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Abstract

Likelihood function plays a fundamental role in most statistical analysis. Never-
theless, when the likelihood is too complex to compute in traditional ways, indirect
inference or Approximate Bayesian Computation (ABC) is often adopted. This paper
proposes a new approach to estimate the intractable likelihood function based on the
Hermite polynomial expansion. Based on the estimated likelihood function, a maxi-
mum likelihood estimate and its large sample properties are achieved. Comparing to
other existing methods, the proposed method provides more accurate estimation and
are justified by asymptotic theories. Moreover, it does not require extra auxiliary
models, which are necessary for indirect methods and are often not easy to find.
The proposed method also has a very close link to ABC in the sense that it also
simulates many pseudo data sets; however it does not need to compare the pseudo
data with the raw data as what ABC does. Therefore, the proposed method does not
suffer from the drawbacks of ABC; for example ABC always requires rich experience
for choosing a proper value of the distance function, data summary statistics and
threshold for acceptance rate.
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Chapter 1

Introduction

The modern statistical analysis often relies on the parametric or nonparametric

likelihood based on the underlying statistical models. Therefore, the likelihood func-

tion and the corresponding maximum likelihood estimate (MLE) are essential tools

to draw inferences from unknown model parameters.

For simple statistical models, the closed form of likelihood functions is readily

available. However, modern technologies have led to more complicated and much

larger data sets in many research areas, such as genetics, finance, ecological sys-

tems, and astrophysics, which often require more sophisticated statistical modelling

approaches (Pritchard et al., 1999; Van Duijn et al., 2009; Wood, 2010; Zhu et al.,

2016). The statistical models for such problems may be so complicated that the

likelihood functions no longer have a closed form, or subsequent calculations are too

complicated to be performed. Specific examples include quantile distribution such as

g-and-k model (Allingham et al., 2009) and Lotka-Volterra (LV) model (Boys et al.,

2008), which do not have explicit likelihood function expressions.

In frequentists’ view, one way to solve problems with such intractable likelihood

functions is to use pseudo-likelihood inference to approximate the maximum likeli-

hood estimator (Cox and Reid, 2004). Examples include analyses for spatial data
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(Heagerty and Lele, 1998; Nott and Rydén, 1999), serial-correlated count data (Hen-

derson and Shimakura, 2003), multivariate extremes (Coles, 2001, Chapter 8), pairs

of censored failure times (Parner, 2001). The replacement of the true likelihood func-

tion by a pseudo-likelihood might perform well on estimation for certain problems.

However, straightforwardly using it on an estimation of uncertainty and significance

testing should not be recommended (Dodge, 2003). Sometimes, pseudo-likelihood

even cannot avoid bias on parameter estimation compared to the maximum likeli-

hood method (Van Duijn et al., 2009). When the data are time-series data or have

strong correlations, indirect inference based on the auxiliary models may be more

suitable (Gourieroux et al., 1993). However, such indirect methods may be of limited

use since it requires the explicit expression on the relationship between auxiliary and

original models (Rubio and Johansen, 2013).

Under a Bayesian framework, it is also extremely challenging to tackle problems

with no explicit likelihood function, as it is impossible to obtain the analytical for-

mula for the posterior function. Therefore, Markov chain Monte Carlo (MCMC)

methods could not be adopted in such studies. Approximate Bayesian Computation

(ABC) is an alternative approach (Drovandi et al., 2015; Karabatsos and Leisen,

2018) to overcome such likelihood-free problems. The ABC algorithm only assumes

that we can simulate a pseudo data set Y ∗i from the underlying statistical models

f(·|θ) for any given parameter value θ, which is generated from the prior distribution

π(·). See examples in Chapter 4. If the simulated pseudo data set Y ∗i is very close

to the observed factual data set Yobs, then θ will be accepted as a realisation from

the posterior distribution.

In ABC Algorithms , the tolerance ε = ‖Y ∗i ,Yobs‖ controls the distance between

the pseudo data set Y ∗i and the real data Yobs, as a threshold for accepting a proposed

sample θ′. It is easy to prove that as the tolerance ε → 0, we have Y ∗i → Yobs and

the accepted Monte Carlo realisation θi will be an exact sample generated from the
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posterior distribution f(Yobs|θ)π(θ).

Such approximate Bayesian Computation, not focusing on evaluating the (ap-

proximate) likelihood function but the criteria of the comparison between the orig-

inal and the simulated samples, is growing prosperously. For example, ABC algo-

rithms currently can handle g-and-k, LV model, Stochastic Gompertz model and

two-dimensional correlated geometric Brownian motion model (Picchini and Ander-

son, 2017). Note that if we choose uniform priors, the results of ABC approaches

will be comparable to frequentist inference. Moreover, it shows that it performs

better than other existing pseudo-likelihood approaches and indirect methods using

auxiliary models (Fearnhead and Prangle, 2012).

Even though ABC methods can provide key parameter estimators when the like-

lihood is intractable, this method still has instability, low accuracy, and high com-

putational complexity problems. Fearnhead and Prangle (2012) showed that for the

g-and-k distribution, the original ABC models (Allingham et al., 2009) performed

splendidly on the estimation for the location and scale parameters while patchily on

skewness and kurtosis parameters. Although the semi-auto ABC method can im-

prove the performance of ABC, the low acceptance probability and the stability of

estimation are still troublesome (Fearnhead and Prangle, 2012). Meanwhile, there is

still no hard rule on how to choose the distance function for measuring the difference

between original observation Yobs and simulated pseudo samples Y ∗i and on choosing

the tolerance ε like a threshold determining whether a sample is accepted (Toni et al.,

2009). For example, we may first work out a number of sample statistics based on

the simulated data and real data, i.e. S1(Yobs), · · · , Sk(Yobs) and S1(Y ∗i ), · · · , Sk(Y ∗i )

(Fearnhead and Prangle, 2012). However, there is no hard rule on how to choose

such statistics and how many statistics shall be used. It is a compromise between

the complexity of the calculation and the estimate’s accuracy in ABC, which is still

an open question.
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This thesis proposes a more efficient parameter estimation method under the

likelihood-free framework. The proposed methodology uses the Hermite Polynomial

expansion to approximate the intractable likelihood and find the maximum likelihood

estimator. Moreover, we can prove that our MLE based on Hermite polynomial ex-

pansion of the likelihood is still consistent and asymptotic to normal distribution.

Therefore, unlike original or semi-auto ABC methods, which solely rely on users’

experience or a large number of experiments to speculate a ’trade-off’ between ABC

posterior approximation error and MC approximation error (Fearnhead and Prangle,

2012), the proposed method could provide an accurate error estimate and compu-

tation complexity. In addition, compared to hundreds of summary statistics chosen

in ABC (Allingham et al., 2009), the proposed method only requires the number

of statistics no less than the dimension of the unknown parameter. Thus, the new

likelihood-free approach proposed in this thesis is easy to use. Meanwhile, for the

proposed method, there is no need to worry about the low acceptance rate, which is

unavoidable in ABC due to the control threshold tuning parameter.

In the study, we mainly focus on the experiments for quantile distribution(g-

and-k distribution) and LV models. Here g-and-k distribution is a typical case for

a continuous distribution with several unknown parameters, which could be easily

extended to other general distribution functions. Meanwhile, LV models consist of

continuous variables (time t) and discrete states, which means our proposed methods

could figure out some complex problems, even some discrete functions. Overall, if

our proposed methods could solve these two types of problems, the bright future of

widely used parameter inference could be foreseen while other examples provided in

the thesis could be dealt with similarly.

The rest of the thesis is organized as follows. Chapter 2 provides some prelimi-

naries for the study, such as Hermite Polynomials and Bootstrap algorithm. Chapter

3 presents several likelihood-free examples, including g-and-k models and LV models.
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Chapter 4 introduces the existing methods (including Maximum Likelihood Estimate

(MLE), Indirect Inference by pseudo-likelihood and ABC methods), for parameter in-

ference. In Chapter 5, we propose the proposed method based on Hermite Polynomial

expansion and establish the large sample properties of the estimate. In Chapter 6,

we present the details on simulation studies which demonstrate our method performs

much better than existing methods, and then we present an analysis for Covid-19

data to further illustrate the performance of the Hermite Polynomials Expansion

method. Finally, chapter 7 provides a brief discussion.



Chapter 2

Preliminary

In general, we consider statistical problems or experiments in a probability space

with notation (Ω,F,P) where: Ω stands for a set sometimes called outcomes or a

sample space; F is a σ-algebra of events and P is a probability measure equipped

on the Ω. In this chapter, some types of functions in a probability space are taken

for granted and some basic knowledge for Hermite Polynomials is supplied as well.

Then, bootstrapping methods is one of the important sampling algorithms, which is

also introduced.

2.1 Some Distribution Functions and Probability

Preliminary

The distribution function is rather important in the statistical method. The main

reason is that based on the summary of a random variable X, the expected value of

the variable could be estimated in the statistical models. In this case, whether X

is determined by a continuous or discrete distribution, the statistical inference could

propose a rational and quantitative result. The cumulative distribution function

(CDF) F (x) = P (X ≤ x), x ∈ R, one of the key distribution functions, indicate the

9
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probability that a real-valued random variable X is no more than a value x.

In summary, CDF is regarded as a representative of the distribution function

in this study. In addition, it finds that CDF above is considered as a type of left-

tail distribution function. In a mirrored view, there exists a right-tail distribution

function indeed, sometimes called the reliability function.

Definition 2.1. Suppose that F c is a right-tail distribution.

F c(x) = 1− F (x) = P (X > x), x ∈ R.

For example, if a random variable X ≥ 0, for a lifetime of a device, has a proba-

bility density function f , F c is the reliability function of X. Based on this case, the

conditional probability for the lifetime function is proposed.

Definition 2.2. A failure rate function or a hazard function ~ of X is defined by:

~(x) =
f(x)

F c(x)
, x ≥ 0.

Note that F c(x) = P (X > x). That is, F c(x) stands for the probability that the

device could last more than time x. Denote that dx is an infinitesimal time interval.

We have,

P (x < X < x+ dx|X > x) =
P (x < X < x+ dx)

P (T > x)
≈ f(x)dx

F c(x)
= ~(x)dx.

Thus, ~(x)dx represents for the approximate probability of failure happening within

the interval (x, x+dx) under the situation that the device’s lifetime larger than time

x.

If the function f is continuous, it is a fact that d
dx
F c(x) = −f(x). Hence,

∫ x

0

~(v)dv =

∫ x

0

f(v)

F c(v)
dv =

∫ x

0

− d
dv
F c(v)

F c(v)
dv = − lnF c(x).
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Therefore, F c(x) = e−
∫ x
0 h(v)dv.

Certainly, there exists other ways to express distribution function as well, includ-

ing the Empirical Distribution Function F̃ .

Definition 2.3. Suppose that a sequence of independent variables (X(1), X(2), ..., X(n))

sampled from the same distribution of X with observed value (x(1), x(2), ..., x(n)).

F̃ (x) =
1

n
#
{
i ∈ {1, 2, ..., n} : x(i) ≤ x

}
=

1

n

n∑
i=1

Ix(i)≤x, x ∈ R.

Empirical Distribution Functions rely on the results of experiments, especially

for transferring qualitative problems into quantitative analysis.

Consider that X is a multi-dimensional variable. We have a multivariate distri-

bution or a joint CDF defined as follow,

Definition 2.4. For d random variables X1, ..., Xd, denote X = (X1, ..., Xd), the

joint CDF FX given by

FX(x) = P (X1 ≤ x1, X2 ≤ x2, ..., Xd ≤ xd). (2.1)

There is often an inverse distribution function or so-called quantile function corre-

sponding to each distribution function, due to the property of a monotonic increasing

function.

Definition 2.5. The quantile function Q or F−1 of X is defined by

Q(α) = F−1(α) = inf{x ∈ R : F (x) > α}. (2.2)

Based on the definition of quantile function, we will introduce quantile distribu-

tion in the next chapter.
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2.2 Hermite Polynomials Preliminary

In the study, Hermite polynomials are adopted for approximating the likelihood

function. The Hermite polynomial are a type of classic orthogonal polynomials in

mathematics. Speaking of the scalar product
∫ b
a
ξ1(x)ξ2(x)w(x)dx between two func-

tion ξ1(x) and ξ2(x), w(x) is a non-negative function, so-called the weight function

and the interval [a,b] is in the real line (sometimes a→ −∞ or b→∞). Orthogonal

sequences are defined as follow:

Definition 2.6. The functions {ξm(x)}, not containing any null function, form the

orthonormal system(a family of orthogonal functions), if:

∫ b

a

ξi(x)ξj(x)w(x)dx =

 0 if i 6= j,

1 if i = j,
(2.3)

where i and j are selected from 1, 2, 3..,m.

In general, a pair of functions satisfying (2.3) are considered as orthogonal. Her-

mite Polynomials satisfy the basic property indeed.

2.2.1 Hermite Polynomials with uni-variate variable

It is supposed that Hermite polynomials, as a typical kind of orthogonal polyno-

mials, can be distinguished from others on its special weight function, an exponential

function. The simplest form of the weight function in Hermite polynomials is e−x
2

in the physics field, but for statistics or probability study it is proper to adopt the

exponential function e−
x2

2 . Even though this thesis focus on the estimation of the

complicated likelihood function, a typical statistical problem, here we prefer to use

the former one e−x
2

because of the convenience in the usage of the property of the

basic ones called physicists’ Hermite polynomials.
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Definition 2.7. The standard Hermite polynomials are defined as, for m = 0, 1, 2, ...,

hm(x) =
pm(x)

(2mm!
√
π)

1
2

, (2.4)

where

pm(x) = (−1)mex
2 · d

m

dxm
e−x

2

. (2.5)

�

Standard Hermite polynomials are such that

∫ ∞
−∞

e−x
2

hi(x)hj(x)dx = δij =

 0, i 6= j,

1, i = j.
(2.6)

Here is a fact Bonan and Clark (1990) that:

Lemma 2.1. For a standard Hermite polynomial hm(x), there exists positive con-

stants A1, A2 and A3 such that

h2
m(x)exp(−x2) ≤ A1

√
2m+ 1− x2 , when |x| ≤

√
2m+ 1,

maxx∈R h2
m(x)exp(−x2) ≤ A2m

−1/6,

maxx∈R h2
m(x)exp(−x2) ≥ A3m

−1/6,

(for m = 1, 2, 3, ...)

From this lemma, we know that the upper boundary of the function h2
m(x)exp(−x2)

only relies on the order of polynomials m. What’s more, the function h2
m(x)exp(−x2)

should be equivalent to O(m−
1
6 ) even when x rang over all real values. Further, the

upper boundary of the absolute value of the Hermite funciton hm(x)exp(−x2) should

be no more than O(m−
1
12 ). This property could be rather general for approximating

an unknown continuous function by Hermite Expansion. Unlike the Taylor series,
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there is no need to consider the convergence radius or strong condition for analytic

function. This is the main reason why the Hermite polynomials are adopted instead

of other polynomials for expansion in the thesis.

From Szegö (1959) we have the following lemma for Hermite expansion.

Lemma 2.2. Suppose f(x) is a piece-wise differentiable function on the interval [a, b]

and
∫ b
a
f(x)2e−x

2
dx <∞. Then we have

f(x) =
∞∑
m=0

Cmhm(x)e−
x2

2 ,when f(x) is continuous

where

Cm =

∫ ∞
−∞

e−
x2

2 f(x)hm(x)dx.

The result still holds if [a, b] is changed to (−∞,∞) and
∫ b
a
f(x)2e−x

2
dx <∞.

It ensures that the coefficient Cm should be a real number instead of becoming

infinite due to the property of Hermite Polynomials. Due to the convergence of

polynomials, we can use the Monte Carlo (MC) algorithm to estimate the value of Cm.

The lemma indicates that regardless of the selection of x, Hermite polynomials could

provide an explicit formula for a certain derivative function with proper coefficient.

In the Taylor series, only an analytic function could be expressed at a single point

with a small interval, which is a strong requirement indeed. After comparison, it is

found that Hermite polynomial expansion could be more general and may provide

better performance over the whole real value, which could be used for the convolution

of function as well.

More details about Hermite Polynomials in Bateman (1953), Bonan and Clark

(1990) and Krasikov (2004).
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2.2.2 Hermite Polynomials with multi-variables

The multivariate Hermite Polynomials are in introduced in this part. Compared

with uni-variate problem, the format for the multivariate Hermite Polynomials turns

out to be more complex.

Definition 2.8. For a system of polynomials, assume x = (x1, x2, ..., xd)

hm(x) = hm1,m2,m3,...,md(x1, x2, x3, ..., xd)

= (−1)meϕ(x) ∂m

∂xm1
1 ∂xm2

2 ...∂xmdd
e−ϕ(x), (2.7)

where

m = m1 +m2 + ...+md,m = (m1,m2, ...,md),

ϕ(x) = (Cx,x) =
∑

cjlxjxl, j, l = 1, 2, 3, .., d.

and C will be a fixed positive definite symmetric square matrix of real elements cjl.

