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Failure of Fatou type theorems for solutions to PDE of
p-Laplace type in domains with flat boundaries

Murat Akmana , John Lewisb, and Andrew Vogelc

aDepartment of Mathematical Sciences, University of Essex, Essex, UK; bDepartment of Mathematics,
University of Kentucky, Lexington, Kentucky, USA; cDepartment of Mathematics, Syracuse University,
Syracuse, New York, USA

ABSTRACT
Let Rn denote Euclidean n space and given k a positive integer let
Kk � R

n, 1 � k < n� 1, n � 3, be a k-dimensional plane with 0 2
Kk: If n� k < p < 1, we first study the Martin boundary problem
for solutions to the p-Laplace equation (called p-harmonic functions)
in R

nnKk relative to f0g: We then use the results from our study to
extend the work of Wolff on the failure of Fatou type theorems for
p-harmonic functions in R

2
þ to p-harmonic functions in R

nnKk when
n� k < p < 1: Finally, we discuss generalizations of our work to
solutions of p-Laplace type PDE (called A-harmonic functions).
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1. Introduction

In 1984 Wolff brilliantly used ideas from harmonic analysis and PDE to prove that the
Fatou theorem fails for p-harmonic functions when 2 < p < 1: He proved

Theorem 1.1 ([1, Theorem 1]). If 2 < p < 1 then there exist bounded weak solutions û
of the p-Laplace equation:

Lpû :¼ r � jrûjp�2rû
� �

¼ 0 (1.1)

in R
2
þ ¼ fx ¼ ðx1, x2Þ : x2 > 0g, for which ft 2 R : limy!0 ûðt þ iyÞ exists} has

Lebesgue measure zero. Also there exist positive bounded weak solutions of Lpv̂ ¼ 0
such that ft 2 R : lim supy!0 v̂ðt þ iyÞ > 0g has Lebesgue measure 0.

The key to his proof and the only obstacle in extending Theorem 1.1 to 1 < p 6¼ 2 < 1
was the validity of the following theorem, stated as Lemma 1 in [1].

Theorem 1.2 ([1, Lemma 1]). If 2 < p < 1 there exists a bounded Lipschitz function U
on the closure of R

2
þ with Uðz þ 1Þ ¼ UðzÞ for z 2 R

2
þ, LpU ¼ 0 weakly on

R
2
þ,
Ð
ð0, 1Þ�ð0,1ÞjrUjp dxdy < 1, and
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lim
y!1Uðt þ iyÞ ¼ 0 uniformly for t 2 R, but

ð1
0

UðsÞds 6¼ 0: (1.2)

Theorem 1.2 was later proved for 1 < p < 2, by the second author of this article in [2]
(so Theorem 1.1 is valid for 1 < p 6¼ 2 < 1Þ:Wolff notes that Theorems 1.1 and 1.2, gener-
alize to R

n
þ ¼ fx ¼ ðx1, :::, xnÞ : xn > 0g simply by defining û, v̂,U, to be constant in the

additional coordinate directions. Wolff remarks above the statement of his Lemma 1, that
Theorem 1.1 “should generalize to other domains but the arguments are easiest in a half
space since Lp behaves nicely under Euclidean operations”. In fact Wolff made extensive use

in his argument of the fact that UðNz þ z0Þ, z ¼ xþ iy 2 R
2
þ, N a positive integer, z0 2

R
2
þ, is p-harmonic in R

2
þ, and 1=N periodic in x, with Lipschitz norm � N on R ¼ @R2

þ:
Also he used functional analysis-PDE arguments, involving the Fredholm alternative and
perturbation of certain p-harmonic functions to get U satisfying (1.2) when 2 < p < 1:

Building on a work of Varpanen in [3], we managed to obtain analogues of
Theorems 1.1 and 1.2 for 1 < p 6¼ 2 < 1, in the unit disk of R2 in [4]. In fact we gave
two proofs of these theorems when p > 2: One proof used the exact values of exponents
in the Martin boundary problem for p-harmonic functions, for p> 2, in R

2
þ relative to

f0g, as well as, boundary Harnack inequalities for certain p-harmonic functions. This
proof seemed conceptually simpler and more straight forward to us than the other
proof, so we dubbed it ‘a hands on proof’. As a warm up for this proof we first gave, in
Lemma 3.1 of [4], a ‘hands on example’ of a U for which Theorem 1.2 is valid. In this
paper we use a similar argument to prove an analogue of Theorems 1.1 and 1.2 for p-
harmonic functions in domains whose complements in R

n, are k-dimensional planes
where 1 � k < n� 1: To be more specific we need some definitions and notations.

1.1. Definitions and notations

Let n � 2 and denote points in Euclidean n-space R
n by y ¼ ðy1, :::, ynÞ: Let Sn�1 denote

the unit sphere in R
n: We write em, 1 � m � n, for the point in R

n with 1 in the m-th
coordinate and 0 elsewhere. Let �E, @E, and diamðEÞ be the closure, boundary, and
diameter of the set E � R

n respectively. We define d(y, E) to be the distance from y 2
R

n to E. Let h�, �i denote the standard inner product on R
n and let jyj ¼ hy, yi1=2 be the

Euclidean norm of y: For z 2 R
n and r> 0, put

Bðz, rÞ ¼ fy 2 R
n : jz � yj < rg:

Let dy denote the n-dimensional Lebesgue measure on R
n and let Hk, 0 < k � n,

denote the k-dimensional Hausdorff measure on R
n defined by

HkðEÞ ¼ lim
d!0

inf
X
j

rkj ; E � [
j
Bðxj, rjÞ, rj � d

� �
where the infimum is taken over all possible d-covering fBðxj, rjÞg of E. If O � R

n is

open and 1 � q � 1, then by W1, qðOÞ we denote the space of equivalence classes of
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functions h with distributional gradient rh ¼ ðhy1 , :::, hynÞ, both of which are q-th
power integrable on O: Let

jjhjj1, q ¼ jjhjjq þ jj jrhj jjq
be the norm in W1, qðOÞ where jj � jjq is the usual Lebesgue q norm of functions in the

Lebesgue space LqðOÞ: Let C1
0 ðOÞ be the set of infinitely differentiable functions with

compact support in O and let W1, q
0 ðOÞ be the closure of C1

0 ðOÞ in the norm
of W1, qðOÞ:
Definition 1.3. For fixed p with 1 < p < 1, given a compact set E and open set O
with E � O, define the p-capacity of E relative to O by

CpðE,OÞ :¼ inf
ð
O
jrhjpdx : h 2 W1, p

0 ðOÞ with h � 1 on E
� �

:

Definition 1.4. If p is fixed, 1 < p < 1, then û is said to be p-harmonic in an open set
O provided û 2 W1, pðGÞ for each open G with �G � O andð

hjrûjp�2rûðyÞ,rhðyÞi dy ¼ 0 whenever h 2 W1, p
0 ðGÞ: (1.3)

We say that û is a p sub-solution (p super-solution) in O if û 2 W1, pðGÞ whenever G is

as above and (1.3) holds with ¼ replaced by � (�) whenever h 2 W1, p
0 ðGÞ with h � 0:

Here r� denotes the divergence operator.

Definition 1.5. Given 1 � k � n� 2, n � 3, let Kk � R
n be a k-dimensional plane. If p

is fixed, n� k < p < 1, and z 2 Kk, then u is said to be a p-Martin function for Kk,
relative to fzg, provided u > 0 is p-harmonic in R

nnKk and uðxÞ ! 0 as x ! 1, x 2
R

nnKk: Also u is continuous in R
nnfzg with u 	 0 on Kknfzg: A p-Martin function is

defined similarly when k ¼ n� 1, z 2 Kk only relative to a component of RnnKk:

Existence of u for 1 � k � n� 2, p > n� k, is shown in Lemma 8.2 of [5]. For exist-
ence of u when k ¼ n� 1 and p > 2, see Subsection 5.1 in [6]. Also (see (4.1) in
Section 4),

ðaÞ u is unique up to constant multiples,

ðbÞ there exists r ¼ rðp, n, kÞ > 0 such that uðz þ txÞ ¼ t�ruðz þ xÞ
whenever t > 0:

(1.4)

To make our ‘hands on’ argument work, when 1 � k � n� 2 and p > n� k, we need
to show in (1.4) (b) that r < k when n� k < p: In estimating r and in statement of
our theorems, we assume that

z ¼ 0 and Kk ¼ fðx1, :::, xk, 0, :::, 0Þ 2 R
n : xi 2 R, 1 � i � kg:

This assumption is permissible since p-harmonic functions are invariant under transla-

tion and rotation. Moreover with a slight abuse of notation we write R
k for Kk and

R
n ¼ R

k � R
n�k: We now state our first result.
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Theorem A. Let k, n be fixed positive integers with 1 � k � n� 2 and p > n� k. Let
x0 ¼ ðx1, x2, :::, xkÞ, x00 ¼ ðxkþ1, :::, xnÞ, and x ¼ ðx0, x00Þ: Put

ûðxÞ ¼ jx00jbjxj�c ¼ jx00jbr�c where b ¼ pþ k� n
p� 1

, r ¼ jxj, and c > b > 0: (1.5)

Let k ¼ c� b: If

k > max
ðpþ k� nÞðkþ p� 2Þ
ðp� 1Þð2p� nþ k� 2Þ ,

k
p� 1

� �
¼: v ¼ vðp, n, kÞ, (1.6)

then û is a p-subsolution on R
nnRk and v < k, while if

k < min
ðpþ k� nÞðkþ p� 2Þ
ðp� 1Þð2p� nþ k� 2Þ ,

k
p� 1

� �
¼: v

^ ¼ v
^ ðp, n, kÞ, (1.7)

then û is a p-supersolution on R
nnRk:

Remark 1.6. We note that Llorente, Manfredi, Troy, and Wu in [7] proved (1.6), (1.7),
when k ¼ n� 1 and 2 < p < 1: We shall use this result throughout Section 6.

In order to state our second result, we need to introduce some notations. Given s >

0 and y0 2 Kk ¼ R
k, let

Qsðy0Þ ¼ QðkÞ
s ðy0Þ :¼ fz0 2 R

k : jz0i � y0ij < s=2, when 1 � i � kg: (1.8)

Armed with Theorem A and Remark 1.6, our second result generalizes the work of
Wolff [1] and our earlier work in [4] when the boundary is a low dimensional plane.

Theorem B. Let k, n be positive integers with either ðiÞ 1 � k � n� 2 and p > n� k,
or ðiiÞ k ¼ n� 1 and p > 2: In case (i) there exists a p-harmonic function W on

R
nnRk, that is continuous on R

n, with

ðaÞ W Lipschitz on R
k and

ð
Q1=2ð0Þ�R

n�k
jrWjp dx < 1,

ðbÞ Wðx þ eiÞ ¼ WðxÞ for 1 � i � k, whenever x 2 R
n,

ðcÞ lim
x002Rn�k!1

Wðx0, x00Þ ¼ 0 uniformly for x0 2 �Q1=2ð0Þ,

ðdÞ
ð
Q1=2ð0Þ

Wðx0, 0Þ dHkx0 6¼ 0:

(1.9)

In case ðiiÞ there exists a p-harmonic function W on R
n
þ that is continuous on the clos-

ure of Rn
þ, satisfying (1.9) when k ¼ n� 1 with x00 ¼ xn > 0:

Theorem A and the technique in proving Theorem B are also easily seen to imply
the following corollary.

Corollary 1.7. Let v and v
^ be as in Theorem A. Let k, n be positive integers with 1 �

k � n� 2, and p fixed, p > n� k: Let 0 � xpðBð0, rÞ \ R
k, �Þ � 1, denote the unique

bounded p-harmonic function on R
nnRk which is 1 on Bð0, rÞ \ R

k and 0 on R
kn�Bð0, rÞ:

There exists c ¼ cðp, n, kÞ � 1 so that if 0 < r < 1=2, then
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c�1 rv � xpðBð0, rÞ \ R
k, enÞ � crv

^

:

Corollary 1.7 was proved for p > 2 and k ¼ n� 1 in [7] (see also [8]) using the ana-
logue of Theorem A (see Remark 1.6).
We can use the gist of Wolff’s argument and Theorem B to show the failure of a

Fatou’s theorem for p-harmonic functions vanishing on low dimensional planes.

Theorem C. Let k, n be positive integers with either (i) 1 � k � n� 2 with p > n� k,
or ðiiÞ k ¼ n� 1 with p > 2: In case ðiÞ there exists bounded p-harmonic functions û, v̂

in R
nnRk with the following properties. Suppose f : Rn�knf0g ! R

n�knf0g is continuous
with limx00!0 fðx00Þ ¼ ð0, ::, 0Þ: Then

fx0 2 R
k : lim

x00!0
ûðx0, fðx00ÞÞ existsg � D1 where HkðD1Þ ¼ 0:

Also

fx0 2 R
k : limsup

x00!0
v̂ðx0, fðx00ÞÞ > 0g � D2 where HkðD2Þ ¼ 0:

The Borel sets D1 and D2 are independent of the choice of f: In case ðiiÞ there exists
bounded p-harmonic functions û, v̂ in R

n
þ with the above properties when k ¼ n� 1

and x00 ¼ xn > 0:

Remark 1.8. To get Theorem C for v̂ in case (ii) it suffices to just prove existence of
limit 0 for Hn�1 almost every x0 2 R

n�1 when fðx00Þ ¼ ð0, :::, 0, xnÞ, thanks to Harnack’s
inequality for positive p-harmonic functions (see (2.1) ðcÞÞ: Also in case ðiÞ, one could
just prove this theorem for k ¼ 1, p > n� 1, since the general case would then follow

from extending these functions to R
nþk�1nRk for 1 < k by defining them to be constant

in the other added k� 1 coordinate directions. However our approach yields a larger
and arguably more interesting variety of examples.
We also note that when 1 < p � n� k

CpðRk \ �Bð0,RÞ,Bð0, 2RÞÞ ¼ 0 (1.10)

for every R> 0 (see [9], p. 43]) and consequentially neither Theorem B or Theorem C
has an analogue in case (i) when 1 < p � n� k: For the reader’s convenience a proof
of this statement is given in Remark 5.6 after the proof of Theorem C in section 5.

Finally in Section 6 we consider partial analogues of Theorem 1.1, Theorem 1.2,
Theorems A-C, for solutions to a more general class of PDE’s modeled on the p-
Laplacian, which are called A-harmonic functions (see Definition 6.2 in Section 6).
A-harmonic functions share with p-harmonic functions the properties used in the proof
of Theorems A-C, so originally we hoped to prove these theorems with p-harmonic
replaced by A-harmonic. However preliminary investigations using maple and hand cal-
culations, indicated that this class would not in general yield the necessary estimates on
exponents of an A-harmonic Martin function for p in the required ranges. For this
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reason we relegated our discussion of A-harmonic functions to Section 6 and made this
discussion more or less self contained. Subsections of Section 6 include

(1) A definition of A-harmonic functions and listing of their basic properties.
(2) Statement of two Propositions concerning validity of Theorems B - C for

A-harmonic operators sufficiently near the p-Laplace operator.
(3) Estimates of A-harmonic Martin exponents when 1 � k � n� 2 and p > n� k

for n > 3, in R
nnRk (see subsection 6.3) and when k ¼ n� 1 and p> 2 for n � 2

in R
n
þ (see subsection 6.4). These estimates give partial analogues of Theorems

1.1 and 1.2 for a subclass of A-harmonic operators, only slightly more general
than the p-Laplace operator. Still this was an interesting subclass for us to high-
light computational difficulties in showing r < k for the exponent in (1.4) of an
A-harmonic Martin function. Moreover, in the baseline n¼ 2 and p> 2 case we
obtained a rather surprising result (see Subsection 6.5 for more details).

As for the plan of this paper in Section 2 we introduce and state some lemmas listing
basic estimates for p-harmonic functions. Statements and references for proofs of these
lemmas are made so that we can essentially say ‘ditto’ in our discussion of A-harmonic
functions. In Section 3 we prove Theorem A. In Section 4 we use Theorem A to prove
Theorem B. In Section 5 we indicate the changes in Wolff’s main lemmas for applica-
tions and prove Theorem C. In Section 6 we introduce A-harmonic functions and pro-
ceed as outlined above.

2. Definition and basic estimates for p-harmonic functions

In this section we first introduce some more notation and then state some fundamental esti-
mates for p-harmonic functions. Concerning constants, unless otherwise stated, in Sections
2–6, c will denote a positive constant � 1, not necessarily the same at each occurrence,
depending only on p, n, k: In general throughout this paper, cða1, a2, :::, amÞ denotes a posi-
tive constant � 1, not necessarily the same at each occurrence, depending only on
a1, :::, am: Also A � B means A=B is bounded above and below by positive constants whose
dependence will be stated. We also let maxEv̂, minEv̂ denote the essential supremum and
infimum of v̂ (with respect to Lebesgue n-measure) whenever E � R

n and v̂ is defined on E.
Next we state some basic lemmas for p-harmonic functions.

