0 0
fE — 05 * f
020z}, 020z},

A\ (2.14)

for 1 <7, k<2

and thereupon from the Lebesgue differentiation theorem that second derivatives of
f converge pointwise to second derivatives of f. Using this fact and (2.9) we get for
a.e z € C,

fam = (D*f(2)n,m) = 0|D* f (2)n]. (2.15)

We can now use Vf € W'2B(0, R) for each R > 0 and repeat the argument after
(2.9) in order to conclude that Vf is K—quasiregular where K is as (2.14). So the
eigenvalues of the Hessian matrix of V f either both exist and are zero or have ratios
bounded above by K and below by 1/K.

As f is homogeneous of degree p, i.e f(n) = [n|"f(n/|n]), if we introduce polar
coordinates; r = |n|, tan(f) = 12/, then

f(r,0) = 1P f(cos(h),sin(h)).

12



Hence first and second derivatives of f along rays through the origin are

fr = pr?~ f(cos(6),sin(6)) and f,.. = p(p — 1)rP~2f(cos(8),sin(8)). (2.16)

From K —quasiregularity of Vf we see that f is continuous in C. Since f > 0 it
follows that f(cos(0),sin(f)) is bounded above and below by constants 1 < M and
1/M respectively. We conclude from this fact and (2.16) that

(= D’ < fr < Mp(p — 1)r7 2, (2.17)
From K —quasiregularity of V f we find for a.e n € C and all £ with |{] = 1 that
2P0 = D> < fee(n) = "D’ fE < MK p(p—D)npfP~>. (2.18)
Using homogeneity of f and (2.18) we also have for some M’ > 1 that

apnl” < min{ f(n), nl[Vf(n)[} < max{f(n), [nl|Vf(n)]} < M'nl". (2.19)

We next prove various inequalities that we need later. We first see that

1

(V) = r)n =y = [ (5 (VH01 + bl = 1)) o = )y

O\H O\H o

(D*f(n +ttn—n"))(n—n'),(n—n'))dt  (2.20)

((n=n)"D*f(n' +tn—n'))(n—n'))dt

Then using (2.18) we get for a.e n,7’ € R?,

1

weln—n' / I 4 t(n —n)|P2dt < /<D2f(77’ +t—n))n—n),(n—n))dt

1
gMKM—#F/MW¢W—#W2&
0
(2.21)

It follows from [6] that

1
Tnl+ 2 < /\77’ +t(n — )Pt < (|| + |72 (2.22)
0

13



We then conclude from (2.20)-(2.22) that

Ll + 102 =0 <(Vf(n) =V 0 )n—n') < cllnl+ 10" )P~2n— '
(2.23)

For later use we note that (2.23) easily implies

Yl + 11 +e)P2n—=n'? <(Vfeln) =V (0 ),n=0') < c(nl + 0| +e)P2n — |
(2.24)

Indeed if |n| 4 |7/| > 2¢ then (2.24) follows easily from (2.23) and the definition of f..
Otherwise, using (2.23) we deduce

<Vﬁwr—Vﬁm%n—#%i/Wﬁm—%%—Vﬁ@“ﬁ%n—z—#+dﬂwﬁz

C
> = [ (=2l + Wt = =17 0(2)a
C
> 4P n —n)?
)
> L (Il + 10| +e)f " In—n?

(2.25)

for some ¢ > 1. Here we used the fact that for some ¢ > 1,

: , .
ITllIl{|T] Z|,|’I7 Z|}Z kd and 96(2) > (0/6)2
on a disk of radius £/4.

Note that we have used (2.18) to show that (2.23) holds for a.e n,7 € R? and
(2.23) clearly implies §—monotonicity of V f when f € W1(B(0, R)) for each R > 0.
Also we have shown that d —monotonicity of a homogeneous degree p function implies
(2.18). Thus d—monotonicity and (2.18) are equivalent under the scenario mentioned
in the introduction.

Copyright© Murat Akman, 2014.
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Chapter 3 Advanced Regularity Results

3.1 Variational Problem

In this chapter we study the variational problem (1.6) and indicate some properties
of weak solutions to the corresponding Euler-Lagrange equation. To this end, let f
be homogenous of degree p on C \ {0} and suppose that Vf is d—monotone on C
for some 0 < 0 < 1. We also put i(O) — 0. Then (2.18) and (2.19) hold for f.

Using these inequalities we see that f satisfies the hypothesis in [17, Chapter 5] or
[8, Theorem 3.13] which guarantee that the problem of finding a minimizer;

weA

inf /f(Vw)du (3.1)
a

has a solution when h € W1P(Q) and
A={h+¢:¢cWy”(Q)}
That is, there is u € A satisfying

inf [ f(Vw)dv = [ f(Vi)dv for some @ € 2. (3.2)
e

weA

Also @ is a weak solution to the following Euler-Lagrange equation in €2,

0=V (Vi(v) = (iwa))

0zk \ 9Nk
k=1
2 (3.3)
= Z fnmj (VIID azkzj'
k,j=1
More specifically,
/ (Vf(Va), Vé)dv = 0 whenever ¢ € WP (Q). (3.4)

Q

Lemma 3.1.1 (Weak Maximum Principle). Let @, % be weak solutions to (5.3) in Q
with @ = 1w on 0X) in the Sobolev sense. Then . = U a.e in €.

Proof. Since @, are solutions and @ — @ € Wol’p(fl), and (2.23) holds we see that

0— /<Vf(va> _VA(Va), Vil — Viydy

joll

> 4 [ (9l + V3P Vi - Vaay 9

Q
> 0.
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Then Vi — Vi =0 a.e in Q. As @& = @ on 98 in the W,”(Q) Sobolev sense we have
U =1u a.ein €. O

Remark 3.1.2 (Variational Problem has a unique solution). Using Lemma 3.1.1 we
remark that the variational problem (3.1) has a unique solution. That is,

ingl /f(Vw)du = /f(V&)dl/ for some unique @ € 2.
we
Q Q

Some Well-Known Theorems

In this subsection we first give some well known theorems that will be useful in our
proof of the Main Theorem 1.2.9. To do so we shall need some notation.
If ¢ is integrable on B(z,7) let

1
¢B=][ b= — / bdv.
B(z,r) V(B(Za T’))
B(z,r)
The Oscillation of a function h on a set D is defined as

osc h = esssup |h(Z) — h(Z)| = esssup h — essinf h.
D 7,2€D D D

Theorem 3.1.3 (Sobolev’s Inequality). Fiz p, 1 < p < co. Then there is a constant
7> 1 and ¢ = ¢(p) > 0 such that

(][ |¢—¢B|Tpdu)”’sf(f |v¢|pdu)p (3.6)
B(z,r) B(z,r)

whenever ¢ — ¢ € WIP(B(z,1)) and where

= ifl<p<2
T = p
2 if2<p<oo.

A proof of Sobolev’s Inequality can be found in [10, Chapter 5.6].

Theorem 3.1.4 (Morrey’s Inequality). Let ¢ € WYP(R?) and p > 2. Then there is
a constant ¢ = c(n) such that for a.e z,2' € R?* |

6(2) — ()| < er'r / Vo) v (3.7)

B(z,2r)
where r = |z — 2/|.
A proof of Morrey’s Inequality can be found in [21, Chapter 18].

We next give the Poincaré inequality.
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Theorem 3.1.5 (Poincaré’s Inequality). There is a constant ¢ = ¢(p) > 0 such that
[ to-onpaw<er [ vopas 33
B(z,r) B(z,r)
whenever ¢ € WHP(B(z,r)).
A proof of the Poincare inequality can be found in [10, Chapter 5.8].

Theorem 3.1.6 (Coarea Formula). Let w : R*> — R be Lipschitz continuous and
suppose that h : R? — R is integrable. Then

/h\vu)|du:/ / hdH' | dt.
R2 —oo  \{t:w(z)=t}

For a proof of and more on the coarea formula see [11, Chapter 3].
We next define capacity of a set as it is given in [17, Chapter 2].

Definition 3.1.7 (p capacity of a set). Let K be a compact subset of Q) and let

WK, Q) ={heCQ); h>1 on K}.

Define
cap,(K,Q) = inf / |Vh[Pdv.
heW (K )
Q
If U is an open subset of Q then
cap, (U, Q) = sup cap,(K, Q),

KcU
K is compact

and for an arbitrary set E C €, we define p capacity of F as

Capp(E,Q) = EClI{lJfCQ cap,,(U, Q).
U is open

Following [17, Chapter 6] we give the definition of p "thickness” of a set E.

Definition 3.1.8 (p thickness, Wiener Criterion). A set E is called p—thick at z if

/1 (Capp(E n B(z,t),B(z,Qt))) a o)

cap,(B(z,1), B(z,2t)) t

Finally we state a lemma which is a direct consequence of (2.18) and (2.19) for

a € WhHH(Q).
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Lemma 3.1.9. For some constants c¢,c,¢" > 1 depending only on f, we have for a.e
z €,

1 y
SVl < f(Vi) < Vil (3.10)
1 ~

g|va|p—1 < |Vf(Va)| < d|ValPt, (3.11)
LIV < D2 (Vi) < Vil (3.12)

We are now ready to begin our study of regularity for weak solutions to (3.3). In
Lemmas 3.1.10-3.1.14 we suppose 0 < r < diam 99 < 0o, and that @ > 0 is a weak
solution to (3.3) in B(w,4r) N Q with @ = 0 on 9Q N B(w 4r) in the Sobolev sense.
Let @ = 0 on B(w,4r) \ Q.

