Analysis of solitary waves in
inhomogeneous systems

IS

ES. 4

S \l',-ﬂé-\.;,_A_//j‘“‘}‘s
~HARDER HERRT

Rahmi Rusin

A thesis presented for degree of
Doctor of Philosophy

Department of Mathematical Sciences
University of Essex

July 2020



To the memory of my late father (may Allah bless him with jannah) who always
encouraged me to keep pursuing higher education

Dedicated to:
My dearest Herman Bakir and my mother Khairumi



Declaration

The work in this thesis is based on research carried out at the Applied Mathematics
Group, Department of Mathematical Sciences, University of Essex, United King-
dom. No part of this thesis has been submitted elsewhere for any other degree or
qualification, and it is all my own work, unless referenced, to the contrary, in the text.

Copyright © 2020.
“The copyright of this thesis rests with the author. No quotations from it should be

published without the author’s prior written consent, and information derived from
it should be acknowledged.”.

Rahmi Rusin
July 2020

ii



Acknowledgements

In the name of Allah, the Most Gracious and the Most Merciful, first and foremost,
praise is to the Almighty Allah, who has granted countless blessings so that I have
finally been able to accomplish this thesis.

I would like to express my sincere gratitude and appreciation to all those who
have contributed to my thesis completion. It is a very challenging journey, and will
not be possible without everyone’s support. It would be impossible to list all names,
but they deserve my sincere and special thanks. Firstly, I would like to express my
sincere gratitude to my supervisor Prof. Hadi Susanto for introducing me to this
exciting field of mathematical science and for his dedicated help, advice, inspiration,
encouragement, and continuous support throughout my Ph.D. studies.

Next,  would like to thank the chair of my supervisory board, Dr. Vanni Noferini,
for his support and useful comments. My sincere thanks also go to Dr. Robert
Marangell, who provided me an opportunity to work with him and gave access to
research facilities during my study visit at the University of Sydney, Australia. I
also acknowledge my internal examiner, Dr. Chris Antonopoulos, and my external
examiner, Prof. Jonathan Wattis, for insightful comments, helpful questions, and
fruitful discussions during my viva examination, which contributed a lot to the
thesis corrections.

A special deepest gratitude goes to my better half, Herman Bakir, for his invaluable
support and understanding of my goals and aspirations. His unique way of love
and support has always been my strength. His patience and sacrifice will remain my

inspiration throughout my life. Thank you for believing me that I can do more than

I think.

iii



iv

I would like to express my heartfelt gratitude to my late father, M. Rusaini Rusin
(may Allah bless him with jannah), my loving mother, Khairumi, for her endless
prayers and unlimited support. Without them, I would not have been able to
complete much of what I have done and become who I am. I would also like to
express my sincere gratitude to my parents in law for their kindness; my brothers
and their families. Rusin’s family will always be in my heart; my brothers and sisters
in law and their families. Thank you for all their supports and prayers throughout
my studies and my life in general. I also thank my friends and office staff in the
Department for their support and cooperation during my studies.

Finally, I gratefully acknowledge financial support from Lembaga Pengelolaan
Dana Pendidikan (Indonesia Endowment Fund for Education), Republic of Indonesia.

Grant Ref. No: S-5405/LPDP.3/2015.



Abstract

In this thesis, we aim to investigate solitary waves of three nonlinear Schrodinger
(NLS)-type models, namely, the NLS equation with an asymmetric double Dirac
delta potential, the NLS equation with a Dirac delta potential on star graphs, and
the discrete nonlinear Schrodinger (DNLS) equation.

For the first model, we obtain analytic solutions and show the difference between
ground states that arise due to symmetric and asymmetric potentials. We find
bifurcating asymmetric ground states at a threshold value of solution norm. In
contrast to the symmetric case, pitchfork bifurcation no longer exists, and we find a
saddle node one instead.

For the second problem, we use coupled mode reduction method to yield
conditions for symmetry breaking bifurcations. We notably obtain that the bifurcation
is degenerate. There are two distinct asymmetric bifurcating solutions with the same
norm. We provide an estimate of the bifurcation point. We also study non-positive
definite states bifurcating from the linear solutions. Typical dynamics of unstable
solutions are also presented.

Finally, we study the fundamental lattice solitons of the DNLS equation and
their stability via a variational method. Using a Gaussian ansatz and comparing
the results with numerical computations, we report a novel observation of false
instabilities. Comparing with established results and using the Vakhitov-Kolokolov
criterion, we deduce that the instabilities are due to the ansatz. In the context of using
the same type of ansatzs, we provide a remedy by employing multiple Gaussian
functions. The results show that the higher the number of Gaussian functions used,

the better the solution approximation.
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Chapter 1

Introduction

Research in this thesis was initiated because of the author’s interest in nonlinear
waves. Waves are ubiquitous around us. There are various examples of wave
motion that we encounter regardless of whether we recognize it or not. Most
wave phenomena cannot be explained by linear waves theories. One prominent
example is a tsunami, a giant wave caused by earthquakes or volcanic eruptions
under the sea [1]. Nonlinear waves as part of nonlinear science not only help us
understand the behaviour of the tsunami but also the complexity behind it. Another
physical phenomenon that can be clearly explained by nonlinear wave theory is in
quantum physics such as light pulse propagation in optical fibers or in Bose-Einstein
condensate (BEC) [2].

The nature, properties and behaviour of waves can be studied from several points
of view, from simple to a more complex one, from physical or mathematical point

of view. Although the study of waves has started since centuries ago, according to



Whitham [3], there is no exact definition that precisely describe the wave phenomena.
Although there are several definitions of waves with some restrictions, in general
a wave can be described as a disturbance that travels from one location to another
with a recognizable velocity of propagation. A common feature of waves in all
applications is that they can be described by linear or nonlinear partial differential
equations (PDEs). They are called linear and nonlinear waves based on linear and
nonlinear equations, respectively.

In a certain PDE describing nonlinear waves, there are several types of solutions.
To mention some, there are periodic waves, solitary waves, fronts/kinks and modu-
lated waves as seen in Figure 1.1. A solitary wave is an example of a nonlinear wave
which is localised and has a finite energy. It arises in some classes of nonlinear PDEs
and has been observed in nature, experiments, and numerical simulations [2, 4].

The study of nonlinear waves started when a solitary wave was first discovered
accidentally by John Scott Russell in 1834 when he was surveying the Union Canal
near Edinburgh, Scotland. He saw a rounded smooth heap of water which con-
stantly propagated caused by a sudden stop of a fast-moving boat. The smooth and
bell-shaped crest was rolling on without change of its shape and speed [5]. Later, he
made an experiment in a wave tank and found out that it was very easy to generate
such waves. A pulse will turn into a solitary wave or two followed after plunging
a block of wood into the water. Unfortunately, for many years Russell’s solitary
wave, that he called a great wave of translation, was surprisingly neglected until

in 1895 Korteweg and de Vries showed that Russell’s finding could be described



accurately by the equation that is now known as the KdV equation [2, 6]. The
belittlement of Russell’s idea was because scientists at that time could not accept that
a wave with finite amplitude can propagate without change of form as it contradicts
the nonlinear shallow water wave theory [7, 8]. In 1965, Zabusky and Kruskal
numerically discovered the solitary wave solutions of KdV equation with spatially
periodic boundary condition. They found that the initial condition of sine wave
evolves into several solitary waves, that later are named as solitons, which propagate
with different speeds. They maintain their shapes and velocities except a small phase

shift after they collide and pass through each other [4].

AAE A -

periodic wave pulse/solitary wave front /kink

T i

modulated waves

Figure 1.1. Several types of nonlinear waves (taken from [9]).

For mathematicians, the term soliton refers to a specific solitary wave solution
of an exact ‘ideal” system, i.e. it does not contain nonsolitonic or perturbational
effects such as frictional loss mechanisms, external driving forces, and defects. In
this thesis, we will use the term solitary wave or soliton interchangeably to refer to

a localised finite energy solution of a nonlinear evolution equation. Qualitatively,



it results from a balance of dispersion and a nonlinearity after evolution of initial
depression [8, 10]. A solitary wave is also defined as a wave propagating at a steady
rate without change in shape and speed [11]. Some references use the term nonlinear
bound states to refer to solitary wave solutions [2, 7, 12].

Besides KdV, another fundamental equation in the theory of nonlinear waves that
admits such solution is the nonlinear Schrodinger (NLS) equation. In this thesis, we
study solitary waves in inhomogeneous NLS-type systems namely, one-dimensional
NLS equation with asymmetric double Dirac delta potential, one-dimensional NLS
equation on a three-edge star graph with a Dirac delta potential in each edge, and
a discrete version of one-dimensional NLS equation. These three inhomogeneous
systems admit solitary wave solutions. We call the solitary waves for the latter
system as discrete solitons.

The NLS equation, as one of the well-known complex nonlinear evolution sys-
tems, is a dispersive Hamiltonian system. It appears in various fields of nonlinear
science. In nonlinear optics, one notable application is to describe the propagation of
electromagnetic pulses in media which are assumed to be Kerr nonlinear [13, 14]. An-
other important application is to describe the dynamics of Bose-Einstein condensates
[14, 15]. As its continuum counterpart, the discrete nonlinear Schrodinger (DNLS)
equation is also one of the well-known mathematical models that describes many
important (discrete) physical systems [16, 17]. The DNLS equation arises in a wide
range of applications in physics, both as a discretization of the continuum counterpart

or in its own right as a lattice system [18-20]. Two notable applications are as models



of coupled optical waveguides [21] and trapped Bose-Einstein condensates (BECs)
in a strong optical lattice [15].

The NLS equation has been shown to be integrable under the inverse scattering
transform (IST) since it admits a linear (Lax) pair representation and possesses an
infinite number of conservation laws [22-25]. Although the IST method yields an
exact solution, it is not explicit and rather complicated to analyse, except for special
cases of solutions [19]. On the other hand, the NLS equation with external potentials
and the DNLS equation are not integrable [17]. However, it has been observed that
solitary wave (or soliton) solutions are present in both systems.

To have a better understanding of the behaviour of a system and its solutions
especially from a physical point of view, several different approaches have been used
numerically and analytically. The existence of a solitary wave solution is studied
by solving the equation for time independent solution, it can be as a stationary
(equilibrium) solution or travelling wave. After the solution has been obtained,
we can study the dynamics of the system in their long-time behaviour, i.e., as time
increases.

Naturally, once solutions are identified, the immediate next question concerns
their stability. It is related to a question of what happens with the solutions in long
period of time if perturbation occurs. Intuitively, we say that the equilibrium solution
is stable if all solutions start close to it will stay close as time goes on. In the case of
linear dynamical systems, the stability of an equilibrium solution can be determined

by the eigenvalues of the operator. Since the notion of stability is localised near the



equilibrium solution, to understand the stability of the nonlinear wave, we can use
linearisation around the equilibrium solution and find the (generalisation of the)
eigenvalues of the operator. We call these eigenvalues the spectrum of the operator.

Another concept of stability is related to the system. If a small change, which
is usually identified by the small change of a parameter value, implies the system
changes qualitatively, such as the change in the number of equilibria or the stability
of the solution, we say that a bifurcation occurs, and the point where it occurs is
called a bifurcation point.

Here, we present three main projects on solitary waves in inhomogeneous
systems. The first two projects which appear in Chapter 3 and 4 are on the NLS
equation with external potential. The NLS equation with external potential, also
known as Gross-Pitaevskii equations, has symmetric ground states. The presence
of inhomogeneities of various types affect and usually break the symmetry [26].
A ground state is a positive bound state which has minimum energy [12]. This
particularly interesting phenomenon that breaks the symmetry of the solution is
called spontaneous symmetry breaking. This phenomenon arises due to the effect of
combination between the potential and focusing nonlinearity.

The ground state of physical systems generally follows the symmetry of the
external potential that acts on the physical field or wave function. In the presence
of nonlinearity, such a rule may be preserved only in the weakly nonlinear regime.
With the increase of the nonlinearity strength, spontaneous symmetry breaking can

occur, in which case symmetric wave functions no longer represent the ground state.



The solutions are in fact unstable against non-symmetric perturbations through a
pitchfork bifurcation.

The concept of spontaneous symmetry breaking in the NLS equation was probably
tirst discussed by Davies [27] in a model that describes interactions of quantum
particles through a three-dimensional isotropic potential. The breaking was found
in terms of bifurcation of broken rotational symmetry of the ground state. A simpler
model in the form of coupled ordinary differential equations (ODEs) exhibiting a
symmetry breaking bifurcation was given in [28]. Now the notion of symmetry
breaking has been studied in a variety of contexts, such as in particle physics [29],
Bose-Einstein condensates [30, 31], metamaterials [32], spatiotemporal complexity
in lasers [33], photorefractive media [34], biological slime moulds [35], coupled
semiconductor lasers [36] and in nanolasers [37]. All these systems incorporated
a double-well potential and the spontaneous breaking of inversion symmetry
manifests in a transition to two states that are localised in one of the potential wells
and mirror images of each other. Theoretical works on spontaneous symmetry
breaking bifurcations include linearly coupled nonlinear Schrodinger equations that
admit asymmetric two-component soliton modes [38—42], unstable linearly coupled
dark solitons that lead to bosonic Josephson vortices [43—45] and symmetry breaking
of linearly coupled vortices [46, 47]. Later works on symmetry breaking in the NLS
equation with double well potentials include among others [12, 48-51]. The reader

is referred to the book [52] for a recent collection of work on the subject.



In Chapter 3, we investigate the existence and stability of ground states by phase
plane analysis approach. We obtain analytical solutions for the NLS equation with
asymmetric double Dirac delta potential on the infinite domain. The results show a
spontaneous symmetry breaking, and there is a notable difference between ground
states and bifurcating solutions that arise due to symmetric and asymmetric double
Dirac delta potentials. We start the analysis by considering the symmetric potential
case where we find at a threshold value of solution norm asymmetric ground states
bifurcate from the symmetric one. The bifurcation in this case is pitchfork. When
the wells are asymmetric, we show that the standard pitchfork bifurcation becomes
broken, i.e. unfolded, and instead a saddle node type is obtained. Using a geometrical
approach, we also establish the instability of the corresponding solutions along each
branch in the bifurcation diagram

In Chapter 4, we study the symmetry breaking of the NLS equation with a Dirac
delta potential. The interesting part is that our spatial setting is not the standard
real space but a star graph. By reducing the system to a finite dimensional system
of coupled ODEs, we obtain conditions for a symmetry breaking bifurcation in a
symmetric family of states as the propagation constant, that is related to the solution
norm, is varied. We obtain that the symmetry breaking bifurcation is degenerate,
where subcritical and supercritical-like bifurcations occur from the same point. There
are two distinct asymmetric bifurcating solutions with the same norm. We provide

an estimate of the bifurcation point. We also study non-positive definite states



bifurcating from the linear solutions and present the typical dynamics of a solution
when it is unstable.

The equations we address in Chapter 3 and 4 include Dirac delta potentials. This
type of narrow potentials interacting with wide solitons gives a point defect to the
solutions. In nonlinear optics, the equation describes a soliton propagation in a
medium with a point defect or a wide soliton interacting with a much narrower one
in bimodal fiber. In BECs, when an impurity of a length-scale much smaller than the
healing length exists, the dynamics of a condensate can also be described by such an
equation [53-55].

The method used to study solitary waves in Chapter 3 is phase plane analysis.
We convert the NLS equation with asymmetric double Dirac delta potential into
ODE:s to obtain positive standing waves. By simple geometric analysis of the phase
plane orbit, we obtain the condition of the instability of the positive standing waves.
In Chapter 4, our approach is what we call a coupled mode reduction method.
This variational method reduces the problem of infinite dimensional PDEs into
finite dimensional ODEs. It utilizes the solution of linearised system to obtain the
nonlinear bound states.

