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Abstract—In this paper we introduce the optimal odd-period
binary Z-complementary pairs (OB-ZCPs), which display prop-
erties similar to Golay complementary pairs. These pairs have
the maximum possible zero-correlation-zone (ZCZ) of width
(N 4 1)/2, where N denotes the sequence length, and the
minimum possible magnitude of 2 for each out-of-zone aperiodic
auto-correlation sum. Furthermore, we show that the optimal OB-
Z.CPs correspond to sets of almost difference families and present
some of their interesting properties.

I. INTRODUCTION

Let a = {a;} and b = {b;} be two N-length binary se-
quences, then the aperiodic cross-correlation function (ACCF)
is defined as

N—-1—71

pap(T)= > (=)= 0<r<N-1. (1)
=0

When a # b, pa b (7) is called the aperiodic cross-correlation
function (ACCF) of a and b; otherwise, it is called the
aperiodic auto-correlation function (AACF).

A pair of sequences is called a Golay complementary pair
(GCP) if their aperiodic autocorrelation sums are equal to zero
for all non-zero time shifts [1]. Golay complementary pairs,
first introduced by Marcel Golay in 1961 in the context of
an optical problem in multislit spectrometry, have been used
extensively in communication engineering.

It is conjectured that binary GCPs can only be found for
sequence lengths of the form 2%10°267, where «, 3,7 are
non-negative integers. This has been verified for binary GCPs
of length up to 100 [2]. In this paper we are concerned with
binary sequence pairs of odd length, which are not in the form
24109267.

For sequence lengths which are not in the form of
2107267, Fan et al proposed the binary Z-complementary
pair (ZCP), whose non-trivial aperiodic autocorrelation sums
are zero within a window which is less than the whole
sequence length [3]. A pair (a,b) is said to be a Z-
complementary pair (ZCP) of zero-correlation-zone (ZCZ) Z
if and only if

pa(T)+pu(t) =0, for 1 <7< 7 —1. (2)
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In this case, pa(7) + pb(7) for Z < 7 < N — 1, is called
the out-of-zone aperiodic autocorrelation sum of a and b at
time-shift 7. When Z = N, each ZCP is reduced to a GCP
[1].

The following result from [4] gives us the maximum pos-
sible ZCZ length for an OB-ZCP pair.

Lemma 1: Each odd-period binary ZCP (OB-ZCP) (a, b)
has a maximum ZCZ of width (N +1)/2, i.e.,

Z < (N+1)/2, (©)
where NV denotes the sequence length.

In this paper we are concerned with binary sequence pairs of
odd-period which display properties closer to those of GCPs.
We prove the following theorem.

Theorem 1: The magnitude of each out-of-zone aperiodic
auto-correlation sum (OZ-AAS) for any Z-optimal odd-period
binary ZCP (OB-ZCP) (a, b) takes on the value of 2p, where
p is a positive odd integer. In other words,

pa(T) + pu(7)|> 2, foreach (N+1)/2<7<N-—1.

It should be noted that in practice, the magnitudes of the
out-of-zone aperiodic autocorrelation sums of the ZCP should
also be minimized. This is because in CDMA communication,
lower out-of-zone aperiodic autocorrelation sums will improve
the code-acquisition detection probability in the noise channel
[5]. These observations motivate us to introduce the following
optimality criteria for OB-ZCPs.

Definition 1 (Z-Optimal odd-period binary ZCP):
An odd-period binary ZCP is said to be Z-optimal if
Z=(N+1)/2.

Definition 2 (Optimal odd-period binary ZCP): An  OB-
ZCP is said to be optimal if it is Z-optimal and each
out-of-zone aperiodic autocorrelation sum takes on the
magnitude of 2.

In this paper, we further establish a connection between the
optimal OB-ZCPs to sets of almost difference families (ADF)



introduced by C. Ding [6]. We show that each optimal OB-
ZCP corresponds to a set of almost difference families (ADF)
[6]. In addition, we present several interesting properties of
the optimal OB-ZCPs.

This paper is organized as follows. In Section II, we give
prelimaries needed for the paper and review the ADF. In
Section III, we prove Theorem 1, the main result of the
paper. Section IV demonstrates a connection between OB-
ZCPs and the ADF. In Section V, we present several interesting
properties for the optimal OB-ZCPs. We summarize this paper
in Section VL.

