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Abstract—Owing to their ideal correlation properties,
complete complementary codes (CCC) have found numerous
applications in wireless engineering, in particular they have
been employed to support interference-free multi-carrier
code-division multiple access systems with improved spectral
efficiency. In this paper, we propose a simple construction of
CCCs of length N" (n € N) based on paraunitary matrices
of size N x N. This algorithm can generate CCCs from
N-shift cross-orthogonal sequence sets for n > 1. Then, we
introduce an easy implementation of the proposed algorithm
by multiplexers and read-only memories (ROMs), i.e., a
multiplier-free implementation. As multipliers are avoided,
substantial reduction of construction complexity for CCCs
is obtained as compared to the existing works.

I. INTRODUCTION

Complementary sets of sequences (CSS) have been
long studied for their vast number of applications in
multi-emission systems [1] and multi-carrier CDMA (MC-
CDMA) systems [2], [3]. They have also been success-
fully employed in the construction of zero correlation
zone (ZCZ) sequences [4]- [6] and generalized pairwise
complementary sequences [7].

In 1972, Tseng and Liu extended the concept of comple-
mentary sequences to mutually orthogonal complementary
code set (MOCCS) [8], in which every pair of complemen-
tary codes have zero aperiodic cross-correlation function
(ACCF) sums for all time-shifts. Later, Suehiro and Hatori
proposed N-shift cross-orthogonal sequence sets (IN-CO-
SSs) and extended the idea of MOCCS to complete
complementary codes (CCC) in [9]. They constructed
CCCs from the N-CO-SSs. These type of CCCs are called
N-shift cross-orthogonal CCCs (IN-CO-CCCs). However,
the algorithm given in [9] has a limitation that the length
of the sequences in the generated CCC must be not
smaller than N? which degrades the spectral efficiency
of CCC based CDMA systems [10], [11]. To overcome
this limitation, many improved algorithms [12]- [14] have
been proposed for the construction of CCCs. There are
also other algorithms for CCCs such as, from existing
CCC [15], from Reed-Muller codes [16], from generalized
Boolean functions [17] etc.

In recent years, the applications of CCC have been
extended to MC-CDMA systems for their ideal correlation
properties. Non-ideal correlation properties of spreading
sequences results in multi-path interference (MPI) and
multi-user interference (MUI) which degrades the system
performance. The ideal correlation properties of CCC
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yields interference-free performance for an asynchronous
uplink CDMA system [18].

Nowadays, an extremely important task in the study
of CSS is to reduce the construction complexity. In this
paper, we first propose a new generator for CCCs of
length N™ (n € N) based on paraunitary (PU) matrices
of size N x N. We show that the proposed algorithm
can generate N-CO-CCCs of length N™ (n > 1). Then
we propose an easy implementation of our proposed
algorithm for CSS by using multiplexers and read-only
memories (ROMs). This allows us to generate CCCs
without using multipliers. That is, we find a way to avoid
multipliers in the construction of CCCs. As multipliers are
avoided, substantial reduction of construction complexity
for CCCs is obtained as compared to the existing works
[9], [12]- [14]. Therefore, the CCCs constructed by the
proposed algorithm may be used in interference-free MC-
CDMA system with low implementation cost.

The remainder of this work is organized as follows,
Section II presents some basic definitions, notations and
preliminaries. In Section III, a simple construction of
CCCs has been developed. An easy implementation of
our proposed algorithm without multipliers is presented in
Section IV. Finally, we summarize our works in Section
V.

II. PRELIMINARIES

This section presents some basic definitions, notations
and preliminaries.

A. ACCF and AACF

Given two length-L complex-valued se-
quences X = [z[0], z[1],--- ,z[L—1]] and
y = [y[0],y[1],--- ,y[L — 1]], their aperiodic correlation
function at time-shift 7 is defined as

o alkly' k), 0<T<L-1

Reylr] = { Spo T alk —7ly* k], 1-L<7<0

0, otherwise,

1
where y*[k] denotes the complex conjugate of y[k].