In the third project which appears in Chapter 5, we study discrete solitons in
one-dimensional DNLS equation and their stability in time, which is analysed also
using variational method, called variational approximation (VA) method. The VA
is a semi-analytical method that can be used to approximate discrete solitons by

choosing an appropriate trial function, usually called ansatz. While the standard



10

VA for studying discrete soliton in the DNLS equation is an exponential function,
here we consider a Gaussian ansatz and later we observe a false instability for the
on-site soliton in an interval of coupling constant. Comparing the results with the
numerical computation and using Vakhitov-Kolokolov criterion, we conclude that
the instability is due to the shape of the ansatz. We obtain the remedy for the false
instability by increasing the number of Gaussian functions used. We show that using

multiple Gaussian ansatz we have a better approximation of the solutions.



Chapter 2

Theoretical background and literature

review

In this chapter, we provide some basic concepts and results from existing studies as
the necessary background for the following chapters. This includes some notions in
functional analysis, the NLS equation, the NLS with external potential, the DNLS

equation, VA method, coupled mode reduction method, spectrum, and stability.

2.1 Functional analysis

In this section, we present theoretical background in functional analysis. The source
of theoretical background given in this section is taken from the book by Kapitula
and Promislow [56]. The realisation of the abstract idea of some functional analysis

notions can be seen in the study of nonlinear waves which will be discussed in the

11



2.1 Functional analysis 12

subsequent sections. In many applications including the NLS equation, it is much
easier if the working space used is so called Sobolev space as defined in the following

definitions.

2.1.1 Sobolev spaces

Definition 2.1.1 (Banach Space). For functions u : R — C define the LP-norm for any

1/p
) = ( I |u(x)|de) .

The L®-norm is realized as the p — oo limit of the LP-norm, and is given for smooth functions

p=1,

by |[ulleo := sup, g [u(x)|. For any p > 1 the Banach space LP(RR) is given by
LP(R) := {u : |ully < oo}.
Definition 2.1.2 (Sobolev space). A Sobolev space WEP(R) is defined by
WRP(R) = {u € LP(R) : [lullyyiy < o}

where W*P-norm is defined for differential functions by

k .
Yol

j=0

1/p

lletllyyep =

The Hilbert spaces, HF are defined as H* := WK2, Note that HO(R) = L%(R).

Definition 2.1.3 (Dense). A subset X of a topological space A is called dense (in A) if every
point a € A either belong to X or is a limit point of X i.e., for each a € A there is a sequence

{a]-} C X such that |la; —al|l — 0 as j — oo.
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Definition 2.1.4 (Closed and bounded operator). Let X,Y be two Banach spaces with
norms ||-||x, || - Iy respectively, and assume that Y C X is dense. Consider linear operator L,
with Y = D(L), the domain of L dense in X and L :Y + X. We say that a linear operator is

closed if for any sequence {u;} C'Y with

lim [juj—ullx=0 and  lim || Lu;-0|x =0,
j—o+oo

j—o+oo

then we have u € Y and Lu = v. The operator is bounded from Y to X if
supl{||Lullx : u € Y, [lully =1} <o

Definition 2.1.5 (Adjoint operator). Let L:Y = D(L) C X — X be a bounded linear
operator, where X is a Hilbert space equipped with the inner product .,.). Then the
Hilbert-adjoint operator L* of L is the operator L : D(L") — Y such that for all u € X and
ve D(LY),

(Lu,v)y ={u, L").

Definition 2.1.6 (Compact operator). If for each bounded sequence {u;} C'Y the sequence

{Lu;} € X has a convergent subsequence, then the operator L is said to be compact.

Definition 2.1.7 (Self-adjoint operator). A bounded linear operator L: X — X on a

Hilbert Space X is said to be self-adjoint or Hermitian if L* = L.

2.1.2 Spectrum

Definition 2.1.8 (Resolvent and spectrum). The resolvent set of operator L, p(L), is the

set of complex numbers A € C such that
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(a) AT — L is invertible,
(b) (AT = L)V is a bounded linear operator.

where T is the identity operator. For A € p(L) the operator (AT — L)~ is called the resolvent

of L. The spectrum of L is the complement of the resolvent set, i.e, 6(L) = C\ p(L).
Definition 2.1.9 (Fredholm operator). The operator L is a Fredholm operator if
(a) Kernel of L, ker(L), is finite-dimensional,
(b) Range of L, R(L), is closed with finite codimension.

Definition 2.1.10 (Fredholm index). The Fredholm index of Fredholm operator is defined

by
ind(L) = dim(ker(L)) — codim(R(L))

Definition 2.1.11 (Spectrum set). Let X be a Banach space and let L : D(L)+— X be a
closed linear operator with domain D(L) dense in X. The spectrum of L is decomposed into

the following two sets:

(a) The essential spectrum of a Fredholm operator L, 0.ss(L), is the set of all A € C such

that either

o AJ — L is not Fredholm, or

e AT — L is Fredholm, but ind(AZ — L) # 0.
(b) The point spectrum of a Fredholm operator L is the set defined by

opt ={A € C:ind(AL — L) = 0,but AL — L is not invertible}.
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The elements of the point spectrum are called eigenvalues of L.

Definition 2.1.12 (Compact perturbation). The operator L is a relatively compact

perturbation of Ly if (Lo — L)AI— Lo)™ : X — X is compact for some A € p(Ly)

Theorem 2.1.13 (Weyl essential spectrum theorem). Let L and Ly be closed linear
operators in a Banach space X. If L is a relatively compact perturbation of Ly, then the

following properties hold:

(a) AI— L is Fredholm if and only if Al — Ly is Fredholm
(b) ind(AL — L) =ind(AL — Lo)

(c) The operators L and Ly have the essential spectra.

21.3 Sturm-Liouville theory

In this subsection, we provide theory about the point spectrum in the context of
Sturm-Liouville theory for second order operator. It is shown that there is one to
one correspondence between the ordering eigenvalues and the number of zero for
the associated eigenfunctions [56].

Consider a Sturm-Liouville operator
Lp = 32p+a1(x)dxp+ag(x)p, @.1)

which is defined on H?(R) with a1(x) and ag(x) are smooth functions which decay

exponentially to constants a7 and 4, respectively as x — +oo, that is

JCl_i)rinoo M |a1(x) —aﬂ =0 and xl_i)rinoo W Iao(x) —a(ﬂ =0. (2.2)
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The operator £ is self-adjoint in the weighted inner product

(u,v), = fu(x)v*(x)p(x) dx, (2.3)
where * denotes complex conjugation and

ps:= lim e“lip(x). (2.4)

X—+00

Theorem 2.1.14. Consider the associated eigenvalue problem Lp = Ap of Sturm-Liouville
operator (2.1) on the space H*(IR) where the coefficients satisfy (2.2). The point spectrum,

opt(L), consists of a finite number, possibly zero, of simple eigenvalues, which can be

enumerated in a strictly descending order Ay > Ay > --- > Ay > b := max {aa,ag } For

j=0,1,...,N the eigenfunction p j(x) associated with the eigenvalue A jcan be normalized so

that:
1. pj has j simple zeros
2. The eigenfunctions are orthonormal in the p-weighted inner product.

3. The ground-state eigenvalue, if it exists, can be characterized as the supremum of the

bilinear form associated to L

Ag =sup(Lu,u),,
||p=1

moreover, the supremum is achieved at u = pgy, which has no zeros.
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2.2 The nonlinear Schrédinger equation

The dimensionless form of the NLS equation is
Wy + W+ 0| WPY =0, (2.5)

where W € C is a complex valued function of real variables x and t € R*. The
subscripts indicate derivatives with respect to the variables. The nonlinearity
coefficient is denoted by o where the value can be either +1 or —1, indicating the
focusing or defocusing nonlinearity, respectively, or in terms of optics, attracting or
repelling nonlinearity, respectively. For the next discussion we will focus on solitary
waves of the focusing nonlinearity, i.e., 0 = 1.

The NLS equation is a classical field equation which is in the integrable class
of nonlinear wave equations. Although several studies have been carried out on
the NLS equation before, it started receiving attention after Zakharov and Shabat
in 1972 obtained an exact solution using Inverse Scattering Transformation (IST)
[57]. The NLS equation (2.5) has solitary wave solutions (also called standing
waves) which decay as x — +co. They have the form W(x,t) = (x)e”*, where ¥(x) is

time-independent [7]. The function 1(x) satisfies the stationary equation

Uy + |¢|2¢ -wyp =0, (2.6)
where w needs to be positive in order to ensure that ¢ vanishes at infinity. There

exists a unique exact solution of (2.6),

(x) = V2wsech(Vox), (2.7)
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that satisfies the zero boundary conditions at infinity.

Equation (2.5) is a conservative system which is invariant under some transfor-
mations and leads to some conservation laws. Some of the invariances to name but a
few are as follows [2, 7, 17, 58]. First, it is invariant under a transformation so called
phase or gauge invariance of NLS. It is a transformation W — We'? where 0 is space

and time independent. This gauge invariance implies that the wave energy,
P =¥ = f |WPdz,

is conserved. In the context of nonlinear optics, P refers to a beam power.
Since we are interested in solution which decays at infinity, this invariance implies
Y(x) satisfies

Prr + P — 0 =0, (2.8)

The next invariance is a time translation one, which leads to conservation of

Hamiltonian [58]
1 1
H= - G = [ (1) ax 29)

The system (2.5) is known as Hamiltonian system. Besides Hamiltonian, it also
has a Lagrangian structure. The Lagrangian density for the system (2.5) is

i 1
L= %(\P*\Pt W) Wi S|P (2.10)
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The partial differential equation (2.5) can be derived from Euler-Lagrange equations,

OL/OW =0

2L oL oL
7= _ 9 - = :
oV x(&\yx) 8t(a\yt) 0. 2.11)
where 6L/6W denotes the Frechet derivative of the Lagrangian L = f L dx. Another
invariance which is admitted by (2.5) is Galilean invariance, that is, if W(x,t) is a

e(Zivx—z’vzt)/4

solution, then W(x —vt,t) is also solution, where v is an arbritrary velocity

parameter. Hence, we can have a moving solitary wave
W(x,t) = (x—ot) pRivx—iv?t+idwt) /4

According to [22], if a system has an infinite number of constants of motion or
conservation laws, then it is integrable. The solution behaviour of an integrable
system can be analyzed from its exact solutions. Unfortunately, most physical
systems are governed by non-integrable nonlinear equations. For example, the NLS

equation with external potential which we will discuss in the following subsection.

2.2.1 The NLS equation with a Dirac delta potential
The NLS with external potential which is also known as Gross-Pitaevskii equation
W+ W + VPV - V()W =0, (2.12)

can be considered as a perturbed system of (2.5). If V(x) = —6(x —a), the bound states

of (2.12) satisfy

Py — 0+ P2 +5(x —a) = 0. (2.13)
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A Dirac delta function, 6(x —a), named after Paul Dirac, a 20th-century mathematical

physicist (1902-1984), is defined as [59]

0, forx#a,
o(x—a) =
oo, for x=a.
It is not really a function, it is a limiting function of a sequence of concentrated pulses.

We can consider it as a concentrated source or impulse force at x = 2. One important

property of the Dirac delta function is that it has unit area,

f O(x—a)dx =1,

and another property is that it is the derivative of the Heaviside unit step function

H(x—a),

0 forx<a
H(x—a) =

1 forx>a.

Equation (2.12) describes the interaction of a wide soliton with a narrow potential.
The Dirac delta potential gives a defect at x = a to the unperturbed soliton solution.
Therefore, the existence of an explicit expression for the soliton profile can be obtained
easier compared with one with general linear potential. One can refer to paper [53]
to study the instability of bound states of NLS with a Dirac delta potential.

The stationary solution of (2.13) can be constructed from the stationary solution
of the unperturbed system (2.8) on each side of the defect. At x =g, the solution
should satisfy the condition of continuity, (a*) = ¢/(a~), and the appropriate jump

condition in the first derivative, that is {y(a*) — ¢x(a”) = —1(a). A nonlinear bound
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state admitted by Equation (2.13) is

P(x) = \/2_a)sech(\/5|x|+tanh_1($)). (2.14)

The solutions (2.7) and (2.14) are shown as red-dashed lines and blue-solid lines,

respectively in Figure 2.1.

1.5¢

0.5}

(@) (b)

Figure 2.1. Solutions of (2.8) and (2.13) in red-dashed lines and blue-solid lines, respectively
fora=0and (a) w =1 and (b) w = 3.

2.2.2 The NLS equation on star graphs

In this section, we present the result of the NLS equation on star graphs from
[26, 60, 61]. We consider the configuration of a star graph G in its simplest form. It is
a metric graph that consists of N half lines with common vertex, usually at the origin.
The Schrédinger dynamics are associated with Hilbert space L?(G) = @szl L>(R*).

The vector function W € L%(G) will be of the form W = (¢, w@ ... WO)T and norm
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of WV is defined as
N 1/2
1) = [Z ||\If<’<>||§2(m) .
k=1

The NLS on star graph can be defined by posing NLS on each edge of the star
graph,

nyr(k k k k
Z‘I’E )+\y§x) + WO =, (2.15)

where the upper indices k =1,---,N, label the different branches of the system and
the subscripts indicate derivatives with respect to the variables.

The bound states of (2.15) satisfy
w® 4 @0y _w® =0, k=1,2,---,N.

We choose the boundary condition at the origin
N
Z w®0,8) = avD(0,1), WOO,8) = =TN(0,8). (2.16)
k=1
Parameter « gives different physical interpretation of the boundary conditions at
the origin [26, 60], i.e. for @ < 0 we have a deep attractive potential well, while a > 0
we have potential barrier at the origin. The special case is for @ = 0, which is called
the free Kirchoff boundary condition. One can refer to paper by Adami et.al [62]
for the global well-posedness of the dynamics in a star graph with some boundary
conditions at the vertex.
The standing waves of NLS on three-edge and four edge star graph can be seen

in Figure 2.2.
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Figure 2.2. Examples of bound states on star graph (taken from [26, 60]).

2.2.3 The discrete nonlinear Schrodinger equation

In this section, we consider the one-dimensional (spatially) Discrete Nonlinear

Schrodinger (DNLS) equation

n

- (W1 =2V, + ¥, )+ |V, °¥, =0, nel, (2.17)

i
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where W, is a complex-valued function of time ¢ at site 1, ¢ > 0 is the strength of the
coupling between adjacent sites which is also called as the dispersion coefficient,
and w is the propagation constant.

Equation (2.17) is also a conservative system and can be derived from the

Lagrangian

v [ 4, dv:\ ¢ A
L= Z [z(\Pn = W | = 5 W= W P W . (2.18)

Note that if we take ¢ = 1/(Ax)?, then (2.17) can be seen as a finite difference
approximation of (2.5). In the case c tends to zero i.e., the limit of zero coupling

(anti-integrable or anti-continuum limit), the solution of Equation (2.17) is
W, = e @nttan), (2.19)

with phase a; and frequency w;,.

