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We consider a stochastic differential equation and its Euler-Maruyama (EM) scheme, under some appropriate
conditions, they both admit a unique invariant measure, denoted by π and πη respectively (η is the step size of
the EM scheme). We construct an empirical measure �η of the EM scheme as a statistic of πη, and use Stein’s
method developed in Fang, Shao and Xu (Probab. Theory Related Fields 174 (2019) 945–979) to prove a central
limit theorem of �η. The proof of the self-normalized Cramér-type moderate deviation (SNCMD) is based on a
standard decomposition on Markov chain, splitting η−1/2(�η(.) − π(.)) into a martingale difference series sum
Hη and a negligible remainder Rη. We handle Hη by the time-change technique for martingale, while prove that
Rη is exponentially negligible by concentration inequalities, which have their independent interest. Moreover,
we show that SNCMD holds for x = o(η−1/6), which has the same order as that of the classical result in Shao
(J. Theoret. Probab. 12 (1999) 385–398), Jing, Shao and Wang (Ann. Probab. 31 (2003) 2167–2215).

Keywords: Stochastic differential equation; Euler-Maruyama scheme; central limit theorem; self-normalized
Cramér-type moderate deviation; Stein’s method

1. Introduction

We consider the following stochastic differential equation (SDE) on R
d :

dXt = g(Xt )dt + σ(Xt )dBt , X0 = x, (1.1)

where σ : Rd → R
d×d and g : Rd → R

d satisfy Assumption 2.1 below, and Bt is a d-dimentional
standard Brownian motion. Given a step size η, the Euler-Maruyama (EM) scheme of (1.1) reads as

θk+1 = θk + ηg(θk) + √
ησ(θk)ξk+1, k ≥ 0, (1.2)

where (ξk)k≥1 are i.i.d. standard d-dimensional normal random vectors. When g and σ are both Lips-
chitz, (1.1) admits a unique strong solution and the following strong approximation error bound holds,
see Mao [26]: for any T > 0,

E|XT − θ[T/η]|2 ≤ CT η, (1.3)

the constant CT usually tends to ∞ as T → ∞ and [x] denotes the integer part of x for a x > 0.
When g or σ is irregular, there have recently been some works, see Bao, Huang and Yuan [2] for
the convergence rate of degenerate SDEs. We refer the reader to Bao and Shao [3], Shao [35] for the
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EM scheme of path-dependent SDEs and to Bao and Yuan [4] for that of stochastic differential delay
equations.

Let us first discuss a special case of (1.1) in which σ(x) ≡ Id×d , d × d identity matrix, and g(x) =
−∇U(x) with U being a potential, it is well known that (1.1) is a gradient system and admits a unique
ergodic measure π proportional to e−U(x) from Roberts and Tweedie [34]. (1.2) is called unadjusted
Langevin algorithm (ULA) with constant step size, Roberts and Tweedie [34] mainly established some
criteria for the ergodicity of θk , while Dalalyan [9], Theorem 2, gave an explicit error in total variation
distance between θk and π in terms of d, k, η when ∇U is Lipschitz and strong convex. Replacing
the strong convexity assumption in Dalalyan [9] with a strong convexity at infinity condition, Majka,
Mijatović and Szpruch [25] used a coupling method to show the Wasserstein-2 distance between θk

and π were bounded by C[(1 − η)k/2 + η
1
4 ]. When ∇U is third order differentiable with a appropriate

growth condition but not necessarily Lipschitz, Fang, Shao and Xu [19] showed that as long as the
above (1.2) admits a unique ergodic measure πη , then the Wasserstein-1 distance between πη and π is
bounded by

√
η up to a logarithmic correction. For more research about Langevin algorithm, we refer

the reader to Durmus and Moulines [13,14], Chatterji et al. [6] and the references therein.
The motivations of studying the central limit theorem (CLT) and the self-normalized Cramér type

moderate deviation (SNCMD) of ULA are two folds. One is that there have been many central limit the-
orems and moderate deviation results for Markov chain Monte Carlo (MCMC) algorithm, see Dupuis
and Johnson [12], Meyn and Tweedie [28], Del Moral, Hu and Wu [11], Nyquist [30], Tierney [40],
whereas there are very few these type of fluctuation theorems for Langevin algorithm. The other is that
our result provides a new example for SNCMD for dependent time series, and also a new example that
applies Stein’s method to prove SNCMD, see Chen, Fang and Shao [7], Shao, Zhang and Zhang [37].
Note that there are not many results for SNCMD for dependent time series, see Chen et al. [8], Fan
[15], Fan et al. [16,17], Fang, Luo and Shao [18], Jing, Wang and Zhou [21], Shao and Zhou [38] and
the references therein.

