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1. Introduction
The Fibonacci groups
F(n) = (0, .-, Tn-1 | 2iTiy1 = Tiy2 (0 < i < n))

(subscripts mod n) were introduced by Conway in [11], and they have since been studied from both algebraic
and topological perspectives. The Fractional Fibonacci groups

FFYn) = (2o, ap | alak =2l , (0<i<n)) (1)

where k,1 # 0, n > 1, subscripts mod n, introduced in [39], generalise the Fibonacci groups F(n) = F/1(n)
and also the groups F*(n) = F*/1(n) considered in [28,29]. For even n > 6 and coprime integers k,l > 1
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the groups F*/!(n) have been shown to be fundamental groups of 3-manifolds (see [16,19,18,9] for the case
k=1=1, see [29] for the case I = 1, and [39] for the case of coprime integers k,l > 1).

It is known that the Fibonacci groups F'(n) exhibit substantially different behaviour depending on the
parity of n. For instance, if n is even then F'(n) is the fundamental group of a 3-manifold, namely an
n/2-fold cyclic cover of S3 branched over the figure eight knot (which is spherical if n = 2,4, an affine
Riemannian manifold if n = 6, and hyperbolic if n > 8) [16,19,18,9], whereas if n > 3 is odd then F(n) is
not the fundamental group of any hyperbolic 3-orbifold of finite volume [28, Theorem 3.1}, and if n > 9 is
odd then F(n) is not the fundamental group of any 3-manifold [23, Theorem 3]. Moreover, if n > 6 is even
then F'(n) is infinite and torsion-free by statements P(3), P(4) of [16] whereas if n > 9 is odd then F(n) is
infinite [20,31,26,10] and contains an element of order 2 by [2, Proposition 3.1] (F'(2), F'(3), F(4), F(5), F(7)
are finite groups).

In this article we consider the Fractional Fibonacci groups F*/!(n) when n is odd. In Section 2 we obtain
some basic observations about the groups F*/!(n). In Section 3 we obtain a recurrence relation formula for
the order |F¥/!(n)2P| (Theorem 3.1) and consequences of it that will be used in later sections. In Section 4
we prove Theorem 4.1, which states that for odd n the group F*/ (n) is not the fundamental group of an
orientable hyperbolic 3-orbifold of finite volume and in Corollary 4.2, we prove that if, in addition, k is
odd then F*/'(n) is not the fundamental group of a hyperbolic 3-orbifold of finite volume. In Section 5
we consider torsion elements in F¥/!(n) and introduce a word w(n, k) that is the basis for much of this
section. By a result of Bardakov and Vesnin [2], for odd n > 9, the word w(n, 1) is an element of order 2 in
F(n) (Theorem 5.1) and this has consequences for the asphericity of the relative presentation of the shift
extension of F(n) (Corollary 5.2), and the result was the basis for the proof in [23] that F'(n) is not the
fundamental group of a 3-manifold (Theorem 6.1). We develop extensions of these results to the general
case F*/'(n) and apply them to the groups F*(n) and F*/!(3). In Theorem 5.3 we show that w(n, k) =1
in F*/!(n) and that w(n, k) is a commutator. Corollary 5.4 shows that w(n, k) = 1 if and only if F¥(n) is
abelian, and Corollary 5.5 does the same for the group F*/!(3). Corollary 5.7 then shows that if w(n, k) # 1
then the relative presentation of the shift extension of F*/!(n) is not aspherical and Corollaries 5.8, 5.9 show
that this relative presentation is not aspherical in the cases [ = 1 and n = 3, respectively. In Section 6 we
consider when F*/!(n) is a 3-manifold group and show that if w(n, k) # 1 then F¥/!(n) is not a 2-generator,
infinite, 3-manifold group (Lemma 6.3). In Theorem 6.2 we use this to prove that if F*(n) or F*/!(3) is a
3-manifold group then it is either a finite cyclic group or isomorphic to the direct product of the quaternion
group Qg and a finite cyclic group.

2. Preliminaries

Our first lemma is immediate from the definition of F*/!(n).

Lemma 2.1.
(a) FFU(2) = Zy * Zy;
(b) F*/%(n) is isomorphic to the free product of n copies of Zy,.

Forn>1and!l € Z let
G(n,l) = {0, ., Tn-1 | xi :Ié—kl (0<i<n))
(subscripts mod n). By relabelling the generators, we see that the group F°/!(n) is isomorphic to G(n, 1)

if n is odd and is isomorphic to the free product of two copies of G(n/2,1) if n is even. In this context we
record the following:
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Lemma 2.2. Let G = G(n,l) where n > 2,1 > 1. Then there is a central extension Z = (z}) — G(n,l) —»

VAR RERE YR
—_———
n
Proof. Let H = (z}), the subgroup of G, generated by x). Now, for each 0 < j < n, xéa@x&%}l =
méxjx;lxjfl =1, so 2} € Z(@), the centre of G. We have G/H = (wg,..., 2y | 2h = =2l | =1),

which is isomorphic to the free product of n copies of Z;, and there is an epimorphism G — Z given by
sending each z; to some fixed generator of Z so z; (and in particular x¢) has infinite order, so H 2 Z. O

Lemma 2.3. For each k,1 # 0 and n > 2 we have F*/'(n) = F(=R)/(=0(n) = Fk/(=0(p) = p=R/l(n),

Proof. The isomorphism F*/ my=F (=k)/ (_l)(n) is obtained by replacing each generator by its inverse. We
now show that F*/ (=0 (n) = F(=F)/(=D(n). the final isomorphism F(=¥)/!(n) = F*/!(n) is then obtained
from this by replacing each generator by its inverse.
The relations of F*/(=0(n) are x;leﬂ = :E;_b, which are equivalent to z¥, ,z! , = z!. Negating the
kol

subscripts and writing j = —¢ these become z7_,z;_, = xé; adding 2 to the subscripts gives xéﬁrlxz = x§»+2.

Inverting the relations gives xj_lxj_fl = g:j_frz which are the relations of F(=%)/(=0(n), as required. O

Lemmas 2.1-2.3 allow us to assume k,[ > 1.