To simplify the model in high-dimensional problem, we could let C = I where I

is the identity matrix. In this way, we have

hm(x) = (−1)me
∑
x2j

∂m

∂xm1
1 ∂xm2

2 ...∂xmdd
e−

∑
x2j . (2.8)

In terms of standard Hermite polynomials,

hm(x) =
hm(x)∏d

l=1(2mlml!π
1
2 )

1
2

=
d∏
l=1

hml(xl), (2.9)

and

Hm(x) =
e−

∑
x2j
2 hm(x)∏d

l=1(2mlml!π
1
2 )

1
2

=
d∏
l=1

Hml(xl). (2.10)
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It is obvious that Hm(s) = hm(s)e−
∑
s2j
2 . As for expansion, hm replaces hm, and

Lemma 2.2 is still tenable.

2.3 Bootstrap Introduction

Bootstrapping algorithms are one of the most common methods for re-sampling.

In practice, observations may not be obtained easily or sometimes replicated exper-

iments are hard to achieve. For instance, data for Covid-19 is provided in the study

(Chapter 6 for Experiment), which cannot be repeatedly collected in the same place

within a certain period. In this case, Bootstrapping algorithm could be taken as one

of the option alternatives.

According to Dennis (2003), there are three types of problems that are often

solved by bootstrapping: estimating standard errors; confidence intervals for un-

known parameters; or test hypothesis. The one-sample problem is perfectly summa-

rized by Efron (1979) via Bootstrap methods. A one-sample problem means that

re-sample cases are selected from one distribution F for original samples Yobs. More

details for samples from different distributions are provided in Efron (1979) as well

but we do not need further study for that in the thesis. Then the simple algorithm

for Bootstrapping is shown as follow.

Algorithm 1: Bootstrapping algorithm

1.Draw n independent bootstrap samples Y ∗1 , ...,Y
∗
n with replacement from

original observations Yobs;
2.Then we could calculate statistics corresponding to each bootstrap sample
that θ̂

∗
= s(Y ∗),Y ∗ = (Y ∗1 , ...,Y

∗
n ), θ̂

∗
is an estimator for paramter θ;

3.Analyse the result of asymptotic or hypothesis testing if necessary;

Moreover, we could get the estimate error of the parameter θ through the algo-

rithm as well. Let ŝe(b) =
{∑n

i=1
[θ̂i
∗−θ̂(·)]2
n−1

} 1
2
, where θ̂i

∗
= s(Y ∗i ), i = 1, 2, 3...n and
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θ̂(·) =
∑n

i=1
θ̂i
∗

n
. As n→∞, it is clear that the limit of the estimate error ŝe(b) would

turn out to be the population standard deviation.

Bootstrapping algorithm goes complex for time series problem. To estimate

the parameter θ with p-dimensional marginal distribution, we need re-sampling

blocks (Xt+1, ..., Xt+l), corresponding to the original time series structure (Bühlmann,

2002). Let l be the length of the block. Suppose that the consecutive observa-

tions Yt = (Xt−p+1, ..., Xt), t = p, ..., n. Then we have overlapping blocks of vectors

(Yp, ..., Yp+l−1), (Yp+1, ..., Yp+l−1),...,(Yn−l+1, ..., Yn). If we assume that n−p+1 = k · l

where k is a natural number. We could construct k blocks independently by re-

sampling with replacement. With block starting points s1, .., sk drawn independently

from U ({p− 1, .., n− l}), we can write k blocks that {Ysi+1, ..., Ysi+l}i=1,2,...,k. In this

way, we could obtain k blocks for bootstrapping.



Chapter 3

Examples

Suppose that a data set y follows a statistical model f(·|θ), where θ is the p-

dimensional parameter vector of interest. Here and throughout the thesis, the data

set y = (y1, · · · ,yn)′ is an n × d matrix, where each yj is a d-dimensional data

point and n represents the total number of data points. Note that the data points

y1, · · · ,yn may be i.i.d. and they may also be correlated representing n discrete

observations of a stochastic process. However, the explicit formula of f is not avail-

able in our study. There are many likelihood-free problems in the literature, such as

chaotic ecological dynamic system model, quantile distributions and heteroscedastic

time series models. Fearnhead and Prangle (2012) supplies many details on parame-

ter inference for g-and-k distributions while Boys et al. (2008) provide ABC methods

for LV models or prey-predator models that could be used for the simple ecological

system. We present several examples here for illustration.

3.1 Quantile distribution

In this section, we focus on some examples of quantile distribution. Especially,

the distribution is determined by a quantile function while the PDF could not be

available for an explicit expression.
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Figure 3.1: Example g-and-k densities, when A = 3 and B = 1. The first panel fixes
g = 0 and varies k; the second panel fixes k = 0 and varies g.

3.1.1 The g-and-k distribution

The g-and-k distribution is defined by its quantile function (or inverse distribution

function), but has no closed-form for its density function (Haynes, 1998; Allingham

et al., 2009). Therefore, the corresponding likelihood can be considered intractable as

its numerical calculation is rather costly (Rayner and MacGillivray, 2002; Drovandi

and Pettitt, 2011; Fearnhead and Prangle, 2012). The quantile function of the g-

and-k distribution is given by

Qgk(u;A,B, g, k) = A+B

[
1 + c

1− exp(−gzu)
1 + exp(−gzu)

]
zu(1 + z2

u)
k, (3.1)

where zu is the u-th quantile of standard normal distribution and c is a given value

representing the level of asymmetry of the model. The parameter A is the position

parameter, B is the scale parameter, g stands for the shape parameter that primarily

affects skewness and k is the shape parameter that primarily affects kurtosis.

From Figure 3.1 or the expression, it is apparent that the g-and-k distribution

would turn to be a normal distribution as g = 0 and k = 0. The first panel from

Figure 3.1 provides more details that the top point of the curve rockets to 1 and the

shape goes sharp as k increases. However, if k is fixed and g goes up, the second

panel shows that the top point would remain unchanged while the convex curve

would become narrow as well.
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The practical problem is to estimate the unknown parameters A,B, g, k based

on i.i.d. observations y1, · · · , yn and a fixed value of c, for instance c = 0.8 (Rayner

and MacGillivray, 2002). The dimension of the data point d = 1 and the dimension

of the parameter θ = (A,B, g, k) is p = 4. The likelihood function is not available

because we do not have explicit expression for f , the density of yj.

3.1.2 The g-and-h distribution

The expression for the g-and-h distribution changes the format of parameter k

from the g-and-k distribution, shown as follows:

Qgh(u;A,B, g, h) = A+B

[
1 + c

1− exp(−gzu)
1 + exp(−gzu)

]
zu exp

(
hz2

u

2

)
.

There is a fact that the same method could be adopted as well due to the similar

format of quantile distribution if parameters from g-and-k distribution could be

estimated. Therefore, a similar experiment is not displayed in this thesis.

3.1.3 The generalized λ distribution

Another example, generalized λ distribution, is proved to be estimated by ABC

methods in Allingham et al. (2009), which also belongs to quantile distributions.

The expression is shown as follow:

QGλD(u;λ1, λ2, λ3, λ4) = λ1 +
uλ3−1
λ3
− (1−u)λ4−1

λ4

λ2

.

In the distribution, the random variable u is drawn from a standard uniform

distribution U(0, 1) as well. Similarly to parameters A and B from a g-and-k dis-

tribution, parameters λ1 and λ2 stands for location and scale factors respectively.
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Then, parameters λ3 and λ4 ”jointly” determine the trend of two side tails.

Even though the format of expression changes, the generalized λ distribution

could also be solved when the method for a g-and-k distribution does not rely on

the physical meaning of parameters. Luckily, both the ABC methods and our new

proposed method cater for the requirement. This is because that regardless of a g-

and-k distribution, a g-and-h distribution or a generalized λ distribution, pseudo data

or samples could be obtained from generative models instead of the expression of the

distributions. Once parameters from one of the three distributions are estimated by

a method, the other distributions could follow in the same way. In our experiment,

the g-and-k distribution is selected as an example for quantile distribution.

3.2 Stochastic kinetic networks (SKN) model

SKN models are often used for systems biology or biochemical data. For example,

it is assumed that there are d chemical species in a fixed volume, which could inter-

react with different transition rates (often rate constants) through each reaction

channel. Then given the initial state of molecules of each species, the model to

describe the trend of molecular population changing is rather important.

Traditionally, the system could be written as first-order, ordinary differential

equations. It is assumed that a continuous and single-valued function Yj(t)(j =

1, 2, ..., d) stands for the number of j-th species in the volume at time t, as well as

the process of chemical reactions, could be considered as a continuous transition, we
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have:

dY1

dt
= f1(Y1, Y2, ..., Yd),

dY2

dt
= f2(Y1, Y2, ..., Yd),

...

dYd
dt

= fd(Y1, Y2, ..., Yd).

The function fj, j = 1, 2, 3, ..., d are actually determined by the system of experi-

ments. In Algebra, there is no doubt that these equations could be solved numerically

on a computer, by searching the roots. We cannot ignore the physical basis for the

approach, especially when the time series is not a continuous process in a determin-

istic system. The apparent reason is that the molecular population must be observed

as a discrete amount instead of a continuous value. Meanwhile, we cannot keep each

experiment the same, for reactions between molecules could not be controlled and

always happen randomly instead. Markov chains provide a good example explaining

that even if the process is stable, the time series would not remain unchanged at

each state for replicated experiments.

Gillespie (1977) provided a method to simulate the stochastic time evolution and

set an example for molecular combination. Firstly, the ”grand probability function”

P (Y1, Y2, ..., Yd; t) is defined as the probability for the state that there are Y1 molecules

of species 1, Y2 molecules of species 2,..., and Yd molecules of species d in the system

at time t (Gillespie, 1977).

In this case, we consider the system that the molecules are mixed perfectly in the

volume, so that the inter-reaction through p different chemical reaction channels hap-

pens randomly with the transition rate θ = (θ1, θ2, ..., θp). To be specific, a molecular

combination go through µ-th reaction channel with a rate θµ, µ = 1, 2, ..., p. These

transition rates are supposed to be constants, which only depends on the properties
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of the molecules in the physics and the construct of the system or environment where

the temperature is a key factor and is supposed to be a constant as well over the

process.

Then, the meaning of θµdt, µ = 1, 2, ..., p is explained as the ”average probability”

of µ-th molecular reactions within the infinitesimal time interval dt. Here ”average”

indicates that in the next infinitesimal time interval (t, t + dt), the ratio between

µ-th reactant combination occurring and total µ-th reactions at time t should be

a constant θµ as a real value from 0 to 1. Further, the factor θµdt product with

the number of µ-th molecular combinations from total reactions at time t should be

the probability of a µ-th reaction occurring in the volume within the time interval

(t, t+ dt).

Gillespie (1977) studied the probability for the state (Y1, ..., Yd) at time t. As

usual, the state (Y1, ..., Yd) at time t could be given as an initial state and then

the model could be simplified. We define a ”reaction probability density function”

P (τ, µ) as follows:

P (τ, µ)dτ=P
({

a µ-th reaction will occur in (t+ τ, t+ τ + dτ)
}
|(Y1, ..., Yd)at time t

)
.

An expression for P (τ, µ)(0 ≤ τ < ∞ and µ = 1, 2, .., p), is a joint probability

density function. Following the assumption of the ”average probability” mentioned

above, the expression for P (τ, µ) could be analytical.

In this case, we denote aµdt = gµθµdt where a function gµ(·) stands for the

amount of µ-th reactant combinations, or how many µ-th reactions available within

the infinitesimal interval, given the state (Y1, ..., Yd) at time t. The relationship

between P (τ, µ)dτ and aµ could be deduced as well:

P (τ, µ)dτ = P0(τ)aµdτ,
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where P0(τ) means the probability of no reaction will occur in the time interval

(t, t+ dτ). Meanwhile,the expression for P0(τ) can be written as:

P0(τ) = e−
∑p
i=1 aiτ .

This is because the definition of P0(τ) provide the fact that P0(τ̃ + dτ̃) = P0(τ̃)[1−∑p
i=1 aidτ̃ ]. Denote a0 =

∑p
i=1 ai, we have:

P (τ, µ) =

 aµe
−a0τ , if 0 ≤ τ <∞ and µ = 1, 2, .., p,

0 , otherwise.

In the algorithm, the pair (µ, τ) should be generated randomly. If we draw two

number r1 and r2 from two independent standard uniform distributions for a random

pair (µ, τ), we have:

τ = (1/a0) ln 1/r1,

and µ satisfying:
µ−1∑
i=1

ai < r2a0 ≤
µ∑
i=1

ai.

To sum up, the algorithm for estimate samples is shown as follow.

Algorithm 2: simulate samples for SKN (Gillespie, 1977)

Set initial state Y (0) = (Y1(0), ...Yd(0)), reaction constants or transition
rates θ = (θ1, θ2, ..., θp);

Calculate and save the quantities a1, a2, ..., ap and a0 =
∑p

i=1 ai;
Generate two random number r1 and r2 from standard uniform
distributions, calculate τ and µ;

Using τ and µ, adjust values of Yi(t+ τ);
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3.3 Lotka-Volterra or prey-predator model

Stochastic kinetic networks (SKN) models normally describe complex chemical

reactions in a fixed volume containing the evaluation of different species with certain

types of reactions (Golightly and Wilkinson, 2005). A special type of SKN model

is the Lotka-Volterra model (or prey-predator model), where there are 2 species

containing preys (Y1) and predators (Y2) as well as 3 reactions, as introduced in

experiments for LV models.

The Lotka-Volterra model has been widely used to explore how competition in-

fluences the abundance of two competing species (Murray, 2002). There are 2 species

containing preys (Y1) and predators (Y2) as well as three Markov transitions with

transition rates θ1, θ2, and θ3:

Y1
θ1−→ 2Y1,

Y1 + Y2
θ2−→ 2Y2,

Y2
θ3−→ ∅,

where ∅ denotes death of predators. Practically, we can only observe a sequence

of observations (a time series) Y (tj) = (Y1(tj), Y2(tj)), j = 1, · · · , n, at discrete

time points t1, · · · , tn ∈ [0, T ]. We are interested in the unknown parameters θ =

(θ1, θ2, θ3). However, we cannot observe the continuous trajectory of Y (t), t ∈ [0, T ]

and the transition density between these discrete points is intractable. Therefore,

the explicit likelihood is not available. For this example, the data point dimension

d = 2 and the dimension of θ is p = 3.

The model may also be denoted using transition probabilities over an infinitesimal
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interval (t, t+ dt], as:

P (Yt+dt|Yt) =


θ1y1dt+ o(dt) if Y1(t+ dt) = y1 + 1 and Y2(t+ dt) = y2,

θ2y1y2dt+ o(dt) if Y1(t+ dt) = y1 − 1 and Y2(t+ dt) = y2 + 1,

θ3y2dt+ o(dt) if Y1(t+ dt) = y1 and Y2(t+ dt) = y2 − 1.

If there is no transition over the infinitesimal interval (t, t+ dt], we have:

P (Yt+dt|Yt) = 1− (θ1y1 + θ2y1y2 + θ3y2)dt+ o(dt), if Y (t+ dt) = (y1, y2).

Boys et al. (2008) provided the likelihood as well as the estimation of parameters θ

by Bayesian methods if the entire process y(t) was observed over the interval [0, T ].

However, it is impossible to fully acquire all the transition event times when col-

lecting data. Instead, it is feasible to observe the number of species at discrete time

points. For discretely-observed Markov process data, Boys et al. (2008) proposed a

reversible jump (RJ) method, block updateing (BU) method and diffusion approx-

imate (DA) method. In this thesis, we compare our proposed Hermite expansion

method with those methods. All simulation studies are based on Lotka-Volterra

model with true rate parameters θ1 = 0.5, θ2 = 0.0025, θ3 = 0.3 and initial state with

y1(0) = 71 and y2(0) = 79. The process yt = (y1(t), y2(t)) is observed at n time

points t1, · · · , tn in a time interval [0, T ] with T = 40. Such a setting was used in

Boys et al. (2008) and the result is shown in Chapter Experiment.



Chapter 4

Existing Methodologies

In statistical inference, parameter estimation is one of the most typical prob-

lems. The maximum likelihood estimation (MLE) is a common parameter estimation

method in the case of the probability distribution with a parametric family. Myung

(2003) indicate that the strength of MLE includes ”sufficiency, consistency, efficiency

and parameterization invariance”.

Definition 4.1. Suppose probability density function (PDF) f(y|θ) is for samples

y = (y1, y2, ..., yn) with an unique vector θ = (θ1, ..., θp). If y is fixed, the joint

density turns to be a function for θ, defined as likelihood function L(θ|y), that is,

L(θ|y) = f(y|θ). (4.1)

Although the probability density function (PDF) mathematically equals to the

likelihood function, the statistical meaning of the two functions is a bit different.

Probability density function (PDF) generate some data with higher probability than

other data given a stable set of parameters; while likelihood function stands for the

likelihood of the parameter given the observed data y.

As for mathematical models including diffusion models or signal detection theory,

the requirement is that the proposed probability density f(y|θ) for each observation

27
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from the theoretical mechanism of generating the data is provided. Then, assuming

that the observations {y1, y2, ..., yn} are independent and identically distributed, the

likelihood is defined as

L(θ|Y1 = y1, Y2 = y2, ...Yn = yn) =
n∏
i=1

f(yi|θ). (4.2)

4.1 Maximum likelihood estimate

The larger value of likelihood means the more likely the parameter to approximate

the true value which generates samples in the system. As usual, as the maximum

value of the likelihood function stands for the most likely true value, the top point

is a key for estimation in statistical inference.