Assume that the stationary solution of Equation (2.17) is of the form W,, = i,,e7*
with ¢, € R. The solutions are given by these time-periodic solutions of the DNLS
equation. Upon substitution of the steady state solutions into the DNLS equation, it

yields the stationary equation

WP = c(Wns1 =205 + Y1) + Py (2.20)

Equation (2.20) admits two fundamental discrete solitary waves, which interchange-
ably will also be called discrete solitons, that can be continued all the way from the

uncoupled limit ¢ — 0 to the continuous limit ¢ — co. The two solutions are on-site
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and inter-site discrete solitons, which are also usually referred to as Sievers-Takeno
(ST) and Page (P) mode, respectively. The two modes become degenerate in the
continuous limit ¢ — oo. In the case ¢ tends to zero, we have that the solution of
Equation (2.20) is then ¢, = 0 or ¢, = + V.

In the following section we discuss two variational methods used for finding
approximate solutions, namely the variational approximations (VA) and the coupled

mode reduction method.

2.3 Variational methods

2.3.1 Variational approximations

The VA method is frequently used in solving nonlinear evolution equations [63, 64].
The VA reduces the infinite dimension of the problem into a finite one by introducing
a trial function, usually called ansatz, that involve a finite number of parameters
describing the dominant characteristics of the solution. This method is usually used
for a conservative system, where the dynamics is governed by the system having
a Lagrangian formulation which leads to a conserved energy. By substituting the
ansatz into the Lagrangian, one will obtain an effective Lagrangian that is a function
of the variational parameters introduced in the ansatz. Using Euler-Lagrange
principle, the critical values of the parameters can be found by solving the associated

variational equations.
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As mentioned earlier, Equation (2.20) admits discrete solitons and now we want
to approximate the solutions using VA method. The Lagrangian of Equation (2.20)

is of the form

0]

L= Y 2 +2093~ 10k = S Wi + Yo 21)

n=—oo

We observe that Equation (2.20) is an equivalent equation for the Lagrangian (2.21).
We introduce the soliton-like” ansatz as approximation of the discrete soliton of the

stationary equation (2.20)
Yol = Age il (2.22)
PP = Ageln=3l, (2.23)
where 151 denotes soliton in ST-modes (on-site soliton) and ¢> in P-modes (inter-site

soliton), A1,a1,Aj,a; are variational parameters to be determined [65]. Substituting

these ansatz to the Lagrangian yields the effective Lagrangians

1
Lngf = —ZA% (—2(2c + w) +8ccoshaq + (A% —4c-2w) Cosh2a1) csch2aq, (2.24)
P A% (—8c cosh®a, + (8csinhay + 8¢) cosh?a, — (8sinhay +4)coshay + A%)
L, =- .
eff 8sinhay coshas

(2.25)
Each of the effective Lagrangian is a function of variational parameters. By
variational principle, we can find the variational parameters A1,a1,A3,a, by solving

the following Euler-Lagrange equations which are also called variational equations

oLST 915t oLY  oIP
eff eff eff eff
JdA1  odm 0 an dA,  dap 0 (2.26)
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Substituting back the values of the parameters obtained from (2.26) to (2.22)
and (2.23), we can then obtain an approximate solution of (2.20). Figure 2.3 shows
the profiles of on-site and inter-site solitons for several values of c. We can see

that the obtained approximations are quite close to the numerical results. We have

c=1 c=0.5 c=0.1
15 1.5
! 1
1 i 1
= é 4 = 5 05
0.5 ! 0.5
/s’é’ 8
4 3
0 aue ¥ $-o0s 0 0
-10 -5 0 5 10 5 0 5 -10 -5 0 5 10
n n n
(@ (b) (c)
c=1 c=0.5 c=0.1
1.5 1.5
1
1 1
= = 05 =
0.5 0.5
0 0 0
-5 0 5 -5 0 5 -5 0 5
n n n
(d) (e) (&3]

Figure 2.3. Profiles on-site (a-c) and inter-site (d-f) discrete solitons of (2.20) for different
values of c as indicated. Stars and circles are numerical computations and approximations,
respectively.

shown that to obtain variational equations (2.26) using the VA method we need the

Lagrangian of the system. Next, we will show how we obtain variational equations

of a system without knowing its Lagrangian in the following subsection.
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2.3.2 Variational approximations for discrete lattices

Following [66], we consider a discrete differential equation of the form

id\yn _
ar

fv (Wn, W5 + fnv (W, W7, (2.27)

where W, (t) is a complex function of time and W}, is its conjugate. We write the right
hand side of (2.27) in two parts: the variational part fy and the non variational part

fnv. If the equation is conservative, then fyy =0, and there is a Lagrangian function

. d\I] * \TS*
L= ) L%y —" 0,05, (2.28)

n=—0oo

that yields Equation (2.27) from the relation

JL d | dL AV,

—— === - fv (W, Wy). 2.29
s ) = S o) 229)
Let @, be the chosen ansatz containing a finite number of parameters to be determined,
xj, for j=1,2,---,N, and they are functions of . The calculation upon the substitution
of the ansatz to the infinite sum (2.28) yields an effective Lagrangian Lg, which
contains the variational parameters and their derivatives with respect to t. This gives

us the variational equations

ILefi d( OLefs )=0, (2.30)

ox;  dt\d(dx;/dt)

which can be solved for x]"s.
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Now, we consider the case when fyy # 0. Recall that,

OLett  OLef 0Py Lo 0Dy,
(9)6]‘ B 8@; 8x] 8@;1 8x]

o0

) 4D, d(__oL )P,
=2Re [n;m (17 AGET (a(dcp;/dt))) oxj )

On the other hand, since the ansatz @, is assumed to satisfy Equation (2.27), then

o0

Z +£ 0L 2D},
Inv+ IdD;,/dr))) ox; |

n=—oo

OLeft _ 2Re
&xj

Note that in the two last equations, L is restricted to the space where the ansatz is

defined. Combining them, we obtain the equation

4 dt 8x] &
n=—0oo n=—o0o

3 n 9P, S oD,
Re[ 20 ® ):Re( Z (fv + fnv) aq; ] (2.31)
j

The equivalence of Equation (2.31) for spatially continuous and linear Schrodinger
equations is known as the Dirac-Frenkel-MacLachlan variational principle [67, 68]
(see also [69, 70] that give a near-optimality result for variational approximations, by
providing error bounds in terms of the distance of the exact wave function to the

approximation manifold).

2.3.3 Coupled mode reduction method

The coupled mode reduction method is another type of variational method that

can be used to approximate solutions of NLS. The idea is to obtain the nonlinear
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bound states by exploiting the linear states. First, we solve the linearised system
of the nonlinear evolution equation and take the basis of the eigenspace. We set as
an ansatz for the nonlinear bound state the linear combination of the basis of the
linear states. The coefficient is taken as the variational parameter. In other words, we
project the nonlinear bound states onto the linear state space. By neglecting the terms
containing the continuous spectrum, we convert the infinite dimensional problem to
ordinary differential equations of finite dimension which is a Hamiltonian system
with conserved Hamiltonian and ? invariant. This method is analog to the VA
method, when we substitute the ansatz into the Lagrangian. We obtain the same
variational equations as those from VA method [49].

After solutions are obtained, the next question is to determine their stability. We

will discuss linear stability using linearisation in Section 2.4.

2.4 Stability

Stability theory refers to an analysis of the behaviour of equilibria under small per-
turbations of initial conditions and the behaviour of the near solutions of equilibrium

manifolds. We introduce the following definition of orbital stability [7, 58, 71]

Definition 2.4.1. A solitary wave P! of (2.5), is orbitally stable if for any € > 0 there

exists a 6(&) > 0 such that if |[ip(x,0) — 1,5|| < 6 then

- 7 i0
pnf W0 = P+ e <

forall t.
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Intuitively, the above definitions say that the concept of stability is using the
concept of limit that allows phase shifts and translations. A solitary wave is called
stable if the perturbed solution, which is a solution in the neighbourhood of the
solitary wave will stay close when time is increasing. It is called asymptotically
stable if it is stable and the perturbed solution approaches it when time goes to
infinity.

In general, it is not an easy task to determine the stability of nonlinear waves,
but we can analyse them by perturbation theory such as linearisation of the system

about the equilibrium.

2.4.1 Linear stability

We will discuss linear stability using the NLS equation with external potential (2.12)
W+ Wy + VPV - V(X)W =0, (2.32)

where we assume V(x) is a function which decays at infinity.
We assume that Equation (2.32) has an equilibrium, ¢. The behaviour of solutions
W in the neighbourhood of ¢ can be seen by using linearisation of the system about

1. We use the linearisation ansatz

W(x,t) = (IIJ(.’JC) +p(E(x) + in(x))e/”)eiwt, n<l
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where {(x) is the equilibrium solution. Upon substitution this ansatz to (2.5) and

considering terms linear in u will lead to the eigenvalue problem

A& = =+ wn =P+ V(0)1,
(2.33)

/\7] =&y —wé+ 311525 - V(x)€&.

By setting
2
L_= @—a)+1p2—V(x),
2
L= E_a)+3lp2_v(x)l

system (2.33) can be rewritten as

Al = =L (2.34)

Equation (2.34) is an eigenvalue problem for (2.5) and A is called the spectral
parameter. Since u < 1, i.e., we consider a sufficiently small neighbourhood, the
dynamics of the nonlinear system (2.5) is governed by the obtained eigenvalue
problem which is a linear system with infinite dimension. The dynamics of the linear
system is used to determine the stability of the nonlinear solitary waves. Therefore
we call this as a linear stability of the solitary waves. It is determined by solving
the eigenvalue problem (see book by Kapitula and Promislow [56] and Jianke Yang
[2] for the details). The set of all A satisfying the eigenvalue problem is called the

spectrum for the solitary wave. It consists of point (discrete) spectrum (which we
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have known as eigenvalues) and continuous or essential spectrum. The spectrum
contains information about the stability and behaviour of the solutions

The eigenvalue problem (2.34) always has A = 0 as an eigenvalue. Since £, =0,
then 1 is the eigenvector corresponding to zero eigenvalue with multiplicity at least
2. If A is an eigenvalue with its corresponding eigenfunction (£,1)”, then —A is also
an eigenvalue with its corresponding eigenfunction (=&,n)T. Also, since operator
L, and L_ are self-adjoint, then A* is also an eigenvalue with its corresponding
eigenfunction (&*,1%)". Hence, the eigenvalues of £ come in pairs or quadruples due

to the fact that if A is an eigenvalue, so are —A,A* and —A".

Definition 2.4.2. The equilibrium solution  is spectrally stable if its linearisation L
satisfies 0(L)N{A € C: Re(A) > 0} = 0, i.e, there is no spectrum in the open right-half of the

complex plane. Otherwise, the wave is spectrally unstable.

Now, we want to find the essential spectrum of (2.34). The essential spectrum
can be obtained by considering £, and £_ in the limit x — foco which yields that
each linear operator £, and £_ has a limit of % —w [56]. Writing it as 4 x4 first

order ODEs,
& 0 1 0 0]|lé&

& w 0 A Offé
= ) (2.35)

m 0 00 1||m

M2 -A 0 w O){mn
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the characteristic polynomial of the coefficient matrix is
vt —2wy? + A% +? = 0. (2.36)

The corresponding eigenfunction is of the form = (c1,c) e, where k is a wavenum-
ber, and c1, c2 constants. Substituting y = ik, and solving the equation for A, we obtain

the essential spectrum is two line segments on the imaginary axis, A = +i(k? + @), k is

real.
For the DNLS equation, we use the linearisation ansatz W,,(t) = ({,, + yen)e_i‘“t
with y < 1. Substituting this ansatz to the DNLS equation yields
d€n T2 T *
i = c(€nt1 —2€4 +€,-1) +2U€4 + €;, — wey + O(1) (2.37)
and neglecting the O(u), we will have
den T2 T *
ZW = c(€p+1 — 260 +€4-1) +2U5€, + 565, — wE. (2.38)
Writing e, = (1, +i&,) e’ and plugging it into the last equation, we obtain
A&y = @iy = Ay =351y
(2.39)
Al = —wén + A&y + Y.
Therefore, we have the eigenvalue problem
0 w—cA\— Ip% En 511
=A , (2.40)

—w +cA+ 3172 0 M Nn
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where A1y, = Ny41 = 210 + Np—1.

Equation (2.40) is an eigenvalue problem for (2.32). The dynamics of the nonlinear
system (2.32) is governed by the obtained eigenvalue problem which is also a linear
system with infinite dimension. We see that A = 0 is also an eigenvalue. On the
other hand, the essential spectrum consists of all A which is purely imaginary. This
is because the essential spectrum can be obtained by substituting (c1,c;)"e*" for

n — £00.

2.4.2 Vakhitov-Kolokolov criterion

If the solitary wave is positive, we can determine the instability using the Vakhitov-

Kolokolov (VK) criterion [2, 58, 72]

Theorem 2.4.3 (VK Criterion [2]). The ground state solitary wave of (2.5) is linearly
unstable if and only if g—f) < 0. When it is unstable, there exists a single unstable eigenvalue

which is purely real.

The reader can see [2] for the proof of the theorem.

2.4.3 Bifurcations

As discussed in Chapter 1, bifurcations are the qualitative changes in the dynamics
of a system as parameters are varied. Bifurcation points are the parameters at which
they occur. One way to represent the bifurcation is using so called a bifurcation

diagram. It depicts the dependence on parameters for the qualitative structure of



2.4 Stability 36

the system. Usually a solid and dashed line is used for stable and unstable fixed
points, respectively. There are several types of bifurcations, we will present some of
them. The discussion is mainly taken from [73]. We consider a first-order differential

equation which depend on parameter r

— = f(x,71) (2.41)

The fixed points, or equilibrium points, for (2.41) are given by f(xo,7) = 0. Generally,

the fixed points xg depends on parameter r.

2.4.3.1 Saddle-node bifurcations

Saddle-node bifurcation is a type of bifurcation where two fixed points coalesce
and then annihilate. Bifurcation diagram in Figure 2.4a depicts an example of the
saddle-node bifurcation in one dimensional system of (2.41). We can see that there
are two fixed points for r < 0, one unstable and the other one stable, as r increases

they collide at bifurcation point x = 0 and disappear when r > 0.

2.4.3.2 Transcritical bifurcations

When there is an exchange of fixed points stabilities as the parameter is varied, a
transcritical bifurcation occurs. The typical bifurcation diagram for transcritical
bifurcation is shown in Figure 2.4b. We can see that for r <0, there are two fixed
points and after the bifurcation point, r = 0, they switch their stabilities, from stable

to unstable, vice versa.
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(a)

(0

(d)

Figure 2.4. One dimensional bifurcation diagram for (a) supercritical and (b) subcritical

pitchfork bifurcations.

2.4.3.3 Pitchfork bifurcations

The next type of bifurcation is a pitchfork bifurcation where it is characterized by

symmetrically appear and disappear of the fixed points. There are two types of

pitchfork bifurcation. The first one is the supercritical pitchfork bifurcation as shown

in Figure 2.4c. There is only one fixed point when r <0, and it is stable. When r =0,

there is still one fixed points and it becomes unstable when r > 0. Also, there is a

symmetric pair of stable fixed points appear on the either side of = 0.
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The second type of pitchfork bifurcation is subcritical. It can be described by its
bifurcation diagram depicted in Figure 2.4d. For r < 0, one fixed point is stable, and
there are two unstable fixed points. As r increases, the fixed points collide at r =0,

and then appear as a single unstable fixed points.



Chapter 3

Symmetry breaking bifurcations in
the NLS equation with an asymmetric

delta potential

In this chapter, we consider the NLS equation with an asymmetric double Dirac delta
potential and study the effect of the asymmetry in the bifurcation, particularly the
spontaneous symmetry breaking. An interesting result was presented in [74], on a
systematic methodology, based on a two-mode expansion and numerical simulations,
of how an asymmetric double well potential is different from a symmetric one. It was
demonstrated that, contrary to the case of symmetric potentials where symmetry
breaking follows a pitchfork bifurcation, in asymmetric double wells the bifurcation

is of the saddle node type.

