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Abstract

The Hodrick-Prescott (HP) filter is a commonly used tool in macroeconomics to obtain the
HP filter trend of a macroeconomic variable. In macroeconomics, the difference between the
original series and this trend is called the “cyclical component”. In this paper, we derive the
autocovariance function and the spectrum of the cyclical component of a series that consists of
a constant, a linear time trend, a unit root process, and a weakly stationary process. We show
that the autocovariance function of the cyclical component of such a series depends on (1) the
autocovariance of the innovations of the unit root process; (2) the autocovariance of the weakly
stationary process and; (3) a component of the weights of the HP filter that is important in the
middle of a large sample. The result for the spectrum of the cyclical component matches with
earlier results in the literature that were obtained by using an approximate approach. Lastly,
we derive the cross-covariance function and the cross-spectrum of the cyclical components of

two cointegrated series.
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1 Introduction

The HP filter is a commonly used tool in macroeconomics to separate the long-run movements
and the short-run shocks of macroeconomic variables. The HP filter has a long history that goes
back to Whittaker (1922) and Leser (1961) before it was introduced to Economics by Hodrick and
Prescott (1997).

The HP filter smoothes the original series {y;}7_; by minimizing

T T-1
Z(yt—Tt)2+/\Z(Tt+1 — 27 + 1-1)?, (1)
t=1 t=2

over 7 = (11, 7o,...,77) € RT. Xis a (nonnegative) smoothing parameter that is typically chosen

to equal 1600 for quarterly data. There is a unique solution to this minimization problem which is
denoted as 7 = (771, 712, ..., 7rr). The cyclical component is defined as the residual éry = yp — 774
fort =1,2,...,T. Note that throughout this paper we use “trend” and “cyclical component” of
a series to refer to 74 and épy, respectively. Therefore, the term “cyclical component” is used to
describe the residual obtained after applying the HP filter; this terminology is potentially confusing,
but used thoughout in the literature on the HP filter. We refer to the periodic fluctuations of
macroeconomic variables as “cycles”; these should be distinguished from the cyclical components.
The HP filter is a special case of a general method for smoothing a time series that was suggested
by Whittaker (1922). Leser (1961, p. 92, Equation (2)) also considered the HP filter.

The comovements of the cycles of various macroeconomic variables are studied extensively in
the real business cycle literature. In this literature, the comovements of the cycles of variables are
studied by analyzing the autocorrelation and cross-correlation functions of the cyclical components.
Cogley and Nason (1995) compared the autocorrelation and cross-correlation functions of trend-
stationary and difference-stationary processes and their cyclical components. Cogley and Nason
(1995) contains no derivation of the autocorrelation or cross-correlation functions of the cyclical
components of those processes, and instead they used simulations. In this paper, we derive the
autocovariance function of the cyclical component of a data generating process that equals the
sum of an intercept, a deterministic linear time trend, a unit root process, and a weakly stationary
process. Also, we derive the cross-covariance function of the cyclical components of two cointegrated
series.

Spectral analysis is a useful method for studying variables in terms of the duration of fluctua-
tions, where long-run (short-run) fluctuations correspond to the low (high) frequency components.
Hannan (1963), Howrey (1968), Phillips (1991), Corbae et al. (2002), Christiano and Fitzgerald
(2003), Granger and Hatanaka (2015), and Miiller and Watson (2018) are examples of papers that

studied the spectral analysis of time series. Cogley and Nason (1995) analyzed the spectrum and



the cross-spectrum of the cyclical component of trend-stationary and difference-stationary series
to provide evidence that the HP filter has different impacts on trend-stationary and difference-
stationary series. King and Rebelo (1993) also considered the HP filter in the frequency domain.
Baxter and King (1999) compared the spectra that result from using the HP filter with the spectra
that result from using the band pass filter.

