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Abstract Existing systematic constructions of optimal
odd-length binary Z-complementary pairs (OBZCPs) only
generate pairs with lengths 2% 41 (where « is a non-negative
integer). In this paper, we propose a new construction of op-
timal OBZCPs having generic lengths of 2210726741, a >
1 (where «, 8 and ~ are non-negative integers). This is
achieved with the aid of several interesting intrinsic struc-
ture properties of Golay complementary pairs obtained from
Turyn’s method.

key words: Golay complementary pairs (GCPs), Zero cor-
relation zone (ZCZ), Z-complementary pairs (ZCPs), Odd-
length binary Z-complementary pairs (OBZCPs), Turyn’s
method.

1. Introduction

The concept of “complementary pair” was first proposed
by M. J. Golay in 1951 [1]. By definition, a pair of se-
quence whose out-of-phase aperiodic autocorrelations sum
to zero, is called a complementary pair, commonly known
as Golay complementary pair (GCP) [1]. Such sequences
have found many applications in infra-red spectrometry,
acoustic surface-wave devices [1], pulsed radar and naviga-
tion [2], synchronization, channel estimation [3], and peak
power control in orthogonal frequency division multiplex-
ing (OFDM) [4]-[6]. However, existing known binary GCPs
only have even-lengths in the form of 2°10°267 (where
B, v are non-negative integers) [7] [8].

In search of close alternative to GCPs, Fan et. al.
introduced binary Z-complementary sequences (ZCPs) [9],
which includes GCPs as special cases. In a ZCP, the out-of-
phase aperiodic autocorrelations sum to zero within a region,
called the zero correlation zone (ZCZ) [9]. Unlike GCPs,
ZCPs exist for more lengths with various ZCZ widths. In
2011, Li et. al. [10] proved that the maximum ZCZ width
that can be achieved by a binary ZCP of odd-length N is
(N + 1)/2. But the authors in [10] did not find a system-
atic way to construct odd length binary ZCPs, which achieve
the maximum ZCZ width. A remarkable breakthrough was
made by Liu et. al. in 2014 [11], [12] which gives a system-
atic construction of the odd-length binary ZCPs with maxi-
mum ZCZ widths. The constructed ZCPs also have the prop-
erty of having minimum aperiodic autocorrelation sum mag-
nitude (i.e., 2) outside the ZCZ. Therefore, it is called in [11]
optimal odd-length binary ZCPs (OBZCPs). OBZCPs have
potential applications in quasi-synchronous CDMA (QS-
CDMA) systems to mitigate intersymbol interference (ISI)
and multiple access interference (MAI) [13]-[15]. Existing
systematic construction of optimal OBZCPs by Liu et. al. is
based on generalized Boolean functions (GBFs) [11] by ap-
plying insertion method to Golay-Davis-Jedwab (GDJ) pairs

[16] to obtain OBZCPs of length 2%+ 1. Recently, [18] gives
a direct construction of optimal OBZCPs of length 2% + 1,
also based on GBFs. Similar to optimal OBZCPs, optimal
binary periodic Z-complementary pairs (BPACPs) has been
investigated in [17].

For more optimal OBZCPs, we apply insertion method
to GCPs with lengths of 22107267, o > 1 (where «, 3 and
~ are non-negative integers). These GCPs are constructed
using Turyn’s method and GCP kernels of lengths 2, 10 and
26. We exploit the polynomial form of Turyn’s method to
explore several interesting intrinsic structure properties of
GCPs. We show that optimal OBZCPs of length 22105267 +
1 can be obtained when insertion method is applied to certain
binary GCPs of length 22107267, a > 1.

The paper is organised as follows. In Section 2, we in-
troduce binary ZCPs, optimal OBZCPs and insertion method
on sequences. In Section 3, we recall Turyn’s method to con-
struct binary GCPs of larger lengths and explore polynomial
form of Turyn’s method. We present a systematic construc-
tion of optimal OBZCPs of length 2410267 + 1, o > 1.
We conclude the paper in Section 4.

2. Preliminaries

In this paper, 1 and —1 are represented by + and —, respec-
tively. “a||b” denotes the concatenation of sequences a and
b. a is the reverse of sequence a. Denote by cy, a length-L
vector with identical entries of c. a ® b denotes the Kro-
necker product of the sequences a and b. For two length-
N binary sequences a and b over {1, —1}, their aperiodic
cross-correlation function (ACCF) is defined as

N—1—7
> agbpsr, 0<T<N-1;
k=0
.— N—-1-—71
pan(T): > Gkgrby, —(N—-1)<7< -1
k=0
0, | 7|> N.