Lemma 2.1. For fixed p, 1 < p < 1, suppose v̂ is a p-subsolution and ĥ is a p-supersolu-

tion in the open set O with maxðv̂ � ĥ, 0Þ 2 W1, p
0 ðOÞ: Then maxOðv̂ � ĥÞ � 0:

Proof. A proof of this lemma can be found in [9, Lemma 3.18]. w

Lemma 2.2. For fixed p, 1 < p < 1, let v̂ be p-harmonic in Bðz0, 4qÞ for some q > 0
and z0 2 R

n. Then there exists c ¼ cðp, nÞ with
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ðaÞ max
Bðz0, q=2Þ

v̂ � min
Bðz0,q=2Þ

v̂ � c

�
qp�n

ð
Bðz0, qÞ

jrv̂jp dx

�1=p

� c2 ð max
Bðz0, 2qÞ

v̂ � min
Bðz0, 2qÞ

v̂Þ:

Furthermore, there exists ~b ¼ ~bðp, nÞ 2 ð0, 1Þ such that if s � q, then

ðbÞ max
Bðz0, sÞ

v̂ � min
Bðz0, sÞ

v̂ � c

�
s
q

�~b �
max

Bðz0, 2qÞ
v̂ � min

Bðz0, 2qÞ
v̂

�
:

ðcÞ If v̂ � 0 in Bðz0, 4qÞ, then max
Bðz0, 2qÞ

v̂ � c min
Bðz0, 2qÞ

v̂:

(2.1)

Proof. Lemma 2.2 is well known. A proof of this lemma, using Moser iteration of posi-
tive solutions to PDE of p-Laplace type, can be found in [10] or Chapter 6 in [9]. (2.1)
(c) is called Harnack’s inequality. w

Lemma 2.3. Let k be a positive integer 1 � k � n� 1, p fixed with n� k < p < 1 and

q > 0: Let R
n
þ ¼ fx 2 R

n : xn > 0g, z0 2 R
k, and put X ¼ ðRnnRkÞ \ Bðz0, 4qÞ when

1 � k � n� 2 while X ¼ R
n
þ \ Bðz0, 4qÞ when k ¼ n� 1: Let f 2 C1

0 ðBðz0, 4qÞÞ with

f 	 1 on Bðz0, 3qÞ and jrfj � cðnÞq�1: Suppose v̂ is p-harmonic in X, ĥ 2 W1, pðXÞ,
and ðv̂ � ĥÞf 2 W1, p

0 ðXÞ:
If ĥ is continuous on @X \ Bðz0, 4qÞ, then v̂ has a continuous extension to �X \

Bðz0, 4qÞ, also denoted v̂, with v̂ 	 ĥ on @X \ Bðz0, 4qÞ: If
jĥðzÞ � ĥðwÞj � M0jz � wjr̂ whenever z,w 2 @X \ Bðz0, 3qÞ,

for some r̂ 2 ð0, 1
, and 1 � M0 < 1, then there exists r̂1 2 ð0, 1
, c � 1, depending
only on r̂, n, and p, such that

jv̂ðzÞ � v̂ðwÞj � 8M0qr̂ þ ðjz � wj=2qÞr̂1 max
X\�Bðz0, 2qÞ

jv̂j (2.2)

whenever z,w 2 X \ Bðz0, qÞ:
If ĥ 	 0 on @X, v̂ � 0 in Bðz0, 4qÞ, ĉ � 1, and z1 2 X \ Bðz0, 3qÞ, with

ĉ dðz1, @XÞ � q, then there exists ~c, depending only on ĉ, n, and p, such that

ðþÞ max
Bðz0, 2qÞ

v̂ � ~c qp�n
ð
Bðz0, 3qÞ

jrv̂jp dx

 !
� ð~cÞ2 v̂ðz1Þ1=p: (2.3)

Furthermore, using (2.2), it follows for z,w 2 �X \ Bðz0, 2qÞ that

ðþþÞ jv̂ðzÞ � v̂ðwÞj � c v̂ðz1Þ jz � wj
q

� �r̂1

:

Proof. Continuity of v̂ given continuity of ĥ in �X follows from Corollary 6.36 in [9].
This Corollary and the H€older continuity estimate on h above, are then used in
Theorem 6.44 of [9] to prove an inequality analogous to (2.3). Proofs involve Wiener
type estimates (in terms of p-capacity) for p-harmonic subsolutions that vanish on
@X \ Bðz0, 3qÞ: w
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Lemma 2.4. Let p, v̂, z0, q, be as in Lemma 2.2. Then v̂ has a representative locally in
W1, pðBðz0, 4qÞÞ, with H€older continuous partial derivatives in Bðz0, 4qÞ (also denoted v̂),
and there exist ĉ 2 ð0, 1
 and c � 1, depending only on p, n, such that if z,w 2
Bðz0, q=2Þ, then
ðâÞ c�1 jrv̂ðzÞ � rv̂ðwÞj � ðjz � wj=qÞĉ max

Bðz0, qÞ
jrv̂j � c q�1 ðjz � wj=qÞĉ max

Bðz0, 2qÞ
jv̂j:

Also v̂ has distributional second partials with

ðb̂Þ
ð
Bðz0,qÞ\frv̂ 6¼0g

jrv̂jp�2
Xn
i, j¼1

jv̂xixj j2ðzÞ
 !

dx � c qn�p�2 max
Bðz0, 2qÞ

jv̂j:

(2.4)

Proof. For a proof of (2.4) ðâÞ, ðb̂Þ, see Theorem 1 and Proposition 1 in [11]. w

In the proof of Theorems B and C, we need the following boundary Harnack
inequalities.

Lemma 2.5. Let k, n, p, z0,X, be as in Lemma 2.3. Suppose û, v̂, are non-negative p-har-
monic functions in X with û ¼ v̂ 	 0 on @X \ Bðz0, 4qÞ: There exists c ¼ cðp, n, kÞ and
b ¼ bðp, n, kÞ such that if y, z 2 X \ Bðz0, qÞ, then

ûðzÞ
v̂ðzÞ �

ûðyÞ
v̂ðyÞ

���� ���� � c
ûðzÞ
v̂ðzÞ

jy� zj
q

� �b

: (2.5)

Proof. For a proof of Lemma 2.5 when k ¼ n� 1, p > 1, see Theorem 1 in [6] and
when 1 � k � n� 2 see Theorems 1.9 and 1.10 in [5]. w

Lemma 2.6. Let k, n, p, z0, q, be as in Lemma 2.3. Let G ¼ R
nnðRk [ �Bð0, qÞÞ when k <

n� 1 and G ¼ R
n
þn�Bð0, qÞ when k ¼ n� 1: Suppose û, v̂, are non-negative p-harmonic

functions in G with continuous boundary values and û ¼ v̂ 	 0 on @G \ R
k when

k � n� 1. Moreover ûðxÞ þ v̂ðxÞ ! 0 uniformly for x 2 G as jxj ! 1: There exists
c ¼ cðp, n, kÞ and b0 ¼ b0ðp, n, kÞ such that if y, z 2 GnBð0, 2qÞ, then

ûðzÞ
v̂ðzÞ �

ûðyÞ
v̂ðyÞ

���� ���� � c
ûðzÞ
v̂ðzÞ

q
minðjyj, jzjÞ
� �b0

: (2.6)

Proof. For the proof of Lemma 2.6 when k ¼ n� 1, p > 1, see Theorem 2 in [6]. For a
proof of Lemma 2.6 when 1 � k � n� 2, see Theorem 1.13 in [5]. In both cases the
proof of (2.6) is given only when G ¼ Xn�Bð0, qÞ and X is a bounded domain. However,
the proof is essentially the same in either case for G as above. w

For fixed k with 1 � k � n� 1 for n � 2, and y0 2 R
k, let Qsðy0Þ ¼ QðkÞ

s ðy0Þ, be as in
(1.8). Let

Sðy0, sÞ ¼ SðkÞðy0, sÞ :¼ fðx0, x00Þ 2 QðkÞ
s ðy0Þ � ðRn�knf0gÞg

when 1 � k � n� 2 and
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Sðy0, sÞ :¼ fðx0, xnÞ : x0 2 Qn�1
s ðy0Þ, xn > 0g

when k ¼ n� 1: For short we write SðsÞ when y0 ¼ 0 2 R
k: If 1 � k � n� 2 with p >

n� k, let R1, pðSðsÞÞ denote the Riesz space of equivalence classes of functions F with

distributional derivatives on R
nnRk and Fðz þ seiÞ ¼ FðzÞ, 1 � i � k, when z 2 R

nnRk:

Also

jjFjj� ¼ jjFjj�, p ¼
ð
SðsÞ

jrFjp dx

 !1=p

< 1: (2.7)

If k ¼ n� 1 and p > 2, define R1, pðSðsÞÞ similarly, only with R
nnRk replaced by R

n
þ:

Next let R1, p
0 ðSðsÞÞ denote functions in R1, pðSðsÞÞ which can be approximated arbitrarily

closely in the norm of R1, pðSðsÞÞ by functions in this space which are infinitely differen-

tiable and vanish in an open neighborhood of Rk: Using a variational argument as in
[12] it can be shown that given F 2 R1, pðSðsÞÞ, there exists a unique p-harmonic func-

tion v̂ on R
nnRk when 1 � k � n� 2, p > n� k, and on R

n
þ when k ¼ n� 1, p > 2,

with v̂ðz þ seiÞ ¼ v̂ðzÞ, 1 � i � k, for z 2 R
nnRk or R

n
þ: Moreover v̂ � F 2 R1, p

0 ðSðsÞÞ:
In fact the usual minimization argument yields that jjv̂jj�, p has minimum norm among

all functions h in R1, pðSðsÞÞ with h� F 2 R1, p
0 ðSðsÞÞ: Uniqueness of v̂ is a consequence

of the maximum principle in Lemma 2.1. Next we state

Lemma 2.7. Let p, n, k, s, F, v̂, be as above. Given t > 0, let ZðtÞ ¼ fðx0, x00Þ 2 R
k �

R
n�k : jx00j ¼ tg when 1 � k � n� 2, and ZðtÞ ¼ fðx0, x0nÞ 2 R

k � R
n�k : xn ¼ tg when

k ¼ n� 1: There exists d ¼ dðp, n, kÞ 2 ð0, 1Þ and n 2 R such that

jv̂ðzÞ � nj � lim inf
t!0

max
ZðtÞ

v̂ �min
ZðtÞ

v̂
	 
 s

jz00j
� �d

(2.8)

whenever either z ¼ ðz0, z00Þ 2 R
nnRk or z 2 R

n
þ with zn ¼ jz00j:

Proof. Fix t > 0 and first suppose that 1 � k � n� 2, p > 2: We note that v̂ restricted

to DðtÞ ¼ fðx0, x00Þ 2 R
k � R

n�k : jx00j > tg is a p-harmonic solution to a certain calculus
of variations minimization problem. Moreover ~vðxÞ ¼ minðv̂ðxÞ, maxZðtÞvÞ for x 2 DðtÞ,
belongs to the class of possible minimizers andð

DðtÞ
jr~vjpdx �

ð
DðtÞ

jrv̂jpdx

so by uniqueness of the minimizer, v̂ � maxZðtÞv on DðtÞ: Similarly v̂ � minZðtÞv on
DðtÞ: Thus the term in (2.8) involving v̂ is decreasing as a function of t. (2.8) follows
from this fact, and an argument using sei, 1 � i � k, periodicity of v̂ together with
Harnack’s inequality (see Lemma 1.3 in [1] for a similar argument). Note that

n ¼ lim
t!1max

ZðtÞ
v̂ ¼ lim

t!1min
ZðtÞ

v̂:

A similar argument applies if k ¼ n� 1 and p > 2: We omit the details. w
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Remark 2.8. If k ¼ n� 1 and p > 2, Harnack’s inequality actually yields the stronger
decay rate:

jv̂ðzÞ � nj � lim inf
t!0

max
ZðtÞ

v̂ �min
ZðtÞ

v̂
	 


e�dzn=s:

Moreover this decay rate can also be obtained when 1 � k � n� 2 for p > k, using
rotational invariance of v̂ðxÞ ¼ v̂ðx0, x00Þ in the x00 variable. However, we can only prove
(2.8) for the larger class of A ¼ rf�harmonic functions discussed in Section 6 and this
inequality is all we need in the proof of Theorem C.

3. Proof of Theorem A

In this section we prove Theorem A. To do so let x ¼ ðx0, x00Þ 2 R
k � R

n�k for 1 � k �
n� 2 and set t ¼ jx0j, s ¼ jx00j: We begin by deriving the p-Laplace equation for a

smooth rotationally invariant function, uðxÞ ¼ uðs, tÞ, in R
nnRk:

3.1. The p-Laplace equation in s, t

We compute

ru ¼ ut
t
x0,

us
s
x00

� �
and jruj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2t þ u2s

q
: (3.1)

Now we show that the p-Laplacian of u(x), is the (s, t) p-Laplace plus another term:

r � ðjrujp�2ruÞ ¼ rs, t � ðjrs, tuðs, tÞjp�2rs, tuðs, tÞÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2t þ u2s

q p�2
�
ðk� 1Þ ut

t
þ ðn� k� 1Þ us

s

�
:

(3.2)

This is the calculation

r �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2t þ u2s

q p�2 ut
t
x0,

us
s
x00

� �
¼ ðp� 2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2t þ u2s

q p�4
�

ðututt þ usustÞ x
0

t
, ðututs þ usussÞ x

00

s
Þ

� �
,

ut
t
x0,

us
s
x00

� � 

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2t þ u2s

q p�2

r � ut
t
x0,

us
s
x00

� �
¼ ðp� 2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2t þ u2s

q p�4

ðu2t utt þ 2utusuts þ u2s ussÞ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2t þ u2s

q p�2
�
utt þ uss � ut

t
� us

s
þ k

ut
t
þ ðn� kÞ us

s

�
¼ ðp� 2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2t þ u2s

q p�4

ðu2t utt þ 2utusuts þ u2s ussÞ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2t þ u2s

q p�2
�
utt þ uss þ ðk� 1Þ ut

t
þ ðn� k� 1Þ us

s

�
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2t þ u2s

q p�4
�
ðp� 2Þðu2t utt þ 2utusuts þ u2s ussÞ

þ ðu2t þ u2s Þ
�
utt þ uss þ ðk� 1Þ ut

t
þ ðn� k� 1Þ us

s

��
:
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To find solutions, subsolutions, supersolutions in terms of (s, t) we need only study
when the next display is 0, positive, negative

ðp� 2Þðu2t utt þ 2utusuts þ u2s ussÞ þ ðu2t þ u2s Þðutt þ uss þ ðk� 1Þ ut
t
þ ðn� k� 1Þ us

s
Þ:
(3.3)

3.2. Particular forms for u(s, t) and proof of Theorem A

Proof of Theorem A. Let r ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
s2 þ t2

p
and for Martin p-harmonic sub or super solutions

we consider functions with the form

uðxÞ ¼ uðs, tÞ ¼ sbr�ðkþbÞ, for x 2 R
nnRk, (3.4)

where b ¼ p�nþk
p�1 and k > 0: Our choice of b and the form of u is motivated by (1.4)

and by the boundary Harnack inequality in Lemma 2.5. Indeed jx00jb, is a solution to

the p-Laplace equation in R
nnRk with continuous boundary value 0 on R

nnRk: So the

Martin p-harmonic function relative to 0 for RnnRk is homogeneous in r with negative

exponent and by Lemma 2.5 this function is bounded above and below at x 2
@Bð0, 1ÞnRk by jx00jb: Ratio constants depend only on p, n, k and the value of the Martin
function at en.
Now for the derivatives of u we get

ut ¼ �ðkþ bÞ t
r2
u,

us ¼ u
b
s
� ðkþ bÞu s

r2
¼ �ks2 þ bt2

sr2
u:

(3.5)

Consequently

u2s þ u2t ¼ u2
ðkþ bÞ2t2s2

s2r4
þ ð�ks2 þ bt2Þ2

s2r4

� �
: (3.6)

Now the cross term 2kbs2t2 in the numerator cancels, leaving ðk2 þ b2Þs2t2 þ k2s4 þ
b2t4 which factors into ðk2s2 þ b2t2Þðs2 þ t2Þ ¼ ðk2s2 þ b2t2Þr2: Altogether this gives

jruðs, tÞj2 ¼ u2

s2r2
ðk2s2 þ b2t2Þ: (3.7)

Writing the second derivatives in terms of u we have

utt ¼ u
r4
ðkþ bÞððkþ bþ 1Þt2 � s2Þ,

uts ¼ ut
sr4

ðkþ bÞðð2þ kÞs2 � bt2Þ,

uss ¼ u
s2r4

ððk2 þ kÞs4 � ðkþ 3bþ 2kbÞs2t2 þ ðb2 � bÞt4Þ:

(3.8)

Looking at equation (3.3) we see that we can factor out u3
s4r8 in the first term, the rest of

the first term factors
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ðp� 2Þ u3

s4r8
ðk3ðkþ 1Þs4 þ b2ð2k2 � bþ kÞs2t2 þ b3ðb� 1Þt4Þr4: (3.9)

In the second term we can factor out u3
s4r6 and the rest of it factors

u3

s4r6
ðk2s2 þ b2t2Þððk2 þ ð2� nÞk� bkÞs2 þ bðbþ n� k� 2Þt2Þr2: (3.10)

Canceling the r’s and adding these two terms we get

u3

s4r4
ðAk2s4 þ Bbs2t2 þ Cb3t4Þ (3.11)

where

Aðk, bÞ ¼ ðp� 2Þðk2 þ kÞ þ k2 þ ð2� nÞk� bk ¼ ðp� 1Þk2 þ ðp� nÞk� bk,

Bðk, bÞ ¼ bð2k2 � bþ kÞðp� 2Þ þ k2ðbþ n� k� 2Þ þ bðk2 þ ð2� nÞk� bkÞ
¼ ð2bðp� 1Þ þ n� k� 2Þk2 þ bðp� nÞk� b2ðp� 2þ kÞ,

Cðk, bÞ ¼ ðp� 2Þðb� 1Þ þ bþ n� k� 2 ¼ ðp� 1Þb� ðp� nþ kÞ:

(3.12)

We are using b ¼ p�nþk
p�1 so that C¼ 0, and in equation (3.11) we can factor out an s2.