Let us briefly describe our main results and methods as follows. We construct an empirical measure
�η as a statistic of the ergodic measure πη of (1.2), for any function h ∈ C2

b(Rd ,R) (see the definition
of C2

b(Rd ,R) below), we study the CLT and SNCMD of �η(h). In order to prove the CLT, we apply
Stein’s method developed in Fang, Shao and Xu [19]. Assumption 2.1 guarantees that (1.2) admits
a unique invariant measure πη, while the restriction of h ∈ C2

b(Rd ,R) ensures that the solution ϕ

of Stein’s equation (2.9) has bounded 4th order derivatives. Note that the ergodicity of (1.1) does
not imply that of (1.2), see Roberts and Tweedie [34]. The proof of SNCMD is based on a standard
decomposition on Markov chain, splitting η−1/2(�η(h)−π(h)) into a martingale difference series sum
Hη and a negligible remainder Rη. We handle Hη by the time-change technique for martingale, while
prove that Rη is exponentially negligible by concentration inequalities, which have their independent
interest. Moreover, we show that SNCMD holds for x = o(η−1/6), which has the same order as that
of the classical result in Shao [36], Jing, Shao and Wang [20]. Indeed, the limit limη→0(�η(h) −
π(h)) = 0 can be understood as a law of large number (LLN), after zooming in on it by a scale η−1/2,
η−1/2(�η(h) − π(h)) has a normal distributed fluctuation. Our result showed that this fluctuation is
uniformly comparable with normal distribution for all x ∈ (cη1/6, o(η−1/6)). In contrast, Shao et al.’s
result means that by zooming in on 1

n

∑n
i=1 Xi − EX with a scale n1/2, n1/2( 1

n

∑n
i=1 Xi − EX) has a

normal distributed fluctuation uniformly comparable with normal distribution for all x ∈ [0, o(n1/6)).
The paper is organized as the following. Our main results are stated and discussed in Section 2.

In Section 3, we provide some preliminary lemmas. The proof of the CLT is given in Section 4. In
Section 5, we give the proof of SNCMD. The details of the proof of preliminary lemmas are deferred
to Appendix.

We finish this section by introducing some notations which will be frequently used in sequel. For

x ∈ R
d , xi denotes the i-th element of x. For function f : Rd →R, denote ∇3

i,j,kf (x) = ∂3f
∂xi∂xj ∂xk

with
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i, j, k = 1,2, . . . , d . Ck
b(Rd ,R) with k ≥ 1 denotes the collection of all bounded k-th order continu-

ously differentiable functions. The symbols C and c denote positive numbers depending on g and σ ,
Cp and cp denote positive numbers depending on g, σ and the parameter p. Their values may vary
from line to line. We denote the Euclidean norm of Rd by | · | and for higher rank tensors by ‖ · ‖. For
function f , we denote ‖f ‖ = supx∈Rd ‖f (x)‖. If a random variable ξ has a probability distribution
μ, we write ξ ∼ μ. Let {an}n≥1 and {bn}n≥1 be two nonnegative real number sequences, if there exist
some C > 0 such that |an| ≤ Cbn, we write an = O(bn). If limn→∞ an

bn
= 0, we write an = o(bn).

2. Main results

Assumption 2.1. σ(x) ≡ σ with σ being an invertible d × d matrix. g : Rd → R
d is second order

differentiable. There exist L,K1 > 0 and K2 ≥ 0 such that for every x, y ∈R
d

|g(x) − g(y)| ≤ L|x − y|, (2.1)

〈g(x) − g(y), x − y〉 ≤ −K1|x − y|2 + K2. (2.2)

Moreover, the second order derivative of g is bounded.

Remark 2.2. It is easy to see that the assumption (2.1) implies

|g(x)|2 ≤ 2L2|x|2 + 2|g(0)|2, ‖∇g‖ ≤ L, (2.3)

and that the assumption (2.2) and Young’s inequality imply

〈x,g(x)〉 = 〈x − 0, g(x) − g(0)〉 + 〈x,g(0)〉
≤ −K1|x|2 + K2 + K1

2
|x|2 + 1

2K1
|g(0)|2 = −K1

2
|x|2 + C. (2.4)

The condition that g has bounded second order derivative is only needed for proving the regularity to
the solution of Stein’s equation.

Under Assumption 2.1, the Euler-Maruyama scheme reads as

θk+1 = θk + ηg(θk) + √
ησξk+1, k ≥ 0, (2.5)

where θ0 = x and (ξk)k≥1 are i.i.d. standard d-dimensional normal random vectors.

Lemma 2.3. Under Assumption 2.1, SDE (1.1) and (θk)k≥0 are both ergodic with invariant measures
π and πη respectively.

Proof. The proof will be given in Appendix A. �

The generator A of (1.1) is given by

Af (x) = 〈g(x),∇f (x)〉 + 1

2
〈σσ T,∇2f (x)〉HS, (2.6)
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where T is the transpose operator and 〈A,B〉HS := ∑d
i,j=1 AijBij for A,B ∈ R

d×d , and f ∈
C2

b(Rd ,R). To approximate the behavior of (Xt )t≥0, we can use the Euler-Maruyama scheme to dis-
crete (1.1).

For a small η ∈ (0,1), define

�η(·) = 1

[η−2]
[η−2]−1∑

k=0

δθk
(·), (2.7)

where δy(·) is a delta measure of y, i.e., for any A ⊂ R
d , δy(A) = 1 if y ∈ A and δy(A) = 0 if y /∈ A.

