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terms of the representer polynomial and apply them to the
Prishchepov groups.
© 2022 Published by Elsevier Inc.

1. Introduction

A Labelled Oriented Graph (LOG) consists of a finite graph (possibly with loops and
multiple edges) with vertex set V and edge set E together with three maps ¢, 7,A: E =V
called the initial vertex map, terminal vertex map, and labelling map, respectively. The
LOG determines a corresponding LOG presentation

(V[ ()" Me) ™ e(e)A(e) (e € B)).

A group with a LOG presentation is called a LOG group [14]. When the underlying graph
is connected we have a connected LOG, a connected LOG presentation, and a connected
LOG group. The abelianisation of a LOG group is free abelian with rank equal to the
number of components of the LOG and so the abelianisation of a connected LOG group
is the infinite cyclic group.

As is well known, the Wirtinger presentation of the fundamental group of a classical
knot or link complement is a LOG presentation in which the number of components
of the LOG is equal to the number of components of the link and so knot groups are
connected LOG groups. In higher dimensions, the fundamental group of the complement
of any smoothly embedded, closed, orientable, connected k-manifold (kK > 2) in the
(k + 2)-sphere is a connected LOG group [28]. In particular, any k-knot group (i.e.
the fundamental group of a k-sphere S* in S¥*2) is a connected LOG group. Further
examples of LOG groups include all right angled Artin groups and braid groups.

A cyclic presentation is a group presentation of the form

Pn(w) = <£L’0, ey Tn—1 | ’LU(LEi,ZE,H_l, A ,1‘7;_;_”_1) (0 <i < TL)>
where n > 1 and the defining word w = w(xg, 1,...,T,—1) is some element of the free
group F(xg,...,x,_1) where subscripts are taken mod n and the group G, (w) it defines

is called a cyclically presented group. The cyclically presented groups that we consider
in this article are the Prishchepov groups

s—1

r—1
P(Ta n, ka S, q) = <(I?0, ceey Tp—1 | H Litqj = H Litqj+(k—1) (0 <i< n)>
7=0 7=0

where n,r,s > 1, 0 < k, ¢ < n, that were introduced in [24], and their special cases the
generalized Fibonacci groups
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s—1

r—1
H(T7n73) = <x07"~7$n71 | Hxi+j = H$i+j+7“ (OSZ <n)>
7=0 7=0

where n,r, s > 1 [6], the groups of Fibonacci type G,,(m, k) = Gn(xoxmxlzl) 0<m,k<
n, n > 1) introduced in [7,17] (see [33] for a survey), and in particular the Gilbert-Howie
groups H(n,m) = G (zoxmx; ") of [12] and the Sieradski groups S(2,n) = Gp(zoxezy ")
of [27]. We remark that the Prishchepov groups are precisely the groups of type § of [4]
with non-positive defining word. (A word w is positive if it does not involve the inverse
of any generator.)

Connections between HNN extensions of cyclically presented groups and LOG groups
have been investigated in [12,15,29]. An almost complete classification of groups H(r,n, s)
that are connected LOG groups was given in [34]; the perfect groups H(r,n, s) were clas-
sified in [9], completing the connected LOG groups classification. Asphericity of certain
cyclic presentations of the form P, (zowz; 'w™') that are (connected) Word Labelled
Oriented Graph presentations (or Wirtinger presentations) are established in [13, Sec-
tion 3]. In this article we investigate when cyclically presented groups are LOG groups
or connected LOG groups.

Any finitely generated abelian group A is isomorphic to a group of the form Ay & Z#
where Ay is a finite abelian group and 8 = 3(A) > 0 is the Betti number (or torsion-free
rank) of A. Thus A is infinite if and only if 5(4) > 1 and A is a free abelian group
if and only if Ay = 1. Given a group presentation P = (xq,...,Zn—1 | Ro,..., Rm—1)
(n,m > 1) the relation matriz of P is the n X m integer matrix M whose (i, j) entry is
the exponent sum of generator x; in relator R;. If the rank of M is r and the invariant
factors of the Smith Form of M are si,...,s, then the abelianisation of the group G
defined by the presentation P is

G =7, ®.. 0L, ®L" T,

see, for example, [21, page 146-149, Theorem 3.6] or [16, pages 54-57, Theorem 5]. Thus
B(G*) = n —r and if G*> = Ay & ZP we have |Ag| = |[[;_, si|, i.e. the last non-zero
determinantal divisor of M, which we denote by 7.

Returning to cyclically presented groups, for each 0 < i < n, we write a; to denote
the exponent sum of z; in w(wo,...,%,—1). Then the relation matrix of P,(w) is the
circulant matrix C' whose first row is (ag, a1, ...,a,—1). The representer polynomial of
C is the polynomial

n—1
f) =Y "a;t" € Z]t]
=0

and we set g(t) = t" — 1 € Z[t]. Given such an f € Z[t] we say that C is the n x n
circulant matrix associated with f. It is well known, and much used in work on cyclically
presented groups, that the order of the abelianisation of a cyclically presented group can
be expressed as a resultant
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|Gu(w)™| =det(C)| = | T] f(6)] = Res(f,9)l

on=1

if this is non-zero, and Gy, (w)*"

is infinite otherwise [16]. As we will only be interested
in the absolute values of resultants (and not the sign), to avoid repetitive use of modulus
signs we will take Res(-,-) to mean |Res(-,-)| throughout this article. Thus we have the

following criterion for G, (w) to be a perfect group:
Gn(w)®™ =1 < Res(f,g) = 1. (1.1)

In particular, if w is positive then G,,(w) is perfect if and only if w has length 1, in which
case Gp(w) = Gy (xp) = 1.