Thus to determine solutions, subsolutions, supersolutions we just need to know when
the following equation is 0, positive, negative for all (s, t)

Ak2s2 þ Bbt2: (3.13)

For this we need A,B ¼ 0, A,B > 0, A,B < 0 respectively. Now A, B are quadratics in k
with positive leading coefficient. Using the quadratic formula, the discriminant is a per-

fect square, A has roots �b and k
p�1 while B has roots �b and b p�2þk

2p�nþk�2 : Therefore

Aðk, bÞ ¼ ðp� 1Þðkþ bÞ k� k
p� 1

� �
,

Bðk, bÞ ¼ ð2bðp� 1Þ þ n� k� 2Þðkþ bÞðk� bðp� 2þ kÞ
2p� nþ k� 2

Þ,
(3.14)

In view of these facts, (3.14), and (3.13), we conclude (1.6), (1.7) of Theorem A. To
show v < k, v as in (1.6), it suffices to show

k >
ðpþ k� nÞðkþ p� 2Þ
ðp� 1Þð2p� nþ k� 2Þ ¼ b

kþ p� 2
2p� nþ k� 2

: (3.15)

Since b < 1, it is easily seen that (3.15) is true for p � n: To prove that this inequality
holds for 2 < p < n, we gather terms in k to get that (3.15) is valid if

I ¼ ðp� 2Þ k2 þ kð2p� n� 2Þ þ n� p
� �

> 0: (3.16)

Since n > p > n� k and p > 2, it follows from (3.16) that

I > ðp� 2Þ k2 þ kðpþ n� k� n� 2Þ þ n� p
� �

¼ ðp� 2Þ kðp� 2Þ þ n� p
� �

> 0:
(3.17)

Thus v < k: w
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Remark 3.1. When p¼ n the quadratics A, B have the common roots k ¼ 6b: This
checks, when k ¼ �b as we already know the solution u ¼ sb in R

n
þ and that the n-

Laplacian is invariant under an inversion.

4. Proof of Theorem B

Proof. We prove Theorem B only when 1 � k � n� 2, since the proof when k ¼ n� 1
and p > 2 is essentially the same. Recall from Section 1 that if p > n� k with 1 � k �
n� 2, then u is said to be a p-harmonic Martin function for R

nnRk relative to 0 pro-

vided u > 0 is p-harmonic in R
nnRk, uðxÞ ! 0, as x ! 1, x 2 R

nnRk, and u has con-

tinuous boundary value 0 on R
knf0g: To briefly outline the proof of (1.4), suppose v is

another p-harmonic Martin function relative to 0. Applying (2.6) of Lemma 2.6 to u, v

and letting q ! 0 it follows that u=v 	 a constant in R
nnRk: Since p-harmonic func-

tions are invariant under dilation we deduce that if t > 0, and uðenÞ ¼ 1, then

uðtxÞ ¼ uðtenÞuðxÞ whenever x 2 R
nnRk: (4.1)

Differentiating (4.1) with respect to t (permissible by (2.4) ðâÞ of Lemma 2.4) and eval-
uating at t ¼ 1 we see that

hx,ruðxÞi ¼ hen,ruðenÞiuðxÞ whenever x 2 R
nnRk:

If we put q ¼ jxj, x=jxj ¼ x 2 S
n�1, in this identity we obtain that

q ðuÞqðqxÞ ¼ hen,ruðenÞiuðqxÞ:
Dividing this equality by quðqxÞ, integrating with respect to q, and exponentiating, we
find for r> 0 and x 2 S

n�1 that

uðrxÞ ¼ r�ruðxÞ where r ¼ �he1,ruðe1Þi: (4.2)

For fixed positive integer 1 � k � n� 2 and p > n� k, let û be the p-subsolution defined
in (1.5) where k is chosen so that v < k < k where v is as in Theorem A. From Lemma 2.5

and the fact (mentioned earlier) that jx00jb is p-harmonic in R
nnRk we see that u=v � 1 on

@Bð0, 1Þ \ ðRnnRkÞ: Comparing boundary values of û, u and using the fact that ûðxÞ þ
uðxÞ ! 0 as x ! 1, x 2 R

nnRk, we deduce from the boundary maximum principle in

Lemma 2.1 that û � cu in R
nnðRk [ Bð0, 1ÞÞ where c ¼ cðp, n:kÞ: Letting x ! 1 we get

r � k < k: (4.3)

Next given 0 < t < 10�10n, let að�Þ be a C1 smooth function on R with compact
support in ð�t, tÞ, 0 � a � 1, a 	 1 on ð�t=2, t=2Þ, and jraj � 105=t: Let f ðxÞ ¼Qn

i¼1 aðxiÞ, x 2 R
n, and for fixed p > n� k, let ~v be the unique p-harmonic function

on R
nnRk with 0 � ~v � 1 satisfyingð

R
nnRk

jr~vjpdx �
ð
R

nnRk
jrf jpdx � ctn�p (4.4)

where c ¼ cðp, n, kÞ and ð~v � f Þf 2 W1, p
0 ðBð0, qÞnRkÞ whenever 0 < q < 1: Here f is as

in Lemma 2.3 (for a fixed qÞ: Once again existence and uniqueness of ~v follows with
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slight modification from the usual calculus of variations argument for bounded domains
(see [12]). We claim that there exist b� ¼ b�ðp, n, kÞ 2 ð0, 1
 and c ¼ cðp, n, k, tÞ � 1

such that if x, y 2 Bð0, qÞ \ ðRnnRkÞ, then
j~vðxÞ � ~vðyÞj � c

jx � yj
q

� �b�
and ~vðxÞ � 4nt

jxj
� �b�

: (4.5)

The left hand inequality in (4.5) follows from Lemma 2.3. To prove the right hand inequality

in (4.5) let ~vj, j ¼ 4nþ 1, 4nþ 2, :::, be the p-harmonic function in Bð0, jÞnRk with continu-

ous boundary values ~vj ¼ ~v on Bð0, jÞ \ R
k and ~vj ¼ 0 on @Bð0, jÞ: Observe from the bound-

ary maximum principle in Lemma 2.1 and 0 � ~vj � 1, that max@Bð0, rÞ~vj is nonincreasing for
r 2 ð2nt, jÞ: Also using uniqueness of ~v in the calculus of variations minimizing argument it
follows that ~vj ! ~v uniformly on compact subsets of R

n: Thus max@Bð0, rÞ~v is also non
increasing as a function of r. Using this fact and Harnack’s inequality in Lemma 2.2 (c) applied
to max@Bð0, rÞ~v � ~v, and (2.3) ðþþÞ we deduce the existence of h 2 ð0, 1Þ with

max
@Bð0, 2rÞ

~v � h max
@Bð0, rÞ

~v whenever r > 2nt: (4.6)

Iterating this inequality we get the right hand inequality in (4.5).
Next we show that

~vðenÞ � tr (4.7)

where r is as in (4.2) and the proportionality constants depend only on p, n, k: To prove
(4.7), put ~u ¼ truðxÞ, x 2 R

n: Then from Harnack’s inequality and (2.3) (þþ) of
Lemma 2.3 with v̂ ¼ 1� ~v, we find that ~vðtenÞ � 1: In view of the boundary values of
~v, ~u, and ~vðtenÞ � ~uðtenÞ ¼ 1, as well as Harnack’s inequality in (2.1) (c), we see that
first Lemma 2.5 can be applied to get

~u=~v � 1 (4.8)

on @Bð0, 2ntÞnRk where ratio constants depend only on k, n, p: Second from (4.5) for ~v,

and r > 0 we find that ~uðzÞ,~vðzÞ ! 0 as z ! 1 in R
nnRk and thereupon from Lemma

2.1 that (4.8) holds in ðRnnRkÞnBð0, 2ntÞ:
Since ~uðenÞ ¼ tr we conclude from (4.8) that (4.7) is true.
Let ~a denote the one periodic extension of aj½�1=2, 1=2
 to R: That is ~aðr þ 1Þ ¼ ~aðrÞ

for r 2 R and ~a ¼ a on ½�1=2, 1=2
: Also let ~W be the p-harmonic function on R
nnRk

with continuous boundary values on R
k and

ðaÞ ~Wðxþ eiÞ ¼ ~WðxÞ for 1 � i � k, whenever x 2 R
nnRk,

ðbÞ ~WðxÞ �
Yn
i¼1

~aðxiÞ 2 R1, p
0 ðSð1ÞÞ and 0 � ~W � 1 in R

nnRk,

ðcÞ
ð
Sð1Þ

jr ~Wjpdxdy � c tn�p < 1, where c ¼ cðp, n, kÞ,

ðdÞ lim
x00!1, x002Rn�k

~Wðx0, x00Þ ¼ n a constant, uniformly for x0 2 R
k:

(4.9)

Existence of ~W satisfying ðaÞ�ðdÞ of (4.9) follows from the discussions after (2.7) and

(2.8). Comparing boundary values of ~v, ~W, we see that ~v � ~W on R
k: Using this fact

and Lemma 2.1 we find in view of (4.5) that
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~v � ~W in R
nnRk: (4.10)

Let ê be that point in R
n�k with ê ¼ ðê1, :::, ên�kÞ where êi ¼ 0, 1 � i � n� k� 1, and

ên�k ¼ 1: From (4.10), (4.8), and Harnack’s inequality for ~v, we haveð
QðkÞ
1=2

ð0Þ
~Wðx0, êÞ dHkx0 �

ð
QðkÞ
1=2

ð0Þ
~vðx0, êÞ dHkx0 � tr: (4.11)

Also from (4.9)(b), the definition of ~a, and continuity of ~W in R
n we obtainð

QðkÞ
1=2

ð0Þ
~Wðx0, ŝeÞ dHkx0 � 4ktk , (4.12)

for small s > 0: Thus there exists c ¼ cðp, n, kÞ � 1 withð
QðkÞ
1=2

ð0Þ
~Wðx0, ŝeÞ dHkx0 � ctk�r

ð
QðkÞ
1=2

ð0Þ
~Wðx0, êÞ dHkx0 : (4.13)

We conclude for t > 0, small enough that Theorem B is valid with WðxÞ ¼ Wðx0, x00Þ
one of the functions, ~Wðx0, x00 þ êÞ � n or ~Wðx0, x00 þ ŝeÞ � n when x 2 R

n: w

The proof of Theorem B in case ðiiÞ, i.e., when k ¼ n� 1, p > 2, and in R
n
þ is essen-

tially the same as in case ðiiÞ, only in this case one uses Remark 1.6. Thus we omit
the details.

Remark 4.1. We remark that Corollary 1.7 follows from (4.8) and Lemma 2.1.

5. Proof of Theorem C

In this section we indicate the changes in Wolff’s argument that are necessary to show
that Theorem B implies Theorem C. Unless otherwise stated, we let c � 1 denote a
positive constant which may depend on p, n, k, and the Lipschitz norm of Wj

R
k : Recall

the definition of f 2 R1, pðSð1ÞÞ and jjf jj�, p in (2.7) when k, n are fixed positive integers

with 1 � k � n� 2 or k ¼ n� 1: Given h 2 R1, pðSð1ÞÞ we note that h has a trace on R
k

which is well defined Hk almost everywhere. Let hj
R

k denote this trace and extend h to

R
k by setting hðx0, 0Þ ¼ hj

R
kðx0, 0Þ for x0 2 R

k: Also let jjhj
R

k jj1 and jjhj
R

kk
^ ¼

jjjrhj
R

k jjj1, denote respectively the 1 and Lipschitz norms of hj
R

k : Let ĥ 2 R1, pðSð1ÞÞ,
be the p-harmonic function on either (i) RnnRk (when 1 � k � n� 2, p > n� kÞ or (ii)
R

n
þ (when k ¼ n� 1 and p> 2), with ĥ � h 2 R1, p

0 ðSð1ÞÞ: Throughout this section

QðkÞ
r ðx0Þ ¼ Qrðx0Þ when x0 2 R

k and r > 0: Also proofs of Lemmas will only be given in
case ðiÞ, as the proof in case ðiiÞ is essentially the same.
We first state an analogue of Lemma 1.4 in [1].

Lemma 5.1. Suppose �u,�v are p-harmonic in either (i) R
nnRk when 1 � k � n� 2 and

p > n� k, or ðiiÞ R
n
þ when k ¼ n� 1 and p > 2, with continuous boundary values.

Also assume that �u,�v 2 R1, pðSð1ÞÞ with jj�uj
R

k jj1 þ jj�vj
R

k jj1 < 1 and for some z0 2
R

k, 0 < c � 1=4, that �uj
R

k � �vj
R

k on Q2cðz0Þ: Let 0 < t � 1=2 and if ðiÞ holds put
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EðtÞ ¼ fx ¼ ðx0, x00Þ with �uðxÞ � �vðxÞ > 0 and x 2 Qcðz0Þ � fx00 : jx00j � tgg
while if ðiiÞ holds replace x00 in the above display by xn where xn > 0: Then there exists
c ¼ cðp, n, k, cÞ such thatð

EðtÞ
jrð�u � �vÞþj dx � c tðn�kÞðp�1Þ=pðjj�ujjp, � þ jj�vjjp, �Þa max

Sð1Þ
ð�u � �vÞþ

� �1�a
(5.1)

where a ¼ 1� 2=p and aþ ¼ maxða, 0Þ:
Proof. We note that since p > 2, then

ðjr�ujp�2r�u � jr�vjp�2r�vÞ � rð�u � �vÞ � c�1ðjr�uj þ jr�vjÞp�2jr�u �r�vj2 (5.2)

and

jjr�ujp�2r�u � jr�vjp�2r�vj � cðjr�uj þ jr�vjÞp�2jr�u �r�vj (5.3)

on S (1). Let 0 � h � 1 2 C1
0 ðQ2cðz0Þ � fx00 : jx00j � 1gÞ with h 	 1 on Qcðz0Þ � fx00 :

jx00j � tg, and jrhj � cc�1: If aþ ¼ maxða, 0Þ, then h2ð�u � �vÞþ can be used as a test
function in the definition of p-harmonicity for �u,�v: Doing this, using (5.2), (5.3), and a
standard Caccioppoli type argument we obtainð

EðtÞ

jr�u �r�vjpdx �
ð
h2jrð�u � �vÞþjpdx

� cc�2
ð
Sð1Þ\Bðz0 , 2nÞ

ð�u � �vÞþ
� �2ðjr�uj þ jr�vjÞp�2dx

� cc�2 ðjj�ujj�, p þ jj�vjj�, pÞp�2 max
Sð1Þ

ð�u � �vÞþ
� �2

(5.4)

where c ¼ cðp, n, kÞ in (5.1)-(5.4). w

Next we state an analogue of Lemma 1.6 in [1] which the authors view as Wolff’s
main lemma for applications.

Lemma 5.2. Let k, n be positive integers with either ðiÞ 1 � k � n� 2 and p > n� k or
(ii) k ¼ n� 1 and p > 2 fixed. Let � 2 ð0, 1Þ and 1 � M < 1: Then there are constants
A ¼ Aðp, n, k, �,MÞ > 0 and �0 ¼ �0ðp, n, k, �,MÞ < 1, such that if � > �0 > 100 is a
positive integer, f, g 2 R1, pðSð1ÞÞ, q 2 R1, pðSð��1ÞÞ, and if

maxðjjf j
R

k jj1, jjgj
R

k jj1, jjqj
R

k jj1, jjf j
R

kk
^

, jjgj
R

kk
^

, ��1jjqj
R

kk
^Þ � M, (5.5)

then for x ¼ ðx0, x00Þ 2 S(1), a ¼ 1� 2=p, and 1 � k � n� 2, p > n� k,

j dfqþ gðxÞ � f ðx0, 0Þ q̂ðxÞ � gðx0, 0Þj < � if jx00j � A��a: (5.6)

If, in addition, q̂ðyÞ ! 0, uniformly as y ! 1, y 2 S(1), then

j dqfþ g ðx0, x00Þ � gðx0, 0Þj < 2� if jx00j ¼ A��a, (5.7)

and
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j dqfþ gðxÞ � ĝðxÞj < 3� if jx00j � A��a: (5.8)

If k ¼ n� 1, p > 2, replace x00 by xn, xn > 0 in (5.6)-(5.8).