Definition 4.2. Denote observations y = (y1, y2, ..., yn) with a likelihood function

L(θ,y). If there exists statistics θ̂ = θ̂(y) satisfying L(θ̂,y) = supθ L(θ,y), θ̂ would

be called Maximum Likelihood Estimate(MLE).

In summary, MLE is a method to seek the maximum value of the likelihood

function so that observed data seemed most likely. There are two main methods

to approach MLE: one is to check all valid values, if possible, who are the MLE by

definition; the other is by calculating the derivative of a likelihood function or log

function. The former one is easy to determine whether the result is valid, comparing

the definition straightly. The latter one requires more calculation and search a root

for θ so that d
dθ
L(θ,y) = 0. In this case, the expression for the likelihood function

should be supplied.

Here are some examples using in our experiments. As for g-and-k distribution,

even we can write the likelihood function that

Lgk(A,B, g, k|u) =
n∏
i=1

∂

∂ui
Q−1

gk

({
A+B

[
1 + c

1− exp(−gzui)
1 + exp(−gzui)

]
zui

}
(1 + z2

ui
)k
)
.
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Rayner and MacGillivray (2002) pointed out that even though the general expression

of likelihood may not be solved, each value of the likelihood function could be ob-

tained by the algorithm. Thus, the maximum likelihood estimate could be searched

numerically, and called Numerical Maximum Likelihood Estimation(NMLE).

In terms of LV models, Boys et al. (2008) claims that

LLV (θ|y) =

[
T−1∏
i=0

ni∏
j=1

~µij(y(tµi,j−1
), θµij)

]
· e

∫ T
0 ~0(y(t),θ)dt, (4.3)

where ~µ stands for the hazard function of reactions, ni is the amount of reactions

over the unit interval (i, i + 1] in which ti,µ is one of time points, for µ-th reaction,

Here y =
{
y(t) : t ∈ (i, i+ 1], i = 0, 1, 2, ..., T − 1.

}
. And also it is assumed that

~µ(y, θµ) = θµgµ(y), µ = 1, 2, 3. (4.4)

Let ~0(y, θ) =
∑3

µ=1 ~µ(y, θ). Here gµ(·) is a known function and its properties are

mentioned in SKN models (Chapter 3 for Examples).

According to the expression of likelihood, it is deduced that

θ̂µ =

∑T
i=1 rµi∫ T

0
gµ(y(t))dt

=
rµ∫ T

0
gµ(y(t))dt

, µ = 1, 2, 3, (4.5)

where rµi is the quantity of type µ reactions in a time interval (i, i+ 1].

Boys et al. (2008) provides the evidence that the rate constants should be a inde-

pendent distributed gamma variable based on the construction of the likelihood (4.5).

In Bayes’s theorem, if we takes θµ from a prior for gamma distribution Γ(aµ, bµ), then
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we have

θ1|Yt ∼ Γ

(
a1 + r1, b1 +

∫ T

0

y1(t)dt

)
,

θ2|Yt ∼ Γ

(
a2 + r2, b2 +

∫ T

0

y1(t)y2(t)dt

)
,

θ3|Yt ∼ Γ

(
a3 + r3, b3 +

∫ T

0

y2(t)dt

)
. (4.6)

In the Boys et al. (2008) study, it is also claimed that ”maximum aposteriori (MAP)

estimator” could be adopted in the situation. In addition, when aµ = 1 and bµ = 0,

”MLE and MAP estimator coincide”. According to the expression, it is apparent

that completely observed species over the whole process are required for calculating

the value
∫ T

0
gµ(y(t))dt, µ = 1, 2, 3; otherwise, we cannot acquire a credible result

through MLE methods.

4.2 Pseudo-Likelihood and Indirect Inference

Sometimes Pseudo-likelihood estimate could be called composite likelihood esti-

mate or quasi-maximum likelihood estimate as well. In practice, it is not necessary

or impossible to acquire the true PDF, which means we could not find an actual

log-likelihood in general. Gourieroux et al. (1993) point out that there is no need

to conduct a direct estimator of the parameter but a family of pseudo-likelihood

functions should provide estimators of parameters satisfying consistence and normal

asymptotic property.

The pseudo-likelihood estimate could be applied in g-and-k distribution. Even if

the maximum likelihood function could be calculated in a complex format, the esti-

mate of parameters could be computed more easily by a simple format for the combi-

nation of data. For example, position parameter estimator Â follows the distribution

of sample median and other parameters could be estimated in the similar as well
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through their physical properties (Garcia et al., 2011; McCulloch, 1986). Then Gar-

cia et al. (2011) extend the method from arbitrary quantiles to a pseudo-likelihood

function, by Constrained Indirect Inference with a skewed-t score generator. And

it is pointed out that including g-and-k distribution, the α-stable family of distri-

butions with four parameters could follow in the same way. Moreover, Gourieroux

et al. (1993) provide a more general format for Indirect Inference.

In the economic model, it is supposed that

yt = G(yt−1, xt, ut;θ), t = 1, 2, 3, ..., T, (4.7)

where both yt’s endogenous variables and exogenous variables xt’s are observable

whereas ut as random errors are not observed. It is assumed that the initial value y0

is provided and the random errors are always regarded as white noise with a known

probability distribution.

To estimate the parameter θ, the auxiliary model or the criterion is introduced

by a density function f(yt|yt−1, xt,β) where β is the auxiliary parameter. As usual,

the expression of the function f is analytical and it is feasible to estimate parameters

of the auxiliary model. We have

β̂ = arg max
β

T∑
t=1

log f(yt|yt−1, xt,β). (4.8)

If we can generate a simulated sequence of endogenous variables yt,i(θ), i = 1, 2, ..., n,

we have

β̃(θ) = arg max
β

1

n

n∑
i=1

T∑
t=1

log f(yt,i(θ)|yt−1,i(θ), xt,β). (4.9)

The key point of the Indirect Inference is to search a proper value θ so that β̃(θ)

approximates to β̂. In the Wald approach, a quadratic form is adopted. If a matrix

for measuring the distance between β̃(θ) and β̂ is chosen, the value of θ can be
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calculated by least square method. That is,

θ̂n,T = arg min
θ

[
β̃(θ)− β̂

]′
ΩT

[
β̃(θ)− β̂

]
, (4.10)

where ΩT is a sequence of positive definite matrix or weighting matrix converging

to Ω. Here the simple format is ΩT = Ω which is a deterministic positive definite

matrix. The estimator of parameter θ could be determined in this way.

Above all, it is indicated that even though the density function f sometimes do

not coincide totally with the distribution of yt, parameters can still be estimated by

the auxiliary model.

4.3 Posterior Distributions

In Bayesian Statistics, the parameter is regarded as a random variable with a

certain distribution. The process of calculation, according to the real data com-

bined with the experience of estimating the parameters of the distribution, tends to

be complicated. In recent years, due to the improvement of computer calculation

capability, various simulation-based computational methods have emerged, which

greatly promotes Bayesian statistics. In the era of large data samples, Bayesian’s

has certain advantages over frequentists’ inference. It is because that the method is

based on sample data to estimate parameters. To sum up, the basic idea of Bayesian

statistics is that the parameter posterior distribution function is proportional to a

product of a prior probability and a likelihood. Based on the posterior distribution,

the parameters are statistically analyzed in Bayesian views.

In Bayesian Inference, calculating or estimating these probability distributions

can be divided into two aspects. Firstly, we must be able to calculate the likelihood

of the data; that is, given a model with a set of parameters θ, we must specify each

observation in the probability sample.
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Last but not the least, the prior distribution of θ should be considered. The

parameters θ should be derived analytically in an explicit way according to the prior

information of the problem (Fearnhead and Prangle, 2012). To be simplified, param-

eters could be treated as random variables according to data while the estimation of

the parameters is based on the probability distribution after observing some data.

In this case, the prior distribution can be determined based on our previous under-

standing of the possibility of θ. Otherwise, a prior probability may explain the fact

that there is no information supplied with θ in prior, which means that we may use a

prior probability without information, or the θ widely dispersed within the allowable

or supported range. Above all, whether the information is provided in advance, a

posterior distribution should be updated through a conditional probability function

of θ given observing the data Yobs = {y1, y2, ..., yn}. In a Bayes’ view, we have:

π(θ|Yobs) =
L(θ|Yobs)π(θ)∫
L(θ|Yobs)π(θ)dθ

, (4.11)

where π(·) is the prior distribution function and π(·|·) is the posterior distribution

function.

In terms of analyzing the model, all information may be covered through the

posterior distribution, such as “model checking and validation”, prediction as well

as “decision making” (Sisson et al., 2018). Providing that the likelihood function

L(θ|Yobs) or proposal function are tractable to obtain a close form, we can calculate

the result directly; otherwise, Monte Carlo(MC) algorithm , as a common numeri-

cal approach, could contribute to the inference. This method utilizes the posterior

distribution drawing the samples, θ(1),θ(2), ...,θ(N) ∼ π(θ|Yobs), and based on the

samples, the posterior distribution could be approximated by:

π(θ|Yobs) ≈
1

N

N∑
i=1

δθ(i)(θ), (4.12)
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where δX(x) is defined as Dirac function, that is, δX(x) = 1 if x ∈X otherwise

δX(x) = 0. In other words, the samples were then filtered in such a way that those

consistent with the posterior were retained otherwise were discarded. In this case,

it is ensured by the law of large numbers that the distribution of filtered samples

approximates the posterior distribution. That is,

π(θ|Yobs) = lim
N→∞

1

N

N∑
i=1

δθ(i)(θ).

In addition, the expectation of a function g(θ) under the posterior distribution

π(θ|Yobs) could be obtain:

Eπ[g(θ)] =

∫
θ∈Θ

g(θ)π(θ|Yobs)dθ

≈ 1

N

N∑
i=1

g(θ(i)), (4.13)

where Θ is the set of valid vectors of model parameters θ.

Through various MC methods or related sampling algorithms, it seems to be easy

for Bayesian analysis by generating samples from the posterior distribution. How-

ever, Sisson et al. (2018) also point out that there are still two shortages for likelihood

function numerical evaluation, including the ”computationally prohibitive” and in-

tractable format for the complete likelihood function. The former one often happens

in the situation that the sufficiently large sample size requires feasible sufficient statis-

tics. As for intractable likelihood function, quantile functions are one of the typical

examples. Thus, if the target likelihood function for the model is intractable, it is

invalid to draw samples from the posterior distribution in such a standard Bayesian

simulation method. Contrasted with changing into a simpler model, a more effec-

tive method is to search an approximation to the original target model (Sisson et al.,

2018). This posterior distribution approximation method requires replicated samples
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from the model instead of the expression of the likelihood function, which is called

a likelihood-free Bayesian method. Approximate Bayesian Computation (ABC), as

a special case for likelihood free methods, would be introduced in the next section.

4.4 ABC algorithm

The cases in the previous chapter (Chapter Examples) are indeed difficult to solve

in reality as the calculation for some of them tends to be much more impractical. In

terms of the intractable likelihood problems, it requires the implementation of ABC

methods since the limitation of standard Bayesian simulation methods.

The ABC method has been gradually developed in recent years and has become

one of the hot spots in the Bayesian Computational method. The main idea of the

method is to sample parameters given the prior distribution and then calculate the

posterior distribution with these different parameters.

The ABC method, different from standard simulation methods, requires one more

step for comparing the difference between observations and simulated samples.The

ABC method constructs artificial data set Y ∗ by simulating the generated parameters

in the model, as well as calculates the distance between the simulated data set Y ∗

and the observed data Yobs on condition that the distance ‖ · ‖ and the tolerance

value ε are set in the method. The distance ‖ · ‖ satisfied:

• ‖x, y‖ ≥ 0, and ‖x, y‖ = 0 if and only if x = y ;

• ‖x, y‖ = ‖y, x‖;

• ‖x, z‖ ≤ ‖x, y‖+ ‖y, z‖;

If the distance is acceptable within the range of tolerance, the distribution with

parameters simulating the artificial data set is considered to be similar to the true
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posterior distribution. Then, the parameters can be directly estimated by the above

numerical simulation process.

In a simple ABC algorithm, it is often assumed that the observation are uni-

variate. Thus, we can set the distance function that ‖Yobs, Y ∗‖ = Yobs − Y ∗. But

things go complex when observations and samples are multi-dimension. The selection

of the distance expression ‖Yobs,Y ∗‖ in the ABC method surely affects the result

of the parameter estimation. More details are discussed in the next section. In

this part, we start to introduce the original ABC method. Sometimes it is called

Rejection ABC, which is the ”oldest”, and the ”simplest” as there are no more steps

required for sampling after rejection decisions (Nunes and Prangle, 2015; Karabatsos

and Leisen, 2018). The calculation steps of the ABC method are as follows (assuming

the a priori of the parameters is π(θ)):

Algorithm 3: original ABC method (Rejection ABC)

for i = 1 to N do
repeat
Simulate parameters θ∗(i) from a prior distribution π(θ);

Generate synthetic data sets Y ∗ based on models and parameters θ∗(i);
If the observed data is close enough to the synthetic data set, that is,
‖Yobs,Y ∗‖ ≤ ε, then accept θ∗i otherwise reject;

end for

The posterior distribution function in ABC satisfying:

πABC(θ|Yobs) ∝ π(θ)

∫
f(Y |θ)Iδ (‖Yobs,Y ‖ ≤ ε) dY , (4.14)

where f(·) stands for the likelihood function, Iδ(·) is a indicator function and the

tolerance ε > 0.

In practice, the summary statistic s(·) often replace the role of samples or observa-

tions so that computational problem could be reduced especially for high dimensional

Yobs or large size samples. That is, the algorithm could adopt the summary statistic
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s(Y ∗) contrasted with s(Yobs), instead of Y ∗ with Yobs. Here s(y) is sufficient for

the parameter so that if we denote the density function as f(y|θ), then

f(s(y)|θ) =

∫
δs(s(y))f(y|θ)dy,

where δs(·) means that Iδ(‖s, s∗‖ ≤ ε). Due to the property that

lim
ε→0

πABC(θ|s(Yobs)) ∝ f(s(Yobs)|θ)π(θ) (4.15)

and

π(θ|s(Yobs)) = π(θ|Yobs),

we can draw a conclusion that samples from the distribution π(θ|s(Yobs)) cater for the

requirement for the estimation on the posterior function π(θ|Yobs). And the summary

statistic can be a quantile or a moment statistic of y (expectation, variance, etc.).

Sometimes s(y) is non-sufficient, and convergence to the true posterior still works in

ABC algorithms but the loss of information requires more computation to keep the

precision of the posterior evaluation (Mengersen et al., 2013). Therefore, a sufficient

summary statistic is the first choice for posterior approximation; otherwise, Sisson

et al. (2018) suggests that the dimension of the summary statistic is supposed to be

large enough as the informative representation for observations.

When a proper summary statistic s(y) is adopted and the error value ε → 0

can be tolerated, the output of the ABC algorithm should converge to the genuine

posterior distribution with parameters. The evaluation sometimes coincides with the

posterior distribution if ε is set as 0. In this scenario, the likelihood free method is

no longer the ABC algorithm as the key idea of approximation is reduced. And the

algorithm is not feasible as well especially for continuous observations, for the accept

rate turns out to be zero and nearly all samples seem to be rejected before output.
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Therefore, the tolerance ε, even we expect as close to 0 as possible, is often larger

than 0 in ABC methods.

In practical applications, the estimation effect for the ABC method to a certain

extent depends on the selection of the summary statistic s(y) and the tolerable ε.

s(y) reflects all the information characteristics of the observation value Yobs, and the

sufficient degree of s(y) determines the size of the estimated deviation in the ABC

method. The dimension of s(y) is often less than that of observations or samples

while the acceptance rate of the estimated parameters in the ABC method decreases

with the increase of the dimension of the statistic s(y); Except for the non-parametric

system error of the method itself, and the error value ε controls the error range of

accepting samples. In the model, the lower acceptance rate for samples means that

more simulations are required to collect enough samples for inference and then time

cost for computations would reduce the feasibility of the method; When the loosening

of the error term will increase the acceptance rate of the parameter, the quality of

the estimated output in the model, however, will reduce. Therefore, the balance

between computational feasibility and simulation precision holds a critical role in

the performance of the inference.

Above all, s(y) should be low-dimensional and informative in the data set as well

as the error term ε could be set small enough to ensure that the simulated data is

close to the observed data. In this case, the ABC method is likely to have a good

estimator. In other words, the choice for various tuning parameters in the ABC

method, such as the summary statistics s(y) and the error term ε, has always been

a difficult point in the application of the ABC method.

In the application process, the ABC method requires two key choices to be care-

fully undertaken, containing summary statistics and tolerance (Nunes and Prangle,

2015). However, the uncertainty of the non-sufficient summary statistic and the re-

quirement of prior information in the tolerance determination would be the main lim-
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itation of the ABC methods. Moreover, sometimes even though summary statistics

could solve the ”curse of dimensionality problem”, multi-dimensional observations

or statistics still derive a new problem in which distance function is proper in each

situation.