39
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However, different from [74], our present work provides a rigorous analysis of
the bifurcation as well as the linear stability of the corresponding solutions using
a geometrical approach, following [12] on the symmetric potential case (see also
[75-77] for the approach).

Since the system is autonomous except at the defects, we can analyse the existence
of the stationary standing waves using phase plane analysis, or also called phase
portrait analysis. We convert the second order differential equation into a pair of first
order differential equations with matching conditions at the defects. In the phase
plane, the solution which we are looking for will evolve first in the unstable manifold
of the origin, and at the first defect it will jump to the transient orbit, and again
evolves until the second defect, and then jumps to the stable manifold to flow back
to the origin. We also present the analytical solutions that are piecewise continuous
functions in terms of hyperbolic secant and Jacobi elliptic function. We analyse their
instability using geometric analysis for the solution curve in the phase portrait.

The chapter is organised as follows. In Section 3.1, we present the mathematical
model and set up the phase plane framework to search for the standing wave. In
Section 3.2, we present the linear states of the system. In Section 3.3, we discuss the
geometric analysis for the existence of the nonlinear bound states and show that
there is a symmetry breaking of the ground states. Then, the stability of the states
obtained are analysed in Section 3.4, where we show the condition for the stability

in terms of the threshold value of 'time” for the standing wave evolving between
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two defects. In Section 3.5, we present our numerics to illustrate the results reported

previously. Finally, we summarise the work in Section 3.6

3.1 Mathematical model

We consider the one-dimensional NLS equation
I (x, 1) + W, 1) + (W, PP (x, 1) = V() W(x, 1) = 0, (3.1)

where W € C is a complex-valued function of the real variables t and x. The

asymmetric double potential V(x) is defined as
V(ix)=-0(x+L)—€ed(x—L), 0<e<l], (3.2)

where L is a positive parameter. We consider solutions which decay to 0 as x — +oo,
W(x,t) = gb(x)ei“’t. The system conserves the squared norm P = f_ O:O |W(x, t)|> dx which
is known as the optical power in the nonlinear optics context, or the number of
atoms in Bose-Einstein condensates.

Standing waves of (3.1) satisfy

Y — P+ 97 = V() =0, (3.3)

The stationary equation (3.3) is equivalent to

Py = W — 1 (3.4)
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for x # +L with matching conditions:

PELY) = P(ELT),  Pu(ELY) — Pu(xL7) = ~Vaip(2D), (3.5)

withV_=1and V, =e.

Our aim is to study the ground states of (3.1), which are localised solutions
of (3.3) and determine their stability. We will apply dynamical system approach
by analysing the solutions in the phase plane. However, before proceeding with
the nonlinear bound states, we will present the linear states of the system in the

following section.

3.2 Linear states

In the limit ¢ — 0, Equation (3.3) is reduced to the linear system

P —wP - V() =0, (3.6)
which is equivalent to the system 1y = wy for x # +L with the matching conditions

(3.5).

The general solution of (3.6) is given by

e Volx+L) x<-L,

P(x) =1 Ae~ Vob+Ll) 4 BeVolx+l) [ <y <], (3.7)

Ce~ Volx-L), x> L.
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Using the matching conditions, the function (3.7) will be a solution of the linear system
when A =1-1/2vw,B=1/2 Vw,and C = (2L V¥ (2 ywe*: & - ¢4 V0 1 1)) /2 v/, and

w satisfies the transcendental relation

L

1 €
= ln— . 38
4w ((2@—1)(6—2\/5)] R

This equation determines two bifurcation points of the linear states wp and w;. We
obtain that the eigenfunction with eigenvalue wy exists for any L, while the other
one only for L > (1+¢€)/2e. For L — oo, wg — 1/4 and w; — €2/4. We illustrate
Equation (3.8) in Figure 3.1. Positive solutions that are non-trivial ground states of
the system will bifurcate from wg, while from w1, we should obtain a bifurcation of

‘twisted” mode which is not addressed in the present work.

1
0.8
0.6
3
04r
02 [ /
0 \ \
0 1 2 3 4 5 6

Figure 3.1. The eigenvalues w as a function of L from (3.8) for € = 0.95. The upper curve is
.
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3.3 Nonlinear bound states

To study nonlinear standing waves (bound states), we convert the second order

differential equation (3.3) into first order equations. For x # L, let u =,y = iy

Uy = ]//
(3.9)
Yy = wu—1u’,
with the matching conditions
u(xL*) =u(xL7), y(xL*)—y(xL")=-V.u(xL). (3.10)

Without lost of generality, we consider only u > 0. The evolution away from the
defects is determined by the autonomous system (3.9) and at each defect there is a

jump according to the matching conditions (3.10).

3.3.1 Phase plane analysis

System (3.9) has equilibrium solutions (0,0) and ( Vw,0) and the trajectories in the

phase plane are given by (see Appendix B)

1
y? —wu’ + Eu4 =E. (3.11)

In the following we will discuss how to obtain bound states of (3.1) which decay
at infinity. In the phase plane, a prospective standing wave must begin along the

global unstable manifold W* of (0,0) because it must decay as x — —oo. The unstable
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manifold W* is given by

W = {(u,y)ly = \Jwu? - %u‘*,O <u< \/2_a)}

The potential (3.2) will imply two defects in the solutions. After some time
evolving in the unstable manifold (in the first quadrant), the solution will jump
vertically at the first defect at x = —L according to matching condition (3.10). For a

particular value of w, the landing curve for the first jump follows

J(W*) = {(u,y)ly = qJwu? - %u‘* —u}.

At the first defect, the solution will jump from the homoclinic orbit to an inner
orbit as the transient orbit. Let the value of E for the orbit be E € (—%wz,O). If we

denote the maximum of u of the inner orbit as a, then the value for a in this orbit is

A= \Vw+ Vo2 +2E.

Denote the value of the solution at the first defect as 14, then it satisfies

uj —2up y|wu? — sut = E, (3.12)

which can be re-written as a cubic polynomial in u%

7

23, (1 202 _p,2 E_
(ug)” + > 2w | (u7) up+ > =0.

Using Cardan’s method (see Appendix A) to solve the polynomial, we obtain 1 as

function of E, i.e., for w < 1/4, there is no real solution, while for w > 1/4, there are
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two real valued u; given by

2
o (1, 1y 2 [
Ml = 5(2w—§)+§\/3E+(§—2w cos 6 ,

1 1\ 2 [.~ (1 2
u? = 5(2w—§)—§\/315+(§—2w) sin(%—@) ,

(3.13)

where
1 _|-54E2+18E(4w 1)+ (4w —1)
0 = = cos - 32
(122 + (1 - 40)?)

3

For a given w > 1/4, the landing curve of the first jump is tangent to the transient

orbit, i.e., ugl) = ugz)’ for E = E;, with

£ = 1 (360 4/ 3
E1—27(36a) (12w +1) 1).

After completing the first jump, the solution will then evolve for "time” 2L according
to system (3.9). The time’ 2L is the length of time for a solution flow from the first

defect until it reaches the second defect, and it will satisfy

Uy 1
2L = f _ du, (3.14)
£\ —ut/2+E

where 2L = L1 + Ly, with L; is the time from x = —L to x = 0 and L, is the time from
x=0tox=L. Fore =1,L1 = L, = L. The result of the integration of the right hand
side of (3.14) will be in the form of an elliptic integral of the first kind.

When the solution approaches x = L, the solution again jumps vertically in the

phase plane according to the matching condition (3.10). The set of points that jumps
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to the stable manifold W? is

J7HWS) = {(u, Yy = - ( \[wu? — %u‘l - euJ}. (3.15)

Let u; be the value of the solution at the second defect. The matching condition
(3.10) gives

2.2 2

€“u5 —2eup \|wui — ~u3 = E, (3.16)

1
2

which can also be re-written as a cubic polynomial in u%,

6. (€ 4 po E2
M2+ ?—20) Mz—EM2+2—€2:0. (317)

Using a similar argument, the solution exists only for @ > €2/4, where in that case

the solutions are given by

m_(1 € v
U, :(E(Za)—?) \/12E+(<—:2 4w) cos@) ,

1/2
@ (1 €
U —(E(Za}—?)——\/l2E+(<—:2 4w) sm(g—e)) ,

54E2 + 18E (4 — 4ave?) + €2 (e2 — 4
h 2)3/2

(3.18)

where

0= 3 CcoSs
€2 (12E + (€2 4)

Similar for the first jump, the landing curve of the second jump is tangent to the

transient orbit, i.e., u(l) (2), for E = E,, with

_1
Er=o (366 w - w/e2(12a)+e2)3—e4).

For a given value of E; and Ej, they correspond to certain values of L, say L; and

L,. These values will be used in determining the stability of the solution which
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will be discussed later in Section 3.4. For fixed L and €, we can obtain £ upon
substitution of (3.13) and (3.18) to (3.14) as function of w, and therefore we can obtain
positive-valued bound states for varying w.

We present in Figure 3.2 and Figure 3.3 nonlinear bound states of our system
for L=1 for e =1 and € = 0.95, respectively. We show the solution profiles in the
physical space and in the phase plane on the left and right panels, respectively. We
also calculate squared norms P of the solutions for varying w. We plot them in
Figure 3.4. The solid and dashed lines represent the stable and unstable solutions,
respectively, which will be discussed in Section 3.4.

As mentioned at the end of Section 3.2, indeed standing waves of positive
solutions bifurcate from the linear mode wy. For € =1, as w increases, there is a
threshold value of the parameter where a pitchfork bifurcation appears. This is a
symmetry breaking bifurcation. Beyond the critical value, we have two types of
standing waves, i.e., symmetric and asymmetric states. There are two asymmetric
solutions that are mirror to each other. Later in Section 3.4, we will see that the
symmetric state becomes unstable beyond the critical value and the appearing
asymmetric one becomes the stable solution.

When we consider € = 0.95, it is interesting to note that the pitchfork bifurcation
becomes broken, i.e. unfolded. The branch of asymmetric solutions splits into two
branches and that of symmetric ones breaks into two parts. The upper part of the
symmetric branch gets connected to one of the asymmetric branches through a

turning point.
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Figure 3.2. Localised standing waves of the system for L = € = 1 with various values of w

@)

with u; and u, given by (a) ugz) and uéz), (b) ugl) and u(zl), (c) u§2) and ug), (d) ugl) and u,”,

respectively.
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Figure 3.2.
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Figure 3.3. The same as Figure 3.2, but for € = 0.95 with u; and u; given by (a) ugl) and u(22),

(b) ugl) and u(zl), (c) u(lz) and u(zl), (d) u(ll) and u(22), respectively.
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(a)

02 04 06 08 w1 12 14

(b)

Figure 3.4. Bifurcation diagrams of the standing waves. Plotted are the squared norms as a
function of w for L=1,and (a) e =1, (b) € =0.95.
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Using our phase plane analysis, we can determine the critical value of w where
the bifurcation occurs. The critical value w, as function of E can be determined

implicitly from the condition when the two roots of 1; (3.13) merge, i.e.,

.1
E= (36620) — Je2(12w +€2)3 - 64). (3.19)

Substituting this expression into the integral equation (3.14), we can solve it numeri-
cally to give us the critical w for fixed L and €. For € = 1, we obtain that w, = 0.8186

and for € = 0.95 we have w, = 0.945 which agree with the plot in Figure 3.4.

3.3.2 Explicit expression of solutions

The solutions plotted in Figure 3.2 and Figure 3.3 can also be expressed explicitly
as piecewise continuous functions in terms of Jacobi elliptic function, dn(rx, k). The

autonomous system (3.9) has solution

h(x) = adn(rx, k)

2_
with r(a, w) = % and k(a,w) = @ (see Appendix B). Note that for a = V2w we

have the homoclinic orbit i(x) = V2w sech( ywx). Therefore, the analytical solution

of (3.3) is

V2wsech(Vw(x + &), for x<—L,
u(*) = Yadn(r(x + &), k), for —L<x<L, (3.20)

V2wsech(Vw(x +&3)), for x>L,
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where the constants &1, &5, and &3 can be obtained from

1
&= —sech_l( d' )+L,

Vw V2w
£ = 1dn™! (ﬂ,k)+L, (3.21)
r a
1 _ Uy
= — sech! L
=T ( m)

The value of u; and u; are the same as those discussed in Section 3.3.1. Note that the
Jacobi elliptic function is doubly-periodic. We therefore need to choose the constants

&o carefully such that the solution satisfies the boundary conditions (3.5).

3.4 Stability

After we obtain the standing waves, we will now discuss their stability by solving
the corresponding linear eigenvalue problem. We linearise (3.1) about a standing
wave solution #(x) that has been obtained previously using the linearisation ansatz
v = (ﬁ(x) +6(pe + q*em)) e, with A € C, and 6 < 1. Considering terms linear in &

leads to the eigenvalue problem

Al = =N (3.22)

where
L = L +i%(x) - V(x)
T ¢ ’
d2
L, =— —w+3i%(x) - V(x).

dx2
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A solution is unstable when Re(A) > 0 for some A and is linearly stable otherwise.
We will use dynamical systems method and geometric analysis to determine the

stability of the standing waves. Let P be the number of positive eigenvalues of L,

and Q be the number of positive eigenvalues of £_, then we have the following

theorem [75].
Theorem 3.4.1. If P—Q # 0 or 1, there is a real positive eigenvalue of the operator N.

Using the Sturm-Liouville Theorem (Theorem 2.1.14), P and Q can be determined
by considering solutions of L,p =0and £_q =0, respectively. The system L_g=0is
satisfied by standing wave u(x), then Q is the number of zeros of standing wave u(x).
Since we only consider positive solutions, then Q = 0. By the Theorem 3.4.1, to prove
that the standing wave is unstable, we only need to prove that P > 2. The system
L,p =0is the variational equation for (3.9) where we can interpret that £, evolves
the tangent vector under the flow. As P is the number of zeros of a solution to the
variational equation along u(x), then P can be interpreted as the number of times
the tangent vector initially from the origin, (1, y) = (0,0), crosses the verticality. The
tangent vector crosses the verticality means that its slope changes from negative to
positive or vice versa, i.e., it will crosses the vertical line (the line parallel to y—axis).

Let p(u,y) be a tangent vector to the outer orbit of the solution at the point (1, y)

in the phase portrait, and let q(#, y) be a tangent vector to the inner orbit at the point

(u,y).
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and
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Let F be the flow, so F(s) is the image of s under the flow (together with the
matching conditions at the defects). We count the number of times the tangent vector
started from the origin, say b(u, y), crosses the vertical as its initial point moves along
the orbit as x increases. The variational flow preserves the orientation of the vector
tangent [76], if there are two vectors tangent to the phase space at (1, y), then the
sign of the cross product of the two vectors is unchanged under the flows. Since
vector b is no longer tangent to the orbit due to its defects, we will use each of the
corresponding tangent vectors as the bound of the solution as it evolves. We will split
the orbit into five regions. Let A;,A», A3, and A4 denote the point (u1,y1), (1, y1 —u1),

1.4

(u2,€uz +y2), and (up, y), respectively, with y; = (Jwus — SUj Ly4

and yp = — \Jwuy — 5Us.
The first region labelled by R; is for x < —L. On the phase plane, it starts from the
origin until point A;. The second region, Ry, is when x = —L, i.e. when the solution
jumps at the first time from A; to A. The third region, R3, is when —L < x < L where
the differential equation (3.9) takes the tangent vector from A, to point A3. The
fourth region, Ry, is when x = L where the solution jumps for the second time, it
jumps from Az to A4, and last region, Rs, is for x > L where the vector will be brought
back to the origin.