The above is called aperiodic cross-correlation function
(ACCF) when x # y;, Otherwise, it is called aperi-
odic auto-correlation function (AACF). For simplicity, the
AACF of x will be written as Ry[7].



The Z-transform of a sequence x is defined by

L-1

2(Z27Y) = alk)z 7 2)

k=0

We use the convention that its complex conjugate is

L—-1
H=> akzm 3)
k=0

A reverted sequence is a sequence whose elements are
inverted in time as x%[k] = z[L — 1 — k]. Its Z-transform
is xf(Z71) = Z-1+1x(2Z).

The Z-transform of the ACCF Ry ,[7] between x and y
is given by

_1) _ [SRx[k}Z_k _
k=0

B. N-shift Cross-orthogonal Sequence Sets (N-CO-SSs)

Definition 1 (N-AO-S [9]): An N-shift auto-orthogonal
sequence (IN-AO-S) of length L is defined as a sequence
x whose AACF R[] is O for any N-multiple shift except
the zero shift:

Ry[r]=0 forT=+N,+2N,---. (6)

Definition 2 (N-CO-S [9]): A pair of N-shift cross-
orthogonal sequences (/N-CO-Ss) of length L is defined
as a pair of sequences x and y both of length L whose
ACCF R, ,[7] is 0 for any N-multiple shift (including the
zero-shift):

Rx,y[T]:O fOI’T:O7:|:N’:|:2N’...' (7)
DEﬁnition 3 (N-CO-SS [9]): A set of M sequences
{x(O)’ xW o x(M-D } is called N-shift cross-

orthogonal sequence set (N-CO-SS) when any two out
of the M sequences form a pair of N-CO-Ss.

C. Complementary Set of Sequences (CSS)

Definition 4 (CSP [19]): A pair of sequences (x,y)
is said to be a complementary sequence pair (CSP) if
Re(Z7') + Ry(Z71) = ¢, where c is a positive constant.

Definition 5 (CSS [19]): A set {x(@ x(1) ... x(M=1)
of M equally long sequences is said to be a CSS if

M-—1
> Rum(Z
m=0

D. Complete Complementary Codes (CCC)

Let C = {xo(Z71),x:(Z71), - ,xg_1(Z
set of K column vectors, each of size M, i.e.,

xu(27) = [a0(Z7), -

M-—1
1) — Z J,‘(m)(Z)LL‘(m)*(Z_l) =c. (8)
m=0

1)} be a

’ T
x&hf—l)(z—l)} , (9)
< K —1 and xﬁtm

~1).

where 0 < p )(Z 1) is a sequence,

me {01, , M

The Z-transform of the sum of ACCFs between
X, (Z71) and x,(Z71) (where 0 < p,v < K — 1) is

defined as
M—1
Sk, x, (£ R ) o ( 7Y =x,(2)x,(2),
m=0
o (10)
where the tilde operator is defined as x,(Z~1) = x(Z),

H is Hermitian operation.

Definition 6 (MOCCS [17]): C is said to be a
(K, M, L)-mutually orthogonal complementary code set
(MOCCS) [8] if

X, (Z2)x,(Z) = cd(pn —v), (11)

where § is Kronecker delta function. It has been proven
that K < M [20], [21], where K and M denote set
size of MOCCS and the number of constituent sequences
respectively. When K = M, C is said to be a set of CCC
[9].

We call a set of CCC generated from N-CO-SS as N-
shift cross-orthogonal CCC (/N-CO-CCC) throughout this

paper.