Lemma 3.1.10. For fited p, 1 < p < 00, let @, f,Q,w,r be defined as above. Then

1
f(Va)dy < esssup P < c— / aPdw. (3.13)
B(w,r) 72
B(w,r)

2
Proof. The first part in the lemma follows by a sub solution type argument. To this
end, let n € Cg°(B(w,2r)), 0 <n <1, with n = 1 in B(w,r) and |[Vn| < ¢/r. Then
one can easily show that an? € Wlp(Q N B(w,4r)). Thus by (3.4) with Q replaced
by QN B(w, 4r),

QNB(w,4r) (314)
= / (Vf(Va),Va)ydv +p / an? NV f(Vi), Vn)d
B(w,2r) B(w,2r)

By homogeneity of f and Euler’s identity we have (Vf(Va), Vi) = pf(Vi). Using
this equality and rearranging (3.14) we see that

p [ wivod = [ w9ive), v
B(w,2r) B(w,2r)

=—p / an " (V f(Va), Vi)dv (3.15)

B(w,2r)

<p / PV (V)| [ Valdv.

B(w,2r)
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Then using (3.10), (3.11) and Hélder’s inequality in (3.15) we get that

/ 7 (Vit)dv < / a1V F(Va)||Vnldy
B(w,2r) B(w,2r)
<c / an? | ValP~tvn|dv

B(w,2r)

S =
bS]

(3.16)
<c /apyvmpdy /np|V1l\pdy

B(w,2r) B(w,2r)

B =
S

<c / P |VnlPdy / 0P f(Vi)dy

B(w,2r) B(w,2r)
Then it follows from (3.16) that
/ P f(Va)dy < ¢ / aP|Vn|Pdv (3.17)
B(w,2r) B(w,2r)

From (3.17) we obtain the left hand inequality of Lemma 3.1.10,

/ f(Va)dv < / P f(Va)dy < ¢ / |V |PaPdy
) B(w,2r) Bw,2r) (3.18)

< er?7Pess sup u”.
B(w,r)

B(w,r

For the second display, we first need to obtain (3.19) and then we employ Moser
iteration to get the desired estimate.

For ¢ > 0 and n € C§°(Q2) there exists ¢ = ¢(f, p) such that

/ a1 f(Va)ypPdr < ¢ / P+ VnlPdv. (3.19)

Q Q

The case ¢ = 0 follows as in (3.18). Also for a positive ¢-measurable function @ and
for 0 < ¢ < co we have

[e.9]

/ adv = q / t oz s a(z) > thdt. (3.20)

Q 0
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Using (3.20), Lemma 3.1.9, as well as (3.19) with ¢ = 0 and @ replaced by max(a—t, 0),
we obtain that

o0

/ﬁqf(Vﬂ)UpdV < Cq/tq_l / |Va|PrnPdrdt

a 0 {z: a(z)>t}

cq/tq_1 / |V (@ —t)[PnPdrdt

0 {z: a(z)>t}

o0

& / -1 / i — £ Vn|Pdvdt

0 {z: a(z)>t}

< / A / | Vn|Pdvdt

0 {z: a(z)>t}

=c /ﬂp+q|Vn|pdy.
Q

IN

Therefore we have (3.19). Next we employ Moser iteration in (3.19) to get the desired
result.
Define r; = 1 + 27! for i = 0,1,2,.... Let 0 < ¢; < 1 such that

i+3

¢i € C(B(w,mr)), ¢;=1 in B(w,riqr), and [V, <

—
Fixed t > 0 and set

hi= (@7) i
Using (3.10), (3.19) and the estimate for [V¢| we have that

1 1 1
p p P
Vhirdy | < / @\ vaPerdy |+ / WV Py
B(w,r;r) B(w,r;r) B(w,r;r)
<e / F(Vayitetdy | + / @V [Py
B(w,r;r) B(w,r;r)
1 1
p P
2i+1
< 2 / "tV | Pdr <l / P tdy
T
B(w,r;r) B(w,r;r)
(3.21)
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Using Sobolev’s inequality 3.1.3 and (3.21) we obtain

1 1
(][ \hi\”’du) < e (][ |Vhi\pdu> ’
B(w,r;r) B(w,rir)
1
. p
<c(2"+1) (][ ﬂp+tdy)
B(w,r;r)

where 7 is the constant defined in Sobolev’s inequality 3.1.3. (3.21) and (3.22) yield

1 1
T(p+t) i ( )
(][ af(p+t)dy) < e (p 4 o) (][ ,&erth) " (3.23)
B(w,ri+17) B(w,rir)

As (3.23) holds for every exponent p + ¢ > p we can apply it to pr’ for i =0, 1,.. ..
Iterating (3.23) we finally obtain the desired estimate,

1

_ . it pritd
esssupu < lim (][ uf” dl/)
B(w,3) 70\ Bw,rir)

(3.22)

. (3.24)
<c (][ ﬁpdu> ’
B(w,r)

Hence if follows from (3.24) that

esssup @ < er2 / uPdy

B(w,3)

B(w,r)

which finishes the proof for the right hand inequality of Lemma 3.1.10. [

Lemma 3.1.11 (Harnack’s Inequality). Let @, Q,r,w be as in Lemma 3.1.10. Then
there is a constant ¢ = c(p, f) such that

esssup u < cessinf u. (3.25)
B(,s) B(w,s)

whenever B(w,2s) C B(w,4r) N Q.

Proof. We may assume that @ > 0 in B(w, 4r) N Q (otherwise we can consider @ + ¢
for small ¢ > 0). First assume that B(w,4s) C B(w,4r) N Q. Then by (3.24) and
[17, Theorem 3.41] we see for small ¢ > 0

esssupt < ¢ (][ '&tdy) < cessinf 1. (3.26)
B(w,s) B(w,2s)

B(w,s)

=

To finish the proof when B(w,2s) C B(w,4r) N ), we use the fact that for any two
points @', w” € B(w, s) there is a chain of finitely many balls B(wq, $1), ..., B(n, $»)
such that @' € B(z1,51), W’ € B(n, s,), B(i;,4s;) C B(w,4r)NQfori=1,...,n
and B(w;, s;) N B(W;11,8i41) # 0 for i = 1,...,n — 1. Then a repeated use of (3.26
proves Lemma 3.1.11. O
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Next we show local Holder continuity which follows from an iteration argument
using Harnack’s inequality.

Lemma 3.1.12. Let &,Q,w,f be as in Lemma 3.1.10. Let 0 < sy < 0o and suppose
that B(wo, so) C B(w,4r) N Q. Then for 0 < s < sq there is a constant 0 < a =
a(p, f) <1 such that

osc < 2¢ (Si)a 0sC 1. (3.27)

B(wo,s) 0 B(wo,s0)

Note that Lemma 3.1.12 implies for every w,w € B(wy, s) that

« ~ ~
[u(w) —a(w)] < osc a<2% <i> B(osc u < | *=%|% esssup u.

B(wo,s) s wo,50) * " B(wo,s0)

Thus,

Corollary 3.1.13 (Interior Holder Continuity). For fized p, 1 < p < o0, let 1, Qw,r
be as in Lemma 3.1.10. Then @ has an a—Holder continuous representative in
B(wy, s) for every 0 < s < sy < oo whenever B(wy, sy) C B(w,4r) N Q.

Proof of Lemma 3.1.12. Let 0 < s < s9. As <ﬂ = %s&s ing 11) is a non-negative weak
wo,S

solution to (3.3), we can apply Harnack’s inequality to this function on B(wy, s/2) to
get

esssupu —essinfu < ¢ | essinf @ —essinfa | . (3.28)
B(wo,g) B(wo,s) B(wo,g) B(wo,s)

Assume we have

Q=

essinf & — essinfu <
B(wo,3) B(wo,s)

(ess sup @ — ess inf ﬁ) : (3.29)

B(wg,%) B(wﬂvs)
Then using (3.28) we have

osc u = esssupu — essinf o + essinf u — essinf @
B(wo,g) B(wo,%) B(wo,s) B(wo,s) B(wo,g)

<(c—1) (ess inf @ — essinf ﬁ)

B(’wo,%) B(wo,s)

< % <ess sup o — ess inf 11)

B(wo,s) B(wo,s)

<<l ose .
¢ B(wo,s)
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If (3.29) is false, then we have

essinf @ —essinf @ > 1 | esssup @ — essinf @ | . (3.30)
B(wo,%) B(wo,s) B(wo,g) B(wo,s)

Using (3.28) we see that

0SC_ U = esssup i — ess infa — | ess iréf u — essinf @
Bwo.3)  Bw,§) ~— P Blwo,5) — Blwos)

1
< (1= =) |esssupa — essinf @
C B(wo,s) B(wo,s)

<<l ooge a.
¢ B(wo,s)

In both cases (3.29), (3.30) we have

Blon.3) B ey (3.31)
If we iterate (3.31) we see that
o™ S ) By
< (%)m_l B(?Uifiso)u (3.32)

where m is an integer > 1 with 2™~1 < s5/s < 2™. Then for some o we have the
desired result. O

Next we show Holder continuity of & near B(w, 4r) N 0.

Lemma 3.1.14 (Behavior of @ near the boundary). Let @ be as in Lemma 3.1.10
and w € 02. Then there is a = a(p, f) > 0 such that @ has a Hélder continuous
representative in B(w,r) and if w,w € B(w,r) then

(@) — a(w)| < ¢ <|w — w|)a ess sup . (3.33)

r B(w,2r)

Proof. The proof for p > 2 follows from Lemma 3.1.10 and Morrey’s Theorem 3.1.4.

