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Abstract In this paper, a novel sequence design algorith-
m under spectrum hole constraint is proposed which gener-
ates sequences resilient to time delays and Doppler shifts.
In practical applications, it is desirable to have sequences
with not only low ambiguity function (AF) in certain delay-
Doppler region, but also low peak-to-average power ratio
(PAPR). The proposed algorithm combines energy gradient
method and Hu-Liu (HL) algorithm to jointly optimize AF
and PAPR.
key words: Ambiguity function (AF), peak-to-average pow-
er ratio (PAPR), local optimization, spectrum hole con-
straint

1. Introduction
To solve the scarcity of available spectrum, cognitive ra-
dio (CR) is proposed to provide the capability of using and
sharing spectrum in an opportunistic manner. The spectrum
opportunity is defined as spectrum holes [1]–[4] which are
not being used by the designated primary users at a particu-
lar time in a particular geographic area [5]. Traditional se-
quences with no spectrum hole constraint cannot be applied
directly to CR systems. For high power transmission effi-
ciency, it is also desirable to have sequences with low peak-
to-average power ratio (PAPR).

Hu et al. [5] proposed a CR sequence design algorith-
m under arbitrary spectrum hole constraint by jointly op-
timizing the PAPR and aperiodic auto-correlation function
(AACF) of sequences. However, the correlation of their pro-
posed sequences in Doppler dimension was not considered.
In 2015, bounds and constructions of optimal CR sequences
with minimum total periodic autocorrelation sidelobe energy
have been developed in [6].

In practice, Doppler shifts/spreads, caused by object-
s such as signal reflectors, moving transmitters and/or re-
ceivers, need to be carefully dealt with. As such, a two-
dimensional correlation function, i.e., ambiguity function
(AF) has been adopted in the literature to evaluate the good-
ness of sequences in Doppler environments [7]. AF can
be used to evaluate both interference mitigation capabilities
and the Doppler and range resolutions in radar systems [8].
Various modified definitions of AF were proposed based on
different application scenarios [7], [9]–[11]. The ideal AF
should exhibit thumbtack shape in whole delay-Doppler do-
main [7] which is in general a difficult design task [12].
Recently, local AF optimization over certain delay-Doppler
bins of interest has received increasing attention [8]. Some
efficient gradient methods for locally optimizing the AF and
auto-correlation to design sequences have been proposed in

[12], [13]. [14] reports a cyclic algorithm based on Singu-
lar Value Decompositions (SVD) to locally optimize AF.
However, the spectrum hole constraint was not considered
in these works [8], [12]–[14].

In this paper, the aperiodic discrete AF of a frequency-
domain sequence is defined firstly. Then, the local AF and
PAPR are jointly considered in the objective function to
design sequences under arbitrary spectrum hole constrain-
t. Based on these requirements, an optimization problem is
formulated. Energy gradient method and Hu-Liu (HL) algo-
rithm are used to solve the formulated optimization problem.
Finally, a novel sequence design algorithm under arbitrary
spectrum hole constraint is proposed. Through numerical
experiments, it is shown that our constructed sequences pos-
sess better local AF than the CR sequences in [5] under the
same spectrum hole constraint.

This paper is organized as follows. Necessary nota-
tion and the requirements of sequence design under spectrum
hole constraint are presented in Section 2. The sequence de-
sign problem is formulated and a sequence design algorithm
is proposed in section 3. Numerical experiments would be
presented in Section 4. Finally, the conclusion is drawn in
Section 5.

In this paper, ||·||2 is the Euclidean norm, and the super-
scripts AH and AT denote the Hermitian and transposition

of matrix A, respectively. WN = e−j
2π
N ,j = sqrt(−1).

2. Notation and Requirements
Define a length-N frequency-domain complex sequence
X = [X0, X1, · · · , XN−1]

T , with Xk = Ake
jφk . Ak is

the predefined waveform magnitude. By using inverse dis-
crete Fourier transform (IDFT), the time-domain form can
be derived as x = FH

N X , where x = [x0, x1, · · · , xN−1]
T .

Denote the discrete Fourier transform (DFT) matrix of order
N by FN = [fi,k]

N−1
i,k=0, i.e., fi,k = 1√

N
W ik

N .

The PAPR of a time-domain sequence x is defined as
[5]

PAPR(x) =

max
0≤i≤N−1

|xi|2

1
N

N−1∑
i=0

|xi|2
. (1)

If x is a unimodular sequence, the ideal PAPR equals 1 (i.e.,
0 dB).