E. M-ary Representation

Definition 7: The M-ary representation of a non-
negative number k with 7 digits is defined by

r—1
k=Y kmM™
m=0

In the M -ary representation of k, k,,, are said to be digits.
The string of digits k._1k._2--- ko denotes the number
k.

km €{0,1,-- \ M —1}  (12)

FE. Paraunitary (PU) Matrices

PU matrices are simply matrices of polynomials over
Z~! that are unitary for any |Z| = 1. So PU matrices
are the generalization of unitary matrices. A polyno-
mial matrix of size p x ¢ is defined as X(Z7!) =
[T (Z71)]; 0<I<p-1,0<m<qg—1.

In general, the definition of PU matrices is also valid
for non-square matrices. We can define a wide sense PU
matrix of size p X q using tilde operator by the relation

(13)

where I, is an identity matrix of size ¢ x ¢ and tilde
operator is defined by

X(Z-H)X(Zz7h) = d,

—_~—

X(Z-1) =X"(2). (14)

We denote by x(Z~!) a PU column vector.

Next, an important connection between PU matrices and
CSS is given by the following theorem.

Theorem 1: A column vector consisting of Z-transforms
of M sequences is a CSS iff it is a PU column vector of

size M.
[x(O)(Z_l)a x(l)(Z_1)7 Tty

Proof: Let x(Z71) =

T
x(M_l)(Z_l)} be a column vector consisting of Z-
transforms of M sequences of equal length. According
to (13), x(Z-1)x(Z71) = ciff Zm o Reem (Z71) = ¢
which is the same as (8). [ |



Remark 1: The above Theorem 1 shows that there
is an equivalence between PU matrices and CSS. This
equivalence allows us to apply the concept of PU ma-
trices from the theory of filter-banks [22] to the field of
complementary sequence design.

Definition 8: As any PU column vector of degree L —
1 can be expressed as a product of a square PU matrix
G(Z1) of degree L — 1 and a constant column vector v
[22], we have

x(Z7HY =g (Z")w.

We define G(Z 1) as generating matrix for the sequence
set X(Z~1) of length L. Note that (15) is not a unique
representation.

5)

III. THE PROPOSED ALGORITHM FOR COMPLETE
COMPLEMENTARY CODES

In this section, we propose a recursive construction of
CCCs on the basis of PU matrices.

A. Proposed PU Construction for CCC

Let U, = { (”)} be a unitary matrix of size N x N
such that ‘ug )‘ = 1. Our proposed recursive construction
is given by

G (Z7Y) =Gt (Z7V)D1 (27 Uy, (16)
where Go(Z7') = Up, n € N and Dy (Z71) is defined
by

D, (Z7!) = diag (1, 71 ,Z—<N—1)) .

Remark 2: Let m and k be two positive integers. If
we define D,,,(Z71) = diag (1, Z2™™, .-+, Z=(N=bm),
then D,,(Z7%) = diag (1,27 ™k,... , Zz=N-mk) —
Dmk(Zil)-

Using Remark 2, the expanded form of the PU product
from (16) is given by

A7)

1

Gn(Zz7h = { H(Un_7.DN,~1(Z_1))}Un. (18)
By the property of PU matrix, we can say that G,,(Z~1)
is PU matrix for each n € N. Thus, the PU generator for
sets is given by

Xnj(Z7) =Gn(Z7V)e], (19)

where e; is the jth row vector of Iy, j =0,1,--- ,N—1.
According to (18), (19) can be written in recursive form
as follows:

X (Z7) = U Dy (Z7%21,,(Z71),  (20)
where XOJ(Z*) = UneJT forr=1,2,---,n.
For the set
T
X527 = |20z, 2Tz e

generated by (20) in r iteration, the sequences mfnl;(Z -1
can be expressed as follows:
(27
=y, T (Z ) + u(” T)x(l) _(Z—l)Z—N""1

r—1,9
(Z271)z= (=N (22

r—1,5

tot ul(JT\l/ 7dl)zv(”Nl N

where [ = 0,1,--- N — 1. Since the values of the
sequence xﬁll,j [k] outside the range 0 < k < N"~! —1
will be zero, the above (22) can be written in time-domain
as follows:

20 (K]

7”]

=y e [k~ ko NTTY, (23)
where k has digits kg, kq, - - -
sion given by (12).