The common approach of King and Rebelo (1993), Cogley and Nason (1995), Baxter and King
(1999), and Christiano and Fitzgerald (2003) is to take the first-order condition of the minimization
problem in Equation (1) as holds for ¢t = 3,..,7 — 2 as the definition of the HP filter; that is, this

equation is assumed to hold for all ¢ € Z. This first order condition is

yr = (AB? — 4AB + (1 + 6)\) — 4\B + A\B?)?7y

= (L+ A1 = B[")r (2)

fort = 3,4,...,T —2, where B and B denote the backward and the forward operators, respectively.
Equation (2) defines a two-sided weighted average representation that these authors use to analyze
the behavior of the filter in the frequency domain. In Theorem 2, we rigorously derive the spectrum
of the cyclical component of a process that equals the sum of an intercept, a deterministic linear
time trend, a unit root process, and a weakly stationary process.

In this paper, we use the exact weights of the HP filter to derive our results. The weighted

average representation of the trend of a series that is obtained by the HP filter is

T
Tt = Z WTtsYs, (3)
s=1

where wrys is the weight at the time point s with respect to the time point ¢ for given sample size
T. The weights also depend on A, but this dependence is suppressed in the notation for brevity.
The explicit formula of the weights is provided in Theorem 1 of de Jong and Sakarya (2016). In this
paper, we first characterize the autocovariance function of the cyclical component of a series that
includes an intercept, a linear time trend, a unit root process, and a stationary process by using the
weighted average representation above. Then we derive the spectrum of the cyclical component of
the same process. The cross-covariance function and cross-spectrum of the cyclical components of
two cointegrated series are derived by using the same approach as in the first two results. Appendix
A in the supplementary material provides a list of results that we use from de Jong and Sakarya
(2016). Throughout the paper, we assume that \ is fixed with respect to 7.}

Recently, the HP filter has received renewed attention; for example, Phillips and Jin (2015,
2020), de Jong and Sakarya (2016), Cornea-Madeira (2017), Hamilton (2018), Sakarya and de Jong
(2020), and Phillips and Shi (2020). Phillips and Jin (2015, 2020) developed a limit theory for

the HP filter when it is applied to stochastic trends, trend-stationary processes, and time series



processes with trend breaks. They concluded that the HP filter is not capable of removing the
stochastic trend of time series processes under certain conditions. de Jong and Sakarya (2016)
and Cornea-Madeira (2017) derived the explicit formula for the weights of the HP filter. By
using this formula for the weights of the HP filter, de Jong and Sakarya (2016) showed that the
cyclical component of a unit root process is weakly dependent in the middle of a large sample
under certain assumptions. Those assumptions are different from those in Phillips and Jin (2015,
2020). Also, de Jong and Sakarya (2016) considered adjusting the smoothing parameter for the
data frequency. Sakarya and de Jong (2020) derived a property of the HP filter: the HP filter
calculates the cyclical component of a series as the HP filter trend of the fourth difference of the
series, except for the first and last two observations, for which different formulas are needed. By
using this property, they characterized the effects of structural breaks on the cyclical components.
They derived the cyclical components of deterministic polynomial trends, deterministic exponential
trends and integrated processes that are integrated up to order 4. They used the latter result to
establish the weak dependence properties of the cyclical component of a series that is integrated
up to order 4. Both de Jong and Sakarya (2016) and Sakarya and de Jong (2020) derived the weak
dependence properties of the cyclical component of integrated processes while the current paper
derives the autocovariance function and spectrum of the cyclical component of a process that is
described in Assumption 1.

Hamilton (2018) listed several reasons why the HP filter should not be used to detrend macroe-
conomic variables. Those reasons are, rephrasing Phillips and Shi (2020) p. 30, (1) the HP filter
introduces spurious fluctuations; (2) the filter is not appropriate for unit root processes; (3) the
cyclical component is a function of past, current and future observations; and (4) an AR(4) regres-
sion provides a better alternative. Recently, Phillips and Shi (2020) proposed an improved version
of the HP filter which eliminates some of the drawbacks of the HP filter that Hamilton (2018) listed.
Phillips and Shi (2020) showed that their “boosted” HP filter is capable of asymptotically removing
unit roots and higher order polynomial trends with or without structural breaks. The simulation
studies in Phillips and Shi (2020) illustrate that the cyclical component that is calculated by their
“boosted” HP filter is robust to the initial choice of A.