Results of [22] allow information about the Smith form of the circulant matrix C
to be obtained from the polynomials f(t),g(t), and so reveal structural information
about G, (w)?P. The following theorem gives a formula for the rank p and last non-zero
determinantal divisor v, of C. Below and throughout this article, given polynomials
p(t), q(t) € Z[t] we write (p(t), q(t)) to denote the monic greatest common divisor of p(t)
and ¢(t).

Theorem 1.1 (/22, Theorem A and Corollary BJ]). Let f(t) € Z]t], g(t) = t" — 1 and
let f(t) = F(t)z(t),g(t) = G(t)z(t) where z(t) = (f(t),g9(t)) € Z[t] and let C be the
n X n circulant matriz associated with f. If the Smith normal form of C' is the matriz
diag, (s1,...,5p,0,...,0) (so that p = rank(C)) then p = n — deg(2(t)) and the last
non-zero determinantal divisor

Hsz Res(F,G).

Corollary 1.2. Let G,(w) be a cyclically presented group with representer polynomial
f(t), and let g(t) =" — 1. Then G, (w)*® = Ay ® Z” where Aq is a finite abelian group
of order ,, where p and vy, are as given in Theorem 1.1.

The following immediate consequence of Corollary 1.2 should be compared to the
necessary and sufficient condition for G, (w) to be perfect, given at (1.1):

G (w)™ is free abelian < Res(F,G) = 1. (1.2)

Since LOG groups have free abelianisation, condition (1.2) will be an important tool for
us.

In Section 2 we recall a problem (Problem 2.1) posed by Odoni [23] and Cremona [10],
namely: given a defining word w, to determine all values of n for which the corresponding
cyclically presented group G, (w) is perfect (i.e. is free abelian of rank 0). We also recall
a theorem of theirs (Corollary 2.3) which states that for a fixed defining word w whose
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corresponding representer polynomial has an irreducible, non-constant, non-cyclotomic,
factor that is not equal to +t, there can be at most finitely many values of n for which
G (w) is perfect. In Problem 2.4 we generalize this to consider cyclically presented groups
whose abelianisation is free abelian (of arbitrary rank) and in Corollary 2.7 we obtain
a result that is analogous to, and generalizes, Corollary 2.3 which (in Theorem 5.4) we
later apply to Gilbert-Howie groups.

In Section 3 we consider the groups H(r,n,s). In Theorem 3.1 and Corollary 3.2 we
obtain information about H (r,n, s)* and in Corollary 3.3 we extend the classification of
groups H(r,n,s) that are connected LOG groups [34,9] to classify all groups H(r,n,s)
that are LOG groups. In Section 4 we turn our attention to the groups of Fibonacci type
Gp(m, k) and in Theorem 4.4 we show that if a group G,,(m, k) is a LOG group then it is
isomorphic to a Gilbert-Howie group H (n,m), and we consider these groups in Section 5.
In Theorem 5.1 and Corollary 5.2 we show that the Sieradski group S(2,n) = H(n,2) is
a LOG group if and only if 6|n. We conjecture (Conjecture 5.3) that the groups S(2,n)
with 6|n are the only cases when H(n,m)®" is free abelian, and hence that these are the
only cases when H(n,m) is a LOG group. In support of this conjecture, Theorem 5.4
shows that for fixed m > 3 there are most finitely many n for which H(n,m)2" is free
abelian. Theorem 5.6 provides further support for the conjecture and Corollary 5.7 proves
it when n = 6b,12b or 24b where (b,6) = 1. In Section 6 we consider when a cyclically
presented group G, (w) is a connected LOG group. In Theorem 6.2 we give necessary
conditions on the representer polynomial f(t) for G, (w)*® to be isomorphic to Z (a
necessary condition for G, (w) to be a connected LOG group) to hold. In Corollaries 6.3
and 6.4 we apply this to cyclically presented groups with positive defining words, and to
the Prishchepov groups P(r,n,k, s, q).

2. Groups G, (w) with free abelianisation for at most finitely many n

A problem from the theory of cyclically presented groups is to determine, given a
defining word w, the values of n for which the corresponding group G, (w) is perfect.
Using (1.1) this translates to the following Diophantine problem:

Problem 2.1 (/23, Problem B], [10, Problem B]). Given f(t) € Z[t] and g(t) = t" — 1
determine all n € N such that Res(f,g) = 1.

The following partial answer was provided in [23,10]:

Theorem 2.2 ([23, Theorem 1(ii)], [10, Proposition 1]). Let f(t) € Z[t] be a non-constant,
irreducible polynomial, that is not cyclotomic, and f(t) # +t, and let g(t) =t" —1. Then
there exist at most finitely many integers n for which Res(f,g) = 1.

In fact, [23, Theorem 1(ii)] proves somewhat more, as its hypotheses also allow for f
to be a cyclotomic polynomial ®,, for many values of m. The following formulation is
convenient for applications (compare [10, Theorem 1]):
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Corollary 2.3. Let f(t) € Z[t] have at least one irreducible factor h(t) that is non-
constant, not cyclotomic, and h(t) # +t, and let g(t) = t™ — 1. Then there exist at
most finitely many integers n for which Res(f,g) = 1.

A generalisation of the problem considered above is to determine, given a defining
word w, the values of n for which the corresponding group G,,(w) has free abelianisation.
Using (1.2) this translates to the following;:

Problem 2.4. Given f(t) € Z[t] and g(t) = t™ — 1 determine all n € N such that
Res(F,G) = 1, where F(t) = f(t)/z(t), G(t) = g(t)/z(t), where z(t) = (f(t),g(t)).