For our next lemma, recall that a group is large if it has a finite index subgroup that maps onto the
free group of rank 2, that a group mapping onto a large group is large, and that the free product of two
non-trivial finite groups is large unless both groups have order 2 [34].

Lemma 2.4. Let n > 2. For each k,1 > 1 let d = (k,1). If d > 1 then F*/'(n) is large unless k =n = 2, in
which case F*/'(n) = Do, the infinite dihedral group.

Proof. By killing x¢ for each i we see that the group F*/'(n) maps onto the free product of n copies of
Zg4. Thus F*/!(n) is large if d > 1 except possibly if d = 2 and n = 2, in which case F¥/!(n) = Z;, x 7,
by Lemma 2.1, which is large, unless k = 1 or 2. If £ = 1 then d = 1, a contradiction; if £ = 2 then
FFn) =2 ZyxZy = Dy. O

In the notation and terminology of [30, Chapter 5], writing d = (k,1), we may express F*/!(n) =
G (zhahzy") as a composite Gy, (v ou) where u = zd, and v = :Eg/d:n’f/d:c;l/d. Since u is a positive word, by
[30, Lemma 5.1.3.4] we then have G,,(v) = F*/D/W/d)(n) embeds in G,,(vou) = F*!(n). We record this

as:
Theorem 2.5 (/30, Chapter 5]). For each k,1 > 1 let d = (k,1). Then F*/4/W/d)(n) embeds in F*/'(n).

In the following corollary, and throughout this paper, by a 3-manifold group we mean the fundamental
group of a (not necessarily closed, compact, or orientable) 3-manifold.

Corollary 2.6. Let n > 2, k,l > 1 and define d = (k,1).

(a) Suppose d > 1. If F*/D/W/ D) (n) js not torsion-free then F*/'(n) is an infinite group that is not torsion-
free; in particular, if FR/D/W/D) () 4s a finite non-trivial group then F*/'(n) is an infinite group that
is not torsion-free.

(b) Suppose FF/D/U/d) (n) s not a 3-manifold group; then F*/'(n) is not a 3-manifold group.

(c) Suppose FF/D/U/D(n) is not the fundamental group of an orientable hyperbolic 3-orbifold of finite
volume; then F*/1(n) is not the fundamental group of an orientable hyperbolic 3-orbifold of finite volume.
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Proof. (a) Since F(*/d/(/4)(n) is not torsion-free, it contains a non-trivial element of finite order, which is
also an element of F¥/!(n). (b) This holds since subgroups of 3-manifold groups are 3-manifold groups [17,
Chapter 8]. (c) If F(*/9/(/d)(n) is not the fundamental group of an orientable hyperbolic 3-orbifold of finite
volume, then there is no embedding of F*/4/(/d)(n) into PSL(2,C), the group of orientation preserving
isometries of hyperbolic 3-space, and hence there is no embedding of F*/!(n) into PSL(2,C), so F*/!(n) is
not the fundamental group of an orientable hyperbolic 3-orbifold of finite volume. O

We say that a group G is a g-generator group (¢ > 1), or that G is g-generated, if it has a generating set
with ¢ generators. Starting with the case [ = 1 we have:

Lemma 2.7. Let n > 2, k > 1. Then F¥(n) is 2-generated and can be generated by xo and x.

Proof. The relations x;42 = xixfﬂ allow each generator x; (2 < j < n) to be written in terms of x;—1 and
Zj_2, so only generators xo, z1 are needed. O

For the general case we have:

Lemma 2.8. Letn > 3 be odd, k,1 > 1, (k,1) = 1. Then F*/'(n) is (n41)/2-generated. In particular, F¥/1(3)
is 2-generated and can be generated by xy and x7.

Proof. Since (k,1) = 1 there exist a, 8 € Z such that ak+ Sl = 1. The defining relations imply x§-+2 = méx?H
and x?_ﬂ = x]-_llxé-%. Thus

ak+pl __ (xk: B

o afl \B _ (o=l 1 Nagl ok

Tjy2 =Tji9 = j+2) ($j+2) = (93]'+1=Tj+3) (xjxj-s-l)

and so each generator x; o can be written in terms of z;, x; 41, z;4+3. We may therefore eliminate generators
XTp—1,Tn—3,--.,T2 in turn to leave a presentation with the (n + 1)/2 generators xg, 1,23 ...,Tp—o. O

For the case k = 1 we can decrease the lower bound slightly:

Lemma 2.9. Let n > 3, 1 > 1. If n = 3 then F'/ (n) is 2-generated, and if n > 4 then F'/'(n) is |n/2]-
generated.

Proof. The relations zz; 11 =z}, can be written z;41 = :ci_lxéJrQ. If n is even, this allows all odd numbered
generators to be eliminated, leaving an n/2-generator presentation. Suppose then that n is odd. Then we
can eliminate xoj41 = x;jlxé(jH) for each 0 < j < (n—3)/2, leaving a presentation with (n+1)/2 generators

Zg,Z2,...,Tn—1. In doing so, the original relations xﬁl_2xn_1 = a:f) and xﬁl_lmo = xll become
-1 1 l .l
(Tp_3Tp_1) Tn-1 = T(, (2)
l R SN
Ty_120 = (To 3)" (3)

We may substitute the expression for z}, given by (2) into (3) which can then be used to eliminate o,
leaving an (n — 1)/2-generator presentation. 0O

The group F*/!(n) has an automorphism 6 : x; — 2;, (subscripts mod n), called the shift automorphism
and the corresponding split extension, called the shift extension,

EM'(n) = F*!(n) g (t | 1)

has a 2-generator, 2-relator presentation
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EFYn) = (z,t | t*, attaFta2)

(which is obtained by rewriting zo = x and x; = t'zt~% for 1 <i < n).

We now turn to the groups F'*(n). As remarked in [29, Remark 1] determining which groups F*(n) (where
n > 3 and odd) are finite is a challenging problem and it is observed that |F2(3)| = 112, |F3(3)| = 3528
and that F2(5) is infinite. Using KBMAG [21] and the NewmanInfinityCriterion ([31]) command in GAP
[14] we can prove certain groups F*/!(n) infinite. For example, we have the following result (further infinite
groups will be exhibited in Example 5.14).