We shall see that �η is an asymptotically consistent statistic of π as η → 0.
Parallel to the CLT and tail probability estimates of MCMC algorithms, see Roberts and Rosenthal

[33], it is natural to consider those for �η . For a test function h : Rd → R, we consider the limit of
�η(h)−π(h)√

η
with π(h) = ∫

Rd h(x)π(dx). Our first main result is

Theorem 2.4. Suppose that Assumption 2.1 holds. Let h ∈ C2
b(Rd ,R), then we have

1√
η
(�η(h) − π(h)) ⇒ N(0,π(|σT∇ϕ|2)), as η → 0, (2.8)

where ϕ is the solution to the following Stein’s equation:

h − π(h) = Aϕ, (2.9)

and A is the generator (2.6) of the SDE (1.1).

Let Ek[·] and Pk(·) be respectively the conditional expectation E[·|θk] and conditional probability
P(·|θk). Let �(x) be the standard normal distribution function. Denote 1

Yη = 1

[η−2]
[η−2]−1∑

k=0

|σ T∇ϕ(θk)|2, Wη = η− 1
2 (�η(h) − π(h))√

Yη

.

Our second main result is the SNCMD of Wη as follows.

Theorem 2.5. Suppose that Assumption 2.1 holds. Let θ0 ∼ πη and h ∈ C2
b(Rd ,R), we have

P(Wη ≥ x)

1 − �(x)
= 1 + O

(
xη

1
6 + η

1
6
)

(2.10)

uniformly for cη
1
6 ≤ x = o

(
η− 1

6
)

as η vanishes, where c, O and o depend on L,K1,K2, |g(0)|2, σ .

For the simplicity of notations below, without loss of generality, we assume from now on that η ∈
(0,1) is a small number such that η−1 is an integer. We also denote

m = η−2

1Prof. Fuqing Gao suggested that we replace the self-normalized factor 1
[η−2]

∑[η−2]−1
k=0 〈σT∇ϕ(θk), ξk+1〉2 in the previous

version by 1
[η−2]

∑[η−2]−1
k=0 |σT∇ϕ(θk)|2. Since (θk)k≥0 is observable whereas {ξk}k≥1 is not known, the new self-normalized

factor is more natural.
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and often write η−1 as mη for notational simplicity. Denote

�θk = θk+1 − θk, k ≥ 0.

3. Auxiliary lemmas for Theorem 2.4 and Theorem 2.5

3.1. The strategy of proving Theorem 2.4 and Theorem 2.5

The strategy of proving Theorem 2.4 and Theorem 2.5 is to decompose η− 1
2 (�η(h) − π(h)) into a

martingale and a remainder as in (3.1) below, showing that the remainder is negligible, while the mar-
tingale converges weakly to a normal distribution and satisfies the SNCMD. This type of decomposition
is typical for proving CLT for semi-martingales, see e.g., Teh, Thiery and Vollmer [39], (28).

Lemma 3.1. Let h ∈ C2
b(Rd ,R), a solution to Stein’s equation (2.9) is given by

ϕ(x) = −
∫ ∞

0
E[h(Xt (x)) − π(h)]dt,

where Xt(x) is the solution of equation (1.1) with initial value x. Moreover,

‖∇kϕ‖ ≤ C, k = 0,1,2,3,4.

Proof. Denote ĥ = h − π(h) and Pth(x) = E[h(Xt (x))]. Following the exponential ergodicity of
{Xt }t≥0, i.e. (A.1), one has

|
∫ ∞

0
Psĥ(x)ds| ≤

∫ ∞

0
|Psĥ(x)|ds ≤ CV (x)

∫ ∞

0
e−csds < ∞.

Thus
∫∞

0 Psĥ(x)ds is well defined. For any ε > 0, it is known that ε −A is invertible (cf. Applebaum
[1], pp. 158-159), and

(ε −A)−1ĥ =
∫ ∞

0
e−εtPt ĥdt,

i.e.,

ε

∫ ∞

0
e−εtPt ĥdt − ĥ = A

(∫ ∞

0
e−εtPt ĥdt

)
.

Let ε → 0+,

ε

∫ ∞

0
e−εtPt ĥdt − ĥ → −ĥ,

∫ ∞

0
e−εtPt ĥdt →

∫ ∞

0
Pt ĥdt.

Since A is a closed operator (cf. Partington [31], Theorem 2.2.6),
∫∞

0 Pt ĥdt is in the domain of A and

ĥ = A
(

−
∫ ∞

0
Pt ĥdt

)
.

By Krylov and Priola [22], Theorem 2.6, we know that ϕ ∈ C3
b(Rd ,R). Denoting ϕi = ∂xi

ϕ for
i = 1, . . . , d , it satisfies

Aϕi = ∂xi
h − ∂xi

gϕ,
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it is easy to check that the right hand side of this equation belongs to C1
b(Rd) by Assumption 2.1, we

know that ϕi ∈ C3
b(Rd,R) by Krylov and Priola [22], Theorem 2.6. Hence, ϕ ∈ C4

b(Rd ,R). �

By Stein’s equation (2.9), we have,

�η(h) − π(h) = 1

m

m−1∑
k=0

(h(θk) − π(h)) = 1

m

m−1∑
k=0

Aϕ(θk)

= η

m−1∑
k=0

[
Aϕ(θk)η − (ϕ(θk+1) − ϕ(θk))

]+ η

m−1∑
k=0

(ϕ(θk+1) − ϕ(θk))

= η[ϕ(θm) − ϕ(θ0)] + η

m−1∑
k=0

[
Aϕ(θk)η − (ϕ(θk+1) − ϕ(θk))

]
.