(1)
When a = b, pa(7) is called aperiodic auto-correlation
function (AACF) of a and will be denoted as p,(7).

2.1 Introduction to OB-ZCPs

Definition 1 (Binary Z-complementary pair [11]): Let (a;b)
be a binary sequence pair of length V. It is said to be a ZCP
with ZCZ width Z if and only if

pa(T) + pb(T) =0, foralll1 <7< 72 —1. )
If Z = N, (a; b) reduces to a GCP [1].

Lemma 1: [11] Every OBZCP of length N has a maximum
ZCZ width (N +1)/2, i.e.,

Z <(N+1)/2. 3)



Definition 2: [11] An OBZCP is said to be Z-optimal if
Z=(N+1)/2.

Lemma 2: [11] The magnitude of each out-of-zone aperi-
odic auto-correlation sum for a Z-optimal OBZCP (a; b) of
length N is lower bounded by 2, i.e.,

| pa(T) + pb(7) |> 2, forany (N +1)/2 <7 < (N —1).

“)
Definition 3 (Optimal OBZCP [11]): An OBZCP is said to
be optimal if it is Z-optimal and every out-of-zone aperiodic

autocorrelation sums take the minimum magnitude value of
2.

Example 1: Let

(+++—++—++),
(+++———+—4).

(a; b) is a length-9 optimal OBZCP with a ZCZ width of 5
because

(leam) + @ 1) =

a =

bz 5)

(18,0,0,0,0,2,2,2,2).
(6)

2.2 Introduction to GCPs
Lemma 3: [19] Let G = (a; b) be a binary GCP of length

N given by
_ [@o,G1,...,AN—-1
g(b07b17-"7bN1> (7)

Then,
a;an_1_; +biby_1_;,=0, 0<i< ]\7/27
or,a; + an—1—; +b; +by_1-; =2, 0<i < N/2.
3

Lemma 3 shows that if the 7-column vector of G consists of
identical elements, then the (/N — i)-column vector consists
of elements with opposite signs, and vice versa.

Let the kernels of binary GCPs of lengths 2, 10 and 26
be denoted as in Table 1 [19].

Definition 4 (Insertion Function [11]): Leta = (ag, a1, -
an—1), be a sequence of length N. If an element z is in-
serted at " position of the sequence, then the insertion
function Z(a, r, x) is defined as

I(a,r,d)
(%, a0,a1, -+ ,an—-1), ifr =0,
= (a07a17"‘,aN_171')’ if’f‘:N,
(ap,a1,++ ,Qr_1,%,0y,- -+ ,an_1), otherwise.
9

3. CONSTRUCTIONS OF optimal OB-ZCPs

In this section, we present systematic constructions of new
sets of optimal OB-ZCPs by employing insertion method to
binary GCPs of length 210726, « > 1. In the next sub-
section, we recall Turyn’s construction method for binary
GCPs and uncover several intrinsic structure properties per-
tinent to these GCPs which are useful in the identifications
of these newly constructed optimal OB-ZCPs.

3.1 Intrinsic Structure Properties of binary
GCPs from Turyn’s Construction:

For ease of presentation, we represent a GCP as a two-
dimensional matrix with two rows corresponding to the two
sequences of GCP. Our objective is to uncover several basic
structure properties pertinent to the columns of binary GCPs
which are generated from Turyn’s construction.

Lemma 4 (Turyn’s Method [20]): Let A = (a;b) and B =
(c; d) be binary GCPs of lengths N and M respectively and
denote A as the 1s¢ pair and B as the 2nd pair. Then (e; f) =
Turyn(A, B) is a GCP of length-M N where,

e=c®(a+b)/2—-d®(b—a)/2,

f=d®(a+b)/24+c®(b—a)/2. (19)

Let A(x) be a polynomial corresponding to sequence a of
length N , defined as follows,

Ale) =) a. (11)

Lemma 5 (Turyn’s method in polynomial form [21]): Let. A
= (a;b) and B = (c;d) be GCPs of lengths N and M

respectively. Let (e;f) = Turyn(A, B). Also let A(x),

B(z), C(z), D(x), E(z), and F(z) are polynomials corre-

sponding to a, b, c, d, e, and f respectively, and F*(z) =

292 FO [ (2 =1 Then,

(—%% ;l(”;))) -
s ) (1) (o6h &)
(12)

