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Abstract

Movement is ubiquitous to almost all life with most individuals undergoing some spatial

change across their lifespans. Understanding how and why animals move through and

interact with their environment is therefore key in understanding some of the most open

and pressing questions in science; from the effects of climate and environmental change

on local species, to preventing the spread of disease and infection.

In this Thesis we show how theoretical approaches to modelling individual animal

movement can lead to a better understanding of the processes behind movement. By

using the framework of random walk (RW) theory we analyse observed movement data

to predict and interpret movement behaviour of individuals.

Chapters 2 and 3 introduce the field of Movement Ecology and concentrate on recent

developments within the subject along and include derivations of key mathematical prop-

erties of RW theory which will be the analytical framework for analysing movement used

throughout the Thesis. Chapter 4 uses a biased and correlated random walk (BCRW) as

a model of individual animal movement to demonstrate efficiency in navigation. Chap-

ter 5 explores the variation in movement of individual ground beetles (Poecilus cupreus)

and demonstrates how this variation effects predictions of important population level

movement dynamics, such as the expected displacement. Chapter 6 demonstrates that a

highly peaked, heavy-tailed distribution found in the distribution of turning angles across

an individual’s movement path can arise from the mixing of two distinct normal-type

distributions, and provides an example of how this can indicate the presence of multiple

behaviours in the movement path. Finally, Chapter 7 considers how animal ‘personality’

can effect individual movement behaviour by considering the movement of stickleback

fish (Gasterosteus aculeatus)across three differing experimental environments.
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1 Introduction

1.1 Movement Ecology Overview

Understanding how and why animals move through, and interact with, their environment

is fundamental to our understanding of some of the most important open questions in

science (Nathan et al, 2008); from how climate change will affect habitat use and home

range-shifts (Russell et al, 2014, 2016; Riotte-Lambertt, 2015) to better control and

prevention of infectious disease spread and of invasive species (Petroksvii et al, 2014;

Boulinier et al, 2016; Dougherty et al, 2018).

The processes which cause individuals to move through space are many and diverse

but movement itself is fundamental to all life, both animal and plant alike with almost

all organisms undergoing some spatial change across their lifespan (Holyoak et al, 2008).

Movement ecology is the field which aims to understand, describe and quantitatively

model animal movement. It strives to demonstrate how movement affects and relates

to key processes in individual and group level movement dynamics such as reaction to

predation risk, interaction behaviour, resource use and navigation.

Traditionally movement ecology studies were focused on understanding the spaces

within an environment visited by an animal in order to improve management and wel-

fare strategies and were largely informed by either capture-recapture techniques or by

simply visually tracking individuals. However, over the past 30 years the field has un-

dergone a rapid expansion, in large due to the increase in availability, affordability and

accuracy of electronic tagging devices; allowing for ever increasing levels of precision in

monitoring the movement of individual animals (Patterson et al, 2017). This has moved

the field from simple studies investigating where animals go, to describing the underlying

mechanisms behind animals’ behaviour and movement processes.

In general movement ecology takes a ‘bottom-up’ approach to population movement

dynamics, by seeking to model individual-level behaviour and then extrapolating up

to group or population level (Jeltsch et al, 2013; Patterson et al, 2017). Therefore,

understanding and modelling individual animal movement is crucial to the field. Along
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with the expansion in recorded data, the number of statistical techniques and models

available to movement ecologists has also dramatically increased within recent times,

ranging from simple explicit models of individual movement, such as random walk models

(Kareiva & Shigesada, 1983; Codling et al, 2008) to more complex statistical structures

such as hidden Markov Models (Parton & Blackwell, 2017; McClintock & Michelot,

2018). Whilst these developments in analytical approaches have potentially given greater

insights into animal movement, care must be taken when seeking to analyse data to

ensure that the statistical tools are appropriate for the type of data and for what is

sought from the data (Patterson et al, 2017). Movement is a composite process which

is known to be formed from many internal and external cues (Nathan et al, 2008),

therefore whilst simple models benefit from being easy to implement and cheap in terms

of computation cost, they will not in general pick up more intricate movement behaviours.

Whereas more complex models become less tractable for non-experts to utilise and can

also lead to overly complex behaviour being wrongly assigned to a simple movement

process. This can particularly be the case for small studies with limited individuals over

short time scales; as is often inherent in laboratory based experimental setups. As such

extensions to simple movement models can allow for intuitive aspects of movement to

be encapsulated within the framework of the model whilst simultaneously letting more

advanced and complex behaviour be captured, with random walks being a good example

of this.

Random walks have an established history with animal movement (Levin, 1986; Getz

& Saltz, 2008; Codling et al, 2008; Miller et al, 2019) in part due to the nature of move-

ment data often being recorded as a series of discrete locations. Since the work of

Kareiva & Shigesada (1983), correlated random walks (CRW), which are random walks

that incorporate an animal’s expected inherent ability to have some persistence in their

movement path (Patlak 1953), that is knowledge of their previous direction, have fre-

quently been used as null models to which real movement can be compared (McCulloch

& Cain, 1989; Fagan & Calabrese, 2014; Miller et al, 2019). The benefits of such a model

are that the parameters required to inform the model can be calculated straightforwardly
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without the use of lengthy computation (Fagan & Calabrese, 2014). Recently, these null

models are being replaced by more complex models (such as biased and correlated ran-

dom walks (BCRW); Benhamou & Bovet, 1992; McClintock et al, 2012; Duchesne et

al, 2015) which can more accurately account for the complexities inherent within an

animals movement and behaviour, for example switches in behaviour possibly due to

changes with the local environment or landscape (Schultz & Crone, 2001; McClintock

et al, 2012). RW theory also underpins many advanced statistical models used in mod-

ern movement ecology including state-space models (SSM) and hidden Markov models

(Patterson et al, 2017), therefore further development in the models utilising RW theory

as well as completing a more thorough mathematical understanding of RW theory will

continue to benefit and push forward the movement ecology field.

1.2 Thesis Objectives and Structure

This thesis is formed of two introductory chapters and four research chapters. Each

research chapter is distinct in their content as they are taken from work which has either

been published or is in preparation for submission featuring a mix of theoretical results

based on RW theory, with analysis of real world data and individual based models.

Chapter 2 introduces the historical background of movement ecology and outlines

the current research being undertaken within the field, explaining how the biological

and mathematical aspects of the field work together in informing modern movement

ecology.

Chapter 3 focuses on deriving some of the key mathematical properties of random

walk theory and introduces the concept of circular data and statistics. Both of which

are the key mathematical tools used throughout the research chapters.

Chapter 4 considers a BCRW movement model for an individual, which is an exten-

sion of a model first analysed by Bovet & Benhamou (1999). It is demonstrated that in

the case where the error on persistence is small (that is the animal has good knowledge

of its previous heading) then for long term motion, heading towards a preferred direc-

tion (or point at infinity) the most efficient method of moving is to put more weight
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into following the direction of the previous step than into the navigation. An analytical

approximation to the long term behaviour of the model is given and the uses of such a

model and the findings in the wider movement ecology field are discussed.

Chapter 5 looks at the analysis of the movement paths of the ground beetle Poecilus

cupreus. The movement paths were recorded in a featureless, homogeneous laboratory

setting at high frequency. The beetles were found to have the ability to disperse much

more rapidly than predicted by simple CRW models and demonstrate high individual

variability in movement behaviour. The findings demonstrate the importance of consid-

ering individual movement traits rather than aggregated population movement dynamics,

as important characteristics, such as the net displacement, can be greatly affected.

Chapter 6 concerns the distribution of turning angles found in movement data. It

is shown that the apparent presence of a heavy-tailed distribution (such as a wrapped

Cauchy distribution) can be due to the erroneous assumption that the observed move-

ment includes turning angles drawn from one probability distribution. This is demon-

strated analytically by considering the probability distribution formed by a mixing two

normal-type distributions and comparing this to a heavy tailed distribution (a wrapped

Cauchy distribution).

Chapter 7 looks at how changes in an environment can affect the movement be-

haviour of stickleback fish (Gasterosteus aculeatus). High-resolution image-tracking was

used to repeatedly record the movements of individual three-spined stickleback fish in a

simple environment that had either two, three or five shelters present. Subsequent anal-

yses of the movement paths indicated that changes in the environmental setup did not

explain variability in our sample, whereas a significant proportion of the observed varia-

tion was attributed to individuality. The findings demonstrate the link between animal

’personality’ theory and movement ecology and highlight the importance of including

such individuality when attempting to scale up individual models to inform group level

movement behaviour.
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2 Historical background and foundations of Mathe-

matical Ecology

2.1 Historical Background

Perhaps the earliest documented interest into the movement of animals comes from

Aristotle in the 4th Century BC where he stated in his text On the motion of Animals

(Aristotle)

� “We have inquired elsewhere into the details of the movement of the various kinds

of animals, the di�erences between these movements, and the causes of the charac-

teristics which each exhibit; we must now inquire generally into the common cause

of animal movement of whatever kind”

Despite this it took until the 19th Century for the seasonal migration of birds to be

noted, in part due to the discovery of the Rostocker Pfeilstorch found in 1822 (Berthold,

2001). Even noted Biologists such as Charles Darwin, despite writing in On the Origin

of species that animals tended to restrict their movement to small, local areas or ranges,

did not explore the importance of studying the methods and movement paths of animals

(Darwin, 1859).

2.2 Modern Movement Ecology

Modern research has come to realise the importance of understanding animal movement

as there are aspects in many of fields of science which inherently rely upon an under-

standing of movement ecology including; ecosystem management (Berkes et al, 2008),

animal behaviour (King et al, 2018), evolutionary science (Peck, 2001), population dy-

namics (Patterson et al, 2008; Holyoak et al, 2008), epidemiology (Boulinier et al, 2016)

and conservation science (McLane et al, 2011). A thorough knowledge of the expected

movement behaviour of animals is vital for controlling and managing the spread of dis-

eases and infestations as well as protecting degraded ecological areas and in protecting
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animal welfare whilst also allowing for sustainability in agriculture.

The modern field of movement ecology came into existence around the beginning of

the 21st century where work focused on testing empirical data with theoretical mod-

els and, subsequently, using the theoretical models to predict animal movement and

behaviour (Holden, 2006). Since then movement can be, and has been, classified in

numerous ways. It can be passive, such as spread caused by currents or the wind, or

purposeful and serve as relocationary, exploratory, fleeing, patrolling etc. and can take

place across time scales from minutes and hours to days and months, over spatial scales of

small home-ranges and patches (Schultz & Crone, 2001; Jonsen et al, 2005; Fortin et al,

2005; McClintock et al, 2012; Riotte-Lambert, 2015; Blackwell et al, 2016) to large inter-

continental migrations (Gardiner et al, 2015; Nicosia et al, 2017; Muheim et al, 2018).

Purposeful movement of animal is often, if not always, affected by the internal state of

the individual influenced by such things as levels of hunger, predation risk, stress, body

condition and health (Nathan et al, 2008). These internal states are hard to empirically

quantify, however, with advances in technology these can now be measured (Spiegel et al,

2013, Fürtbauer et al, 2015; Cox et al, 2016; Vazquez Diosdado et al, 2018). Due to this

wide range of movement types, over varying spatial and temporal scales, along with the

rapid expanse of the field there was no common terminology or best practice appropri-

ated by the community and, as is pointed out by Nathan et al (2008), this idiosyncratic

classification is further compounded by differing taxonomic groups using differing move-

ment models and studies despite clear overlaps. Hence, Nathan et al (2008) presented a

framework to unify the field by stating that any such model of animal movement should

include expressions for internal state wt, ability to move, Ω, navigational ability, Φ and

environmental factors rt. Giving the potential of moving to a new location ut+1 from a

current location ut, at a given time, t, as a function of these variables:

ut+1 = F (Ω;Φ; rt; wt; ut) (2.1)

This approach to integrating the separate factions of research into movement is in essence

what modern movement ecology has entailed over the past 10-15 years, and proved timely
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as the field underwent a dramatic increase in the number of publications listed under

the key word of “movement ecology” since 2007 (Fig. 2.1).