In Corollary 2.7 we provide a partial answer to Problem 2.4 that is analogous to, and
generalizes, Corollary 2.3. This is a corollary to the following refinement of Theorem 2.2,
whose proof extends the proof of (the corresponding part of) [23, Theorem 1(ii)]. Recall
that, for a nonconstant polynomial f(t) € CJt] with leading coefficient [ the Mahler
measure M(f) [5, p. 271] is defined as

M= IT 1.
f(6)=0,
|6]>1

Theorem 2.5. Let h(t) € Z[t] be an irreducible polynomial of degree m > 1, that is not
cyclotomic, with h(t) # xt and let g(t) = t™ —1. Then there exist real constants c,d > 0,
depending on m and h(t) but not on n, such that the resultant Res(h,g) > cu"n=¢,
where p = M(h) > 1. In particular, there are at most finitely many integers for which

Res(h,g) = 1.
For the proof of Theorem 2.5 we need the following technical lemma:

Lemma 2.6. Let 0 < € < 1 and suppose that z € C satisfies |z| > € and —7 < J(z) < 7.
Then |e* — 1| > ¢/2.

Proof. Without loss of generality we may assume ¢ > 0. Write z = x + iy for z,y € R
and let f(x,y) = e®* + 1 — 2e® cos(y). Then |e* — 1| = \/f(z,y) and f(x,y) > (e* —1)2.
If |z| > ¢/+/2 then, since (e® — 1)? is decreasing for < 0 and increasing for = > 0, we
have |¢* — 1| > 1 —e~</Y2 > ¢/2. On the other hand if |z| < €//2 then |y| > ¢/v/2 and
hence, since —m < y < m, we have f(z,y) > e** +1—2¢”(1 —€?/2) which (by minimising
this function) is bounded below by €2 — ¢*/4. Hence |e* — 1| > y/3/2 > ¢/2. O

Proof of Theorem 2.5. We first recall a classical result, due to Kronecker, that shows
that the assumptions on h(t) imply g = M(h) > 1. Indeed, suppose not, so h(t) is
monic and has no roots outside the unit circle. Then, since the product of the absolute
values of the roots is equal to |h(0)] > 1, all the roots lie on the unit circle. But every
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unimodular algebraic number whose conjugates over Q are all unimodular is a root of
unity (see, for example, [23, Lemma 1.2]), and so we conclude that h(t) is cyclotomic, a
contradiction.

Without loss of generality we may assume n > m. Let o; (i =1,...,mp) be the mo
roots of h outside the unit circle, let 5; (j = 1,...,mz) be the ms roots of h inside the
unit circle, and let vy, (k = 1,...,m¢) be the me roots of h on the unit circle, where
mo +my+me = m. Then each |o; | < 1,|3;| < 1,|yx| = 1. Moreover, if [ is the leading
coefficient of h,

mo mr mc

Res(h,g) = [1I" [T le =11~ TT 187 =11~ [T I — 1
j=1 k=1

=1
mo mo mr mgc
i (H |al-|n> Tl e T -1-T e -1
=1 =1 Jj=1 k=1
mo mr mc
:u"'HU*O@_ﬂ'HW}’*H'HWJ*H
i=1 j=1 k=1
SO
mo mr mgc
log(Res(h, g)) = nlog(u) + > log|l —a; |+ > log |8} — 1|+ Y _log|v — 1].
i=1 j=1 k=1

Now, by definition, there exist r < 1 and R > 1 such that |a;| > R and |3;| < r for each
1<i<mo,1<j<ms. Now define § = max{r, R~'}. Then

mo my mc
log(Res(h, g)) > nlog(u) + Zlog(l -0+ Zlog(l -0+ Zlog |ve — 1
i=1 j=1 k=1

mc
= nlog(u) + (mo + my)log(l —6") + Zlog e =1
k=1
mc
> nlog(p) + mlog(l —6™) + Z log |y — 1
k=1

since n > m. To estimate |} —1| we observe that since vy, is not a root of unity (otherwise
h would be cyclotomic) by Baker’s theorem [2, Theorem 3.1] |nlog(yx)| > n~¢* where
C} is a constant depending only on ~; and log(-) denotes the principal branch of the
logarithm. Setting € = n~%*, z = nlogyx then 0 < ¢ < 1 so Lemma 2.6 implies |y —1| >
n~% /2 and, denoting Cyax = maxi<k<mo Ck (note that Cpax depends on h(t)),

log(Res(h, g)) > nlog(n) + mlog(l — ™) — mCrax logn — mlog2.

Setting ¢ = [(1 — 0™)/2]™ and d = mCiax yields the statement. O
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Corollary 2.7. Let f(t) € Z[t] have at least one irreducible factor h(t) that is non-
constant, not cyclotomic, and h(t) # xt. For all n, let g(t) =t" — 1, F(t) = f(t)/2(t),
G(t) = g(t)/=z(t), where z(t) = (f(t),g(t)). Then, for any positive integer k, there are at
most finitely many integers n for which Res(F,G) < k.

Proof. Let S = {d | ®4 divides f}. Then, for all n > 1, 2(t) = [[;cq Pa(t) for some

S' C S.Let R = maxgicg {Res (ﬁ’ [Tics (I>d) }, a constant. Then Res(F,z) < R
c -

for all n > 1.
Noting that h(t) is a factor of F(t), by Theorem 2.5 there exist constants ¢,d > 0
such that

Res(F,g)  Res(h,g) _ cp”

F. = >
Res(F, &) Res(F, z) M T niR ”

k

(where u = M(h) > 1) for any sufficiently large n. O
3. Generalized Fibonacci groups H (r, n, s) as LOG groups
The representer polynomial of H(r,n,s) is
o) =14+t + 2+t (At 2 Y,