The organization of the paper is as follows. In Subsection 2.1, we derive the autocovariance
function and the spectrum of the cyclical component of a series which is the sum of a constant,
a linear time trend, a unit root process, and a weakly stationary process. In Subsection 2.2, we
derive the cross-covariance and the cross-spectrum of two cointegrated series, and we conclude the

paper in Section 3.



2 Main Results

2.1 The autocovariance function and the spectrum of the cyclical component

In this section, we derive the autocovariance function and the spectrum of the cyclical component
of a series which is the sum of a linear trend, a unit root process, and a weakly stationary series.

The autocovariance function of a series {2z }7_, is defined as

T
72(k) = lim_ T—lt_;lcov(m,znm), (4)

where k € Z and cov(-,-) is the population covariance. The spectrum of {zr;}-_; is defined as

o0

L(w)=@m)™" Y y(k)e ™", ()

k=—00
where w € [—m,7]. The spectrum of {zp;}1 | exists if > o0 |y:(k)| < oco. The above defini-
tions are in the triangular array context because they will be used for the HP trend and cyclical
component, which are triangular arrays.

In macroeconomics, it is common practice to characterize the real economy by the autocorrela-
tion and the cross-correlation of the cyclical component of macroeconomic variables (e.g., Kydland
and Prescott, 1982; Cooley and Prescott, 1995; Miiller and Watson, 2018). It has been a great
concern how and to what extent the HP filter alters the autocovariance and the cross-covariance of
the variables since the characterization of the real economy might be dramatically influenced by the
filter. For example, King and Rebelo (1993) compared the autocorrelation and the cross-correlation
of simulated series and the autocorrelation and the cross-correlation of their cyclical components
to provide evidence that the HP filter alters the second moments of the original series (see Table 2
of King and Rebelo, 1993). In our first result, we derive the autocovariance function of the cyclical

component of a process that is described in Assumption 1.

Assumption 1.
Yyt = o1 + aot + agze + Uy, (6)

where z; = Z;Zl i, 161}52 o and {w}2_ are weakly stationary series with the autocovari-
ance functions v-(k) and v, (k) for k € Z, respectively. Additionally, > p—_ . |7e(k)| < oo,
Y ore oo [u(k)| < 00, and cov(us,e5) =0 for any t,j € Z.

Theorem 1. Define éry =y — Tre = Zzzl(l(t = 8)—wrys)Ys. Assume Assumption 1 holds. Then
forkeZ

o0 [e.9] [e.9]

Ye(k) = (k) =2 Y vuDAG+R) + D D v Alb+5) ik + ) (7)

j=—00 h=—00 j=—00



m=0 h=—oc0 s=m+1 l=m+1
Y Y =B A -
m=0 h=m+1 s=m-+1 l=—
—1 m m (e}
—ad Y Y wth=k)( D A Y Al—h)
m=—00 h=—00 S=—00 l=m+1
—1 e’} m m
103 S =R A S n),
m=—00 hemi1 s=—o0 l=—o0

where for m € Z

B ! cos(mrm)
Ix(m) _/0 T+ 16xsin(rr/2)3 "

The proof of this result and all other proofs for this paper can be found in Appendix B in the
supplementary material.

The autocovariance function of ép; depends on the autocovariance functions of u; and ;. The
intercept and the deterministic linear time trend are fully absorbed into 77¢, as discussed in Section
6.1 of Sakarya and de Jong (2020). If we add a higher order deterministic polynomial trend to y;
(yf =yt +dy and dy = t9 for t = 1,2,...,T and ¢ = 2,3,...), then the cyclical component of y}
would be

T T T
Cre = ye +di — Z wres(Ys + ds) = yi — Z WrtsYs + di — Zthsds
s=1 s=1 s=1
where d; —ZST:1 wresds is the cyclical component of d;. Note that the cyclical component of d; is not
zero, as shown in Theorem 6 of Sakarya and de Jong (2020). Since the cyclical component of d is
nonrandom, it will not appear in the autocovariance function of ¢7,. Therefore, the autocovariance
function of ¢, will be the same as the expression in Equation (7).