For 1 < p < 2 we note that there is a continuumcC B(w,t) \  connecting w to
OB(w, ) as follows from simply connectivity of Q. We also note that this continuum
is uniformly fat in the sense of p—capacity (see [23] for the definition of uniformly
fat set). That is, the p—capacity of this continuum is > ¢! times the p—capacity of
B(w,r).
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We can find h € W'(B(w, 2r) N C(B(w,2r)) with A = 0 on d9Q N B(w,r) and
h=1in Q\ B(w,2r). Then using this in the Wiener integral in [17][Theorem 6.18]
we obtain for 0 < p < r/2

B(w,p)N$2 oONB(w,2p) \ B(w,2r)

2 _ 1
.\ . /” cap,((C\ ) N B(w, t), B(w,2t))\ 7 dt
OSC | esssupu ex —C —
0% B(w:QPI)) P Ca‘pp(B(w7 t)v B(w7 2t>) t

osc u<  0sC (ess sup ﬁ) h

p

< 2 Cesssup
B(w,2p)

(3.34)

for some ¢ = ¢(p, f,Q) > 0. Then using (3.34) we have

esssup i < cesssup i (3.35)
B(w,p) B(w,2p)

for some 0 < ¢ = ¢(f,p) < 1and 0 < 4p < r. Then iterating (3.35) we obtain Lemma
3.1.14 for 1 < p < 2 when @ or @ in B(w,4r) N dQ. Other values of w,w in (3.33)
are handled by using this estimate and the interior estimate in Lemma 3.1.12 [

Lemma 3.1.15. For fized p, 1 < p < 00, and let @, Q,w,r be as in Lemma 3.1.10.
Let p be the measure corresponding to 4 as in (1.9).
Then

LB, ) < essup @t < o (B, 2). (336)
B(w,r)

Proof. Let 0 < s < t < 10p, and ¢ € C§°(B(w,t)) with ¢ = 1 on B(w,s) and
Vol < c¢/(t —s). Then as in (3.18)

/f(Vﬁ)dvsc / |V o|Pdy

Blw.s) Blut) (3.37)
<c (ti)p (esssup @)?
B(w,t)

Using (1.9) and (3.37) with s = p, t = 3p, as well as Lemma 3.1.9 and Lemma 3.1.10
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we obtain that
uBwp) < [ odu=- [ (Vi(Va). Ve
B(w%p) B(w%p)

<e / Vil Ve dy

B(w,3p)
el 1
<c / f(Va)dy / V[P (3.38)
(w%p) (w,3p)

p—1
< cp* P | esssup @
B(w,2p)

Since this estimate holds with p = r/2, we obtain the left inequality of Lemma 3.1.15.

To obtain the right hand inequality of the Lemma 3.1.15 we will divide the proof
into two parts, we first prove it for p > 2 and then for 1 < p < 2.

For p > 2, let h be a weak solution to (3.3) in Q' = B(w,2r) with h = @ on
OB(w,2r) in the Sobolev sense. That is h — @ € WyP(B(w,2r)). Then by the
maximum principle 3.1.1 we have 0 < @ < h (for details see [16]). Then using once
again Harnack’s inequality for h we have

esssup @ < esssuph < ch(w;) < *h(w) (3.39)
B(w,r) B(w,r)

whenever wy € B(w,r).
It follows from boundary Hoélder continuity of % in Lemma 3.1.14 that

(6
,
esssupu < ¢ (—1> esssup @ whenever 0 < ry; <ry <2r (3.40)
B(w,r1) 2 B(w,r2)

for some 0 < o = a(f,p) < 1. Hence

N =

esssupu < 5 min h. (3.41)
B(w,c1r) B(w,r)

for some ¢; = ¢1(f,p) > 0. From (3.41) we conclude that there are constants cg, c3
depending on f,p and for every wy € B(w, ¢yr) that

coh(w) < (h—a)(wy) < csh(w). (3.42)
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We are now ready to prove the right hand inequality for p > 2 using Poincaré’s
inequality, (1.9), that h is a weak solution to (1.8), and Lemma 3.1.9. Let ¢ =
min{h — u, csh(w)} and let D be the set where V¢ exists and is nonzero. We have

< crp/(\Vh] Va2 Vh — Vil2dy
D

< crp/<(Vf(Vh) — Vf(Va)),(Vh —Va))dy

= —cr? / ¢oydv
=cr? / odu

< esh(w)rPu(B(w, 2r)).

(3.43)

To prove the right hand inequality for 1 < p < 2 let r < s < 2r, and h(w, s) be a
weak solution to (3.3) in Q = B(w, s) and h — @ € WOIP(B(w s)). Then as in (3.39)
for 0 < s1 < s we obtain that

ess sup U < i > h(wy,s) for w; € B(w,sy). (3.44)

B(w,s1) S§— 851
For large enough ¢, we can choose s; = ds (§ small enough) so that
cah(w, s) < (h(wy,s) — @(wy)) < esh(w,s) for wy € B(w, $1) (3.45)

where ¢4, ¢5 depend only on f and p. Once again set ¢ = min{h — @, csh(w, s)} and
let D be the the set where V¢ is nonzero and exists. Using Poincaré’s inequality,
Lemma 3.1.9, and that h is a weak solution to (3.3) in ' = B(w, s) we find

(cah(w, 8))P(dys1)* < c/gbpdy

(3.46)

where

[SIiS]

/(yvm V)2 Vh — VaPdy
D
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and
2—p

B- /(yvm + V)P dv
D

As in the proof of the p > 2 case,

D

(3.47)

To finish the proof we need to obtain a similar estimate for the second part of (3.46).
To this end we use the fact that h is a weak solution to (3.3), h — u is an admissible
function, (3.2), and Lemma 3.1.9 to obtain

/ VhPd < ¢ / ViPdy (3.48)

B(w,s) B(w,s)

Using (3.46)-(3.48), and an iteration argument (a more general argument can be
found in [9]) we obtain the desired result. O

3.2 Relation Between Measures

Using Lemma 3.1.15 we prove that H-dim p is independent of the corresponding wu.
Indeed, we show that fi, i corresponding to @, @ respectively as in (1.9) are mutually
absolutely continuous. Hence H-dim ;i = H-dim . We also conclude from mutual
absolute continuity of fi, /i that our Main Theorem 1.2.9 holds for a measure f if and
only if it holds for f.

To this end, let v be a compactly supported finite Borel measure, not identically
zero and suppose that there is a Borel set £ C C with v(E) > 0. Suppose also for
z € E that there exists rg depending on z such that

v(B(z,r)) < ov(B(z,100r)) for 0 < r < r. (3.49)

Then iterating (3.49) we obtain for ¢ small enough and some M < oo that

v(B(z,7)) < Mr*, 0 <r <. (3.50)
Then (3.50) implies that
B
lim M =0 whenever z € E. (3.51)
r—0 r
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From a covering argument it then follows that v(E) < cH?(E) = 0 which is a
contradiction. Therefore we have that for every compactly supported finite Borel
measure v, not identically zero, on C, there is a ¢ < co which is independent of w, r
so that if

B(z,1
I'= {z € support of v : ligglf% < c} ) (3.52)

then v(C\T') = 0.
To compare dimension of measures we first define the capacitary function relative
to a point. That is choose a point 2 € Q and define D := Q\ B(Z,d(2,0Q)/2). h

is called a capacitary function if h is a weak solution to (3.3) in D with boundary
values h = 0 on 9§2 and h = 1 on 9B(2,d(Z,08)/2). Then again there is a finite

Borel measure v with support on 0f2 satisfying (1.9).

Lemma 3.2.1. Let @i be as in non-negative weak solution to (3.3) with @ =0 on 0N
in the Wl’p(Q) Sobolev sense and let i be a capacitary function defined as above. Let
i, fv be the measures corresponding to u,u, respectively as in (1.9). Then fi, i are
mutually absolutely continuous.

Proof. Let N be a neighborhood of 99 with Q ¢ N c N. Since both @ and @ are

continuous we can find ¢ < oo with

i <ct<ci on ONNAQ. (3.53)
Then by the maximum principle, Lemma 3.1.1 and compactness we have
i<ci<cu in NNQ. (3.54)

Observe also that support of fi, i = Q by (3.36). Then by (3.36) and (3.54) there is
ro and ¢y < oo such that

(B (z,7)) < e2i(B(2,2r)) < 3fi(B(z, 47)) (3.55)

whenever z € 9Q and 0 < r < .

Suppose that there is a Borel set K; C 99 with ji(K;) = 0 and u(K;) > 0,
Then by the observation in (3.52) for v = [ there is I' and a compact set Ky with
Ky, € KiNT and (K3) > 0. On the other hand, given € > 0 we can find an open
set K3 with Ky C K3 and fi(K3) < e.

By Vitalli’s covering argument we can find {z;,r;} with z; € o0 satisfying Ky C
\J B(z;,100r;)} C K3, and {B(z;, 10r;)} are pairwise disjoint. Using (3.52) for v = i

we may also assume
[i(B(zi,100r;)) < csfi(B(zi,7:)).
With these observations and (3.55) we see that

a(Ky) < /)(U B(z,100r;)) < Z (i(B(z;,100r;))

< c3 Z f(B(zi,1;)) < CZ f(B(z;, 10r;)) (3.56)



where ¢ = ¢(cg, ¢3) is independent of €. Since ¢ is arbitrary we have that i(K;) =0
which is a contradiction. Therefore for every Borel set E if fi(E) = 0 then i(F) = 0.
Thus £ is absolutely continuous with respect to fi. Reversing the role of i and i we
obtain i is absolutely continuous with respect to ji. O]

3.3 More Advanced Regularity Results

In this section we study more advanced regularity properties of a weak solution u to
(3.3).

We first obtain regularity results for Vu. To this end, assume that B(w,4r) C Q
and let u. be a weak solution to

0=V (Vf(Vue(w Zai (af& m(w))) (3.57)

Zp \ 9k

in B(w,2r) with u. —u € Wy?(B(w, 2r)) where f. = f % 6. defined in chapter 2. Let

f]ij = (fs)nknj (Vue).