Letn;i=1,2,...,5, denote the number of times b passes through the verticality in

the ith region. In the following, we will count n; in each region. The tangent vector
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solves the variational flow

q1.x = 4q2,
(3.23)

Go.x = 41— 3i1%q1,

where il is the stationary solution.

3.4.1 Trajectories in R; (the case where x < —L)

At the first region, we will count n;. It is the region when b starts from the origin
and moves along the homoclinic orbit until it reaches the first defect at A;. The
trajectories are labelled by R; in Figure 3.2 and Figure 3.3. At this region, the direction

of b at (u,vy) is
-1 2

%) w—1Uu
tanf = =

\J1-3u?

The sign of tan 6 depends on the sign of w —u?. For u < v, tan0 > 0, and for

u > \w, the sign is opposite. Since y > 0, b points up right in the first quadrant of
the plane for the first case, and it points down right in the fourth quadrant for the
latter. Therefore, for both cases, the angle must be acute, 0 < |0| < 7. In this part,

n1 = 0. In what follows we will refer to O as the angle of b.
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3.4.2 Trajectories in R; (the case where x = —L)

Next, we will count how many times b passes through the vertical when it jumps
from A to A,. The vector b at A, is

bay=|

wuy —u =y
and its direction is tan 0, = tan 01 — 1 with 0; the direction of b in region i. It implies
that at the first defect, the vector b jumps through a smaller angle and larger angle
for L1 <Ly and L; > Ly, respectively. After the jump, b is tangent to the landing curve
J(W") but no longer tangent to the orbit of the solution. For Ly = Ly, after the jump b
will be tangent to the transient orbit but in opposite direction. For all cases, b does

not pass through the vertical. So, up to this stage, P = 11 + 1 = 0. The trajectories are

labelled by R; in Figure 3.2 and Figure 3.3.

3.4.3 Trajectories in R3 (the case where —L <x <L)

Vector b(A;) now moves along the flow following Equation (3.9) to point b(A3). The
variational flow (3.23) will preserve the orientation of vector b with respect to the
tangent vector of the inner orbit, so q gives a bound for b as it evolves. After the first
jumping, vector b points towards into the center (or the concave side) of the inner
orbit for L1 < L1, and it will point down and out the inner orbit for L; > L;. On the

other hand, for L; = Ly, the landing curve J(W") is tangent to the inner orbit to which
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b jumps, so b is still tangent to the orbit but now pointing backward. Comparing
vector b with the vector q(A3), then up to this point n3 = 0 or 1. The trajectories are

labelled by R3 in Figure 3.2 and Figure 3.3.

3.4.4 Trajectories in R4 (the case where x =)

In this region, we will count how many times b crosses the vertical when it jumps
from Az to Ay, i.e., when b(A3) is mapped to b(A4). In this region labelled by R4 in
Figure 3.2 and Figure 3.3, the tangent vector at A3, q(Az3), will be mapped to F(q(A3))
which has smaller angle, and the jump does not give any additional crossing of the

verticality, therefore 114 =0

3.4.5 Trajectories in R5 (the case where x > L)

In this region, again the vector will move along the flow following the differential
equation back to the origin. We will observe how the landing curve | ~1(w®)
intersecting the inner orbit yields an additional vertical crossing or not. First, we
look at the case Ly < Ly, at the second defect the vector b still points to the transient
orbit. We can see that b is lower than the vector that is taken to the curve W* which
is tangent to ]~ (W¥), i.e. b has a larger angle. Comparing these two vectors, in this
region, there will be no additional crossing to the vertical.

Now, for the case Ly > Ly, if L, > L, at the second defect, vector b is pointing
out the transient orbit and compare to the vector that is tangent to J~}(W¢), b has

a smaller angle. After the jump, the flow pushes it to cross the verticality, so in
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Figure 3.5. Spectrum in the complex plane of the solutions in Figure 3.2 in the same order.
Panels (c) and (d) are exactly identical because the solutions are mirror symmetric to each
other.
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Figure 3.6. The same as Figure 3.5, but for the solitons in Figure 3.3.
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this case P > 2. If L, < Ly, b has a larger angle, then it does not give any additional
crossing. The trajectories are labelled by Rs in Figure 3.2 and Figure 3.3.

To summarise, we have the following results.

Theorem 3.4.2. The positive definite homoclinic solutions of (3.3)-(3.5) with Ly < Ly will
have P < 1. If they have Ly > Ly, then there are two possible cases, i.e., either Ly < Ly or

Ly > Ly. The former case gives P < 1, while the latter yields P > 2.

Using Theorem 3.4.1, the last case will give an unstable solution through a real
eigenvalue. Solutions in Figures 3.2a, 3.2c, and 3.3¢ correspond to L1 < L;. Solutions
in Figures 3.2d, 3.3a and 3.3d correspond to L; > L1, but L, < L. In those cases, we
cannot determine their stability. Using numerics, our results in the next section show
that they are stable. On the other hand, for the solutions in Figure 3.2b and 3.3b,

Ly > L; and at the same time L, > L,. Hence, they are unstable.

3.5 Numerical results

We solved Equations (3.4) and (3.5) as well as Equation (3.22) numerically to study
the localised standing waves and their stability, where a central finite difference is
used to approximate the Laplacian with a relatively fine discretisation. While the
results in Section 3.4 only tell us whether the solutions are unstable or not, here we
present their spectrum obtained from solving the eigenvalue problem numerically.

We plot the spectrum of solutions in Figure 3.2 and 3.3 in Figure 3.5 and 3.6,

respectively. We confirm the result of Section 3.4 that solutions plotted in panel (b)
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of Figure 3.2 and 3.3 are unstable. The instability is due to the presence of a pair of

real eigenvalues.

-5 0 5
T

Figure 3.7. Time dynamics of the unstable solution in Figure 3.3b. The squared magnitude
|W|? is plotted against x and t with L = 1 and € = 0.95. Initially the standing wave is perturbed
randomly.

When a solution is unstable, it is interesting to see its typical dynamics. To do so,
we solve the governing equation (3.1) numerically where the Dirac delta potential is
incorporated through the boundaries, see (3.5). While the spatial discretisation is still
the same as before, the time derivative is integrated using the classic fourth-order
Runge-Kutta method.

In Figure 3.7 we plot the temporal dynamics of the unstable solution shown in
panel (b) of Figure 3.3. The time evolution is typical where the instability manifests
in the form of periodic oscillations. The norm of the solution tends to be localised in
one of the wells, which is the characteristics of the presence of symmetry breaking

solutions [34, 49-51, 74].



3.6 Conclusion 65

3.6 Conclusion

In this chapter, we have considered broken symmetry breaking bifurcations, i.e.
unfolded pitchfork bifurcations, in the NLS on the real line with an asymmetric
double Dirac delta potential. By using a dynamical system approach, we presented
the ground state solutions in the phase plane and their explicit expressions. We have
shown that in contrast to the symmetric case where the bifurcation is of a pitchfork
type, when the potential is asymmetric, the bifurcation is of a saddle node type. The
linear instability of the corresponding solutions has been derived as well, using a
geometrical approach developed by Jones [75]. Numerical computations have been
presented illustrating the analytical results and simulations showing the typical

dynamics of unstable solutions which have also been discussed.



Chapter 4

Dynamics of the nonlinear
Schrodinger equations with delta

potential on star graphs

In this chapter, we adventure into a new idea by considering the NLS equation on a
three-edge star graph with a Dirac delta potential on each arm and study symmetry
breaking bifurcation in the system. Star graph is a metric graph, i.e., a network-
shaped structure of vertices connected by edges. The Schrodinger equation is suitably
defined on the edges with boundary conditions describing the vertex. It can arise
as a model for wave propagations in systems similar to a thin neighbourhood of a
graph and has been growing in recent years due to their potentials of becoming a
paradigm model for topological effects in nonlinear wave propagation, see [60] for a

recent review.

66
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A remarkable difference from the nonlinear Schrodinger equation on the line
is that three-edge star graphs with Kirchhoff conditions at the vertex do not admit
a unique "trapped soliton’ state as the ground state [78]. We report in this chapter
another notable difference between symmetry breaking bifurcation in a double-well
potential on the real line and on star-graphs. While the real line can be considered as a
two-edge star graph with two-fold symmetry, three-edge star graphs have rotational
symmetry of degree three. By introducing a linear Dirac delta potential on each
arm, we obtain subcritical and supercritical-like symmetry breaking bifurcations
emanating from the same threshold point. This is remarkably different from the
standard symmetry breaking bifurcation, where only one of the two types is possible
[79]. We call one of the pitchfork bifurcations supercritical-like because both the
symmetric and asymmetric states are unstable, which has been shown to be possible
for the nonlinear Schrodinger equation with generalised external potentials [80].
Not only that, we also observe a critical distance of the external potential minima
from the vertex below which no symmetry breaking occurs. While our system can be
seen as a Schrodinger equation with a triple-well potential, it is completely different
from the case on the real line [14, 81, 82], where the presence of a third well causes
all bifurcations to be of saddle-node type.

In Section 4.1, we introduce the model. In Section 4.2, we discuss the underlying
linear states of the system, where we derive a transcendental equation determining
the bifurcation points of eigenstates from the zero solution. In the same section, we

discuss the existence and stability of standing localised solutions of the nonlinear
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equation by means of the coupled mode (i.e., Lyapunov-Schmidt) reduction method
where it reduces the problem to a finite-dimensional dynamical system. Then,
the stability of the states is analysed in Section 4.3, where we show that there is a
threshold point at which symmetric states become unstable. The critical distance
of the external potential minima from the vertex below which symmetric states are
always stable is also discussed. In Section 4.4, we perform numerical simulations
for typical dynamics of the standing waves when they are unstable. Finally, we

summarise our work in Section 4.5.

4.1 Mathematical model

Our domain is a graph G constituted by three semi-infinite lines attached to a
common vertex. The Schrodinger equation is then posed on the Hilbert space
L2(G) = @Ii’:l L%(R"). The wave function along each semi-infinite line is described
by

i = ) wOPY® 5 —ayw®), (4.1)

where the upper indices k = 1,2, 3, label the different branches of the system and the
subscripts indicate derivatives with respect to the variables, and w is the propgation
constant. At the meeting point between the three branches, i.e., x = 0, we have the

free Kirchoff boundary conditions

3
Y who,n=0, wO0,1=vD0,n=v0,. (4.2)
k=1
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Representing \f/(x, t)= @izl WO (y, 1), where x, t € R*, the function lives in the Sobolev
3
space H(G) = @k:l HYR™").
The system (4.1) with (4.2) conserves the squared L2 norm P = ||\f’||2 = (\ff,\ff>,

where the inner product is defined as
o (K)ygs+(k)
(W, Wj) = kE 1 L W \I/]. dx. (4.3)

The quantity P is known as the optical power in the nonlinear optics context, or the
number of particles in the context of Bose-Einstein condensates.

The nonlinear bound states of (4.1) have the form W(x,t) = gb(x)ei“’t, where (x)
satisfies

Vi =op® + (1) + 5=y =0. 4

Our aim is to study solutions of (4.4) and determine their stability. To do so, the idea
is to use a coupled mode reduction method to (4.1) by exploiting the eigenstates of
the linearised system. For the nonlinear Schrodinger equation on the line with a
double-well potential, it has been established that on large but finite time scales, the
dynamics are controlled by a finite dimensional dynamical system [49, 83]. In this
work, we assume that the result of [49, 83] can be extended to our case (with a proof

being left for future work).
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4.2 Coupled mode approximations

In the following, we will derive a coupled mode approximation of the governing
equation (4.1). We begin by determining the linear eigenstates of the system. We

then explain how to find solutions of (4.1) as continuation of the obtained eigenstates.

4.2.1 Linear states

In the limit ¢ — 0, Equation (4.4) is reduced to the linear system
§Z§2 - a)l,b(k) +6(x— a)gb(k) =0. 4.5)

This is equivalent to the linear system I/J;’;) —wp® =0 for x # a with the matching

conditions

pO@t) =9p®@), Pa")-9Pa) = —yPa). (4.6)

Note as well that at x = 0, we still have the boundary conditions (4.2).
The general solution of (4.5) is given by
A(k)e_ \/a(x_a), x>a,

Pp® = (4.7)
B(k)e_ \/5(3(—&1) + C(k)e \/C_U(X—Ll), x<da.
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Using the matching and boundary conditions, we obtain the following linear system
in A® & ck)

AW Bl _ch =g k=1,2,3,

(1 _ \/E)A(k) + VaoB® - VoCc® =0, k=1,2,3,

3
Z (- Ve VeB® + Ve Vo ch) = g, (4.8)
k=1

which has nonzero solutions if the determinant of its coefficient matrix is zero. It

implies that the function (4.7) will be a solution of the linear system only if w satisfies

the transcendental relation

(1-(2 Vo —1)e2 V@) (1+(2 \/5—1)62’“/5)2 =0. (4.9)

This equation determines bifurcation points of the linear states.

1
087
0.6
w
04r
0.21 /
0 I I I
0 1 2 3 4 5 6

Figure 4.1. The eigenvalues as a function of a. The upper curve is wy.
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Equation (4.9) gives us two eigenvalues wg and w; for a > 1 and one eigenvalue

for a < 1. The eigenvalue w; has multiplicity two, i.e.,

a=-In(2 vay —1)/2 V)

: - s 3 (4.10)
» -5 (@o—1)+glwo—1)" = 2lwo - 17+,
and
a=-In(1-2w1)/@ V1)
(4.11)

~1+ \/aTl+43ﬂ+2a)i/2+---

We obtain that the eigenfunction with eigenvalue wy exists for any a, while the
other one only for a > 1. In the other limit a — oo, wg, w1 — 1/4. The plot of (4.10)
and (4.11) is given in Figure 4.1.

Let the corresponding eigenfunction to the eigenvalue w be denoted by ¢y(x),

and the eigenspace corresponding to eigenvalue w; be spanned by eigenfunctions

Y1(x) and ¢(x). The eigenfunctions are given by

: ) X e~ Voolx—a), x>a,
D) =P @) =y x) = (4.12a)
1-2+wg _ _ 1 _
_We \/GTO(X a) + me \/W_O(x ’1), x<a,
e~ Vor(x—a), x>a,

W) =

12wy _ _ 1 _
_We \/“Tl(x a) + me@(x ‘1)’ x<a, (4 12b)

P =),

G) () —
1 (x) - 0/
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e~ Voi(x—a) xX>a,

_122Von — yar(x-a) %e\mx—m, x<a
w1

2 Vw1 ’

(4.12¢)
P =13 ),
> () = =295)(2).
Using the inner product defined in (4.3), one can compute that 1o, {1, and ¢, are
orthogonal to each other. We plot the eigenfunctions in Figure 4.2. The positive

definite mode ¢ is the ground state, while 1)1 and ¢, are excited states.