The function fy(-) in Equation (7) arises as follows. The cyclical component is a weighted
average of y;, and the weights of the HP filter have eight components, as defined in Theorem 1 of
de Jong and Sakarya (2016): wrs = fra(t —s) + 218):2 wh,,. A detailed description of the weights
and their properties are provided in Appendix A in the supplemental material. The last seven
components of the weights are important only in the beginning and at the end of a sample. The
function fy(m) that appears in the result of Theorem 1 is the pointwise limit of fry(m) as T — oo.

In Equation (7), the first three terms of the autocovariance function are the autocovariance
function of ér; obtained from a series that is weakly stationary. Below, this special case is presented

as a corollary.

Corollary 1. Assume Assumption 1 holds and let y. = us. Then for k € Z

Yek) = (k) =2 > vWAHAG+E) + D Y B b+ ) Ak +5)

j=—00 h=—00 j=—00
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and
o0 o0
k)= D Y wh A+ i)k + ).
h=—00 j=—00
The result of Corollary 1 shows that the autocovariance function of ép; differs from the au-
tocovariance function of y; by some weighted average of the autocovariance function of y;. Note
that if X — oo, 7.(k) — 7y(k) pointwise in k because fy(m) — 0 for all m since |cos(mrm)| < 1,
(1 + 16Asin(rr/2)*) ! < 1 and limy oo (1 + 16Asin(7r/2)4)~! = 0. King and Rebelo (1993) and
Cogley and Nason (1995) raised the issue that the second moment of the original series and the
second moment of the associated cyclical component are different, and provided simulation results
that illustrate this. The fact that these second moments are different follows directly from Corollary
1 because v.(0) # v,(0).
When we assume wu; is a white noise process, the results for 7.(k) and ~y,(k) can be further
simplified to
oo
Ye(k) = 0®(I(k = 0) = 2fx(k) + Y ADAG +K) (8)
Jj=—00
and
o0
y(k)=0" D UMK+ ). (9)
j=—00
This implies that the cyclical component of a white noise process is correlated, i.e., v.(k) # 0 for
some k > 0, whereas v, (k) = 0 for all k£ # 0. Figure 1 provides an illustration of autocovariance
functions 7, (k), v-(k), and 7v.(k) for k = 0,1,...,20 when u; is a white noise process with o2 = 1
and A = 6.25.
Next, we consider another special case of Theorem 1 in which the original series is a unit root

process.

Corollary 2. Assume Assumption 1 holds and let y; = z;. Then for k € Z

Yek) =Y D eth=k)( Y A D, Al—h)

m=0 h=—oc0 s=m-+1 l=m+1
=30 D =R D KGN Al—h)
m=0 h=m+1 s=m-+1 l=—00
-1 m m 00
=3 S =B A Al—h))
m=—00 h=—o0 §=—00 l=m+1
-1 00 m m
£ S =Y AN Al-h).
m=—00 h=m++1 S§=—00 l=—00

Corollary 2 shows that when we calculate the correlogram of the cyclical component of a unit

root process, we will find a correlogram that is reminiscent of a correlated weakly stationary process.
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Figure 1: The plots of v, (k) = 02I(k = 0) and the functions in Equations (8) and (9) for 0% =1
and A = 6.25.

It follows from Corollary 2 that even if the innovations of the unit root process are white noise,
the correlogram of the cyclical component of the unit root process will resemble the correlogram
of a correlated weakly stationary process and will not resemble the correlogram of a white noise
process.

Next, we use the result of Theorem 1 to derive the spectrum of the cyclical component of y;.

Theorem 2. Assume Assumption 1 holds. Then Yy po _ |7.(k)| < 0o and the spectrum of éry is
Le(w) = (1 = ha(w))? Lu(w) + a3(1 — hy(w))*(2sin(w/2)) *L(w),
where hy(w) = (1 + 16Asin(w/2)")~! for w € [—7, 7.

The above result shows that the HP filter suppresses the low-frequency component of the original
series, because 1 — hy(w) ~ 0 when w is near zero. Therefore, I.(w) ~ 0 when w is near zero.

