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Abstract—Levenshtein improved the Welch bound on aperiodic
correlation by weighting the cyclic shifts of the sequences
over complex roots-of-unity. Although many works have been
concerned on meeting the Welch bound with equality, no such
effort has been reported for the Levenshtein bound. We show
that the Levenshtein bound with equality is met if and only if
the non-trivial aperiodic correlations have identical amplitude
for all time-shifts, and the sequences form a novel class of
complementary set whose aperiodic correlation is defined as
the conventional aperiodic correlation modulated by a simplex
weighting vector.

I. INTRODUCTION

Welch obtained the correlation lower bounds for equi-
energy sequence sets based on the inner product theorem
of the vector set [1]. Massey et al obtained the necessary
and sufficient condition of meeting the Welch bound (on
total squared correlations) with equality [2],[3], and found
that the sum capacity of synchronous code-division multiple-
access (CDMA) system is maximized by the Welch bound
equality (WBE) sequence sets [4]. Mow showed that for
asynchronous CDMA system, the maximum worst-case signal-
to-noise ratio (SNR) is met if and only if the sequences
form a complementary set [5]-[7], which has zero non-trivial
aperiodic correlation summations [8],[9]. Ever since then, a lot
of works have been concerned on the WBE sequences [10]-
[13].

In [14], Levenshtein proposed a lower bound on aperiodic
correlation of binary sequence set by the inequality on the
mean of the weighted squared correlations, and showed that it
is tighter than the Welch bound for K > 4 and N > 2, where
K denotes the sequence set size, and N the sequence length.

In this paper, we show how to meet the Levenshtein bound
with equality by using a particular weighting vector, and when
that equality is met, the sequences will form a weighted-
correlation complementary set characterized by this weighting
vector.

Notations and definitions are given in Section II.A, followed
by a brief review of the Levenshtein bound in Section II.B.
The problem of meeting the Levenshtein bound with equality
is studied in Section III, and then concluded in Section IV.

II. PRELIMINARIES
A. Notations and Definitions

A sequence set A contains K sequences, each of length N.

A: {3.073.17"' 7au7"' 7aK_1}7

u u u u u
a _{a07a1’... 7a’t7." 7aN_1}’

0<u<K-1
0<t<N-1.

Definition 1: Denote by pau av(7) the conventional aperi-
odic correlation function of A as

Panav(T) =
N—-1-1
>, af(aiy,)", 0<T<(N —1);
=0 (1)
N—1+71
S ap (@), (V- D)<r< -1
t=0

0, |7| > N.

When u = v, pau a0 (7) is called the aperiodic auto-correlation
function, and will be written as p,« (7) for ease of presentation;
otherwise, aperiodic cross-correlation function.

Moreover, if

K-1
> par(r) =0 2)
u=0

for 7 # 0, we say that the sequences of A form a conven-
tional complementary set with zero non-trivial aperiodic auto-
correlation summations.

Definition 2: Denote by dp. the maximum non-trivial
aperiodic correlation magnitude of A as

Omax = Max {|pav.ar(7)]: u#v, oru=v,7#0}. (3)

Definition 3: A simplex weighting vector w =
(wo,wy, -+ ,wan—_2)T is defined as
2N -2
w; >0,i=0,1,---,2N -2, and » wi=1 (4
i=0

Definition 4: For the simplex weighting vector w defined
in (4), the weighted aperiodic auto-correlation function of A



is defined as

Pav;w, A (T) =
N—-1—-1
CN-=1) > af(ai ) wepr, O0ST<(N —1);
=0
Ntfl+'r
EN-1)" % af (@) —(N-1)<r< -1
t=0
0, |7] > N.
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where 0 < A < 2N — 2, and the subscript addition ¢ + X is
performed modulo 2N — 1. Moreover, if

K-1
> paviwa(r) =0 ©6)
u=0

for 7 £ 0 and 0 < X\ < 2N — 2, we say that the sequences of
A form a weighted-correlation complementary set.

Remark 1: When the elements of w all are equal, i.e., w =

s (1,1, , 1), pavyw,a(T) reduces to pau(T).