4.2.2 Formulation of the finite dimensional system

In this subsection, we will derive a finite dimensional system of the governing
equation (4.1) using a coupled mode reduction method that restricts the system to

the bound state manifold. Let the ansatz for solutions of the nonlinear equation (4.1)

be

P(x,t) = co(t)Po(x) +c1 ()1 (x) + c2(B)P2(x), (4.13)

where abusing the notation ¢;, j =0,1,2, is now the normalised eigenfunction from
(4.12). Substituting the ansatz into (4.1), and considering that 1); satisfies the linear
equation (4.5) with their corresponding eigenvalue w; (w2 = w1), we have

i(Coto + 11 +E212) = (@ — wo) copo + (@ — w1) c1P1 + (W — w1)c2y2

— (cotpo + 11 +C21p2)’ (CBIPO +ayr + Caybz),

where overdot denotes the time derivative. Projecting the equation onto the eigenstate

j and denoting g;jx = (Vi) Pk, Y1), we obtain the finite dynamical system that we
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Figure 4.2. Plot of the eigenfunctions (4.12) for a = 3.
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seek for

” 2 2 2 2 2
i¢o = (@ — wo) co — goooolcol’co — o110 (c§; +2coler|?) - g1120 (2lerPer + i3 )
2 2 2
— go10(chc3 +2c0lcal?) + g1120lc2 ez,
ic1 = (w—w1)c1 — 2lcolPer + ¢3¢ ) - 2
1= (w—w1)c1 — gor1o(2lcol“c1 + ey ) — g1111lerl"cr
(4.14)
* * * 2 2
- 91120 <2c0c1c2 +2¢ocica + 200c1c2) - 91221 (c‘ic2 +2cq|cp| ),
.. * 2 2 2 2 2 2 *
ity = (w —w1) 2 — g1120 €€ +2¢0le1]™) — Qo110 (2lcol“c2 + 5
2 2 2 2 2
— 81221 (2le1Per + e ) + g1120 (3 + 2c0le2) - guanileaea.
Before we proceed with finding the equilibrium solution of (4.14), we will approxi-

mate the value of g;j;. For a > 1, we obtain that the coefficients are approximately

related by

2
20000 = o110 = V281120 = 38111 = 291221 (4.15)

The error made in this approximation is exponentially small for large a, yet it allows
us a simpler analysis. Scaling the time as t — I't, where I = 1/go000, Equations (4.14)

become

., 1
ico = T (w—wo) co — |col*co — (cac% + 2c0|c1|2) - @ (2|c1|2cz + c%c;)

1
2 2 2
— (c’ac2 + 2cglco] ) + —|co|“co,

V2

y a3
ici=T(w—-wqi)c;— (2|C0|2C1 + Cécl) - Elcllzcl (4.16)

1
- \/E(caclcz +cocyco + coclcg) -5 (c’icg + 2c1|02|2),

1 2 2 2 2
— (C6C1 + 2¢ocq | ) — (2|c0| o+ COCE)

V2

1 . 1/, 3
- = <2|C1|2(12 + c%cz) +— (cocg + 2c0|cz|2) - §|C2|262-

2 2

ico=T(w—wq)cr—
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In the limit a — oo, I' = 12. In the next section, we will analyse equilibrium solutions

of (4.16).

4.2.3 Equilibrium solutions

Since the system (3.1) is gauge invariant, the equilibrium solutions of (4.16) satisfy

3 1
0=T(wop—w)co+ cg + 300c% + $C%C2 + 3coc§ - @C;' (4.17a)
3 6 3
0=T(w1—w)c1 + 3cgc1 + EC? + $coc1cz + Eclcg, (4.17b)
3 3 3 3
0=T(w1—w)cr + ﬁcoc% + 3c%cz + Ec%cz - $coc§ + Ecg. (4.17¢)

In the following, we solve Equations (4.17) for co,c; and cp. All possible solutions
can be summarised in the following three cases. We illustrate the results in Figure 4.3
for a = 3. In the figure, we also describe their stability by plotting their eigenvalues

in the complex plane that will be discussed in Section 4.3 later.

4.23.1 Casecy=0

Here, we consider equilibria in the subspace spanned by i and 2. When ¢y =0,

Equations (4.17) reduce to the system

3c2c, 3
1=__2 -, (4.18a)
2 2
3] 3eycl
FC1(w1 — C()) + 7 + 5 =0, (418b)
3c2cy;  3c3

2 0. (4.18¢)
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Figure 4.3. Bifurcation diagram of the various equilibrium solutions discussed in Section
4.2 3. Plotted are the solution norms squared as a function of w for a = 3. The insets show the
solution profiles and their corresponding spectrum in the complex plane.
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Figure 4.4. The zoom-in on the small square box in panel (b) in Figure 4.3b.

Solving (4.18a) for ¢y, substituting into (4.18b) and (4.18c) will give us the solutions:

S12= (O, \/%F(a) —w1),* \/%F(a) —a)l)), and S3 = (0, ‘/%F(w —w1),0). For a = 3, these

solutions, represented in terms of their squared norms, are shown by the red curve

in Figure 4.3a and labelled by (0,+,+) and (0, +,0).

4232 Casec; =0

When c; =0, Equations (4.17) reduce to
3

c8+3c0c§—c—\/2_+col"(a)—a)o)=0, (4.19a)

2

32y — o + 23 + o (w— )=0 (4.19b)
0C2 \/ECOCZ 2c2 ol'(w—wq) =0. .

Solving (4.19b) for c;, we have c; =0 or ¢ = % (3 \/Eco — V6 \/41"60 —4T'wq — 9C%). For

c2 =0, we obtain S5 = (4/I'(w —wy),0,0). This is a continuation of 1y, which, as we
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will see later, experiences a symmetry breaking bifurcation. For a = 3, these solutions
correspond to the black curve shown in Figure 4.3b labeled by (+, 0, 0).

As for the non-zero ¢y, substituting it into (4.19a) yields

9 V32 \/4F(a) — 1)~ 92+ V3T (w; — ) \/4F(a) —@1) = 9c2—9Tcp(wp —w3) =0, (4.20)

which can be re-written as the polynomial

729c§ — 486T (w — w1 )cj + 2712 (30 — 201 (3w + wo) + w3 +4w? ) ¢ — 4T (w — w1)* = 0.

This is a cubic polynomial in c% and using Cardan’s method [84], we can solve it to

obtain the following roots.

(1) Within the interval w; < @ < wy,, with @y, = y/1+2/ V3(wo — 1) + @y, there is

only one solution, S5 = (Co,O, % (3 V2co— V6 \/4Fa) —4Twq — 9cg)), with

1/2
3 3 2 2
\/—,/Y%—h%—Y1+ \/,/Yl—hl—Yl
92

4

2
co=~|gT@=w)+

where
Y, = —2F3(a) —w1) ((uz —2wwy — Sw% + 6wow| — Zw%)
3/2
h = 2<F2(a) —wo)(w + wg — 2a)1)) / .

(2) Within the interval w > wy,, there are three solutions

V2I'
o == \/a) — w1+ Gy cos(67),
vV Var

- E w—wi—Gy sin(61 + z), —i|Jw—w1—Gq sin(E - 61),

3 6 3 6
where
I3(w—w) (wz —2ww1 — 3(0% +6wow — Zw%)

cos(367) =

(M0 — wo)(@ + wp — 27))* '
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and G = \/(a) —wp)(w + wo — 2w1). The three solutions are denoted by Sg, S7, Ss,

respectively.

For a = 3, the solution S; shown by the blue curve in Figure 4.3a and labelled by
(+ 0 +) meets the curve of S5 at wy,, while those correspond to Sg and Sg shown by
the blue curves bifurcate from the ones that correspond to S4 in Figure 4.3b and are

labelled by (+, 0, +).

4.2.3.3 Casecy,c1,c0#0

Solving (4.17b) for ¢g gives us
1
co= E(Vg\/ZF(a)—a)l)—%%—S\/Ecz).

Substituting this to (4.17a) and (4.17c) yields

81c3 + 18T ca(wp — 1) = 276K + 2T (2w = Bawp + w1)K + 3¢} (-5K = 9¢2) = 0,

(c% — 3c§) (K=3cp) =0,

where K = \/ 6I'(w—w1)— 9c%. We only consider the case when c% = 303 since the case
with K—3c, = 0 yields solutions that have been obtained in Subsection 4.2.3.1, i.e.,

the case ¢y = 0. We obtain

(2w — 3w + 1) \/6F(a) — 1)~ 272 - 362 \/6F(a) — 1) = 2762 + 9Ty (wp — wy) = .
(4.21)
Using a similar procedure as in the Subsection 4.2.3.2, we obtain c; satisfying (4.21)

are as follows:
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(1) Within the interval w1 < @ < wy,, there is only one solution,

1/2
3 [\2 2 31 [\2 2
1r(2 ) \/— YZ—hZ—Y2+\/ Y2_h2_Y2
Cr=|=-—= w—wy—wi)+ p
18 182

where

Y, =-T3 (Za)3 - 3w (3w2 + 20w + wé) + 3wy + 6a)%(2a) +wp) + a)g - 6a)§)

hy = 2(F2(a) —w1)(w+wy— 2a)1)>3/2.

(2) Within the interval w > wy,,

F vIr :
) =—— V2w —wy— w1+ Gycos(03), ——— /2w —wy — w1 — Gy sin(@z + —),
342 \/ 3 6
2
£ Zw—wo—wl—stin(z—Qz),
3 6
where
e (2w3 —-3w1 (3a)2 +2wwq + w%) + 3w + 60)%(2(1) +wo) + a)g - 6a)§)
cos(3605) = ,

2(T2%(w — w1)(w + wo — 2a)1))3/2

and G, =2 \/(a)—a)l)(a) +wp —2w1). For a = 3, it turns out that the squared
norms of the solutions are the same as ones in the Subsection 4.2.3.2. They are

represented by the blue curve shown in Figure 4.3 and labelled by (+,+, +).

4.3 Stability and dynamics near the nonlinear bound

states

After we obtain all the equilibrium solutions of (4.16), we will now discuss their

stability by solving the corresponding linear eigenvalue problems. Using the
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linearisation ansatz c;(t) = ¢; + 6(x; + iyj)eM,j =0,1,2, with A € C, 6 <1, and ¢; the
equilibrium solution obtained in Subsection 4.2.3, and substituting it into (4.16), we

will have an eigenvalue problem
Ax = Mx,

where x = (xo, Yo, X1, Y1,%2, yz)T, and M = (my), j,k=1,2,---,6, is the coefficient matrix

with components given by

D DD . -

mip =I'w —wp) — Co—C1—C5, myg = —200C1 — \/§c162,
&2 2
. 1 2 2 a2, a2

Mmig = _2C0C2 - 7 + 7, My = —F(a) — a)o) + 3CO + 3C1 + 3C2,

2 2
Moz = =311y, mas = =316,

332 &2
~2 ~ ~ 1 2
Mzp = M, may =T(w—wi) - &~ V26i - -5 "o
1
M3e = —=1M14, My = —3M1y,
V2
982 372 3
~2 ~ ~ 1 2
mas = T(w—w1) — 385 —3 V260e — S T Mas=T oMy
V2
1
Msp = Mye, M54 = —=M14,
V2
) )
s 3¢

2 ~ ~ 1 2

mse = [(w—w1) =5+ ‘/56062 TS T me1 = —3My1g,
) )
3 N 3¢ 9¢
2

and zero elsewhere. A solution is unstable when Re(A) > 0 for some A and linearly

stable otherwise.
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In the following, we will discuss the stability of each solution obtained in
Subsection 4.2.3. We discuss briefly the eigenvalues for each of three cases that were

explained in Subsection 4.2.3.

431 Casecy=0

For any of the equilibria in this case, the characteristic equation of M is

%/\2 (y+p2A%+31%) =0, (4.22)

where

B= 2 (3&)2 —8w1(w + wp) + 2wwy + 3a)3 + Sw%), y = 4T w — 1) (wo — w1),

Equation (4.22) can be solved for the nonzero eigenvalue, A,

e

12

There is a change of stability as shown by the red-dashed line in Figure 4.3a, in

the interval wy, < w < wy,, with

W = %(2(313( V57+9)+ 3V27_3\/5_7) \3/(wo—a)1)3+3(a)0+2a)1)),

W, = 3w —2w1,

(4.23)

in which the solution is unstable.
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43.2 Casec; =0

For the equilibrium ( /T'(w — wy), 0,0), the eigenvalues of M are: 0, +I" y/wo — w1 V2w — 3wp + w1.
Since wg > w1, there is a change of stability of the equilibrium from stable to unstable,

for w > w; with

_ 36()0 — w1

Wi ==, (4.24)

the solution is unstable and shown by the black-dashed line in Figure 4.3b.
For the case where ¢y, cy # 0, from (4.19) we obtain I'(w — wg) and I'(w — w1) in terms

of ¢;. Substituting these into the coefficient matrix M, we obtain the eigenvalues

3 \/2 V2855, — 562 + V28363

V28 '
V-6 V28502 — 25842 +19 V23 - 60204 +2 V0ol ~ &
V28, .

A=0,=+

+

Within the interval w; < w < 4/1+2/ V3(wy — w1) + w1, the solution is unstable,
while for @ > +/1+2/ V3(wo — w1) + w1, we have two unstable solutions and one
stable solution. They are shown by the solid and dashed blue line, respectively, in

Figure 4.3.

4.3.3 Casecy,cq,c0#0

Using a similar procedure, substituting I'(w — wp) and I'(w — w1) that are obtained

from (4.19) yields the eigenvalues
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. V2 \/3 V255, — 256822 — 38 V2233 — 242284 — 16 V22085 — 1685

(o]

As we can see, the eigenvalues can be written in terms of ¢y and ¢;. We found that
these yield the same eigenvalues with those in Subsection 4.3.2. This result implies
that not only the solutions have the same squared norms with the solutions obtained
for the case in Subsection 4.3.2, but they also have the same stability i.e., there are

two unstable solutions and one stable solution shown by the blue line in Figure 4.3.

4.4 Discussion

Figure 4.3 now provides a complete picture of the bifurcations of standing waves
from the linear states (see Figure 4.2) for a > 1. The red curve in Figure 4.3a shows
bifurcations of a family of three nonlinear states from the eigenfrequency w;. They
have the same norm. The solution denoted by (0,+,0) is the continuation of the
linear state 1. Not only they share the same norm, the solutions also have the same
stability. For the parameter w close to the bifurcation point, all three solutions are
stable. As w varies, there is an interval of w in which the solution is unstable due to
a Hamiltonian-Hopf bifurcation. In this interval, there are two pairs of eigenvalues
with non-zero real parts, i.e., oscillatory instability.

When a solution is unstable, we are also interested in its typical dynamics. To

do so, we have solved the coupled mode equations (4.16) numerically using a
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fourth-order Runge-Kutta method. The initial condition is an unstable equilibrium
perturbed by small disturbances. To present the simulation results, we substituted
the time-evolution of ¢; into Equation (4.13) and plotted the resulting function.

We have considered the unstable solution denoted by point A, in Figure 4.3a.
We depict its dynamics in the left panels in Figure 4.5. Around t = 50, we see the
oscillatory nature of the instability that seemingly later leads to chaotic dynamics.
We have simulated the instability of the other two solutions where we also observed
a potential chaotic dynamics. Of course, we need to check further the dynamics, for
example, using Lyapunov exponents.

The other curve in Figure 4.3a (blue-dashed curve) shows bifurcations to another
family of solutions from w;. One of the bifurcating solutions denoted by (+,0,+)
can be seen as the continuation of the linear state ¢;. Our analysis reveals that the
nonlinear continuation is always unstable in its region of existence. The instability is
due to a pair of real eigenvalues, i.e., exponential instability. We have also simulated
the unstable solutions denoted by points C; and Cp, where we obtained that the
long-time dynamics are also seemingly chaotic. We depict the dynamics of C; in the
right panels in Figure 4.5. The only difference visually with the oscillatory instability
of C; is at the initial dynamics when the instability starts to kick in, i.e., instead of
oscillatory, in this case we obtain a continuous increase/decrease of the fields.