Figure 2 graphs (1 — hy(w))? for various values of the smoothing parameter that were suggested
in the literature for different data frequencies.? Since hy(w) is decreasing in )\, the HP filter allows
more of the low frequencies into the cyclical component as A takes higher values.

Below, we consider two special cases of the spectrum that is given in Theorem 2.

Corollary 3. Assume Assumption 1 holds and lety; = uy. Then Y 22 |ve(k)| < 00, Y pe o |- (k)] <

Le(w) = (1 = ha(w))*Iy(w)



(1 = ha(w))?

—— A =06.25
0.1 ~m- A =1600 |
)\ = 129600
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and

for w e [—m, 7.

Unlike in Theorem 2, in Corollary 3 we can derive the spectrum of the trend because y; = uy is
a weakly stationary process. The results of Corollary 3 imply that as A\ — oo, I.(w) — Iy(w) and
I;(w) — 0 pointwise in w. This suggests that the spectrum of the HP filter trend approaches the
spectrum of a constant when A is sufficiently large because Equation (5) implies that if I (w) ~ 0,
then v, (k) = 0 for all k € Z. This observation corresponds to the findings of de Jong and Sakarya
(2016, p. 312) in the time domain, i.c., limy o0 77t = T~ S0 v

As a special case of Corollary 3, for the case where y; = u; is white noise, we find
I(w) = 0*(1 = hy(w))” (10)
and
I (w) = 0%hy(w)?.

From the above equations, it follows that the spectrum of the cyclical component of a white noise
process is not constant. Therefore, when confronted with the spectrum of Equation (10), a re-

searcher might conclude that the cyclical component has cycles. The fact that filtering can suggest



cycles is well-known since the work of Kuznets (1929) and Slutzky (1937). Cogley and Nason (1995)
used simulations to investigate how the HP filter suggests cycles in the setting of trend-stationary
and difference-stationary processes. Figure 2 graphs the spectrum of the cyclical component of a
white noise process with o2 = 1 for different values of \.

Next, we discuss the spectrum of the cyclical component of a unit root process.

Corollary 4. Assume Assumption 1 holds and let y = z. Theny oo |v.(k)| < oo and
Le(w) = (1 = ha(w))*(2sin(w/2)) L (w)
for w e [—m, 7.

It has been noted in the literature by Cogley and Nason (1995) and Kaiser and Maravall
(1999) that the HP filter is generally applied to macroeconomic variables that are nonstationary.
Therefore, it is of great interest to derive the spectrum of a cyclical component obtained from a
unit root process. Cogley and Nason (1995) and Kaiser and Maravall (1999) took the expression in
Equation (2) as the definition of the HP filter and along these lines conjectured the above result.
The result of Corollary 4 implies that as A — oo, I.(w) — (2sin(w/2)) 2I.(w) pointwise in w

everywhere except w = 0.

2.2 The cross-covariance function and cross-spectrum of the cyclical compo-

nents

In this section, we derive the cross-covariance function and the cross-spectrum of the cyclical
components of two cointegrated series. As stated in Engle and Granger (1987), cointegrating
relationships exist among macroeconomic variables such as consumption and income, short-term
and long-term interest rates, and nominal GNP and M2. Cogley and Nason (1995) considered the

cross-spectrum of the cyclical components of two cointegrated series.

Assumption 2. Let {y1;}_; and {ya}_, be cointegrated series such that

Y1t = dyor + uy,
where Yo = 22:1 €5, {5j}§ifoo’ {ue}2_ o are weakly stationary processes with cov(ug,e5) =0 for
any t,j € Z, and Y oo |ve(k)| < o0.

Theorem 3. Define &, = Y. (I(t = s) — wres(\i))yis where wrys(N;) denotes the weights of
the HP filter that is calculated by smoothing parameter \; for i = 1,2, and the cross-covariance

function of ¢k, and é2Tt_k 18

T

1,2 1 -1 A1 A2

e (B) = Tim T71 7 cov(@hy, &y ),
t=k+1
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for k € Z. Assume Assumption 2 holds. Then for k € Z

1R @ =03 3T (=B D A D full—h)

m=0 h=—oc0 s=m-+1 l—m+1

_¢Z Z Ye(h — k)( Z fa (s Zf)\zl_
m=0 h=m+1 s=m-+1 l=—0c0

-1 m m o]

—¢ D> D =R P Y, ful—h)
m=—00 h=—oc0 §=—00 l=m+1

+¢Z Z%h k)( th me— ).
m=—00 h=m+1 §=—00 l=—00

Note that the HP filter is applied to yi; and yo, with different smoothing parameters (i.e. A\;
and \2) to keep the result as general as possible. Next, we present the result for the cross-spectrum

of two cointegrated series by using the cross-covariance result above.