Lemma 2.10. Let n € {5,7,9}, 3 < k < 12. Then F*(n) is infinite.

Proof. If (n, k) # (9, 3) the group F*(n) can be proved (automatic and) infinite using KBMAG. The group
F3(9) maps onto H = (o, ..., 28 | z;23, | = zi42,21°® (0 <4 < 9)) which can be proved infinite using the
NewmanInfinityCriterion command applied to the second derived subgroup H” of H, with the prime
p=7. O

3. Abelianisations

Knowledge of the order of the abelianisation |F¥/!(n)2P| will be crucial to our later methods. In Theo-
rem 3.1 we obtain a recurrence relation formula for this order. A version of this was asserted in [38, Lemma,
page 238] but the formula there is not quite right (for instance, it incorrectly implies that |F(n)*"| is even
whenever n is odd). While this has no impact on the later arguments in [38], a correct formula is necessary
for our arguments, so we include a proof. In Theorem 3.2 we express the order |Fk/ (n)?P| as a polynomial
in k and [, and in Corollaries 3.3-3.7 we derive consequences that will be used in later sections.

Define a sequence of natural numbers ij/ ! according to the following recurrence relation

K/l K/l K/l K/l K/l .
Vi =k, v =k 22, VI = kv BV (52 3). (4)
Theorem 3.1. Let k,1 > 1, n > 2. Then
Vf/l if n is odd;

FR/U(p)ab| —
=8

if n is even.

Proof. The order |F¥/!(n)?P| is equal to the resultant |Res(f(t),g(t))| where f(t) = | + kt — It? is the
representer polynomial of F*/!(n) and g(t) = t" — 1 (see [25]). For each j > 1 define u; = ij/l/lj where
ij/ "is as defined at (4). Then f(t) is the characteristic polynomial of the recurrence relation defining the
sequence (u;) and has distinct roots 1, 82, say. Then the sequence (u;) has general solution u; = ¢; ﬂ{ +eo Bg
(see for example Theorems 4.10, 4.11 of [32]). Putting n = 1,2 into these solutions and solving for ¢;, co
gives ¢; = co = 1 and hence u; = [3{ + [3% Then by [33, Lemma 2.1]

[Res(f(1), 9()| = 1" (87 = 1)(B5 = D] = 1" (~1)" + 1= uy) | = [I" + (=0)" = V;/"|
as required. O
This implies, for example, that for k,[ > 1
|FF/1(3)2P] = K + 3k, (5)

and F¥/!(n) is trivial if and only if n < 2 and k = 1.
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Theorem 3.2. Let n,k,l > 1 and let N = |n/2|. Then

Vk/l Za Sk 2rp2r

for integers ay » > 1 satisfying ano =1 forn >1 and any = an_1,y + an—2,-1 for 1 <r <N, n >3 and

an,N =1 if n is odd and a, N =2 if n is even.

Proof. By the definition of Vf/l, the statement is true for n = 1,2. Suppose that n > 3 and that the
statement is true for all 3 < j < n. If n is odd then

VI = RV 2V

(n—1)/2 (n—3)/2
=k Z A 1rkn 1— 27“[27" +l2 Z U 2rk,n 2— 2rl27

(n—1)/2—-1 (n—3)/2—1

— Z an_l,rkn_QTZQT + Z an_2’rkn—2—2rl2+2r +nkln—1
r=0 r=0

(n—3)/2 (n—3)/2

— Z an_17rknf2r12r + Z an_2,r_1kn727"12r + nkl"fl
r=0 r=1
(n—3)/2
= anfl,Okn + Z (anfl,r + an72,r71)kn_2rl2r + nkln_l
r=1
(n—1)/2

Z an rkn 2Tl21‘

where ano = an_1,0 = 1, ap (n—1)/2 = n and @, = @p_1,r + an_2,—1 for 1 <7 < (n—3)/2. A similar
argument applies when n is even. 0O

Corollary 3.3. Let k,1 > 1. Then for each n > 2 we have |F¥/!(n+1)*P| > |F*¥/!(n)2P|. Hence if either n > 3
or (n =2 and k > 1) then the shift automorphism 6 of F*/'(n) has order n.

Proof. If n is even then (since, by (4), (V;) is increasing in j) we have |F¥/{(n + 1)2P| = nkﬁ > Vit s
VEL _om = |F*/1(n)2P|. If n is odd then
(n—1)/2 (n—1)/2
PR (4 10 = VAL = 20 = 37 k™ S S g kT = P )
r=0 r=0

since ap+1,0 = Gn,o and ap41,r > ap, for any r > 1. Now let n > 3 and suppose that 6 has order m|n. If
m = 1 then F*/!(n) = Zj, which contradicts |F*/!(n)2?| > k% + 212; if 2 < m < n then F¥/!(n) = F*/!(m)
and so |[F*/'(n)2P| = |F*/!(m)?P|, a contradiction. Finally, if n = 2, k > 1, and m = 1 then F*/!(n) = Z;,
which contradicts |FF/{(2)2P| = k2. O

Corollary 3.4. Suppose n > 3 is odd, k,l > 1, (k,1) = 1 where k is even. Then the 2-adic orders vs(k) and
vg(Vf/l) are equal.
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Proof. Let kK = 2™q where ¢ is odd and m > 1. We claim that for each n > 1 there exists some odd Vf/l
such that Vk/l 27”‘7’6/ if n is odd and Vf/l = 2‘77{“/[ if n is even.

As at (4) we have Vk/l =k =2"q 2m‘71k/l where f/lk/l = ¢ is odd, Vzk/l = k24217 = 2‘7;” where
\72k/l = k?/2+1?, which is odd. Suppose that n > 3 and that the claim holds for all j < n. If n is odd, then

VEE = v 4 2L < ey 4 2Ly = om ikt
where /! = k/l L2 f/lQ is odd. Similarly if n is even, then
VI = RV + 2V = k) + 220 = 2V
where Vii/! = om=1k 7% 4 27%/! is 0dd. O
Corollary 3.5. Letn,k,l > 1. Then Vf/l is even if and only if either k is even or (I is odd and n =0 mod 3 ).