Figure 4.3b is considerably the main result of the work, which is the bifurcation
of the ground state 1pg. Near the bifurcation point w, the nonlinear state is stable.

As w is increased further, there is a threshold value wy, (4.24) where the symmetric
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state becomes (exponentially) unstable. At this point we obtain a bifurcation of
two asymmetric states in a supercritical-like manner for w > wy,, but the bifurcating
solution is also unstable, and another two asymmetric ones in a subcritical manner
for w < wy,. Figure 4.4 zooms in on the area about the subcritical bifurcation. Near
w¢, the asymmetric solutions are due to the interaction of the modes ¢y with 11 and
2.

We have also simulated the unstable solution denoted by point H; in Figure 4.6.
Unlike the previous dynamics, here we obtain that as t increases the solution is
approaching a periodic solution. The same typical dynamics is also obtained for
point H, shown in Figure 4.6.

As a final remark, we need to mention that the symmetry breaking bifurcation
reported above is clearly due to the interaction of several modes, see the ansatz (4.13).
Such an ansatz is only possible for a > 1, see Figure 4.1. When a < 1, only the linear
state 1 exists. In that case, the ground state is the symmetric state. In the limita — 0,
our observation here may be related to the result of [26], where a symmetric trapped

soliton at the vertex with a é-interaction is the ground state for any solution norm.

4.5 Conclusion and future work

In this chapter, we have considered bifurcations of nonlinear states from the linear
counterparts and their stability. By deriving a finite dimensional dynamical system

approximation using the coupled mode reduction method, we presented novel
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4.5 Conclusion and future work 90

results on the degenerate symmetry breaking bifurcations of the positive definite
solutions which are the ground states. The bifurcating asymmetric states were shown
to be unstable, even though one of them regained stability after a turning point.
Continuations of excited states have been discussed in detail as well.

We also presented typical time dynamics of the unstable solutions, where in
general we obtained either chaotic dynamics or periodic states. It will be particularly
interesting to address the origin of the two behaviours, following the study of, e.g.,
[14, 82] for triple-well potentials in the real line. This is addressed in future work.
Another important problem is the extension of the present work to many-edge star
graphs and study the general picture of the symmetry breaking bifurcations in such

systems. This will also be reported in the future.



Chapter 5

Variational approximations using
Gaussian ansatz, false instability, and
its remedy in nonlinear Schrodinger

lattices

In the previous two chapters, our study was focused on the NLS with external
potential where we transformed our problem from PDEs into ODEs using two
different approaches, namely, phase plane analysis and the coupled mode reduction
method. In this chapter, we present the study of existence and stability of soliton
solutions in the DNLS equation using another variational method which is called

Variational Approximations (VA).

91
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As a nonintegrable system, the DNLS equation has no explicit solution in terms
of elementary functions. Scott and MacNeil [85] were the first to study the equation
systematically and to report stationary soliton solutions. There is a vast literature on
approximate solutions to the DNLS equation and their stability [65, 86-88]. Studies
of discrete solitons in the DNLS equation use an exponential function as the standard
VA ansatz, see, e.g., [63-65, 89] and references therein. The exponential function
is chosen because it captures the tail behaviour and at the same time provides an
effective Lagrangian with a closed form expression. Its validity is presented in
[89], where it is shown that the ansatz captures the dynamics of the original infinite
dimensional system for small coupling between lattices.

On the other hand, when the coupling is strong, i.e., the continuum limit, one
uses a sech ansatz that may yield an exact solution [90, 91] or a Gaussian function
[19, 92]. A natural question then emerges: can we apply an ansatz that works
for all coupling constant? The sech or Gaussian function will yield an intractable
effective Lagrangian. However, one may employ numerical approximations to yield
a semianalytical method.

Here, we consider a variational method based on a Gaussian ansatz to the 1-D
DNLS equation. Even though the infinite summation in the Lagrangian cannot be
evaluated to yield a closed form expression, we may approximate it using only several
dominating terms in the strongly discrete case, or using an integral approximation

in the large coupling case.
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In this chapter, we report two important findings: 1) there is an interval of
coupling constant in which the on-site (i.e., bond-centered) soliton is unstable, in
apparent contradiction with established results [64, 65, 93], i.e. a false instability;
2) by introducing a multiple Gaussian ansatz, we provide a remedy to the false
instability. False instabilities of the variational technique perhaps were first reported
in [94]. The stability issue reported here, however, is novel as it does not belong to
the case analysed in [95], that explained false instabilities to be caused by coupling
between modes. Kaup and Vogel [96] studied that the Gaussian ansatz is not good
only when one is interested in soliton interactions. Using the Vakhitov-Kolokolov
criterion, we conclude that our instability is due to the shape of the ansatz.

In Section 5.1, we apply the VA method and present approximate solutions of
on-site (i.e., bond-centered) and inter-site (i.e., site-centered) solitons. In Section 5.2,
we discuss the presence of false instability and the comparison between the analytical
result and the numerical computation. In Section 5.3, we propose a remedy for the
false instability by considering a multiple Gausian ansatz and finally, in Section 5.4,

we summarise the work.

5.1 Approximation based on Gaussian ansatz

The one dimensional DNLS we consider is

i— = AV, — W+ W, °W,, neZz, (5.1)




5.1 Approximation based on Gaussian ansatz 94

where AQy, = 0,41 —20, +0,-1, ¥, is a complex-valued function of time t at site
n, c is the strength of the coupling between adjacent sites which is also called the
dispersion coefficient, and w is the propagation constant.

To study discrete solitons of the governing equation using VA, we use the ansatz

Uy = Ag 21710 pila+pln=—no)+ 3 (n=no)%) (5.2)

where the set of parameters X = (x¢) = (A, 4, a,ﬁ,y,no)T are functions of . On-site and
inter-site solitons correspond to ng = 0,1/2, respectively. The variational equations

for the dynamics of the parameters are given by (see Equation (2.31) in 2.3.2)

Re[i(zwn } [

n=—oo

n=—oo
Explicit computations will yield the system of nonlinear differential equations
dX

ME = F(X), (5.4)

where M = (mj),j,k=1,2,---,6, is the coefficient matrix and F(X) = (F;) is a vector of

nonlinear functions of the variational parameters. We write equation (5.4) explicitly.

Writing
_ —2a(n—ng)?
ps= ) (n—mnp)e ,
— Z (n_no)se—4a(n—n0)2’
n=—00
Z (11 no)s 2a(n ng)—iy(n—ng)—2a(n—np) +elﬁ62a(n no)+iy1(n—ng)—2a(n— no)2)

Nn=—00
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the matrix M is given by

0 0 ~Apo 0 —3Apx  A(Bgo+ye1)
0 0 A’py A2py  3A20  —AX(Bpr+yes)
Ao —A2%¢, 0 0 0 2A%a¢,
M=
0 ~A%p3 0 0 0 20A2¢,
3Ap2 —3A%py 0 0 0 Aaq;
—A(Bpo+yp1) A2(Pp2+yes) —2A%¢1 —2A%@, —A’aps 0

while the vector function F is

A3+ Acxo — Alw +20)po
—Atpy — A%cxr + A% (w +20)p2
Re(—iA2ce™ 3 yo)
Re(—iA2ce™ 3 yy)

Re (— 1iA2ce 3 )(2)

5.1.1 Time independent solution and stability

2A4%(A%G1 — (@ +20)p1) + Re(iAZcp1e ™ o + A2Qa-+ iy)ee ™ 1)

The nonlinear differential equation (5.4) is not trivial to be solved completely. In this

subsection, we deal with a particular solution, called a time independent solution,

or known also as steady state solution. It is a solution which is constant in time t
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and corresponds to a = f =y = 0. The variables A and a satisfying

A2¢0 —(w+2¢)po+cexo=0,
(5.5)
A%y — (w+20)pa+cex2 =0,
where ¢, i, and xi, k = 0,2, evaluated at the equilibrium X© Exact solutions of
Equation (5.5) can be obtained numerically using a fixed point iteration.
After a solution is obtained, we can discuss its stability. Introducing the lin-

earisation ansatz X = X© 4+ 6XMeM with A € C, and 6 < 1, taking a Taylor series

expansion and keeping only the linear term in 6 yield the generalized eigenvalue

problem
AMXD = px®), (5.6)
where
By defining
G = i (1 —1g)* ( e—Zal(n—no)—Zal(n—no)z _ eZa(n—no)—Za(n—no)z),

n=—oo

the explicit expressions of the matrix component b in (5.6) are given by
b1 = 3A2qbo —(w+2c)po+cexo, bip=—-Ace™"xo—2Ace™ "y — 4A3qf>2
+2A(w +2¢)pp —2Ace™ x2
bi13 =0, b14=0

b5 =0, b1 = 2aAce™ (g



5.1 Approximation based on Gaussian ansatz 97

boy = —4A3¢, +2A(w +20) @2

—2Ace " xo,
b3 =0,
bys =0,
b31 =0,
b3z =0,

1
bss = EAzce_“)(o +AZCC1,
by =0,
by =0,

bys = A%ce ™0y,

bs; =0,
bsz3 =0,
bss = %Azce"“ X2+ %Azce"“@,
be1 =0,
be3 =0,
bes =0,

boy = A%ce™ o +2A%ce ™ (3 +4A Py
—2A%(w +20)pg +2A%ce™ x4

by =0

boe = —2aA%ce ™"y — 4aA’ce™ x5

b3 =0

bas = A%ce ™

b3 =0

by =0

byg = A%ce™ (4

b46:0
bs, =0
1 2. ,—a
bsy = zA%ce™(y
2
bse =0

bep = —4aA?ce ™"y — 4aA%ce ™ x5

bes =0

bee = —2aA4¢0 +20A%(w + 2c)po — 2aA%ce™ x
+16a* Aty — 8a>A%(w + 20)

+4a?A%ce™ )0 + (1).
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The matrix M is
0 0 ~Ago 0 —3Aps 0
0 0 Ap 0 A% 0
| Apo A%y 0 0 0 0
M =
0 0 0 0 0 2aA%p,
TAp, —3A%ps 0 0 0 0
_~ A2
0 0 0 2A%ap; 0 0 ex®

A solution is stable when Re(A) < 0 for all A.

5.1.2 Approximate solution and eigenvalue of (5.5) and (5.6)

To obtain an approximate solution of Equation (5.5), we need to approximate

analytically the factors ¢y, @k, and xy, k =0,2. Consider, e.g.,

[00]

Go= Y e = 050,e7), (5.7)

n=—oo

where 03 is a theta function defined as [97]

O3(u,q) =1+2 Z q”2 cos(2nu). (5.8)

n=1

For large a, the function gdan’

converges to zero very rapidly as |n| increases.
Therefore, we may approximate ¢ using the first few terms only, e.g., for the on-site

solitons we take n = -2..2,

Go ~ Y1 = 1+2e741 4 2p716m, (5.9)
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On the other hand, because f(n) = f_ O:o f(x)6(x —n)dx, then for c > w, i.e.,a = 0, we

use the identity

Y fon= IRE i oy, 5.10)

n=—o00
where 6(x) is Dirac delta function. Using Fourier series, the Dirac comb can be

written as

Z(S(x—n) =1 +22c05(2k7tx). (5.11)
—o0 k=1

Taking only the first harmonic k = 1, the function ¢ can be approximated by

2
\/ﬁ(l +2€"E)

Pox Y2 = Vo (5.12)

Figure 5.1 shows the comparison between ¢g, 1, and y», where we observe that y; is

indeed good for large a, while y» is good for small a.

6

~
-
-
-

102 109
a

Figure 5.1. Plot of ¢ and its approximations y; and y; given by equations (5.9) and (5.12),
respectively.
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After performing the same approximations to the remaining factors, for the
on-site solitons (19 = 0), system (5.5) reduces to
A?(1 4274 4 267100) — (@ +20)(1 +272% +2e78%) 4 ce (4 + 4e™4 + 27120 =

A%(2e74 + 8¢7107) — (w +2¢) (272 + 8¢78%) + ce™(2 + 104 + 8¢7129)= (),
(5.13)

and for large a (which holds for ¢ < w)

N V(@2c + w)(4e7 + =) — 4e=120¢c — 5e~4ac — ¢

154 (124 1 4) ’ (5.14)
. 3w
~ % +5sinh(a) — 3sinh(3a) + cosh(a) + 3cosh(3a) — 6’

A

where

(2062 — deH +26¢5 + 9610 1 5¢127 1+ 14)
*= - 5.15
10629 + 1064 + 4650 + 4¢87 + o144 1 6 (5.15)

At the leading order, whena > 1, x # 5¢™ and ¢ = we™

, which implies that A is well
defined. For inter-site solitons (19 = 1/2), we take n = —1..2 and system (5.5) reduces
to

Az(e“Z + 6‘9”) —(w+ 2c)(e‘“/ 2490/ 2) +ce™? (e“/ 24 0¢30/2 4 p=15a/ 2): 0

A2(e™ +9¢79%) — (w + 2¢) (€72 + 9¢9%/2) + ce™(e"? + 107372 4+ 9e~154/2)= (),
(5.16)

and we obtain the approximation for large a

16 32c19/8 /@ (2c (5T +9 @)+ 5.) N7
~ ~ inh| —|1, .
A (T+\/5)17/4(2C4(5T_41 \/5)+95_) a ~ arcsin (2\/5) (5.17)

1727
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where

T=Vic+w,

S, =10%w (T +3 «/5) +3c2 <5Ta)2 + 9a)5/2) + c(7Ta)3 + 9a)7/2) +at (Ti \/5)

The approximate solutions of (5.5) for small a can also be obtained similarly, but we
will not present them here.

Next, we analyse the stability of the solitons in the framework of the VA, i.e., by
obtaining their approximate eigenvalue from solving Equation (5.6).

For the on-site case, substituting (5.14) into (5.6), we obtain a pair of critical

eigenvalues as functions of A,a and c

VE (% (cRy —2¢570R, ) + 242R5)

A==
e192/2 (1627 + e82 + 18)

) (5.18)

where

Ry = —5766* —480e>" — 1984¢%" + 115267 — 1608¢> — 908¢'% + 168817 + 88¢!2*
+3552¢'% 1+ 1572614 + 7046157 — 780¢16 — 726177 — 3166187 — 6526197 4 28620
— 15046217 — 286727 — 648¢?3 + 5326%% — 104¢?>" + 189¢2%" — 10067 + 24?5
— 28629 4 300%07 — 46317 — 40320 _ 40330 4 034 1 240

Ry = —288¢% — 422¢% — 88865 —176¢'% + 186! + 163¢!4* + 376¢'%% + 16208
+266%07 4 250220 1 70240 4 260 1 o280 4 1)

Rz = —288¢% —1082¢% — 182465 — 640017 + 104e%* + 1230¢'# + 684¢'% + 860¢'

— 486207 — 2216227 4 200024 — 426707 + 246287 + 430307 4 5034 4 120
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The other eigenvalues are zero or purely imaginary.
For the inter-site case, evaluating the generalised eigenvalue problem (5.6) at the
time independent solution (5.17) yields a pair of critical eigenvalues

L +2 JLS +2L8 =3+/c2L, +cLs

= (5.19)

B LH(L4+9) (L8 +9 \/ln(Ll)’

[1 1
Li=4/—+1+—=
1 4c 24/c

Lo = 8L8(12-1) (L3 ~1) - 6(2L8 - 314 +1) (L5 +9)In(Ly)

where

Ly =L} (L} +9) (L} +9) wIn(Ly) - 8L (L} - 1) .

The other eigenvalues are also zero or purely imaginary.