Proof. We note that our proof scheme is similar to Wolff’s but details are somewhat dif-
ferent. The first step in the proof of (5.6) is to show for given b 2 ð0, 10�4Þ, that (5.6)
holds for some A ¼ Aðp, n, k, �,M, bÞ > 0 with b��1 � jx00j � A��a provided � �
�0ðp, n, k, �,MÞ: To do this let

JðxÞ ¼ dfqþ gðxÞ � f ðx0, 0Þ q̂ðxÞ � gðx0, 0Þ, for x 2 Sð1Þ:
Now suppose that

jJðzÞj > � (5.9)

where z ¼ ðz0, z00Þ with z0 2 Q1ð0Þ, jz00j ¼ t, and b��1 � t < 1=4: Let

H ¼ dfqþ g and K ¼ f ðz0, 0Þq̂ þ gðz0, 0Þ:
Then H and K are both p-harmonic in R

nnRk when 1 � k � n� 2 and in R
n
þ when

k ¼ n� 1 with continuous boundary values. Also from (5.5) and H,K 2 R1, pðSð1ÞÞ, we
deduce that

jHðx0, 0Þ � Kðx0, 0Þj � ðM2 þMÞjx0 � z0j for x0 2 R
k: (5.10)

From translation invariance of p-harmonic functions and the maximum principle for p-
harmonic functions in Lemma 2.1 we see for x 2 R

n and 1 � j � k that

q̂ðx þ iej=�Þ ¼ q̂ðxÞ for every integer i: (5.11)

From (5.11), (5.10), Lemma 2.1, and translation invariance of p-harmonic functions it
follows that if

K ¼
Xk
j¼1

ijej=�, where ij, 1 � j � k, are integers

8<:
9=;

then for f̂ 2 K,

jHðz0 þ f̂, z00Þ � Hðz0, z00Þj þ jKðz0 þ f̂, z00Þ � Kðz0, z00Þj
� max

R
k

jHðx0 þ f̂, 0Þ � Hðx0, 0Þj

� ðM2 þMÞjf̂j:
(5.12)

Next we note from Lemma 2.2 (b) and H,K 2 R1, pðSð1ÞÞ, that there exists q ¼
qðp, n, k, �,MÞ 2 ð0, 1=2Þ, such that if x 2 Bðz þ f̂, qtÞ, then

jHðxÞ �Hðz þ f̂Þj þ jKðxÞ � Kðz þ f̂Þj < �=1000 (5.13)

whenever f̂ 2 K: Let c ¼ minð �
103nðM2þMÞ , 1=4Þ: Then from (5.10) we observe that

jH � Kj � �=100 on Q2cðz0Þ: (5.14)
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Also without loss of generality assume that

JðzÞ ¼ ðH � KÞðzÞ > �: (5.15)

Let ~K ¼ ff̂ 2 K : z0 þ f̂ 2 Qcðz0Þg and suppose c � 103��1: Put

WðtÞ :¼ Qcðz0Þ \ fx0 : min
f̂2~K

jx0 � ðz0 þ f̂Þj < qt=ð10n2Þg:

Then either WðtÞ ¼ Qcðz0Þ or
Qqtðz0 þ f̂Þ \ Qcðz0Þ 6¼ ; for � ðc�Þk points f̂ 2 ~K, (5.16)

where proportionality constants depend only on k: From (5.16) and b=� � t � 1=4, we
conclude in either case that

1 � cðp, n, k, �,M, bÞ HkðWðtÞÞ: (5.17)

Also if y0 2 WðtÞ and k � n� 2, we see from (5.12)-(5.15), the definition of c, ��1 �
10�3c, that there is a Borel set Fðt, y0Þ � fðy0, x00Þ 2 R

n : jx00j ¼ tg satisfying

tn�k�1 � cðp, n, k, �,MÞHn�k�1ðFðt, y0ÞÞ, (5.18)

and the property that if ðy0,w00Þ 2 Fðt, y0Þ, then ðy0,w00Þ 2 Bðz þ f̂, qtÞ for some f̂ 2 ~K, with

ðH � KÞðy0,w00Þ � ðH � KÞðz þ f̂=�, z00Þ � �=100

� ðH � KÞðzÞ � 2�=100

� 98�=100:

(5.19)

Let Gðt, y0Þ ¼ fx 2 S
n�k�1 : tx 2 Fðt, y0Þg and �u ¼ H, �v ¼ K þ �=4: From (5.14) we see

that �u � �v < 0 on Q2cðz0Þ: Using this observation, (5.18), (5.19), and continuity of H,K
in R

n it follows that for some ~c ¼ ~cðp, n, k, �,MÞ � 1,

1 � ~c
ð
Gðt, y0Þ

ð�u � �vÞþðtxÞdHn�k�1x

" #p

� ~c
ð
Gðt, y0Þ

ðt
0
jrð�u � �vÞþðrxÞjdrdHn�k�1x

" #p
:

(5.20)

Let Êðt, y0Þ be the set of points consisting of line segments with one endpoint y0 and the
other endpoint in Gðt, y0Þ: Switching to polar coordinates we see from (5.20) and
H€older’s inequality applied to jrð�u � �vÞþðrxÞjrðn�k�1Þ=p and rð�nþkþ1Þ=p, thatð

Gðt, y0Þ

ðt
0
jrð�u � �vÞþðrxÞjdrdHn�k�1x

" #p
� c tpþk�n

ð
Êðt, y0Þ

jrð�u � �vÞþjpdHn�k

(5.21)

where c ¼ cðp, n, k, �,MÞ: Using (5.21), (5.20), (5.17), and integrating over y0 2 WðtÞ we get
1 � �cðp, n, k, �,M, bÞ tpþk�n

ð
EðtÞ

jrð�u � �vÞþjpdx (5.22)

where E(t) is as in Lemma 5.1. Applying Lemma 5.1 and using Lemma 2.1, (5.5), we
arrive at
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1 � cðp, n, k, �,M, bÞtpþk�n ðjjHjj�, p þ jjKjj�, pjjÞp�2 (5.23)

Let

hðxÞ ¼ f ðx0, 0Þqðx0, 0Þ þ gðx0, 0Þ� �
/ðjx00jÞ,

when x 2 R
n where / 2 C1

0 ð�2=�, 2=�Þ with / 	 1 on ð�1=�, 1=�Þ and j/0j � 1000 �:

Then h� H 2 W1, p
0 ðSð1ÞÞ, so

jjHjjp�2
�, p �

ð
Sð1Þ

jrhjpdx
 !a

� cðp, n, kÞðM2 þMÞk�aðpþk�nÞ: (5.24)

Likewise one gets the same estimate for jjKjjp�2
�, p as for jjHjjp�2

�, p in (5.24). Using these esti-

mates in (5.23) we conclude that cðp, n, k, �,M, bÞ t > ��a provided � � �0ðp, n, k, �,M, bÞ:
To complete the proof of (5.6) it remains to fix b ¼ bðp, n, k, �,MÞ and show (5.6)

holds for 0 < t � b=�: To do this we apply (2.2) of Lemma 2.3 with v̂ ¼ dqfþ g , q̂, and

with q ¼ b1=2��1, r̂ ¼ 1, M0 ¼ ðM2 þMÞ�, to get for jx00j < b��1,

jJðxÞj ¼ jJðxÞ � Jðx0, 0Þj � cðMÞ � ðb1=2��1Þ þ b��1

b1=2��1

 !r̂1

0@ 1A
� c0ðMÞ br̂1=2:

(5.25)

Choosing b ¼ bðp, n, k, �,MÞ > 0 small enough and then fixing b we obtain (5.6) from
(5.25) for t < b��1:

To prove (5.7) we note from (5.5) and (2.8) of Lemma 2.7 that

jq̂ðxÞj � 2Mðjx00j�Þ�d (5.26)

since q̂ðxÞ ! 0 as jx00j ! 1: Choosing jx00j ¼ A��a and �0, still larger if necessary we
get (5.7) from (5.26). To prove (5.8) observe from (2.8) of Lemma 2.7 with v̂ ¼ ĝ and

q ¼ A��a=2 that

jĝðxÞ � gðx0, 0Þj < � when jx00j ¼ A��a (5.27)

for �0 ¼ �0ðp, n, k, �,MÞ large enough. Now (5.8) follows from (5.27) and Lemma 2.1.
This finishes the proof of Lemma 5.2 when 1 � k � n� 2 and p > n� k: The same
conclusion holds if k ¼ n� 1: However in this case the proof is somewhat simpler since
Gðt, y0Þ is a point and Fðt, y0Þ is a line segment so one can write a version of (5.21) with
a single integral. w

5.1. Lemmas on gap series

Throughout the rest of this section we write dx0 for dHkx0 when x0 2 R
k: The examples

in Theorem C will be constructed when either (i) 1 � k � n� 2 and p > n� k, or ðiiÞ
k ¼ n� 1 and p > 2, using Theorem B, as the uniform limit on compact subsets of

R
nnRk or Rn

þ of a sequence of p-harmonic functions whose boundary values are partial
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sums of ajLjðx0ÞWðTjx0, 0Þ, where W is as in Theorem B, ðLjÞ is to be defined, and ðTjÞ
is a sequence of positive integers satisfying

T1 ¼ 1,
Tjþ1 is an integer multiple of Tj and Tjþ1 � 4Tj log ð2þ TjÞ

� �3 for j ¼ 1, 2, ::::

(5.28)

Lemma 5.2 will be used to make estimates on this sequence. Throughout the rest of this
section we also assume, as we may, that if W is as in Theorem B, then

jjWðx0, 0Þjj1 þ jjWðx0, 0Þjj^ � 1=2: (5.29)

Also, let �b ¼ ÐQ1=2ð1ÞWðx0, 0Þdx0 and let ðajÞ be a sequence of real numbers with

v̂2 :¼
X1
j¼1

a2j < 1: (5.30)

Lemma 5.3. Let wðx0Þ ¼ Wðx0, 0Þ � �b for x0 2 R
k and put wjðx0Þ ¼ wðTjx0Þ for j ¼

1, 2, :::: If

s�ðx0Þ :¼ sup
l

Xl
j¼1

ajwjðx0Þ
�����

�����, for x0 2 R
k,

then for k > 0,

k2 Hkðfx0 2 Q1=2ð0Þ : s�ðx0Þ > kgÞ � c v̂2 (5.31)

where c ¼ cðkÞ � 1: Consequently,

sðx0Þ :¼ lim
l!1

Xl
j¼1

ajwjðx0Þ exists for Hk almost every x0 2 R
k: (5.32)

Proof. For m ¼ 1, 2, :::, let Gm denote the set of all open cubes Q in R
k with side length

rm ¼ 1=Tm and center at rms ¼ ðrms1, rms2, :::rmskÞ where si, 1 � i � k, are integers. If

Q 2 Gm and j > m then from (5.28) we see that Hk almost everywhere

Q ¼ [fQ0 2 Gj : Q
0 � Qg: (5.33)

Also from (5.28), and the definition of ðwjÞ, we see that if m < j and Q0 2 Gj, thenð
Q0
wjdx

0 ¼ 0:

Therefore, if y0 2 Q0, thenð
Q0
wmwjdx

0
���� ���� ¼ ð

Q0
ðwm � wmðy0ÞÞwjdx

0
���� ����

� k1=2 ðTm=TjÞ HkðQ0Þ:
(5.34)

Summing over Q0 � Q, and then over Q 2 Gm with Q � Q1=2ð0Þ, it follows from (5.34)
that
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ð
Q1=2ð0Þ

wmwjdx
0

�����
����� � k1=2 Tm=Tj: (5.35)

Now from (5.28) we observe that

Tm=Tj � ðj� 1Þ�34m�j for m ¼ 1, 2, ::: and j ¼ mþ 1, :::: (5.36)

Let

slðx0Þ ¼
Xl
j¼1

ajwjðx0Þ, for l ¼ 1, 2, :::, and x0 2 R
k:

In view of (5.36), (5.35) we get

sup
l

ð
Q1=2ð0Þ

s2l dx
0 ¼ sup

l

Xl
m, j¼1

amaj

ð
Q1=2ð0Þ

wjwmdx
0

� v̂2 þ 2
X1
m¼1

jamj
Xl

j¼mþ1

jajj
����ð

Q1=2ð0Þ
wjwmdx

0
����

0@ 1A
� v̂2 1þ 2

X1
m¼1

X1
j¼mþ1

k1=2ðj� 1Þ�34m�j

 !" #
� 3k1=2v̂2:

(5.37)

Using (5.37) with sl replaced by sl � si, i < l, and letting l, i ! 1 through certain
sequences we see from (5.30) that limj!1 sj ¼ s in the jj � jj2 norm of Q1=2ð0Þ: Moreover
(5.37) is valid with sl replaced by s:
Next let q be a large positive integer and set

s
^ ðx0Þ :¼ sup

1�l�q
jslðx0Þj for x0 2 Q1=2ð0Þ:

We note from Cauchy’s inequality that s2l � v̂2 l: Thus if i is a positive integer and

slðx0Þ > iv̂, then i2 < l: With i fixed, i a positive integer, let Ki be those cubes Q0 2
[q

j¼1Gj with Q0 2 Gl, if and only if l is the smallest positive integer satisfying jslðy0Þj >
8k1=2iv̂ for some y0 2 Q0: Clearly the cubes in Ki are disjoint. Note that if Q0 2 Ki, then

fx0 : s^ ðx0Þ > 8k1=2iv̂g \ Q0 6¼ ; and ð[64
m¼1GmÞ \ Ki ¼ ;: Also if Q0 2 Ki \ Gl, it follows

from (5.28), (5.29), as in the last line of (5.37), that for x0 2 Q0,

ð8k1=2iþ 1Þv̂ � jslðx0Þj � 8k1=2v̂i� jsl�1ðx0Þ � sl�1ðy0Þj � k1=2v̂

� 7k1=2v̂i� k1=2v̂
Xl�1

j¼1

Tj=Tl

� 6k1=2v̂i:

(5.38)

Next using (5.35), (5.36), we obtain

COMMUNICATIONS IN PARTIAL DIFFERENTIAL EQUATIONS 1477



ð
Q1=2ð0Þ

s2qdx
0 �
Xq
l¼1

X
Q02Ki\Gl

ð
Q0\Q1=2ð0Þ

s2qdx
0

�
Xq
l¼1

X
Q02Ki\Gl

ð
Q0\Q1=2ð0Þ

s2l þ 2ðsq � slÞsl
� �

dx0

¼
Xq
l¼1

X
Q02Ki\Gl

ð
Q0\Q1=2ð0Þ

s2l dx
0 �
Xq

j¼lþ1

Xl

m¼1
2ajam

ð
Q0\Q1=2ð0Þ

wjwmdx
0

 !

�
Xq
l¼1

X
Q02Ki\Gl

ð
Q0\Q1=2ð0Þ

s2l dx
0 � 4k1=2v̂2

X
Q02Ki

HkðQ0 \ Q1=2ð0ÞÞ

(5.39)

where the last inequality is proved once again using the same argument as in the last
line of (5.37). From (5.37), (5.38), and (5.39) we conclude that

64kv̂2i2Hkðfx0 2 Q1=2ð0Þ : s^ ðx0Þ > 8k1=2v̂igÞ � 64kv̂2i2
X

Q02Ki
Hkð�Q0 \ Q1=2ð0ÞÞ

� 2
Xq

l¼1

X
Q02Ki\Gl

ð
Q0\Q1=2ð0Þ

s2l dx
0

� 2
ð
Q1=2ð0Þ

s2qdx
0 þ 8k1=2v̂2

� 14k1=2v̂2:

(5.40)

Letting q ! 1 in (5.40) and using the definition of sup we find after some elementary
algebra that (5.31) is true. To prove (5.32) we can now use (5.31) and a standard argu-
ment. Indeed observe that if r > 0, then

V ¼ fx0 : lim sup
l!1

slðx0Þ � lim inf
l!1

slðx0Þ > rg � fx0 : s�ðx0Þ > r=2g:

Also V is unchanged if we put any finite number of aj ¼ 0: Using these observations

and (5.31) we get HkðVÞ ¼ 0: Since r > 0 is arbitrary we conclude from our earlier

work that slðx0Þ ! sðx0Þ as l ! 1 for Hk almost every x0 2 R
k: w

5.2. Construction of examples

Let ðTjÞ be as in (5.28), ðajÞ, v̂ as in (5.30) and �b,w, ðwjÞ, ðsjÞ, s, s�, as in Lemma 5.3. Let
~wj ¼ wj þ �b for j ¼ 1, 2, :::: For our first example we choose ðajÞ11 in addition to (5.30)

so that if

dm ¼
Xm
j¼1

aj, for m ¼ 1, 2, :::,

then
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jdmj � C < 1 and lim
m!1 dm does not exist: (5.41)

Also put

~sl ¼
Xl
j¼1

aj~wj ¼ sl þ �b
Xl
j¼1

aj when x0 2 R
k: (5.42)

From (5.32), (5.41), and �b 6¼ 0, (thanks to Theorem B), we see thatX1
j¼1

aj~wj diverges Hk almost everywhere: (5.43)

Also we construct a sequence of functions ðLjÞ satisfying
ðaÞ L1 	 1 and Ljðx0 þ elÞ ¼ Ljðx0Þ for x0 2 R

k, 1 � l � k, and j ¼ 1, 2, :::

ðbÞ 1=2 � Ljþ1=Lj � 1 and jjLjþ1k
^ � c�ðkÞTj, for j ¼ 1, 2, ::::

(5.44)

Moreover we shall make the construction so that

Lemma 5.4. If rm ¼Pm
j¼1 ajLj

~wj, m ¼ 1, 2, :::, then for some 0 < C0 ¼ C0ðk, �b, v̂Þ < 1,
we have

sup
m

jrmðx0Þj < C0 for all x0 2 R
k and

X1
j¼1

ajLj~wj diverges Hk almost every where:

(5.45)

Proof. To construct ðLjÞ we proceed by induction: L1 	 1 and if Lj has been defined so
that (5.44) is true for j let Ki be as defined above (5.38) with q ¼ 1 and Gj as defined

after (5.32) with m ¼ j: If Q0 2 Gj \ ð[i KiÞ, put Ljþ1 	 ð1=2ÞLj on �Q0
: Let

E
^ ¼ [

i
f�Q0

: Q0 2 Ki \ Gjg,

F1 ¼
�
x0 2 R

k : dðx0,E^ Þ � 1
4Tj

�
,

F2 ¼
�
x0 2 R

k : dðx0,E^ Þ � 1
8Tj

�
:

If E
^ 6¼ ;, let 0 � h 2 C1

0 ðQ1=2ð0ÞÞ with jrhj � c0ðkÞ and
Ð
Q1=2ð0Þhðy0Þdy0 	 1: Let vF2

denote the characteristic function of F2 and let � ¼ 1
16k1=2Tj

: Set

fjðx0Þ ¼ ��k
ð
R

k
h

x0 � y0

�

� �
vF2ðy0Þdy0 when x0 2 R

k:

Then one easily verifies that

fj 	 0 on E
^

, fj 	 1 on F1, 0 � fj � 1, jjfjk
^ � c0ðkÞTj: (5.46)
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Put

Ljþ1 ¼ ð1=2Þðfj þ 1ÞLj: (5.47)

If E
^ ¼ R

k, let Ljþ1 ¼ Lj: From (5.46), (5.47), the induction hypothesis, and the defin-
ition of ðTjÞ in (5.28) we see that

jrLjþ1ðx0Þj � ð1=2Þc0ðkÞTj þ c�ðkÞTj�1 � c�ðkÞTj for c�ðkÞ ¼ c0ðkÞ: (5.48)

The rest of the induction hypothesis is also easily checked using (5.46), (5.47). Thus by
induction we have defined ðLjÞ11 satisfying (5.44).