II. PRELIMINARIES

The following notations will be used throughout this paper.

— Z,=1{0,1,--- ,g — 1} is the set of integers modulo g;

— a denotes the reversal of sequence a;

— For length-N binary sequence a = (ag,a1, - ,an—1)
over Z,, denote by a(z) the associated polynomial of z

as follows,
N-1

a(z) =Y (-1)2". &)
7=0
A. Almost difference families (ADF)

Define the support of a, a binary length-N sequence over
Z, as follows,

Ca={0<i<N-1:a;=1}

a is called the characteristic sequence of Cy. Also, denote by
|Ca| the number of elements in Chy.

For any subset A C Zy, the difference function of A is
defined as

da(r)=|(t+A)NA|, T€ly.

Given the support of any binary sequence a, the periodic
auto-correlation function of a can be expressed as [9]

Oa(r) = N — 4(k — dc, (7)), (5)

where k = |Chp.

Let D = {Dg,D;}, where Dy and D, are the supports
of the binary length-N sequences a and b, respectively. For
simplicity, let go = |Do| and g1 = |D1]. D is said to be a set
of {N;(g0,91); \;v} almost difference families (ADF) if and
only if

dp(7) = dp,(7) + dp, (7) (6)
takes on the value A\ for v times, and the value \ + 1 for
N —1—v times, when 7 ranges over {1,2,--- , N —1}. In this

case, either Dy or Dy will also be called a base, and therefore,
D will also be called a set of ADF of two bases. Although there
are ADF of more than 2 bases [6], they are not our research
focus in this paper. Note that ADF are a generalization of the
difference families (DF) (where v = N — 1) [7],[8]. ADF may
also be regarded a generalization of the almost difference set
(ADS) which is useful in optimal binary sequence design and

cryptography [6]. For more information on ADS, the readers
are referred to [9],[10].

Obviously, the necessary condition for the existence of the
ADF of two bases is that

gl —1)=vA+(N-1-»)A+1. @
1=0

By (5) and (6), we have [11]
0a(T) + b (7)

| 2N, for 7 = 0; (3)
| 2N —4(go+ g1 —dp(7)), forT>0.
By (8) have,

Lemma 2: D is a set of

{N:(90,91)i90 + 91 — (N +1)/2;v}
ADF if and only if
Oa(T) + Op(1) = £2. 9)

Moreover, an odd-period binary sequence a is said to be
balanced if go = (N —1)/2 or (N + 1)/2. The same can be
said for binary sequence b by replacing gy with g;.

III. PROOF OF THEOREM 1
We first prove that each out-of-zone aperiodic autocorrela-
tion sum of the odd-period binary Z-complementary pair (OB-
ZCP) has a magnitude lower bound of 2.
For a Z-optimal OB-ZCP (a,b), we have Z = (N +1)/2,
ie.,

Pa(T) + pu(7)

N—-1—71
= > {1 —2(a; ® aitr) +1-2(b; @ bz‘+r)}
i=0
N—-1-1
= 2(N—T) -2 Z [ai@ai+7—+bi@bi+7—:|
i=0
=0,

where @ denotes the modulo 2 addition, and 1 < 7 < (N —
1)/2. Therefore,

N—-1—-1
> e @ai, b @b = N7, (10)
i=0
for 1 <7< (N —-1)/2. Let
N—-1—1 N-1
Sap(T) = Z (a; +b;) + Z (a; + b;).
i=0 i=T
By (10), we have
Sab(T) =N — 7 (mod 2) (1

=7+1 (mod2), forl<rt<n-1.

We note that



Remark 1: For 1 <7 < (N —-1)/2,

Sab(T) = Sap(N —7) (mod2).