4.5 Improved ABC Algorithms

The ABC method is a kind of computational method for the likelihood of Bayesian

inference based on computer data simulation rapidly developed. In recent years, this

method has been widely used and has become a significant branch of the Bayesian

computational method. Due to the limitation of basic ABC mentioned above, ABC

methods often combine with other iterative algorithms to generate approximate sam-

ples from the evaluated posterior, including importance sampling(IS), Markov chain

Monte Carlo (MCMC), sequential Monte Carlo (SMC) and other methods (Kara-

batsos and Leisen, 2018). These combinations are called ABC-IS, ABC-MCMC and

ABC-SMC methods, respectively. In this section, we focus on the classification for

improved ABC methods through the approximate likelihood instead.

4.5.1 Kernel-ABC

In the original ABC, it finds that the indicator function only determines whether

to accept the simulated samples, wasting the information. To be specific, as ε→ 0,

the marginal distribution of the parameter θ vector is the true posterior. That is:

f(Yobs|θ)π(θ) ∝ lim
ε→0

∫
Iδ(‖s(Y ), s(Yobs)‖ ≤ ε)f(Y |θ)π(θ)dY . (4.16)

As we know, the indicator term Iδ(·) only takes a value of 0 or 1. In this way, the

statement for accepting samples in the algorithm can transform into a mathematical
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formula with simplifying implementation. In this scenario, all accepted samples are

undertaken equally in the system. That is, the indicator item cannot distinguish

between two exactly different samples within the same tolerance: ones are from the

estimated data set Y ∗ that is more close to or even equal to the observed data

set Yobs; ones are furthest from those points in the data set Yobs. In other words,

this qualitative judgement wastes the information in which some simulated samples

satisfying ‖Yobs,Y ‖ < ε seem to be more close to the true posterior distribution than

samples that ‖Yobs,Y ‖ = ε. Thus, the former samples are more likely to be sampled

from the true posterior distribution than the latter cases. The doubt whether we can

make use of the information motivates the application of a smooth Kernel function

replacing the indicator function.

Kernel methods could be used widely in the practical as positive definite kernels

are available for any types of data sets (Hein and Bousquet, 2005).

A real-valued function K(·, ·) on X ×X can be called as a positive definite (p.d.)

kernel on X if and only if:
n∑
i,j

cicjK(xi, xj) ≥ 0, (4.17)

where for all n ∈ N, xi ∈ X , i = 1, 2, ..., n, and for all ci ∈ R, i = 1, 2, ..., n. In the

mathematical model, when the left item of the inequality equal to 0, it is implied that

all ci = 0. That is, “any finite matrix constructed by pairwise evaluation” should

have fully positive (p.d.) or non-negative eigenvalues.

As Hein and Bousquet (2005) provides evidence for all common Hilbertian matrix

on probability measures, using a smooth Kernel function to weight neighboring obser-

vations or samples, sometimes called Kernel smoother, is one branch of applications

of Kernel methods. In ABC algorithms, the indicator function Iδ(·) can be regarded

as one of common kernel functions (uniform kernel) as well (Sisson et al., 2018).

Now we adopt the standard smooth kernel function Kε(u), with u = ‖(Y ∗), (Yobs)‖
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or u = ‖s(Y ∗), s(Yobs)‖, satisfying:

Kε(u) =
1

ε
K(
u

ε
), (4.18)

where ε stands for the scale parameter or ”bandwidth”. Kernels, symmetric func-

tions, have the properties as follows:

• K(u) ≥ 0 for all u ;

•
∫
K(u)du = 1 ;

•
∫
uK(u)du = 0 ;

•
∫
u2K(u)du <∞ ;

Sisson et al. (2018) provides the proof of the convergence for the estimation with

a kernel function. In the uni-variate case, the study even supplies the result of how

accurate the simulation can be. We can propose the likelihood fABC for the K-ABC

algorithm, with a fixed value of θ, that,

fABC(Yobs|θ) =

∫
Kε(‖(Y ), (Yobs)‖)f(Y |θ)dY. (4.19)

In this formula, we can consider the function fABC as the ABC likelihood to ap-

proximate the true likelihood or density function f(Y |θ), for which ABC seems to

be a regular Bayesian analysis with an approximated likelihood (Sisson et al., 2018).

Assume that Y, Yobs ∈ R and ‖u‖ = |u| = |Y − Yobs|, then we can express the ABC

likelihood at the point Yobs through a Taylor expansion if the function f(Y |θ) is

analytic. That is,

fABC(Yobs|θ) = f(Y |θ) +
1

2
ε2f ′′(Yobs|θ)

∫
u2K(u)du− ... (4.20)
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The expression for bias between ABC likelihood and the true likelihood for parameter

θ is bε(y|θ) = fABC(y|θ)− f(y|θ). The point estimation for the bias is,

b̂ε(y|θ) =
1

2
ε2σKf

′′(y|θ), (4.21)

where σK =
∫
u2K(u)du. Through the expression, it is apparent that bias reduces

as the scale parameter ε become less. Even we can obtain the expression of bias

estimation in theory while it is infeasible to calculate the second derivation of the

likelihood in practice as the likelihood function is supposed to be intractable in

advance.

If the same manner is adopted for the bias of ABC posterior approximation, we

have,

bε(Yobs|θ)π(θ) = fABC(Yobs|θ)π(θ)− f(Yobs|θ)π(θ)

= πABC(θ|Yobs)cABC − π(θ|Yobs)c, (4.22)

where cABC =
∫
fABC(Yobs|θ)π(θ)dθ and c =

∫
f(Yobs|θ)π(θ)dθ.

Then,

B̃ε(θ|Yobs) = πABC(θ|Yobs)cABC − π(θ|Yobs)c

=
bε(Yobs|θ)π(θ)

cABC
+ π(θ|Yobs)

(
c

cABC − 1

)
. (4.23)

It is found that the function of θ could describe the difference between ABC posterior

approximation and the true posterior. With a fixed point of θ, bε turns to be 0 as

ε→ 0 and then B̃ε goes to 0 as well. Therefore, to choose a proper scale parameter θ

seems to be more significant than to determine which type of kernel function in the

K-ABC (Sisson et al., 2018).

As for a smooth kernel for multivariate relations, let u = Y ∗ − Yobs, where
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u = (u1, ..., un) , Y ∗ = (y∗1, ..., y
∗
n) and Yobs = (yobs,1, ..., yobs,n) , so we have ui =

y∗i − yobs,i(i = 1, 2, ..., n). Then we can write Kε(u) =
∏n

i=1Kεi(ui), where the scale

parameter Kεi(ui) of each individual kernel function can be different. If we denote

that:

fABC(θ|s(Yobs)) =

∫
π(θ)Kε (|s(Y )− s(Yobs)|) f(s(Y )|θ)dY .

then the ABC posterior is that:

πABC(θ|s(Yobs)) ∝ π(θ)fABC(θ|s(Yobs)).

Similarly, the bias between ABC approximation and the true posterior could be

extended from the uni-variate case mentioned above.

All in all, K-ABC as one of improved the ABC algorithms is shown as follow.

Algorithm 4: Importance sampling implementation of ABC method
(Fearnhead and Prangle, 2012)

a proposal density g(θ), with g(θ) > 0 if π(θ) > 0
for i = 1 : N do
repeat
1. Simulate parameters θ∗i from function g(θi).
2. Generate artificial data sets Y ∗ based on models and parameters θ∗i .
3. Calculate the statistical data s(Yobs), s(Y

∗) corresponding to the
observation data Yobs and the artificial data set Y ∗.

4. If the observed data is close enough to the artificial data set, that is, with

probability Kε(s(Yobs)− s(Y ∗)), then set wi =
π(θ∗i )

g(θ∗i )
otherwise wi = 0.

end for

4.5.2 EL-ABC

The empirical likelihood was first proposed by Owen in 1988, who pointed out

that this model had similar properties in convergence and simpler calculations com-

pared with common likelihood (Owen, 1988). Other than K-ABC or related methods

focusing on the density function f , the empirical likelihoods assume the constraints
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to determine the value of parameter θ in advance. Unlike Rejection ABC models,

empirical likelihood has such outstanding points: improved performance to estimate

divergence on a set with large sample size; loosening the importance of a tolerance

zone or a non-sufficient summary statistics; better estimation accuracy; and reduced

computational complexity (Mengersen et al., 2013).

The empirical likelihood is a kind of nonparametric likelihood in which a related,

interesting parameter θ, such as the moment of the distribution, is first defined and

then the likelihood can be considered as a performance function. To be specific,

it is assumed that the dataset y = (y1, y2, ..., yn) are independent and identically

distributed from the unknown distribution function f . Y is the random variable

following the f distribution. The likelihood can be written as:

Lel(θ|y) = max
p

n∏
i=1

pi, (4.24)

where a vector p subject to the constraints {p ∈ [0, 1]n,p = (p1, p2, ..., pn),
∑
pi =

1,
∑

i pig(Y, θ) = 0}. Here g(·) is a vector-valued function, called estimating function.

In terms of a vector mean, we can take g(Y, θ) = Y − θ and then θ̂ = Ȳ . In the case

of one dimension, if θ = Ef [Y ], the empirical likelihood of θ is the maximum of the

product p1p2...pn under the condition p1y1 + ...pnyn = θ. In addition, the empirical

likelihood can be performed with fast calculation by the ‘emplik’ package built on

the Newton-Lagrange algorithom in the application of R (Mengersen et al., 2013).

Within proper constraints, the empirical likelihood has been proved to have the

properties of convergence in theory. When the data is non-independent and identi-

cally distributed, some potentially independent and identically distributed structures

can be built to calculate the empirical likelihood. The limit of empirical likelihood

should reflect the information in characteristics of the model and ensure the likeli-

hood convergence.
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The empirical likelihood is used as a common likelihood and combined it with

the ABC algorithm to obtain an improved algorithm, which is called Bayesian Com-

putation with an empirical likelihood (BCel) or Empirical Likelihood ABC Method

(EL-ABC). The main idea of the EL-ABC is shown as follow:

Algorithm 5: EL-ABC method

For i = 1 : N do;
repeat;
1. Draw θ∗i from the prior functionπ(θi);
2. Calculate the likelihood Lel(θ

∗
i |y) with θ∗i ;

3. Set a value to important sampling weight and let wi = Lel(θ
∗
i |y).;

end for

The sampling results of EL-ABC are N parameters with weight wi, which is sim-

ilar to the important sampling method for the parameter θ with the function g(θ)

that:

ĝ(θ) =

∑N
i=1[wi · g(θi)]∑N

i=1wi
. (4.25)

In the process, when g(θ) is the mean function of θ, the value of the parameter

estimation of θ can be obtained. The performance of the EL-ABC algorithm can get

the effective sample size (ESS):

ESS =
1∑N

i=1[ wi∑N
j=1 wj

]2
. (4.26)

In the calculation, ESS estimates the number of independent and identically dis-

tributed samples, whose value is usually between 1 (for unsatisfactory results) and N

(for perfect performance results). It is indicated that the EL-ABC method, for pos-

terior distribution estimate, has the advantage in which the known prior information

of the parameters can be fully considered in the parameter estimation.

EL-ABC has the limitation of estimation as well. It is apparent that a proper

choice of the constraint requires experience in prior. Even data cloning sometimes
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reduces the requirement by replacing the constraints, trouble for poor summary

statistics fitting the model is motivated as well. Mengersen et al. (2013) provides a

feasible method through replicated experiments to check the approximation precision.

4.5.3 Semi-automatic ABC

In the Fearnhead and Prangle (2012) study, Semi-automatic ABC methods pro-

vided the evidence that the chosen summary statistics can be equal to ABC pos-

terior means E(θ|Y ). The algorithm is to simulate samples for parameter θ =

(θ1, θ2, ..., θp), after calculating the summary statistic.

Algorithm 6: Semi-automatic ABC method (Fearnhead and Prangle, 2012)

1. a pilot run of ABC to get posterior mass;
2. simulate parameters θ and samples Y ∗;
3. using the simulated parameters and samples to estimate the summary
statistics s(Y ∗);

4. run ABC with the selected summary statistics s(Y ∗)

In the regression models of the algorithm, we choose a vector-valued function or

candidate summary statistics s̃(x), for example, s̃(x) = (x,x2,x3,x4) (Fearnhead

and Prangle, 2012). Then, we could get transformations of the data, s̃(Y (j)), j =

1, .., N , corresponding to the each parameter θ
(j)
i estimate. The fitting model is that,

θi = E(θi|Y ) + εi = β0,i + βis̃(Y ) + εi, (4.27)

where ε is the residual and βi is a coefficient. As the constant β0,i would play no

role for Bayesian inference, we focus on the term βis̃(Y ) for i-th summary statistic

estimate. The resulting estimate s(Y ) = β̂s̃(Y ), where β̂ = (β̂1, β̂2, ..., β̂p), can be

regarded as the summary statistics in the Rejection ABC algorithm ((Park et al.,

2016)).

In this way, the algorithm constructs the summary statistics with regression mod-
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els. The study of Fearnhead and Prangle (2012) suggests that the pilot experiment

in advance requires summary statistics as well as explanatory variables for the linear

models, to replace a arbitrary choice of summary statistics. It also points out that

the approach of Semi-automatic ABC is more robust for optimal choices of summary

statistics than standard ABC based on the pilot run. However, Park et al. (2016)

indicates that there seems to be no evidence of calculating analytically.



Chapter 5

Hermite MC Method

As existing methods are provided before, this chapter aims to supply more details

of our new proposed method on how to approximate the likelihood function and

estimate parameter by Hermite Polynomials. Further, we would provide the proof

to ensure the feasibility of our method, according to large sample theories. Then,

the main algorithm for our method are summarised. And we could extend the con-

clusion to infinite dimensions space for parameters. Moreover, multi-variate Hermite

expansion for likelihood free inference is available as well.

5.1 Hermite expansions for the likelihood func-

tion

Now we will present a proposed method which can provide a consistent estimator

for the unknown model parameters when the likelihood function is not available.

Our methodology only requires that given any model parameter value θ, a pseudo

data set can be simulated from the underlying statistical model.

First, we need to construct M independent sample statistics based on the data

48
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set y, denoted as S1, · · · , SM with

Si = Ti(y), (5.1)

where Ti is the function to calculate the ith statistic. We also require that all chosen

statistics Si, i = 1, · · · ,M , such as sample quantiles (Fearnhead and Prangle, 2012),

converge to a certain value s∗i (the population characteristics) in probability. Such

statistics are easy to find since their convergence properties are guaranteed by the

large sample theorem and central limit theorem.

The independence property of the chosen statistic can be guaranteed for practical

problems, by choosing appropriate Ti (such as a proper subset of y) to construct each

Si. For example, Si may depend on only K < n data points of y. Then the rate of

convergence Si → s∗i is Op

(
K−

1
2

)
(Liu and Yang, 2012). Such independent statistics

Si, i = 1, · · · ,M can even be achieved for discretely observed Markov processes by

designing Ti appropriately. Practical details will be provided in Section 6.1. For

notation simplicity, throughout this section we require that each of S1, · · · , SM is

constructed based on K = n/M different data points of y. Further, the density for

Si will depend on the number of observations in y which are used to construct Si,

which is therefore denoted as fi,n(s|θ).

The likelihood function based on these M statistics (S1, · · · , SM) = (s1, · · · , sM)

is given by

l̃(θ|s) ∝
M∏
i=1

fi,n(si|θ). (5.2)

Because f is unknown, the densities fi,n(si|θ) are not available either. In this thesis,

we approximate the densities fi,n(si|θ) via Hermite expansions. We first give some

background and results on Hermite expansions.

The standard Hermite polynomials are provided in the Chapter 2 (Definition 2.7)



50

and the standard Hermite functions are defined as

Hm(x) = hm(x)e−
x2

2 , (5.3)

for m = 0, 1, 2, · · · .

Standard Hermite polynomials defined above are orthogonal with respect to the

weight function e−x
2
, that is,

∫ ∞
−∞

e−x
2

hi(x)hj(x)dx =

∫ ∞
−∞

Hi(x)Hj(x)dx = δij =

 0, i 6= j,

1, i = j .
(5.4)

It follows from Lemma 2.2 that the Hermite expansion of the function fi,n(si|θ)

is

fi,n(si|θ) =
∞∑
m=0

C(i)
m (θ)Hm(si), (5.5)

where

C(i)
m := C(i)

m (θ) =

∫ ∞
−∞

fi,n(v|θ)Hm(v)dv. (5.6)

Note that for simplicity we use C
(i)
m , dropping the notation θ in C

(i)
m (θ).

In theory, statistics Si, i = 1, · · · , sM can be chosen to be correlated, i.e. we may

choose M correlated statistics S = (S1, · · · , SM). Then equation (5.5) will become

an M -dimensional Hermite polynomial expansion for the multivariate density of S,

fn(s1, · · · , sM |θ). We focus on a independent statistic Si in our simulation stud-

ies and data analysis, because computationally one-dimensional Hermite expansion

(5.5) is much easier to be implemented than multi-dimensional Hermite expansion.

Detailed methodology results for such multi-dimensional cases is presented in the

chapter above, while in the main thesis we will focus on using the independent
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statistic.