~1 ~2 .
Theorem 4. The cross-spectrum of ¢, and CTy—p U defined as

1,2 fzwk
IC JAL,A2 ( Z ’YC >\17>\2

k=—o00

for w € [—m,7|. Assume Assumption 2 holds. Then

I3, @) = 6(1 = hy, (@)1 = hay () (25in(w/2)) 2L (w). (11)

In the setting of correlation properties of series, Hodrick and Prescott (1997) stated that “As
the comovement results were not particularly sensitive to the value of the smoothing parameter
A selected... We do think it is important that all series be filtered using the same parameter A.”
However, for the cross-spectrum, the suggestion that Icl”fl’ ), (w) resembles Icl?’fh A, (w) for different
values of A1 and Ao is not correct, as can be deduced from Theorem 4.

It is easy to observe from Equation (11) that

I e @) = (1= (0))/ (1 = hag (WD) 23, 5, (@)-

Using elementary calculus, it is not hard to show that for A\; < A2 and w € [, 7]

1—hy (W) _ [A A(L+16X)
1—h>\2(w) )\2’ /\2(14‘16)\1)

and these bounds are attained on for w = 0 and w = £, respectively. Therefore, taking A1 /Aa as
a scale factor, the two spectra will look similar as long as (1 + 16A2)/(1 4 16)\;) is close to 1. This
quantity will equal 1.594 for (A1, A\2) = (6.25,10), which is the best case we can ever encounter in
practice, and equals 159.01 for (A1, A2) = (10, 1600). Therefore, we should not extrapolate Hodrick
and Prescott (1997)’s comment to suggest that the cross-spectrum will not be sensitive to the choice

of smoothing parameters.
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3 Conclusion

We derive the autocovariance function and the spectrum of the cyclical component of a process that
is the sum of an intercept, a linear time trend, a unit root process and a weakly stationary process.
We use the formula for the weights of the HP filter from de Jong and Sakarya (2016) to obtain our
results. This is the first mathematically rigorous discussion of the autocovariance function and the
spectrum of the cyclical component in the literature. We also derive the cross-covariance function
and the cross-spectrum of the cyclical component of two cointegrated series. We show that the
cross-spectrum of two cointegrated series depends on the cointegration coefficient, the smoothing

parameter values and the spectrum of the innovations of the unit root process.

Notes

!The results of Phillips and Jin (2020) are based on the assumption that A grows with 7'
2\ = 6.25,1600, 129600 are used for annual, quarterly, and monthly data, respectively. They are suggested by
Hodrick and Prescott (1997), Ravn and Uhlig (2002), and de Jong and Sakarya (2016).

Data Availability Statement

The data that support the findings of this study, i.e., Figures 1 and 2, are openly available on
the corresponding author’s website at https://neslihansakarya.weebly.com/uploads/5/9/5/

5/59554687/on_the_website.zip.

References

BAXTER, M. AND R. G. KING (1999): “Measuring business cycles: approximate band-pass filters

for economic time series,” Review of Economics and Statistics, 81, 575-593.

CHRISTIANO, L. J. AND T. J. FITZGERALD (2003): “The band pass filter,” International Economic

Review, 44, 435-465.

CocLEY, T. AND J. M. NAsoN (1995): “Effects of the Hodrick-Prescott filter on trend and
difference stationary time series Implications for business cycle research,” Journal of Economic

Dynamics and Control, 19, 253-278.

CooLEY, T. F. AND E. C. PRESCOTT (1995): “Economic growth and business cycles,” in Frontiers

of Business Cycle Research, Princeton University Press, Princeton, chap. 1.