Proof. Note that F*/!(n) maps onto Zj, (by sending each z; to some fixed generator of Zj,) so if k is even
then |F*/'(n)?P| is even, so assume k is odd. If [ is even then by (4), Vi = Vf/ll mod 2 for all n > 2

and Vk/ = k is odd, and so Vf/l is odd for all n > 1. If [ is odd then V| k/L and Vzk/l are odd, and
V,f/l k/l 1+ Vk/l mod 2 for all n > 3 and it follows that V,f/l is even if and only if n =0 mod 3. O

Corollary 3.6. Let n > 3 be odd, k,l > 1, and suppose that (k,1) =

(a) If |[F¥/1(n)?P| divides (21)" then k =1=1 and n = 3;
(b) if [F*/H(n)2>| divides (2k)"™ then |F*/'(n)2P| is even and k is odd.

Proof. (a) First we claim that for each n > 1 we have (Véc / l, 1) = 1 (which, by definition of Vf / l, is true for
n = 1,2). Suppose this statement is true for j — 1 where j > 3. Then
V0 = RV 4+ 2V = VLD =1

so by induction, the statement is true for all n > 1. Therefore by Theorem 3.1 we have (|F*/(n)2P|,1) =

K/l
(Va'")1) =1 for all n > 1.

Suppose that |F*/{(n)2P| divides (21)™. Then |F¥/!(n)2P| divides 2" since (|F¥/!(n)2P|,1) = 1. By Theo-
rem 3.1 we have |F*/!(n)2P| = /! and by Theorem 3.2

N-1
Vil = k" + (Z an,rk”%z?T) +nkl"!

r=1

where N = LgJ and each a,, > 1 is an integer so in particular, k" < 2" and nkl™ ! < 2" and hence

k =1=1. Then ij/ "is a Lucas number, which therefore divides 2™ and since the only powers of 2 that
appear in the Lucas sequence are 1,2,4 (see, for example, [6]) we have n = 3.

(b) Suppose that [F¥/(n)2P| divides (2k)™. If [F*/!(n)2"| is odd, then it divides k™ which is impossible
since Vi/! > k™ by Theorem 3.2. Therefore |F#/Y(n)2P| is even. Suppose for contradiction that k is even,
say k = 2™q where ¢ is odd and m > 1. Then by Theorem 3.1 and Corollary 3.4 we have |F*/!(n)2b|/2™ is
odd, and so |F*/{(n)2P| /2™ divides ¢™. But by Theorem 3.2

N
|Fk/l(n)ab|/2m _ an’oanm(n—l) + Zan’rkn—2r12r2—m > "
r=1
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since N > 1, a contradiction. Therefore k is odd. O

Corollary 3.7. Suppose n = pk > 7 is odd, where p > 1, k >3, (p,k) =1, and 1 > 1. If (k,l) =1 then v/

does not divide (2k)™.
Proof. Suppose for contradiction that VT divides (2k)™. By Theorem 3.2 we have
(n—3)/2
Vk/l — ]{32 k Z an Tkn—Zr—312r +pln—1

r=0

so V' = 0 mod k2 and (V¥/'/k2, k) = 1 and so Vi¥/'/k? divides 2". But

Vk/l (n—3)/2
% — |k Z anﬂ"kn—Qr—SlQr +pln—1
r=0

>ET2 4B > B3R 4 1) = 10K > 2
since n > 7 and k > 3, a contradiction. O
4. Hyperbolic 3-orbifolds
In this section we prove the following.

Theorem 4.1. Let n,k,l > 1, where n is odd. Then Fk/l(n) s not the fundamental group of an orientable
hyperbolic 3-orbifold (in particular, 3-manifold) of finite volume.

Corollary 4.2. Let n,k,l > 1, where n and k are odd. Then Fk/l(n) is not the fundamental group of a
hyperbolic 3-orbifold (in particular, 3-manifold) of finite volume.

Note that we do not assume (k,l) = 1 in the hypotheses of Theorem 4.1 and Corollary 4.2. Our method
of proof follows that introduced in [28] (for Fibonacci groups F(n)), and developed further in [2,7,37]. That
is, supposing that F*/!(n) is the fundamental group of an orientable hyperbolic 3-orbifold of finite volume,
then so is its shift extension E*/!(n) = (z,t | t", 2'tz*tz~'t~2), which is therefore isomorphic to a subgroup
of PSL(2,C). We show that a putative embedding in PSL(2,C) would imply restrictions on the order of
the abelianisation F*/!(n)®® and then use the results of Section 3 to show that these restrictions cannot
occur.

Proof of Theorem 4.1. We prove the theorem in the case (k,1) = 1; the case (k,1) > 1 then follows from
Corollary 2.6. If n = 1 then F¥/!(n) = Z, so assume n > 3. Suppose for contradiction that F*/!(n) is
the fundamental group of an orientable hyperbolic 3-orbifold of finite volume. By Corollary 3.3 the shift
automorphism @ of F*/!(n) has order n so, as explained in the proof of [28, Theorem 3.1], it follows from
the Mostow Rigidity Theorem that the shift extension E = (x,¢ | t", alta*tz~'t=2) of F¥/!(n) is isomorphic
to a subgroup of PSL(2,C).