To begin the proof of Lemma 5.4 we note that if x0 2 Q0 2 Ki \ Gj then jL1=2jþ1 ~sjj is
uniformly bounded. Indeed from (5.29), (5.30), we have jslþ1 � slj � v̂ so there exist
indices l1 < l2 < ::: < l8i � j with Llmþ1ðx0Þ ¼ ð1=2ÞLlmðx0Þ: Thus

jL1=2jþ1ðx0Þ~sjðx0Þj � 2�4i ð8ik1=2 þ 1Þv̂ þ Cj�bj
h i

¼ ~C: (5.49)

To prove (5.45) we use (5.49) and following Wolff (see proof of Lemma 2.12 in [1])
integrate by parts to obtain

jrmðx0Þj � j
Xm
l¼1

ðLlðx0Þ � Llþ1ðx0ÞÞ~slðx0Þj þ cðkÞðj�bjC þ v̂Þ

�
X1
l¼1

ðLlðx0Þ1=2 � Llþ1ðx0Þ1=2ÞðLlðx0Þ1=2 þ Llþ1ðx0Þ1=2Þj~slðx0Þj þ cðkÞðj�bjC þ v̂Þ

�
ffiffiffi
2

p
þ 1

� �
~C
X1
l¼1

ðLlðx0Þ1=2 � Llþ1ðx0Þ1=2Þ þ cðkÞðj�bjC þ v̂Þ � C0

(5.50)
where C0 is as in (5.45). To prove the last statement in Lemma 5.4, given r > 0 and a

cube Q � R
k, let rQ denote the cube � R

k with the same center as Q and side length
¼ r times the side length of Q: If x0 2 Q1=2ð0Þ, we see from the definition of ðLjÞ, ðfjÞ,
that either Ljðx0Þ ¼ Lmðx0Þ for some integer m and j � m, or at least one of ðaÞ, ðbÞ is
true where

ðaÞ For arbitrary large m there is a Q0 2 [1
i¼m

Ki with x0 2 5
4
Q0

ðbÞ For some i and arbitrary large m there is a Q0 2 Ki with

sidelength � 1=Tm and x0 2 5
4
Q0:

(5.51)

Now from (5.40) and basic measure theory it follows that the set of all x0 in Q1=2ð0Þ for
which either (5.51) (a) or (b) holds has Hk measure 0. Moreover if Ljðx0Þ is eventually

constant then from (5.43) we deduce that
P1

j¼1ðajLj~wjÞðx0Þ diverges Hk almost every-

where. w

Lemma 5.4 will be used to construct û and for this we need the next lemma.

Lemma 5.5. For j ¼ 1, 2, :::, let aj ¼ � 1
4j and define Tj,wj, ~wj,Gj, as in Lemma 5.4 for

j ¼ 1, 2, ::: Also define sm,~sm relative to ðwjÞ, ð~wjÞ, and the current ðajÞ as in (5.42).

There is a choice of ðLjÞ satisfying (5.44) such that if ~rm ¼ 1þPm
j¼1 ajLj

~wj, then
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ða0Þ ~rm > 0 for m ¼ 1, 2, :::

ðb0Þ sup ~rmðx0Þ < cðkÞ < 1 for all x0 2 R
k,

ðc0Þ rðx0Þ ¼ lim
m!1 ~rmðx0Þ ¼ 0 for Hk almost every x0 2 R

k:

(5.52)

Proof. Lemma 5.5 is essentially a k-dimensional version of Lemma 2.13 in [1]. To begin
the proof let i, m be positive integers and for fixed m, let Kim for i ¼ 1, 2, :::, be the set
of Q 2 Gm for which max�Q

~sm > i and Q is not contained in a Q0 2 Kim0 for some m0 <

m: Set L1 	 1 so that ~r1 ¼ 1þ a1~w1: Next define ðLmÞ, ð~rmÞ, and sets of cubes, F im,
Him, by induction as follows: Suppose Lm, rm have been defined for m � j: Assume also
that F im,Him � Gm have been defined for nonnegative integers m < j and all positive
integers i with F i0 ¼ ; ¼ Hi0: If i is a positive integer and Q 2 Gj, we put Q 2 F ij if
min�Q

~rj < 2�i and this cube is not contained in any cube in F im for some m < j:

Moreover we put Q 2 Hij if min�Q ~sj < � 2i
iþ1 and max�Q Lj > 2�i: We then define fj, Ljþ1

as in (5.46), (5.47), only now

E
^ ¼ �Q0

: Q0 2 [
i
ðF ij [Hij [ KijÞ

n o
: (5.53)

Arguing as in (5.48) we then get (5.44). With Ljþ1 defined we put ~rjþ1 ¼Pjþ1
m¼1 amLm~wm and after that define F iðjþ1Þ,Hiðjþ1Þ, for all positive integers i. By induc-

tion we conclude the definitions of ðLjÞ, ð~rjÞ, ðF ijÞ, ðHijÞ:
From the definition of fj, Ljþ1, in (5.46), (5.47), as regards E

^

in (5.53), and the same
argument as in the proof of (5.49) in Lemma 5.4 we deduce that

Ljðx0Þ1=2 maxð~sjðx0Þ, 0Þ is uniformly bounded for all x0 in R
k:

Using this fact and arguing as in (5.50) we get (5.52) ðb0Þ:
Next if 2�ðmþ1Þ � minQ~rj < 2�m and Ljþ1 � 2�m on Q 2 Gj, then from (5.29) and

our choice of ðalÞ, we see that

~rjþ1 � ~rj � 2�ðmþ2Þ � 2�ðmþ2Þ on Q:

Using this observation and the definition of fj, Ljþ1, in (5.46), (5.47), as regards E
^

in
(5.53), one can show by induction on m that for a positive integers l,

if Q 2 Gl and min
Q

~rl < 2�m then Llþ1 < 2�m on Q: (5.54)

(5.54) implies (5.52) ða0Þ since ~r1 > 0 and if 2�ðmþ1Þ � ~rl < 2�m on Q 2 Gl, then from
(5.54), (5.29), and the definition of ðajÞ,

~rlþ1 > ~rl � 2�ðmþ2Þ > 0 on Q:

Thus (5.52) ða0Þ holds.
It remains to prove (5.52) ðc0Þ: To do so we first claim that for l ¼ 1, 2, :::,

cðkÞ�1 Llþ1ðx0Þ � Llþ1ðy0Þ � cðkÞ Llþ1ðx0ÞÞ (5.55)
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whenever x, y 2 5
4Q 2 Gl: Indeed from (5.46), (5.47), we have

Llþ1ðy0Þ
Llþ1ðx0Þ �

Ql
j¼1

ð1=2Þð1þ fjðy0ÞÞ

Ql
j¼1

1=2

�

Ql
j¼1

ð1=2Þð1þ c0ðkÞTj=TlÞ

Ql
j¼1

1=2

� cðkÞ:

The lower estimate is proved similarly.

To prove (5.52) ðc0Þ let Em denote the set of all x0 2 R
k for which there exist l1 and l2

positive integers with l1 < l2 satisfying

~sl2ðx0Þ > � 2m

2ðmþ 1Þ while ~sl1ðx0Þ < � 2m

mþ 1
:

Since aj ¼ �ð1=4Þj�1 for j ¼ 1, 2, ::: it follows that

max jsl1ðx0Þj, jsl2ðx0Þj
� � ¼ max j~sl1ðx0Þ þ ð�b=4Þ

Xl1
j¼1

j�1j , j~sl2ðx0Þ þ ð�b=4Þ
Xl2
j¼1

j�1j
24 35

� 2m�b
8ðmþ 1Þ

(5.56)

for m � 100: If we let

C :¼ fx0 2 R
k : x0 2 Em for infinitely many mg [ fx0 2 R

k : lim sup
j!1

~sjðx0Þ > �1g

then using (5.56) and (5.31) of Lemma 5.3 we arrive at

jCj ¼ 0: (5.57)

Next from induction on m and the definitions of Hlm, Llþ1, it follows that if ~slðy0Þ <
� 2m

mþ1 , y
0 2 �Q 2 Gl, then Llþ1ðy0Þ � 2�m: Therefore if y0 62 C, then

lim
l!1

~sl ðy0Þ ¼ �1 and lim
l!1

ð~sl Llþ1Þðy0Þ ¼ 0: (5.58)

Now (5.58), (5.52) ða0Þ, and
0 < ~rjðy0Þ ¼ 1þ

X
l�j

ðLl � Llþ1Þ~slðy0Þ þ sjLjþ1ðy0Þ (5.59)

imply that if y0 62 C, then it must be true that limj!1 ~rjðy0Þ exists and is non-negative.
Suppose this limit is positive. In this case we observe from the definition of ðalÞ,

(5.28), (5.29), (5.44), that if bl ¼ T�1
l ðjj~rljj

^ þ jj~sljj
^ Þ, l ¼ 1, 2, ::: then

sup
l
bl � cðkÞ and bl ! 0 as l ! 1: (5.60)

It follows from (5.60), (5.52) ða0Þ, and the facts limj!1~sjðy0Þ ¼ �1, ~rðy0Þ > 0, that

sup
j
fmax

5
4
�Q

~sj : y
0 2 Q 2 Gjg < 1 and inf

j
fmin

5
4
�Q

~rj : y
0 2 Gjg > 0: (5.61)
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So y0 belongs to at most a finite number of 5
4Q with Q 2 Klm [ F lm for l,m ¼ 1, 2, ::::

Now if y0 2 5
4
�Q, Q 2 Hiðmþ1Þ, then from (5.55) and y0 62 C, (5.60), we find for i �

i0ðy0Þ and m � m0ðy0Þ, sufficiently large that

cðkÞLiðy0Þ � 2�m and ~si0 ðy0Þ < � 2m�1

m
for i0 � i: (5.62)

Using (5.58), (5.62), we deduce the existence of an increasing sequence ðilÞ for l � l0 so
that

Lilðy0Þ ¼ 2�l and cðkÞ~silþ1ðy0Þ � � 2�l

l þ 1
:

It then follows from (5.59) that ~rðy0Þ ¼ �1 which contradicts ~rðy0Þ > 0: Thus ~rðy0Þ ¼
0 for Hk almost every y0 2 R

k and the proof of Lemma 5.5 is complete. w

5.3. Final proof of Theorem C

To finish the proof of Theorem C we again follow Wolff in [1] and use Lemmas 5.2,
5.4, and 5.5 to construct examples. Let T1 ¼ 1 and by induction suppose T2, :::,Tl have

been chosen, as in (5.28). Let ðajÞ, ðwjÞ, ð~wjÞ be as in Lemmas 5.4, 5.5. First we define

rj, ~rj, 1 � j � l, relative to these sequences, and after that Ljþ1, rjþ1, ~rjþ1: Next we
define Tlþ1 satisfying several conditions: First suppose (5.28) is valid for j ¼ l: Let g ¼
rl, or ~rl, f ¼ alþ1Llþ1, and define q ¼ ~wlþ1 relative to Tlþ1: Also suppose that

maxðjjf jj1, jjgjj1, jjqjj1, jjf k^ , jjgk^ ,T�1
lþ1jjqk

^Þ � M (5.63)

where M ¼ MðT1, :::,TlÞ is a constant. Next apply Lemma 5.2 with M as in (5.5), 3� ¼
2�ðlþ1Þ, obtaining A ¼ Al and �0 ¼ �0ðp, n, k, l,MÞ so that (5.6)–(5.8) are valid.
Choosing Tlþ1 still larger if necessary we may assume that Tlþ1 > �0 and AlT�a

lþ1 <
1
2Al�1T�a

l where a is as in Lemma 5.2. By induction we now get ðrlÞ or ð~rlÞ as in
Lemma 5.4 or Lemma 5.5. Moreover if r0j 2 frj, ~rjg, j ¼ 1, 2, :::, then in case (i) of

Lemma 5.2 we have

jr̂0
jþ1ðxÞ � r̂0

jðxÞj < 2�ðjþ1Þ when jx00j > AjT
�a
jþ1, (5.64)

and

jr̂0
jþ1ðxÞ � r0jðx0Þj < 2�ðjþ1Þ þ jajþ1j when jx00j < AjT

�a
jþ1 : (5.65)

From (5.64) we see that ðr̂0
jþ1Þ converges uniformly on compact subsets of RnnRk to a

p-harmonic function r̂0 satisfying

jr̂0ðxÞ � r̂0
lðxÞj < 2�l when jx00j > AlT

�a
lþ1: (5.66)

Using (5.65)-(5.66), and the triangle inequality we also have for Alþ1T�a
lþ2 < jx00j <

AlT�a
lþ1 that
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jr̂0ðxÞ � r0lðx0Þj � jr̂0ðxÞ � r̂0
lþ1ðxÞj þ jr̂0

lþ1ðxÞ � r̂0
lðx0Þj

< 2�ðlþ1Þ þ 2�l þ jalþ1j:
(5.67)

From (5.67) and our choice of ðalÞ we see for f as in Theorem C and ðrlÞ, as in

Lemma 5.4 that limx00!0 r̂
0ðx0, fðx00ÞÞ does not exist for Hk almost every x0 2 R

k while if

ð~rlÞ is as in Lemma 5.5, then r̂0 > 0 on R
nnRk and limx00!0 r̂

0ðx0, fðx00ÞÞ ¼ 0 for Hk

almost every x0 2 R
k: Moreover from uniform boundedness of ðrlÞ, ð~rlÞ, and the max-

imum principle for p-harmonic functions we deduce that r̂0 is bounded. To complete
the proof of Theorem C in case (i), put r̂0 ¼ û or r̂0 ¼ v̂ depending on whether ðajÞ as
in Lemma 5.4 or Lemma 5.5, respectively, was used to construct r̂0:
The same argument gives Theorem C in case ðiiÞ: This finishes the proof of

Theorem C.

Remark 5.6. As mentioned in Remark 1.8, there is no analogue of Theorems B or C
when 1 < p � n� k: To prove this assertion for û, given 0 < r < 1=10, let

/ðxÞ ¼ max 1þ log ðjx00jÞ
log ð1=rÞ , 0

� �
, for x 2 R

nnRk:

If y0 2 R
k and h 2 C1

0 ðBðy0, 1ÞÞ, then /h can be used as a test function in the defin-
ition of p-harmonicity for û in (1.3). Thus

0 ¼
ð
jrûjp�2hrû,r/ihdx þ

ð
jrûjp�2hrû,rhi/dx ¼ I1 þ I2: (5.68)

To estimate I1, I2, we observe from uniform boundedness of û that û/h can also be
used as a test function in (1.3). Doing this and using H€older’s inequality in a
Caccioppoli type argument, we obtainð

jrûjp ð/hÞp dx � cðp, n, kÞjjûjjp1
ð
jrð/hÞjpdx: (5.69)

Clearly, 0 � / � 1 in Bðy0, 1Þ and /ð�, rÞ ! 1 uniformly as r ! 0 on compact subsets
of Bðy0, 1Þnf0g: Moreover

jr/ðxÞj � jx00j�1 log ð1=rÞ� ��1
for x 2 Bðy0, 1Þ \ fx : jx00j � rg: (5.70)

Using these inequalities in (5.69) and the Lebesgue monotone convergence theorem we
get for 1 < p � n� k,ð

jrûjp hp dx � c0ðp, n, k, hÞjjûjjp1 1þ lim sup
r!0

log ð1=rÞ� ��p
ð1
r
qn�k�p�1dq

( )" #
� c00ðp, n, k, hÞjjûjjp1 1þ lim

r!0
ð log ð1=rÞÞ1�p

h i
¼ c00ðp, n, k, hÞjjûjjp1

(5.71)

Armed with (5.70), (5.71), and H€older’s inequality we can now estimate I1 and I2 in
(5.68). We find that

1484 M. AKMAN ET AL.



I2 !
ð
jrûjp�2hrû,rhidx and I1 ! 0 as r ! 0:

We conclude from this inequality, (5.68), and (5.71) that û extends to a uniformly
bounded p-harmonic function on R

n: Using Liouville’s theorem for bounded entire p-
harmonic functions (an easy consequence of (2.1) (b)) we conclude that û ¼ constant.
Thus Theorem C does not have an analogue when 1 < p � n� k for û: A similar argu-
ment yields that Theorem B does not have an analogue and that Theorem C does not
have an analogue for v̂:

6. A-Harmonic functions

6.1. Definition and basic properties of A-harmonic functions

In this subsection we introduce A-harmonic functions and discuss their basic properties.