(2.5), (2.6) and the Taylor expansion yield that

Aϕ(θk)η − (ϕ(θk+1) − ϕ(θk))

=η

2
〈∇2ϕ(θk), σσ T〉HS − √

η〈∇ϕ(θk), σξk+1〉 − 1

2
〈∇2ϕ(θk), (�θk)(�θk)

T〉HS

− 1

6

∫ 1

0

d∑
i1,i1,i3=1

∇3
i1,i2,i3

ϕ(θk + t�θk)(�θk)i1(�θk)i2(�θk)i3 dt.

This, together with the previous two relations and �θk = ηg(θk) + √
ησξk+1, implies

η− 1
2 (�η(h) − π(h)) = Hη +Rη, (3.1)

where, as we shall see below, Hη is a martingale and Rη is a remainder, given by

Hη = −η

m−1∑
k=0

〈∇ϕ(θk), σξk+1〉, Rη = −
6∑

i=1

Rη,i ,

with

Rη,1 =√
η(ϕ(θ0) − ϕ(θm)), Rη,2 = η

3
2

2

m−1∑
k=0

〈∇2ϕ(θk), (σξk+1)(σξk+1)
T − σσ T〉HS,

Rη,3 =η2

2

m−1∑
k=0

[
〈∇2ϕ(θk), g(θk)(σξk+1)

T〉HS + 〈∇2ϕ(θk), σξk+1(g(θk))
T〉HS

]
,

Rη,4 =η2

6

m−1∑
k=0

∫ 1

0

d∑
i1,i2,i3=1

∇3
i1,i2,i3

ϕ(θk + t�θk)(σξk+1)i1(σξk+1)i2(σξk+1)i3dt,

Rη,5 =η
5
2

2

m−1∑
k=0

〈∇2ϕ(θk), g(θk)g(θk)
T〉HS
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+ η
7
2

6

m−1∑
k=0

∫ 1

0

d∑
i1,i2,i3=1

∇3
i1,i2,i3

ϕ(θk + t�θk)(g(θk))i1(g(θk))i2(g(θk))i3dt,

Rη,6 =η
5
2

2

m−1∑
k=0

∫ 1

0

d∑
i1,i2,i3=1

[
∇3

i1,i2,i3
ϕ(θk + t�θk)(g(θk))i1(σξk+1)i2(σξk+1)i3

+√
η∇3

i1,i2,i3
ϕ(θk + t�θk)(g(θk))i1(g(θk))i2(σξk+1)i3

]
dt.

A crucial lemma for estimating the remainder Rη is Lemma 3.3, which has a long proof as below. To
better understand the proof’s strategy, we give a continuous version as the following. For the solution
Xt of SDE (1.1) and a constant γ > 0 which will be chosen later, Itô’s formula implies

|Xt |2 − |x|2 =
∫ t

0
2〈Xs,g(Xs)〉ds +

∫ t

0
2〈Xs,σdBs〉 + t‖σ‖2

≤ −
∫ t

0
K1|Xs |2ds +

∫ t

0
2〈Xs,σdBs〉 + (C + ‖σ‖2)t,

where the second line follows (2.4). Then we have

E exp

{
γ |Xt |2 +

∫ t

0
γK1|Xs |2ds

}
≤ eγ |x|2eγ (C+‖σ‖2)t

E exp

{∫ t

0
2γ 〈Xs,σdBs〉

}
.

Hölder’s inequality and the exponential martingale property yield

E exp

{∫ t

0
2γ 〈Xs,σdBs〉

}

≤
(
E exp

{∫ t

0
4γ 〈Xs,σdBs〉 −

∫ t

0
8γ 2|XT

s σ |2ds

}) 1
2
(
E exp

{∫ t

0
8γ 2|XT

s σ |2ds

}) 1
2

=
(
E exp

{∫ t

0
8γ 2|XT

s σ |2ds

}) 1
2 ≤
(
E exp

{∫ t

0
γK1|Xs |2ds

}) 1
2

,

where we choose γ small enough such that 8γ ‖σ‖2 ≤ K1 in the last inequality. That is

E exp

{
γ |Xt |2 +

∫ t

0
γK1|Xs |2ds

}
≤ eγ |x|2eγ (C+‖σ‖2)t

(
E exp

{∫ t

0
γK1|Xs |2ds

}) 1
2

≤ eγ |x|2eγ (C+‖σ‖2)t

(
E exp

{
γ |Xt |2 +

∫ t

0
γK1|Xs |2ds

}) 1
2

.