The right cyclic shift of i (where 0 < ¢ < N — 1) positions
for any vector a = (ag, a1, - ,an—1) is denoted by

i
T'a = (AN—i, GN—i41, " sAN—1,00,0Q1, " ,AN—j—1)-

For matrix H of size p x ¢, we say that H(s,:), H(:, j),
H(i,j) are the ith row, jth column, (4,j)th element of H,
respectively, where 0 <¢<p—1land 0 <j <qg— 1.

B. Review of the Levenshtein Bound

A brief review of the Levenshtein bound [14] will be given
below.
For two binary sequence sets A and B in {1, —1}%V, define

F(A,B) :=
2N—22N—2

|A\1|B\ ST (1@, 0), T (b, 0)) | waw,

acAbeB s=0 t=0
(7

where |A| and |B| respectively denote the cardinality of A
and B (e.g., the set size of A and B), 0 means a row vector
of N —1 zeros, (a,0) denotes the vector concatenation of row
vector a and 0, (x,y) denotes the inner product of vectors x
and y, and the weighting vector w is defined in (4). Note that
throughout this paper, F'(A, A) will be called the normalized
total squared weighted correlations (TSWC) of A.
Define the quadratic function

Qan-1(W,a) = w'Qan_1(a)w
IN—2 IN—2 ®

2
=a § w; + E Ts,t,NWsWt,
=0

s,t=0
where QQany_1(a) is a quadratic matrix whose diagonal ele-
ments are all equal to a, and

Tee,y =min{|t — s[,2N —1— |t — s|}. )

Lemma 1: For sequence set A C {1, -1}, we have
1) (Lemma 1 of [14])

1 2N -2
= 2 _ 52 2 2
F(AA) < ((N Ora) Z:; w; +K6max>~

(10
2) (Lemma 3 of [14])
F(A7 A) Z F ({17 _1}N7 {17 _1}N)
2N-—2
= Z (N — Ts,t,N) WsWy.
s,t=0

3) By (10) and (11), the Levenshtain bound for binary
sequence set is shown to be

Qan-1 (Wa w>
2N -2

S ST
=0

Y

52 >N -—

max

12)

III. MEETING THE LEVENSHTEIN BOUND WITH EQUALITY
For any sequence a in A C {1, -1}, construct a matrix
H, of size (2N —1) x (2N — 1), such that the sth row of H,
is
Ha(sv :) =T° (av 0) ) (13)
where s € {0,1,---,2N — 2}. Let f;;s(a) =
Ha(s,7)Ha(s, j)ws, then for the two binary sequence sets A
and B defined in Section II.B, Levenshtein found that [14]:

F(A,B) =
1 2N -2 IN-22N—2 (14)
AlB Z Z Z Z Z fi,j7s(a)fi,j,t(b)
Al |a€A 5=0 beB t=0 i,j=0
and
(F(A,B))> < F(A,A)F(B,B). (15)
Proof:
IN-2 IN—22N-2 2
Do D Y fuis@figab)
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2N-2 aN-2 2 oN-2 2N—2 2
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IN-2 = 2N-2 IN—2
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IB|*F(B,B)
(16)



|
Remark 2: According to [14],
F(A{1,-1}") = F({1, -1}, {1,-1}"),
hence (11) can be obtained by setting B = {1, —1}* in (15).
Remark 3: The equality of (16) is met if and only if

IN -2 aN-2
Z Z fij.s(a) :CZ Z fiji(b), (17)
acA s=0 beB t=0

for any constant c.

We are now ready to present the main result of this paper
as follows.
Since
2N -2
2 s
acA s=0
2N -2
= Z Z Ha(s,i)Ha(s, j)ws
acA s=0
= Z <Ha(:a Z)a W Ha(:,j)>7
acA
N—-71-1
= Z Z AtAt47WN—t mod 2N —1,
acA t=0
N—1—1
= Z Z atat+7@t—>\ mod 2N —1
acA t=0

1
ON —1 Z Pazw,~A(T)

acA

(18)

where w-Hl, (:, j) denotes the element-wise Hadamard product
of w and Ha(l,j), w = {@L = 'LUQN_l_rL"O S ) S 2N — 2}
denotes the reverse of w,

7 =min{|i — j|,2N — 1 — |i — j|}, (19)
and
N min{i‘,j.} %f T=1i—jl|, o 20)
max{i,j} if7=2N—-1-—]i—j|.