In [12], a Doppler-shifted version of time-domain se-
quence is as xfd = {xie

j2πfdiTb}N−1
i=0 , where fd and Tb rep-

resent the Doppler shift and bit time respectively. The rela-
tionship of the Doppler shift fd and the normalized Doppler

shift p can be denoted as fd = p
NTb

. x(p) = {xie
j2π ip

N }N−1
i=0 .



The correlation between x(p) and x can be written as
[12]

rp,m =
N−1∑

i=0

xix
∗
i+mej2π

ip
N , (2)

where m = −N + 1, · · · , N − 1; p = −N
2 , · · · , N

2 − 1.
Assume xi = 0 for i < 0 and i > N − 1. Equation (2) can
be regarded as the aperiodic discrete AF [10][14]. Similarly,
the aperiodic discrete AF of frequency-domain sequence X
can be defined as

rp,m =
1

N

∑

i∈I
((

N−1∑

k=0

XkW
−ik
N )(

N−1∑

k=0

X∗
kW

(i+m)k
N )W−ip

N ),

(3)
where I = {i|−m ≤ i ≤ N−1−m}∩{i|0 ≤ i ≤ N−1}.

The energy term which is used to calculate the gradient
under a given normalized Doppler shift p can be defined as
[12]

Ep =
N−1∑

m=−N+1

|rp,m|2qwp,m, (4)

where the exponent q allows control over the sidelobe level,
and the coefficients wp,m control the shape of the correlation
sidelobe.

In radar systems, joint resolution denotes the ratio of the
squared magnitude of center peak to the ambiguity surface in
the entire delay-Doppler domain [11]. The joint resolution
equals from 0 to 1. The larger value of the joint resolution,
the closer of AF to the ideal one. Similarly, in order to eval-
uate the AF performance of sequence in the area of interest
in this paper, the joint resolution in the specific area of AF
plane is defined as

Res(x) =
|r0,0|2∑

p∈P

∑
m∈M

|rp,m|2
, (5)

where the area of interest is determined by the set P and M
jointly which contain a series of normalized Doppler shifts p
and delays m. The ideal value of joint resolution is 1 which
means the sidelobes equal 0 in the specific area.

For practical applications, we need sequences satisfying
the following conditions:

1) The frequency-domain sequence subjects to a spec-
trum hole constraint;

2) Low PAPR value;
3) Good AF property in the area of interest.
Assume that there are N subcarriers in the entire spec-

trum. Let S = [S0, S1, · · · , SN−1] be a subcarrier marking
vector, in which Sk = 1 if the k-th subcarrier is available
and 0 otherwise. Ω = {k|Sk = 0} is the set of all unavail-
able subcarrier positions which is also called as a spectrum
hole constraint set. Let B = [B0, B1, · · · , BN−1]

T be the

frequency-domain sequence under spectrum hole constraint,
where Bk = 0, if k ∈ Ω.

3. Sequence Design for Optimized AF and
PAPR

3.1 Problem Formulation
In [12], an energy gradient method is proposed to generate a
time-domain sequence whose AF is optimized in the area of
interest as shown in Fig.1. This method is used to optimize
the local AF of a frequency-domain sequence in this paper.

Fig. 1: Locally optimized ambiguity function in area of in-
terest, in which P and M denote the maximum Doppler- and
delay- shifts, respectively.

The idea is to calculate the gradient of Ep. As X is
a complex frequency-domain sequence with a predefined
magnitude, the gradient is written as the derivative of Ep

with respect to its phase only. By using the chain rules,
∂Ep

∂φn

can be calculating by (6).

∂Ep

∂φn
= −Im(Xn)

∂Ep

∂Re(Xn)
+Re(Xn)

∂Ep

∂Im(Xn)
, (6)

where Re(Xn),Im(Xn) stand for the real and imaginary
parts of Xn. The final result is expressed in (7), where

βp,m = wp,m|rp,m|2(q−1)
.

It is obvious that the energy term in the area of interest
can be expressed as

E =
∑

p∈P
Ep, (8)

and the gradient expression is

∂E

∂φn
=

∑

p∈P

∂Ep

∂φn
. (9)

Define the gradient vector as δ = [ ∂E∂φ0
, · · · , ∂E

∂φN−1
] and use

backtracking line search to select the descent step α to up-
date X ← Xe−jαδ . The gradient method [12] can reduce
the energy term E and achieve good local AF for X . The
algorithm is summarized in Algorithm 1.