Perhaps the major development within the field in the last two decades has hinged upon

Figure 2.1: Demonstrating the number of publications found on Web of Science under
the keyword of “movement ecology” from 2007-2018 (Web of Science, 2019)

advancements within tagging technology and other methods of recording animal locations

(Robinson et al, 2010; Hazen et al, 2012; Cooke et al, 2013), as well as the dramatic

increase in computational power and advances in mathematical and analytical techniques

which have allowed researchers to exploit the increase in raw data. This has resulted in

a better and more robust understanding of animal behaviour and in greater detail then

was previously possible. Traditionally, acquiring accurate and quality movement data

was challenging involving great expense, both economically and in terms of field work,

however, with the aid of the advances in tagging technology and the increase in raw

computer power, it has become possible to record movement data at a high degree of

accuracy across longer time scales without burdening or obviously effecting the natural

movement of the animal in question.

2.3 Movement Data Capture

Data capture techniques have dramatically improved over recent years, not just in the

volume of data which can be recorded but also in the accuracy and the ability to record
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data other than simple location, such as temperature, pressure, humidity and depth.

This coupled with the relative inexpensiveness of such devices has caused an explosion

in the size and number of data sets, with data repositories now dedicated in storing

vast amounts of open access data; such as MoveBank (Movebank.org, 2019) and Dryad

(Datadryad.org, 2019). However, care must be taken when attempting to tag individuals

ensuring that any affect of a device upon an individual does not affect nor inhibit its

usual movement behaviour, similarly, care must be taken when attaching any device to

prevent any distress or harm; McMahon et al (2011) detail common potential effects of

tagging individuals and suggest best practice methods.

Commonly used tracking devices in the wild include global positioning system (GPS)

tags, which give highly accurate readings of global location as well as height, however,

such tags are usually larger and bulkier than alternative methods (Cagnacci et al, 2010;

Recio et al, 2011) and as such are best suited for larger animals, such as sunfish, Mola

mola, (Sims et al, 2009), elk, Cervus canadensis, (Fortin et al, 2005), green turtle Ch-

elonia mydas (Dujon et al, 2014) golden eagle, Aquila chrysaetos, and turkey vulture,

Cathartes aura (Bohrer et al, 2012). Smaller and cheaper alternatives exist, such as

the ARGOS Doppler tags, which will give locations most places on the globe, however,

whilst they are lighter than the GPS tags, the trade-off is in accuracy of data. These

tags have been used in tracking a wide range of animals, from smaller lightweight birds

such as snowy owl, Bubo scandiacus, (Therrien et al, 2015), African cuckoo Cuculus gu-

laris (Iwajomo et al, 2018) and Grasshopper Sparrows Ammodramus savannarum (Hill

& Renfrew, 2019) to larger mammals such as blue whale, Balaenoptera musculus, (Bai-

ley et al, 2009) and both the bearded seal Erignathus barbatus and Hawaiian monk seal

Monachus schauinslandi (McClintock et al, 2015). Finally, smaller and inexpensive al-

ternatives like VHF (Very high frequency) radio tags can be used, which are light and

unobtrusive enough to be attached to small birds, mammals and even insects, however

in general these require the animal to be within a short distance (order of kilometres) of

the recording receiver. These are often used to track populations where the home range

is known and as they have a long battery life they have been used in data recording
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of both brown bats, Eptesicus fuscus, and hoary bats, Lasiurus cinereus, (Castle et al,

2015), juvenile Eagle owls, Bubo bubo (Aebischer et al, 2010) and across a wide range of

insects (Gourret et al, 2011).

Other common tracking methods used include capture-recapture techniques. These

involve placing a series of traps across a given area and recording the presence of an

animal when it engages the trap. The individual will often be labelled then released and

as it engages with future traps, information about its movement can be extrapolated

from the occurrences of appearances in the traps. This technique has been extensively

studied in terms of conservation and population management (Williams et al, 2002;

King, 2012) and whilst modelling specific movement paths from this data is not usually

attempted due to the heavily discretised spatial and temporal nature of the data, it is an

important and commonly used practice in movement ecology as it allows for estimations

of important population level statistics such as animal density (Efford, 2011) and survival

probabilities (King, 2012).

Data is often also recorded in a laboratory setting where the environmental effects can

be carefully controlled and monitored. For obvious reasons these laboratory settings are

best suited for smaller animals and cannot be used to reproduce large scale, migratory

type movement. Data here can be found by live tracking the animal, such as through a

tracking sphere as is discussed in Chapter 5 and has been used for dessert ants in Dahmen

et al (2016). Or this can be done via video tracking devices, where a video recording of

the movement path is analysed by computational programmes tracking the movement

of individuals by considering the centre of mass of the animal and returning a simple

time series of location points (see Chapter 7) (Noldus et al, 2001, 2002; Qian et al, 2016;

Madan & Spetch 2014). Whilst these experimental setups benefit from the inclusion of

controlled and repeatable settings, care must always be taken when extrapolating results

into the real world setting (Englund & Cooper, 2003; Miller et al, 2004).

These advances in data capture techniques along with the explosion of interest of

applying mathematics to biology in the 20th and 21st century has given rise to many

new theoretical mathematical frameworks, which can be used in spatial ecology to help
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understand, interpret and predict animal movement and behaviour.

2.4 Mathematical Tools

Movement data which has been obtained and processed using computational methods

are usually stored as a time series of individual location points. This discrete process

is often recorded at regular intervals, although this is not always the case perhaps due

to loss of signal with tagging equipment or by the use of less dynamic forms of data

capture, such as fixed location traps or visual recordings.

A simple piece-wise linear reconstruction of the movement path can be made by

connecting the spatial locations in temporal order, which allow for the calculation of

descriptive statistics that are readily available from such data and are often used in

movement analysis including:

� step-lengths; the distance between two successive spatial locations. Usually this is

the standard Euclidean distance, but in large scale movements, such as migrations,

this might be measured by the orthodromic distance.

� instantaneous-speeds; these take the step-length and divide by the temporal dif-

ference between two points. These are often used in high frequency data as they

give a sense of the speed at which at individual is moving at a given point, despite

not working with continuous data.

� turning angles; the relative angle between direction of movement for successive

locations.

� headings/global orientations/bearings; the change in direction between two suc-

cessive locations taken from some absolute direction (magnetic North in the case

of bearings).

� intermittency; periods of time when the animal is stationary

It should be clear that the choice of which statistics to use is determinate upon both

the temporal and spatial scale of the data. High frequency data, recorded at multiple
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counts per second, will therefore need to be treated and analysed differently to data

which is recorded at timescales of hours or days.

Therefore, when analysing any such data, the type of data recorded, whether tem-

porally regular, spatially regular or intermittent in both spatio-temporal scales needs to

taken into account (Patterson et al, 2017).

2.4.1 Continuous Time Models

In the case when data has not been recorded at regular time intervals it is often nec-

essary to use continuous time models as these assume data has only been recorded at

certain temporal or spatial points with missing data in between. This allows the data to

be modelled without interpolation, sampling or aggregation (Johnson et al, 2008). Such

models are usually derived from some diffusive stochastic process, such as the Wiener or

Ornstein-Uhlenbeck process (OU). Johnson et al (2008) used a continuous time corre-

lated random walk (CTCRW) derived from an OU process to model the movement and

space-use of harbour seals (Phoca vitulina) and northern fur seals (Callorhinus ursinus).

This method accounts for the irregularity in the recorded data and therefore prevents

researchers from the sometimes arbitrary, decision of the temporal scale of data cap-

ture beforehand. Continuous time models utilising the OU process have been used in a

range of movement processes including; estimating home ranges (Nations & Anderson-

Sprecher, 2006), group movement (Niu et al, 2016) and the movement of central place

foragers (Fleming et al, 2015). Models utilising different continuous processes such as

velocity jump processes, which model the velocity at a given time as a random walk

rather than the spatial location (Codling & Hill, 2004), have been used in describing the

movement of a diverse range of animals from the ‘run and tumble’ movement of bacteria

such as Escherichia coli and L. fuscus (Berg, 1990; Hill & Hader, 1997; Taylor-King et

al, 2015) to the migration of the lesser black-backed gull (Larus fuscus) (Taylor-King et

al, 2015). A more general approach then using an OU process is to describe movement

as a stochastic differential equation (SDE). These can model more complex behaviour

than the OU process, such as by including a term which models the drift in movement
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towards (or away from) a certain direction or point. This drift term can be included

in a variety of ways, Bengtsson et al (Bengtsson et al, 2002) showed that by calculat-

ing the drift as a function of the distance between individuals, the dispersal patterns

in soil-living invertebrates (Onychiurus armatus) could be modelled and characterised,

whereas, Preisler et al (2001) used the angle between the heading of an individual and a

point source emitting male pheromones to model the movement of female bark beetles

(Ips paraconfusus). Whilst SDEs are more flexible than other continuous time mod-

els, their flexibility does come at a cost of increased computational time and decreased

statistical tractability (Patterson et al, 2017).

2.4.2 Discrete Time Models

Modern approaches for the analysis of data recorded at regular time intervals has relied

on advanced statistical tools such as Hidden Markov Models (HMMs) and state-space

models (SSMs), as these allow for efficient and accurate analysis of the large data sets

that modern movement ecology now entails (Cagnacci et al, 2010).

HMMs are especially effective in the case where the latent error in the location mea-

surement is small (Patterson et al, 2017), and can identify important aspects of movement

data such as auto-correlation, as well as identifying when animals switch movement be-

haviour (perhaps from more active to more sedantry behaviour) and have been used in

the analysis of a variety of animals, including elephants Loxodonta africana (McClintock

& Michelot, 2018), grey seal Halichoerus grypus (Whoriskey et al, 2017), woodpeckers

Picoides borealis (McKellar et al, 2016), cheetah Acinonyx jubatus (Grünewälder et al,

2012) and Drosophila fruit flies (Holzmann et al, 2006). The popularity of using HMM

techniques has been furthered by the relative ease of applying the methodology due to

readily available computational programme packages, such as the moveHMM (Miche-

lot et al, 2016) and momentuHMM (McClintock & Michelot, 2018), which can both be

implemented straightforwardly in R (R Team, 2019)

State-space models (SSM) combine a process model for the movement, as would be

used in an HMM, with a model for the accuracy of the observations that could take the
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form of the Gaussian error function, for example. In this way, an SSM can be thought

of as an extension of an HMM which allows for inaccuracies in the data recording, or

similarly, an HMM can be thought of as an SSM which assumes that the recorded data

comes from a discrete number of unobservable or hidden states (Patterson et al, 2008).

Parameters for both the movement and observation models are found from the data

itself, usually by either Bayesian or maximum-likelihood methods (Jonsen et al, 2005;

Johnson et al, 2008; Patterson et al, 2008; Pederson & Weng, 2013; McClintock et al,

2012; Alberrtsen et al, 2015). These models are particularly useful when data has been

recorded from the ARGOS system due to the known error in the recorded data, which

can be modelled as a stochastic process (Johnson et al, 2008; McClintock et al, 2012;

Alberrtsen et al, 2015).