For n,r,s > 1 we define d = (r,n,s), R =r/d,N = n/d,S = s/d. In Theorem 3.1
we calculate the last non-zero determinantal divisor 7, of the n x n circulant matrix
associated with f™*(¢) for all r,n,s and in Corollary 3.2 we relate the abelianisation
H(r,n,s)* to H(R, N, S)*". Note that by inverting the relators, replacing each generator
by its inverse, and negating the subscripts H (r,n, s) = H(s,n,r) so we may assume § > 7.
Theorem 3.1. Let n,r,$,> 1, d=(r,n,s), R=r/d,N =n/d,S = s/d and let

o) =14+t + 2+t (At 2 Y,

(a) If s>r thenp=n—d+1 and

Res(ff5(¢),tN —1)4
T TSRyt

(b) If s=r then p=n—d and v, = N4~1.
Proof. (a) By [34, Proof of Theorem C|

2ty =14t +t2 .. +t47h
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F(t)= 01—t +td4 .. 4BV _g2r( pd 45— R-1d)
=14td4 BN AR gd (S
Gt)=(1—t)(1 +td .. 4 tN-1d)

therefore (and as shown in [34, Proof of Theorem C]) p =n — d + 1. By Theorem 1.1

v, = Res(F, G)
= Res(1 4+t 4 .. 4 ¢tBEDd _ydBq 4 qd 4 4(S7Dd) (1 _p)).
Res(1+t4 4 .. 4BV _ydBq pqd 4 4(S=Ddy g 4 gd oy 4 (N=1)d)
=(S—R) -Res(1+t? 4 ... 4 tF-Dd _ydB(q 4 qd o 4 ¢(S—Ddy
T4+td 4. 4 tV=Ddy

:(S—R)-(Res(1+t+...+t<R—1)—tR(1+t+...+t<S—1>),

d
1+t+...+t<N—1>))

d

Res(1+¢+...+tE-D _tR(1+t+...+t(S1))7tN—1))

=(S—R)-
( ) (Res(1+t+...+t(R—1>—tR(1+t+...+t<S—1)),t—1)

d

T4+t+ ... +tEBD B g4 4t ¢V —q
_(S_R)'(Res( +t4.. + S_(R+ +... ), ))

as required.
(b) By [34, Proof of Theorem C]

2(t) =1 —t4,
Ft)=(1+t+£+. . 4+t A+t +.. 4 ¢BEDD

= (L4t4+E2 4.+t YA+t + .+ t(BDD2)
GEt)= 1+t .. tW-Ddy

therefore (and as shown in [34, Proof of Theorem C]) p = n — d. By Theorem 1.1

v, = Res(F,G)
=Res(1+t+t2+... +tI7 1444 4 (N-Ddy.
Res(1+t% 4. 4 tF-Dd 1 pgd 4 4 (N=Ddy2
=NV Res(T4t+... +tF D 144 4 ¢V-D)2,

But
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Res(14+t+...+tF D 14t 4. +t0 D) =Res H Dy, H Dy
d|R,d>1 §|N,6>1

= [I ] Res(®a ®s).

d|R,d>15|N,5>1

Now (R, N) = 1 so in this last product (d,d) = 1 so each Res (&4, ®5) = 1 by [1, Theorem
3], and the result follows. O

Corollary 3.2. Let n,r,s > 1,d = (r,n,s), R=r/d,N =n/d,S = s/d.

(a) If s # r then H(r,n,s)*® = Ay @ Z9~1 where Ay is a finite abelian group of order
|H(R7 Na S)ab|d/|s - R|d71'

(b) If s = r then H(r,n,s)* = Ay @ Z? where Ay is a finite abelian group of order
N1,

The group H(r,n,s) is perfect if and only if |r — s| = 1 and either »r = 0 or s = 0mod
n [9, Theorem A]. This classification yields the following corollary, which classifies when
H(r,n, s)? is free abelian and when H(r,n, s) is a LOG group (recalling that free groups
and knot groups are LOG groups), thus extending [34, Theorem A], [9, Corollary B] to
the (possibly) disconnected case.

Corollary 3.3. Let n,r,s > 1,d = (r,n,s), R=r/d,N =n/d,S = s/d.

(a) Ifs # r then H(r,n,s)*P is free abelian if and only if [r—s| = d and either r = 0 mod
n or s = 0mod n, in which case H(r,n,s) is free of rank d — 1.
(b) If s = then H(r,n,s)*® is free abelian if and only if either
(i) n|r, in which case H(r,n,s) is free of rank n; or
(ii) d = 1, in which case H(r,n,s) is isomorphic to the fundamental group of the
(r,n) torus knot.

Proof. (a) If H(r,n,s)*" is free abelian then Corollary 3.2 implies that H(R, N, S) is
perfect. Then by [9, Theorem A] |[R — S| = 1 and either R = Omod N or S = Omod
N. Equivalently, |r — s| = d and » = Omod n or s = Omod n. Now if r = Omod n
or s = Omod n then by [34, Lemma 11] the group H(r,n,s) is isomorphic to the free
product of Z,_4| /(n,r—s) and the free group of rank (n, [r —s|) —1. But |r—s[/(n,r —s) =
|r—s|/d=1and (n,|r—s|) —1=d—1, so H(r,n,s) is free of rank d — 1, as required.

(b) All but the ‘in which case’ statements follow immediately from Corollary 3.2, and
those statements follow from [34, Lemmata 4 and 11]. O
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4. Groups of Fibonacci type as LOG groups

A group of Fibonacci type G, (m, k) is called irreducible if (n,m,k) = 1, and strongly
irreducible if it is irreducible and (n, k) > 1, (n,m—k) > 1. (This definition is essentially
the one given in [3], though we omit the additional condition that 0 < m < k < n,
which is unnecessary for our purposes.) The irreducibility condition prevents G, (m, k)
decomposing as a free product in a canonical way [3, Lemma 1.2]; moreover, as shown in
[3, Lemma 1.3], if G,,(m, k) is irreducible but not strongly irreducible then it is isomor-
phic to some Gilbert-Howie group H(n,m’). Thus, in considering the class of groups of
Fibonacci type it suffices to consider the strongly irreducible groups G, (m, k) and the
Gilbert-Howie groups H(n,m). In this section we show that strongly irreducible groups
Gy (m, k) are not LOG groups (Theorem 4.4) and in Section 5 we consider Gilbert-Howie
groups.