CORBAE, D.; S. OuLiAris, AND P. C. B. PHiLLIPS (2002): “Band spectral regression with

trending data,” Econometrica, 70, 1067-1109.

12


https://neslihansakarya.weebly.com/uploads/5/9/5/5/59554687/on_the_website.zip
https://neslihansakarya.weebly.com/uploads/5/9/5/5/59554687/on_the_website.zip

CORNEA-MADEIRA, A. (2017): “The Explicit Formula for the Hodrick-Prescott Filter in a Finite

Sample,” Review of Economics and Statistics, 99, 314-318.

DE JONG, R. M. AND N. SAKARYA (2016): “The econometrics of the Hodrick-Prescott filter,”

Review of Economics and Statistics, 98, 310-317.

ENGLE, R. F. AND C. W. J. GRANGER (1987): “Co-Integration and error correction: represen-

tation, estimation, and testing,” Econometrica, 55, 251-276.

GRANGER, C. W. J. AND M. HATANAKA (2015): Spectral Analysis of Economic Time Series, vol.

2066, Princeton University Press.

HamirTon, J. D. (2018): “Why you should never use the Hodrick-Prescott filter,” Review of
Economics and Statistics, 100, 831-843.

HANNAN, E. J. (1963): “Regression for time series,” in Time Series Analysis, Wiley New York,

17-37.

Hobrick, R. J. AND E. C. PRESCOTT (1997): “Postwar U.S. business cycles: an empirical

investigation,” Journal of Money, Credit and Banking, 29, 1-16.

Howrey, E. P. (1968): “A spectrum analysis of the long-swing hypothesis,” International Eco-
nomic Review, 9, 228-252.

KAISER, R. AND A. MARAVALL (1999): “Estimation of the business cycle: A modified Hodrick-

Prescott filter,” Spanish Economic Review, 1, 175-206.

King, R. G. AND S. T. REBELO (1993): “Low frequency filtering and real business cycles,”

Journal of Economic Dynamics and Control, 17, 207-231.

KuzNETS, S. (1929): “Random Events and Cyclical Oscillations,” Journal of the American Statis-

tical Association, 24, 258-275.

KypLanD, F. E. aAND E. C. PrRESCOTT (1982): “Time to build and aggregate fluctuations,”

Econometrica, 50, 1345-1370.

LESER, C. (1961): “A simple method of trend construction,” Journal of the Royal Statistical
Society: Series B (Methodological), 23, 91-107.

MULLER, U. K. AND M. W. WATSON (2018): “Long-Run Covariability,” Econometrica, 86, 775~
804.

13



PuiLLips, P. C. B. (1991): “Spectral regression for cointegrated time series,” in Nonparametric
and Semiparametric Methods in Econometrics and Statistics, ed. by W. A. Barnett, J. Powell,
and G. E. Tauchen, Cambridge University Press, chap. 16, 413-435.

PuiLLips, P. C. B. AND S. JIN (2015): “Business cycles, trend elimination, and the HP Filter,”

Cowles Foundation Discussion Paper.

(2020): “Business cycles, trend elimination, and the HP Filter,” forthcoming in Interna-

tional Economic Review.

PuiLLips, P. C. B. AND Z. SHI (2020): “Boosting: Why you can use the HP filter,” forthcoming

in International Economic Review.

RAvN, M. O. AND H. UHLIG (2002): “On adjusting the Hodrick-Prescott filter for the frequency

of observations,” Review of Economics and Statistics, 84, 371-376.

SAKARYA, N. AND R. M. DE JONG (2020): “A property of the Hodrick-Prescott filter and its

application,” Econometric Theory, 36, 840-870.

SLuTzKY, E. (1937): “The Summation of Random Causes as the Source of Cyclic Processes,”

FEconometrica, 5, 105-146.

WHITTAKER, E. T. (1922): “On a new method of graduation,” Proceedings of the Edinburgh
Mathematical Society, 41, 63-75.

14



	Introduction
	Main Results
	The autocovariance function and the spectrum of the cyclical component
	The cross-covariance function and cross-spectrum of the cyclical components

	Conclusion