Hence by (2.3), we have

E exp

{
γ |Xt |2 +

∫ t

0

γK1

2L2
|g(Xs)|2ds

}
≤ E exp

{
γ |Xt |2 +

∫ t

0
γK1|Xs |2ds

}
e

γK1
L2 |g(0)|2t

≤ Cect .
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Replacing γK1
2L2 by γ̃ , we can get

E exp
{
γ |Xt |2

}
≤ Cect , E exp

{∫ t

0
γ̃ |g(Xs)|2ds

}
≤ Cect .

3.2. Auxiliary lemmas for Rη

We will give in this subsection several lemmas of Rη which play a crucial role in proving main results.
Their proofs will be given in Appendix B and the supplemental article Lu, Tan and Xu [24]. In order to
estimate the tail probability of Rη, we need the following four lemmas, the first three lemmas paving
a way for proving the last.

Lemma 3.2. Let �1 : Rd → R
d and �2 :R2d → R both be measurable functions. We have

Ek

[
exp {〈�1(θk), σ ξk+1〉 + �2(θk, ξk+1)}

]≤ (Ek

[
exp
{

2|�1(θk)|2‖σ‖2 + 2�2(θk, ξk+1)
}]) 1

2

for k = 0, . . . ,m − 1. Moreover, we have

E exp{
m−1∑
k=0

(〈�1(θk), σ ξk+1〉 + �2(θk, ξk+1))} ≤
(
E exp{

m−1∑
k=0

2
(
|�1(θk)|2‖σ‖2 + �2(θk, ξk+1)

)
}
) 1

2

,

and

E0 exp{
m−1∑
k=0

(〈�1(θk), σ ξk+1〉 + �2(θk, ξk+1))}

≤
(
E0 exp{

m−1∑
k=0

2
(
|�1(θk)|2‖σ‖2 + �2(θk, ξk+1)

)
}
) 1

2

.

Lemma 3.3. Under Assumption 2.1, there exist η0 > 0 and γ0 > 0, both depending on L,K1,K2,
|g(0)|2 and σ , such that as η < η0 and γ < γ0,

E0 exp

{
γ η

m−1∑
k=0

|g(θk)|2
}

≤ Cec(η−1+|θ0|2), (3.2)

where C and c depend on L,K1,K2, |g(0)|2, σ and γ . Moreover, if θ0 ∼ πη ,

E exp

{
γ η

m−1∑
k=0

|g(θk)|2
}

≤ Cecη−1
, (3.3)

where C and c depend on L,K1,K2, |g(0)|2, σ and γ . This particular implies that for all x > 0,

P0

(
η

m−1∑
k=0

|g(θk)|2 > x

)
≤ Cec1(η

−1+|θ0|2)e−c2x, (3.4)
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where C, c1, c2 depends on L,K1,K2, |g(0)|2, σ and γ0. Moreover, if θ0 ∼ πη ,

P

(
η

m−1∑
k=0

|g(θk)|2 > x

)
≤ Cec1η

−1
e−c2x, (3.5)

where C, c1, c2 depends on L,K1,K2, |g(0)|2, σ and γ0.

Lemma 3.4. Let � :R2d → R
d be measurable function satisfying the conditions

Ek[�(θk, ξk+1)] = 0 and Pk(|�(θk, ξk+1)| ≤ K(1 + |ξk+1|2)) = 1

for k = 0, . . . ,m − 1, where K ∈ (0,∞) is an arbitrary constant. Then we have

E

[
exp

{
1√
m

m−1∑
n=0

�(θk, ξk+1)

}]
≤ C,

where C depends on K .

Lemma 3.5. Suppose that Assumption 2.1 holds. Let h ∈ C2
b(Rd ,R) and ϕ : Rd → R be the solution

of (2.9). We have

P0(|Rη| > x) ≤ Cec1‖θ0‖2
(

e−c2η
− 1

2 x
1
2 1{x<η−1} + e−c2η

− 3
5 x

2
5 1{x≥η−1} + e−c2η

−2γ̄ x
2
3

)
,

where 0 < γ̄ < 1
4 and x ≥ c max{η 3

2 −6γ̄ , η
3
2 γ̄ , η

1
2 }. Here C, c, c1, c2 depends on L,K1,K2, |g(0)|2,

σ . Moreover, for θ0 ∼ πη, we have

P(|Rη| > x) ≤ C

(
e−c1η

− 1
2 x

1
2 1{x<η−1} + e−c1η

− 3
5 x

2
5 1{x≥η−1} + e−c1η

−2γ̄ x
2
3

)
,

where 0 < γ̄ < 1
4 and x ≥ c max{η 3

2 −6γ̄ , η
3
2 γ̄ , η

1
2 }. Here C, c, c1 depends on L,K1,K2, |g(0)|2, σ .

The proof of Lemma 3.5 is much more complicated and we give details in the supplemental article
Lu, Tan and Xu [24].

4. Proof of Theorem 2.4

We first introduce following lemma which paves a way to proving the convergence of martingale Hη.
Its proof borrows the idea of the Stein’s method in Fang, Shao and Xu [19], Theorem 2.5.

Lemma 4.1. Let π and πη be the same as those in Lemma 2.3, ϕ be the solution of Stein’s equation
(2.9). We have

|πη(|σ T∇ϕ|2) − π(|σ T∇ϕ|2)| ≤ Cη
1
2 .
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Here, C depends on g and σ .