Simplifying (12), we get

E(z)

_ o) <A<x> : B(m)) DY) (B(x) = A(m))
F(x)

_ D) (A(x) . B(m)) L) (B(x) s A<x(>12)

Let A = (a;b) be a binary GCP kernel of length N €
{2,10,26} (i.e. Ko, K1 or Ko as shown in Table 1), and
B = (c;d) be any binary GCP of lenght M. Observe
that, when A = K5, we have ag = by and a; = —b;.
When A = Kjp, we have a; = b; fori € {0,1,2,3,5},
a; = —b; fori € {4,6,7,8,9}. When A = Koy, we
have a; = b; fori € {0,1,---,11,13}, a; = —b; for
i€ {12,14,15,---,25}. So,



Table 1

Kernels of GCPs of length 2, 10 and 26. [19]

N (z) Denoted by
z ) -
Fr—+—+-—++
10 (++—+++++——) Ko
o || (FHFr—FTF——F—F—F——F—F++——F+F X
tH++ -+t -+t +—F———++——— %0
ao N=2 Fy(z)
A B ,
(z) + B(a) ={ 572 N aN'[d;a0 + ear—1-ib12] N=2
2 > ajal tayz= N =10, 26 oy
Jj=0 3 2 i N _
bz N =2 B " [JZ diaje! + ey-1-iby o=l
B(z) — Alx) ¥ - 322 )
B) = —bn 13,‘];7_1— ZO bN+1+,7;2+ +Jj dCLN.’L‘Z +j;0 CM—1— 1bN+1+x2++J:|
=
N =10, 26. N =10, 26.
(14) (18)

Next, we have,

C(zV) = ci(x™)i,
i=0
M—1 M—1
C*(z) = M1 cGr” Z CM_1_iT, (15)
1=0
M—1
C*(xN) = CM—1—iT Za
=0
Similarly we calculate D(zV) and D*(2™V). By (13) we
have,
M—1
E;(z) and F(x Z Fi(x (16)
1=0 1=0
where
E;i(x)

JﬁNi [Ciao — d]w_l_ibll‘] N =2

N o
) 2 . N
xNZ[ > cajr! — dM,l,ib%71x7’1+

j=0

N2

1
E d]y[lsz+1+.Z‘2++J:|
J=

N
ClaNT™ —

N = 10, 26.
(17)

And,

Observe that e and f are concatenation of M number of se-
quences e;, f;, each of length N, associated with FE;(z)
and F;(x) respectively. Since (c,d) is a binary GCP, from
Lemma 3, we assert that if ¢; and d; are of identical signs,
cp—1—; and dp;—1—; must be of different signs. There-
fore, from (17) and (18), we see that the coefficients of the
polynomials F;(x) and F;(z), are identical for each ¢, pro-
vided that ¢; and d; are identical. Specifically, provided
that ¢; = d;, the length-IN sequence pair corresponding to
E;(z) and F;(z) are identical. On the other hand, if ¢; # d;,
Lemma 3 shows that, ¢p;_1_; and dy;_1_; are of identical
signs, and therefore every column of (e;;f;) has different
signs.

Theorem 1: Let (e;f) be a GCP of length 2*M, con-
structed iteratively by employing Turyn’s method on
Ky, K19 and Kog as follows:

(eo; fo) = Ko,
(€i;£;) = Turyn(A, (ei—1;fi—1)), A= K, Kigor K,
(19)

where M = 10°26" and o, (3, and 7 are non-negative in-
tegers and @ > 1. Then the first 2271 M columns of (e; f)
will have elements with identical sign in each column.

Proof: Observe that the first column of K5 has ele-
ments with same sign. And among the three kernels of length
N (N =2, 10, or 26), only K3 has first N/2 columns with
identical elements in each column. From (16), (17) and (18),
we see that, at the 7-th iteration, the number of columns of the
sequence pair (e;; f;) having elements with identical signs
and different signs completely depends upon the sequence
pair (e;_1;f;_1).