Therefore there exists a subgroup E of S L(2,C), which is the pre-image of E with respect to the canonical
projection. Suppose that, for the generator x of E, the corresponding element in E is the matrix 7 =

[Z Z] € SL(2,C), where (as in the proof of [7, Theorem 3.1]) bc # 0, since E has finite covolume. For
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the generator t € E, the corresponding element in F is the matrix { = [8 Col} € SL(2,C), where ( is a

primitive root of unity in C of order 2n. Then the relation
L A e A
induces the relation
e 017¢ 07fa 81"[¢ o1 [da =b]'"[¢c 07%[a b]'[¢c 0] ©
0 e||0 ¢ t)|ec d| |0 ¢! T l—c¢ a 0 ¢t |e d| |0 ¢!
where e = £1. It was observed in [37, page 962] that in SL(2,C)
a bl _[S; bR,
c d| — CRj Tj

where Sj+1 = aSj —|—bch, Tj+1 = de —l—bCRj, and Rj+1 = Sj —|—de, with S1 = a, Ty =d and R; = 1. Note
that the determinant S;7; — bch = 1. Applying this formula to our case, the left hand side of (6) is

e 01[¢ 078 bRI[C 01" [ €S, 2R, .
0 €|l |0 ¢ |cRe Ti||O (¢7* T |eC2cR, €Ty | (7)

Similarly, the right hand side of (6) is

T, —br|[¢2 018 obR][¢?2 0] [TiS —¢*beR?  (¢* - 1DVLR, ®)
—cR; 5 0 ¢ ?||cRi T, 0 ¢ [(¢C*=1DeSIR, TS — C*oeR? |-
Therefore, since 1;.5; — bcR? = 1, the equations (6), (7), (8) give
€Sk bRy [TSi— ¢ *beR} (¢t — VTR,
e« 2cRy €T | | (C*=1)eSIR, Ty, — C*beR?
[T+ (A —=¢HbeR? (¢t = 1VTR (9)
L P =DeSiRE 14+ (1= (YbeR? |
Comparing the terms on both sides of (9) gives
b’ Ry, = (¢* — DT Ry,
GCC_QRk = (<_4 —1)cS|R;.
Since be # 0, we get
Ry = (¢* = (TR, (10)
Ry = —(¢* = RS,
and, since ¢ is a primitive root of unity of order 2n with n odd ¢Z — (=2 # 0, so
R(T, + S;) =0. (11)
L Sk bRy
Suppose R; = 0. Then €T}, = €S = 1 by (9) and Ry = 0 by (10). Hence " = R, T | = +1, so

22k =1 for all generators z; of F¥/!(n). Thus the order |F*/!(n)*"| divides (2k)" and then Corollary 3.6

2



10 1. Chinyere, G. Williams / Topology and its Applications 312 (2022) 108083

implies that |F*/!(n)2| is even and k is odd. Then by Corollary 3.5 [ is odd and n = 0 mod 3. The map
from F*/!(n) to F¥/!(3) (and hence from F¥/!(n)2> to F¥/{(3)2P) sending z; to ; mod 3 is a surjective
homomorphism. Hence x¢, 21 and x5 each has order dividing 2k in (F*/{(3))2> and so |F*/!(3)[2P divides
(2k)3. But |F*/1(3)[*P = k* + 3ki? which divides (2k)3, and so k? 4 31% divides 8%2. Therefore there exists
a natural number m such that

22— (8- m)k? (12)

3m

and so m € {1,2,...,7}. When m = 1,2,3,4,5,6,7, equation (12) implies k& = /31//7,1,31/\/5,v/3l,
/51, 31,1/211 respectively. Hence m = 2 or 6, and so either k =l =1ork=3and [ =1. If k =1 =1 then
the result is given in [28, Theorem 3.1] so assume k = 3,1 = 1, and therefore F3/!(n) divides (2k)" = 6".
If 9n then |F3/1(9)2P| = 22 .33 . 433 divides |F3/1(n)*P|, a contradiction. Thus n = 3p for some p where
(p,3) = 1. If n > 9 then the result follows from Corollary 3.7 and if n = 3 then a computation in GAP
shows that F3/1(3) is a finite group of order 3528 which cannot occur as subgroup of PSL(2,C) (see, for
example, [27, pages 152-154]).

Now suppose that R; # 0. Then T} = —S; by (11) so & is traceless, and so #* = —I, where I is the
identity element of SL(2, C). Therefore 2% = I and so x?! = 1 for all generators z; of F¥/!(n). Thus the order
|F*/t(n)2P| divides (21)". Hence by Corollary 3.6 k = [ = 1, and n = 3, in which case F*/!(n) = F(3) = Qs,
which is not the fundamental group of a hyperbolic 3-orbifold. 0O

Proof of Corollary 4.2. Since k is odd, the defining relators of F*/!(n) imply that for each 0 < i < n
generator x;41 = (:c;(f_l)/g)zazi—lzﬁﬂ, which is a product of an even number of generators. Hence if G is
the fundamental group of a hyperbolic 3-orbifold of finite volume, then that orbifold must be orientable,

which is not possible by Theorem 4.1. O

5. Torsion and asphericity

In this section we fix w(n, k) = xfz¥... 2k | € F¥!(n). Our starting point is the following result of
Bardakov and Vesnin [2], who note that in the case k = [ = 1 the words w(n, 1) € F(n) were first considered
by Johnson [25].

Theorem 5.1 (/2, Proposition 3.1]). Suppose n > 9 is odd. Then w(n,1) is an element of order 2 in (the
infinite group) F(n).

We have the following corollary concerning the asphericity of the relative presentation of the shift exten-
sion of F*/!(n), where the terms relative presentation and aspherical are as defined in [4].

Corollary 5.2 (compare [}, Example 4.3(a)]). Suppose n > 9 is odd. Then the relative presentation

(G,z | atate=1t72) (where G = (t | t")) is not aspherical.

(If n € {3,5,7} then w(n,1) = 1 in the finite group F(n).) Theorem 5.1 is significant because it gives
examples of infinite cyclically presented groups with torsion. Indeed, in many studies (for example [15,
35,2,8,12,5,36]) cyclically presented groups are proved infinite by showing that they are non-trivial and
that the relative presentations of their shift extensions are aspherical, and deducing (by [15, Lemma 3.1],
[3, Theorem 4.1(a)]) that the cyclic presentation is topologically aspherical, and hence that the cyclically
presented group is torsion-free.

In this section we obtain similar results to Theorem 5.1 and Corollary 5.2 for groups F*/!(n) under
certain conditions on k, . Theorem 5.3(a) generalizes [25, Exercise 12, page 84] from F(n) to F*/!(n); part
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(b) generalizes the first part of the proof of [2, Proposition 3.1] (see also [25, Exercise 2, page 83]) from the
groups F(n) to the groups F*/!(n). We use the notation [a,b] = a~'b~ab.