Both HMMs and SSMs require an underlying model for which the movement data is

to be described, with perhaps the most commonly used model being a discrete random

walk (RW) (Patterson et al, 2017). Discrete random walks assume that animals travel by

a discrete path given as a time series of individual spatial locations and as such are well

suited for analysing, exploring and interpreting movement data. Random walks have

been used extensively within the field of movement ecology as models can, in general,

be informed by two parameters; a measure of distance travelled between locations (step-

lengths or instantaneous speeds) and a direction at each step (turning angle or global

orientation/bearing).

2.5 Use of Random Walks in Animal Movement

Random walk theory has a long history of being used to model individual animal move-

ment and navigation (Levin, 1986), and as a tool to classify and interpret observed

movement data using various path analysis techniques. RWs have been used to describe

and analyse the movement of insects such as cabbage white butterflies Pieris rapae

(Kareiva & Shigesada, 1983) and Cataglyphis desert ants (Dahmen et al, 2015) to large

mammals such as elk Cervus elaphus (Frair et al, 2005) and grey seal Halichoerus grypus

(McClintock et al, 2012). McLane et al (2011) gives a list of examples of recorded animal
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movement which were described by various types of RW.

One of the reasons for the tractability of RW theory in movement analysis is that

measures such as the distributions of the turning angles, step-lengths and bearings can be

readily calculated directly from recorded data and simple descriptive statistics useful for

practising ecologists can be freely obtained, such as mean square displacement (MSD),

sinuosity, preferred direction in movement and space-use.

In terms of movement modelling the three most commonly used types of RW are; the

isotropic simple random walk (SRW) in which the direction of a step is equally likely

across all possible directions at any given point in time or space; the biased random

walk (BRW) which differs from the SRW by featuring a preference towards a certain

direction at each time step. This can be towards a specific point in space, in which case

the orientation of the preferred direction will depend upon the location of the walker at

each step, or it can be towards a specific direction, for example magnetic North and it

can be consistent across time and space or vary depending upon location and/or time.

Finally, the correlated random walk (CRW), which assumes the direction of movement at

any given point is correlated to the previous movement direction (Kareiva & Shigesada,

1983; Codling et al, 2008). Fig. 2.2 demonstrates the difference in movement paths of

each of these types of RW and Fig. 2.3 compares of the final positions of a group of

walkers using each type of RW of a fixed length.

Since the work of Karieva & Shigesada (1983), the CRW has often been treated as

a null model for animal movement (Proulx et al, 2013; Fagan & Calabrese, 2014) as

closed expressions for the mean square displacement (MSD) can be derived (see section

3.3) which rely solely on the mean trigonometric and mean step lengths, values which

can be easily obtained from the observed data, therefore, giving a quick and simple

check for ecologists as to how well the standard CRW model fits observed data (Fagan &

Calabrese, 2014). However, as noted by Kareiva & Shigesda (along with others; Fortin

& Dale (2005), Shimatani et al, (2012), Fagan & Calabrese (2014)) whilst the CRW

may work well as a null model it is a poor simplification of real animal movement and
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Figure 2.2: Example paths for (a) SRW; (b) CRW; (c) BRW. Each with 10 walkers after
50 steps each of unit length.

explains none of the underlying motives for movement behaviour, as required for a deeper

understanding of animal movement (Nathan et al, 2008).

2.6 RW as a ‘step-and-turn’ Process

One common method of describing a RW is as a series of step-lengths, li, drawn from

some positive distribution, Λ, and angles (either global orientations/headings, �i drawn

from some distribution Φ with domain (��; �], or turning angles �i drawn from some

distribution Θ also with domain (��; �]; see section 3.7 for a discussion of such distri-

butions) (Fig. 2.4). It is by viewing the RW process in such a manner that allows for

many important and useful mathematical properties of RWs to be calculated, such as

mean location and mean square displacement, therefore allowing for direct comparisons

of these abstract models with observed data (Kareiva & Shigesada, 1983; Cheung et al,
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Figure 2.3: Final position of 1000 walkers for (a) SRW; (b) CRW; (c) BRW after 100
steps each of unit length. All starting positions were the origin, (0; 0).

2007; Fagan & Calabrese, 2014).

Using this definition of a RW we can classify an isotropic SRW as one in which the

distribution of the angles is uniform (this will be the case for both the distribution of

headings, Φ, and for turning angles, Θ).

For a CRW we would expect the distribution of turning angles, Θ, to be stable over

time (that is the distribution tends to a stable state as time increases) and symmetric

around 0 (assuming the walker is equally likely to take left and right turns). With a

taller peak at 0 corresponding to a walk with high persistence and a lower peak giving

a near isotropic SRW.

For a BRW with a global bias (that is a preference to always move in a certain

direction or to a point at infinity), we would expect the distribution of the global orien-

tations/headings, Φ, to be stable over time and centred around the angle of the preferred
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Figure 2.4: Discrete movement path as a step-and-turn process. Successive locations are
given by closed black circles with steps of length l, turning angles, �, and headings, �.

direction when compared to the direction from which the global orientation/heading is

taken (e.g. North). With a higher peak corresponding to a stronger bias and a flatter

distribution giving near isotropic SRW movement. This is only the case for global bias,

if the bias in direction is towards a specific point in space then then direction of the bias

at any other given point will depend upon the relative positions of the current position

and the goal position. Therefore, the distribution of angles will not necessarily stabilise

to a fixed distribution over time.

2.7 Extensions to SRW, CRW and BRW models

The three models described above are among the most straight forward versions of ran-

dom walks and as such are the most commonplace within the movement ecology litera-

ture. However, simple extensions which add extra realism in specific animal ecological

problems can also be calculated. Those which have been used specifically in animal

movement are briefly mentioned below.

2.7.1 Biased & Correlated Random Walk

Though pure CRW or BRW have been reported as models for animal movement, other

extensions to these models which take into account some of the short comings noted

by Kareiva & Shigesada (1983) and Fagan & Calabrese (2014) have recently been in-

corporated. One can consider a random walk which has both a biased and correlated

component, such biased and correlated random walks (BCRW) can be expressed in var-

ious ways but include an additional term which controls the weight, or preference, the

walker puts into the correlated and biased terms. Benhamou & Bovet (1992) considered
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a weighted vector sum to describe a BCRW, where the length and direction of steps are

formed by a weighted sum of the vectors formed by pure CRW and BRW. A similar

form of the BCRW considers the angle at each step to be calculated by a weighted sum

(Schultz & Crone, 2001; Fortin et al, 2005), although this gives differing results to those

calculated utilising the vector sum method due to the periodicity of the trigonometric

functions.

2.7.2 Lévy Walk

A Lévy walk (LW) is essentially a SRW where the distribution of step lengths, Λ(l),

is given by a power law, Λ(l) � l�� , where for some � > 1. This distribution for

step-lengths gives an infinite variance allowing for the unrealistic effect of instantaneous

propagation over an infinite domain. Technically this stochastic model is known as a

Lévy flight, whereas a Lévy walk assumes a finite constant velocity at each step causing

longer step-lengths to take proportionally longer time (Zaburdaev et al, 2015), how-

ever, assuming that we have a free boundary condition then Lévy flights can accurately

model Lévy walks (Dybiec & Gudowska-Nowak, 2017) and hence are often referred to

interchangeably in the literature.

Qualitatively a LW resembles periods of random movement concentrated in a small

area followed by a sudden large relocation to a new area and the process repeats. Such

heavy-tailed behaviour of the step-lengths is the indicative characteristic of Lévy be-

haviours and as such is usually the method for which movement is classified as Lévy

or not (Bartumeus et al, 2005;Viswanathan et al, 2011; Plank et al, 2013). Evidence

for Lévy type movement has been reported in various animals including wandering al-

batrosses, Diomedea exulans, (Viswanathan et al, 1996), black bean aphids, A. fabae

Scopoli, (Mashanova et al, 2009) and humans (Raichlen et al, 2014). Theoretical ap-

proaches have also been developed to show that Lévy behaviour can optimise search and

foraging movement (Bartumeus et al, 2002; Sims et al, 2012). However, the validity

of determining the presence of Lévy behaviour is a contentious topic (Pyke, 2015). It

has been shown that heavy tailed behaviour in step-lengths can be recovered by con-
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sidering a composite correlated random walk (CCRW) which consists of two distinct

phases of movement behaviour, one of intensive foraging involving movement in a small

localised area, and another of large displacement representing exploratory behaviour

(Plank & Codling, 2009; Auger-Méthé et al, 2014). Evidence to suggest the manner in

which movement paths are sampled can also cause apparent emergence of power laws

(Codling & Plank, 2011; Auger-Méthé et al, 2011). As Tilles et al (2017) highlights, data

which was initially classified as exhibiting heavy tailed step length distribution has since

been re-classified as “ ‘thin-tailed’ Brownian walkers”, notably wandering albatrosses,

Diomedea exulans (original analysis, Viswanathan et al, 1996; subsequent analysis Ed-

wards et al, 2007), mussels Mytilus edulis (de Jager et al, 2011; Jansen et al, 2012) and

Tenebrio beetles, Tenebrio molitor, (Reynolds et al, 2013; Bearup et al, 2016). The

presence of power laws is in general a non-trivial task to determine (Virkar & Caluset,

2014); it has long been held that power laws are present in almost all complex networks,

ranging from areas of computer and data science (Albert et al, 1999; Mislove et al, 2007)

to biology and the social sciences (Ichinose & Sayama 2017; Agler et al, 2017) and had

been widely reported on over the last couple of decades, however, recent work by Broido

& Clauset (2018), has demonstrated that such networks are in fact highly uncommon

when using recent advances in statistical methodology and tools.

2.8 Common Descriptive Characteristics of RW Paths

Directly comparing between movement paths is difficult, therefore, summary descriptive

statistics are often used to characterise paths of RWs. The most common of these are

the mean square displacement, which gives the square of the distance from the current

location to a certain reference point (often the initial starting point), and a measure

of tortuosity, which gives a measure of the amount of turning across the path. As

mentioned in section 2.2, movement ecology has a habit of including terminology with

no strict definition and this is true here as there are various methods for calculating the

tortuosity each of which are applicable and helpful in certain situations (Codling et al,

2008). However, certain specific types of tortuosity are well-defined, with common ones
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being listed in Table 2.1 (taken and adapted from Almeida et al, (2010) and Edelhoff et

al, (2016)). Almeida et al (2010) gives a complete comparison between five measures,

detailing how they compare with errors in recorded locations, sample sizes and scalings.

Measure Equation Parameters Refs

Straightness dE
L

dE = Euclidean
distance between
beginning and end of
movement path, L =
Total path length
.

Batschelet (1981)
, Gurarie et al
(2016)

Sinuosity
h

E[l]
4

�
1�c2�s2

(1�c)2+s2

�
+ b2

i�0:5

E[l] = mean step
length, c = mean
cosine of turning
angles, s =mean sine
of turning angles,
b =coefficient of
variation of step
length (see Eq. 3.27)
.

Bovet & Ben-
hamou (1988),
Benhamou
(2004), Codling
et al (2008)

Intensity use Lp
A

L = total path
length, A =area of
movement

Hailey & Coulson
(1996), Loretto
& Vieira (2005),
Ferriera et al
(2017) .

Fractal
dimension, D

various computational
methods but always with
D 2 [1; 2]

Usually requires the
length of path and
some measure of the
area through which
the path has tra-
versed.

Benhamou
(2004), Turchin
(1996), Mårell
et al (2002),
Tremblay et al
(2007)

Table 2.1: Various methods of determining the tortuosity of discrete movement paths

It should be mentioned that the use of the term fractal dimension (Table 2.1) is not

technically correct as the random walks and data discussed here and in the movement

literature are not strictly fractal in nature, since they have a minimum scale size. Also

it has been shown that at the scale of the animal itself movement is effectively linear

(Turchin 1996), however, measures of “fractality” have been successfully used in com-

paring movement paths for animals such as grey teal Anas gracilis (Roshier et al, 2008),

migrating wandering albatross Diomedea exulans (Fritz et al, 2003) and zooplankton
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(Seuront, 2015); see also Table 1 in Seuront (2015) for a list of studies on Fish and

Crustaceans.