In order to illustrate the time-domain expression (23)
derived from (22), one example is given.

Example 1: Let N = 2 and n = 3. Let us consider

N A N IR () P S G PPty
the set X3 ;(Z7") = |x3;(Z b, z3 (2~ Bl generated
by (20) in » = 3 iteration. Therefore, the sequences
JcéO])(Z 1) and :E(l)(Z* ) can be written by

D e

,kr—1 in the N-ary expan-

1) _(0)/r— 1) (1 92
Y =uly ey (27 +u 2l (2727, (24)
where [ = 0, 1. The sequences xgo)(Z_l) and x(l)( b
have length 22. By using the deﬁmtlon of Z- transform

(given by (2)), then (24) can be expressed as:

l
(27
= ufy (28] 0] + &) (1] 271 + ) [21 272 + ) 3]

27 +ufy (a8 [4- 22 274 4 0] [5- 22 27°

vl -2 20 el [T 27). )

Thus, the sequence mg)](Z ~1) (having length 23) can be
expressed in time-domain as follows:

xl(Sl_)y (k] = uf,i)xgkj) [k — k227], (26)

where k has binary digits kg, k1 and ko.
We are now ready to prove the following proposition.
Proposition 1: The set G,(Z~!) generated by the
algorithm (16) is CCC of length N™ for n € N.
Proof: Let i and j be two integers from the set

{0,1,---, N —1}. For the two sequence sets X, ;(Z ') =
Gn(Z Vel and x,, ;(Z7') = G, (Z7")e], we have
S i (Z71) =% (2)%0,i(Z) = Gu(Z)e] Gu(Z)e]
=7G,.(2)Gn(Z)e! . 27)

As G,(Z71) is a PU matrix, gn(/\Zfl)gn(Zfl) = cly,
thus

an’i,xnvj(Zfl) = ceJTe = ce] =co(j—1). (28)
For i = j, we get Sx,,x..(Z7') = c which means

that the corresponding set is a CSS. For i # j we
get, Sx, . x.,(Z7') = 0 which means that both sets are
mutually orthogonal. Since ¢ and j are chosen arbitrarily
from the set {0,1,--- ;N — 1}, they form a set of CCC.
|
Remark 3: We have seen that each column of G,,(Z~1)
is CSS and different columns are mutually orthogonal. It
can similarly be shown that each row of G,,(Z~!) is CSS
and different rows are mutually orthogonal.
We give an example of the construction of CCC.
Example 2: Let N = 3 and n = 3. Let us consider
the DFT matrix F3 = [wlm] w = 6’2’“/?1/3) of size



3 x 3 as unitary matrix. According to (16), we obtain
CCC, C = {X37()7X3’1,X3_’2} shown in TABLE I where
only exponents of w are given.

TABLE 1
C = {X3,0,X3,1,X3,2} OF LENGTH 33.

000012021000120210000201102
000012021111201021222120021
000012021222012102111012210

012021000012102222012210111
012021000120210000201102000
012021000201021111120021222

021000012021111201021222120

021000012102222012210111012
021000012210000120102000201

X3,0

X3,1

X3,2

Next, we show that the proposed algorithm (16) gener-
ates N-CO-CCCs for n > 1. For that our first step is to
prove the following proposition.

Proposition 2: The sequence set y,(Z7!) =

-N -1 .. g-w-n)T
Gona(Z7N)[1,271,-- 2 |" is N-CO-SS of
length N (n > 1), where G,,_1(Z~!) is generated by
the algorithm (16).