∂Ep

∂φn
=

2q

N

N−1∑
m=−N+1

(βp,m

∑
i∈I

Im(rp,m ·X∗n ·
N−1∑
k=0
k �=n

(XkW
(n+p−k)i−mk
N ) + r∗p,m ·X∗n ·

N−1∑
k=0
k �=n

(XkW
(n−p−k)i+mn
N ))). (7)



Algorithm 1 :The gradient algorithm for optimizing the lo-
cal AF of a frequency-domain sequence

Step 0: Input the initial frequency-domain sequence X . Define the area

of interest: the set of Doppler P , the set of delay M and the weighting

coefficients wp,m.

Step 1: Gradient calculations for each normalized Doppler: Determination

of δp =
{

∂Ep

∂φn

}N−1

n=0
for calculating δ =

{
∂E
∂φn

}N−1

n=0

Step 2: Determination of descent step α and update of X: X ← Xe−jαδ

Step 3: Go to Step 1 until an exit criterion is met.

Consider a known frequency-domain sequence X
which has good local AF . In order to design frequency-
domain sequence B with good local AF under spectrum hole
constraint set Ω, we need to solve the following problem.

min
B,X

J1(B,X) = ‖B −X‖22
s.t.Bk, Xk = 0 if k ∈ Ω;

. (10)

On the other hand, to optimize the PAPR of its time-
domain sequence b, the following problem needs to be
solved.

min
B,d

J2(B, d) =
∥∥FH

N B − d
∥∥2
2

s.t.(i) : Bk = 0 if k ∈ Ω;
(ii) : |dk| = 1, k = 0, 1, · · · , N − 1

, (11)

where d = [d0, d1, · · · , dN−1]
T is a unimodular sequence.

In order to optimize AF and PAPR of sequence simulta-
neously, a parameter μ ∈ [0, 1] is used to control the relative
weighting of J1 and J2. Therefore, the optimization problem
can be formulated as

min
B,X,d

J(B,X, d) = μJ1(B,X) + (1− μ)J2(B, d)

s.t.(iii) : Bk, Xk = 0 if k ∈ Ω;
(iv) : |dk| = 1, k = 0, 1, · · · , N − 1

.

(12)

3.2 Sequence Design for Optimized AF and
PAPR

The HL algorithm which is proposed to generate a single CR
sequence with low AACF and low PAPR [5]. According to
the basic idea of HL algorithm, a new algorithm is proposed
to solve the minimization problem in (12). The proposed
algorithm is given as follows.

1) First, find the magnitudes of the frequency-domain

sequence B.
N−1∑
k=0

|Bk|2 = N and Bk = 0 if k ∈ Ω.

2) Then, find the optimal phases of B, X , d, denoted by
φB = [φB

0 , φ
B
1 , · · · , φB

N−1]
T ,

φX = [φX
0 , φX

1 , · · · , φX
N−1]

T ,
φd = [φd

0, φ
d
1, · · · , φd

N−1]
T

respectively.
a) Randomly initialize the values of φB . Set the value

of the penalty factor μ. If the local AF has a higher priority,
μ is set to be a larger value.

b) Fix B, and use B to be the initial sequence in Algo-
rithm 1. Then, output the sequence X , φX = arg{X}.

c) Fix B, get the phase of d,

φd = arg{FH
N B}. (13)

d) Fix X and d, choose

φB = arg{μX + (1− μ)FNd} (14)

Repeat steps b),c) and d) iteratively until an exit criteri-
on is met.

The algorithm discussed above is introduced in Algo-
rithm 2.

Algorithm 2 :Get a CR sequence b with good local AF and
low PAPR under spectrum hole constraint set Ω
Step 0: Find the magnitude of B according to N and Ω. Randomly initial-

ize φ
(0)
B and set the parameter μ.

Step 1: Fix B, calculate φX by using Algorithm 1 and update X .

Step 2: Fix B, calculate φd by φd = arg{FH
N B} then update d.

Step 3: Fix X and d, calculate φB by φB = arg{μX + (1− μ)FNd}.

Step 4: Update B by φB , and go to Step 1 until an exit criterion is met.

Step 5: Get the CR sequence b by using IDFT: b = FH
N B.

The exit criterion in Algorithm 1 and Algorithm 2 is a
lower threshold on the minimum improvement between two
successive iterations or an upper limit on the number of iter-
ations.