The De Giorgi method can be used to obtain that the directional derivative ( =
(ue)e is in WH2(B(w, 1)) and satisfies a uniformly elliptic equation in divergence form
(for more details see [14]). To find this equation recall that

0— / (V£.(Vu.), Vo)dv. (3.58)
B(w,2r)

for every admissible function ¢ € C§°(B(w,2r)). Then taking (¢)¢ as an admissible
function and after an integration by parts, we get

0= /(er(Vue),quQdy

B(w,2r)
_ / (Ve (V/.(Vu.)) , Vo)dy
B(w,2r)
) (3.59)
—— [ Y w9 en
B(w,2r) ko=l
/ Zaz fka Ue) )Zj)¢dy
B(w,2r) kij=1

It follows from (3.59) and pde theory that ( = (u.)¢ is a weak solution to

0= i azk < £ <) | (3.60)

k,j=1
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in B(w, 2r). Here ellipticity constants and W*? norm of u. depend on ¢.
On the other hand, wu. also satisfies a nondivergence form equation (3.57) after
division by (|Vu.| + ¢)P~2. That is, ( = u. is a weak solution to

1

2
= g ey 2 i 300
e k=1

in B(w,2r). It follows from (2.24) that ellipticity constants are independent of e.
Now we argue as in [13, Chapter 5] to get that Vu, is a K —quasiregular mapping
where K is independent of . To this end, let

b = ((ue)z, —(Ue)z)
O (f)mm (Vue) c (f)mm (V) e (fe)nom (V)

(|Vue| 4+ e)p=2’ (|Vue| + e)p=2’ (|Vue| +e)p—2’
P = (Ue)zs 0° = (Ue)z

We show that h® satisfies (2.2) for some finite constant K. We can write (3.57) for v
a.e in B(w,2r) as

ac 2b°
0= 9%, + P, +as, (3.62)
and
2b¢ c©

Then p° = (u,),, is a weak solution to a uniformly elliptic partial differential equation
in divergence form,

as € 2b€ € €

0 = (_pzl + € pZQ)Zl + (qZQ)Zl
as € 265 € €

= (Epm + e p22>z1 + (pz1)22‘

Similarly ¢° is a weak solution to
13 CE

qil + Equ)ZZ :

2
0=q
qZ1 +< ae

Multiplying (3.62) by ¢p; and using p; = q, we obtain for v a.e in B(w, 2r),
(a°(p2,)% + 26%(p%, ) (0,) + (0,)%)

(a®(p2,)? +26°(pZ, ) (p5,) + ¢*(p,) + ¢*pZ, a2, — ¢p5,a3,)

(027 + (2)?)

C

IN

Ol RO~ ol

([a%(pS,)% +26%(p2, ) (pS,) + P a5, ] + < [(p5,)% — 95,05, ])

m+§%g:%%&
(3.64)
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where Jye = pZ,qZ, — pg, g, is the Jacobian determinant of h°. Similarly we have,
1((q2,) + (03)?) < %J;,s for v a.e in B(w, 2r). (3.65)
Then adding (3.64) and (3.65) we deduce

|Db||? < K Jy-(2), v a.e in B(w,2r), (3.66)

for some constant K which depends on the constant ¢ in (2.24).

Therefore h° is a K —quasiregular mapping. Then u. € W22?(B(w, 2r)) with norm
independent of . Also Vu, is a—Holder continuous where o = K — v K? — 1 with
constant independent of ¢ (see [22]).

Since Vu. — Vu in W'?(B(w, 2r)), then for some subsequence, €' — 0 we have
Vue, = Vu a.e in B(w,2r). {Vu,,} is equicontinuous as {Vu,,} is uniformly Holder
continuous with constant independent of . We may redefine Vu in a set of measure
zero if needed, Vu, — Vu on compact subsets of B(w,2r). Then it follows from
[22] that Vu is a K —quasiregular mapping. From quasiregularity we also have

IVullwrzgnng < cllVull (3.67)

L2(B(w,377")m(2)
where ¢ = ¢(p), and Vu is a—Holder continuous. Using these facts and basic Cac-
ciopoli type estimates for us we deduce the following lemma,

Lemma 3.3.1 (Local interior regularity for Vu). Let u, f, Q be as in Lemma 3.1.10
with @, f replaced by u, f respectively. If B(1,4s) C B(w,4r)NQ, then u has a repre-
sentative with Hélder continuous derivatives in B(w,2s) (also denoted u). Moreover
there ezxists 0, 0 < o < 1, and ¢ > 1, depending only on f and p, with

|IVu(z) — Vu(z)| < c (|Z_—Z|) esssup |Vu| < E (‘Z - Z’) esssupu.  (3.68)

S B(1,s) S B(w,s)
Also if Vu # 0 in B(w, 2s), then

2

/ |VulP~ Z(“zwg) dygm / |VulPdy (3.69)

B(i,s) kij=1 B(,t)
for s <t < 2s.

Lemma 3.3.2. Let u, f,Q,w,r be as in Lemma 3.1.10 with u, f replaced by @, f
respectively. Let Vu # 0 in B(,4s) C B(w,4r) N Q.

Then h(z) =log |Vu|(z) is a weak solution to a uniformly elliptic divergence form
partial differential equation for which a Harnack inequality holds.

Proof. As Vu is a K—quasiregular mapping and by assumption Vu # 0 in B(w, 4s)
then h(z) is well-defined in B(w,4s) and is a weak solution to

2
> % (Aijh.,) = 0 in B(w, 4s) (3.70)
igj=1 "
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where (A;;) = A, D*u = (ai%), and
A= det D*u (D*u™ D2u)71 if D?u is invertible,
Identity matrix otherwise

(for more details see [17, Chapter 14]). It follows from an observation in [17, Theorem
14.61] and K —quasiregularity of Vu that

n> < An-n < cln?® ae in B(w,4s) and for all n € R

Therefore h = log |Vu| is a weak solution to a uniformly elliptic partial differential
equation in divergence form in B(w, 4s) from which we conclude Harnack’s inequality
can be applied to h in B(w,4s) when h > 0. H

3.4 A Proof of Vu # 0 in D using the Principle of the Arguments

In this section, using the principle of the argument we give a proof that Vu # 0 in

D. Indeed, we use the principle of the argument for a K —quasiregular mapping.
Let u be the capacitary function and € as in Lemma 3.4 where @, Q replaced u,

respectively. Since (1.7) is invariant under dilation and translation we may assume

that 0 € Q, D = Q\ B(0,1), and d(0,09?) = 4. Let u, = u,, — iu,,. Then from
section 3.3 we have u, is a K —quasiregular mapping and therefore the zeros of u,
are isolated and countable in D. Therefore, there exist 0 < tg < t; < 1 with ¢, is
arbitrarily close to 0 and t; is arbitrarily close to 1. Moreover, we have u, # 0 on
v = {2z € D; u(z) = t;} for j = 0,1. K—quasiregularity of u, implies that u, is
a—Holder continuous for some 0 < o < 1. Then v;, j = 0,1, is a C'* Jordan curve
and without loss of generality we can assume that 7; is oriented counterclockwise for
j=0,1
Let I'; = u,(v;) for 7 = 0,1. We claim that

1 d d
o /%—/gw = F# of zeros of u,in {z € D; tg < u, < 1} (3.71)
0 I

Indeed, (3.71) is well-known if w, is analytic as follows from the ”principle of the
argument”.

We prove (3.71) using this idea and the Stoilov factorization theorem 2.1.3, that
is

u,(2) =hog(z), z€ D (3.72)

where h is an analytic function in g(D) and g is a K —quasiconformal mapping of D.
Then

Jd9({z € D; ty<u(z) <ti})=10Urm=(907%)U(gomn) (3.73)
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where 7; = go~y; is a C? Jordan curve for some 0 < 3 < 1, oriented counterclockwise
for j =0,1. Applying the principle of the argument to h as in (3.71) we claim that

[ANarg(hoty) — Aarg (hom)] = #of zeros of hin g({z € D; ty < |z| < t1}).
(3.74)

i

Here Aarg(h o), j = 0,1, denotes the change in the argument of h o 7; as 7; is
traversed counterclockwise.

To prove claim (3.74) we first show that Aargh(r;) = Aargh(o;) for j = 0,1
where o is a Jordan curve. That is homotopic to 7; by a deformation which does
not pass through the zeros of u,. Choosing o; sufficiently smooth we get (3.74) from
this observation and the principle of the argument in [1]. (3.71) follows from the fact
that g~! is a homeomorphism of C onto C and (3.74).

Moreover, let z;(s), 0 < s <1 be a parametrization of ~; for j = 0, 1. Since ; is
C1* we have

d d
0= —(t) = 7 (ulz(s))
dz;(s) dzj(s)
— U ds s ds
dz;(s)

=2 Re[uz T]

(3.75)

dz; (s)
ds

Therefore, u, is always pure imaginary on v;, j = 0,1, and so
de (5) ]

0= Aarg [u, — 22
arg [u &5

42,05 (3.76)

= Aargu,(y;) + A arg I

From (3.76) we see that

dzs
Aargu,(y;) = —A arg@ (3.77)
s

Finally, as v, j = 0,1 is a Jordan curve oriented counterclockwise, it follows from

the Gauss-Bonnet Theorem that
1 dz;
—A — =1 forj=1,2. 3.78
Lg% 1 for =1 (3.78)
One way to prove (3.78) using analytic function theory is to use the Riemann mapping
theorem to first get 1); mapping {z |z| < 1} onto G; =: inside of ;, j = 0,1. As
in [27] it follows that ¢; extends to a C'# homeomorphism of {z |z| < 1} onto G;.

Then we can put

zj(s) = (™), 0 < s < 1, (3.79)
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and observe that

dZ(S) sl (2mis\ 27is
#:271'177/)]»(62 )ems, (3.80)

Then on {z; |z| = 1} we have

d
A arg d_'z = Nargy)(z) + Aarg 2 (3.81)

=0+ 27 = 27.

In view of (3.77), (3.78), (3.72), and (3.74) we conclude u, # 0 in G; \ Gy, i.e between
the level sets 79 and ;. Using this observation and letting t; — 0, and ¢; — 1 in
(3.71) we have the desired result, u, # 0 in D.

Copyright© Murat Akman, 2014.
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Chapter 4 A Pointwise Estimate and A Weak Solution Argument

4.1 Fundamental Inequality

In this section we prove the so called fundamental inequality. We mimic the proof
given in [25] and modify it to our case.

We first give the definitions of the hyperbolic metric and the quasi-hyperbolic
metric.

Definition 4.1.1 (The Hyperbolic Distance). Let z1, 2o € D and let I" be the set of
all arcs in D connecting z; to 2s.
The hyperbolic distance pp(z1, z2) from z; to z is

pﬂ)(Zl,Zg) = Hlf/ﬁ (41)

vyer 1-— |Z‘2 ’
v
As the hyperbolic distance is conformally invariant, it can be defined in a simply
connected domain €2 # C by moving back to D via a conformal map ¢ : D — .
That is
po(wi, w2) = pp(21, 22)

when w; = ¢(z;), for ¢ = 1,2. Moreover, po(w;,ws) is independent of the choice of
the conformal map ¢.