Theorem 5.3. Let n > 3 be odd, k,1 > 1 and let w(n, k) = afz¥...xF_, € F*/Y(n). Then

(b) w(n,k) = [x%)wrl

n—11*

Proof. (a) We have

w(n, k)® = (x5ay)(@5a5) .. (e _126) - (o5 oy 1)

= (g "V akal ) 2y Pkl L TP ekt L (U Y ekl R

—l( k k_k k l
T (m0x2x4...xn_2)x0

-1 -1 —L INf—l -1 1
=Ty ((In—lxll)(xl r3) (73 xé)"'(xn—S‘rn—l)) If)

=1.
(b) We have
kok Kk k_k_k k
w(n, k) = zgaiasrixies ... Th_q
okl ok ko ko ko k k
=z @ (ToP])ToTZTLTE - Tyy_y

Lok ko ko kK
=24 xg(Ty)r5T325Ts ... T

= aylafal (ehak)ahal . x

_ ol ko ko kK kool
=T, TuTETLTg - Tpy_1Tp_q

B L R By ENPN Sy N —1 N
=y (2,0 27) () "23) (23 w5) (w5 27) - - (2, 570) 25y

—l =l 1.1l
Ty T, 1T0%,_1- O

As we now show, in many cases (for odd n) we have w(n, k) # 1, and so w(n, k) is an element of order
2. Corollary 5.4 generalizes the second part of the proof of [2, Proposition 3.1] from the groups F(n) to
the groups F*(n), showing that for odd n the group F¥(n) is not torsion-free. This is in contrast to the
case where n is even where, if either k = 1 and n > 8 or k > 2 and n > 6 the group F*(n) (being the
fundamental group of a hyperbolic manifold [16, Theorem C], [29, Theorem 3]) is torsion-free.

Corollary 5.4. Let n > 3 be odd, k > 1, G = F¥(n) and let w(n, k) = xfa¥ .. .2k _| € G. Then the normal
closure of w(n, k) in G is equal to the derived subgroup of G. Thus w(n,k) =1 if and only if G is abelian.
In particular, G is not torsion-free.

Proof. By Theorem 5.3 w(n,k) = [zg,21], and by Lemma 2.7 G is generated by xg,z; so the derived
subgroup G’ = ((w))®. For the ‘in particular’, note that if G is infinite, then since G® is finite, w is of
order 2, so G is not torsion-free, and if G is finite then it is not torsion-free, since it is non-trivial. O

For the case n = 3 we have the following:

Corollary 5.5. Let k,1 > 1, (k,1) =1, G = F*/Y(3) and let w(3,k) = akx¥ak € G. Then the normal closure
of w(3,k) in G is equal to the derived subgroup of G. Thus w(3,k) = 1 if and only if G is abelian. In
particular, G is not torsion-free.
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Proof. Let w = w(3,k), N = ((w))“. By Theorem 5.3 w = [z}, 2] € G’, so N is a subgroup of G’. We shall
show that G/N is abelian, and so G’ is a subgroup of N, and hence N = G’. The ‘in particular’ will follow
as in the proof of Corollary 5.4.

In G/N we have zfzkal = (z5'a})(e7'ah)(zg'2h) = 1 and afzbzl = w(3,k) = 1 and hence zfzf =

ay k= abah akak = agk = abak, okal = 7 = akak. That is, [z%, 2%, ] =1 for each 0 < j < 2. Moreover,
by Theorem 5.3(b), for each 0 < j < 2 we have 1 = 69! (w) = 07+ ([z}, 24]) = [2},,, 2].

The relations x| = 2%, and [z}, 2% )] = 1 in G/N imply

Hence

k L _ .k l k _ .0 k k Y
Tjre?j = Tjpoljpidjpve = Tjp1¥540% 542 = L% 40

Since (k,1) = 1 there exist «, 8 € Z such that ak + Sl = 1. Then for each j we have

o _ ak+pl_oak+pl ok Bl Bl ok __ _ak Bl Bl _ak __ Bl ak, Bl ak
TiTjpe =X Xyyy = XX w oy = a5 oy afy = 2l a e e,

_ Bl Bl _ak ok _ Bl Bl _ak ok _ Bl _ak Bl _ak _ ak+pl_ok+pl ]

= Ty o T TG e = X ox wiaalt = al L aia = 2l = Tj42%;.

Hence G/N is abelian. 0O

Example 5.6. Let G = F'/2(5). Using GAP we see that G/{((w(5,1)))¢ = Z15; = G*. Moreover, a com-
putation using KBMAG shows that G is infinite, so non-abelian, and thus w(5,1) # 1 in F1/2 (5), which is
therefore not torsion-free.

Thus Corollaries 5.4, 5.5 and Example 5.6 give cases where w(n, k) = 1 is equivalent to F*/!(n) being
abelian. We expect that in most cases F¥/{(n) (n odd) is not abelian, and thus w(n, k) # 1. However, in
some cases F*/!(n) is abelian. The cases we know of are F(5) = Zq1, F(7) & Zay, F/?(3) = Z;3 and
F?/3(3) 2 Zg,. Tt would be interesting to know if there are any further cases. We know of the following
finite non-abelian groups F*/!(n): F(3) = Qg; F'/3(3) of order 3584; F/4(3) of order 392; F2(3) of order
112; F3(3) of order 3528; F3/2(3) of order 504. In each of these cases n = 3 so w(3, k) # 1 by Corollary 5.5.

We now turn to the question of asphericity.

Corollary 5.7. Suppose n > 3 is odd and let k,1 > 1. If F¥/'(n) is finite or w(n, k) # 1 in F*/!(n) then the
relative presentation P = (G, x | x'ta*taz='t=2) (where G = (t | t*)) is not aspherical.