Definition 6.1. Let p, a 2 ð1,1Þ and
A ¼ ðA1, :::,AnÞ : R

nnf0g ! R
n,

be such that A ¼ AðgÞ has continuous partial derivatives in gk for k ¼ 1, 2, :::, n on
R

nnf0g: We say that the function A belongs to the class MpðaÞ if the following condi-
tions are satisfied whenever n 2 R

n and g 2 R
nnf0g :

(i) Ellipticity : a�1jgjp�2jnj2 �Pn
i, j¼1

@Ai
@gj

ðgÞninj and
Pn

i¼1 rAiðgÞj j � a jgjp�2,

(ii) Homogeneity : AðgÞ ¼ jgjp�1Aðg=jgjÞ:
We put Að0Þ ¼ 0 and note that Definition 6.1 (i) and ðiiÞ implies that

ða0Þ ðjgj þ jg0jÞp�2 jg� g0j2 � cðp, n, k, aÞhAðgÞ � Aðg0Þ, g� g0i,
ðb0Þ jAðgÞ � Aðg0Þj � cðp, n, k, aÞðjgj þ jg0jÞp�2jg� g0j,

(6.1)

whenever g, g0 2 R
nnf0g:

Definition 6.2. Let p 2 ð1,1Þ and let A 2 MpðaÞ for some a 2 ð1,1Þ: Given an open set
O we say that u isA-harmonic in O provided u 2 W1, pðGÞ for each open G with �G � O andð

hAðruðyÞÞ,rhðyÞi dy ¼ 0 whenever h 2 W1, p
0 ðGÞ: (6.2)

We say that u is an A-subsolution (A-supersolution) in O if u 2 W1, pðGÞ whenever G

is as above and (6.2) holds with ¼ replaced by � (�) whenever h 2 W1, p
0 ðGÞ with h �

0: As a short notation for (6.2) we write r � AðruÞ ¼ 0 in O.

Remark 6.3. We remark for O,A, p, u, as in Definition 6.2 that if F : Rn ! R
n is the

composition of a translation and a dilation then

ûðzÞ ¼ uðFðzÞÞ is A-harmonic in F�1ðOÞ:
Moreover, if ~F : Rn ! R

n is the composition of a translation, a dilation, and a rotation
then
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~uðzÞ ¼ uð~FðzÞÞ is ~A-harmonic in ~F
�1ðOÞ for some ~A 2 MpðaÞ:

We note that A-harmonic PDEs have been studied in [9]. Also dimensional proper-
ties of the Radon measure associated with a positive A-harmonic function u, vanishing
on a portion of the boundary of O, have been studied in [4, 13–15], see also [6, 5]. As
mentioned in the introduction our goal in this section is to discuss validity of
Theorems B and C, for A-harmonic functions. To this end we state

Lemma 6.4. Lemmas 2.1–2.4 are valid with p-harmonic replaced by A-harmonic.
However constants may also depend on a.

Proof. References for proofs of Lemmas 2.1–2.4 were purposely chosen to be references
for proofs in the A-harmonic setting. w

Next given p, 1 < p < 1, suppose f : Rnnf0g ! ð0,1Þ satisfies:
ðaÞ f ðtgÞ ¼ tpf ðgÞ when t > 0 and g 2 R

n:

ðbÞ There exists â � 1 such that if g, n 2 R
nnf0g, then

â�1 jnj2jgjp�2 �
Xn
i, j¼1

@2f
@gi@gj

ðgÞ ni nj � â jnj2jgjp�2:

ðcÞ There exists a0 � 1 such that for Hn � almost every g 2 Bð0, 2ÞnBð0, 1=2Þ,Xn
i, j, k¼1

@3f
@gi@gj@gk

ðgÞ
�����

����� � a0:

(6.3)

We note that A ¼ rf 2 MpðaÞ for some a 2 ð1,1Þ:
Lemma 6.5. Lemmas 2.5 and 2.6, are valid when k ¼ n� 1 and p > 2, or k ¼ 1 and
p > n� 1 with p-harmonic replaced by A-harmonic whenever A 2 MpðaÞ. Constants
may also depend on a: If 1 < k � n� 2 and n � 3 with p > n� k, Lemmas 2.5 and 2.6
are valid when A ¼ rf and (6.3) holds. Constants may also depend on â, a0:

Proof. References given for Lemmas 2.5 and 2.6 provide proofs for Lemma 6.5. w

An A-harmonic Martin function relative to z 2 R
k is defined as in Definition 1.5

with p-harmonic replaced by A-harmonic. Using Lemmas 6.4 and 6.5 one can now
argue as at the beginning of Section 4 to show the existence of an A-harmonic Martin
function satisfying (1.4) ðaÞ, ðbÞ, with p-harmonic replaced by A 2 MpðaÞ-harmonic
when k ¼ n� 1 with p> 2 and k ¼ 1 with p > n� 1, or under the additional assump-
tion that A ¼ rf , f as in (6.3), when 1 < k � n� 2 with p > n� k:
Next for fixed p, n, k, a,A ¼ rf as in (6.3), and either 1 � k � n� 2 and p > n� k

or k ¼ n� 1 and p > 2, we claim for given F 2 R1, pðSðsÞÞ, that there exists a unique

A ¼ rf -harmonic function v̂ on R
nnRk when 1 � k � n� 2 and p > n� k and on R

n
þ

when k ¼ n� 1 and p > 2, with
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v̂ðz þ seiÞ ¼ v̂ðzÞ, 1 � i � k, for z 2 R
nnRk or R

n
þ, satisfying v̂ � F 2 R1, p

0 ðSðsÞÞ:
(6.4)

In fact the usual minimization argument yields that if h in R1, pðSðsÞÞ with h� F 2
R1, p
0 ðSðgÞÞ, then ð

SðsÞ
f ðrv̂Þdx �

ð
SðsÞ

f ðrhÞdx: (6.5)

Also the same argument as in Lemma 2.7 yields

Lemma 6.6. Let p, n, k, s, F, f , v̂, be as above. Given t > 0, let ZðtÞ ¼ fðx0, x00Þ 2
R

k � R
n�k : jx00j ¼ tg when 1 � k � n� 2, and ZðtÞ ¼ fx 2 R

n
þ : xn ¼ tg when k ¼

n� 1: There exists d 2 ð0, 1Þ, c � 1, depending on p, n, k, â, a0 2 ð0, 1Þ and n 2 R such
that

jv̂ðzÞ � nj � lim inf
t!0

max
ZðtÞ

v̂ �min
ZðtÞ

v̂
	 
 s

jz000j
� �d

: (6.6)

Here z000 ¼ z00 when z ¼ ðz0, z00Þ 2 R
nnRk and z000 ¼ zn when z 2 R

n�1
þ :

Proof. From (6.6) we observe as in Lemma 2.7 that maxZðtÞv̂, �minZðtÞv̂, are nonin-
creasing functions of t on ð0,1Þ: This fact and Harnack’s inequality for A-harmonic
functions imply Lemma 6.6. w

6.2. Theorems B and C for A5$f -harmonic functions

Finally, we state several modest propositions:

Proposition 6.7. Fix p, n, k with either 1 � k � n� 2 and p > n� k, or k ¼ n� 1 and
p > 2: Let u be the A ¼ rf -harmonic Martin function in (1.4) relative to 0, where f is as in
(6.3). If r < k, then Theorem B, C are valid with p-harmonic replaced by A-harmonic.

Proof. Using Lemmas 6.4–6.6 we can give a proof of Theorem B in Proposition 6.7 by
essentially copying the proof of Theorem B for p-harmonic functions. To get Theorem
C we note that inequality (6.1) can be used in place of (5.2), (5.3) to obtain an analogue
of Lemma 5.1 for A ¼ rf -harmonic functions. Using this analogue, Theorem A for
A-harmonic functions, as well as Lemmas 6.4-6.6, one now obtains an analogue of
Lemma 5.2 in the A ¼ rf -harmonic setting. The rest of the proof of Theorem B fol-
lows from this analogue and lemmas on gap series in Subsection 5.1. w

Proposition 6.8. Let p, n, k, f , u, r, be as in Proposition 6.7. There exists � > 0 depending
only on p, n, k, â, a0 such that ifXn

i, j¼1

@2f
@gi@gj

� jgjp�4ððp� 2Þjgigj þ di, jjgj2Þ
�����

����� < � (6.7)

whenever jgj ¼ 1, then r < k:
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Proof. If Proposition 6.8 is false there exists a sequence ðujÞ of Aj ¼ rfj-harmonic
Martin functions with ujðenÞ ¼ 1, that are �rj homogeneous on R

nnf0g where rj � k
for j ¼ 1, 2, :::: Also fj satisfies (6.3) for a fixed â, a0 and (6.7) with � replaced by �j, �j !
0 as j ! 1: To get a contradiction observe from Lemmas 2.1–2.3 for A-harmonic func-
tions, ujðenÞ ¼ 1, and �rj homogeneity of each uj that a subsequence of ðujÞ say ðujlÞ
converges uniformly on compact subsets of Rnnf0g to a �~r homogeneous function u
on R

nnf0g with ~r � k: Also u � 0, uðenÞ ¼ 1, and u is H€older continuous on R
nnf0g

with u ¼ 0 on either Rk or the complement of Rn
þ: Choosing subsequences of the sub-

sequence if necessary we see from Lemma 2.4 that we may also assume rujl converges

uniformly on compact subsets of either RnnRk or Rn
þ as l ! 1 to ru: Moreover from

(6.3) we observe that each component of ðrfjÞ converges locally uniformly in C1ðRnÞ as
j ! 1 to a component of rðjgjp=pÞ: An easy argument using these facts, then gives
that u is a p-harmonic Martin function and thereupon that

�hruðenÞ, eni ¼ ~r ¼ � lim
l!1

hrujl , eni ¼ lim
l!1

rjl � k,

which is a contradiction to ~r < k as shown in (4.3). w

6.3. A5$f -subsolutions in R
n n Rk when fðgÞ5p21ðjgj þ ha, giÞp

For fixed p, n � 2, a 2 R
n with jaj < 1, let qðgÞ ¼ jgj þ ha, gi for g 2 R

n: In this subsec-
tion we study the if part of Proposition 6.7 and dependence on � in Proposition 6.8
when A ¼ rf and f ðgÞ ¼ p�1qpðgÞ for g 2 R

n: To avoid confusion in calculations we
write Dq,D2q for rq and the n by n matrix of second derivatives of q with respect to
g: We note that

qðgÞ ¼ jgj þ ha, gi,
DqðgÞ ¼ g

jgj þ a,

D2qðgÞ ¼ 1
jgj I � g

jgj �
g
jgj

� �
:

Thus

DqðruÞD2uðxÞ~DqðruÞ ¼ ru
jrujD

2u
~ru

jruj þ 2
ru
jrujD

2u~a þ aD2u~a

where ~Dq, ~a, ~ru, denotes the n� 1 transpose of Dq, a,ru, considered respectively as
n� 1 row matrices. Also

q trace D2qðruÞD2u
� � ¼ 1þ ha,rui

jruj
� �

Du� ru
jrujD

2u
~ru

jruj

 !
:

Finally we arrive at
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q2�pðruÞr � ðDf ðruÞÞ ¼ q2�pðruÞ r � ðD 1
p
qp

� �
ðruÞÞ

¼ ðp� 1ÞDqðruÞD2uðxÞ~DqðruÞ þ qðruÞ trace D2qðruÞD2u
� �

¼ p� 2� ha,rui
jruj

� � ru
jrujD

2u
~ru

jruj
þ ðp� 1Þ 2

ru
jruj D2u ~a þ aD2u~a

� �
þ 1þ ha,rui

jruj
� �

Du:

(6.8)

As in Section 4 we rewrite (6.8) when u ¼ uðx0, x00Þ, x ¼ ðx0, x00Þ 2 R
n, with x0 2 R

k and

x00 2 R
n�k: Also t ¼ jx0j, s ¼ jx00j, r2 ¼ t2 þ s2, and a ¼ ða0, a00Þ: Similarly, r ¼ ðr0,r00Þ

but we will often write r0u or r00u, in which we regard each vector as n� 1 row vec-

tors. For example r0uðxÞ ¼ @u
@x01

, :::, @u
@x0k

, 0, :::, 0
	 


: Likewise r0 �r00, r00 � r0, r0 �
r0, r00 � r0, are n� n matrix operators. So r0 �r00 is the operator matrix whose i th

row and j th column is @2

@x0i@x
0 0
j
when 1 � i � k, kþ 1 � j � n: All other entries are zero.

Next the k� k and n� k� n� k identity matrices, denoted I0, I00 are regarded as n� n
matrices. So I0 ¼ ðd0ijÞ, I00 ¼ ðd00ijÞ, where d0ii ¼ 1 for 1 � i � k and d00ii ¼ 1 for kþ 1 �
i � n: Other entries in these matrices are zero. Finally x0 � x0, x00 � x0, x00 � x00, x0 � x00,
are considered as n� n matrices. Using this notation it follows from the chain rule as
in (3.1) - (3.3) that

r00u ¼ us
s
x00 and hr00u, ai ¼ us

s
hx00, a00i,

r0u ¼ ut
t
x0, and ha,r0ui ¼ ut

t
ha0, x0i,

r0r0u ¼ ut
t
I0 þ utt

t2
� ut

t3

� �
x0 � x0,

r00r0u ¼ ust
st

x00 � x0,

r0r00u ¼ ust
st

x0 � x00,

r00r00u ¼ us
s
I00 þ uss

s2
� us

s3

� �
x00 � x00:

Then

r0ur0r0u ~r0
u ¼ u2t

t2
ut
t
t2 � ut

t3
t4 þ utt

t2
t4

� �
¼ u2t utt:

Similarly r00ur00r00u ~r00
u ¼ u2s uss and r0ur00r0u ~r00

u ¼ ut
t
us
s
ust
st t

2s2 ¼ usutust: This gives

ruD2u ~ru ¼ u2t utt þ 2utusust þ u2s uss: (6.9)
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Observe that

ruD2u~a ¼ r0ur0r0u~a0 þ r00ur00r0u~a0 þ r0ur0r00u ~a00 þ r00ur00r00u ~a00

¼ usust
t

þ uttut
t

� �
hx0, a0i þ utust

s
þ ussus

s

� �
hx00, a00i: (6.10)

The next term is

aD2u~a ¼ a0r0r0u~a0 þ 2a00r00r0u~a0 þ a00r00u ~a00

¼ ut
t
ja0j2 þ utt

t2
� ut

t3

� �
ðx0 � a0Þ2

þ 2hx0, a0ihx00, a00i ust
st

þ us
s
ja00j2 þ uss

s2
� us

s3

� �
hx00 , a00i2:

(6.11)

Finally we calculate Du ¼ traceðD2uÞ ¼ traceðr0r0uÞ þ traceðr00r00uÞ :
Du ¼ ut

t
ðk� 1Þ þ utt þ us

s
ðn� k� 1Þ þ uss: (6.12)

Substituting into (6.8) we get (where all derivatives on the right hand side are with
respect to (s, t))

q2�pðruÞ r � ðD 1
p
qp

� �
ðruÞÞ

¼ p� 2� hx0, a0i
jrujt ut �

hx00, a00i
jrujs us

� � ðu2t utt þ 2utusust þ u2s ussÞ
jruj2

þ 2ðp� 1Þ usust
jrujt þ

uttut
jrujt

� �
hx0, a0i þ utust

jrujsþ
ussus
jrujs

� �
hx00, a00i

� �
þ ðp� 1Þ ut

t
ja0j2 þ utt

t2
� ut

t3

� �
hx0, a0i2 þ 2hx0, a0ihx00, a00i ust

st
þ us

s
ja00j2 þ uss

s2
� us

s3

� �
hx00, a00i2

� �
þ 1þ hx0, a0iut

jrujt þ hx00, a00ius
jrujs

� �
ut
t
ðk� 1Þ þ utt þ us

s
ðn� k� 1Þ þ uss

� �
:

(6.13)

We use subsolutions of (3.3) when 1 � k � n� 2 and p > n� k to study (6.13). For

this purpose recall the notation in Section 3 and let u ¼ s~b=rð~kþ~bÞ where

~b ¼ ð1þ dÞb, ~k ¼ ð1þ dÞk, and b ¼ p� nþ k
p� 1

with d � 0 and k � v, ðv as in Theorem A). From (3.2), (3.3), (3.7), (3.11), with b, k,

replaced by ~b, ~k, we deduce that

jruj2�p r � ðjrujp�2ruÞ ¼ u ðAð~k, ~bÞ~k2s4 þ Bð~k, ~bÞs2t2 þ Cð~k, ~bÞ~b3
t4Þ

s2r2ð~k2s2 þ ~b
2
t2Þ

(6.14)

Here ~A ¼ Að~k, ~bÞ, ~B ¼ Bð~k, ~bÞ, ~C ¼ Cð~k, ~bÞ, are defined as in (3.12) with k, b replaced

by ~k, ~b: Using (6.14) we rewrite (6.13) with u ¼ s~b=r~kþ~b as
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q2�pðruÞ r � ðD 1
p
qp

� �
ðruÞÞ ¼ uð~A~k2s4 þ ~B~bs2t2 þ ~C~b

3
t4Þ

s2r2ð~k2s2 þ ~b
2
t2Þ

þ E1 þ E2 þ E3 þ E4

(6.15)

where

E1 ¼ � hx0, a0i
jrujt ut þ hx00, a00i

jrujs us

� � ðu2t utt þ 2utusust þ u2s ussÞ
jruj2 , (6.16)

E2 ¼ 2ðp� 1Þ usust
jrujt þ

uttut
jrujt

� �
hx0, a0i þ utust

jrujsþ
ussus
jrujs

� �
hx00, a00i

� �
, (6.17)