Definition 4.1.2 (Quasi-hyperbolic Distance). Let wq,wy € Q and let I be the set
of all arcs in 2 connecting w; to ws.
The Quasi-hyperbolic distance Qq(w;, ws) between w; and wy is

. |dw|
Qalw,we) = Inf, / dist(w, 00)° (4.2)

ol

We next give two estimates of Koebe (A proof of these estimates can be found in
[12, Theorem 4.3 and Theorem 4.5]).

Theorem 4.1.3 (Koebe’s estimate). Let h(z) be a conformal mapping from the unit
disc D onto a simply connected domain 2. Then for all z € D

Tl ()1 = |2]) < dist(h(2), 09) < [F'(2)|(1 = [2]*). (4.3)

It follows from Koebe’s estimate that the hyperbolic distance is comparable to
the quasi-hyperbolic distance. That is, if we let w = h(z) then (4.3) can be written
as

Aldz| W (=)]ldz] |dw |dz|
> = > 4.4
1—1z]2 = d(h(2),092) d(w,00) — 1—|z]? (44)

Then from (4.4) we see

pa < Qo < 4po. (4.5)
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Theorem 4.1.4 (Koebe’s Theorem). Let h(z) be a univalent function, that is h is
analytic and one-to-one in D. Assume also that h(0) =0 and h'(0) = 1. Then

1+ |z]

1_|z| /
3 <) < A=)

a7 ) (4.6)

We give a distortion estimate which is an application of Koebe’s Theorem 4.1.4.
That is, for every conformal mapping h : B(0,1) — C, and for every z1,2z; € Q\
B(zo, 1), where 2r = d(zg, 0f2), then

palzr, ) Sa = W (hH(2))| < el (W7 (21))] (4.7)

for some ¢y = c5(cy).
Next we give the so called fundamental inequality.

Fundamental Inequality 4.1.5. Fiz p, 1 < p < oo, let u be a capacitary function
defined before Lemma 3.2.1 for D = Q\ B(zy,d(z9,00)/4). Then there is a constant
c=c(f,p) such that

1 u(?) u(z)
(=00 < [Vu(z)| < ¢a(z,09) (4.8)

whenever z € D and d(z,08) > w.

Proof. As wu is a capacitary function then by subsection 3.4 we have Vu # 0 in D.
To prove (4.8) we show that for Z € D\ B(zo, d(z0,002)/2) there is z* € D such that

u(z*) = @ with pq(Z, 2*) < ¢ for some ¢ = ¢(p, f). (4.9)

We postpone the proof of existence of such a point z* in (4.9)to the next subsec-
tion. At the moment, suppose that we have such a z*, and let I' be the hyperbolic

geodesic connecting z to z*.
Define

Y1+ Y2 + s otherwise

where 7, is the subarc of I' joining Z to the first point, P; on 09z, 3d(29, 052)/8),
and v, is the shortest arc of 9B (zy, 3d(zp, 002)/8) joining P; to P, where P, is the last
point of intersection of dB(zo, 3d(zo,9€2)/8) and I'. 3 is the subarc of I' joining P,
to z*(see figure 4.1).

Using Koebe’s distortion theorem 4.1.4 there is ¢ = ¢(f, p) such that

H'(7) < cd(2,09) and 1d(z,00Q) < d(v,09). (4.11)
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Figure 4.1: The hyperbolic geodesic  from Z to z* when I' N B(zg, 3d(z0,92)/8) # ()

Using (4.11) we see
su(z ?) — u(z")

Z) =u(z
< [1vu@ld]

(4.12)
< c H'(y)esssup |Vl
Y
< cd(z,090) esssup |Vul.
8!
Thus for some Z € v we have

1 u(?) 5
= < . 4.13
L o < Vulo) (4.13)

where ¢ = ¢(¢, p) > 1. Moreover, it follows from Vitali’s covering argument and (4.11)
that there is {z;, 7}, with z; € v such that

Y C OB(Zi,Ti),

B(zi, i) ﬂB(ZiH,n-H) #Qfori=1...,n—1, and

(4.14)
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where n = n(f,p) is an absolute constant. By Harnack’s inequality applied to u, we
get u(z) ~ u(2) for z € U B(z;,4r;). Using Lemma 3.3.1 and (4.14) we see

V()| < c% for z € U B(z,2r:). (4.15)

Then for large ¢ = ¢(p, f) > 1 we have

cu(2)

i) = log (d(%, 990)[Vu(z)]

) > 0 whenever z € U}, B(z;, 2r;). (4.16)

Choose j € {1,...,n} such that 2 € B(z;,2r;). Then from (4.13) we have h(2) < c.
Also from Lemma 3.3.2 and (4.16) it follows that h is a positive weak solution to a
uniformly elliptic divergence form partial differential equation for which a Harnack’s
inequality holds. Therefore we can apply Harnack’s inequality in B(z;, 2r;) to get

h(z) < esssup h(2)

B(zj.5)
< ¢essinf h (4.17)
B(zj,r5)
<é
From (4.17) we have
u?) < ¢|Vu(z)| for every z € B(zj,r;). (4.18)

d(Z,00)

It follows from (4.14) and finitely many repeated use of (4.18) the Harnack’s inequality
as in (4.17) to Z that we have (4.8) for Z € D\ B(zo, d(z,0%2)/2).

To finish the proof of Lemma 4.1.5 , it remains to show that such a z* defined in
(4.9) exists. O

Existence of z*

We can approximate €2 by a sequence of domains {Q,} with Q; C Q... C Q, C

. C Q such that 0); is Jordan curve for i = 1,2,...,. Moreover, if we define u,,
as the capacitary function for D, = Q, \ B(zp,r) where 2r = d(zy,02). If we let
n — oo then it follows from the Holder continuity of w, that there are subsequences
Up, — w and Vu,, — Vu uniformly on compact subsets of 2. Therefore, without
loss of generality we can assume that 0f2 is an analytic Jordan curve.

Let b : H — Q be a Riemann mapping which has a continuous extension from H
to . We can choose h so that for some s, 0 < s < 1, h(is) = 2 and h(i) = 2. If
3l = woh then U satisfies a maximum principle and Harnack’s inequality since u has
these properties.

Define the box

B(is) ={z=w; +iwg: —s <w; < s, and 0 < wq < s}. (4.19)
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In [25] it is shown that B(is) can be shifted to a nearby box B(is) with some nice
properties. To outline these properties let the boundary of B (is) on the upper half
plane be T which consists of line segment from w; + is to wy + is and line segments
from wy + is to wy and wy + is to wy for some —s < wy; < —s/2 and $/2 < wy < s
(see Figure 4.2).

B(s) Bis)

— S —sW1 —s
S S )

Figure 4.2: The Boxes B(s) and B(is).

In [25] the authors show that £ < cl(is) on T. Then by the maximum principle
we see that U < c(is) in B(is) for some ¢ = ¢(p, f). It follows from this observation
that

u < Cu(Z) in Q(s). (4.20)
where Q(s) = h(B(is)). Also if ® = h(T), then proceeding as in [25], we deduce that
there is an absolute constant ¢; such that

HY(®) < ¢, d(2,00). (4.21)
and there is also ¢ and wy such that —s/4 < wy < s/4 satisfying

|h(wo) — 2| < cpd(2,09) and L d(Z,090) < d(h(w), ). (4.22)
Finally, there is a Lipschitz curve A : [0,1] — Q(s) and ¢3 with A(0) = Z and
A(1) = h(wy) satisfying
min{ H*(A[0,1]), H'(A[t, 1])} < es min{d(Z, 09Q), d(A(t),00)}. (4.23)
Let I' be parametrized by [0, 1] with ['(0) = is and I'(1) = wy (see figure 4.3). If
we set
t* = max{t : Y(T(¢)) = 24(is)} (4.24)

then z* = h(I'(t*)). By definition, we get u(z*) = u(2)/2.

It remains to show that pq(Z,2*) < ¢ for some absolute constant ¢ = ¢(p). To
this end, set 7 = d(h(wp), ®). Then by definition of ® we have B(h(wy),7) N2 C P.
Using Hélder continuity of w restricted to ® (see Corollary 3.1.13) and (4.21)-(4.23)
we obtain

tu(z) =u(z") <c ( esssup  u
h(wo),7))N2

d(z*, 89))0‘
7 B

(4.25)
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From (4.25) for some constant ¢ = ¢(p) we see that
d(z,090) < cd(z*,00). (4.26)

It follows from (4.23) and (4.26) that there is a chain of at most ¢ = ¢(p, f) balls
connecting Z to z*. Using this observation and (4.5) we obtain pq(Z, 2*) < c.

We next give a proof for (4.20) by a contradiction argument. That is, suppose
for suitably large C' = C(p) that u(Z) < C'u on ®. Let B(is) be the shifted box and
set b1y = b11(s) = wy + 10,8 and by g = by (s) = wq + id,s for some fixed constant o,
depending on p. Observe that ; is on the vertical side of ® for i = 1,2. There exist
B(b; 1) generated by b;; for i = 1,2. Then these boxes B(b;1) will generate one more
box B(b;s) for i = 1,2, and so on.

We choose a polygonal path I';; from by; to some point in wy; € [Rebyy —
Imby 1, Reby; + Imby 4] in a way that the path I'y ; is in the left half plane {Re z <
Re bl,l}-

Similarly, we choose a polygonal path I's; from by; to some point in wy €
[Rebyy —Imbgy,Rebyy + Imbs ;] in a way that the path I's; is in the plane {Re z >
Reby 1} (See figure 4.3 for the construction).