True fractal analysis requires self-similarity across scales, however, as this is not the

case in animal movement, comparisons of paths using a measure of fractal dimension

can only be used at the same scales (paths considered to be Lévy in nature can be

compared across scales as, by definition, they are scale invariant due to the inherent

power law, however as discussed in section 2.8.2 the viability and existence of such scale

free movement paths is up for debate).

Almeida et al (2010) and Codling et al (2008) both highlight the importance of using

the correct measure of tortuosity in attempting to compare movement paths as each of

the suggested measures has limitations in certain contexts and can be affected by factors

such as error in data recording, sampling rate of movement and the scale at which the

data has been captured.

2.9 Limitations of RW Theory in Movement Analysis

Whilst the uses of RW theory in movement ecology have been discussed, there are limita-

tions to this modelling framework. Notably, analysis of the step length and turning angle

distributions requires accurate recording of the location data. Though this has rapidly

improved in recent years (see section 2.3) errors in the recording of data can give rise to

the incorrect use of models. For example, when considering the analysis of the distribu-

tion of turning angles the temporal scale at which the data is recorded can have a drastic

effect. Consider an insect or fish whose natural movement emits a sinusoidal motion,

either through the tripodal rocking of walking (Hughes, 1952; Holmes et al, 2006) or by

the wave like motion the body a fish uses for forward movement (Gray, 1933; Stephens

et al, 2003). If the data are recorded at a high frequency this rocking motion will be

assumed part of the movement path of the individual, despite the animal attempting to

walk in a straight line, and the rocking motion will cause the recorded path to appear

highly sinuous (Delcourt et al, 2013; Qian et al, 2016). Conversely, too large a temporal

scale, for example long term migrations where data can only be captured a few times
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a day, risks omitting the local level movement behaviour and can lead to non-sensical

descriptions of turning angle behaviour as changes in directions are considered to occur

only a few times a day. It has also been shown that the method for recording locations

can cause inaccuracies in the subsequent analyses with errors in GPS data locations

producing contrived large and 180� turns, which would falsely enhance the heavy-tailed

nature of recorded turning angles (Hurford, 2009). As mentioned previously (section

2.4) methods to address the inherent error in movement data have been developed, for

example with the use of state-space models (SSM).

It is also assumed by the RW model that the animal moves between data points in

a straight-line, again at large temporal scales this is an unreliable assumption. Mod-

ern methods which allow for the continuous nature of movement in connecting discrete

locations rely on Bayesian inference and usually require heavy computational implemen-

tation of advanced statistical techniques such as Markov chain Monte Carlo (MCMC)

algorithms (Blackwell et al, 2016) or Kalman filters (Fleming et al, 2017). An alternative

would be to employ spline techniques, which are used frequently in discrete point anal-

ysis in computer sciences and have been seen in animal movement such as in Buderman

et al (2016) who used spline techniques to give best fit curves between data points in the

analysis of Colorado Canada lynx (Lynx canadensis), providing a Bayesian based model

which could be used across temporal scales in order to obtain behavioural change point

locations in continuous time.

In fact the method of Buderman et al (2016) method takes into account the non-

trivial problem of the effects of missing data. Missing data can be corrected by simple

interpolation via generalised linear models (GLMs) which can infer the location of missing

data (Hanks et al, 2015), or through other techniques such as cluster analysis (Hanks

et al, 2011) or data augmentation (Johnson, London & Kuhn 2011), although as noted

in Buderman et al (2016) these techniques are not suitable for multiple data sources

and so in the case of data coming from multiple individuals other methods such as that

described by Buderman et al (2016) need to be incorporated.

Similarly, as data are usually recorded at specific time intervals the assumption in
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the framework of discrete RW models is that the change in direction or speed/step-

length of an animal occurs at these precise discrete time points. Rosser et al (2013)

showed that the rate at which a movement path is sampled significantly affects the

statistics used in RW framework, such as the mean trigonometric moments and mean

step length. This is reinforced by the findings of Postlethwaite & Dennis (2013) who

showed that varying the sub-sampling rate from between 10-60 minutes substantially

changed the calculated mean trigonometric moments and mean step length, specifically

the turning angle distribution went from highly peaked at finer scales to broader and

closer to uniform at larger scales. Similar findings have been reported by Codling & Hill

(2004) who give a mathematical analytical justification for the change in value for the

parameters across scales, providing a method for estimating the values of the parameters

used in the original RW from the sub sampled path by assuming a linear relation between

sampling time step and the parameter values. However, Fryxell et al (2008) reported

in the movement of free ranging elk (Cervus elaphus) that at varying spatiotemporal

scales, whilst the parameters used to describe the movement behaviour may change,

the number of movements modes/strategies was apparent at all scales indicating that

mutliphase behaviour may still be captured and retained at varying scales using RW

framework.

Having discussed the importance of RW in movement ecology, we now look at the

mathematical framework of RW theory and demonstrate some of the key measures which

can be analytically calculated from the most useful and common forms of random walks

used within the field.
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3 Mathematics of Random Walks

Perhaps the first example of a random walk was famously introduced into the scientific

literature by the botanist Brown (Brown, 1828) who, whilst studying the movement of

pollen on an apparent still body of water, noted the random movement of the grains of

pollen across the meniscus. This random movement behaviour became known as Brow-

nian motion and was given a mathematical explanation by the French mathematician

Bachelier in his PhD thesis (Bachelier, 1900). Due to Bachelier’s work, the first use

of Brownian motion was applied to the stock market in an attempt to understand the

movement of stock prices in the early 20th Century, however, it wasn’t until the work

of physicists von Smoluchowski (von Smoluchowski, 1906) and Einstein (Einstein, 1905)

who, amongst other discoveries, derived the diffusion equation from the model of Brown-

ian motion and showed the mathematical and predictive power of random processes when

modelling averaged behaviour across systems with many particles. Although, at a similar

time to Einstein’s and von Smoluchowski’s discoveries, the great English mathematician

and statistician Karl Pearson wrote in a letter to Nature (Pearson, 1905)

� A man starts from a point O and walks l yards in a straight line; he then turns

through any angle whatever and walks another l yards in a straight line. He repeats

this process n times. I require the probability that after these n stretches he is at a

distance between r and r + �r from his starting point O.

This was answered by Lord Rayleigh in the same issue whose work on the superposition

of light waves some years previous had yielded equivalent and analogous results (Rayleigh

1905).

The link here for the use of RW in analysis of movement data seems now to be clear,

however, the initial models used were based on pure Brownian motion and as such treated

every step in the process to be independent of the previous one, giving no preference for

direction nor indeed the orientation of a walker at any specific step, hence providing a

purely Markovian process (Weiss 1994).

Movement which is akin to Brownian motion is referred to as an isotropic simple ran-
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dom walk (SRW), since the walker is equally like to step in any direction at any point in

time or space and, importantly, the direction of each successive step is uncorrelated, that

is the directions chosen are all statistically independent. In terms of animal movement,

this is an assumption which appears unrealistic as certainly in the terms of purposeful

movement (movement concerned with dislocation) a purely random direction selection

would seem nonsensical, with animals often wishing to move towards a specific target or

direction and most plausibly having knowledge of the direction from which they have just

travelled. These observations give rise to the two other important types of RW which

have become common in movement data analysis; the correlated random walk (CRW) in

which there is a correlation between successive steps described as persistence by Patlak

(1953), and the biased random walk (BRW), where there is a preference in direction (be

that towards a specific point in space or a perceived directional gradient).

We now consider the three discussed types of RW in detail and derive some of the

fundamental mathematical properties of each, which can be used to discern between

them.

3.1 Simple Random Walk

Here we briefly introduce some standard results from random walk theory, which will be

assumed in subsequent chapters.

3.1.1 SRW in Discrete Time and Space

If we assume we are in 1-dimensional discrete space with time steps from the index

set T = f1; 2; 3; :::g, then we can think of a SRW as a stochastic process Sn such that

fSn; n 2 Tg given by

Sn = S0 +
nX
t=1

Xt for all n � 1;

where S0 is a constant and the random variables Xt are independently and identically

distributed (i.i.d.) for all n 2 f1; 2; : : :g, with Pr(Xt = 1) = p and Pr(Xt = �1) = q =

1� p.

Using this formulation of a SRW starting at S0 = 0 we can calculate the expected
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value of a SRW as,

E [Sn] = E

"
S0 +

nX
t=1

Xt

#

= S0 +
nX
t=1

E [Xt]

= n � E [Xt]

= n � (p� q)

where E [Xt] = 1 � p+ (�1) � q = p� q.

Similarly, we can find the variance of a SRW after n steps to be

Var [Sn] = Var

"
S0 +

nX
t=1

Xt

#

= Var

"
nX
t=1

Xt

#

=
nX
t=1

Var [Xt]

= n � Var [Xt] = 4npq

where

Var [Xt] = E
h
X2
t

i
�
�

E[Xt]
�2

=
�
12 � p+ (�1)2 � q

�
� (p� q)2 = 4pq

Hence, the MSD, E[S2
n] of a SRW is given by

E[S2
n] = Var[Sn] + E[Sn]2 = 4npq + n2(p� q)2

In the specific case for the SRW being isotropic, that is p = q = 1
2
, the expected
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value, MSD and variance becomes

Eiso[Sn] = n(p� q) = 0 Eiso[S2
n] = 4npq = Variso[Sn] = n (3.1)

This shows that in the case of the isotropic SRW the expected location after n steps is

in the initial starting location and that the MSD increases linearly with time.

It be shown that in continuous time and space, that the probability of a walker having

location, x, at time, t, is given by the Gaussian probability distribution

P (x; t) =
1p

4�Dt
exp

�
�(x� vt)2

4Dt

�
(3.2)

where v is known as the drift velocity. Here, the initial condition is given by P (x; t) =

�(x), where �(x) is the Dirac delta function (Codling, 2003).

Considering the specific case of an isotropic random walk, with p = q = 1=2 we have the

drift velocity v equal to 0 in the exponential of Eq. 3.2 and hence, the expression for the

probability distribution of a walker being at location, x, after time t, in continuous time

and space when moving under an isotropic SRW is

P (x; t) =
1p

4�Dt
exp

�
� x2

4Dt

�
(3.3)

which is the fundamental solution to the di�usion equation

@P

@t
= D

�
@2P

@2x

�
(3.4)

where D is defined as the di�usion coe�cient.

Hence the expected mean location and MSD of an isotropic SRW in continuous time and

space is simply the first and second moments of the Gaussian distribution given in Eq.

3.3

E[x] = 0; E[x2] = 2Dt (3.5)

Therefore, a 1-dimensional isotropic random walk in continuous time and space has the
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expected location of the initial starting point, 0 and MSD which grows linearly with

time. Although it should be noted these values are valid only as n >> 1 or equivalently

as t!1.

3.1.2 SRW in Higher Dimensions

One can find an expression for P (x; t) where x = (x1; : : : ; xn) is an n-dimensional vector

by considering a random walk in continuous n-dimensional space (Rn). The resulting

expression is given by finding the fundamental solution to the n-dimensional diffusion

equation (Codling, 2003; Codling et al, 2008)

@P

@t
= D

�
@2P

@2x1

+ : : :+
@2P

@2xn

�
(3.6)

which is given by

P (x; t) =
1

(4�Dt)n=2
exp

�
� r2

4Dt

�
(3.7)

where r2 = x2
1 + : : :+ x2

n, with initial condition of P (x; 0) = (�(x1); : : : ; �(xn)).