Proof: Let y,(Z71) = {yo(z_l)» yi(Z7h), -,

T
yn1(Z7Y)] " and Guor(Z27Y) = [g5(Z7)] yy y be @
set of CCC of length N"~!. Then we have

yi(Z7") =gi(Z7N) + 90 (2N 27+

"'+gi(N71)(Z_N)Z_(N_1) (29)

for i = 0,1,---,N — 1. Thus, the sequence y;(Z 1)
is generated by interleaving the sequences gio(Z1),
91 (Z71), -+, gin—1)(Z~") which implies that y;(Z ')
has length N™. Therefore, for any i,5 = 0,1,--- ;N —
1, the ACCF R, , [r] for kN shift is equal to
+ Zi\f:_ol Ry, g [7] for k shift, where k is an integer.
Since G,,—1(Z71) is CCC, y;(Z~!) and y;(Z~!) are N-

CO-Ss. As i and j are arbitrary in the set {0,1,--- , N —
1}, the set [yo(Z71), y(Z71), -+, yn—1(Z7H)]" s
N-CO-SS of length N™. ]

To illustrate Proposition 2, we give an example below.
Example 3: Let N = 3, n = 3 and Go(Z71) =
[gij(Zfl)bxg, where each g;;(Z~1) denotes sequence

of length 32. The sequences y;(Z~ ') (i = 0,1,2) are
given by
vi(Z7") = 910(Z7%) + 90 (Z7°) 27 + gia(Z27%) 272
(30)
ie.,

i :(910[0]79711 [0], 9:2[0], gio[1], gi1 [1]; gi2[1],

- 9i0l8], 9i1[8], gia[8]). 31

Therefore, the sequence y;(Z~!) (having length 3?) is ob-
tained by interleaving the sequences g;o(Z 1), gi1(Z7 1)
and g;(Z~1). Since G»(Z1) is CCC, for i # j the
ACCF Ry, [r] = 0 for 7 = 0,43,£6,--. Thus, the
sequences yo(Z 1), y1(Z~1) and yo(Z~ 1) form N-CO-
SS of length 33.

Based on Proposition 1 and Proposition 2, we are now
ready to prove the following proposition.
Proposition 3: The set G,(Z~') generated by the
algorithm (16) forms N-CO-CCC of length N™ for n > 1.
Proof: The proof of this proposition follows directly
from the above Proposition 1 and Proposition 2. ]

IV. MULTIPLIER-FREE IMPLEMENTATION

In this section, we implement our proposed algorithm
by using multiplexers and ROMs which results a new
generator without multipliers.

A. Implementing the Unitary Transform without Adders

Usually matrix multiplications are performed using
scalar multiplications and additions. But we show that
no additions are needed for matrix multiplications in
(20). According to recursive form (20), in each iteration,
the number of non-zero elements is increased by N
times compared to previous iteration. In the last iteration,
N™ consecutive unimodular elements are generated. So
there is no overlapping between any two elements of the
sequences. The input vector to the unitary matrix block
contains only one non-zero element at any discrete time,
so a non-zero element is always added to zero elements
and hence these additions can be omitted. Non-zero values
at the input to the unitary matrix block are then multiplied
by the corresponding elements of the unitary matrix to
produce outputs. So the matrix multiplication with the uni-
tary matrix reduces to /N scalar multiplications. However,
the position of the non-zero signal depends on the discrete
time variable &, so we need a multiplexer to select the right
signal to be multiplied by the element of unitary matrix.

B. Implementation Based on Multiplexers and ROMs

As no additions are needed in matrix multiplication
we can replace the unitary matrix with a multiplexer
which chooses the only non-zero input element, a ROM
which stores unitary matrix elements and multipliers. The
corresponding PU generator is shown in Fig. 1.