1s

H d r B(is)

by 1 52,1
| |
@1,1 | | @2,1
! I
F1,1 | w F2,1
|
| |
| |
b | ! b2 2
1,2
kN ‘ ‘ T
Fip ] . . T 122
W12 W11 w1 Wo W2 Wa1 W22

Figure 4.3: Recursive Construction of the Boxes

It follows from Harnack’s inequality that there is a constant ¢ depending only on
p and f such that

du(h(is)) < u(h(z)) whenever z € ® and &, s < Im z. (4.27)

The constant C' is assumed to be so large that C' > ¢/. Therefore we have C {(is) <
$(2) for some z € I'1; UTg ;.

Without loss of generality assume that z € I'; ; (proof for z € I'y; is exactly the
same). We see that when C gets larger, then z gets closer to the real axis. That is,
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if K" < C for some sufficiently large K and integer n we have Im z < 07. Now it
follows from the construction of I'; ; as in [25] that there a is § depending only on p,
such that if §* = e~5 for some constant ¢, then

|h(2) — h(wy)| < &*td(h(b11), 09).

Proceeding as in finding 2*, let ®;; be the boundary of B(blyl) which stays in H

and if we set 71171 = d(f(wn), f<F1’1>) then B(f(UJLl),'IZLl) N C f(B(bl,l)) Then it
follows from Holder continuity of uw on @ (see Lemma 3.1.13) that

(woh)(z) < Co™esssup (uoh).
B(b1,1)

Choose ng to be the least positive integer satisfying Cém < KL, For this choice of
C > K™ we see

CK $U(is) < K8(z) < esssup . (4.28)

NN

It follows from (4.28) and (b;1) < K4(is) that we can repeat the same argument
replacing B(is) with B(b;,l). So we find by 2 on the vertical side of ®;; in H with
Im by 5 = 02 s and a box B(by ) with boundary T’y 5 satisfying

C'8(by5) < K2C U(is) < esssupil. (4.29)

12
If we recursively continue then we get a contradiction as 4l = 0 continuously on R.

Therefore (4.20) holds.

4.2 log f(Vu) is a weak sub solution, solution or super solution to L

We first need some definitions.
Let A be a elliptic equations of the form

V-A(Vu) =0 (4.30)
where A : R? — R? is a mapping satisfying certain structural assumptions.

Definition 4.2.1 (Weak Solution). A function u € W,"?(Q) is called a weak solu-
tion of (4.30) in 2 if

_ / (A(Vu), Vé)dv = 0

Q
whenever ¢ € W,?(Q).

Definition 4.2.2 (Weak sub solution). A function u € WP(Q) is called a weak
sub solution of (4.30) in Q if

V-ANVu) >0
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weakly in (2, i.e

- / (A(Vu), Vo)dr > 0.

Q

for every nonnegative ¢ € Wy (€).

Definition 4.2.3 (Weak super solution). A function u € W,5"(Q) is called a weak
super solution of (4.30) in Q if

V-A(Vu) <0

weakly in €2, i.e

- / (A(Vu), Vo)dr < 0.
Q

for every nonnegative ¢ € W, (€).

When f in (1.2) is smooth enough and homogeneous of degree p in C\ {0} and
u is smooth enough as well as pointwise solution to (4.31), then in [2, Theorem 1]
it is shown that log f(Vu) is a sub solution, solution or super solution to a partial
differential equation respectively when 2 < p < oo, p =2 or 1 < p < 2. In this
section we show that log f(Vu) is a weak sub solution, solution or super solution to
a partial differential equation L{ = 0 when

2

L= > % (fnjnk(Vu)%> . (4.31)

kj—=1 J

and u as in Theorem 3.2.1 is a p capacitary function. Using Lemmas 3.1.9, 3.3.1 as
well as the fundamental inequality 4.1.5 we obtain

0= [(Vf(Vu), Ve, )dv
[

2
o(f (V)
—/; 9y Padv (4.32)
) s

2

Z Sy (V) () 2,0, dv.

|
\

Q

From (4.32) we see that for [ = 1,2, ( = u,, is a weak solution to L{ = 0.
We next show that ( = u is also a weak solution to L{ = 0. To this end, by
homogeneity of f and Euler’s formula we have

2
anfmmj (77) fnk and anfnj ( ) (433)
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for k = 1,2 and for a.e. n. Then it follows from (4.32) and (4.33) that

/ Z Fom (Vu)u,, ¢, dv = (p—1) /ank (Vu)p,, dv = 0. (4.34)

k,j=1

Therefore ¢ = u is also a weak solution to L{ = 0. We note also that since u, f €
WQ’Q(D) thanks to Lemmas 3.1.9, 3.3.1, and the fundamental inequality 4.1.5

loc
0= / > (Vo

(4.35)
/ Z Foem (V) ., pdv
kl=1
As (4.35) holds for every ¢ € Wy?(Q), for v a.e z € Q we have
2
0= Z S (Vu(2))ttz, 2, (2). (4.36)

k=1

Using both w and wu,, for [ = 1,2 are weak solutions to L{ = 0 we show that
¢ = log f(Vu) is a weak sub solution, solution or super solution to LC =01in (4.31)
respectively when p > 2, p = 2, p < 2. To this end, let v = log f(Vu), bj; = fy,(Vu)
and observe that

1 2
U, = ———— ; . 4.
bk‘],UZJ f(Vu) nz:l f"?n (vu)bkjuznzj ( 37)

Using (4.37) we see

2

k] 1 Q k‘] 1 i 2 25
JE— Tin '

where to get the last line in (4.38) we have used

/ Z brju W]aa (f;((v ))¢> dv. (4.39)

n,k,j=1

(4.39) is a consequence of (4.32) and the fact that

f77k<vu) 1,2
—_— “(Q
f(vu) E IA/WIOC ( )7
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thanks to Lemmas 3.1.9, 3.3.1, and the fundamental inequality 4.1.5.
From (4.38) we have

: ~ 0 (fn(Vu)
/ Z bkjvzj ¢zk dv = — / kzj_l E (m) bk]uznzj ¢dV
Q Q hI=

k,j=1

(4.40)
= —/([' + I")pdv
0
where
2 1
/ JR—
I' = nj%l:l W bnlbkjuzlzkuznzj (441)
and
1 2
"= —fmw 2 Ouala (VO a(V)ns s, (4.42)
n,j,k,l=1

We can rewrite (4.41) and (4.42) using matrix notation. Let

DQf — D2f<vu(z)) _ |:f7]17]1 fmm} _ |:bu b12:|

f772771 f772772 b21 b22
and
u u
D*u = D*u(z) = | am |
u22z1 U’ZQZQ
Let

Vu = Vu(z) = {“] and Df = Df(Vu) = Hﬂ

be column vectors and set f = f(Vu). The homogeneity conditions (4.33) can be
written in the following form

D*f -Vu=(p—1)Df and p(p—1)f = (Vu)' - D*f - Vu. (4.43)
Then (4.36) becomes
tr (D2f . D2u) =0 for v a.e z in Q. (4.44)
It follows from (4.44) that there exists m,n, [ such that

m

D2f~D2u—[[

" 1 for v a.e z in Q. (4.45)
—m
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Squaring both sides of (4.45) gives that

1
01

Using (4.45), we can write (4.41) as

(D2f - D*u)?* = (m® + nl) {

I'= %tr ((D*f - D*u)?)
_ _det(DQf - D?u)

f
_ _2det(D2f - D?u)

f
To handle (4.42) note from symmetry of D?u and D?f that

2
Z bk:juzlzkuznzj

k,j=1

is the In element of D?u - D?f - D?u.
So using (4.43) for v a.e z in {2 we obtain

tr(7)

1 1
I :—Ftr(Df-(Df)T-DQu-DQf-D%)
_ly (ﬁzﬁf Vu - (D*f - V)" - D*u - D2f - D2u)
2
=gt (ﬁpzf - Vu - (Vu)" - (D2f - D*u) )
. det(D2f - Du)

(p—1)? 12
, det(D?*f - Du)
— (p-1)? 12
p(p—1) f det(DQf . DZU)
(p—1)? 12
~, det(D*f - D?u)
(-1 f

tr (D*f - Vu- (Vu)")

(Vu)' - D*f - Vu

where we have used

2
tr(D*f - Vu- (Vu)") = Y by, = (Vu)" - D*f - Vu

Lk=1
Note that (4.47) and (4.48) imply for v a.e z in 2
det(D?f - D%u) P det(D?f - D*u)
/ (p—1) /
- (p - 2) det(D?f - D?u)
p—1 f '

I'+1"=-2
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0] = —det(D*f - D*u)I for v a.e z in ().

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)



It follows from (2.23) that det(D?f) is positive for v a.e. z in Q. Moreover, since

011 = fin, is positive and by (3.12) lvf;';ﬁ ~ " for v a.e z in €, consider
bu dt(DQ)—#(b — byl ) 4.51
Tup2 D) = gy e Puntias i = butisz,) (4.51)

We can rewrite (4.36) as

0= tr(D*f - D*u)

(4.52)
- blluzlzl + 2612“21,22 + b22uz222
for v a.e z in Q. Rearranging (4.52) for v a.e z in {2 we have
L—Z det(D2u> = _% ((2[]12uz122 + bQQUZQZQ)UZ222 — blluiZz)
|Vulp |Vulp (4.53)
_ 1 T . 2 .
= —W(VUZZ) -D f : VUZQ.
Likewise,
bz det(D?u) = S ((Vu,)" - D*f - Vu,,) . (4.54)
|[Vulp=2 |[Vulp=2 1 1
It follows once again from (2.23) that for v a.e z in
bu 2 b22 2
Now from (4.40) and (4.50) we see that
2
—2 det(D?u - D?
[ 3 pamtnar= (23) [ <450
o k=t g 9 (4.56)

~
~

B (p — 2) / —byy det(D?u) det(D?f) odv.

p—1 [Vulp=2 f

From (4.56) for p = 2 we have ( = v = log(f(Vu)) is a weak solution to (4.31), L{ = 0.
Similarly, ¢ = v is a weak sub solution or super solution to L{ = 0 respectively when
2<p<oocorl<p<2

Moreover, we note, for later use, that combining (4.53), (4.54) and using Lemma
3.1.9 we have

Lv = (p— 2)F weakly (4.57)
2
where F & |Vu['™ Y (us,.,)*.
ig=1

Copyright© Murat Akman, 2014.
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Chapter 5 Proof of The Main Theorem 1.2.9

In this chapter, we first obtain Lemma 5.1.1, and then using this lemma we prove
Main Theorem 1.2.9 for fix p when 1 < p < 2 and 2 < p < oo separately. To this
end, we shall give the definitions of u, u,r, ), 2y, w again.