In the specific 2-dimensional case we have the expected position of a walker at any given

time to be E[x; t] = E[(x; y); t] = (0; 0) and the MSD to be given as E[R2
t ] = E[r2] =

E[x2 + y2] = 4Dt (Codling, 2003), which increases linearly with time as in the one-

dimensional case.

In general solutions for the mean location and MSD can be generalised for any dimension,

n, given as

E[(x; t)] = 0 E[R2
t ] = 2nDt (3.8)

where x is a n-dimensional vector and 0 is the origin (initial starting point) of the walk.

As with the one-dimensional case it should be noted that these solutions are only asymp-

totic approximations for the values of mean location and MSD as we assumed in the

derivation that N !1, therefore these values are not valid at short time scales.
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3.2 Biased Random Walk

As discussed, the biased random walk (BRW) differs from the SRW by featuring a

preference towards a certain direction at each time step. This can be towards a specific

point in space, in which case the orientation of the preferred direction will depend upon

the location of the walker at each step, or it can be towards a specific direction, for

example magnetic North. The latter of these allows for summary statistics such as

the MSD and expected location to be readily calculated, as the direction of the bias is

considered homogeneous across all space.

In the 1-dimensional case the expected location and the MSD of a BRW at time t is

given by

E[x] = vt; E[x2] = 2Dt+ v2t2 (3.9)

which are derived by finding the first and second moments of the probability distribution

function given in Eq. 3.2. In our case, as we have taken the probability of moving right

at any time step to be p then a bias towards the right direction will be given by having

p > q, and vice-versa for preference to head towards the left. Eq. 3.9 shows that the

expected location of a walker under a biased random walk increases linearly with time

towards the direction of the bias, whereas the MSD increases quadratically with time.

It’s worth noting here that the MSD in this case is calculated around the initial starting

point whereas a more sensible measure of spread would be to use the variance, since

this measures the spread around the mean location (Codling et al, 2008). Eq. 3.9 gives

us that the value for the variance, E[x2] � E[x]2, is 2Dt; an expression which increases

linearly with time and is therefore similar to the standard diffusion process.

3.2.1 BRW in Higher Dimensions

Throughout this thesis we will be focusing on random walks as a model for terrestrial

movement, therefore we look to calculate the expected mean location and MSD of a

BRW in two dimensions. Specifically, in accordance with movement data being recorded

at discrete intervals we focus on a BRW in continuous 2-dimensional space R2 but in
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discrete time.

To do this we consider a RW as a step-and-turn process. Recalling from section 2.6

this allows us to consider the walk as a series of step-lengths, li drawn from some positive

distribution Λ, and angles, �i drawn from a distribution Φ with domain (��; �]. Here

we also include the conditions that angles and step-lengths are not correlated, nor are

successive step-lengths and nor are successive angles. As we are considering a BRW

we use global orientations/headings rather than turning angles, where the angle for the

heading is taken clockwise from the positive y-axis (see Fig. 3.1). Section 2.6 stated

that if the bias in movement is towards a specific point in space then the distribution

of the headings is not stable over time, as the preferred direction is dependent upon the

current location of a walker. Therefore, in this case deriving closed expressions for the

expected location and MSD are not possible; although they can be found via simulation.

Instead we consider the case in which the bias is towards a global direction (or a point

at infinity).

We first introduce terms which are used in describing the distributions found in

step-and-turn processes; mean cosine, E[cos!], and mean sine, E[sin!], which give the

expected cosine and sine values of the probability distribution, Ω, used to describe the

angles in the process, whether turning angles or global orientations/headings, and are

linked to the moments of such distributions (these are discussed further in sections 3.7

& 3.8), as well as the mean cosine-squared, E[cos2 !] and mean sine-squared, E[sin2 !]

along with the mean step length, E[l] and the mean square step length, E[l2]; all of which
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Figure 3.1: Calculating successive step locations using a step-and-turn process with
headings taken from the positive y-axis

are given by the expressions:

E[cos!] =

Z �

��
cos! Ω(!) d! (3.10)

E[sin!] =

Z �

��
sin! Ω(!) d! (3.11)

E[cos2 !] =

Z �

��
cos2 ! Ω(!) d! (3.12)

E[sin2 !] =

Z �

��
sin2 ! Ω(!) d! (3.13)

E[l] =

Z 1
0

l Λ(l) dl (3.14)

E[l2] =

Z 1
0

l2 Λ(l) dl (3.15)

To calculate the expected location and MSD for a BRW in continuous 2-space with

discrete time, let us consider that after N � 1 steps a walker is at position (xN�1; yN�1)

(Fig. 3.1). The walker will move to position (xN ; yN) given by

(xN ; yN) = (xN�1; yN�1) + (lN sin�N ; lN cos�N) (3.16)

We can continue this process iteratively on the RHS allowing us to write (xN ; yN) as

(xN ; yN) =

 
NX
i=1

li sin�i;
NX
i=1

li cos�i

!
(3.17)

Therefore the mean location after N steps is found by taking the expectation of Eq.
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3.17, giving

E[x] = E[(x; y)] =

 
E

"
NX
i=1

li sin�i

#
;E

"
NX
i=1

li cos�i

#!
(3.18)

with starting location assumed to be the origin, (x0; y0) = (0; 0).

Due to the expectation function being linear and recalling that the step-lengths and

angles are independent, Eq. 3.18 becomes

E[(x; y)] =

 
NX
i=1

E[li] E[sin�i];
NX
i=1

E[li] E[cos�i]

!
(3.19)

as all the step-lengths and angles are i.i.d we have that E[li] = E[l], E[cos�i] = E[cos�]

and E[sin�i] = E[sin�], hence Eq. 3.19 becomes

E[(x; y)] =

 
NX
i=1

E[l] E[sin�];
NX
i=1

E[l] E[cos�]

!
= N E[l] (E[sin�];E[cos�]) (3.20)

We note that this is similar to the 1-dimensional case with the drift velocity, v, now a

2-dimensional vector given by (E[l] E[sin�];E[l] E[cos�])

The MSD, E[R2
N ], after N steps can be calculated in a similar method. As the MSD

at any given point is R2
i = x2

i + y2
i we can use Eq. 3.17 to give

R2
N = x2

N + y2
N =

 
NX
i=1

li sin�i

!2

+

 
NX
i=1

li cos�i

!2

(3.21)

and hence

E[R2
n] = E

24 NX
i=1

li sin�i

!2

+

 
NX
i=1

li cos�i

!2
35

= E

24 NX
i=1

li sin�i

!2
35+ E

24 NX
i=1

li cos�i

!2
35 (3.22)

Using the linearity of the expectation and recalling that successive step-lengths and
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angles are uncorrelated we can write the expected MSD afterN steps as

E[R2
n ] = N E[l2]

�
E[sin2 � ] + E[cos2 � ]

�
+ N (N � 1) E[l ]2(E[sin� ]2 + E[cos� ]2)

= N E[l2] + N (N � 1) E[l ]2(E[sin� ]2 + E[cos� ]2) (3.23)

Finally if we assume we are in the long-term limit withN >> 1 then this will tend

asymptotically to

E[R2
n ] = N E[l2] + N 2 E[l]2(E[sin� ]2 + E[cos� ]2) (3.24)

which is analogous to the 1-dimensional case with the drift velocity,v, now a 2-dimensional

vector given as before to be (E[l ] E[sin� ]; E[l ] E[cos� ]), and therefore v2 = ( jvj)2 =

E[l]2 (E[sin� ]2 + E[cos� ]2)

As in the 1-dimensional case the MSD increases quadratically with time, unlike the

SRW. Fig. 3.2 demonstrates how the analytical solution for the MSD compares to a

simulation of one individual random walker across varying degrees of strength in the

bias term, due to the asymptotic nature of the solution the accuracy increases as the

number of steps increase.

3.3 Correlated Random Walk

Both RW discussed previously have assumed that the orientations of successive steps are

independent of each other. However, in a correlated random walk (CRW) it is assumed

that a correlation exists between the directions of successive steps, often referred to as

persistence (Patlak, 1953; Bovet and Benhamou, 1988, Wu et al, 2000; Codling et al,

2008).

This will produce a small scale local bias in preferred direction as the walker attempts

to follow the heading of the previous direction.

In the 1-dimensional case the expected mean location of a CRW withN steps in which

each step is of constant length, �x, starting at the origin and with N >> 1 is the origin
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Figure 3.2: Comparison of the predicted MSD against simulations for a BRW with 300
steps. Dashed lines are the predicted results and the solid lines are the simulated results.
The level of bias was given by the mean cosine,c, value of the distribution of angles (the
distribution was symmetric around 0 and hence the mean sine value was 0; see section
3.8) with c = 0:3 (red), c = 0:5 (green), c = 0:7 (blue) & c = 0:9 (cyan). Simulations
were for one random walker over 300 time steps.

itself. The MSD for a correlated walk tends asymptotically to

E[x2
N ] � N (� x)2 1 + 


1 � 

(3.25)

where
 =
E[x i x i +1 ]

(� x)2
. As we assumed each step was of constant length then the term in

the numerator of 
 must lie between 0 and (�x)2 and hence we have that 0< 
 < 1.

The speci�c cases forE[x i x i +1 ] = 0; 1 are precisely the cases for the isotropic SRW

and straight-line (ballistic) movement respectively. For all other values of
 Eq. 3.25

indicates that the MSD of a 1-dimensional CRW increases linearly with time but scaled

by the factor 1+ 

1� 
 . As 
 ! 0 the MSD reduces toE[x2

N ] � N (� x)2, a result which is

comparable to the result found for standard di�usion in continuous time,E[x2] = 2Dt

(Eq. 3.5), however this will only happen for very largeN as the local bias in the initial

orientation slowly decays.
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3.3.1 CRW in Higher Dimensions

Similar to the BRW in higher dimensions we consider a CRW in 2-dimensions, in con-

tinuous space but discrete time using the step-and-turn process.

Kareiva & Shigesada (1983) used this model of a CRW to compute the MSD in a similar

method to that used in the derivation of the BRW except here the correlation between

steps needs to be taken into acccount. Kareiva & Shigesada (1983) showed that afterN

steps,E[R2
N ] is given by

E[R2
N ] = N E[l2] + 2 ( E[l ])2

�
N (c � c2 � s2) � c

(1 � c)2 + s2
+

2s2 + ( c2 + s2)(n+1) =2


((1 � c)2 + s2)2

�
(3.26)

where 
 = ((1 � c)2 � s2) cos ((N + 1) � 0) � 2s(1 � c) sin ((N + 1) � 0) and � 0 is the mean

turning angle, de�ned as tan� 0 = s=c.

In certain speci�c cases Eq. 3.26 becomes easier to handle, such as in the case for �

being the uniform distribution (that is where p(� ) = 1
2� for all � 2 [� �; � ); see section

3.7) we would expect Eq. 3.26 to return the MSD for a 2-dimensional isotropic SRW.

Using the uniform distribution we haves = c = 0 and therefore, E[R2
N ] / N E[l2] as

N >> 1, which is equivalent to the expression for the MSD of a 2-dimensional SRW

given in Eq. 3.8 (with n = 2).