5.2 Working likelihood function estimation

The likelihood l̃(θ|s) in (5.2) and fi,n in (5.5) cannot be used in practice, because

it is impossible to evaluate C
(i)
m explicitly. However, if θ is given, we can simulate

Nn random realisations v
(1)
i , · · · , v(Nn)

i from fi,n(·|θ), by drawing x(1),x(2), · · · ,x(Nn)

from a generative model of the distribution f(x|θ) and then calculating a statistic

v
(k)
i = Ti

(
x(k)
)
, as discussed in Experiment chapter. Here Nn is a large integer

depending on the sample size n, such that Nn →∞ as n→∞. Then the estimation

for C
(i)
m is given by

Ĉ(i)
m := Ĉ(i)

m (θ) =
1

Nn

Nn∑
k=1

Hm(v
(k)
i ), (5.7)

where the dependence on θ is because the simulation of v
(k)
i depends on θ. In our

proof, we also drop off θ in Ĉm(θ) for simplicity.

Therefore, an estimation for fi,n(si|θ) is given by

f̂i,n(si|θ) =

q(Nn)∑
m=0

Ĉ(i)
m (θ)Hm(si), (5.8)

where q(Nn) is a threshold for the order of the Hermite Polynomial Expansion sat-

isfying q(Nn)→∞, but q(Nn)
Nn
→ 0 as n→∞.

Further we have the following working likelihood function as

l̂(θ|s) ∝
M∏
i=1

f̂i,n(si|θ). (5.9)

This result tells us that we can actually use (5.9), instead of the original f(·|θ) to

find the MLE of θ. The following section provides the theoretical justification for
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the MLE based on the working likelihood function (5.9).

5.3 Large sample theories

Denote by θ∗ the true parameter and θ∗ ∈ Θ, a closed-ball neighbourhood of θ∗.

Let θ̂ be the MLE of θ, which is defined as θ̂ = argmin
θ∈Θ

l̂(θ|s). To investigate the

large-sample properties of θ̂, we assume that the sample statistic Si, i = 1, 2, ..,M

satisfy the following condition.

Suppose that each yi of the dataset y = (y1, · · · ,yn) follows distribution density

f(·|θ∗) and each of the independent statistic S1, · · · , SM is constructed based distinct

Kn = n/M observations in y and they satisfy the following conditions.

Condition 5.1. Si → s∗i almost surely and E|Si − s∗i |2 → 0, as n → ∞ and the

central limit theorem holds for Si, i.e.
√
Kn(Si − s∗i )⇒ N (0, σ2

i );

Condition 5.2. For any i, the density function fi,n(s|θ) for Si is twice differentiable

with respect to s and θ and we can write

dfi,n(s|θ)

ds
fi,n(s|θ)−1 = ρn · gi,n(s|θ), (5.10)

where ρn = O (Kn) and the function gi,n is such that sups | ddsgi,n(s|θ)| = O(1) for

any θ ∈ Θ.

Condition 5.3. For any i, the density function fi,n(s|θ) such that

φi(s,θ) :=
∂fi,n(s|θ)

∂θ
fi,n(s|θ)−1 = ρn · ζi,n(s|θ), (5.11)

where ζi,n is such that for fixed value s, supθ |ζi,n(s|θ)| = O(1), supθ |
d
ds
ζi,n(s|θ)| =

O(1) and supθ |
∂

∂θ
ζi,n(s|θ)| = O(1) (the supreme is taken in Θ).



53

The following Lemma 5.1 tells us that the quantile statistic for independent ob-

servations satisfy Condition 5.1,5.2,5.3. If M statistics are needed, we can construct

an αi-quantile statistic with αi = i
M+1

, i = 1, · · · ,M and each of them is based on

Kn observations. In addition, the quantile statistic for discretely observed Markov

processes also satisfy Condition 5.1,5.2,5.3, which will be proved in Lemma 5.3 in the

supplementary file. Therefore, throughout this thesis, we will consider the quantile-

related statistic, which were also used dominantly in the literature (see Fearnhead

and Prangle (2012) and the references therein). Note that the following lemma is

presented for uni-variate data points only, for notation simplicity. For higher d-

dimensional data, the argument is still valid as we can always construct a statistic

based on a single component of the d-dimensional data point.

Lemma 5.1. For any θ ∈ Θ, suppose that K i.i.d. observations y1, · · · , yK follow

distribution density f(·|θ) and cumulative distribution F (·|θ), where f and F satisfy

some mild conditions. Then the αth sample quantile statistic (α ∈ (0, 1)), denoted

as S = y(Kα), satisfies Condition 5.1,5.2,5.3.

Proof. For simplicity we denote f(·|θ) and F (·|θ) as f and F . First, the large sample

properties for the sample quantile statistic (L2 convergence, strong consistency and

asymptotic normality) can be found in Del Barrio et al. (2005) and Liu and Yang

(2012). Therefore, we only need to prove that quantile statistics satisfy Condition

5.2,5.3.

The αth sample quantile statistic Sα can be obtained via the corresponding or-

dered statistics Sα = Y(ω), with ω = bKαc. The density function of S is given by

(omitting θ for simplicity) (Rényi, 1953)

f (K)(s) = ω

(
K

ω

)
F (s)ω−1(1− F (s))K−ωf(s). (5.12)

Condition 5.4. The distributions functions f(x|θ), F (x|θ) are such that, for any
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α ∈ (0, 1),

• for any θ ∈ Θ, supx

∣∣∣ f ′′(x)
F (x)(1−F (x))

∣∣∣ = O(1); supx

∣∣∣ f ′(x)
F (x)(1−F (x))

∣∣∣ = O(1);

supx

∣∣∣∣f ′′(x)
f(x)
−
(
f ′(x)
f(x)

)2
∣∣∣∣ = O(1);

• supθ

∣∣∣∣ ∂2F
∂θ2

F (1−F )

∣∣∣∣ = O(1); supθ

∣∣∣ ∂F
∂θ

F (1−F )

∣∣∣ = O(1); supθ

∣∣∣∣ ∂2f∂θ2

f
−
( ∂f
∂θ

f

)2
∣∣∣∣ = O(1),

where the supreme is taken for any θ ∈ Θ.

It is easy to get

df (K)(s)

ds
f (K)(s)−1 = (ω − 1)

f(s)

F (s)
− (K − ω)

f(s)

1− F (s)
+
f ′(s)

f(s)

= K ·
(

(α−K−1)
f(s)

F (s)
− (1− α)

f(s)

1− F (s)
+K−1f

′(s)

f(s)

)
︸ ︷︷ ︸

:=g(K)(s)

where sups
∣∣ d
ds
g(K)(s)

∣∣ = O(1) under the following mild Condition 5.4.

Similarly, if we consider f and F as functions of θ, we also have

∂f (K)(s|θ)

∂θ
f (K)(s|θ)−1 = K ·

(
(α−K−1)

∂F

∂θ
F
− (1− α)

∂F

∂θ
1− F

+K−1

∂f

∂θ
f

)
︸ ︷︷ ︸

:=ζ(s;θ)

where ζ(s;θ) is such that for fixed value s, supθ |ζ(s;θ)| = O(1), supθ |
d
ds
ζ(s;θ)| =

O(1) and supθ |
∂

∂θ
ζ(s;θ)| = O(1) for any fixed value s under Condition 5.4.

First, we need to introduce the following lemmas, which will be used to show the

large sample properties of the estimate later.

Lemma 5.2. Suppose that statistics Si, i = 1, · · · ,M satisfy Condition 5.1,5.2,5.3

and the log-likelihood, n−1
∑M

i=1 log fi,n(si|θ), is concave in a neighbourhood of θ∗

for large n, then the maximum point θ̃ of l̃(θ|s) given in (5.2) converges to θ∗ in

probability.
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Proof. In this proof, we write Kn = n/M , instead of K, to emphasize that K depends

on the sample size n. It is easy to show that the following function of θ,

n−1

M∑
i=1

∫
log fi,n(s|θ) · fi,n(s|θ∗)ds (5.13)

has derivative 0 at θ∗. Therefore (5.13) reaches the maximum at θ∗, under the

concavity assumption for n−1
∑M

i=1 log fi,n(si|θ) in a neighborhood of θ∗.

On the other hand, for any θ and any si under Condition 5.1,5.2, we can apply

Taylor’s approximation and then,

K−1
n

(
log fi,n(s∗i |θ)−

∫
log fi,n(s|θ) · fi,n(s|θ∗)ds

)
= K−1

n

∫
[log fi,n(s∗i |θ)− log fi,n(s|θ)] · fi,n(s|θ∗)ds

= K−1
n

∫ [
dfi,n(s|θ)

ds

∣∣∣∣
s=s̃i

· fi,n(s̃i|θ)−1 · (s∗i − s)

]
· fi,n(s|θ∗)ds

= K−1
n ·

∫
Kng

(n)
i (s̃i|θ) · (s∗i − s) · fi,n(s|θ∗)ds

= O(1) ·
∫ ∣∣∣∣ ddsg(n)

i (s|θ)|s=s̆i
∣∣∣∣ · (s∗i − s)2 · fi,n(s|θ∗)ds

= O(1) · E|s∗i − si|2 = o(1)

where s̃i is a value between s∗i and s, and s̆i is a value between s̃i and s.

Under Condition 5.1,5.2 and 5.3, we also haveK−1
n log fi,n(si|θ)−K−1

n log fi,n(s∗i |θ) =

op(1). Therefore, with Kn = n/M we have

n−1

M∑
i=1

log fi,n(si|θ)− n−1

M∑
i=1

∫
log fi,n(s|θ) · fi,n(s|θ∗)ds

= n−1

M∑
i=1

log fi,n(si|θ)− n−1

M∑
i=1

log fi,n(s∗i |θ)

+n−1

M∑
i=1

log fi,n(s∗i |θ)− n−1

M∑
i=1

∫
log fi,n(s|θ) · fi,n(s|θ∗)ds

= op(1).
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This implies that n−1
∑M

i=1 log fi,n(si|θ) converges to (5.13), which has θ∗ as the

maximum point. Therefore, under the concavity assumption, the maximum point θ̃

of n−1
∑M

i=1 log fi,n(si|θ) (or of log l̃(θ|s)) also converges to θ∗ in probability.

The following lemma is an extension of Lemma 5.1, for correlated observations.

Lemma 5.3. Suppose that K correlated observations y1, · · · , yK have the same marginal

density f and define joint densities for ω − 1 of them with labels ι = {i1, · · · , iω−1}

as

Gι(s) = P(yi1 < s, · · · , yiω−1 < s|yk = s),

Ḡι(s) = P(yj1 > s, · · · , yjK−ω > s|yk = s).

If the distribution functions f , Gι and Ḡι satisfy Condition 5.5, then the αth sample

quantile statistic (α ∈ (0, 1)), denoted as Sα = y(ω) with ω = Kα, satisfies Condition

5.1,5.2,5.3.

Proof. The functions f , Gι and Ḡι depend on parameter θ, which was dropped off

for notation simplicity.

First, for a sequence of random variables under the strong mixing condition (5.14),

the large sample properties for sample quantile statistics (L2 convergence, strong

consistency and asymptotic normality) exist for their quantile statistics (Doss et al.,

2014; Wang et al., 2016). Therefore we only need to demonstrate that Condition

5.2,5.3 are satisfied.

The αth sample quantile statistic S can be obtained via the corresponding ordered

statistics S = Y(ω), with ω = bKαc. The density function of S is given by (Rényi,

1953)

f (K)(s) =
K∑
k=1

f(s)
∑
ι

Gι(s)Ḡι(s),
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where the second
∑

notation means sum over all possible choices of the labels ι =

{i1, · · · , iω−1}. Therefore, we can write

df (K)(s)

ds
f (K)(s)−1 = Kg(K)(s),

where

g(K)(s) = K−1df(s)/ds

f(s)
+
K−1

∑K
k=1

∑
ι

d
ds
Gι(s) · Ḡι(s)∑K

k=1

∑
ιGι(s)Ḡι(s)

+
K−1

∑K
k=1

∑
ιGι(s) ·

d
ds
Ḡι(s)∑K

k=1

∑
ιGι(s)Ḡι(s)

.

Condition 5.5.

1. The random observations y1, y2, · · · in Lemma 5.3 satisfy the strong mixing

condition

sup
k≥1

sup
E1∈Fk1 ,E2∈F∞k+m

|P(E1 ∩ E2)− P(E1)P(E2)| = O(m−(2+δ)), δ > 1/2, (5.14)

where event E1 ∈ Fk1 and E2 ∈ F∞k+m, for i < j, F ji = σ{yk; k = i, · · · , j}.

2. The distributions functions f and F are such that, for any θ ∈ Θ,

sup
s
K−1

∣∣∣∣∣ d2

ds2
Gι(s)

Gι(s)

∣∣∣∣∣ = O(1), sup
s
K−1

∣∣∣∣∣ d2

ds2
Ḡι(s)

Ḡι(s)

∣∣∣∣∣ = O(1);

sup
s
K−1

∣∣∣∣ d
ds
Gι(s)

Gι(s)

∣∣∣∣ = O(1), sup
s
K−1

∣∣∣∣ d
ds
Ḡι(s)

Ḡι(s)

∣∣∣∣ = O(1);

sup
s

∣∣∣∣∣f ′′(s)f(s)
−
(
f ′(s)

f(s)

)2
∣∣∣∣∣ = O(1).
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3.

sup
θ

∣∣∣∣∣ ∂
2Gι
∂θ2

GιḠι

∣∣∣∣∣ = O(1), sup
θ

∣∣∣∣∣ ∂Gι
∂θ

GιḠι

∣∣∣∣∣ = O(1);

sup
θ

∣∣∣∣∣ ∂
2Ḡι
∂θ2

GιḠι

∣∣∣∣∣ = O(1), sup
θ

∣∣∣∣∣ ∂Ḡι
∂θ

GιḠι

∣∣∣∣∣ = O(1);

sup
θ

∣∣∣∣∣∣
∂2f
∂θ2

f
−

(
∂f
∂θ

f

)2
∣∣∣∣∣∣ = O(1),

where the supreme is taken for any θ ∈ Θ.

Then under Condition 5.5 we have

sup
s

∣∣∣∣ ddsg(K)(s)

∣∣∣∣ = O(1).

Therefore, Condition 5.2 is satisfied. Similarly, we can prove Condition 5.3 also holds.

Lemma 5.4. Suppose fi,n is rth differentiable for some integer r ≥ 2. Then for

q(Nn) = O(N
1
r
n ), the mean integrated square error of the estimate f̂i,n(s|θ),∀θ ∈ Θ,

satisfies

E
∫

sup
θ
|f̂i,n(s|θ)− fi,n(s|θ)|2ds = O(N

5
6r
−1

n ) (5.15)

and further for any value s, we have

sup
θ
|f̂i,n(s|θ)− fi,n(s|θ)| = Op(N

5
12r
− 1

2
n ) (5.16)
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Proof. From the expressions of f̂i,n and fi,n we have

E
∫

sup
θ
|f̂i,n(s|θ)− fi,n(s|θ)|2ds

≤E
∫

sup
θ


q(Nn)∑

j=0

(Ĉ
(i)
j − C

(i)
j )Hj(s)

2

+ 2

q(Nn)∑
j=0

∣∣∣(Ĉ(i)
j − C

(i)
j )Hj(s)

∣∣∣ ∞∑
l=q(Nn)+1

|C(i)
l Hl(s)|

 ds

+

∫
sup
θ

 ∞∑
j=q(Nn)+1

C
(i)
j Hj(s)

2

ds.

Note that C
(i)
j and Ĉ

(i)
j depend on θ, but Hj(s) does not depend on θ.

Using the Hermite function properties
∫

Hj(s)Hk(s)ds = 1 if j = k; and
∫

Hj(s)Hk(s)ds =

0 if j 6= k, we have

E
∫

sup
θ

q(Nn)∑
j=0

(Ĉ
(i)
j − C

(i)
j )Hj(s)

2

ds =

q(Nn)∑
j=0

E sup
θ

[
(Ĉ

(i)
j − C

(i)
j )2

]
, (5.17)

E
∫

sup
θ


q(Nn)∑
j=0

∣∣∣(Ĉ(i)
j − C

(i)
j )Hj(s)

∣∣∣ ∞∑
l=q(Nn)+1

|C(i)
l Hl(s)|

 ds = 0 (5.18)

and

∫
sup
θ

 ∞∑
j=q(Nn)+1

C
(i)
j Hj(s)

2

ds =
∞∑

j=q(Nn)+1

sup
θ

[
C

(i)
j

]2

. (5.19)

Since Ĉ
(i)
j is an unbiased estimation for C

(i)
j (sample mean based on Nn Monte

Carlo samples, see equation (5.7)), we have supθ |Ĉ
(i)
j − C

(i)
j | converges to 0 with

Nn →∞, at rate o(N
5

12r
− 1

2
n ), for an finite integer r ≥ 1. Using the Hermite function

result in Walter (1977),

|Hj(x)| ≤ A∞ · (j + 1)−
1
12 , ∀x ∈ (−∞,∞), j = 0, 1, · · · , (5.20)
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where A∞ is a constant, and using (5.6) and (5.7), we know that |C(i)
j | ≤ A∞ · (j +

1)−
1
12 , Var

(
Hj(v

(k)
i )
)
≤ A2

∞(j + 1)−
1
6 and

E sup
θ

(
Ĉ

(i)
j − C

(i)
j

)2

= E sup
θ


(

1

Nn

Nn∑
k=1

Hj(v
(k)
i )− C(i)

j

)2


≤ 1

Nn

A2
∞(j + 1)−

1
6 , (5.21)

Then, as the convex function (x+ 1)−
1
6 , we have

E
∫

sup
θ
|f̂i,n(s|θ)− fi,n(s|θ)|2ds ≤

q(Nn)∑
j=0

E sup
θ

(Ĉ
(i)
j − C

(i)
j )2 +

∞∑
j=q(Nn)+1

sup
θ

[
C

(i)
j

]2

≤ 1

Nn

A2
∞ ·

q(Nn)∑
j=0

(j + 1)−
1
6 +

∞∑
j=q(Nn)+1

sup
θ

[
C

(i)
j

]2

≤A1
[q(Nn) + 1]

5
6

Nn

+
∞∑

j=q(Nn)+1

sup
θ
{C(i)

j

2
},

where A1 is a constant.