Let Q be a bounded simply connected domain in the plane. Let w € 02, and
0 < r < diam 9. Let @ be a positive weak solution to (3.3) in B(w, 4r)NQ with & = 0
in the Sobolev sense on B(w,4r) N 0f). Extend @ by putting « = 0 on B(w, 4r) \ .
Let i be the corresponding finite positive Borel measure in (1.9).

Moreover, we choose zp € Q and let D = Q\ B(zg,d(z0,0)/2). Let u be a
capacitary function for D. That is, u is a positive weak solution to (3.3) in D with
continuous boundary values, v = 0 on 9 and u = 1 on 9Bz, d(zg, 052)/2).

From section 3.2 we have H-dim p = H-dim ji. Therefore, it suffices to prove Main
Theorem 1.2.9 when u is a capacitary function and p is the measure corresponding
to uw as in (1.9).

Let D be as above and let 25 = d(zy, 0f2) and set Z(z) = zy + $z. Then it follows
from the fact that (3.3) is invariant under translation and dilation that @ = u(Z(2))
for 2(z) € D is also a weak solution to (3.3) in Z7'(D). Let i be the measure
corresponding to @ in (1.9). It can be easily shown from (3.3) that

W(E) = 32u(Z(E)) whenever E C R? is a Borel set. (5.1)

Clearly, (5.1) implies that H-dim ji = H-dim p. Therefore without loss of generality

we can assume that zo = 0 and d(29,092) =4, and D = Q\ B(0,1).
We first need a lemma.

5.1 A Lemma

Let u be a capacitary function for D = Q \ B(0,1) corresponding to f, and let u be
the corresponding Borel measure. Define

w(z) = max(v(z),0) when1l<p<2
~ | max(—v(z),0) when 2 <p < o0

for z € D where v(z) = log(f(Vu)(z)) as defined in section 4.2.

Lemma 5.1.1. Let m be a non negative integer. There exists ¢ = c(f,p) > 1 such
that for 0 <t < 1/2,

Vu
/ f’<vu|)w2de1(2) < " Mm![log %]m (5.2)

{z:u(z)=t}
Proof. Define g(z) = max(w(z) — ¢,0), z € D where ¢ is large enough so that g =0
in B(0,2) N D. Since w is continuous in D, there is such a ¢’
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Set g = 0 in B(0, 1), so that g is continuously defined in Q. Set b;; = f,,,, (Vu)
and let L be as in section 4.2.

Let Q(t) ={z € D : u(z) >t} for 0 <t < 1/2 and let & = max(u — ¢,0). Note
that g2 € W2 (Q(t)).

Fix p, 1 < p < 2 until further notices. From section 4.2 ( = v = log f(Vu) is a
weak super solution to (4.31), L{ = 0 in D. Using ¢*" ' > 0 as a test function in
(4.31) for ¢ = g and the fact that g = 0 in B(0, 1), we get

0< Qm/ Z bkja logf(Vu)) k ("™ 'u) dv

t)kj 1

/Z bkjgz,]a g ) dv

= (5.3)
m(2m — 1) / Z 61j 92,9209 2udu+2m/ Z b1jgz, 97" i, dv
k,j=1 k,j=1
=J1I'+1I".

We first handle 77”. To this end, let ¢ € C°({z : u(z) >t —¢c}) with ¢ = 1 on Q(¢).
Then since ¢ = u is a weak solution to (4.31) and using g™ as a test function, we
obtain

S b g (1)

Q(t—e) k,j=1
2 2 (5.4)
Z bkjﬁzkgm’lgzjz/}dy + / Z bkjszkgm%jdy
Qt—e) FI=1 Q(i—e) FI=1
=1l +11I,.

Letting ¢ — 0 and using the Lebesgue dominated convergence give 1] — I1"”. We
now show that for H! a.e t and properly chosen v that

17 — / Z b1 uzk|vzf| as € — 0. (5.5)
{z: u(z)=t} koj=1

To this end let ¢ : R — R be a C* function satisfying 0 < ¢ < 1, and |¢'| < ¢/e such

that N
1 when s > 1
¢(S):{O when s <1—¢
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If we set ¢ = ¢(u(z)/t) in II} and use the coarea formula (Theorem 3.1.6) we see
that

2
117 = / > bygiiz, g* )., dv

Q(t—e) kij=1

[ S (5

Q(t(1—e)) FI=1 i

/ Z bk]uzkg2m¢/ (u(tz)) u,dv

Q(t(1—e)) kij=1

1 T Uy, 1
-2 / () / Z bugin g™ ' | 7
t(l—e)

{z:u(z)="} kj=1

Let

O(r) = / Z bz, g°™ Uz, |dH1
{z:u(z)="} kij=1

Then using

we have

I = / o(Z o)) dr + O(t) (5.7)

t(l €)

for almost every t € (0,1/2). If we let ¢ — 0 it follows from the strong form of the
Lebesgue Differentiation theorem that

1 T
. - el o < - _
tig 3 [ o) (@) - o) dr| < iy - / () -l =0 (5.9
t(1—¢) t(l—e)
for H' a.e t € (0,1/2). From (5.8) and (5.6) for H! a.e t € (0,1/2) we have
I} — O(t) as e — 0. (5.9)

Thus (5.5) is true. Hence using (5.9) in (5.5) and then (5.5) and (5.4) in (5.3) we see
that

2
Z by o> uzk| &z, |dH1( z) <2m(2m — 1) / Z 6192, 9:,9°" 2 (u — t)dv
{t: u(z)=t} kij=1 Q(t) k,j=1

(5.10)
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Similarly, for fixed p, 2 < p < oo from section 4.2, ( = v = log f(Vu) is a weak
sub solution to (4.31), L = 0 in D. Using this observation and ¢*" 14 > 0 as a test
function and the fact that g =0 on B(0,1), we have

0>2m/2[1k] longu)) (le)du

k,j=1
br;g. — (¢°" ') dv
e gzl ! Ja “ (5.11)
2 2
= _2m(2m - 1) / Z bkjgzjgzkgzm_2ﬂdV +2m / Z bkjgzjg2m_1ﬂzkdy
a(y HI7 oy B
— —(III' + I11").

Arguing as in the previous case we have (5.10) when p > 2. Therefore, for fixed p,
1 < p < o0, (5.10), Lemma 3.1.9, and Euler’s formula for a homogenous function
yield

-0 [ I [yt

{z:u(z)=t} {z:u(z)=t} kj=1

2
o) Fi=1

< e2m(2m — 1) / |VulP~2|Vg2g*™*udv.

()
(5.12)

Let {Q;} be a closed Whitney cube decomposition of 2(¢) and let z; be the center
of Q; for i =1,.... Let R; be the union of cubes that have a common point in the
boundary with @);.

Note that the definition of ¢ and Lemma 3.1.9 yield for a.e z € )

IVf(VW)|[D?*u| _ |D?ul
f(Vu) T Vu

Vgl <c (5.13)

Moreover, it can be easily deduce from Lemma 3.3.1 that

/|Vu|p 22 Usys,) d1/<c/d(lval;)|]z ))dy (5.14)

R;

forevery 1 =1, .. ..
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Using (5.13), (5.14), Lemma 3.1.9, and Fundamental Inequality 4.1.5 in (5.12) on
the Whitney cubes (); we see that

/ ¢* f‘(vjl‘odHl< ! /u|Vu|p_2|Vg|292m_2dy
{z:u(2)=t} Qt)

<dm Zesssup (|V |2g )/]Vu|P’Vg‘2dl/

%

p|D2U|2
<dm Zesssup Vu |2g |Vl Wdy

Qi

<cdm? Zesssup (|Vl;|292”7’2> /|Vu|p2|D2u|2dy
Q.

i Z
< em e (i) / o
<dm Z:essgiup (> 2)1%/u|Vu|p_2<d( ’gQ))Qdy
< 2m 1) Zess@sup (9""7?) /u]Vu|p_2‘vu—Z|2dy
<c 2m )Zesssup am=2 /|Vu|p

o 2m(@m—1) /(g_l_cx)zm—zf(Vu) .

= plp-1) U
Q)
(5.15)

Here we have used the fact that @); intersects with finitely many R; which allows us
to interchange freely R; and Q);.
Moreover, the fundamental inequality 4.1.5 and Lemma 3.1.13 yield

log f(Vu) ~ log [Vu| m%

whenever z € {Z; u(Z) =t} and 0 < t < 1/2. Therefore, for z € {Z; u(Z) = t} and
0 <t < 1/2 we see from the fundamental inequality 4.1.5 and Lemma 3.1.11 that

) <loglut )< (1 - 1) los(;)  (5.16)

(g+c)2m 2 (g + 2¢¢ + & )m < (g + clog1/t)™~ (5.17)

whenever 0 < ¢t < 1/2. Using the Binomial theorem and (5.17) we can write

m— m 1 m—1—
(¢* +clog1/t)" ! = ﬁg (clog ;) 1=k (5.18)
0

3

i
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Let

f(Vu) 1 1

I = 2m HY(2) f —.

m () / g vl dH (z) for 0 <t < 5
{z:u(z)=t}

Then using the Coarea formula (Theorem 3.1.6), (5.12), (5.15) and (5.18) we obtain

o= [ el

[Vl
{z:u(z)=t}
\Y
S C/?TLQ /<g+c)2m2f( u)dy
u
Q(t)
1 £(Vu)
1 U
— 2 - 2m—2 dHl d
mt [2| [ wrorigtam
t {z:u(z)=T7}
[ s 1 F(Vu)
m—1)! m—1— U
SCImQ/; ﬁgﬂk(ClOg;) 1=k |Vu| dHl(Z) dr
t {z:u(z)="} k=0

(5.19)

It easily follows from V - V f(Vu(z)) = 0 for a.e z in Q and the divergence theorem
that

Ih(t) = / J(Vu) dH*(z) = constant = ¢(p, f) for 0 < t < 1.