We can also consider the case for when the distribution, �, is symmetric around the

mean value,E[� ] = � , which in terms of a random walker implies that clockwise turns

are equally likely to anti-clockwise turns of the same magnitude. This is a reasonable

assumption when considering animal movement in general, although there are speci�c

cases when this is not a valid assumption. In this case the symmetry of the probability

distribution reduces the mean sine term tos = 0 as sin� is an odd function. 3.11. Thus

Eq. 3.26 reduces to

E[R2
N ] = ( E[l ])2

�
N

�
1 + c
1 � c

+ b2

�
�

2c(1 � cN )
(1 � c)2

�
(3.27)

where b2 = ( E[l2]=E[l ]2) � 1, which is known as the coe�cient of variation of the step
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length. Eq. 3.27 shows the e�ect on the MSD varying the distribution of step lengths

can have; in the simplest case with �xed step lengths we haveE[l2] = E[l ]2 and hence

b= 0.

Assuming we are in the long term limit, withN ! 1 , we have

E[R2
N ] � N E[l2] + 2N E[l]2

c
1 � c

; c 6= 1 (3.28)

This indicates that the MSD increases linearly with time and that distributions with

a value of c close to 1 gives a larger MSD value, which is to be expected sincec ! 1

implies that movement approaches straightline, ballistic behaviour.

Kareiva & Shigesada (1983) discuss the usefulness of these expressions for calculating

MSD using a CRW as they give a simple method for whether or not movement can be

interpreted as a CRW. By directly analysing the movement data, values forE[l ]; E[l2],

mean sine,s, and mean cosine,c, can be found which in turn can be substituted into Eq,

3.26 in order to predict the MSD as time increases. This can be directly compared to the

observed data allowing for a simple indicative check that movement can be considered

as a CRW. Fig. 3.3 shows the comparison of how the MSD of a CRW increases with

time for simulated results (solid lines) against the predicted results (dashed lines), for

a range of values representing the level of correlation between successive steps. Similar

to the 
 term described in the 1-dimensional case (Eq. 3.25) the mean vector length,

r , de�ned as r = ( c2 + s2)1=2, gives a measure of the correlation of movement. Values

close to 1 represent highly correlated movement and values close to 0 describe movement

with almost no correlation. The mean vector length can be used to give the directional

correlation between steps which arek places apart asr k+1 , and if we exclude the case

for straight-line movement given whenr = 1 then r 2 [0; 1) which tends to 0 ask gets

very large for all values ofr , indicating that a CRW sub-sampled at increasingly large

intervals appears similar to a SRW. This demonstrates that the mean location,E[(x ; t)],

for a CRW tends to the initial starting point of the walk, the same for the isotropic SRW.

Note that this does require we are in the long term limit andt ! 1 , for example if we

assume a group of walkers all starting moving in the same direction then if the level of
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Figure 3.3: Comparison of the observed MSD of a CRW against the predicted results
given in Eq. 3.28. Solid lines show the simulated results and the dashed lines are the
predicted results. Results are for varying levels of correlation given by values of the mean
cosine,c as 0.9 (cyan), 0.7 (blue), 0.4 (green) & 0.1 (red). Simulations were calculated
by averaging over a group of 100 walkers

persistence is high (that is the ability to follow the previous direction is high, givingr

close to 1) the early movement will appear to drift in the initial direction of movement,

however, as time increases this apparent bias in movement direction will fall o� and the

walk will appear closer to that of an isotropic SRW (Fig 3.4).

Generalising the expressions for the MSD of a CRW in 3-dimensions or above using

the methods of Kareiva & Shigesada is complex due to the need for spherical distri-

butions (or the higher dimensional analogues), however, closed expressions do exist for

the speci�c case where the distribution of turning angles are symmetric with respect to

cylindrical coordinates (Sadjadi et al, 2015). Note this is the 3-dimensional equivalent

of 2-dimensional case with a symmetric distribution in the turning angles, interpreted

as a left turn and right turn of the same magnitude are equally likely.

Sadajadi et al (2015) derived the expression for the MSD in 3-dimensions as

E[R2
N ] = N E[l2] + E[l ]2

2E
1 � E

�
N �

1 � E N

1 � E

�
(3.29)
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Figure 3.4: CRW in 2-dimensions with 100 walkers after (a) 10 steps; (b) 50 steps; (c) 100
steps; (d) 300 steps. The turning angles were drawn from a wrapped normal distriubtion
centred at 0 with concentration value� = 0:8. All walkers had initial direction of
movement towards the in�nity in the positive x-direction. Step lengths were all of unit
length
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where

E =
Z �

0
cos(� ) sin(� ) �( � ) d(� ) (3.30)

Here, �( � ), is the probability distribution for turning angle � (the azimuth angle). With

the polar angle  (the angle which lies in thexy-plane) considered to be uniformly

distributed across� , that is p( 1j� ) = p( 2j� ) for all  1;  2 2 [� �; � ) and � 2 [0; � ].

It should be noted that Benhamou (2018) derived the equivalent result using spherical

coordinates in a method echoing that of Kareiva & Shigesada (1983).

3.4 Di�usion, sub-di�usion and super-di�usion

As seen in sections 3.1-3.3 the rate at which the MSD of a RW increases is proportional

to some power of the time passed,E[R2
t ] / t � (Fig. 3.5). The cases in which the MSD

does not increase linearly with time (� 6= 1) are known asanomalous di�usion processes.

The speci�c value of� can help identify between types of RW and give rise to 5 cases:

� � = 0. This is the trivial case in which no movement occurs,

� 0 < � < 1: This case is known assub-di�usion as the increase in MSD is less

than with the linear relationship of standard di�usion. This slower increase in

MSD can be seen in RWs with stopping times (Codling et al, 2008) and models of

\run-and-tumble" motion in bacteria such asE. coli (Thiel et al, 2013).

� � = 1. This is the case for standard di�usive behaviour, as is the case for an

isotropic SRW and a CRW (in the long term-limit) (see section 3.1 & 3.3)

� 1 < � < 2. This case is known assuper-di�usion as the increase in MSD is greater

than the linear relationship of standard di�usion. This has been demonstrated to

be the case for L�evy walks (Viswanathan, 2008) due to the variance in step-lengths

being non-�nite (Codling et al, 2008)

� � = 2. This is known as ballistic behaviour as the MSD increases at the greatest

possible rate with time, and is equivalent to an individual moving in a constant

direction away from the initial starting location.
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Remark. The case for� > 2 is not considered as having a value greater than 2 does

not make sense in terms of animal displacement.

Figure 3.5: Comparison of the MSD against number of time steps for SRW (red), CRW
(green), BRW (blue) and pure ballistic movement (grey). Simulations were run across
1000 walkers for 25 time steps, with each step having unit length

3.5 Circular Statistics and Distributions

Clearly the analysis of angular data is important in the RW model framework. Recorded

data gives rise to a time series of discrete angles, and due to the periodicity of angular

data traditional statistical techniques cannot be used, instead we introduce the notion

of circular statistics.

3.6 Circular Data

Discrete angular data can be described by various summary statistics, as fully described

in Fisher (1993); Mardia & Jupp (2000); Jammalamadaka & SenGupta (2011). Let

� = ( � 1; : : : ; � n ) be a series ofn angles then we de�ne thepth cosine moment, �Cp, and

pth sine moment, �Sp values as

�Cp =
1
n

nX

i =1

cosp� i ; �Sp =
1
n

nX

i =1

sinp� i (3.31)
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where the speci�c case forp = 1 gives the mean cosine,�C, and mean sine�S values

respectively.

Using the mean cosine and sine values we can de�ne themean resultant length �R,

which is given by

�R =
� �C2 + �S2

� 1=2
(3.32)

The mean angle�� is given by

�� =

8
>><

>>:

arctan
� �S=�C

�
if �C � 0

arctan
� �S=�C

�
+ � if �C < 0

(3.33)

note here that �� is not de�ned when �R = 0 and importantly �� 6= ( � 1 + : : : + � n ) =n due

to the periodicity of angular data.

The value of �R gives information as to the spread of angles around the unit circle, values

close to 1 indicate that the angles are clustered close together whereas a value closer to

0 indicates a near uniform distribution on the unit circle.

3.7 Circular Distributions

3.7.1 Wrapped Distributions

One can form a distribution around the unit circle by taking distributions along the real

line and transforming the real-valued random variable,X , into a circular random vari-

able, � by reducing it modulo 2� (Mardia & Jupp, 1999; Jammalamadaka & SenGupta,

2001)

� � X mod 2� (3.34)

in particular this allows the distribution of the wrapped analogy of a linear distribution,

f � (� ), to be written in terms of the linear distribution f (X ) as

f � (� ) =
1X

m= �1

f (� + 2�m ); � 2 [� �; � ); m 2 N (3.35)
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The most straightforward of these distributions is the circular uniform distribution which

is the circular analogy of the uniform distribution on the reals.

De�nition 3.1. Circular Uniform Distribution

The circular uniform distribution is given by

f CU (� ) =
1

2�
(3.36)

where� 2 [� �; � )

Two other examples which will be used throughout are the wrapped normal and

the wrapped Cauchy distributions, respectively formed by wrapping the usual normal

(Gaussian) and the Cauchy distributions, on the real numbers around the unit circle.

De�nition 3.2. Wrapped Cauchy distribution

A wrapped Cauchy (WC) distribution is given by the density

f wc(� ; �; � ) =
1
�

1X

m= �1

�
� 2 + ( � � � + 2m� )2

m 2 N (3.37)

where � 2 [� �; � ). The location and dispersion parameters are given respectively by

� 2 [� �; � ); � > 0.

A useful trait of the WC distribution is that it can be written in closed form

f wc =
1

2�
1 � � 2

1 + � 2 � 2� cos(� � � )
(3.38)

where� = e� � is de�ned as the concentration parameter of the distribution.

De�nition 3.3. Wrapped Normal Distribution

A wrapped normal (WN) distribution is given by the density

f wn(� ; �; � ) =
1

�
p

2�

1X

m= �1

exp
�

�
(� � � + 2m� )2

2� 2

�
m 2 N (3.39)

where � 2 [� �; � ). The location and dispersion parameters are given respectively by

� 2 [� �; � ); � > 0.
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A more general family of wrapped distribution, known as the symmetric wrapped

stable (SWS) distributions, includes distributions which are symmetric about their mean

value and can be de�ned as;

De�nition 3.4. Symmetric Wrapped Stable Distribution

A symmetric wrapped stable (SWS) distribution has the density function given by:

f sws(� ; �; �; a ) =
1

2�

�
1 + 2

1X

n=1

� na
cosn(� � � )

�
; n 2 N (3.40)

where � 2 [0; 1] is the concentration parameter off sws, � 2 [� �; � ) is the location

parameter around which the distribution is symmetric anda � 0 (Jammalamadaka &

Sengupta, 2001; Chapter 2).

It can be shown that both the WC and WN distributions are SWS distributions with

(Jammalamadaka & Sengupta, 2001; Chapter 2);

� a = 1, for the wrapped Cauchy distribution with a concentration parameter calcu-

lated by � wc = e� � wc

� a = 2, for the wrapped normal distribution with a concentration parameter calcu-

lated by � wn = e� � 2
wn =2

3.7.2 Non-Wrapped Distributions

Another important circular distribution which is not a member of the SWS distri-

bution family and therefore cannot be formed by wrapping a distribution on the real

line around the unit circle is the von Mises (vM) or Circular Normal (CN) distribution

(Stephens, 1963; Mardia & Jupp, 1999; Jammalamadaka & Sengupta,2001)

De�nition 3.5. Von Mises Distribtuion

A von Mises distribution is given by the density function

f vM (� ; �; � ) =
1

2�I 0(� )
e� cos(� � � ) (3.41)
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where � 2 [� �; � ) and I 0 is the modi�ed Bessel function of the �rst kind with order 0.

The location and dispersion parameters are given respectively by� 2 [� �; � ); � � 0.