4. Numerical Experiments and Discussions
In this section, the performance of the new sequence gen-
erated by Algorithm 2 is compared with that of the CR se-
quences which are generated by HL algorithm in [5] under
the same spectrum hole constraint. The PAPR and the joint
resolution in the area of interest are two important aspects to
evaluate sequence performance in our comparison.

Let N = 64, the set P = {−3,−2, · · · , 3} and M =
{−10,−9, · · · ,−1, 0, 1, · · · , 10}. The spectrum hole con-
straint set is Ω1 = {15, 16,17, 18} ∪ {45, 46,47, 48}. The
coefficients wm,p equal 1 if m ∈ M , p ∈ P , otherwise
wm,p = 0. The exponent q equals 4 and the parameter μ
equals 0.5 in the experiments.

The AFs of CR sequences with different penalty factor
and the proposed sequence are showed in Fig. 2, Fig. 3 and
Fig. 4.

Fig. 2 presents the AF of the CR sequence with penalty
factor 0.6. In the area of interest, the joint resolution is 0.32
and the maximum normalized sidelobe is 0.2993. The PAPR
of the sequence is 2.9403dB.

Fig. 3 shows the AF of the CR sequence with penalty
factor 0.2. The joint resolution is 0.2924 and the maximum
normalized sidelobe is 0.3930 in the area of interest. The
PAPR of the sequence is 1.0286dB.

Fig. 4 depicts the AF of the sequence that is designed
by the proposed algorithm under Ω1. The time-domain se-
quence will be presented in Appendix A. It is obvious that
the AF in the area of interest is lower than other areas. The
joint resolution is 0.7204 and the maximum normalized side-
lobe is 0.0997 in the area. The PAPR is 2.9603dB.

We have the following observations for Fig. 2 to Fig. 4.

1. In order to focus on the evaluation of the local AF per-



Fig. 2: AF of the CR sequence with penalty factor 0.6 [5].

Fig. 3: AF of the CR sequence with penalty factor 0.2 [5].

Fig. 4: AF of the sequence generated by the proposed algo-
rithm under Ω1.

formance only, a sequence is generated according to
proposed scheme with the same PAPR as the CR se-
quence with 0.6. Meanwhile, the frequency-domain
magnitudes of the two sequences are set same as well.

Compared with the CR sequence with 0.6, the new se-
quence has higher joint resolution in the area of in-
terest. The joint resolution is improved from 0.32 to
0.7204. The maximum normalized sidelobe is reduced
from 0.2993 to 0.0997.

2. Compared with the CR sequence with 0.2, the PAPR
of our new sequence is higher. But the joint resolution
in the area of interest is improved further from 0.2924
to 0.7204. And the maximum sidelobe is lower than
the CR sequence in the area decreased from 0.3930 to
0.0997.

Now, another spectrum hole constraint set is consid-
ered. The spectrum hole constraint set is Ω2 = {0} ∪
{27, 28, · · · , 37} which is used in IEEE 802.11a to speci-
fy the nulled DC-subcarrier and guard bands. The set P =
{−6,−5, · · · , 6} and M = {−5,−4, · · · ,−1, 1, · · · , 5}.
The coefficients wm,p equal 1 if m ∈ M , p ∈ P , other-
wise wm,p = 0. The exponent q equals 4 and the parameter
μ equals 0.95 in the experiments.

Fig. 5: AF of the sequence generated by the proposed algo-
rithm under Ω2.

Fig. 5 presents the AF of the sequence that is de-
signed by the proposed algorithm under Ω2. The PAPR is
6.4684dB. It is obvious that the sequence can be used to re-
sist Doppler shift. In other word, the sequence is a local
Doppler-tolerant sequence.

5. Conclusions
In this paper, an optimization problem is formulated by con-
sidering the local AF and PAPR of sequences under spec-
trum hole constraint. This problem is then solved by using
energy gradient method and HL algorithm to generate se-
quences with good local AF and low PAPR. Compared with
the CR sequences under the same spectrum hole constraint,
the numerical results show that the proposed sequences pos-
sess larger joint resolution and lower maximum sidelobe in
the area of interest, i.e., better the local AF performance. Our
proposed algorithm can also generate local Doppler-tolerant



sequences under arbitrary spectrum hole constraint by ad-
justing some parameters.
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Appendix A:
The sequence generated by the proposed algorithm 2 is rep-
resented. b = [b1, b2, · · · , bN−1], with bi = |bi|ejφi . |b| de-
notes the sequence magnitude vector, and φ{b} is the phase
vector.
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