Proof. We shall use the stationary Markov chain trick in Fang, Shao and Xu [19], Theorem 2.5. Let
{θk}k≥0 be the Markov chain with initial value θ0 ∼ πη. (2.5) implies that

E0[�θ0] = ηg(θ0), E0[(�θ0)(�θ0)
T] = η2g(θ0)g

T(θ0) + ησσ T. (4.1)

The Taylor expansion and the stationarity of (θk)k≥0 yield

0 =E[|σ T∇ϕ(θ1)|2 − |σ T∇ϕ(θ0)|2] (4.2)

=E[〈∇|σ T∇ϕ(θ0)|2,�θ0〉] + 1

2
E[〈∇2|σ T∇ϕ(θ0)|2,�θ0(�θ0)

T〉HS]

+ 1

6

∫ 1

0
E

⎡
⎣ d∑

i1,i1,i3=1

∇3
i1,i2,i3

|σ T∇ϕ(θ0 + t�θ0)|2(�θ0)i1(�θ0)i2(�θ0)i3

⎤
⎦dt.

For the first and the second terms, by (4.1), we have

E[〈∇|σ T∇ϕ(θ0)|2,�θ0〉] = E[〈∇|σ T∇ϕ(θ0)|2,E0[�θ0]〉] = E[〈∇|σ T∇ϕ(θ0)|2, ηg(θ0)〉],

E[〈∇2|σ T∇ϕ(θ0)|2,�θ0(�θ0)
T〉HS] = E[〈∇2|σ T∇ϕ(θ0)|2,E0[�θ0(�θ0)

T]〉HS]
= E[〈∇2|σ T∇ϕ(θ0)|2, η2g(θ0)g

T(θ0) + ησσ T〉HS].
Combining equalities above with (2.6) and (4.2), we have

E[A(|σT∇ϕ(θ0)|2)] = −1

2
E[〈∇2|σ T∇ϕ(θ0)|2, ηg(θ0)g

T(θ0)〉HS]

− 1

6η

∫ 1

0
E

⎡
⎣ d∑

i1,i1,i3=1

∇3
i1,i2,i3

|σ T∇ϕ(θ0 + t�θ0)|2(�θ0)i1(�θ0)i2(�θ0)i3

⎤
⎦dt.

For the first term, the boundedness of ‖∇3ϕ‖ and (A.5) imply∣∣∣∣12E[〈∇2|σ T∇ϕ(θ0)|2, ηg(θ0)g
T(θ0)〉HS]

∣∣∣∣≤ Cπη(|g|4)1/2η ≤ Cη.

For the second term, by (A.5), we can get

E[|g(θ0)|3] ≤ (E[|g(θ0)|4]
)3/4 = πη(|g|4)3/4 < ∞.

Cauchy’s inequality and the boundedness of ‖∇4ϕ‖ imply∣∣∣∣∣∣
1

6η

∫ 1

0
E

⎡
⎣ d∑

i1,i1,i3=1

∇3
i1,i2,i3

|σ T∇ϕ(θ0 + t�θ0)|2(�θ0)i1(�θ0)i2(�θ0)i3

⎤
⎦dt

∣∣∣∣∣∣
≤C

η

∫ 1

0
E[‖∇3|σ T∇ϕ(θ0 + t�θ0)|2‖|�(θ0)|3]dt ≤ C(η2

E[|g(θ0)|3] + η
1
2 E[|ξ1|3]) ≤ Cη

1
2 .
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Here, the constant C depends on σ and g. Hence we have

|E[A(|σ T∇ϕ(θ0)|2)]| ≤ Cη
1
2 .

From Stein’s equation (2.9), we deduce

|πη(|σ T∇ϕ|2) − π(|σ T∇ϕ|2)| = |E[|σ T∇ϕ(θ0)|2 − π(|σ T∇ϕ|2)]| = |E[A(|σ T∇ϕ(θ0)|2)]| ≤ Cη
1
2 .

�

Lemma 4.2. Under the condition of Theorem 2.4, we have

Hη ⇒ N(0,π(|σT∇ϕ|2)).

Proof. Recall Hη = −η
∑m−1

i=0 〈∇ϕ(θi), σ ξi+1〉. We denote

Zi = 〈∇ϕ(θi), σ ξi+1〉, i = 0, . . . ,m − 1.

McLeish [27], Theorem 2.3, will imply the result if we can verify the conditions

E max
0≤i≤m−1

{η|Zi |} → 0, (4.3)

η2
m−1∑
i=0

Z2
i → π(|σ T∇ϕ|2) in probability. (4.4)

Denoting Ẑi = Zi1{|Zi |2≤η−1} and Ži = Zi1{|Zi |2>η−1}, we have

η2( max
0≤i≤m−1

{|Zi |})2 = η2 max
0≤i≤m−1

{|Zi |2} ≤ η2 max
0≤i≤m−1

{|Ẑi |2} + η2 max
0≤i≤m−1

{|Ži |2}.