The concentration parameter of the von Mises distribution,� vM , is found using the

relation � vM = I 1 (� )
I 0 (� ) whereI 1 is the modi�ed Bessel function of the �rst kind with order

1.

It is well known that for any given WN distribution a vM can be found as an accurate

approximation (Stephens, 1963; Collett & Lewis 1981; Jammalamadaka & Sengupta,

2001). Hence, both give qualitatively similar results when used in random walk (RW)

models (Codling et al, 2010).

3.8 Trigonometric moments

Trigonometric moments of circular distributions are analogous to the conventional real-

valued moments of general probability distribution functions (E[X n ] for n 2 Z+ ),

De�nition 3.6. Trigonometric Moments

The nth trigonometric moment of a random variable� with circular density function f �

is given by

� n (� ) = E[ein� ] =
Z �

� �
ein� f � (� )d�; n 2 N (3.42)

Using the properties of complex numbers� n (� ) can be written in terms of cosine and

sine, as

� n (� ) = E[ein� ] = E[cosn� + i sinn� ] = E[cosn� ] + i E[sinn� ] =: � n + i� n (3.43)

Remark. In the speci�c case wheref � is symmetric around the centre value� = 0, we

have � n = 0 for all n since

� n =
Z �

� �
sinn�f � (� )d� = 0 (3.44)

by the properties of sinn� being an odd function andf � symmetric around 0. Hence,

all the trigonometric moments of a zero centred symmetric circular distribution (such as
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the SWS family with � = 0; Def. 3.44) are real and involve only cosine terms.

The concentration parameter,� , of a SWS is linked to the trigonometric moments by

� na
=

p
� 2

n + � 2
n (3.45)

(Jammalamadaka & SenGupta, 2001; Chapter 1) Eq. 3.44 shows that the�rst trigono-

metric moment of a symmetric distribution centred around 0 is given by� 1(� ) = � 1 and,

therefore, from Eq. 3.45 we see that� f wng
1 = � wn and � f wcg

1 = � wc demonstrating that

the concentration parameters for both WC and WN distributions are precisely the �rst

trigonometric moments of the distributions.

Using these and the de�nition of a SWS distribution (Def 3.4) we can write a SWS

distribution as

f sws(� ; � sws; � sws) =
1

2�

�
1 + 2

1X

n=1

� n cosn(� � � sws)
�

(3.46)

where� n is the nth cosine moment off sws given as� na

sws = � n as in Eq. 3.45.

Similarly WC and WN distributions can be written as

f wc(� ; � wc; � wc) =
1

2�

�
1 + 2

1X

n=1

� n
wc cosn(� � � wc)

�
(3.47)

f wn(� ; � wn ; � wn) =
1

2�

�
1 + 2

1X

n=1

� n2

wn cosn(� � � wn)
�

(3.48)

The trigonometric moments of the von Mises distribution are given by

� vM
n =

1
2�I 0(� )

Z �

� �
cosn(� � � )e� cos(� � � )d�

=
I n (� )
I 0(� )

(3.49)

whereI n is the modi�ed Bessel function of the �rst kind of ordern (Jammalamadaka &

SenGupta, 2001).
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This allows the von Mises distribution to be written in a similar form to the WC and

WN in Eqs. 3.47 & 3.48 as

f vM (� ; �; � vM ) =
1

2�I 0(� )

 

I 0(� ) + 2
1X

n=1

I n (� ) cosn(� � � vM )

!

(3.50)

For a complete discussion of circular distributions and trigonometric moments see Mar-

dia & Jupp (2000) and Jammalamadaka & Sengupta (2001).

The previous Chapters have introduced and given an overview of the themes and

topics used throughout the thesis. The following Chapters represent the research portion

of the thesis.
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4 Navigational e�ciency in a biased and correlated

random walk model of individual animal move-

ment

This chapter is adapted from work which was published inEcology (Bailey et al, 2018)

and includes contributions from J. Wallis (JW) (University of Oxford) and E.A. Codling

(EC) (University of Essex). JW and EC considered the derivation and analysis of the

basic model in section 4.2.1. EC contributed towards the writing of the published

manuscript (Bailey et al, 2018).

As discussed in the introductory chapter, understanding how an individual animal

is able to navigate through its environment is a key question in movement ecology as it

can give an insight into observed movement patterns and the mechanisms behind them.

E�ciency of navigation is important for behavioural processes at a range of di�erent

spatio-temporal scales, including foraging and migration. Chapters 2 & 3 discussed that

a standard framework for modelling individual animal movement and navigation uses

random walk models. In this chapter we consider a vector-weighted biased and correlated

random walk (BCRW) model for directed movement (taxis), where external navigation

cues are balanced with forward persistence. We derive mathematical approximations

of the expected navigational e�ciency for any BCRW of this form and con�rm the

model predictions using simulations. We demonstrate how the navigational e�ciency is

related to the weighting given to forward persistence and external navigation cues, and

highlight the counter-intuitive result that for low (but realistic) levels of error on forward

persistence, a higher navigational e�ciency is achieved by giving more weighting to this

indirect navigation cue rather than direct navigational cues. We discuss and interpret the

relevance of these results for understanding animal movement and navigation strategies.
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4.1 Introduction

Animal navigation can occur across various spatio-temporal scales corresponding to a

wide variety of behavioural processes, ranging from short-term foraging and home-range

exploration (Schultz & Crone, 2001; Jonsen et al, 2005; Fortin et al, 2005; McClintock

et al, 2012) to large-scale migration events (Gardiner et al, 2015; Nicosia et al, 2015).

Chapters 2 & 3 demonstrated that random walk (RW) theory has a long history

of being used to model individual animal movement and navigation, and as a tool to

interpret observed movement data using various path analysis techniques (Jonsen et al,

2005; Codling et al, 2008; Langrock et al, 2012; McClintock et al, 2012). RW models

that incorporate a directional preference (e.g. preference to navigation towards a spe-

ci�c target, or towards a speci�c direction) were termed as biased random walks (BRW)

(Marsh & Jones, 1988; Benhamou, 2006; Codling et al, 2008; Codling et al, 2010) and

those which had a correlation in the direction of concurrent steps were termed corre-

lated random walks (CRW), with this preference to follow the previous heading referred

commonly as persistence (Patlak, 1953; Kareiva & Shigesada, 1983; Bovet & Benhamou,

1988; Benhamou, 2004; Codling et al, 2008). Movement processes that contain both a

short-term localised forward persistence and a global target can be modelled as biased

and correlated random walks (BCRW). In a BCRW the external navigation and forward

persistence components can be combined in a simple weighted vector sum (Benhamou &

Bovet, 1992; Benhamou, 2004; Codling et al, 2008), but other models are also possible

(Schultz & Crone, 2001; Codling et al, 2005; Peleg & Mahadevan, 2016).

Common navigation orientation mechanisms include taxis, where an animal directly

orientates in response to external directional cues, and di�erential klinokinesis (DKK),

where the level of turning in the movement path (sinuosity) depends on variations in

the magnitude of an external stimulus; both taxis and DKK lead to a long-term direc-

tional drift (bias) towards the target (Benhamou & Bovet, 1992). Empirical studies have

considered how a variety of di�erent animals may balance taxis and persistence mecha-

nisms in order to navigate within their local environment, including butter
ies (Schultz

& Crone, 2001), elk (Fortin et al, 2005), and grey seals (McClintock et al, 2012). Hence
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it is important to consider a theoretical basis for animal navigation and the underlying

mechanisms that may lead to improved navigational e�ciency.

Benhamou & Bovet (1992) combined taxis and forward persistence to form a vector-

weighted BCRW model of movement, and found in a 1000-step random walk that the

best navigational strategy was to give approximately 10% weighting to external navi-

gation cues (taxis) and approximately 90% weighting to forward persistence. Such a

navigation strategy gave higher navigational e�ciency than a movement process based

on taxis alone (a pure BRW), although it should be stressed that Benhamou & Bovet

(1992) only included error in their external navigation term and not in their forward

persistence term. The fact that the most e�cient navigation strategy involved giving

a high weighting to persistence rather than taxis may seem to be a counter-intuitive

result, since movement based purely on persistence is known to be an ine�cient navi-

gation strategy when compared to pure taxis (Cheung et al, 2007). A similar result to

Bovet & Benhamou (1992) was obtained by Codling & Bode (2014) who found that,

in the context of a collective movement model for navigating animal groups, the most

e�cient navigational strategy was to give a high weighting to indirect navigational cues

(copying the movement of other group members) and a low (but non-zero) weighting to

direct individual navigational cues (taxis). In a follow-up study, Codling & Bode (2016)

included individual forward persistence in the collective movement model and showed

that giving a high weighting to indirect cues (copying neighbours or using forward per-

sistence) rather than relying on direct navigational cues gave the highest navigational

e�ciency.

The �ndings of Benhamou & Bovet (1992) and Codling & Bode (2014, 2016) were

based on simulations only and the authors did not give a mathematical explanation for

these results. Here we consider a generalised form of the Benhamou & Bovet (1992)

BCRW navigation model, that includes error on the persistence term, and derive a

mathematical approximation for the expected navigational e�ciency. The model predicts

that for a reasonably large (and realistic) range of navigation and persistence errors, the

highest navigational e�ciency is achieved by giving a low weighting to direct navigational
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cues. We discuss the relevance and implications of these �ndings in the wider movement

ecology context.

4.2 Mathematical model

The BCRW model of Benhamou & Bovet (1992) assumes a single random walker starts

at the origin, (0; 0), and moves through an featureless, homogeneous two-dimensional

environment. For simplicity, the target is assumed to be a `point at in�nity' located

along the positive x-axis (this e�ectively means we are only considering the large-scale

part of the navigation process when the animal is far from the target). Orientation

angles are measured counter-clockwise from the x-axis, and hence the target direction is

given by 
 T = 0. We assume the walker initially starts with no information about the

target direction; an initial movement direction, � 0, is randomly drawn from a uniform

circular distribution (this assumption does not a�ect our results as we will show that

the long-term navigational e�ciency is independent of� 0). At each random walk step

the components of movement in each direction are given by a weighted vector sum of a

navigation term and a persistence term (Benhamou & Bovet, 1992):

� xn+1 = rn+1 (w cos(
 T + � n ) + (1 � w) cos(� n + � n )) (4.1)

� yn+1 = rn+1 (w sin(
 T + � n ) + (1 � w) sin(� n + � n )) (4.2)

Where rn+1 is the step length (distance moved) in the current step, 
T = 0 is the target

direction (which is �xed as the x-axis for all steps),� n is the direction of movement

in the previous step (which varies at each step),� n is a persistence error term,� n is a

navigation error term, and w 2 [0; 1] is the weighting given to navigation (and hence

(1{ w) is the weighting given to persistence). In contrast to Benhamou & Bovet (1992)

(who only included an error in the navigation term), we include errors on both the

navigation and persistence terms. In principle it would be possible to have an even more

general BCRW model that includes an additional `output noise/error' term in addition

to the navigation and persistence error terms. This output noise could represent either
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additional movement error because of environmental factors (e.g. turbulence) or could

represent a form of `voluntary' error that the animal may use to modulate its behaviour

between behavioural states. However, these more complex model features are beyond

the scope of the current work.