The representer polynomial of G,,(m, k) is the trinomial f(¢) = ¢t™—t*+1. Throughout
this section we let y, denote the last non-zero determinantal divisor of the n x n circulant
matrix C associated with f. The following result classifies the groups G, (m,k) with
infinite abelianisation and classifies the perfect groups G, (m, k). This was proved in [23]
for the case k =1 and extended to the case k > 1 in [31,32].

Theorem 4.1 ([23, Theorem 2], [31, Theorem 4], [32]). Let n,m,k > 1 and suppose
(n,m, k) =

(a) Res(t™ —tF +1,t" — 1) = 0 if and only if n = Omod 6 and m = 2kmod 6;
(b) Res(t™ —t* + 1,t" — 1) = 1 if and only if (n,6) =1 and m = 2k or m = k or
k = 0mod n.

By part (a) B(Gn(m,k)*P) > 0 if and only if n» = Omod 6 and m = 2kmod 6. We
now show that B(H(n,m)*) = 2 in these cases (so, in particular, G, (m, k) is not a
connected LOG group).

Lemma 4.2. Supposen >1,0<m,k <n, (n,m,k) =1, let f(t) =t™—tF+1, g(t) =
1 and suppose n = Omod 6 and m = 2kmod 6. Then z(t) = (f(t),g(t)) = Pg(t )
F(t) = f(t)/®s(t) has no root of modulus 1, and hence p =n — 2 so B(H(n,m)*P) =

Proof. By [26, Theorem 3] the polynomial f(t) = (t* —t + 1)F(t) where F(t) has no
roots of modulus 1 (see also [20, Theorem 3] or [30]). Therefore z(t) = (f(t),g(t)) =
(t? —t +1,t" — 1) = ®g(t), which is of degree 2, and the result follows. O

We require the following lemma, which relies on Theorem 4.1(b) in an essential way.

Lemma 4.3. Let n > 1, 0 < m,k < n, (n,m,k) = 1, m = 2kmod 6, n = ab where
a=2"3%r,s>1,(b6)=1. If v, = 1 then Res(f, ®q) = Res(Ps, Pq) for all d|n, d # 6
and (m = kmod b or m = 2kmod b or k= 0mod b).
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Proof. Suppose 7, = 1. By Lemma 4.2 z(t) = ®4(t), so G(t) = [y, a6 Pa(t) and
by Theorem 1.1 Res(F,G) = 1. Therefore Res(F,®4) = 1 for all d|n, d # 6, and thus
Res(f, ®q) = Res(Pg, Dy) - Res(F, Py) = Res(Pg, Dy) for all djn, d # 6. If b = 1 then
k = 0mod b, so assume b > 1.

Now
tr—1=T[@®) J[ @at)=G()
d|b d|ab,d#6
SO
Res(F(t),t* — 1)|Res(F,G) = 1.
Also

Res(f(t),t" — 1) = Res(®g(t),t* — 1) - Res(F(t),t* — 1)

= Res(®g, [ [ ®a) - Res(F(t),£" - 1)
d|b

[ [ Res(®s,@4) | - Res(F(t),2" - 1).
d|b

If d|b then (d,6) = 1 so Res(®s,®4) = 1 by [1, Theorem 3] so Res(f(t),t* — 1) =
Res(F(t),t* — 1) = 1 so by Theorem 4.1(b) m =k or m =2k or k = 0mod b. O

Lemma 4.3 allows us to prove that strongly irreducible groups G, (m, k) are not LOG
groups:

Theorem 4.4. Let n > 1, 0 < m,k <n, (n,m,k) =1, (n,k) > 1, (n,m —k) > 1. Then
Gn(m, k)2> 2 72, and hence G, (m, k) is not a LOG group.

Proof. Suppose for contradiction that G, (m, k)*” 22 Z2. Then by Theorem 4.1(a) m =
2kmod 6 and n = 273°b for some r,s > 1 and (b,6) = 1, and by Lemma 4.3 m = kmod
b or m = 2kmod b or k = 0mod b. In particular, n,m are even, so since (n,m, k) =1, k
is odd. If 3|k then m = 2k mod 6 implies 3|(n, m, k) = 1, a contradiction. Thus (k,6) = 1.
In the same way m—Fk is odd and 3 does not divide m—k. Since (n, k) > 1 there is a prime
divisor p > 5 of (n, k) and since (n,m—k) > 1 there is a prime divisor ¢ > 5 of (n, m—k).
If m = kmod b or m = 2kmod b then p|lm, so p|(n,m,k) = 1, a contradiction. If
k = 0mod b then g|k so g|(n,m — k, k) = (n,m, k) = 1, a contradiction. O

5. Gilbert-Howie groups as LOG groups

By Theorem 4.4 if G, (m/, k) is a LOG group, then it is isomorphic to some Gilbert-
Howie group H(n,m) so it remains to consider these groups, whose representer poly-
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nomials are the trinomials f(t) = ¢" —t 4+ 1. Throughout this section we let -y, denote
the last non-zero determinantal divisor of the n x n circulant matrix C associated with
f- This class of groups contains the Sieradski groups S(2,n) = H(n,2), which have free
abelianisation if and only if n = Omod 6, in which case S(2,n)* = Z2 (see [18, page
236] or [8, Lemma 9]). We show that in this case S(2,n) is a LOG group.

Theorem 5.1. The Sieradski group S(2,60) (1 > 1) is a LOG group with LOG presentation

agj41 = bZJ azjbaj, agjp1 = sz+1a2j+2b2y+1,
boj = g1 bajr1azje1, bajro = agjypbajiiazgee (0 <7 <)

and where the corresponding LOG has two components.