Proof: By noting

N-1
Z (a; + b;),

T—1
Sab(N —7) = Z (a; +b;) +
i=0

and
N—-1—71 N-1
Sap(T) = Z (a; + b;) —|—Z (a; + b;)
=0 =
T—1 N,1,
=) (ai+b;)+ Z (ai +b;)
=0 i=T
N—-1—71 N-1
D DACRTTERS SRS
i=T 1=N—1
T—1 N-1
= (ai + bz) + (ai + bi), (mod 2)
i=0 i=N—7
completes the proof. ]
For 1 <7 < (N —1)/2, we have

[pa(N =)+ pp(N = 7)] /2

T—1
=0
7—1
Z |:ai ¥ Qi+ N—7 + bz b bi+N—7—:|
i=0

T— [ai ®aipN-—r +b; @ bi+N7-r}
= 7+
= T+ Sab(N—1)
= 74+ Sap(7)
=74+ (1+1)
= 1, (mod 2).
This completes the proof of Theorem 1.

We have shown certain optimal OB-ZCPs of lengths up to
25 in TABLE I. For convenience, these optimal OB-ZCPs are
shown over {1, —1}.

IV. CONNECTION BETWEEN THE OPTIMAL OB-ZCPS AND
THE ALMOST DIFFERENCE FAMILIES

We have the following theorem.

Theorem 2: The necessary condition to build an optimal
OB-ZCP is that the supports of (a,b) form a set of
{N:(90,91): 90 + 91 — (N +1)/2; v}

ADF. Moreover, it is reduced to a set of

{N;(90,91);90 + 91 — (N +1)/2; N — 1}

Difference Families (DF) if the following equation is satisfied:

pa(T)+pu(t) = =2, forany (N+1)/2 <7< N-1. (12)

Proof: Starting from an optimal OB-ZCP, we have

_ [0, for0<7<(N-1)/2
Pa(T)’LPb(T)‘—{ 2, fgr (N+1)/2<7<N-1

Thus, forany 1 <7 < N — 1,

fa(T) + 9b(7)]

= [pa(T) + pu(7) + pa(N — 7) + pp(N — 1) (13)
=2.
Recalling Lemma 2 completes the proof.
|

V. PROPERTIES OF THE OPTIMAL ODD-PERIOD BINARY
ZCP

In this section, we give several properties of the optimal
OB-ZCPs. Again, Let gy and g; denote the numbers of ones
in a and b, respectively.

A. Property 1
{ ag+an—_1+bg+bn_1 f 0 (mod 2), (14)
ar+an—1—r + b, +by_1— = 1 (mod 2)
where 1 <r < (N —3)/2.
Proof: Since
pa(N = 1) + pu(N — 1)
=2 — 2[(10 @an_1+ by P bN_l}
—+2
Thus,
ag+an—1+bo+by—1 =0 (mod 2). (15)
Also,

pa(N = 2) + pp(N = 2)
=4 —2lap®an—2+ar Dan—_1 +bgDby_2+b1 & bNA}
— 49

(16)
therefore,
ao+an—1+bo+bn_1
(17)
+ay+an_o+b +by_2 =1 (mod 2),
leading to
a1 +an—2+ by +by_2 =1 (mod 2). (18)



TABLE I
OPTIMAL BINARY ZCPS OF ODD-PERIOD UP TO 25

N (=8 palr) + (71,7 = (N 1)/2

3 ) @

5 (1) (2,-2)

: (ot 222

9 ) (-2,-2,-2,2)

I rioiiists) (22222

13 i) (-2,-2,2,2,-2,2)

is (it (2,-2,-2,2,-2,-2,2)

" TR S S S Y (2222222
2 I R i vl el 22222 -2222)
21 (:f;:i;jffiifiil:;fii:) (—2,2,-2,2,-2,-2,2, -2, -2,2)
23 (i;ffi;:;iiii;ff:fif:j:i) (2,2,2,-2,2,-2,2,-2,2,-2,2)
25 (Iffjrf::fi:f;i:j;;iff:Iiii) (=2,2,-2,-2,2,-2,-2,-2,2,2,2,2)

Carrying on this induction until p, (%) + po (ML), it

is easy to see that
ar+an_1—+ b +by_1_ =1 (mod 2) (19)
holds for any 1 <r < (N — 3)/2. |

Remark 2: In contrast to (14), it is noted that the binary
Golay complementary pair (GCP) should have an even length
and satisfy the following condition:

ar+an_1—r+ b +by_1_ = 1 (mod 2) (20)
forany 0 <r < N —1.
B. Property 2
N-1
N+ 3 [oal)+ ()
T=(N+1)/2 21

=(g0—91)> + (N —go—g1)?
1<(go—91)*+(N—go—g1)? <2N —1.