It is easily to see that the first term converges to 0 in probability. For the second term, we have

η2
E max

0≤i≤m−1
{|Ži |2} ≤ η2

∑
0≤i≤m−1

E|Ži |2.

Since E[Z2
i ] is finite, E|Ži |2 converges to 0 as η → 0 for each i, this implies that η2 ×

E[max0≤i≤m−1{|Ži |2}] converges to 0. Hölder’s inequality yields (4.3).
For (4.4), we can finish the proof if we verify

E[η2
m−1∑
i=0

(
Z2

i − π(|σ T∇ϕ|2)
)
]2 (4.5)

≤ 2E[η2
m−1∑
i=0

(
Z2

i − πη(|σ T∇ϕ|2)
)
]2 + 2

(
η2

m−1∑
i=0

(
πη(|σ T∇ϕ|2 − π(|σ T∇ϕ|2)))2 → 0.

By Lemma 4.1, the second term converges to 0. For the first term, a straight calculation gives that

E[η2
m−1∑
i=0

(
Z2

i − πη(|σ Tϕ|2)
)
]2 = η4

m−1∑
i=0

E[Z2
i − πη(|σ Tϕ|2)]2
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+2η4
m−1∑

i,j=0,i<j

E

[
(Z2

i − πη(|σ Tϕ|2))(Z2
j − πη(|σ Tϕ|2))

]
.

For the first term, the boundedness of ‖∇ϕ‖ implies

E[Z2
i − πη(|σ Tϕ|2)]2 ≤ 2E[Z4

i ] + 2πη(|σ Tϕ|2)2

≤ 2E[|∇ϕ(θi)|4‖σ‖4|ξi+1|4] + 2πη(|σ Tϕ|2)2

≤ C + 2πη(|σ Tϕ|2)2. (4.6)

Then we have

η4
m−1∑
i=0

E[Z2
i − πη(|σ Tϕ|2)]2 ≤ Cη4m → 0.

For the second term, we can calculate that

m−1∑
i,j=0,i<j

E

[
(Z2

i − πη(|σ Tϕ|2))(Z2
j − πη(|σ Tϕ|2))

]

=
m−1∑

i,j=0,i<j

E

[
(Z2

i − πη(|σ Tϕ|2))Ei+1[Z2
j − πη(|σ Tϕ|2)]

]

=
m−1∑

i,j=0,i<j

E

[
(Z2

i − πη(|σ Tϕ|2))Ei+1[|σ T∇ϕ(θj )|2 − πη(|σ Tϕ|2)]
]

≤
[t]∑

i,j=0,i<j

E

[
|Z2

i − πη(|σ Tϕ|2)|(1 + |θi+1|2)e−c(j−i−1)
]
,

where the last inequality follows from (A.3). By Hölder’s inequality, we have

m−1∑
i,j=0,i<j

E

[
(Z2

i − πη(|σ Tϕ|2))(Z2
j − πη(|σ Tϕ|2))

]

≤
m−1∑

i,j=0,i<j

[(
E

[
(Z2

i − πη(|σ Tϕ|2))
]2
) 1

2
(
E

[
(1 + |θi+1|2)e−c(j−i−1)

]2
) 1

2
]

≤ C

m−1∑
i,j=0,i<j

e−c(j−i)
(

1 +E|θi+1|4
) 1

2
,

where the boundedness of E
[
(Z2

i − πη(|σ Tϕ|2))]2 follows from (4.6). Now we estimate E|θi+1|4. A
similar calculation with (A.4) yields

E[|θi+1|4] = E[Ei |θi+1|4] ≤ (1 − K1η + cη2)E[|θi |4] + Cη.
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By iteration with initial data θ0 = x, we obtain

E[|θi+1|4] ≤ Cη

i∑
k=0

(1 − K1η + cη2)k + |x|4(1 − K1η + cη2)i+1.

Choosing η small enough such that 1 − K1η + cη2 < 1 gives

E[|θk|4] ≤ |x|4 + C

K1 + cη
, k = 0,1, . . .

Combining the relationships above, we have

2η4
m−1∑

i,j=0,i<j

E

[
(Z2

i − πη(|σ Tϕ|2))(Z2
j − πη(|σ Tϕ|2))

]
≤ Cη4

m−1∑
i,j=0,
i<j

e−c(j−i)

= Cη4
m−1∑
i,j=0,

0<j−i≤lnm

e−c(j−i) + Cη4
m−1∑
i,j=0,

lnm<j−i

e−c(j−i)

≤ Cη4m lnm + Cη4e−c lnm(m − lnm)2 → 0.

Hence we prove the first term of (4.5) converges to 0 and finish the proof. �

Proof of Theorem 2.4. We have shown in (3.1) that

η− 1
2 (�η(h) − π(h)) = Hη +Rη.

Here Hη weakly converges to N(0,π(|σT∇ϕ|2)) by Lemma 4.2. Lemma 3.5 implies Rη converges to

0 in probability with fixed initial value θ0. Thus η− 1
2 (�η(h) − π(h)) ⇒ N(0,π(|σT∇ϕ|2)). �

5. Proof of Theorem 2.5

5.1. Self-normalized Cramér-type moderate deviation of Hη

In order to prove the Cramér-type moderate deviation result for Hη , we introduce following concen-
tration inequality for stationary process.