Proof. In this proof the index « ranges over the integers 0, ...,6] — 1, the index j ranges
over the integers 0,...,l — 1 and the index ¢ ranges over 0, ...,2] — 1. The subscripts of
the y generators are to be taken mod6l and the subscripts of a, b, ¢ generators are to be
taken mod 2!. Now

5(2,60) = (ya (0 < a <6l) | YaYar2 = Yat1 (0 < a <61))

Yo | Y6j+2Y65+4 = Y635+3Y65+5Y6+7 = Y65+6,

Y6;3Y65+2 = Y65+15Y65+3Y65+5 = Y6j+4; >

Yej+1Y65+3 = Y65+25Y654+4Y654+6 = Y65+5

Yoj+2 = y&l%jﬂa ygjig, = ygj1+4y6j+3,
Yoj+2 = Yoj+3Ya;ar Yojus = Y6i+7Yo 160
<y 1 @iy bis Ci | Yoj2 = Y6j+1Y6j+3: Yoj1+5 = ygjl.t,_ﬁygjl_t,_m >
azj = Y5, b2j = Y6j+1,C25 = Yoj+2;
G2j+1 = yG_j1+37 bajy1 = yG_j1+4’ C2j+1 = y(5_j1+5

Coj = a3, byj, Coja1 = bojy1a5)Y
ai, bi,c; | coj = a2_j1+1b2j+17 C2j+1 = sz+2a2_j1+27 >
Coj = bgja;jl_,'_l,CQj+1 = a;jl_,'_ngjJrl
(117 7 b2ja2:j}1 B az:jibgj7 a2_j1+2?21j+1 B b2j+1a2_jl+lll
252541 = a2j+1b2j+1va2j+2b2j+1 = b2j+2a2j+2
< agjy1 = byj ag;boj, asjy1 = by anjpabajia, >
= ( ai,b; 1 S :
baj = g 1b2j+102j11,b2j42 = ag;  obojp102542

The LOG has two components since S(2,n)* =~ Z2. O

Fig. 1 shows the LOG corresponding to the LOG presentation in Theorem 5.1 for the
group S(2,12). As an immediate corollary we have:

Corollary 5.2. The Sieradski group S(2,n) is a LOG group if and only if 6n.
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bo ay
ao a bo b1
b3 by ao az
as az b3 bz
by as

Fig. 1. Labelled Oriented Graph corresponding to the Sieradski group S(2,12).

We conjecture that these Sieradski groups are the only Gilbert-Howie groups (and
hence, by Theorem 4.4, the only groups of Fibonacci type G,(m,k)) that are LOG
groups.

Conjecture 5.3. Letn > 1,2 <m <n, n =0mod 6 and m = 2mod 6. Then v, = 1 if
and only if m = 2. (That is, H(n,m)*® = Z2 if and only if H(n,m) = H(n,2) = S(2,n).)

The forward implication is well known and easy. For the converse, in Theorem 5.4 we
show that for fixed m, there can be at most finitely many counterexamples.

Theorem 5.4. Fix m > 8 where m = 2mod 6. Then there exist at most finitely many
integers n with n = 0mod 6 such that v, =1 (that is, for which H(n,m)*® = 7Z?).

Proof. Here f(t) =t™ —t+1, g(t) = t" — 1, v, = Res(F,G) where, for n = Omod 6,
F(t) = f(t)/®6(t), G(t) = g(t)/Pg(t). By [26, Theorem 1] F(¢) is irreducible and not
cyclotomic so Corollary 2.7 implies that there are at most finitely many n for which
v, = 1, as required. O

In Theorem 5.6 and Corollary 5.7 we provide further evidence for Conjecture 5.3. We
need the following lemma.

Lemma 5.5. Suppose m = 2mod 6, n = Omod 6. If v, =1 then (m,n) = 2.

Proof. By Lemma 4.2 2(t) = ®4(t), and so G(t) = [, a6 Pa(t). Suppose for contra-
diction that v, = 1 and (m,n) # 2. Then Res(F,G) = 1, by Theorem 1.1.

Let § = (m,n), then § is even, 6 # 2, 6 1 §. Since d|n we have @5(t)|G(t), and hence
Res(F, @) divides Res(F,G) = 1. Now

Res(f, ®5) = Res(®q (1) F(t), B5(1))
= RGS((I)G, @5) . Res(F, (I)(;).
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Since neither §/6 nor 6/0 are prime powers, Res(®g, Ps) = 1 (see [1, Theorem 4] or
[19,11]) so Res(f, ®5s) = Res(F, ®s). On the other hand,

Res(f,®5) = ] A\ —-A+1)
Ps5(N)=0
= H (1-=X+1) since d|m
Ps5(N)=0

= Res(t — 2, B;5(t)) = s (2).

But 6 > 4 so, by [25, Corollary 9], ®5(2) > 2V3/4 > 1. Thus Res(F, ®5) = Res(f, ®s5) > 1,
a contradiction. O

Theorem 5.6. Suppose m = 2mod 6, n = ab where a = 2" - 3° where r,s > 1, (b,6) = 1.
If v, = 1 then Res(f, ®4) = Res(Pg, q) for all d|n, d # 6 and, moreover, m = 2mod
60 if r =1 and m = 2mod 12b if r > 2.

Proof. If » > 2 then by Lemma 5.5 we may assume m = 2mod 4, in which case m =
2mod 12b if and only if m = 2mod 6b, so it suffices to prove this last condition. If b =1
then the hypothesis m = 2mod 6 immediately implies the conclusion that m = 2mod
6b, so assume b > 1.