According to Fig. 1, we can see that the non-zero
signals xffll’ ; [K] after the delays at the input of the U,
block can be expressed by

yilzLj k] = z (32)

r—1,7

[k —IN""'],

where k = Z:n_jo k., N™. The non-zero output of rth
multiplexer with the control (CTRL) signal k,_; can be
written by replacing | = k,_; in (32) as follows:

y i ] = 2 k= ke NTTY, (33

r—1j
where k = ZTm;lO k., N™. Again for the column address
k,_1, the ROM outputs are:

(n—r)

hlky‘,l = ulkr,l . (34)

Thus, the non-zero outputs of the multipliers are the
product of (33) and (34) given by

O (k) =hur, _yEy) (K]
e [k — koo N7

r—1T—1j

(35)
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Fig. 1. The PU generator with multiplexers and ROMs for polyphase CSS.

where k has digits kg, k1, - - -, k.—1 in N-ary expansion.
We can see that the expressions (23) and (35) are same.
Therefore, we have the following proposition.

Proposition 4: The proposed PU generator with multi-
plexers and ROMs (Fig. 1) is equivalent to the generator
given by (19).

C. Implementation without Multipliers

Since the signals are polyphase having constant ampli-
tude and no addition is to be performed, we can represent
them by their phases. In fact, we need only logs(T') bits
for T' = 2! phases. In this case, the multipliers are replaced
by adders and ROMs store the phases of unitary matrix
elements instead of complex values. At the output of the
generator, we need to add a converter from phase values
to complex values in order to get the complex signals.
The proposed PU generator without multiplier is shown
in Fig. 2. According to Fig. 2, we need N(n + 1) adders,
n multiplexers and 1 n-bit counter for CSS of length N™.

D. Comparison of Construction Complexity

As far as the implementation proposed, a significant
reduction of construction complexity is achieved com-
pared to [9], [12]- [14]. It should be noted that [9], [12]-
[14] use multipliers and adders, whereas the proposed
implementation requires no multiplier for computation
in the construction of the sequences. We shall use the
(NAND) gate-count as the measure of circuit complexity.
However, we will consider only the special case when
N =27 L =2 and T = 2!, where L is the number of
bits and 7' is the number of phases.

According to the method discussed in [9], it requires
N34+ N4 +... 4+ N" 2 = N3(N"—1)/(N — 1) complex
multiplications to construct CCC of length N™ starting
with CCC of length N2. It is well known that complex
multiplication requires four real multiplications and two
real additions. Also complex addition requires two real
additions. Therefore, it requires 4N3(N™ — 1)/(N — 1)
real multiplications and 2N3(N™ — 1)/(N — 1) real
additions for CCC of length N™. On the other hand, we
can observe that the straightforward implementation (19)
requires 4N3(n + 1) multipliers and 2N?(2N —1)(n+1)
adders for CCC of length N™. TABLE II shows the gate-
count needed for the construction of CCC with length N
between the straightforward implementation (19), N-CO-
CCC [9] and the proposed multiplier-free implementation

Fig. 2. In the comparison, we have used the estimates
given by: L-bit adder ~ 9L gates, L-bit counter ~ 9L
gates and £-bit multiplexer (N : 1) ~ 4(N — 1)L gates
[23].

TABLE II
GATE-COUNT NEEDED FOR CCC OF LENGTH N™

N-CO-CCC [9)] Straightforward (19) Fig. 2
(N,n£) (N.n, £) (N,n,T)
gate—count gate-coum gate—count
Add. | BNWNTD [ g2 N — D)+ 1)L | 9NZ(n+ 1)t
Mul, | 3D g2 36N (n + 1)£2 0
MUX 0 0 ANn(N — 1)t
CNTR 0 0 9Inloga(N)

V. CONCLUSION

In this paper, we have proposed a new generator for
CCCs of length N™ (n € N) based on paraunitary matrices
of size N x N. We have shown that the proposed algorithm
can generate N-CO-CCCs of length N™ (n > 1). Next,
we have introduced a new PU generator for CSS. Our
proposed algorithm for CSS is implemented by using
multiplexers and ROMs. This allows us to generate CCCs
without using multipliers. As multipliers are avoided,
substantial reduction of construction complexity for CCCs
is obtained as compared to the existing works. Therefore,
the CCCs constructed by the proposed algorithm may
be used in interference-free MC-CDMA system with low
implementation cost.
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