On the other hand, Bonan and Clark (1990) provided the following properties of

standard Hermite Polynomials,

h′j(x) =
√

2jhj−1(x). (5.22)

Therefore, for integer r ≥ 1,

C
(i)
j =

∫
fi,n(v)hj(v)e−

v2

2 dv =

∫
(2j)−

1
2 hj+1(v)d(fi,n(v) · e−

v2

2 )

=

∫
(2j)−

1
2 (2j + 2)−

1
2 ...(2j + 2r − 2)−

1
2 hj+r(v)dr(fi,n(v) · e−

v2

2 )

≤ (2j)−
r
2

∫
hj+r(v)dr(fi,n(v) · e−

v2

2 ). (5.23)

Let bj =
∫

hj+r(v)dr(fi,n(v) · e− v
2

2 ), which could be regarded as the coefficients of
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function
dr(fi,n(v)·e−

v2

2 )

dv
. The series sum

∑
b2
j should be bounded above by some

constant (Walter, 1977). So,

∞∑
j=q+1

sup
θ
C

(i)
j

2
≤

∞∑
j=q+1

(2j)−r
[∫

hj+r(v)dr(fi,n · e−
v2

2 )

]2

≤ 1

(2 + 2q(Nn))r
·
∞∑

j=q+1

b2
j = O(N−1

n ), (5.24)

which is much less than A1
[q(Nn)+1]

5
6

Nn
= O(N

5
6r
−1

n ). The lemma is proved.

Now we can introduce the main results.

Theorem 5.1. Suppose that for an integer r ≥ 2, N
5

12r
− 1

2
n = o(n−

1
2 ), i.e. N−1

n =

o(n−
6r

6r−5 ) and q(Nn) = O(N
1
r
n ), and suppose the statistics Si, i = 1, · · · ,M , their

densities fi,n and the original data density f satisfy Condition 5.1,5.2,5.3. If Si, i =

1, · · · ,M are independent and if n−1 log l̂(θ|s) and n−1 log l̃(θ|s) are concave in Θ,

then the maximum point θ̂ of l̂(θ|s) given in (5.9) converges to θ∗ in probability.

Proof. Lemma 5.4 immediately tells us that
∣∣∣f̂ (n)
i (si|θ)− fi,n(si|θ)

∣∣∣ = op

(
n−

1
2

)
.

Therefore, under the concavity assumption, the maximum point θ̂ of l̂(θ|s) and the

maximum point θ̃ of l̃(θ|s) are such that ‖θ̂ − θ̃‖ → 0 in probability, as n → ∞.

Further Lemma 5.2 immediately tell us that θ̂ → θ∗ in probability, as n→∞.

If we denote

f̃i,n(s|θ) :=

q(Nn)∑
m=0

C(i)
m Hm(s),

φ̃i(s,θ) :=

∂

∂θ
f̃i,n(s|θ)

f̃i,n(s|θ)
, φ̃

(1)
i (s,θ) :=

∂

∂θ
φi(s,θ), ψ̃i(s,θ) :=

d

ds
φi(s,θ),

φ
(1)
i (s,θ) :=

∂

∂θ
φi(s,θ), ψi(s,θ) :=

d

ds
φi(s,θ), (5.25)

where φi(s,θ) is given in (5.11), then we have the following asymptotic normality

result for θ̂.
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Theorem 5.2. Under the same condition of Theorem 5.1, the maximum point θ̂ of

l̂(θ|s) given in (5.9) satisfies

√
n(θ̂ − θ∗)→ N (0,Σ)

Σ =

lim
n→∞

M

(
M∑
i=1

φ
(1)
i (s∗i ,θ

∗)

)−1( M∑
i=1

σ2
i ·ψi(s

∗
i ,θ

∗)⊗2

)(
M∑
i=1

φ
(1)
i (s∗i ,θ

∗)

)−1

(5.26)

where ⊗ is the original Kronecker product (Schafer, 1966), σ2
i is the asymptotic

variance of
√
Kn(Si − s∗i ) and each Si is constructed based on Kn = n/M different

samples.

Proof. Using first-order Taylor expansion on ∂ log l̂(θ|s)
∂θ

∣∣∣
θ=

ˆθ
at point θ∗ we have

∂ log l̂(θ|s)

∂θ

∣∣∣∣∣
θ=

ˆθ

= M−1

M∑
i=1

[
∂

∂θ
f̂i,n(si|θ)

f̂i,n(si|θ)

∣∣∣∣∣
θ=θ∗

+
∂

∂θ

∂

∂θ
f̂i,n(si|θ)

f̂i,n(si|θ)

∣∣∣∣∣
θ=

˘θ

(
θ̂ − θ∗

)]

= M−1

M∑
i=1

[
∂

∂θ
f̃i,n(si|θ)

f̃i,n(si|θ)

∣∣∣∣∣
θ=θ∗

+
∂

∂θ

∂

∂θ
f̃i,n(si|θ)

f̃i,n(si|θ)

∣∣∣∣∣
θ=

˘θ

(
θ̂ − θ∗

)]

+Op

(
N

1
2
n

)
= M−1

M∑
i=1

[
φ̃i(si,θ

∗) + φ̃
(1)
i (si, θ̆)

(
θ̂ − θ∗

)]
+Op

(
N

1
2
n

)
, (5.27)

where θ̆ is between θ∗ and θ̂.

The second equality is because, given the observations or the statistics s,
√
Nn(f̃i,n−

f̂i,n)→ N (0, η2
i ) where η2

i =
∑q(Nn)

m=0 var(C
(i)
m − Ĉ(i)

m ) · Hm(si) <∞.

On the other hand, we have

φ̃i(si,θ) =
1

f̃i,n(si|θ)

q(Nn)∑
m=1

Hm(si)

∫
∂

∂θ
fi,n(v|θ) · Hm(v)dv. (5.28)
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We shall also further expand φ̃i(si,θ) in terms of si at s∗i , i.e.

φ̃i(si,θ) = φ̃i(s
∗
i ,θ) + ψ̃i(s

∗
i ,θ) · (si − s∗i ) +Op((si − s∗i )2 · 1), (5.29)

where 1 is a vector of 1s. Using the property that as n → ∞,
√
n/M(si − s∗i ) ∼

N (0, σ2
i ) under Condition 5.1,5.2 and 5.3, we will have asymptotically

√
M/n

(
φ̃i(si,θ)− φ̃i(s∗i ,θ)

)
∼ N

(
0, σ2

i ·
M

n
ψi(s

∗
i ,θ)⊗ M

n
ψi(s

∗
i ,θ)

)
(5.30)

where M
n
ψi(s

∗
i ,θ) is a vector with finite elements under Condition 5.3.

In the equation (5.27), the left-hand-side is 0 at θ = θ̂. Therefore, asymptotically

(
θ̂ − θ∗

)
= −

(
M∑
i=1

φ̃
(1)
i (si,θ

∗)

)−1 M∑
i=1

φ̃i(si,θ
∗), equal in distribution. (5.31)

Due to Eφi(si,θ∗) = 0, and from (5.29), (5.30) and (5.31), we have

√
n(θ̂ − θ∗) ∼ N (0,Σ)

where

Σ = lim
n→∞

M

(
M∑
i=1

φ
(1)
i (s∗i ,θ

∗)

)−1( M∑
i=1

σ2
i ·ψi(s∗i ,θ∗)⊗2

)(
M∑
i=1

φ
(1)
i (s∗i ,θ

∗)

)−1

. (5.32)

The theorem is proved.

An estimate of Σ can be obtained via bootstrap methods (Bühlmann, 2002; Zhu

et al., 2016). Suppose that y1, · · · ,yn are independent observations with density f ,

cumulative distribution F and statistics S1, · · · , SM . Denote the relation between the

estimator θ̂ which maximize the working likelihood and the statistics S as function

Θ, i.e. θ̂ = Θ(s). Suppose ỹ1, · · · , ỹn are i.i.d. bootstrap samples from the empirical

distribution F̂ , with corresponding bootstrap statistics S
(b)
1 , · · · , S(b)

M and bootstrap
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estimate θ̂(b) = Θ(S(b)).

For correlated observations y1, · · · ,yn collected from a continuous time stochas-

tic process, we consider m out n without replacement bootstrap, i.e. a bootstrap

sample ỹ1, · · · , ỹm. In other words, the bootstrap sample is a subset of the original

time series. We also denote the original estimator as θ̂ = Θ(s) and the bootstrap

estimator as θ̂(b) = Θ(S(b)).

Denote Σ̂ as the sample covariance matrix of the B bootstrap estimates θ̂(b), b =

1, · · · , B and θ̄(b) = B−1
∑n

i=1 θ̂
(b), i.e.

Σ̂ =
1

B − 1

B∑
i=1

(θ̂(b) − θ̄(b))⊗2. (5.33)

Lemma 5.5. If κ/K → 1 with K → ∞ then for any x, supv |P(Fn(x) < v) −

P(Fn;b(x) < v)| → 0, as K →∞.

Proof. The sequence I[yj ≤ x] is a strong α-mixing sequence because of the Markov

property of y1, · · · , yK . Therefore both
√
KFn(x) and

√
κFn;b(x) will be asymptoti-

cally normal with the same mean. Their asymptotic variance will also be the same,

if κ/K → 1, as K →∞. For example, we can choose κ = K −
√
K.

We have the following theorem

Theorem 5.3. For either independent observations y1, · · · ,yn, or observations from

a continuous time stochastic process, the sample covariance matrix Σ̂ based on the

bootstrap estimators is such that Σ̂ converges to Σ in probability as n→∞.

Proof. For notation simplicity, we illustrate this using one-dimensional data with K

observations, y1, · · · , yK . The argument applies for multi-dimensional case, since we

can always use one component of the multi-dimensional data to construct Si.

First for independent observations y1, · · · , yn, we always have that quantile statis-

tics S and their bootstrap copies S(b) guarantee sups |P(S < s) − P(S(b) < s)| → 0.
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For dependent Markov process observations y1, · · · , yK and κ out K (without replace-

ment) bootstrap sample ỹ1, · · · , ỹκ, we can also construct an α-quantile statistic as

Sα = F−1
n (α) = inf{x;Fn(x) ≥ α}, where Fn(x) = K−1

∑K
j=1 I[yj ≤ x], and the

bootstrap estimator S
(b)
α = F−1

n;b (α) with Fn;b(x) = κ−1
∑κ

j=1 I[ỹ
(b)
j ≤ x]. Based on

Lemma 5.5 we also have sups |P(S < s)− P(S(b) < s)| → 0.

Now we immediately have that for any p-dimensional column vector v,

∣∣∣P(θ̂ ≤ v)− P
(
θ̂(b) ≤ v

)∣∣∣→ 0

as K = n/M → ∞. This implies that the bootstrap estimates have the same

asymptotic variance as the original estimate and therefore the sample bootstrap

estimate Σ̂→ var(θ̂
(b)

) = Σ. The theorem is proved.

5.4 The main Algorithm

To find the maximum point for the working likelihood l̂, we consider the idea of

gradient descent algorithm (LeCun et al., 2012). Starting from a suitable starting

point θ(0), the gradient descent algorithm searches the parameter space by moving

to the next candidate point in the direction of the gradient, which will lead to fast

convergence. In practice, the gradient is usually calculated via numerical differentia-

tion. Here, at every step of the iteration, we consider both the points at the gradient

direction and some points at other directions to make sure that the algorithm can al-

ways move to the best direction towards the maximum points. In summary, we have

the following gradient descent algorithm to find the maximum likelihood θ̂ based on

equation (5.9).
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Algorithm 7: Hermite Polynomials Expansion for Finding θ̂

Initialisation: observation y, a generator model f , a simple density f0(θ), a

threshold value ε > 0, a large value Nn, q(Nn);

Calculate statistics Si = Ti(y), i = 1, 2, ..,M ;

Set a starting value θ(0), which could be sampled via θ(0) ∼ f0(θ);

Sampling N datasets x(k), k = 1, · · ·N from f(x|θ), and get the

corresponding M statistics v
(k)
i , i = 1, · · · ,M for each simulated dataset

x(k);

Calculate l̂(θ(0)|s), s = (S1, ..., SM) according to (5.7), (5.8) and (5.9);

Find a θ that maximizes the value of l̂(θ|s);

Output θ̂ = θ as the MLE;

5.5 Likelihood free inference with divergence p

In practice, the dimension of the parameter space p may go to ∞ as n → ∞.

For example, an infectious disease under the LV model framework may have the

same disease transmission rate which never changes, but the death rate may change

over time due to improvement in medical treatments, which may result in that the

parameter value θ3 in the LV model has piece-wise changes over time but θ1 and

θ2 are constant. The unknown model parameters become θ1, θ2, θ3, · · · , θpn , where

θi, 3 ≤ i ≤ pn representing the death rate at different stages. We will show in this

section that our methodology still work for a lower dimensional projection of θ̂ even

with pn →∞, as that in Liang and Du (2012).

Condition 5.6. For all i, the density function fi,n(s|θ) such that

φi(s,θ) :=
∂fi,n(s|θ)

∂θ
fi,n(s|θ)−1 = ρn · ζi,n(s|θ) (5.34)

where ζi,n is such that for fixed value s, supi supθ |ζi,n(s|θ)| = O(1), supi supθ |
d
ds
ζi,n(s|θ)| =
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O(1) and supi supθ |
∂

∂θ
ζi,n(s|θ)| = O(1).

Corollary 5.1. Suppose the parameter dimension pn = O(nγ), where γ ∈ (0, 1) and

the number of independent statistics Mn is such that Mn = O(pn). We also assume

that fi,n to be rth differentiable (r ≥ 2), and that n−1 log l̂(θ|s) and n−1 log l̃(θ|s)

are concave in a neighbourhood of θ∗. If the statistics S1, · · · , Spn satisfies Condition

5.1,5.2,5.6 then we have that for any d × p matrix Λ with each row vector of Λ as

unit vector, where d is a finite number, and for the maximum point θ̂ of l̂(θ|s) given

in (5.9), Λθ̂ converges to Λθ∗ in probability and satisfies

√
nΛ(θ̂ − θ∗)→ N

(
0, lim

n→∞
·ΛΣnΛ

T
)
,

Σn =

Mn

(
Mn∑
i=1

φ
(1)
i (s∗i ,θ

∗)

)−1(Mn∑
i=1

σ2
i ·ψi(s

∗
i ,θ

∗)⊗2

)(
Mn∑
i=1

φ
(1)
i (s∗i ,θ

∗)

)−1

.(5.35)

Proof. The proof of this Corollary follows from the proofs of Theorem 5.1 and Theo-

rem 5.2. We only need to show that the limiting covariance matrix has finite diagnal

elements.

From definition (5.25) and Condition 5.2,5.6, we know that the elements of φ
(1)
i

and ψi are in the same order. Therefore supi

[
φ

(1)
i

]−1

·ψi is a finite matrix. Therefore

the limit of the elements in

Σn = Mn

(
Mn∑
i=1

φ
(1)
i (s∗i ,θ

∗)

)−1(Mn∑
i=1

σ2
i ·ψi(s

∗
i ,θ

∗)⊗2

)(
Mn∑
i=1

φ
(1)
i (s∗i ,θ

∗)

)−1

exists. Therefore limn→∞ΛΣnΛ
T exists.
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5.6 Likelihood free inference with multi-variate Her-

mite Polynomials

Suppose that the M -dimensional statistic s = (s1, · · · , sM) of the data has density

function fn(s|θ), which can be expanded by

fn(s|θ) =
∞∑
m=0

∑
m

Cm(θ)Hm(s), (5.36)

where the coefficients satisfy,

Cm := Cm(θ) =

∫ ∞
−∞

fn(v|θ)Hm(v)dv. (5.37)

Since each calculation requires the sum of all situations under different values of the

M -dimensional vector m, the complexity of computation will increase sharply with

the rising of dimensions M and be much more infeasible than using independent

statistics s1, · · · , sM .

Because of the computational in-feasibility of using pdf fn(s|θ), for correlated

s1, · · · , sM , we here only provide the theoretical results. If v(i) is sampled from the

density function fn, the estimate for Cm is

Ĉm =
1

Nn

Nn∑
i=1

Hm(v(i)). (5.38)

We also denote,

f̂n(s|θ) =

q(Nn)∑
m=0

∑
m

Ĉm(θ)Hm(s) (5.39)

and the working likelihood

l̂(θ|s) = f̂n(s|θ). (5.40)
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Lemma 5.6. Suppose that |m| = m1 + m2 + ... + md where m = (m1,m2, ...,md).