Example 1: To verify (18)-(20), consider
A= {a} = {a13a23a3aa4}7

where A C {1,—1}%, then H, can be shown below in the
lower right corner.

w| i J1 Jo
R 1 1
’II)'O ap a1 a2 das 0 0 0
wﬁ 0 ap a1 az das 0 0
1175 0 0 ap a1 a2 as 0
1’174 0 0 0 ap a3 a2 as
@3 as 0 0 0 ap a1 a2
@2 g as 0 0 0 ap Qi
W |a az a3z 0 0 0 ag

For i = 0 and j = j; = 2, we have 7 = min{2,5} = 2,
therefore, A = min{0,2} = 0, and

2N -2

D> fissla)

acA s=0

= Z<Ha(:7i)7w : Ha(:aj)>
acA
4-2-1
= Z AtQt42We—0 mod 7
t=0
= apaxWo + a1a3W1,
_ pa;vT/,O(Z)
—
In a similar way, for ¢ = 0 and j = jo = 6, we have 7 =
min{1,6} = 1, therefore, A = max{0,6} =6 = —1 mod 7,
and

2n

2N -2

Z Z fijs(a)

acA s=0
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i

= E AtAt41Wt41 mod 7
=0
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(22)

On the other hand, when B = {1, -1}V, we have

2N -2
S S fiselb)
beB t=0
= 3 (Hp(,i),w-Hp(:,)))
be{1,—1}V
N—-1-1
= Z Z btbt+'rw>\7t mod 2N —1
be{l,—1}N t=0
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= E WA—t mod 2N—1 bibiyr
=0

Ner—1 1 1
—oN—2 Z WA—t mod 2N—1 [ Z bt‘| : Z biyr
=0

bi=—1 bipr=—1
= ()7
(23)
for any 7 # 0.
Now by (17), (18) and (23), one has
Z Pasw,—A(T) =0, if 7 #0. (24)

acA

Running ¢ and j over {0,1,--- ;2N — 2}, —X will run over
{0,1,--- ,2N — 2} as well, it thus follows by Definition 4
that



Theorem 1: The normalized fotal squared weighted corre-
lation (TSWC) lower bound of any A C {1,—1}" in (11),
is met with equality if and only if A forms a weighted-
correlation complementary set. Moreover, the additional con-
dition for the Levenshtein bound in (12) to be met with equal-
ity is that all the non-trivial aperiodic correlation magnitudes

of A should be identical.

IV. CONCLUSION

In this paper, we have shown that the Levenshtein bound
(for aperiodic correlation) is met with equality if and only if
the sequences of the binary sequence set form a weighted-
correlation complementary set and their non-trivial aperiodic
correlations take identical amplitude for all time-shifts. The
same conclusion can also be easily shown to hold for sequence
sets over complex roots-of-unity whose alphabet phases are
more than 2 [15], yet the proof is omitted.

As expected, meeting the Levenshtein bound with equality
is more stringent, and the search for the bound-achieving
sequence set remains an open problem. For such bound-
achieving sequence set, however, we note that:

1) If such a bound-achieving sequence set exists, the cor-
responding weighting vector, with which those bound-
achieving sequences form a weighted-correlation com-
plementary set, will be the one which maximizes the
Levenshtein bound over all the weighting vectors.

2) For an arbitrary weighting vector w* which does not
maximize the Levenshtein bound, one cannot find a
bound-achieving sequence set whose sequences form
a weighted-correlation complementary set characterized
by w*.

3) It is noted that the Welch bound cannot be improved for
set size of 2!, because the tightest Levenshtein bound
in that case is achieved by the Welch bound when the
weighting vector with all equal elements is used [14].
Hence, in the context of 1), such weighted-correlation
complementary set will degenerate to a Golay comple-
mentary pair.

4) In the end, if a Golay complementary pair of length-
N does not exist, the Levenshtein bound for set size
of 2 will be loose because the equality cannot be met.
For instance, it has been shown that the binary Golay
complementary pair of N < 100 doesn’t exist unless
N =1,2,4,8,10,16, 20, 26, 32,40, 52, 64, 80 [16].
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UIn that case, a complementary set will be called a Golay complementary
pair [5]. Note that a complementary set has a set size of 2 or more.
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