Proof. The group G(P) defined by P is isomorphic to the shift extension of F¥/!(n) so F*/!(n) is isomorphic
to a subgroup of G(P). By [24, Section 3] (due to Serre), if the relative presentation P is aspherical then
every finite subgroup of G(P) is conjugate to a subgroup of G (see also [4, Theorem 2.4(c)]). If F¥/!(n) is
finite and conjugate to a subgroup of G then F*/!(n) is abelian of order at most n; but by Theorem 3.1
|F#/Y(n)2P| > |F(n)*| > n for all n > 3, a contradiction. If w(n, k) # 1 then it generates a cyclic subgroup
of F*/!(n) of order 2 which, since n is odd, is not conjugate to a subgroup of G. Thus P is not aspherical. O

Corollary 5.8. Suppose n > 3 is odd and k > 1. Then the relative presentation P = (G, x | atxFta=1t=2)
(where G = (t | t™)) is not aspherical.

Proof. By Corollary 5.7 we may assume w(n, k) = 1, so F*(n) is abelian, by Corollary 5.4. But then F*/!(n)
is finite, so the result follows from Corollary 5.7. O
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Note that Corollary 5.8 generalizes Corollary 5.2.

Corollary 5.9. Suppose k,1 > 1, (k,1) = 1. Then the relative presentation P = (G, z | x'tz*tz~1t=2) (where
G = (t | t3)) is not aspherical.

Proof. By Corollary 5.7 we may assume w(3,k) = 1, so F¥/!(3) is abelian, by Corollary 5.5. But then
F*/!(3) is finite, so the result follows from Corollary 5.7. O

We now introduce the following quotients of groups F¥/!(n). For each n > 2, k,1 > 1 and each Q > 0
define

FFUn; Q) = (xo, ..., Tn1 | alak =2l 28 =1(0<i<n)).

Lemma 5.10. Let m >3, K,L > 1, (K,L) =1, Q > 0. Suppose FX/%(m;Q) is infinite (resp. is non-cyclic,
resp. is non-abelian, resp. is non-solvable). Then for all n,k,l where k = £K mod Q, | = £L mod {2,
n =0 mod m, the group Fk/l(n) is infinite (resp. is non-cyclic, resp. is non-abelian, resp. is non-solvable).
Further, if n/m is odd and w(m,K) # 1 in F¥/E(m; Q) then w(n, k) # 1 in F*/'(n).

Proof. Let e = 41,0 = £1,n =0 mod m, k = eK mod Q, 1 = 6L mod Q. Let ¢ : F*/!(n) — F¥/'(m) be the
natural epimorphism given by ¢(2;) = ; mod m. We have F*/{(m) = Fe*/%(m) by Lemma 2.3, so it maps
onto FX/T(m; Q). If this latter group is infinite (or is non-cyclic or is non-abelian, or is non-solvable) then
the same therefore holds for F*/!(n). It remains to show that if n/m is odd and w(m, K) # 1 in FX/E(m; Q)
then w(n, k) # 1 in F*/!(n).

Now if n/m is odd then ¢(w(n, k) = w(m, k)™ = (w(m, k)?)/™=D/2y(m, k) = w(m, k) € F*/"(m).
By adjoining the relators z$* (0 < i < m) the group F*/!(m) maps onto FK/%L (m; Q) = FX/L(m; Q). Thus
if w(m, K) # 1 in FE/X(m; Q) then w(m, K) # 1 in F*/'(m) and hence w(n, k) # 1 in F¥'(n). O

In Corollaries 5.11, 5.12; 5.13 we give applications of Lemma 5.10 and in Example 5.14 we give further
examples of groups F*/ Y(m; Q) to which Lemma 5.10 can usefully be applied.

Corollary 5.11. Suppose n = 3 mod 6, k,1 > 1, (k,1) = 1. If F*/Y(3) is non-abelian then w(n,k) # 1 in
Fk(n).

Proof. By Corollary 5.5 if F¥/{(3) is non-abelian then w(3,k) # 1 in F*/!(3) = F*/'(3;0) so the result
follows from Lemma 5.10. O

In cases where the order of the generators z; of FX/(m) is known and finite we can set  equal to that
order. However, it can be fruitful to set {2 to be a proper divisor of that order. Both instances are exhibited
in the proof of the following corollary, where the order of generators z; of F*/1(3) is equal to 4 (and we set
Q) = 4); whereas the order of the generators x; of the groups F1/3(3), F1/4(3), F2(3), F3/2(3) is 28, 49, 14,
63, respectively (and we set Q =T7).

Corollary 5.12.

(a) If k and 1 are odd and n =3 mod 6 then w(n, k) # 1 in F*/'(n).
(b) If (£k mod 7,4l mod 7) € {(1,3),(2,1),(3,2)} and n =3 mod 6 then w(n,k) # 1 in F*/'(n).

Proof. (a) This follows from Lemma 5.10 by observing that F''/*(3;4) = Qg and so w(3,1) # 1 in this group
by Corollary 5.5. (b) This follows from Lemma 5.10 by observing that F/3(3;7) = F2/1(3;7) = F3/2(3;7)
is a non-abelian group (of order 56) and so w(3,1) # 1 in this group by Corollary 5.5. O
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Corollary 5.13. If (k,1) = 1, k is even, | = 3 mod 6, and n = 0 mod m, where m € {5,7} then F*/'(n) is
infinite.

Proof. The hypotheses imply £ = +2 mod 6 and [ = 3 mod 6. For m € {5,7} computations in GAP show
that F2/3(m;6) has an index 5 subgroup with infinite abelianisation. Therefore F2/3(m;6) is infinite, and
the result follows from Lemma 5.10. O

Example 5.14.

(a) F'Y3(5;6) = PSL(2,11); F3/1(3;36) is a non-abelian, solvable group of order 3528; F3/%(3;63) is a
non-abelian, solvable group of order 504; F3/1(3;6) = Zo @ Zs.

(b) Computations with the NewmanInfinityCriterion command [31] in GAP (applied to the derived
subgroup or second derived subgroup) show that the following groups F*/!(n;Q) are infinite, and
therefore w(n, k) # 1 in F¥/!(n) by Corollaries 5.4 and 5.5: F¥/1(9;76), F3/1(9;108), F2/1(17;206),
F2/1(21;98), F2/1(23;94), F3/5(3;126), F'/11(3;182). The Q values are selected as divisors of the order
of F¥/'(n)?" that are large enough for the quotient F¥/!(n, ) to be infinite yet small enough for the
NewmanInfinityCriterion command to complete.