5.2 Numerical comparison and false instability

To check the validity of the VA, we calculate time independent discrete solitons of
(5.1) by solving the system numerically. We used Newton’s iteration method. After
a discrete soliton, let us say ¢, is obtained, we determine its stability by solving
the eigenvalue problem using a linearisation ansatz W, (t) = {,, + e, (t), 6 < 1. By

writing €, = (1, +i&,,) eM, we obtain the eigenvalue problem

0 a)—cA—lﬁ% én én
Al 1. (5.20)

— +cA + 32 0 Mn Mn

In the following, unless mentioned otherwise, we set w = 1.
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Figure 5.2. Comparison between the numerically obtained on-site (a,b) and inter-site (c,d)
solutions of (5.1) and Gaussian VA (5.2) and (5.5) for w =1 and (a, ¢) c=0.5, (b, d) c = 1.
Corresponding spectrum of the solution profile is in the right panel of each figure. Blue circle-
dashed and red star-dashed lines indicate numerical and Gaussian VA results, respectively.
Observe the false unstable spectrum in panel (b).



5.2 Numerical comparison and false instability 104

Figures 5.2a and 5.2b show the profiles of the time independent on-site soliton
and its corresponding spectrum for ¢ = 0.5 and ¢ = 1, respectively. The profiles and
spectrum of inter-site solitons are shown in Figures 5.2c and 5.2d. Results from
the original discrete equation (5.1) and (5.6) are shown in blue circle-dashed lines.
We also have solved Equation (5.5) and the eigenvalue problem (5.6) numerically.
Substituting the results into the ansatz (5.2), we plot the VA in Figure 5.2 in red
star-dashed lines. As expected, one can observe that the ansatz is not good in
capturing the soliton tails. We have also plotted the eigenvalues from the VA (5.6).

In general, VA captures the qualitative stability of the discrete solitons, i.e., on-site
and inter-site solitons are stable and unstable, respectively, due to the presence of an
eigenvalue with positive real part. However, it is important to note that we found
an unexpected result where according to VA the on-site soliton in Figure 5.2b is
unstable. This finding is in contrast with the established result, that on-site solitons
are always stable for any coupling constant. We therefore observe a false instability.
In the following, we will study the emergence of this unstable eigenvalue from our
VA.

In Figure 5.3, we plot the eigenvalues of (5.6) obtained numerically for varying
coupling constant c. The results are shown in blue-solid lines. In Figure 5.3a and
5.3b we plot the real and the imaginary parts of the eigenvalues, respectively. From
the figures, we conclude that one of the eigenvalues move along the imaginary axis
towards the origin and then bifurcates into the real axis, creating a false instability.

The unstable eigenvalue exists within a finite interval of coupling constant c. In
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Figure 5.3a, we also plot our analytical approximation (5.18) as the red-dashed line,
where good agreement is obtained.

Similarly for the inter-site case, we plot in Figures 5.3c and 5.3d the real and
imaginary parts of the eigenvalues obtained from solving (5.6) numerically as blue-
solid lines. We also display our approximation (5.19) as red-dashed line, where we
again obtain good agreement. As a comparison, we also plot as black-dotted curve
the critical eigenvalue of inter-site solitons obtained from solving the eigenvalue
problem from the original system (5.20).

The false instability of on-site solitons is believed to be caused by the shape of the
ansatz (i.e., the tail error). To show this, we consider the dependence of the soliton

power defined as

P@)= ) 1P, (5.21)

n=—oco
on the propagation constant w. According to the Vakhitov-Kolokolov criterion [72],
the soliton is unstable when g—f) < 0. Figure 5.4 shows P for varying w when c =1
for the on-site solitons based on the VA ansatz (5.2) and (5.5). Indeed we obtain a
negative slope about w = 1. This confirms our finding that the false instability is due

to the Gaussian ansatz (5.2).
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Figure 5.3. Critical eigenvalues calculated using VA of on-site solitons (a,b) and inter-site
solitons (c,d) for varying c. Red-dashed lines in panels (a,b) are equation (5.18) with A and a
using (5.14), while those in (c,d) are from equation (5.19). Blue-solid lines are obtained from
solving (5.6) numerically. In panel (c), the black-dotted line shows the critical eigenvalue

obtained from solving (5.20).
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Figure 5.4. Power of on-site soliton approximated by Gaussian ansatz, as a function of w
for c = 1. Red-dashed and blue-solid lines correspond to the soliton amplitude A and width
a computed in (5.14) and from (5.5), respectively.

5.3 Multiple Gaussian ansatz

We will solve the DNLS (5.1) using VA as in Section 5.1, but now using an ansatz

containing multiple Gaussian functions,

N . Vi
=Y Aje—aj(n—no)zel(af+ﬁj("_”0)+7](n_n0)2), (5.22)
j=1

We have (5N +1) parameters, i.e., Aj,a;,@},8;,7j,j=1,2,...,N and ng, being functions
of t. We will show that it gives a remedy to the false instability reported above. The
idea of using several Gaussian functions in concert here has been proposed and
used before in the context of spatially continuous linear or nonlinear Schrodinger

equations [68, 92, 98, 99]. However, applying the idea in the context of spatially
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Figure 5.5. Comparison between the numerically obtained on-site (a,b) and inter-site (c,d)
solutions of (5.1) and Gaussian VA (5.22) and (5.5) for w =1,c=1and (a, ¢) N =2, (b, d)
N = 3. Corresponding spectrum of the solution profile is in the right panel of each figure.
Blue circle-dashed and red star-dashed lines indicate numerical and Gaussian VA results,
respectively.
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Figure 5.6. Power of on-site solitons as a function of w forc=1and N = 2.

discrete equations is novel. In the following we will present the results of applying
multiple Gaussian ansatz using the similar approach discussed in Section 5.1.

Figure 5.5 depicts the comparison of on-site and intersite solutions obtained from
the numeric of time-independent DNLS (5.1) and multiple Gaussian VA for ¢ = 1.
The results shown are for N =2 and N = 3, where we can see that the solution profile
is getting closer to the numerical result. The results also show that by increasing
the number of Gaussian functions used in the VA, the approximation provides a
better capture to the soliton amplitude and tail. The error of the approximation
can be seen in Figure 5.7c and 5.7d. We also show in Figure 5.5 the corresponding
spectrum of the on-site and inter-site solitons. We can see that for on-site cases, the
false instability no longer exists. Figure 5.7 shows the approximation errors for other
values of coupling constant, c = 0.5 and c = 1.5 where we can see that increasing the

number of Gaussian function also gives the smaller error.
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Figure 5.7. The approximation error of on-site (a,c,e) and inter-site (b,d,f) solutions of
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We can also see the remedy of the false instability using Vakhitov-Kolokolov
criterion for N = 2. Figure 5.6 shows the plot of P for c =1 and N = 2, where we can
see that the on-site soliton is now stable for any value of w, i.e., there is no negative

slope that existed in the case of N = 1 shown in Figure 5.4.

5.4 Conclusions

We have studied time independent solutions of DNLS equation and their stability by
using the VA method. We have employed the ansatz that contains single and multiple
Gaussian functions. We have shown that the method can be used to approximate the
solution of DNLS and to analyse their stability. Analytically, we have approximated
the solution using a single Gaussian function, and found that for the on-site case,
there is a false instability. A remedy has been provided by increasing the number
of Gaussian functions used in the ansatz, confirming the fact that the instability is

caused by the shape of the ansatz, which has not been reported elsewhere.



Chapter 6

Conclusions

Our aim, in this thesis, was to investigate analytically and numerically the solitary
waves in three inhomogeneous systems of the NLS-type equations. Two of the
systems are continuous, namely, the NLS equation on the real line with an asymmetric
double Dirac delta potential and the NLS equation with delta potential on star graphs,
and another one is discrete nonlinear Schrodinger equation. Some novel observations
have been found in the study. First, we found an unfolded symmetry breaking in the
NLS equation with asymmetric double Dirac delta potential. Second, we obtained
a degenerate spontaneous symmetry bifurcation in the NLS equation with delta
potential on star graphs. Last, we found a false instability when using a Gaussian

ansatz which is remedied by using a multiple Gaussians ansatz.

112
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6.1 Summary

Now, we summarise the work and main results obtained in this thesis as follows:
In Chapter 3, we considered the NLS equation with asymmetric double Dirac delta
potential. Using a dynamical system approach, we showed the existence of the
ground state solutions and presented their solutions in the phase plane and their
explicit expressions which are of the form of Jacobi elliptic functions. We also showed
that there exists an unfolded symmetry breaking of the ground states. In contrast
with the symmetric potential case, which is a pitchfork, interestingly we obtained
a saddle-node type bifurcation. We found a threshold value of solution norm at
which an asymmetric ground state bifurcates from the symmetric one. Using linear
stability and an approach based on geometric analysis we studied the stability of the
solutions and obtained the condition for the stability, which is related to the "time’
threshold value between two defects. To confirm the analytical results, we solved
the stationary equation and the eigenvalue problem numerically using central finite
differences. We also presented the typical dynamics of the unstable solutions where
the instability led to periodic solutions.

Next, in Chapter 4 we considered the NLS equation on a three-edge star graph
with a Dirac delta potential on each arm. First, we discussed the linear eigenstates
of the system and then using a coupled mode reduction method we obtained the

nonlinear bound states as a continuation of the linear states. By reducing the

problem to a finite dimensional dynamical system, we analysed the existence and
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stability of the nonlinear states and surprisingly, it gave us the explicit expressions
for all approximate solutions. We found novel results on symmetry breaking
bifurcations of nonlinear bound states which are degenerate. There exists subcritical
and supercritical-like symmetry breaking bifurcations emanating from the same
threshold point at which symmetric states become unstable.

Finally, in Chapter 5, we applied the VA method to investigate the existence and
the stability of stationary solutions of the DNLS equation. First, we approximated
the discrete solitons using a single Gaussian ansatz and found analytically a false
instability for the on-site solitons. We found an interval of coupling constants where
the on-site solitons are unstable which contradicted with the established results. By
increasing the number of Gaussian functions used, we obtained the remedy for the
false instability and confirmed that the instability was caused by the shape of the
ansatz. We compared the analytical results to numerical computations to confirm the
validity of VA method used. We solved for the time independent discrete solitons

using Newton’s iteration method.

6.2 Future work

The process and findings in the present work have arised some new interesting ideas
and problems to be proposed as future work. One interesting problem that can be
addressed is applying the approach on geometric analysis discussed in Chapter 3 to

study the stability of localised standing waves in the following governing system of
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differential equations
o 2
W = Uy + |u| u, |x| > L/

iU = oy + [u*u, |x| < L.

We would also like to expand the work to obtain the bifurcation of twisted mode
that has not been addressed in the present work in Chapter 3.

As mentioned in Chapter 4 about the dynamics of the NLS equations with delta
potential on three-edge star graph, we would like to investigate the origin of the
typical time dynamics of the unstable solutions following the study of, e.g., [14, 82]
for triple-well potentials in the real line. We would also like to study the bifurcations
when the delta potential on each arm is located at different distance from the origin.
Another interesting problem is to extend the work to many-edge star graphs and

study the general picture of the symmetry breaking bifurcations in such systems.
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Appendix A

Cardan’s method for solving a cubic

equation

The result in this appendix is taken from paper [84]. Cardan’s method is used to
solve the general cubic equation. In this section, we only present explicit expressions
of the results and skip the derivation. See [84] for the details. Consider the cubic
equation

y = f(x) =ax> +bx? +cx +d, (A1)

and let a, 5, and y be the roots of f(x) =0. Let ,/,xn, and yy be parameters that are

defined by 6% = £=3¢ jy = 2483, xy = =L and yy = f(xn). Then,

92 7’

1. if yi, > %, then there is only one real root @ with

_ si1(_ [ 2 12 31(_ _/2_2)
a_xN+\/2a( INT YN h)+\/2a UNT YN
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and two complex roots

=G+ N
a V3

=~ 2 \a2 482

Y 5Ty va 461

2. if yi, < I?, there are three distinct roots,

a=xNy+26cos0,
B =xn+26cos(2mt/3+0),

Y =xn+20cos(4m/3+0),

where cos(30) = —yn/h.

3. if y2. = h?, there are 3 real roots (two or three equal roots), a = = xy + 6, and
AN q

y=xn—20. If yy =h =0, then 6 = {/yn/(2a) = 0 and there are three equal roots.



Appendix B

Duffing equation

Here, we present a method to solve the time independent NLS equation (2.5). Such
an equation, when x is considered as time, is known as Duffing equation (See [100]
for details).

Yax+ap +by° =0, (B.1)

This second order linear ordinary differential equation describes natural oscillations
of an oscillator. The sign of 2 and b determines the type of oscillation. Equation (B.1)

can be written as first order ODEs by setting u =1, y = 1y,

ux = ]//
(B.2)
Yy = —au—bu.
The trajectories or the vector field in the phase plane are obtained from
dy _yx _ —au—bu’ (B.3)

du — uy Y
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So, we have that the equation of the phase trajectories is

1
y2 +au® + Ebu‘]‘ =E. (B.4)

Solving (B.4) for y gives

1
y= i\/E—auz—Ebbﬁ

or

1
x:f du.
+ JE—au? - %bu‘L

This is an elliptic integral of the first kind.

B.1 Caseab>0

The system has an equilibrium point, u = 0 of centre type. The trajectories (B.4) are
closed as shown in Figure B.1a. The explicit solution of (B.1) can be written as Jacobi

elliptic cosine

u(x) = Acen(wx, k), (B.5)

where A is the oscillations amplitude, w = Va+bA?% = 4K(k)/T, T is the oscillations
period, K(k) is the full elliptic integral of the first kind, k = Vb/2A/w is the modulus

of the Jacobi ellliptic function.
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B.2 Casea>0,b<0

In this case, there are three equilibrium points, namely u = 0 which is of center type

and u = + Va/|b| which are saddle nodes. The phase trajectories are closed for E < %
and nonclosed for E > %l' For E = %I’ the orbit is connecting the saddle points and

called heteroclinic orbit, which corresponds to solution u(x) = + vVa/|b|tanh( Va/2x).
The explicit expression of the general solution of (B.1) is in terms of Jacobi elliptic
sine

u(x) = Asn(wx, k), (B.6)

where w = \Ja—|b|A2/2, and k = V/|b|/2A/w. The solution (B.6) is valid for k < 1.

B.3 Casea<0,b>0

For E € (‘2—%2,0), there are two closed orbits in the phase plane, each enclosing one

of the equilibrium points u = Vial/b and u = —+Ja|/b. The points enclosed are of
center type. Another equilibrium point, u = 0 is a saddle node and the orbit that
passes through the origin is called homoclinic and corresponds to E = 0. For E > 0,
the trajectories are closed and surround the homoclinic orbits.

The explicit solution of (B.1) can be written as

+Adn(wqx,ky) for _2—‘22 <E<O,
u(x) = (B.7)

Acn (wpx,kp)  for E>Q0,



B.3Casea<0,b>0 135

where w1 = Vb/2A, wy = VbA2 —|a|k; = wa /w1, ko = a)%/a)%. Note that for E =0, the

solution is the homoclinic orbit, u(x) = + V2Ja|/bsech( V|alx).

Figure B.1. Orbit of (B.1) for (a)a=1,b=1, (b)a=1,b=-1, and (c) a=-1,b=1. Blue
dashed, black solid and red dotted lines correspond to orbit with (a) E=0.3,0.7,and E =1,
(b) E=0.1,0.5, and E=0.8, (c) E=-0.3,0, and E = 0.4, respectively.
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