For any m such that |m| = i ≥ 0 and any b > 1, we have that

∑
i

∑
|m|=i

d∏
j=1

(mj + 1)−b <∞. (5.41)

Proof. For 1 > ρ > d−b
d−1

, we have

∑
|m|=i

d∏
j=1

(mj + 1)−b ≤
(
i+ d

d

)−(b−ρ) ∑
|m|=i

[
d∏
j=1

(mj + 1)−ρ

]

=

(
i+ d

d

)−(b−ρ)

(i+ d)−dρ
∑
|m|=i

[
d−1∏
j=1

(
mj + 1

i+ d

)−ρ]
·

(
1−

d−1∑
j=1

(
mj + 1

i+ d

))−ρ

=

(
i+ d

d

)−(b−ρ)

(i+ d)−dρ
∑
|m|=i

[
d−1∏
j=1

(
mj + 1

i+ d

)−ρ]
·

(
1−

d−1∑
j=1

(
mj

i+ d

))−ρ(
md + d

md + 1

)ρ
.

(5.42)

Consider variable transformation uj =
mj+1

i+d
and therefore uj ∈ { 1

i+d
, 2
i+d
, · · · , i+1

i+d
}.

Condition |m| = i becomes due = 1. Consider yj ∈ (uj − 1
i+d
, uj), j < d and

yd ∈ (ud, ud + d−1
i+d

), we have

∑
|m|=i

d∏
j=1

(mj + 1)−b

≤
(
i+ d

d

)−(b−ρ)

(i+ d)−dρ
∑
due=1

[
d−1∏
j=1

u−ρj

]
·
(
ud +

d− 1

i+ d

)−ρ(
md + d

md + 1

)ρ

≤
(
i+ d

d

)−(b−ρ)

(i+ d)−dρ ·

[
(i+ d)d−1

∫
∑
yi=1

{
d∏
j=1

y−ρj

}
dy1 · · · dyd−1

](
md + d

md + 1

)ρ
≤db(i+ d)−b+(d−1)(1−ρ) · Γ(1− ρ)d

Γ(d(1− ρ))
(5.43)
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Therefore, if ρ > d−b
d−1

then

∑
i

∑
|m|=i

d∏
j=1

(nj + 1)−b ≤
∑
i

db(i+ d)−b+(d−1)(1−ρ) · Γ(1− ρ)d

Γ(d(1− ρ))︸ ︷︷ ︸
:=ξi

<∞. (5.44)

The lemma is proved.

Lemma 5.7. Suppose fn is rth differentiable for some integer r ≥ 2. Then for

q(Nn) = O(N
1
r
n ), the mean integrated square error of the estimate f̂n(s|θ),∀θ, satis-

fies

E
∫

sup
θ
|f̂n(s|θ)− fn(s|θ)|2ds = O(N

1
r
−1

n ) (5.45)

and further for any value s, we have

sup
θ
|f̂n(s|θ)− fn(s|θ)| = Op(N

1
2r
− 1

2
n ). (5.46)

Proof.

E
∫

sup
θ
|f̂n(s|θ)− fn(s|θ)|2ds

≤E
∫

sup
θ


q(Nn)∑
m=0

∑
m

ĈmHm(s)

2

− 2

q(Nn)∑
m=0

∑
m

∣∣∣(Ĉm − Cm)Hm(s)
∣∣∣ ∞∑
k=q(Nn)+1

∑
k

|CkHk(s)|

 ds

+

∫
sup
θ

 ∞∑
m=q(Nn)+1

∑
m

CmHm(s)

2

.

Note that Cm and Ĉm depend on θ, but Hm(s) does not depend on θ.

Using the Hermite function properties
∫
Hj(s)Hk(s)ds = 1 if j = k; and∫

Hj(s)Hk(s)ds = 0 if j 6= k, we have

E
∫

sup
θ

q(Nn)∑
m=0

∑
m

(Ĉm − Cm)Hm(s)

2

ds =

q(Nn)∑
m=0

∑
m

E sup
θ

[
(Ĉm − Cm)2

]
, (5.47)
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E
∫

sup
θ


q(Nn)∑
m=0

∑
m

∣∣∣(Ĉm − Cm)Hm(s)
∣∣∣ ∞∑
k=q(Nn)+1

∑
k

|CkHk(s)|

 ds = 0 (5.48)

and

∫
sup
θ

 ∞∑
m=q(Nn)+1

∑
m

CmHm(s)

2

ds =
∞∑

m=q(Nn)+1

∑
m

sup
θ

[Cm]2 . (5.49)

Using the Hermite function result in Walter (1977),

|Hm(x)| ≤
d∏
j=1

A∞ · (mj + 1)−
1
12 , ∀x ∈ (−∞,∞), j = 0, 1, · · · , (5.50)

where A∞ is a constant, and using (5.6) and (5.7), we know that |Cm| ≤
∏M

j=1 A∞ ·

(mj + 1)−
1
12 , Var

(
Hj(v

(k)
i )
)
≤ A2

∞(j + 1)−
1
6

E sup
θ

(
Ĉj − Cj

)2

=
1

N2
n

E sup
θ

{
Nn∑
k=1

(
Hm(v(k))− Cm

)2

}

≤ 2

Nn

M∏
j=1

A2
∞(mj + 1)−

1
6 , (5.51)

Then, based on the Lemma 5.6, we have

E
∫

sup
θ
|f̂n(s|θ)− fn(s|θ)|2ds ≤

q(Nn)∑
m=0

∑
m

E sup
θ

(Ĉm − Cm)2 +
∞∑

m=q(Nn)+1

∑
m

sup
θ

[Cm]2

≤ 2

Nn

A2
∞ ·

q(Nn)∑
m=0

∑
m

M∏
j=1

(mj + 1)−
1
6 +

∞∑
m=q(Nn)+1

∑
m

sup
θ

[Cm]2

≤A1
q(Nn)

Nn

+
∞∑

m=q(Nn)+1

∑
m

sup
θ
{Cm2},

where A1 are constants.
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Therefore, for integer r ≥ 1,

Cm =

∫
fn(v)

M∏
j=1

[
hmj(vj)e

−
v2j
2 dvj

]
=

∫ M∏
j=1

[
(2mj)

− 1
2 hmj+1(vj)

∂

∂vj

(
fn(v) · e−

vvT

2

)]

=

∫ M∏
j=1

[
(2mj)

− 1
2 (2mj + 2)−

1
2 ...(2mj + 2r − 2)−

1
2 hmj+r(vj)

∂r

∂vj
r

(
fn(v) · e−

vvT

2

)]

≤
M∏
j=1

[
(2mj)

− r
2

∫
hmj+r(vj)

∂r

∂vj
r (fn(v) · e−

vvT

2 )

]
. (5.52)

Let bmj =
∫

hmj+r(vj)
∂r

∂vj
r (fn(v) · e−vv

T

2 ), which could be regarded as the coefficients

of function ∂r

∂vj
r (fn(v) · e−vv

T

2 ). The series sum
∑
b2
mj

should be bounded above by

some constant (Walter, 1977). So,

∞∑
m=q+1

∑
m

sup
θ
Cm

2 ≤
∞∑

m=q+1

∑
m

M∏
j=1

[
(2mj)

− r
2

∫
hmj+r(vj)

∂r

∂vj
r (fn(v) · e−

vvT

2 )

]2

≤ 1

(q(Nn))r
·
∑
m

b2
mj

= O(N−1
n ), (5.53)

which is much less than A1
q(Nn)
Nn

= O(N
1
r
−1

n ). The theorem is proved.

We also need the following condition

Condition 5.7. Suppose that the correlated statistic of s = (s1, · · · , sM) with a fixed

number M is calculated based on all n observations and it is such that

1. s → s∗ almost surely and E‖s − s∗‖2 → 0, as n → ∞ and the central limit

theorem holds for s, i.e.
√
n(s− s∗)⇒ N (0,Σs); and

2. we can write

∂fn(s|θ)

∂s
fn(s|θ)−1 = ρn · gn(s|θ) (5.54)

where ρn = O (n) and sups | ∂∂sgn(s|θ)| = O(1).
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Theorem 5.4. Under Condition 5.7, The maximum point θ̂ of l̂(θ|s) given in (5.40)

converges to the true parameter value θ∗ in probability and it should satisfy

√
n(θ̂ − θ∗)→ N (0,Σ)

Σ =
(
φ(1)(s∗,θ∗)

)−1

ψ(s∗,θ)Σsψ(s∗,θ)
(
φ(1)(s∗,θ∗)

)−1

. (5.55)

Proof. By noticing a similar result as Lemma 5.2 can be achieved for the log-

likelihood l̂(θ|s), the consistency of θ̂ is easy to prove.

Using first-order Taylor expansion on ∂ log l̂(θ|s)
∂θ

∣∣∣
θ=

ˆθ
at point θ∗ we have

∂ log l̂(θ|s)

∂θ

∣∣∣∣∣
θ=

ˆθ

=

[
∂

∂θ
f̂n(s|θ)

f̂n(s|θ)

∣∣∣∣∣
θ=θ∗

+
∂

∂θ

∂

∂θ
f̂n(s|θ)

f̂n(s|θ)

∣∣∣∣∣
θ=

˘θ

(
θ̂ − θ∗

)]
(5.56)

=

[
∂

∂θ
f̃n(s|θ)

f̃n(s|θ)

∣∣∣∣∣
θ=θ∗

+
∂

∂θ

∂

∂θ
f̃n(s|θ)

f̃n(s|θ)

∣∣∣∣∣
θ=

˘θ

(
θ̂ − θ∗

)]
+Op

(
N

1
2
n

)
=
[
φ(s,θ∗) + φ(1)(s, θ̆)

(
θ̂ − θ∗

)]
+Op

(
N

1
2
n

)

where θ̆ is between θ∗ and θ̂.

The second equality is because, given the observations or the statistics s,
√
Nn(f̃n−

f̂n)→ N (0, σ2) where σ2 =
∑q(Nn)

m=0

∑
m var(Cm − Ĉm) · Hm(s) <∞.

On the other hand, we have

φ(s,θ) =
1

f̃n(s|θ)

q(Nn)∑
m=1

∑
m

Hm(s)

∫
∂

∂θ
fn(v|θ) · Hm(v)dv. (5.57)

We shall also further expand φ(s,θ) in terms of s at s∗, i.e.

φ(s,θ) = φ(s∗,θ) +ψ(s∗,θ) · (s− s∗) +Op(‖s− s∗‖2 · Iθ) (5.58)

where Iθ is a coefficience vector. Using the property that as n→∞,
√
n(s− s∗) ∼
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N (0,Σs) under Condition 5.1,5.2,5.3, we will have

√
n (φ(s,θ)− φ(s∗,θ)) ∼ N (0,ψ(s∗,θ)Σsψ(s∗,θ)) . (5.59)

In the equation (5.56), the left-hand-side is 0 at θ = θ̂. Therefore, asymptotically

(
θ̂ − θ∗

)
= −

(
φ(1)(s,θ∗)

)−1
φ(s,θ∗), equal in distribution. (5.60)

Due to Eφ(s,θ∗) = 0, we have

√
n(θ̂ − θ∗) ∼ N (0,Σ)

where

Σ =
(
φ(1)(s∗,θ∗)

)−1

ψ(s∗,θ)Σsψ(s∗,θ)
(
φ(1)(s∗,θ∗)

)−1

. (5.61)



Chapter 6

Experiment

Based on the algorithm 7 provided, we could do simulation studies in computer.

This chapter provide the evidence for theories according to experiments. The first

section is for simulating samples and the other one for observations from the real

data.

6.1 Simulation Studies

In this section, original data or observations in our study are sampled randomly

from given generative models. Thus, replicated experiments are available in the

situation. Here we focus on two examples consist of g-and-k Distribution and LV

models.

In the prior experiments, we find that the correlated statistics perform poorly in

parametric inference, for which there is no theoretic evidence either. Thus we would

only display the independent statistics instead of correlated ones, which means all

data set would be split by groups in our method. As for limited data or small simple

size, we have to notice that other methods, such as ABC, cannot perform well either

as the data hardly provide enough information for estimate.

75
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6.1.1 Example 1 – g-and-k Distribution

Firstly, we use g-and-k distribution as an example to compare our methods with

other likelihood-free algorithms in the literature including the indirect methods

(Gourieroux et al., 1993), the Approximate Bayesian computation (ABC) in Alling-

ham et al. (2009) and Fearnhead and Prangle (2012).

We can usually choose M = p as the dimension of the unknown parameter vector.

In practice, one may choose many more statistics. For example (Fearnhead and

Prangle, 2012) and (Allingham et al., 2009) suggested using hundreds of statistics, i.e.

M is no less than 100 for n = 10000 observations. However, this is not recommended

in our method. In our method, choosing more statistics Si (larger M) means that

each Si will be constructed based less number of observations (Kn = n/M), which

will result in unstable estimate for σ2
i in (5.26). Also choosing a larger M means

that we need more computing cost which is prohibitive in many complex statistical

analysis.

Following Rayner and MacGillivray (2002), we consider B > 0, k > 0 and fixing

c = 0.8. We use quantile statistics for Si in our algorithm. Since there are four

unknown parameters, we only need to extract four statistics S1, S2, S3, S4 from the

data, i.e. M = 4. We therefore choose Si, i = 1, · · · ,M as the i
M+1

quantile, i.e. the

20%, 40%, 60%, 80% quantiles. To ensure the independence of the sample statistics

S1, S2, S3, S4, we randomly split the n samples y into M = 4 groups y1,y2,y3,y4,

each with n
M

observations. For the ith sub-sample, we construct Si as the i
M+1

-

quantile of yi.

Simulation results – comparison with existing methods

Based on the independent quantile statistics Si, we can construct the working

likelihood (5.9) and use Algorithm 7 to find the maximum likelihood estimate for

θ. To justify the performance of the estimators, following Fearnhead and Prangle
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(2012), we consider “absolute errors” for the ith parameter as,

|erri| =
√

(θ∗i − θ̂i)2. (6.1)

We set the true parameter value θ∗ = (3, 1, 2, 0.5) for the g-and-k distribution and

sample size n = 104. For our proposed Hermite expansion method we set MC samples

Nn = 200, order of Hermite Polynomials q(Nn) = 16 (because q(Nn) = O(N
1
r
n ) with

r = 2), M = 4 and Si as the αi sample quantile (αi = i
M+1

). Here you may have a

question that q(Nn) ≈ 14 instead of q(Nn) = 16 when r = 2. From the theory, we

can find that all values around 14 is valid for the experiment. If the order of function

is restricted, we would prefer the larger one as the more precise result we may obtain.

However, the computation would increase as well. After balancing the precision and

the time complexity, we choose the order q(Nn) = 16. Note that, Garcia et al. (2011)

also recommended such a prospective that only four quantile statistics (M = 4) with

pairs of symmetry at the medium point is needed in the Indirect Inference.

We compare our method with other existing likelihood-free approaches. The

results are summarized in Table 6.1, which include results based on our proposed

method, the result of quantile-based indirect method in Garcia et al. (2011), the

ABC method using all sorted observations and results based on full sorted data and

auxiliary regression model in Allingham et al. (2009), results based on the semi-

automatic ABC approach (100 ordered statistics) and semi-automatic ABC with

auxiliary regression model in Fearnhead and Prangle (2012), and the maximum like-

lihood approach. The prior distribution in the Bayesian approach is set as a uniform

distribution U [0, 10]. Such uniform priors will provide results equivalent to likelihood

inference.

As shown in the Table 6.1, Hermite Polynomial expansion method provides the

best parameter estimates and even works better than the method Maximum Likeli-

hood Estimation (based on numerical calculation of the likelihood). ABC is almost
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Method;bias(variance) A B g k

Semi-auto ABC 0.015 (0.023) 0.066(0.049) 0.030(0.57) 0.31(0.40)

Indirect Inference 0.013(0.00017) 0.035(0.0012) 0.054(0.0038) 0.057(0.0025)

NMLE 0.013(0.00010) 0.023(0.00044) 0.036(0.00077) 0.037(0.00014)

Hermite Expansion* 0.00048(0.00032) 0.00063(0.0026) 0.0032(0.024) 0.0092(0.0078)

Table 6.1: Bias (MC variance) of various existing methods and Hermite expansion
methods based on 50 replicated data sets with true parameters (3, 1, 2, 0.5) and
sample size n = 10000. NMLE stands for numerical maximum likelihood estima-
tion(Rayner and MacGillivray, 2002).