The additive navigation and persistence random error terms,� n and � n , are drawn

from separate zero-centred symmetric circular distributions with respective mean cosine

values given byc� 2 [0; 1] andc� 2 [0; 1]. The level of navigation and/or persistence error

is determined by the mean cosine values,c� and c� : a value close to 0 corresponds to very

high error, and a value close to 1 corresponds to very low error. We assume thatc� and

c� are �xed for all steps of the random walk, which implies that direction and persistence

errors are independent (no correlation of errors between successive steps) and are not

related to spatial location or any other external factor. Hence we do not consider possible

changes in navigation cue strength as the animal approaches the target, interactions with

other animals, or changes in behaviour and interactions with the environment such as

foraging or resting during the navigation process. Note that, as long asc� and c� are

de�ned, the choice of which circular distribution to use is not important since the results

only depend on the �rst trigonometric moment (the mean cosine value); the same results

are obtained using common circular distributions such as the wrapped normal, von Mises

and wrapped Cauchy (Section 3.7; Mardia & Jupp, 1999).

Similar to Benhamou & Bovet (1992), we de�ne the navigational e�ciency of a single

step of the movement process as:

Navigational e�ciency =
Net distance moved towards target inx direction

Total distance moved
(4.3)

Hence, for the BCRW given by Eqs. 4.1 and 4.2 the expected navigational e�ciency

at a given step is given byE[cos� n+1 ] since the target direction is the x-axis (
T = 0).

In the extreme case of a pure BRW (w = 1), navigational e�ciency is given exactly by

E[cos� n ] = c� , while for a pure CRW (w = 0), navigational e�ciency is given exactly

by E [cos(� n + � n )] = 0, since we assume a uniform initial orientation and there is no

external navigation cue.
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We now look to �nd a direct expression for the navigational e�ciency at each step,

E[cos� n+1 ] the general case of 0< w < 1.

4.2.1 First Analytical Approximation

In this �rst method of analytically solving the model we �rst normalise Eq. 4.1 and

rewrite using standard trigonometric identities to give

cos� n+1 =
w cos� n + (1 � w) cos(� n + � n )

p
w2 + (1 � w)2 + 2w(1 � w) cos (� n � (� n + � n ))

(4.4)

which it should be noted is independent of the step length,rn+1 . Taking the expectation

of Eq. 4.4 then gives

E [cos� n+1 ] = E

"
w cos� n + (1 � w) cos(� n + � n )

p
w2 + (1 � w)2 + 2w(1 � w) cos (� n � (� n + � n ))

#

(4.5)

The expression on the right-hand side of Eq. 4.5 is non-linear so we cannot directly

calculate the expectation. Hence we assume we can approximate a solution using a

similar argument as given in Wu et al (2000) (equation 10), and we proceed by treating

the right-hand side of Eq. 4.5 as if it were linear. This approximation, along with the

fact that w is a constant, means Eq. 4.5 can be written as

E [cos� n+1 ] �
w E[cos� n ] + (1 � w) E[cos(� n + � n )]

p
w2 + (1 � w)2 + 2w(1 � w) E [cos (� n � (� n + � n ))]

(4.6)

If we assume� n ; � n and � n are all independent, then

E[cos(� n + � n )] = E[cos� n ] E[cos� n ] (4.7)

and

E [cos (� n � (� n + � n ))] = E[cos� n ] E[cos� n ] E[cos� n ] (4.8)
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since

E[sin� n ] = E[sin� n ] = 0 (4.9)

(as � n and � n are drawn from symmetric circular distributions centred on zero; see

section 3.8). Under this assumption of independence and using standard trigonometric

identities, Eq. 4.6 can then be written as

E [cos� n+1 ] �
w E[cos� n ] + (1 � w) E[cos� n ] E[cos� n ]

p
w2 + (1 � w)2 + 2w(1 � w) E[cos� n ] E[cos� n ] E[cos� n ]

(4.10)

We now consider the long-term limit asn gets large. Hill & H•ader (1997) demonstrated

that, in the long-term limit, the distribution of movement directions in a BCRW is sta-

ble and symmetric around the target direction. Hence, we assume that for largen in

our model we haveE[cos� n+1 ] = E[cos� n ] = E[cos� 1 ], where E[cos� 1 ] represents the

expectation of the long-term limit directional cosine in the target movement direction.

Hence from Eq. 4.3,E[cos� 1 ] is exactly equivalent to the long-term navigational ef-

�ciency. Under this assumption and using the fact thatE[cos� n ] = E[cos� ] = c� and

E[cos� n ] = E[cos� ] = c� we can rewrite Eq. 4.10 as

E[cos� 1 ] =
wc� + (1 � w)c� E[cos� 1 ]

p
w2 + (1 � w)2 + 2w(1 � w)c� c� E[cos� 1 ]

(4.11)

Now de�ning c� = E[cos� 1 ], and rearranging; Eq. 4.11 leads to a cubic polynomial for

c� :

2w(1 � w)c� c� c3
� +

�
w2 + (1 � w)2(1 � c2

� )
�

c2
� � 2w(1 � w)c� c� c� � w2c2

� = 0 (4.12)

It is possible to show that this polynomial has precisely one root in [0; 1] for all feasible

values ofc� ; c� and w (see Appendix A1). This root can be calculated using Cardano's

method, which gives a solution in the form

c� =
3

q
A +

p
A2 + B 3 +

3

q
A �

p
A2 + B 3 � C (4.13)
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where

A = �
�

w2 + (1 � w)2(1 � c2
� )

6w(1 � w)c� c�

� 3

�
w2 + (1 � w)2(1 � c2

� )
12w(1 � w)c� c�

+
wc�

4(1 � w)c�

B = �
�

w2 + (1 � w)2(1 � c2
� )

6w(1 � w)c� c�

� 2

�
1
3

C =
w2 + (1 � w)2(1 � c2

� )
6w(1 � w)c� c�

(4.14)

Figure 4.1 shows the results of plotting the navigational e�ciency,c� , against weight-

ing factor on navigation, w, for a range of navigation error levels,c� = 0:1 (black),

c� = 0:3 (cyan), c� = 0:6 (gold) & c� = 0:9 (blue) with the value of the error on per-

sistence varying fromc� = 1 (the speci�c case for perfect persistence, as discussed in

Benhamou & Bovet (1992)) toc� = 0:1, corresponding to a large error on navigation. In

all plots the solid lines represent the theoretical model predictions and the dashed lines

represent the results from simulations.

4.2.2 Second Analytical Approximation

Similar to the previous approach we start by normalising Eq. 4.1 to give

cos� n+1 =
w cos� n + (1 � w) cos(� n + � n )

p
w2 + (1 � w)2 + 2w(1 � w) cos (� n � (� n + � n ))

(4.15)

We now square both sides and rearrange to give

cos2 � n+1
�
w2 + (1 � w)2 + 2w(1 � w) cos(� n � (� n + � n ))

�
=

(w cos� n + (1 � w) cos(� n + � n ))2 (4.16)

Expanding and using standard trigonometric identities, then taking the expectation of

both sides and recalling that as before we consider ourselves in the long term limit and
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Figure 4.1: Plots of e�ciency against weighting factor,w, for error on navigation, c� ,
taking values of 0.9 (blue), 0.6 (gold), 0.3 (cyan) & 0.1 (black). Error on persistence,
c� , has value 1 (a)-(c) (equivalent to Benhamou & Bovet (1992) results), 0.99 (d), 0.95
(e), 0.9 (f), 0.7 (g), 0.5 (h) & 0.1 (i). Dashed lines show predictions from �rst analytical
model, solid lines are results of simulations. Plots (a)-(c) were run for simulations of
100, 1000, 10000 time-steps respectively all others ran for 1000 time-steps.
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hence

E[cos� n+1 ] = E[cos� n ] = E[cos� 1 ] (4.17)

E[cos� n ] = E[cos� ]; E[cos� n ] = E[cos� ] (4.18)

and

E[sin� 1 ] = E[sin� n ] = E[sin� n ] = 0 (4.19)

gives

0 =2w(1 � w) E[cos� ] E[cos� ] E[cos3 � 1 ]

+
�
w2 + 2(1 � w)2(1 � E[cos2 � ])

�
E[cos2 � 1 ]

� 2w(1 � w) E[cos� ] E[cos� ] E[cos� 1 ]

�
�
w2 E[cos2 � ] + (1 � w)2(1 � E[cos2 � ])

�
(4.20)

Here we note we have terms of the form cosn X , and so we apply the trigonometric iden-

tities of cos3 X � 1
4 cos 3X + 3

4 cosX and cos2 X � 1
2(1+cos 2X ) with the approximation

of E[cosnX ] � E[cosX ]n . Finally, using the linearity of the expectation function and

employing the notation from the previous section ofE[cosX ] = cX , gives a cubic in

terms of c�

w(1 � w)c� c� c3
� +

�
w2 + (1 � w)2(1 � c2

� )
�

c2
� � w(1 � w)c� c� c� � w2c2

� = 0 (4.21)

Note, we apply the approximation ofE[cosnX ] � E[cosX ]n to both � and � despite

knowing the precise distributions they are drawn from, since we wish to keep this ap-

proximation valid for all circular distributions and, hence, require using the �rst cosine

moment only.

Upon initial inspection, this cubic di�ers only slightly from the one discussed in the

previous section (Eq. 4.12) with the coe�cients ofc3
� and c� terms being halved. As

such the method for solving the cubic are precisely the same as described in section
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4.2.1; using Caradano's solution given in Eq. 4.13 with slight modi�cations to the terms

A; B; C given in Eq. 4.14, which are now given as

A = �
�

w2 + (1 � w)2(1 � c2
� )

3w(1 � w)c� c�

� 3

�
w2 + (1 � w)2(1 � c2

� )
6w(1 � w)c� c�

+
wc�

2(1 � w)c�

B = �
�

w2 + (1 � w)2(1 � c2
� )

3w(1 � w)c� c�

� 2

�
1
3

C =
w2 + (1 � w)2(1 � c2

� )
3w(1 � w)c� c�

(4.22)

Figure 4.2 shows the results of plotting the navigational e�ciency,c� , against weight-

ing factor on navigation, w, for a range of navigation error levels,c� = 0:1 (black),

c� = 0:3 (cyan), c� = 0:6 (gold) & c� = 0:9 (blue). With the value of the error on

persistence varying fromc� = 1 (the speci�c case for perfect persistence, as discussed in

Benhamou & Bovet (1992)) toc� = 0:1, corresponding to a large error on navigation. In

all plots the solid lines represent the theoretical model predictions and the dotted lines

represent the results from simulations.

An interesting question raised from the BCRW model is how maximum e�ciency can

be achieved; that is, for any given values of the error terms,c� ; c� what weighting value,

w, should be chosen in order to maximise the e�ciency.

4.2.3 Maximum E�ciency and Optimal Weighting

The maximum navigational e�ciency can be found by locating the peak of each of the

curves in Figs 4.1(d)-(i) and 4.2(d)-(i). For the simulated results (solid lines Figs 4.1

& 4.2) this value can be found by directly considering the results of the simulations

for �xed values of c� and c� , and simply choosing the largest value ofc� as w varies.

The optimal weighting will then be given by the precise value ofw which gave the

largest c� . Repeating this across all combinations ofc� and c� will give the value of the

maximum e�ciency along with the optimal value of w at which this occurs. However,

for the analytical solutions precise values for the maximum e�ciency and optimalw can

be calculated directly from Eq. 4.12 for the �rst method and Eq. 4.21 for the second
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Figure 4.2: Plots of e�ciency against weighting factor,w, for error on navigation, c� ,
taking values of 0.9 (blue), 0.6 (gold), 0.3 (cyan) & 0.1 (black). Error on persistence,c� ,
has value 1 (a)-(c) (equivalent to Benhamou & Bovet (1992) results), 0.99 (d), 0.95 (e),
0.9 (f), 0.7 (g), 0.5 (h) & 0.1 (i). Dotted lines show predictions from second analytical
model, solid lines are results of simulations. Plots (a)-(c) were run for simulations of
100, 1000, 10000 time-steps respectively all others ran for 1000 time-steps.
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