6. 3-manifold groups

Theorem 5.1 was used in [23] to obtain the following result.

Theorem 6.1 (/23, Theorem 3]). If n > 3 is odd then F(n) is a 3-manifold group if and only if n = 3,5,7,
in which case F(n) = Qs, Z11,Zag, respectively.

In this section we use the results of Section 5 to prove the following corresponding result to Theorem 6.1
for the groups F¥(n) and F*/!(3). As reported earlier, the groups F(5), F(7), F1/2(3), F?/3(3) are cyclic
and F(3) = Qg, and we expect this to be the only non-cyclic 3-manifold group among the groups F*(n) and
F*/1(3). Part (a) of Theorem 6.2 is in contrast to the case when n is even, where F*(n) is the fundamental
group of a hyperbolic 3-manifold if either £ = 1 and n > 8 [16, Theorem C] or & > 2 and n > 6 [29,
Theorem 3.

Theorem 6.2.

(a) Let n > 3 be odd, k > 1. If F*(n) is a non-cyclic 3-manifold group then k is odd, n = 3 mod 6 and
Fk(n) = Qg X va,/1/4.

(b) Let k,01>1, (k1) = 1. If F*/Y(3) is a non-cyclic 3-manifold group then k and I are odd and F*/'(3) =
Qg X szk/z/4.

We first extract an argument from the proof of Theorem 6.1 and apply it to groups F*/ Kn):

Lemma 6.3. Let n > 3 be odd, k,1 > 1, let G = F*/'(n) and let w(n, k) = xfab ... 2k | € G. Ifw(n, k) # 1
then G is not a 2-generator, infinite, 3-manifold group. In particular:

(a) if n >3 is odd and k > 1 then F¥(n) is not an infinite 3-manifold group;
(b) if k,1 > 1, where (k,1) = 1, then F¥/'(3) is not an infinite 3-manifold group.

Proof. Suppose G is a 2-generator, infinite, 3-manifold group. By Theorem 5.3 we have w(n,k) € G'.
Therefore the subgroup < w(n,k) >= Zs is an orientation preserving subgroup of G = 71 (M) of finite
order. Then by [13, Theorem 8.2] (see also [17, Theorem 9.8]) we have M = R#M; where R is closed and
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orientable, 71 (R) is finite, and < w(n,k) > is conjugate to a subgroup of m1(R). Since G is infinite we
have 71 (M7) # 1 and since it can be generated by two elements 71 (R) and 1 (M;) are each cyclic. But the
derived subgroup of a free product of cyclic groups is free, contradicting the fact that w(n,k) € G’ is an
element of order two.

Part (a) (resp. Part (b)) follows since F¥(n) (resp. F¥/!(3)) is 2-generated by Lemma 2.7 (resp.
Lemma 2.8) and if it is infinite then w(n, k) # 1 by Theorem 3.1 and Corollary 5.4 (resp. Corollary 5.5). O

To consider when F*(n) and F*/!(3) can be finite 3-manifold groups we need the following classification
of finite 3-manifold groups (see [22, Section 2] or [1, Section 1.5]) and their derived subgroups.

Theorem 6.4. Suppose G is a finite 3-manifold group. Then either G is cyclic or G = H X Z, where p > 1
is coprime to |H| and H is as in one of the following cases:

(i) H= P = (z,y | 22 = (2y)® =y*,2* = 1), with H/H' = 7o, H = SL(2,3) and H'/H" = Z5;

(ii) H = Piao = (z,y | 2* = (2y)® = v, 2* = 1), a perfect group;

(iii) H = Qum = (z,y | 2% = (zy)? = y™), m > 2, with H/H' = Zy & Zy (m even), H/H' = 7, (m odd),
and H' =2 Z,;

iv) H = Domoni1y = (z,y | 22" =1,y*"™ =1, zyz= =y~ 1), m,n > 1, with H/H' = Zom and H' =

(2n+1)

Lon+1;

(V) H = Pign = (x,y,2 | 22 = (zy)? = 9% 2027 =y, 2y27 =2y, 2%" = 1), m > 1, with H*® = Zzn
and H' = Qs.

We now prove Theorem 6.2.

Proof of Theorem 6.2. Let G = F*/!(n) where k,1 > 1, (k,1) = 1 and either [ = 1 or n = 3. By Lemma 6.3
we may assume that G is a finite, non-cyclic, 3-manifold group.

Observe that in each case w = w(n,k) # 1 by Corollaries 5.4 and 5.5, and that G is generated by x
and x; by Lemmas 2.7 and 2.8. Suppose that G = H x Z, where H is one of the groups in (i)—(v) of
Theorem 6.4 and (p, |H|) = 1. Then the derived subgroup D of G is isomorphic to the derived subgroup of
H. By Theorem 5.3 the element w(n, k) = [z}, 2!] has order 2 in G. Corollaries 5.4 and 5.5 imply that D
is the normal closure of w in G and so D* = Z4 for some d > 0, which gives a contradiction if H is the
group in part (i) or (iv).

If H= Pig or H= P{4m = Qg X Zsm (as in parts (ii) or (v)) then H has a unique element h of order
2, and the normal closure ((h)) is not isomorphic to the derived subgroup of H. Therefore H x Z, has a

unique element of order 2, namely (h,0), and the normal closure {{(h,0)))*Z

» is not the derived subgroup
of H x Z, = G, a contradiction (since the normal closure ((w))¢ = D).
If H = Qu, for some m > 2 (as in part (iii)), then D = Z,,, so m = 2 and hence G = Qg X Z,,, where
K/l
P = Vn
have order 2 there is also an epimorphism F*/!(n;2) — Zo @ Z. If k is even then (k,1) = 1 implies [ is odd

so F*/Y(n;2) = Zy, a contradiction. Therefore k is odd. Since |G*| = /! is even the remaining conditions

/4. Therefore there is an epimorphism G — Zg @ Z4, and since the images of generators xg, z;

on k,l,n follow from Corollary 3.5. O
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