Method;bias(variance) A B g k

Semi-auto ABC 0.025 (0.023) 0.070(0.11) 0.16(1.96) 0.33(0.31)

Indirect Inference 0.0086(0.0014) 0.017(0.0076) 0.032(0.043) 0.034(0.034)

NMLE 0.010(0.0010) 0.013(0.0065) 0.0047(0.012) 0.0051(0.0022)

Hermite Expansion* 0.0015(0.0031) 0.036(0.012) 0.012(0.029) 0.0047(0.012)

Table 6.2: Bias (MC variance) of various existing methods and Hermite expansion
methods based on 50 replicated data sets with true parameters (3, 1, 2, 0.5) and
sample size n = 1000.

as good as the numerical MLE method. Note that, for the ABC method, the num-

ber of statistics, the choice of distance function and the value of tolerance determine

its performance. Although higher number of ordered statistics and small tolerance

values will lead to good estimation accuracy, they will also lead to much heavier

computational costs and make ABC methods not practical. If we choose 50 or 25

ordered statistics, or change to larger tolerance values, the ABC method will pro-

vide poor results. The biases of the estimates based on other method cannot be

quantified (Drovandi et al., 2015). However, our Hermite Expansion method does

not require such pre-specified tuning parameters and provides much smaller mean

quadratic losses by using appropriate order of the polynomials.

Compared with Table 6.2, we can find the fact the performance of methods almost

go worse with smaller samples adopted, especially for semi-auto ABC. The table
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shows that, with less samples in the model, the bias of Indirect Inference and NMLE

slightly decrease even though the variance increase. It might be the randomness

of unbiased estimate. In terms of parameter estimate for g and k, semi-auto ABC

performs far worse than the other three ones. It means semi-auto ABC prefers the

large simple size. Our proposed method also requires a larger data set but the

bias does not that significantly raise if proper tuning parameters are set (such as

increasing the order of Hermite Polynomials Expansion).

ABC II NMLE HE

lo
g(

t)

0
2

4
6

8

Figure 6.1: System time (log(t)) of various methods based on a data set with simple
size n = 10000.Here ABC stands for semi-auto ABC, II for Indirect Inference, NMLE
for numeric maximum likelihood estimate and HE for Hermite Expansion methods

As for the computational complexity, Figure 6.1 shows how long the four methods

spend obtaining the output based on a data set. Our proposed methods performs

average in calculating time as we require a high level of less bias. Meanwhile, both

NMLE and our proposed methods,using ’mle’ or ’optim’ function in R, need to map

a maximum point over an area, which requires much replicated calculation at each

point. There is no doubt that quantile-based Indirect Inference spends least time for

estimate parameters of g-and-k distribution due to the special format for the case.
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Another advantage of the proposed method is that our estimate θ̂ is guaranteed

to converge to the true value parameter θ∗. None of the other existing methods

can provide such large sample properties. Figure 6.2 shows the changes of mean

square errors of the parameter estimates, as the sample size n increases, where the

simulations settings are the same as before, with Nn = 200, q(Nn) = 16 and M = 4.

We can see from Figure 6.2 that mean square errors of all parameter estimates are

decreasing in general as n increases.
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Figure 6.2: Mean squared errors between estimates and true value against log(n) for
our proposed method.

Another clear superiority of the new Hermite expansion method is that it tells

how many statistics we should use in order to construct the working likelihood (in

the order of O(1)). The ABC approach uses 100 quantile statistics in their analysis

and there is no solid theoretical justification on how many statistics which should be

used in ABC.

Both our methods and the ABC approach need to simulate many replicate sam-

ples based on different possible parameter values. However, we have to choose small
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tolerance values for ABC methods in order to achieve good estimates, which will

require simulating many replicate data sets because the acceptance probability de-

creases to 0 as tolerance value goes down to 0. However, our new approach provides

the exact order for Nn, the number of replicate data sets required.

To further justify our methods under different tuning parameter settings for Nn,

q(Nn) and M , we provide more detailed simulation results in the following subsection.

Simulation results for different tunning parameters

First, we study the performance of the proposed method under different values

of Nn, the number of replicated Monte Carlo samples. The simulation setting is the

same as before, with n = 10, 000, q(Nn) = 16 and M = 4. The results are shown in

Figure 6.3. We can see that the mean square errors for all parameter estimates do

not change too much, under any value of Nn = 10 to Nn = 10000. This is clearly

justified by Theorem 5.2, which tells us that the convergence rate of the estimates

only depends on the actual sample size n. In other words, it only depends on the

rate of each statistic si converging to s∗i . The number of Monte Carlo replicates Nn

is only required to be N
5

12r
− 1

2
n = o(n−

1
2 ) (see Theorem 5.1). As long as Nn satisfies

this condition, when sample size n is fixed, increasing Nn will not improve much on

the estimate accuracy.

Second, we study the performance of our method, when varying the number

of statistics, M . The simulation setting is the same as before, with n = 10, 000,

q(Nn) = 16 and Nn = 200. From Figure ?? we can see that parameter estimates

for A and B were not affected much by changing the values of M . However, as M

increases (more statistics use in the algorithm), the mean square errors increases

for parameter estimates of g and k. The main reason is that as M increases, the

number of samples n
M

used to construct each si will decrease. Thus each statistic si

converges to the true population quantile s∗i at a lower rate, and the variance of each
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Figure 6.3: Mean squared errors between estimate parameter and true value of our
proposed method with different parameter for different log(Nn)

si becomes large, which gives the main contribution on the variance of estimates (see

the formula (5.32)).
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Figure 6.4: Mean square errors between estimates and true values against the number
of statistics M .



83

In the end, we study how the order of Hermite expansion q(Nn) affects the per-

formance of the proposed method. When we chose small values of q(Nn), such as

1, 2, 3, the errors of the parameter estimates are very large. Figure 6.5 shows that

bias of the parameter estimates decreases to 0 as q(Nn) increases. This is indeed

what we expect. On the other hand, Lemma 5.4 tells us that q(Nn) = O(N
1
r
n ), where

r is such that fi,n is rth differentiable. The implies that if fi,n is very smooth, i.e. r to

be a large integer, then q(Nn) takes smaller values (less computation costs needed);

otherwise if r is a small integer then q(Nn) takes larger values (more computation

costs needed).
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6.1.2 Example 2 – Lotka-Volterra models

Stochastic kinetic networks (SKN) models normally describe complex chemical

reactions in a fixed volume containing the evaluation different species with certain

types of reactions (Golightly and Wilkinson, 2005). A special type of SKN models

is the Lotka-Volterra model (or prey-predator model), where there are 2 species

containing preys (Y1) and predators (Y2) as well as 3 reactions, as introduced in

Chapter Examples.

There are three unknown parameters in the model, therefore we just need to

choose 3 statistics to construct the working likelihood. Similarly as before, we choose

sample quantiles as well. To construct statistics s1, s2, s3, we divide the whole process

(y1(t), y2(t)) into three parts, in time intervals [0, τ1], (τ1, τ2] and (τ2, T ], respectively.

Then given the observed data y = {ytj , tj, j = 1, · · · , n}, each si is constructed via

different parts of the process, as

s1 := T1(y) =
#{j; such that y1(tj) < a1, tj ∈ [0, τ1]}

#{j; such that tj ∈ [0, τ1]}
;

s2 := T2(y) =
#{j; such that y2(tj) > a2, tj ∈ (τ1, τ2]}

#{j; such that tj ∈ (τ1, τ2]}
;

s3 := T3(y) =
#{j; such that y1(tj) < a3, tj ∈ (τ2, T ]}

#{j; such that tj ∈ (τ2, T ]}

where ai, i = 1, 2, 3 are predefined values. Therefore, each of these three statistics

means the percentages of points of y1(t) (or y2(t)) are below or above a certain

threshold.

Remark 6.1. Denote

u1 = max
j
{tj; such that tj ∈ [0, τ1]},

u2 = max
j
{tj; such that tj ∈ (τ1, τ2]}.

Given any parameter θ, we simulate a pseudo data set x = {xt1 , · · · ,xtn}, condi-
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tional on the points xt1 = yt1, xu1 = yu1 and xu2 = yu2. Then the three statistics

s1 = T1(x), s2 = T2(x), s3 = T3(x) are independent, because they are based on three

different pieces from a Markov chain and conditional on the boundary points yu1 and

yu2.

In our simulation, we take a1 as the 0.33-quantile of y1(t1), · · · , y1(tn), and a2 is

the 0.67-quantile of y2(t1), · · · , y2(tn), and a3 is the 0.67-quantile of y1(t1), · · · , y1(tn).

Table 6.3 presents the results based on 50 simulations. In all simulations, our Gra-

dient Descent Algorithm uses a starting point θ̃0 randomly generated from three

uniform distribution: U [0.4, 0.6], U [0.002, 0.003], U [0.2, 0.4]. The means of the esti-

mates from the 50 simulations, as well as the standard deviation, are presented in

the table. Note that the standard deviation of the parameter estimates can also be

calculated via time-series bootstrap methods (Bühlmann, 2002).

Hermite Expansion performs much better on estimating the value of the param-

eter (much less biased) with slightly larger standard errors, comparing to the other

methods. Also our method is very stable in terms of choosing different starting

values. In terms of RJ methods and BU methods, the Metropolis-Hastings algo-

rithm is adopted for estimating a new interval with a certain accepted probability

(Boys et al., 2008). Meanwhile, DA methods use Gibbs sampling to approximate the

pseudo-likelihood which is a joint posterior density function (Golightly and Wilkin-

son, 2005).

Method; true value θ∗1 = 0.5 θ∗2 = 0.0025 θ∗3 = 0.3

RJ 0.4799 (0.0171) 0.00255 (0.000094) 0.3075 (0.0113)

BU 0.4797(0.0170) 0.00247(0.000094) 0.3073 (0.0113)

DA 0.4800 (0.0163) 0.00254 (0.000091) 0.3067 (0.0110)

Hermite Expansion 0.5041(0.0315) 0.00247(0.000375) 0.2970(0.0421)

Table 6.3: Estimation on means (standard deviations) of rate constants using differ-
ent algorithms based on 40 data points, evenly spread in the interval [0, 40].
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We also study the performance of our method under different tuning parame-

ters Nn for this LV model application. The true rate parameters θ1 = 0.5, θ2 =

0.0025, θ3 = 0.3 and initial state with y1(0) = 71 and y2(0) = 79 in the process re-

main unchanged as before. With varying the number of simulate samples Nn, other

tuning parameters for the simulation setting are the same as before, with tn = 40,

q(Nn) = 16 and M = 3. It is found that for all parameters, if we set log10(N) ≥ 2

(N ≥ 100), square errors for all parameters can be controlled less than 0.003. The

results will not change much with much larger Nn, which correspond to the result

of Theorem 5.1 that we only need Nn to be such that N
5

12r
− 1

2
n = o(n−

1
2 ). Choosing

unnecessarily large Nn will only cost more computing time.
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Figure 6.6: Error square between estimate parameter and true value of Hermite
Expansion with different parameter for log10(Nn)

6.2 Real data application

As Covid-19 spread in 2020, many models for epidemics are provided for govern-

ment or the public. Here SIR models, as one of most common models for epidemiol-
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ogy, are adopted in our study for parameter inference.

6.2.1 Background

SIR models describe the trend of infected people with the contagious illness over

time, where S stands for the number of the susceptible, I for the infectious and R

for the recovered individuals (or immune or death). There has already been a vast

literature on COVID-19 research based on SIR epidemiology models. In particular,

the UK government’s lock-down strategy were made according to such SIR model

forecasting results (Ferguson et al., 2020). A crucial challenge of such forecasting

research is how to estimate the model parameters properly, in particular for the

basic reproduction number R0. All existing research actually estimate R0 via very

naive approaches (Adam, 2020; Ferguson et al., 2020). We present in this section

how to estimate R0 via our proposed methods.

In the deterministic SIR model, there are three ordinary differential equations to

govern the system:

dS

dt
= −βSI, dI

dt
= βSI − γI, dR

dt
= γI,

where β is the infection rate, and γ is the recovery rate. Meanwhile, the epidemiolog-

ical basic reproduction number R0, a key value for the system, is given by (Kermack

and Mckendrick, 1927)

R0 =
βS

γ
. (6.2)

When R0 < 1, the spread of disease could be controlled over the period; when R0 > 1,

the epidemic would spread to the whole population. Estimating R0 will be the key

to understand the pandemic, especially in the early stages. A better estimation for

R0 will help government and authorities make the right decision.

In the early stages of Covid-19, the number of susceptible people is much larger
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than infected people, the derivative of S compared with the total S, dS
Sdt

is very

tiny. Thus S can be considered as a large constant over the study period and the

SIR model could reduce to the two-dimensional IR model, with Yt = (It, Rt) where

Y1(t) = It and Y2(t) = Rt. We have the following relationship between the above

IR model and the Lotka-Volterra model, which is given by the following transition

changes:

P (Yt+dt|Yt) =

 θ1y1dt+ o(dt) if Y1(t+ dt) = y1 + 1 and Y2(t+ dt) = y2,

θ2y1dt+ o(dt) if Y1(t+ dt) = y1 − 1 and Y2(t+ dt) = y2 + 1,

and

P (Yt+dt|Yt) = 1− (θ1y1 + θ2y1)dt+ o(dt) if Y1(t+ dt) = y1 and Y2(t+ dt) = y2.

We have θ1 = βS − γ and θ2 = γ then R0 = θ1+θ2
θ2

. This model is also known as

Kermack-McKendrick model (Kermack and Mckendrick, 1927).

As we mentioned in the previous simulation section, the likelihood inference for

such IR models or LV models are very challenging because the we only get discretely

observed data points and the likelihood function is not readily available. We will

apply our method to Covid19 data under such modelling framework.

6.2.2 Data sources

We consider the Covid19 data provided in

https://github.com/mrc-ide/COVID19 CFR submission

In particular, we use the Singapore data from Jan 22nd to March 15th, including

the daily confirmed new cases and the daily death/recovered number. The raw data

used are plotted in Figure 6.7. In the period under consideration (54 days ending on

15th March 2020), there are 121 confirmed individuals and 105 removed ones (death
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or cured). These observed data points are very small numbers comparing to the

population (5,703,600), which satisfies the assumption in the IR model.
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Figure 6.7: Covid-19 Data in Singapore.

6.2.3 Analysis Results

In the prior experiments, we can simulate samples from the modified IR model

with an arbitrary pair of parameters. If we take 2 statistics in the model, we can

find that the difference between estimate and true value is rather large. However, 3

statistics can significantly reduce the difference.

After that, it suggests that 3 statistics should be selected to construct the working

likelihood, even though there are two unknown parameters (θ1, θ2) in the model. The

same sample quantiles from the LV model are determined in the modified SIR model

as well.

Here we take M = 3, Nn = 100, q(Nn) = 16 and T = 44 (from the 11th day

to the 54th day) for the IR model. The initial state is y1(0) = 16 and y2(0) = 0

while starting point θ̃0 is sampled from two uniform distributions U [0.15, 0.2] and
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U [0.05, 0.15].

In our gradient-decent algorithm, we also choose a starting point randomly.

The estimation of parameters (θ1, θ2) is (0.1812235, 0.09385114) which implies R0

is 2.930967. As shown in Adam (2020), the estimation of R0 before March 26th 2020

should be between 2.4 and 3.3.
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Discussion

From results of experiments, we have demonstrated that our proposed method

performs no worse than other classic estimates for unknown parameters in these cases;

primarily, it provides more stable and less biased estimates. Further, even a multi-

variate problem could be solved by multiplying uni-variable Hermite Polynomials

Expansion if proper statistics could be selected with independence. In this way, the

multi-dimensional problem could be dealt with straightforward. Note that, from a

practical point of view, the implementation of our method relies on the requirement

of using independent statistics. Although in theory, correlation statistics are still

holding for our method based on the high-dimensional Hermite polynomial expansion

theory (Szegö, 1959), practically it is prohibitive to use correlated statistics because

the terms required in the Hermite expansion will increase exponentially, i.e. q(Nn)

will be too large to deal with. However, as the examples presented in the thesis,

independent statistics can always be found by partition the data in a suitable way,

even for time series data.

Our proposed method has the advantages of both ABC and MLE. The method,

like ABC, requires simulated samples with given parameters. The difference is that

instead of narrowing the distance between simulated samples and the original data in

91
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ABC methods, our method uses these simulated samples to estimate the coefficient

value Ĉ in the Hermite expansion to approximate the MLE. Thus, unlike qualitative

asymptotic analysis in the ABC, the proposed method could provide quantitative

proof on the convergence. At the same time, the proposed method has a higher

universality, mainly when MLE could hardly deal with the case that there is no close

form for the likelihood.

Our proposed method is helpful for both continuous functions, such as quantile

and discrete problems, including LV models. Due to the restriction of a deadline,

we introduce the solution of the two typical problems with experiments. However,

the widespread use of the method would be extended to other fields as well. Image

Identification is one of the examples. We could recognize each item from an image

which builds the generative function between dependent variables and pixels in a

figure. Even we could hardly work out the relationship between combinations of

pixels and the figure of an item; the method seems possible to provide a likelihood

approximation for statistical inference. As our method provide an approximation to

a likelihood function instead of a single point from a function, the convolution of

the likelihood function could not impact the efficiency in theory. Further, the link

between the proposed method and complex analysis may be constructed to extend

future theories’ application.

I have to admit that our proposed method requires the initial state of parameters

close to the true value; otherwise the resulting estimate would likely converge to a

local extreme point rather than the true value. However, as the analytical calculat-

ing could provide the inference of error term, our proposed method could improve

the estimate more precisely. In this case, I think the combination with other pilot

experiments, such as Rejection ABC methods, may reduce the probability of a local

extreme point problem.
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