Vu (5.20)
{z:u(z)=t}

In fact, using the divergence theorem we have

f(Vu) oy f(Vu) A for
/ v H (2) = / v (2) for 0 <to,t; <1.  (5.21)

{z:u(z)=to} {z:u(z)=t1}

One can use an induction argument on m in the following way; by (5.20) we have
Iy < for 0 <t <1, and next assume that we have

1 1
I, < "k log ;]k when 0 <t < 3 and for every 1 <k <m — 1, (5.22)
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where 1 < ¢,, then for k£ = m we have

2m(2m —1) o= (m —1)!
I,(t) <
<= =1 ;k!(m—k—l)!
2m(2m —1) <= (m— 1)
<c
- plp—-1) kzzokl(m—k—l)!
1
2m(2m — 1)~ (m—1)! Y "
¢ p(p—1) ;k'(m /{:—l)c & /
m—1
<C2m(2m—1) (m —1)! mklk—‘rlk'(l g(%
- plp-1) kok'(m E—1)7° m
m—1
1
<4c cl'm)! log
plp—1)" (,; (m — k—l )
1
< " m!(log Z)m

for 0 <t <1/2.

- 1
A E (log(=))kdr
T

(5.23)

Hence by (5.23), Lemma 5.1.1 is true for w replaced by h. It follows from w < h+¢’

that Lemma 5.1.1 is true for w.

By Lemma 5.1.1 we get for 0 <t < 1/2

f(Vu) w

dH'(2) < 2 ™¢,,

IVu| (2¢,.)mml[log 1]™

{z:u(z)=t}

Summing over m in (5.24) yields for 0 <t < 1/2

/ f(Vu) exp w
|Vl 2c,. log

{z:u(z)=t}
Define

} dH(2) < 2¢,,.

1 1
at) = \/40** (log ;) (log log Z) for 0 <t <e?,

At) = {z u(z) =t and w(z) = a(t)}-

and

23

[]

(5.24)

(5.25)

(5.26)

(5.27)



Then by (5.25) we have

f(Vu) w? L
20 > dH
O = |Vu| P 2¢,. log ¢ ()

>{7 TV o {w—Q} dH(2)

2¢,4 log %

> / TV o {O‘—Q} dH(2)

2¢,4 log %

(5.28)

(—logt)*dH'(2).
We conclude from (5.28) that
/ f(Vu)
[V
B(t)

For a fixed and large a, we define the Hausdorff measure H* as follows;
Let

2Cx

aa(r) < :
A(r) = { re when 1 < p < 2 for section 5.2 (5.30)

re=()  when 2 < p < oo for section 5.3.

Let H* be Hausdorff measure and Hausdorff dimension of a measure be as defined
before Theorem 1.2.1 relative A as in (5.30).

In the following subsections 5.2 and 5.3 we shall follow closely the argument in
[25, Section 3].

5.2 Proof of The Main Theorem 1.2.9 for 1 < p < 2
In this subsection we show that for a large a,

p is absolutely continuous with respect to H* measure when 1 < p <2.  (5.31)

Proof of (5.31). Fix p, 1 < p <2, let E C 09 be a Borel set with H*(E) = 0. Let
E = FE, U Ey where

B
Ey :={z € E; limsup Bz ) < 00}, (5.32)
r—0 A T)
and
B
Ey :={z € E; limsup Bz ) = 00}. (5.33)
r—0 /\(T)
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Note that Ey = E'\ E; for p a.e z in 0€2. We first show that u(E;) = 0. It easily
follows from the definition of H* measure and a covering argument that u(E;) = 0.

We next show that p(E») = 0. To this end, given 0 < ry < 1071% we show that
for every z € Fj there is s = s(z) with 0 < s/100 < r¢ such that

1(B(z,100s)) < 10°1u(B(z,s)) and A(100s) < u(B(z,s)). (5.34)

Let s be the last point on the interval (0, 7() satisfying

_ B(z,19)) w(B(z,s))
10%° min{1, HB(, < Ay 5.35
3w 150 >3
Existence of s follows from (5.33). Moreover,

A(1007) < 200A(r) for 0 < 7 < 14/100 (5.36)

as we see from the definition of A. It follows from (5.35) and (5.36) that there is such
s satisfying (5.34).

Observe that by Vitali’s covering argument we can find {r; < d,z; € Es} such
that

B(z;,10r;) are disjoint balls,
{B(z;,100r;)} covers Fs, (5.37)

(5.34) holds for z = z; and s = r; for every i.

Choose (; € 0B(z;,2r;) such that u(¢;) = maxwu on B(z;,2r;). From (5.34) and
Lemma 3.1.15 we know that the maximum of u on B(z;,2r;) and the maximum of u
on B(z;, br;) are proportional. Therefore, u(¢;) can not be too small in comparison
to the maximum of u on B(z;, 5r;). Thus, these observations and Lemma 3.1.13 yiled
(G, O0) ~ 1.

Moreover, using d((;, 092) ~ r; and Lemma 3.1.15 we see for fixed 7 that

p(B(z,10m:)) (&) ot - f(Vu(z))
Ti - (d(Q,@Q)) |Vu(z)| (5.38)

whenever z € B((;,d((,99)/2). Choose m so that 27™ < u(¢;) < 27! and let
n; be the first point on the line segment from ¢; to a point on 9Q N IB({;, d((;, IN2))
satisfying u(n;) = 2. Then we see that (5.38) holds with ¢; replaced by n;. That
is,

u(n;) =27™ and d(n;, 0Q) ~ r;,
p(B(2i,10r;)) ~ ( u(n;) )p_l

T

~

f(Vu(z)) ~ [Vu(z) ! (5.39)

d(n;, 0%2) [Vu(z)]

whenever z € B(n;, d(n;,002)/2).
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From (5.37) and (5.39) for z € B(n;,d(n;, 02)/2) we have

A(100r;
ac(100r;) = log (%)

o (225)

< clog <M(B(Zz‘» 107”1-)))

T

< clog |[VulP~! = log f(Vu) = w(z).

(5.40)

where a is as in (5.30) and ¢ = ¢(p, f) > 1. It follows from the maximum principle
and geometry of level sets of u, {z; u(z) = t}, and a connectivity argument that

HY[B(n;, d(n:,09)/2) N {z : u(z) =2 > M' (5.41)

Using Lemma 3.1.13 we can estimate 27" above in terms of ;. We can also estimate
27™ below in terms of r’ using the first line in (5.37). That is, there exist ¢ = ¢(p, f)
and 5 = B(p, f) < 1 such that

r < d(27™)° and 27™ < P (5.42)
From (5.29), (5.40)-(5.42) we have,
Bz, 10r5)] < ¢ / J]gﬁ)dffl( ) (5.43)

B(2‘m)ﬂB(zi,10n)

For large a, (5.42), (5.43), and (5.29) yield

w(Ey) < p (U(B<Zi’ 1007"1'))

< 10° Z w(B(z;, 101;))

F(Va) (5.44)
Z vl I _ZdH(2)

where 2708 = ¢r” . As ry — 0 we have p(E2) — 0. So we have (5.31).

5.3 Proof of The Main Theorem 1.2.9 for 2 < p < o©

To finish the proof of the Main Theorem 1.2.9, it remains to show that for 2 < p < oo,
1 is concentrated on a set of o—finite H* measure. To obtain this, by definition,

o6



we show that there is a Borel set K C 99 having o—finite H* measure satisfying

() = p(09).
We first show that u(K’) = 0 where

K’ := (= € 00; lim % 0}, (5.45)

Then we show that p(K) = pu(0Q) where

B
K ={z €0 hr?j(?p% > 0}.

Let 7o be sufficiently small. We can argue as in the proof of (3.52) to get that for
each z € K’ there is r = r(z) with 0 < /100 < r( satisfying

w(B(z,100r)) < cu(B(z, 7)) and  pu(B(z,100r)) < A(r) (5.46)

where the constant is independent of z and 7.
Observe once again that by Vitali’s covering argument we can find {r; < ¢, z; €
K'} such that

B(z;, 10r;) are disjoint balls,
{B(z;,100r;)} covers K', (5.47)

(5.46) holds for z = z; and r = r; for every i.

Let I’ be the set of all indexes ¢ for which r? < u(B(z;,100r;)) and let I” be the
indexes where this inequality does not hold. By (5.47) and (5.46) we see that

iel’
+ (| B(zi,100r)) + p(| ] B(z:,100r;))

el el

(5.48)

< ,u(U B(z;,1007;)) + ZT?

el el
< u(| B(2:,100r:)) + ¢'ro H*(Q).

el

When i € I’ we can repeat the argument for 1 < p < 2 to get first (5.38) and then
(5.39), (5.40). As i € I, we get the left hand inequality. Once again the right hand
inequality follows from Lemma 3.1.13. From these observations we see (5.43) holds

o7



for sufficiently large a as in (5.30) and

u(K') = croH*(Q) < p(| ) B(2i,100r;))

il
< cZu (2, 10r;))
iel’
f(Vu) (5.49)
dH
<e ) vl
m= moB
< 2 Z m72 < c_
B m=mo B Mo

Hence 27m08 = cro . Since ry can be arbitrarily small, we can let 7y — 0 from which
we conclude that u(K') = 0.

It remains to show that u(K) = p(9Q) and K has o finite H* measure. To this
end let K, for positive integer i, be the set of points in K with the property that

K; = {z € 0Q; limsup } >

pBLzr)y 1
r—0 A(r) i

From a covering argument it follows that
HA(K;) < 100ip(K;)
from which we can conclude that K; has finite H* measure. Since UK, = K, we

conclude that K has o—finite H* measure. which finishes the proof for p > 2. O]

The proof of Main Theorem 1.2.9 is now complete.

Copyright© Murat Akman, 2014.
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