E3 ¼ ðp� 1Þ ut
t
ja0j2 þ utt

t2
� ut

t3

� �
hx0, a0i2 þ 2hx0, a0ihx00, a00i ust

st
þ us

s
ja00j2 þ uss

s2
� us

s3

� �
hx00, a00i2

� �
,

(6.18)

and

E4 ¼ hx0, a0iut
jrujt þ hx00, a00ius

jrujs
� �

ut
t
ðk� 1Þ þ utt þ us

s
ðn� k� 1Þ þ uss

� �
(6.19)

whenever t ¼ jxj0 and s ¼ jx00j: We use (6.14)-(6.19) to estimate jaj in terms of d so that

u is an A ¼ rf -subsolution in R
nnRk: From homogeneity of f it suffices to make this

estimate when jxj2 ¼ s2 þ t2 ¼ 1: We first show that d > 0 is a necessary assumption in
order for u to be a A ¼ rf -subsolution or supersolution when a 6¼ 0: Indeed if d ¼ 0,

then ~C ¼ 0 and using 0 < b < 1, x00 ¼ sx00, s > 0, we find that for fixed p, n, k, as
s ! 0þ,

q2�pðruÞ r � ðD 1
p
qp

� �
ðruÞÞ ¼ oðsb�2Þ þ E1 þ E2 þ E3 þ E4: (6.20)

The E terms are also oðsb�2Þ as s ! 0, except for those containing uss or us=s: Using
this observation and us=jruj ! 1 as s ! 0, we can continue the estimate in (6.20) to
obtain

s2�bðE1 þ E2 þ E3 þ E4Þ
¼ oð1Þ þ bðp� 1Þja00j2 þ 2ðp� 1Þbðb� 1Þ þ bðn� k� 1Þ� �hx00, a00i
þ ðp� 1Þðbðb� 1Þ � bÞhx00

, a00i2
¼ oð1Þ þ bððp� 1Þja00j2 þ ðkþ 1� nÞhx00, a00i þ ðp� 1Þðb� 2Þhx00

, a00i2Þ:

(6.21)

We first choose x00 so that hx00, a00i ¼ ja00j: Then for this value of x00 we see for s small

enough from (6.20), (6.21) that r � ðD 1
p q

p
	 


ðruÞÞ < 0 (since b < 1 and kþ 1� n �
0Þ: On the other hand choosing x00 so that hx00, a00i ¼ 0 we have r � ðD 1

p q
p

	 

ðruÞÞ >

0 for this value of x00 and s small enough. Thus u can never be a A ¼ rf -subsolution
or supersolution when d¼ 0 and a00 6¼ 0:
If d ¼ 0 and a00 ¼ 0, the E terms are oðsb�1Þ as s ! 0, except for terms in E1, E4

containing uss, us=s, and a term in E2 containing ust: Using (6.14)-(6.19) it follows that
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s1�bðE1 þ E2 þ E3 þ E4Þ
¼ oð1Þ þ hx0, a0i ðkþ bÞðb� 1Þ � 2ðp� 1Þðkþ bÞb� ðkþ bÞðn� kþ b� 2Þ� �
¼ oð1Þ � hx0, a0iðkþ bÞ 2ðp� 1Þbþ n� k� 1

� �
:

(6.22)

The last term in brackets of (6.22) is always positive so choosing x0 with hx0, a0i ¼
6 ja0j and s > 0 small enough we conclude that u cannot be either an A ¼ rf -subsolu-
tion or supersolution when d¼ 0 and a 6¼ 0:
Now suppose that d > 0, k � vðp, n, kÞ, and recall that r2 ¼ s2 þ t2 ¼ 1, s ¼ jx00j, t ¼

jx0j: Then from (3.12) we note that

Að~k, ~bÞ ¼ ðp� 1Þ~k2 þ ðp� nÞ~k � ~bk ¼ ð1þ dÞAðk, bÞ þ ðp� 1Þdð1þ dÞk2
� ðp� 1Þdð1þ dÞv2

Bð~k, ~bÞ ¼ ð2~bðp� 1Þ þ n� k� 2Þ~k2 þ ~bðp� nÞ~k � ~b
2ðp� 2þ kÞ

¼ 2ð~b � bÞðp� 1Þ~k2 þ ð1þ dÞ2Bðk, bÞ � 0

Cð~k, ~bÞ ¼ ðp� 1Þ~b � ðp� nþ kÞ ¼ ðp� 1Þdb:

(6.23)

To get a ballpark estimate on jaj from above we use (6.23) and either s2 or t2 � 1=2 to
first get

u ð~A~k2s4 þ ~B~bs2t2 þ ~C~b
3
t4Þ

s2r2ð~k2s2 þ ~b
2
t2Þ

� s
~b�2 ð1=4Þðp� 1Þdð1þ dÞ3minfv4, b4g

~k
2 þ ~b

2 : (6.24)

Next from (3.5), (3.7), (3.9), (6.16), we get for x 2 @Bð0, 1ÞnRk

jE1j þ jE2j � 2ð2p� 1Þjajðjuttj þ 2justj þ jussjÞ
� 20ðp� 1Þ jaj s~b�2ð~k þ ~b þ 1Þ2:

(6.25)

Similarly

jE3j � 10ðp� 1Þjajs~b�2ð~k þ ~b þ 1Þ2, (6.26)

and

jE4j � 10jajs~b�2ð~k þ ~b þ 1Þ2ðnþ kÞ: (6.27)

From (6.24)–(6.27) we conclude that if

jaj < ð1=4Þðp� 1Þdð1þ dÞ3 minfv4, b4g
ð~k2 þ ~b

2Þ ð30ðp� 1Þ þ 10ðnþ kÞÞð~k þ ~b þ 1Þ2
h i (6.28)

then u is an A ¼ rf -subsolution on R
nnRk:

Lemma 6.9. Let 1 � k � n� 2, p > n� k, and f ðgÞ ¼ p�1ðjgj þ hg, aiÞp for g 2 R
n:

Let v be the A ¼ rf -harmonic Martin function for R
nnRk with vðenÞ ¼ 1: If v has

homogeneity �r, and u as in (6.15) is an A-subsolution with k ¼ vðp, n, kÞ,
then r � ð1þ dÞ vðp, n, kÞ:
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Proof. Let ~qðg00Þ ¼ jg00j þ ha, g00i for g00 2 R
n�k, and put

~hðx00Þ ¼ supfhx00, g00i : ~qðg00Þ � 1g, x00 2 R
n�k:

~h is homogeneous 1 on R
n�k and in [5] (see also [13, 16] it is shown that if

~f ðg00Þ ¼ p�1~qðg00Þp and b ¼ pþ k� n
p� 1

then

~hðx00Þ � jx00j on R
n�k and ~h

b
is ~A ¼ r~f � harmonic on R

n�knf0g: (6.29)

Constants in (6.29) depend only on p, n� k, a0, â: Extend ~h to R
n by setting hðxÞ ¼

~hðx00Þ, x ¼ hx0, x00i 2 R
n, and observe that hb is continuous on R

n as well as

A ¼ rf -harmonic on R
nnRk with hb 	 0 on R

k: Also from Lemma 2.5 for

A ¼ rf -harmonic functions we deduce that v=hb � 1 on @Bð0, 1ÞnRk with constants
having the same dependence as those in (6.29). Using this deduction, (6.29), d � 0, and
the definition of u, we find that

u � cv on @Bð0, 1ÞnRk where c ¼ cðk, d, p, n, k, a0, âÞ: (6.30)

From (6.30), uþ v ! 0 uniformly as x ! 1, and the boundary maximum principle in

Lemma 2.1 for A ¼ rf -harmonic functions we conclude that r � ~k: Taking k ¼ v we
obtain Lemma 6.9. w

Remark 6.10. From Lemma 6.9, Proposition 6.7, and Assumption (6.28), we conclude
Theorems B and C in the A ¼ rf setting when f ðgÞ ¼ p�1ðjgj þ hg, aiÞp
and ð1þ dÞvðp, n, kÞ < k:

Since (6.28) is a rather awkward assumption for applications, we prove:

Lemma 6.11. Assume p > n� 1, n � 3, k ¼ 1, and choose d so that ð1þ dÞvðp, n, 1Þ ¼
1� ðp�2Þ

4ðp�1Þ : If p > n� 1, and

jaj � ðp� 2Þminfðpþ 1� nÞ4, 1g
100000ðp� 1Þ (6.31)

then (6.28) implies that u is an A ¼ rf -subsolution in R
nnR:

Proof. We note that if p � n � 3, k ¼ 1, then

1 � b ¼ pþ 1� n
p� 1

� v ¼ b
p� 1

2p� n� 1
� b=2 (6.32)

and v is nondecreasing on ðn,1Þ as a function of p. Thus v � 1=2 so

db � vd � 1=4 and ð1þ dÞb � 2: (6.33)

Using (6.33) and (6.32) in (6.28) and another ballpark estimate we get (6.31) and there-

upon Lemma 6.11 when p � n: If n� 1 < p < n, we note that v ¼ ðp� 1Þ�1, so
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d ¼ ð3=4Þðp� 2Þ and ð1þ dÞb ¼ ðpþ 1� nÞð1þ dÞv: (6.34)

Using this information in (6.28) we get (6.31) and Lemma 6.11 for n� 1 < p < n: w

Corollary 6.12. If a satisfies (6.31), then Theorems B and C are valid for 1 � k � n� 2

and p > n� k, in R
nnRk and the A ¼ rf -harmonic setting when f ðgÞ ¼

p�1ðjgj þ ha, gÞÞp for g 2 R
n:

Proof. We first observe that Corollary 6.12 is implied by Lemma 6.11, Lemma 6.9, and
Proposition 6.7 when k¼ 1. As in the p-harmonic setting, Theorems B, C, for other val-
ues of k follow from the k¼ 1 case by adding dummy variables (see Remark 1.8). w

6.4. A5$f -subsolutions in R
n
þ when fðgÞ5p21ðjgj þ ha, giÞp

In this subsection we continue our investigation of the if part of Proposition 6.7 and �

in Proposition 6.8 in R
n
þ when k ¼ n� 1 and p > 2: We begin with

Lemma 6.13. Let u be an A ¼ rf -harmonic Martin function in R
n
þ when p � 2 is fixed

and f is as in (6.3). If p1 > p, then u is an Að1Þ ¼ rðf p1=pÞ-subsolution in R
n
þ:

Proof. Given m > nþ 2 let Vm � 0 be the A ¼ rf -harmonic function in

Xm ¼ Bð0,mÞn�B 2en
m

,
1
m

� �� �
\ R

n
þ

with VmðenÞ ¼ 1, and continuous boundary values Vm 	 bm on @B 2em
m , 1

m

	 

while Vm 	

0 on R
nnðBð0,mÞ \ R

n
þÞ: Here bm > 0 is a constant with bm ! 1 as m ! 1: Once

again using Lemmas 2.2–2.4 we find that ðVmÞ is uniformly bounded and locally
H€older continuous in Bð0,mÞnBð0, 1Þ with H€older exponent and bounds that are inde-
pendent of m: Also there exists s 2 ð0, 1Þ with

max
Bð0, sÞ\Xm

Vm � cðp, n, a0, âÞð1=sÞs whenever m > s � 2: (6.35)

To briefly outline the proof of (6.35), it follows from Harnack’s inequality and the above
lemmas applied to max@Bð0, 1ÞVm � Vm that for some h 2 ð0, 1Þ (independent of m),

max
@Bð0, 2Þ

Vm � h max
@Bð0, 1Þ

Vm: (6.36)

Iterating (6.36) we get (6.35).
Next using (6.3) and arguing as in Lemma 4.4 of [13] when 2 � p < n and as in [4]

when p � n, it follows that

for each t 2 ð0, bmÞ, the set fx : VmðxÞ > tg is a convex open set: (6.37)

Using (6.35), (6.37), the above lemmas and Ascoli’s theorem it follows that a subse-
quence of ðVmÞ converges uniformly to u on compact subsets of Rn

þ and (6.37) is valid
with Vm replaced by u whenever t 2 ð0,1Þ: We deduce first from homogeneity of u
that ru 6¼ 0 in R

n
þ and thereupon from (6.3), Lemma 2.4, and a Schauder type argu-

ment that f 2 C2ðRnÞ and that u has locally H€older continuous second partial
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derivatives in R
n
þ with exponent depending only on p, n, a0, â: Let q ¼ p�1=pf 1=p: Given

t, 0 < t < 1, let T denote the tangent plane to y 2 fx : uðxÞ ¼ tg: Since u has continu-
ous second partials and fx : uðxÞ > tg is convex we note from the maximum principle
for A-harmonic functions that ujT\Rn

þ
has a relative maximum at y: From the second

derivative test for maxima we conclude that if z 2 T, z 6¼ y, and n ¼ ðz � yÞ=jz � yj,
then unðyÞ ¼ 0, unnðyÞ � 0: Next we choose an orthonormal basis, fnð1Þ, nð2Þ, :::, nðnÞg for

R
n so that n1 ¼ ruðyÞ=jruðyÞj and with nðiÞ, 2 � i � n, joining y to points in T: Thus

unðjÞnðjÞ ðyÞ � 0 for 2 � j � n: (6.38)

Now each component of rqðgÞ ¼ ðqg1 , :::, qgnÞ is homogeneous of degree 0 on R
n so

for 2 � i � n, Xn
j¼1

nð1Þj qgigjðnð1ÞÞ ¼ 0: (6.39)

Also from (6.3) ðaÞ, ðbÞ, and
p�1fgigjðruðyÞÞ

¼ qp�2ðruÞ ðp� 1ÞðqgiðruðyÞÞqgjðruðyÞÞ þ qðruðyÞÞqgigjðruðyÞÞ
h i (6.40)

we deduce first that if ðw1,w2, :::,wnÞ is orthogonal to rqðruðyÞÞ, then

cðp, n, a0, âÞ
Xn
i, j¼1

qgigjðruðyÞÞwiwj � jwj2=jruðyÞj: (6.41)

The subspace, say C, generated by all such w has dimension n� 1: Also ruðyÞ is not
in this subspace since hrqðruðyÞÞ,ruðyÞi ¼ qðruðyÞÞ 6¼ 0: We conclude from (6.41)
and (6.39) that the n� n matrix ðqgigjðruðyÞÞÞ is positive semidefinite and 0 is an

eigenvalue of this matrix while ruðyÞ (or rqðruðyÞÞÞ is an eigenvector corresponding
to 0. Next we note from (6.40) and A ¼ rf -harmonicity of u that

0 ¼
Xn

i, j¼1
ðp� 1ÞðqgiðruðyÞÞqgjðruðyÞÞ þ qðruðyÞÞqgigjðruðyÞÞ
h i

uxixjðyÞ (6.42)

whenever y 2 R
n
þ so to prove Lemma 6.13 it suffices to show that

trace ðqgigjðruðyÞÞðuxixjðyÞÞ
	 


¼
Xn
i, j¼1

qgigjðruðyÞÞ uxixjðyÞ � 0 (6.43)

whenever y 2 R
n
þ: Since the trace of the product of two symmetric matrices is unchanged

under an orthogonal transformation we may assume that ruðyÞ ¼ jruðyÞjð1, 0, :::, 0Þ:
Then from (6.38) we see that ðuxixjÞ, 2 � i, j � n, is a negative semidefinite matrix and
from (6.39), (6.41) that ðqgigjðruðyÞÞ, 2 � i, j � n, is positive semidefinite. Using this fact

and the observation that the trace of the product of two positive semidefinite matrices is
positive semidefinite, we get (after possibly another rotation) that (6.43) and thereupon
Lemma 6.13 is true. w
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Remark 6.14. Lemma 6.13 implies that if �kðp0Þ, p0 � p, denotes the Martin exponent
for a A0 ¼ rðf p0=pÞ-harmonic function, then kðp0Þ is a nonincreasing function in ½p,1Þ:
Indeed from the boundary Harnack inequality in Lemma 2.5, it is easily seen that if u0

denotes the A0 Martin function with u0ðenÞ ¼ 1, and x 2 @Bð0, 1Þ \ R
n
þ, then

uðxÞ=xn � u0ðxÞ=xn (6.44)

where the proportionality constants depend on p, p0, n, a0, â: Using this fact, homogen-
eity of u, u0, and Lemma 2.1, we get kðp0Þ � kðpÞ: We do not know if a similar inequal-

ity holds when k is fixed, 1 � k � n� 2 and p > n� k, in R
nnRk, even for p-harmonic

Martin functions, although it is clear from drawing levels that the above proof fails.