Suppose v, = 1. Then, by Lemma 4.3, Res(f, ®4) = Res(®¢, Pq) for all djn, d # 6
and either m = 1 or 2mod b.

Case 1: m = 1lmod b. Here m = 1 + abmod n for some 0 < o < a. We claim that
(2° +1)/3 divides Res(F,G) = 1, a contradiction (since b > 1). Observe that m = 2mod
6 implies that b = 1mod 6, so (a,6) = 1 and, in particular, « is odd.

Since b is odd, t* + 1 = L4y P2a(t). Since ]y, P2a()| I1ajn a6 Palt), t* + 1 divides
G(t), and hence Res(F(t),t* + 1) divides Res(F,G) = 1. Now

Res(f(t),t" +1) = Res(t- (") —t + 1,¢ + 1)
=Res(t- (—1)* —t+1,t* +1)
=Res(1 —2t,t" +1)
=20 41,

On the other hand (recalling that z(t) = (f(¢),g(t)) = Ps(t), by Lemma 4.2),

Res(f(t),t* + 1) = Res(®g(t),t* + 1) - Res(F(t), " 4 1)

= Res(®g, | [ 24) - Res(F(t),t* + 1)
d|b
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= | [ ] Res(®s, ®24) | - Res(F(t)," +1)
d|b

=Res(®g, @) [ [] Res(@g, ®24) | - Res(F(t), + 1),
d|b,d>1

But if d|b,d > 1 then neither (2d)/6 or 6/(2d) is a prime power, so in the product
each Res(®g, ®24) = 1, and hence Res(f(t),t’ + 1) = Res(®g, P2) - Res(F(¢),t* + 1) =
3-Res(F(t),t* +1). Thus Res(F(t),t* +1) = (2° +1)/3, so (2° 4+ 1)/3 divides Res(F, G)
as claimed.

Case 2: m = 2mod b. Here m = 2 + ab for some 0 < o < a. Now m = 2mod 6
implies that ab = Omod 6, and hence 6|a, so o = 65 for some 0 < < a/6. Thus
m =2+ 68bmod n, i.e. m = 2mod 6b, as claimed. O

Corollary 5.7. Let n = 6b or n = 12b or n = 24b where (b,6) = 1, 2 < m < n, and
m = 2mod 6. Then v, = 1 if and only if m = 2. (That is, H(n,m)*® = Z2 if and only
if H(n,m) = H(n,2) = 5(2,n).)

Proof. The cases n = 6b or n = 12b follow immediately from Theorem 5.6 so assume
n = 24b. Factorize g(t) = (t'2® — 1)(#'2* + 1). Since ®g(t) divides (2 — 1) the factor
(t12> + 1) divides G(t), and hence Res(f(t),t'?® + 1) divides Res(f,G). The resultant
Res(f,G) = 7, - Res(®6,G) = G(()G(¢5 ") = n?/3, by an application of I'Hopital’s
rule, so it suffices to show Res(f(t),t'?® + 1) > n?/3. By Theorem 5.6 we may assume
m = 2 + 12b. Therefore

Res(f(t),t'% 4+ 1) = Res(t?(¢'?") — ¢t + 1,12 + 1)
= Res(—t% —t + 1,t'?" + 1)

= (14 V322 1) (1= V)2 1)
12b

:2+(@1—V®ﬂf%+(hl+¢®ﬂ)

=2+ L1

where Ljop is the 12b-th Lucas number. Since 2 + L9, > 192b% = n?/3 for all b > 1 the
resultant Res(f(t), % + 1) > n?/3, as required. O

6. Cyclically presented groups and Prishchepov groups as connected LOG groups

Connected LOG groups abelianize to Z. In this section we obtain necessary conditions
for a cyclically presented group G, (w) with representer polynomial f(t) to abelianize to
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Z. If G, (w)*® 2 Z then, in particular, (G, (w)*®) = 1 is odd. The following character-
isations follow immediately from Corollary 1.2 (where p is the rank, and ~, is the last
non-zero determinantal divisor of the n x n circulant matrix associated with f):

B(G,(w)?P) is 0odd < n — p is odd < deg((f(t)

,g(1))) is odd, (6.1)
Gn(w)* 2 Z & n—p=1and v, =1 deg((f(t),9(t))) =

1 and v, = 1. (6.2)
We refine (6.1) slightly:

Proposition 6.1. Let f(t) € Z[t], g(t) = t™ — 1. Then n — p is odd if and only if one of
the following holds:

(a) n is odd and f(1) =0; or

(b) n is even and either
(i) f(1) =0 and f(-1) #0; or
(ii) f(—1)=0 and f(1) #0.

Proof. This holds since the roots of g(t) arise in complex conjugate pairs and the only
real roots of ¢g(t) are 1 and (when n is even) —1. O

We now give necessary and sufficient conditions for (6.2) to hold:

Theorem 6.2. Let f(t) € Z[t], g(t) = t" — 1 and let v = max{d | f(t) € Z[t%]}. Then
n—p=1and~, =1 if and only if (n,v) =1 and one of the following holds:

(a) mis odd, F(1) =0, (F(1).9(0) =1 — 1, and Res (F()/(t = 1). 55 #) = 1;

(b) nis even, F(1) =0, |f(=1)] = 2, (F(1),g(t) = t~1, and Res (F(1)/(t 1), i) ')
=1;

(¢) n is even, f(—1) = 0, |f(1)] = 2, (f(t),g(t)) = t+ 1, and Res(f(t)/(t+ 1),
Z?:_Ol(—t)i) =1 and Res(f(t),t° — 1) = 2 where c is the largest odd divisor of n.

Proof. Let z(t) = (f(¢),9(¢)). If (n,v) =1 and any of (a), (b), (c) hold then z(t) =t —€
(e=1in cases (a), (b), e = —1in case (c)), and F(¢) = f(t)/(t—€), G(t) = (t"=1)/(t —
€ =>1, '(et)i. Thus n — p = deg(z(t)) = 1, v, = Res(F, G) = 1, as required.