Proof: Recall the associated polynomial defined in Sec-
tion II, for z # 0, it is easy to show that

a(z)a(z"") +b(2)b(z7")

-y [(pa(r) + pu(7) - (7 +277) ]
=0

N-1

D

T=(N+1)/2

(22)

=2N + |:(pa(7—) +pu(7) - (27 +277) }

Now setting z = 1, and recalling the ZCZ property of the
optimal OB-ZCP, we have
2 2
[a(W)[ +[b()|
=(N —2g9)* + (N — 2g1)*
N-1

>

T=(N+1)/2

=pa(0) + pb(0) + 2 [pa(f) + Pb(T)} (23)

N-1
T=(N+1)/2
Dividing both sides of (23) by 2 completes the proof for the
first equation of (21). By recalling the out-of-zone aperiodic
auto-correlation sum properties of the optimal OB-ZCP, we
complete the proof for the second equation of (21). [ ]

—ON +2 [pa(T) + Pb(T)} :

Remark 3: If (12) is satisfied, then
Oa(T) + 0p(1) = =2, forany 1 <7< N —1. (24)

Also, in this case, by the first equation of (21), we have

g0.91 € {(N = 1)/2, (N +1)/2},

therefore, each binary sequence in the OB-ZCP (a, b) should
be balanced.

Remark 4: In contrast to (21), it is noted that the length
of the binary Golay complementary pair (GCP) should satisfy
the following condition:

N=1(90—g1)*+(N—go—q1)> (25)



C. Property 3

Let (a,b) be an optimal OB-ZCP of length N, and (c,d)
be a Golay complementary pair of length M. Then (e, f)

R ]

(26)
_ (1" + (1)
(1 = -re (525
o (21 - (-1

will be a binary ZCP of length-M N and with ZCZ width of
M(N +1)/2, where ® denotes the Kronecker product and a
denotes the reversal of a [12]. More specifically,

2MN, if 1=0;
2M, if m=mM,;
0, otherwise

where (N +1)/2<m <N —1.

|pe(7) + pe(T)| = @27)

Proof: Note that

e(z) = a (M) [C(Z);d(z)]

L M(N-1)y (ZfM)

£(z) = b (M) {C(Zﬂd(z)} (28)

2

_ L M(N-1), (Z—M)

Also,

c(z)c(z71) +d()d (z7') = 2M.

Therefore, we have
e(z)e(z7") +f(z)f (=71
=[a(z")a(="") +b (") b (z7Y)]
Jez)e (z7Y) +d(2)d (271)] /2
=2MN

(29)

(30)

N-1
+M Z [pa(m) + pu(m)] - [zmM + z_mM} .
m=(N+1)/2

By noting that (a,b) is an optimal OB-ZCP completes the
proof. ]

VI. CONCLUSIONS

In this paper, we have proposed the optimal odd-period bi-
nary Z-complementary pair (OB-ZCP). Our main contribution
is the proof that the OB-ZCP with maximum zero-correlation-
zone (ZCZ) has its out-of-zone aperiodic autocorrelation sum
lower bounded by the value of 2. Furthermore we have shown
that to construct the optimal OB-ZCP, it is necessary that

their support forms a set of almost difference families (ADF).
We have also presented several interesting properties of the
optimal OB-ZCPs. These results may be useful in searching
longer optimal OB-ZCPs.

We point out that the optimality of optimal OB-ZCPs
are twofold: first, they achieve their upper bound on ZCZ,
ie., (N + 1)/2; second, the magnitude of each out-of-zone
aperiodic autocorrelation sum achieves its lower bound, i.e.
2.

In the end, we note that the proposed optimal OB-ZCP
provides a source for ADF of base two. For instance, by the
optimal OB-ZCP of length 23 in TABLE 1, let

Dy = {1,5,6,7,12,15,19,21}
Dy = {2,3,6,13,14, 15, 16, 18, 19, 21}.
Then D = {Dy, D1} is a set of {23;(8,10);6;8} ADF.
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