Next we consider subsolutions of (6.13) in R
n
þ when p > 2: We begin by mimicking

the argument when p > n� k and 1 � k � n� 2, with b ¼ 1: Let

uðx0, x00Þ ¼ uðt, sÞ ¼ s1þdr�ð1þdÞðkþ1Þ ¼ x1þd
n jxj�ð1þdÞðkþ1Þ (6.45)

where

x0 ¼ ðx01, :::, x0n�1Þ, jx0j ¼ t, x00 ¼ xn ¼ s � 0, r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jx0j2 þ x2n

q
¼ ðt2 þ s2Þ1=2:

Also d � 0 and n � ð1þ dÞk � vðp, n, n� 1Þ (v as in (1.6) of Theorem A with k ¼
n� 1Þ: With this understanding one can start by writing down the new version of

(6.13) and then continue the argument to get (6.14) - (6.19) with ~k ¼ ð1þ dÞk and ~b ¼
1þ d: Also r¼ 1 and ~A, ~B, ~C are defined in the same way as A,B,C are defined in

(3.12) (see also (6.23)) only with ~k, ~b, k replaced by ð1þ dÞk, 1þ d, n� 1, respectively.
Next we investigate as in Subsection 6.3 whether u can be an A ¼ rf -subsolution
when d ¼ 0 and f ðgÞ ¼ p�1ðgþ ha, giÞp for g 2 R

n: Indeed, if d ¼ 0, then from the
new version of (6.20) we have for fixed p, n, and uniformly for s 2 ð0, 1
 that

q2�pðruÞ r � ðD 1
p
qp

� �
ðruÞÞ ¼ OðsÞ þ E1 þ E2 þ E3 þ E4: (6.46)

To estimate the E0s we observe for s 2 ð0, 1
 that
jutj þ juttj þ jussj ¼ OðsÞ

while

us ¼ jruj þ OðsÞ and ust ¼ �ð1þ kÞ þ OðsÞ:
Using these equalities and x00 ¼ sen and x0 ¼ tx0, we find for x 2 @Bð0, 1Þ \ R

n
þ, and

s 2 ð0, 1
 that
jE1j þ jE4j ¼ OðsÞ,

E2 ¼ �2ðp� 1Þð1þ kÞhx0, a0i þ OðsÞ,
E3 ¼ �2ðp� 1Þð1þ kÞðx0, a0ihen, a00i þ OðsÞ:

(6.47)

Combining (6.46)–(6.47) and letting s ! 0 we arrive at
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lim
s!0

q2�pðruÞ r � ðD 1
p
qp

� �
ðruÞÞ ¼ �2ðp� 1Þð1þ kÞhx0, a0ið1þ ha00, eniÞ: (6.48)

Since ja00j < 1 and we can choose x0 so that hx0, a0i ¼ 6ja0j, we conclude that u can be
neither an A ¼ rf -subsolution nor supersolution when a0 6¼ 0: If a0 ¼ 0 and a00 6¼ 0 we
need to make more detailed calculations. For this purpose we temporarily allow p¼ 2 in
our calculations and note from (3.14), (6.15) that if jx0j ¼ t, s ¼ x00 ¼ xn > 0, then at
x ¼ ðx0, x00Þ 2 @Bð0, 1Þ \ R

n
þ,

s�1ð1þ kÞ�1q2�pðruÞ r � ðD 1
p
qp

� �
ðruÞÞ ¼ ~G þ s�1ðkþ 1Þ�1ðE1 þ E2 þ E3 þ E4Þ

(6.49)

where

~G ¼
ðp� 1Þ k� n� 1

p� 1

� �
k2s2 þ ð2p� 3Þðk� ðpþ n� 3Þ

2p� 3
Þt2

k2s2 þ t2

¼
ðp� 1Þ k� n� 1

p� 1

� �
k2wþ ð2p� 3Þðk� ðpþ n� 3Þ

2p� 3
Þð1� wÞ

ðk2 � 1Þwþ 1
¼: GðwÞ

(6.50)

where we have put s2 ¼ w ¼ 1� t2 in the last equality. Also from (6.16) and (3.5),

(3.7), (3.9) with b ¼ ~b ¼ 1, ~k ¼ k and ha00, eni ¼ b we find that

s�1ðkþ 1Þ�1E1 ¼ � bð�ks2 þ t2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2s2 þ t2

p ðk3s2 þ ð2k� 1Þt2Þ
k2s2 þ t2

¼ b ðkþ 1Þw� 1½ 
 ðk3 � 2kþ 1Þwþ 2k� 1
� �

ðk2 � 1Þwþ 1
� �3=2 ¼: F1ðwÞ:

(6.51)

From (6.17) and (3.8) we calculate

s�1ðkþ 1Þ�1E2

¼ 2ðp� 1Þb ð1þ kÞt2 � ð1þ kÞð3þ kÞs2t2 þ ðð3þ kÞs2 � 3Þð1� ð1þ kÞs2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2s2 þ t2

p
¼ 2ðp� 1Þb k� 2� wðkþ 2Þðk� 1Þ½ 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ wðk2 � 1Þ
q ¼: F2ðwÞ:

(6.52)

From (6.18) we have

s�1ð1þ kÞ�1E3 ¼ ðp� 1Þb2 �3þ s2ð3þ kÞ� � ¼ ðp� 1Þb2 �3þ wð3þ kÞ½ 
 ¼: F3ðwÞ:
(6.53)

Finally from (6.19), (3.5), (3.8) we arrive at
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s�1ð1þ kÞ�1E4 ¼ bð1� ðkþ 1Þs2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2s2 þ t2

p ððkþ 2Þt2 � s2Þ þ ðð3þ kÞs2 � 3Þ � ðn� 2ÞÞ

¼ bð1� ðkþ 1Þs2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2s2 þ t2

p ðkþ 1� nÞ

¼ bð1� ðkþ 1ÞwÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ wðk2 � 1Þ

q0@ 1Aðkþ 1� nÞ ¼: F4ðwÞ

(6.54)

Armed with (6.50)–(6.54) we first search for A ¼ rf -subsolutions in the baseline n ¼
2, p ¼ 2, k ¼ 1 case. In this case, GðwÞ ¼ 0 ¼ F4ðwÞ for w 2 ½0, 1
, and

F1ðwÞ þ F2ðwÞ þ F3ðwÞ ¼ bð2w� 1Þ � 2bþ ð4w� 3Þb2
¼ b 2w� 3þ ð4w� 3Þb½ 
 > 0

(6.55)

whenever �1 < b < 0 and 0 � w � 1, while the reverse inequality holds when 0 < b <

1: We conclude from (6.55)

Corollary 6.15. Theorems B and C are valid in R
n
þ and the A ¼ rf -harmonic setting

whenever k ¼ n� 1, p > 2, n � 2, b 2 ð�1, 0Þ and f ðgÞ ¼ p�1ðjgj þ b gnÞp for g 2 R
n:

Proof. From a continuity argument we deduce for given b 2 ð�1, 0Þ the existence of a
positive k ¼ kðbÞ < 1 for which (6.55) remains positive for w 2 ½0, 1
: From this obser-
vation, Remark 6.14, and Proposition 6.7 we obtain Theorems B and C first in R

2
þ and

then by adding dummy variables in R
n
þ, n � 3: w

Next we ask for what values of p, n, b, (for b 2 ð0, 1Þ) is u in (6.49) an A ¼ rf -sub-
solution on R

n
þ? To partially answer this question first put p ¼ 2, n � 3, k ¼ n� 1 in

(6.50)-(6.56). Then again G 	 F4 	 0: Evaluating F1, F2, F3, at w¼ 0 we have

s�1ð1þ kÞ�1qðruÞ r � ðD 1
2
q2

� �
ðruÞÞ ¼ �bð2n� 3Þ þ 2bðn� 3Þ � 3b2

¼ �3b� 3b2 < 0

(6.56)

when b 2 ð0, 1Þ: From (6.56) and a continuity argument we conclude that u in (6.49) is
not an A ¼ rf -subsolution for p > 2 and k < n� 1 provided p, k are sufficiently near
2, n� 1 respectively. On the other hand, we prove

Lemma 6.16. Given b 2 ð0, 1Þ, and p > 1 with p�2
p�1 > 2b� b2: There exists n0 ¼ n0ðbÞ, a

positive integer, such that if n � n0ðbÞ, then u in (6.49) is a A ¼ rf -subsolution on R
n
þ

for some k < n� 1:

Proof. For fixed n � 3 let k ¼ n� 1 in the definition of G and the F0s. Then

GðwÞ ¼ ðp� 2Þ ðn� 1Þ3 � 2nþ 3
� �

wþ ð2n� 3Þ
� �

nðn� 2Þwþ 1
(6.57)

and
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dG
dw

¼ ðp� 2Þð�n3 þ 4n2 � 5nþ 2Þ
ðnðn� 2Þwþ 1Þ2 < 0 (6.58)

when w 2 ½0, 1
: Also,

ðp� 1Þ�1F2ðwÞ ¼ 2b
ðn� 3� wðnþ 1Þðn� 2Þ½ 


ðnðn� 2Þw þ 1Þ1=2
(6.59)

and

ðp� 1Þ�1 dF2
dw

¼ �2bðnþ 1Þðn� 2Þðnðn� 2Þwþ 1Þ � bnðn� 2Þ n� 3� wðnþ 1Þðn� 2Þ½ 

ðnðn� 2Þwþ 1Þ3=2

¼ �bðnþ 1Þnðn� 2Þ2w� bðn� 2Þðn2 � nþ 2Þ
ðnðn� 2Þwþ 1Þ3=2

< 0

(6.60)

for w 2 ½0, 1
 and n ¼ 3, 4, ::::

Finally, ðp� 1Þ�1dF3=dw ¼ ðnþ 2Þb2: This inequality and (6.59) and (6.60) imply for
given b 2 ð0, 1Þ that there exists a positive integer n0 ¼ n0ðbÞ such that

dF2=dwþ dF3=dw < 0 for w 2 0, 1½ 
 and n � n0: (6.61)

To prove this assertion suppose M � 1 is a positive number to be defined. If
nðn� 2Þw � M, then from (6.59) and (6.60) we see for n � 3 at w 2 ½0, 1
 that

ðp� 1Þ�1dF2=dw � �bðn� 2Þðn2 � nþ 1Þ
ðM þ 1Þ3=2

(6.62)

while if nðn� 2Þw � M and w 2 ½0, 1
, we have

ðp� 1Þ�1dF2=dw � �bðnþ 1Þnðn� 2Þ2w
ðnðn� 2Þwð1þ 1=MÞÞ3=2

� �bðnþ 1Þn�1=2ðn� 2Þ1=2ð1þ 1=MÞ�3=2:

(6.63)

Define M by

ð1þ 1=MÞ�3=2 ¼ ð3=4Þ þ ð1=4Þb:

With M now defined we see from (6.63) that there exists n1 ¼ n1ðbÞ, a positive integer
such that if n � n1,w 2 ½0, 1
, and nðn� 2Þw � M, then

ðp� 1Þ�1 dF2=dwþ dF3=dw½ 
 � �b ð3=4Þ þ ð1=4Þb½ 
ðnþ 1Þn�1=2ðn� 2Þ1=2 þ b2ðnþ 2Þ
� �ð1=2Þðb� b2Þðnþ 2Þ < 0:

(6.64)

Next we see from (6.62) that there exists n2ðbÞ � n1ðbÞ for which (6.64) remains valid
when n � n2ðbÞ,w 2 ½0, 1
, and 0 � nðn� 2Þw � M:
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With assertion (6.61) now proved, we note from (6.59) and (6.60) that for w 2 ½0, 1


�F1ðwÞ ¼ b
ð1� nwÞ ððn� 1Þ3 � 2nþ 3Þwþ ð2n� 3Þ

� �
ðnðn� 2Þwþ 1Þ3=2

� b
ðp� 2ÞGðwÞ

<
1

ðp� 1Þð2� bÞGðwÞ

(6.65)

where we have used the fact that p� 2 > ðp� 1Þð2b� b2Þ: Also, clearly F1ðwÞ � 0 on
½1=n, 1
: From this fact, (6.57), (6.58), and (6.61) we obtain for n � n2ðbÞ and w 2
½1=n, 1
, that

GðwÞ þ F1ðwÞ þ F2ðwÞ þ F3ðwÞ � Gð1Þ þ F2ð1Þ þ F3ð1Þ
¼ p� 2þ ðp� 1Þð�2bþ b2Þ� �ðn� 1Þ > 0

(6.66)

Next from (6.65), (6.61), and (6.57), (6.58) we have for w 2 ½0, 1=n


GðwÞ þ F1ðwÞ þ F2ðwÞ þ F3ðwÞ � F2ð1=nÞ þ F3ð1=nÞ þ ðp� 1Þð2� bÞ � 1
ðp� 1Þð2� bÞ Gð1Þ

� �4ðp� 1Þ þ ðp� 2Þððp� 1Þð2� bÞ � 1Þ
ðp� 1Þð2� bÞ ðn� 1Þ > 0

(6.67)

provided n � n3 and n3 ¼ n3ðbÞ is chosen large enough. (6.67), (6.66), and a continuity
argument imply Lemma 6.16. w

Lemma 6.16 implies

Corollary 6.17. Given b 2 ð0, 1Þ and p with p�2
p�1 > 2b� b2: There exists a positive integer

n0 ¼ n0ðbÞ such that Theorems B and C are valid in R
n
þ and the A ¼ rf -harmonic set-

ting for f ðgÞ ¼ p�1ðjgj þ bgnÞp for g 2 R
n, when n > n0ðbÞ:

If d > 0 in (6.45) we can easily get an analogue of (6.28) when k ¼ n� 1, n � 2, p >

2, in R
n
þ: In fact we can just copy the proof given for Lemma 6.11 with b¼ 1 and k

with vðp, n, n� 1Þ < k < n� 1: Using this notation we get first (6.23) with ~A, ~B, ~C
defined as in (3.12) and with k replaced by kð1þ dÞ and b by 1þ d: After that we sim-

ply copy the proof from (6.23) - (6.28) (once again with ~b, ~k replaced by
1þ d, kð1þ dÞ) to conclude that if (6.28) holds then u is an A subsolution. in R

n
þ:

Using the analogue of (6.28) one gets Lemma 6.13 for a A ¼ rf -harmonic Martin
function in R

n
þ: After that copying the argument in the p > n case of Lemma 6.11, we

get first

Lemma 6.18. Assume p > 2, n ¼ 2, and choose d so that ð1þ dÞvðp, 2, 1Þ ¼ 1� ðp�2Þ
4ðp�1Þ : If

jaj � p� 2
100000ðp� 1Þ (6.68)

then u is an A ¼ rf -subsolution in R
2
þ:

After this lemma we obtain once again
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Corollary 6.19. If a satisfies (6.68), then Theorems B and C are valid for p > 2 in R
n
þ

and the A ¼ rf setting for f ðgÞ ¼ p�1ðjgj þ ha, gÞÞp for g 2 R
2:

Proof. The proof follows in R
2
þ from Lemma 6.18 and the analogue of Lemma 6.9 in

R
2
þ: To get a proof in R

n
þ, n > 2, extend the solution in R

2
þ to R

n
þ by adding dummy

variables. w

6.5. Final remarks

We began our investigation of the exponent for A ¼ rf -harmonic Martin functions in
R

2
þ when p ¼ 2 with

f ðgÞ ¼ 2�1qðgÞ2 for g 2 R
2

and qð0Þ ¼ 0, q smooth, 1-homogeneous on R
2nf0g: We assumed an A-harmonic

Martin function, u, on R
2
þ, to have the form:

uðx1, x2Þ ¼ x2

lðx1, x2Þ1þk

where k > 0, l > 0 is smooth, 1-homogeneous on R
2nf0g which was the form dictated

by (1.4) and the boundary Harnack inequalities in Lemma 2.5 for A-harmonic func-
tions. Using A-harmonicity of u and the homogeneities, we wrote down a fully nonlin-
ear second order differential equation for l involving q, qg1 , qg2 , qg1g2 evaluated at
ð�kx2lx1ðx1, x2Þ, ðl � kx2lx2Þðx1, x2ÞÞ: Again taking qðgÞ ¼ jgj þ ha, gi and x21 þ x22 ¼ 1,
we obtained upon letting x2 ! 0þ the necessary condition

hrqð0, 1Þ,rlðx, 0Þi � 0, for � 1 � x � 1, (6.69)

for u to be an A-subsolution on R
2
þ while the reverse inequality was necessary for u to

be an A-supersolution. (6.69) for example, showed that if lðx1, x2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 þ x22

p
, and

a ¼ ðb, 0Þ, then u could not be a A-subsolution or supersolution on R
2
þ: We also let

x2 ¼ 1 in our differential equation for l and obtained a rather complicated equation for
lx1ð0, 1Þ, lx2ð0, 1Þ, which however greatly simplified if lx1ð0, 1Þ ¼ 0: Assuming this equal-
ity we were able to check without much difficulty that u was a Martin subsolution for

some 0 < k < 2 at (0,1) if lðx1, x2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 þ x22

p
and a ¼ ð0, bÞ with b < 0: Next we

asked Maple to calculate and plot the graph of

x2 ¼ r � ðD 1
2
q2

� �
ðruÞÞðx21, 1� x21Þ for x1 2 ð0, 1Þ

when ha, e1i 6¼ 0 and for several different choices of l other than l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 þ x22

p
: Maple

had a difficult time with this. However when l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 þ x22

p
and a ¼ ð0, bÞ, Maple plots

gave strong indications that u was a Martin subsolution when b < 0 for some 0 < k <

1 and a Martin supersolution for some k > 1 when b > 0: This result went against our
intuition, as it did not seem to depend on uniform ellipticity constants for f in (6.3)
ðbÞ: However thanks to Maple we eventually obtained (6.55) and Corollary 6.15.
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Finally the ballpark estimates given for jaj in Lemmas 6.11 and 6.18 could definitely
be improved on by a more serious estimate of the E’s. Also we note that the Martin
exponent for p > 1 and a p-harmonic Martin function on R

2
þ is [17, 18]

ð1=3Þ p� 3� 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 � 3pþ 3

p	 

=ðp� 1Þ

and the Martin function can be written down more or less explicitly. Using this fact
and arguing as in the proof of (6.28), (6.68), with u replaced by the Martin function,
one should be able to get a better estimate in terms of jaj for the exponent of an
A ¼ rf -harmonic Martin function on R

2
þ when p > 2 and f ðgÞ ¼ p�1ðjgjj þ ha, giÞp:
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