Let the p-th element of the sequence e; and f; be de-
noted by e and f7, respectively. Now, if the j-th column
of (e;_1;f;_1) have elements with same sign, then we have

el = fl for Nj <t < N(j+1). In other words, each
column of (e;; f;) with column indices ranging from Nj to



Nj + (N — 1) will have elements with identical signs. If
the j-th column of (e;_1; f;_1) have elements with different
signs, then we have e! = —f!, Nj <t < N(j+1). In other
words, each column of (e;; f;) with column indices ranging
from Njto Nj + (N — 1) will have elements with different
signs.

Now, using the above argument in each step of the iter-
ation, we see that at any point of the iteration (e;, f;) has the
first V; /2 columns having elements with identical signs in
each column, where N; is the length of (e;; f;). So, finally
when N = 2%M, then first 2°~1 M columns of (e; f) will
have elements with identical sign in each column.

Example 2: Let (e;f) be a GCP of length 20, constructed
via Turyn’s method by setting A = K for i = 1 in Theo-
rem 1. The first (2° x 10') = 10 columns of C has entries
with identical signs in each column.

e\ _(++—-+—+-——++-——F+-————- ++
f t+—F—F——Ftt+—t++++——
(20)

For ease of presentation, from hereon, we assume
(a; b) is obtained from the construction in Theorem 1. The
following lemma gives the AACSs at different time-shifts
when z,y € {1, —1} are inserted at the front position of the
sequences a and b, respectively.

Lemma 6: Let(a; b) be GCP of length N. Ife = Z(a, 0, z)
and f = Z(b,0,y), where z,y € {1, —1}, then it satisfies
the following:

pe(T) + pe(T) = xa7r 1 +ybr—1, 1<T <N, (21)

Proof: For 1 <1 < N. we get,

pe(T) + pe(T) = war—1 + ybr—1 + pa(7) + pu(7)

22
=20r_1 + befl (22)
Note that (22) can be further reduced to
0, ifxa,_1-ybr_1=—1
+ . (23
pe(T) + pe(T) = {iQ i 2ar_ g yby g = 1 (23)

By recalling Theorem 1, we obtain the following construc-
tion.

Proposed Construction: Let (a;b) be a GCP of length
N = 2°M, where M = 10°267, «, 3, and 7 are non-
negative integers and o > 1. If x,y € {1, -1} are of dif-
ferent signs and e = Z(a,0,z) and f = Z(b,0,y), then
(e;f) is a optimal OBZCP with ZCZ width of 2~ 1M + 1
satisfying the following equation.

0, if0<7<29 1M
+ =<¢’ - ’ 24
[ Pe(7) + pe(7) | {2, 2010 < 7 < 200r. Y
Proof: By Theorem 1, we have a; = b;for0 <

i < 2°7'M.  Also, by Lemma 3, we have a; =

—b;, where 297 1M < i < 2°M. By (22), the proof
of this corollary follows if x and y are of different signs
(z,y € {1,—1}) and inserted at the front position of a and
b, respectively.

Remark 1: In Corollary 3.1, if 5 = 0, v = 0 then it
matches with the result of Theorem 4 of [11].

Example 3: Let (a;b) be the GCP of length 20 shown in

(20). Ifz =1,y = —1, thene = Z(a,0,z), f = Z(b,0,y)

is

ey _(+++—+—+-——F++-——F————-— ++

f e T e
(25)

One can readily show that (e;f) is a length-21 optimal
OBZCP with a ZCZ width of 11 because

(1re) + o). =

Example 4: Let (a;b) be a GCP of length 104. The first
(2271 x 26) = 52 columns of (a;b) has entries with same
sign in each column.

(5) = cisicio).

where A, B,C and D are the following sequence pairs of
length 26,

(42,010, 210).  (26)

@7

A= (TH—t ottt )
ottt =4+ )
2 (S S S S— +++77+++)
R AR A R YS
C=(7itttotottt ot 7)
T T,
D= (it ).
L AL AL
Now, let « = 1 and y = —1, Then, e = Z(a,0,z), f =
Z(b,0,y) is
e
(§) = xlaiBICID). (29)

where X = (1). Here, (e;f) is a length-105 optimal
OBZCP with a ZCZ width of 53 because

104
(Ilpem+pem) ) = (210,052,250).  (30)
4. Conclusion
In this paper, we have exploited several intrinsic struc-
tural properties of GCPs, which are constructed using Tu-
ryn’s method. Based on these properties of GCPs, we have
constructed optimal OBZCPs with lengths of 2¢105267 +
1, a > 1 (where «, 8 and 7y are non-negative integers).
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