Suppose then n—p = 1 and v, = 1. Then deg(z(¢)) = 1 and Res(f(t)/2(t), g(t)/2(t)) =
1 by Theorem 1.1. Let § = (n,v). Then f(t) = f(t°),g(t) = g(t°) for some f,g € Z[t].
Thus z(t) = (f(t),9(t)) = (f(t°),§(t%)) = 2(t?), say. Then n — p = 1 implies deg(z(t)) =
1, so z(s) is of degree 1 and 6 =1, i.e. (n,v) = 1.

If n is odd then Proposition 6.1 implies f(1) = 0, and so (¢ — 1)|z(¢), but since
deg(2(t)) = 1 we have 2(t) = ¢ — 1, F(t) = f(£)/(t — 1), G(t) = g(t)/(t — 1) = Y-t

so part (a) follows.
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Assume then n is even. Then by Proposition 6.1(b) there is a unique € € {1, —1} such
that f(e) = 0, f(—e) # 0. Then (¢t — ¢) divides z(t), but since deg(z(¢)) = 1 we have
At) =t—e F(t) = f(t)/(t — €),G(t) = g(t)/(t — €) = Y12 (et)’. Now g(—€) = 0 s0
G(—¢) = 0 and hence |F(—¢)| divides Res(F,G)| = 1. Thus |F(—¢€)| = 1. But |f(—¢€)| =
|(—e — €)F(—¢€)| = 2|F(—¢)| so {|f(e)l,|f(—€)]} = {0,2}, and the proof of part (b) is
complete. To complete the proof of part (c¢) it remains to show Res(f(¢),t¢ — 1) = 2
where c is the largest odd divisor of n. Now Res(f(¢)/(t +1),(t" —1)/(t+ 1)) = 1 so
(since (t¢— 1) divides (t™ —1)/(t + 1)) we have Res(f(¢)/(t +1),t° — 1) = 1 and hence
Res(f(t)/(t +1),®5(t)) = 1 for all divisors ¢ of ¢. Then if § > 1

Res(f, ®5) = Res(t + 1, ®4(t)) - Res(f(t)/(t + 1), ®5(t))
= Res(t 4+ 1, 5(t)) = Bs(—1) = Dos(1) = 1

since 2§ is not a prime power. Hence

Res(f(t),t°—1) = HRes(f, ®s5) = Res(f(t),t — 1) - Res(f H Os5) = =2

8le 6|c 5>1
as required. O
Corollary 6.3. Suppose w is a positive word of length at least 3. Then G, (w)*® % Z.

Proof. Since w is positive of length at least 3, f(1) > 3 so Theorem 6.2 implies that if
Gy (w)®? = 7 then |f(1)| = 2, a contradiction. O

If w is a positive word of length 1 then G, (w) is trivial. If w is a positive word of
length 2, then either G,,(w) = G, (23) = Z% or G, (w) = G, (zox},) for some 1 < k < n,
which is free of rank (n, k) if n/(n, k) is even and is the free product of (n,k) copies
of Zy if n/(n,k) is odd. Therefore, for a positive word w, G, (w)** = Z if and only
if Gp(w) = Gn(zoxk) where n is even and (n,k) = 1, in which case G,(w) = Z (a
connected LOG group).

By [29, Theorem 1] the natural HNN extension (see [29] for the definition) of a cycli-
cally presented group G, (w) with representer polynomial f(¢) is a k-knot group (k > 3)
if and only if |f(1)| = 1. It therefore follows from this and Theorem 6.2 that a cyclically
presented group G,(w) and its natural HNN extension G, (w) cannot both be k-knot
groups (k > 3).

Theorem 6.2 can be applied to particular classes of cyclically presented groups. To il-
lustrate this, we apply it to the Prishchepov groups P(r,n, k, s, ¢) which have representer
polynomials

FO) =14t 4. 4D gh=t( g0 45D,
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)ab o

Corollary 6.4. Suppose that P(r,n,k,s,q Z (which holds, in particular, for con-

nected LOG groups), wheren > 1, 0 < k,q < n and r,s > 1, r # s. Then n is even,
(n,k—1,9) =1, |r—s| =2, q is odd, P(r,c,k,s,q)*® = Zy for the largest odd divisor ¢
of n, and either (i) s is even; or (ii) s is odd and k is odd.

Proof. Suppose P(r,n,k,s,q)*” = Z. If n is odd then Theorem 6.2 implies f(1) = 0, i.e.
r —s = 0, a contradiction to r # s. Thus n is even. Then (n,k — 1,q) divides (n,v) so
(n,k—1,q) = 1. Again f(1) = r—s # 0 so Theorem 6.2 implies f(1) = 2, f(—1) =0 and
2 = Res(f(t),t° — 1) = |P(r,c, k,5,q)*"| (and so P(r,c,k,s,q)* = Zy) for the largest
odd divisor ¢ of n. But f(1) =r—sso |r—s| =2, and f(—1) =0 if and only if ¢ is odd
and either r, s are both even or r, s, k are all odd, and the result follows. O

If n is even and (n, (s + 1)q) = 1 then P(s +2,n,q+ 1,s,¢)*" = Gn(xow(s+1)q)ab %

~

G (zoz1)*® = Z. In this case the representer polynomial f(t) = 1 + t(5tD4. However,
there are examples of groups P(r,n,k,s,q) that abelianize to Z where f(t) is more
complicated. For example the group P(4,10,3,2,7) with f(t) = 1+t —t2+t* +t7 -7 =
—(t+1)(t8 —t"—t3+12 —1). Determining precisely which groups P(r,n, k, s, q) abelianize
to Z is a topic for future research.
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