Lemma 5.1. Suppose that the conditions of Theorem 2.5 hold. Then, for any y > 0

P

(∣∣∣∣∣
k−1∑
i=0

|σ Tϕ(θi)|2 − kπη(|σ Tϕ|2)
∣∣∣∣∣> y

)
≤ 2e−Cy2k−1

, k ∈N.

Here, C depends on g and σ .

Proof. Since θ0 ∼ πη , (θk)k≥0 is stationary. Following Dedecker and Gouëzel [10], (6), with
||σ Tϕ(θk)|2 − πη(|σ Tϕ|2)| ≤ C, we can get the result immediately. �
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Lemma 5.2. Under the conditions of Theorem 2.5, one has

P

(
Hη√
Yη

≥ x

)/
(1 − �(x)) = 1 + O(xη

1
3 + η

1
3 ),

uniformly for η
1
3 ≤ x = o(η− 1

3 ) as η tends to zero. Here, O and o depend on g, σ .

Proof. We first prove the upper bound of P

(
Hη√
Yη

≥ x

)/
(1 − �(x)). Notice that EYη =

πη(|σ T∇ϕ|2) by the fact θ0 ∼ πη , without loss of generality, we may assume EYη = πη(|σ T∇ϕ|2) = 1.
For y such that 0 < yη2 < 1 which will be chosen later, Lemma 5.1 implies

P

(
Hη/

√
Yη ≥ x

)
= P

(
Hη/

√
Yη ≥ x,η−2

∣∣1 −Yη

∣∣> y
)

+ P

(
Hη/

√
Yη ≥ x,η−2

∣∣1 −Yη

∣∣≤ y
)

≤ P

(
η−2
∣∣1 −Yη

∣∣> y
)

+ P

(
Hη/

√
1 − yη2 ≥ x,η−2

∣∣1 −Yη

∣∣≤ y

)

≤ 2e−Cy2η2 + P

(
Hη/

√
1 − yη2 ≥ x

)
. (5.1)

Define

H̃t = η

∫ t

0
∇ϕ(θ[s])TσdBs

for any t ∈ R
+ which is a continuous martingale. Denote its sharp bracket process by 〈H̃〉(s, t) =

η2
∫ t

s
|σ T∇ϕ(θ[r])|2dr and 〈H̃〉(t) = 〈H̃〉(0, t) for simplicity. It is easy to see

H̃m
d= Hη,

〈H̃〉(t) = η2
∫ t

0
|σ T∇ϕ(θ[s])|2ds =

[t]−1∑
i=0

η2|σ T∇ϕ(θi)|2 + η2
∫ t

[t]
|σ T∇ϕ(θ[s])|2ds.

Denoting the stopping time T1 = inf{s : 〈H̃〉(s) > 1}, Dambis-Dubins-Schwarz Theorem (cf. Revuz
and Yor [32], Theorem 5.1.6) yields that H̃T1 is a FT1 -Brownian motion and H̃T1 ∼ N(0,1). Then we
have

P

(
Hη/

√
1 − yη2 ≥ x

)
= P

(
H̃m − H̃T1 + H̃T1√

1 − yη2
≥ x

)
(5.2)

≤ P

(
H̃m − H̃T1√

1 − yη2
≥ c0

)
+ P

(
H̃T1√

1 − yη2
≥ x − c0

)

with small c0 satisfying 0 < c0 ≤ x which will be chosen later. For the second term on the right hand
side, since H̃T1 ∼ N(0,1),

P

(
H̃T1√

1 − yη2
≥ x − c0

)
= 1 − �(

√
1 − yη2(x − c0)). (5.3)
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For the first term and α ∈ (0,1), we have

P

(
H̃m − H̃T1√

1 − yη2
≥ c0

)
= P

(
H̃m − H̃T1√

1 − yη2
≥ c0, T1 /∈ [m − mα,m + mα]

)
(5.4)

+P

(
H̃m − H̃T1√

1 − yη2
≥ c0, T1 ∈ [m − mα,m + mα]

)
.

Without loss of generality, we may assume that mα is an integer. The definition of T1 implies {T1 <

m − mα} = {〈H̃〉(m − mα) > 1} and {T1 > m + mα} = {〈H̃〉(m + mα) < 1}. Then we can obtain

P
(H̃m − H̃T1√

1 − yη2
≥ c0, T1 /∈ [m − mα,m + mα]) ≤ P

(
T1 < m − mα

)+ P
(
T1 > m + mα

)

= P

(
〈H̃〉(m − mα) > 1

)
+ P

(
〈H̃〉(m + mα) < 1

)
.

Following Lemma 5.1, one has

P

(
〈H̃〉(m − mα) > 1

)
= P

(
m−mα−1∑

i=0

|σ T∇ϕ(θi)|2 − (m − mα) > m − (m − mα)

)

≤ e−Cm2α(m−mα)−1 ≤ e−Cm2α−1
.

Similarly, we can get P
(
〈H̃〉(m + mα) < 1

)
≤ e−Cm2α−1

. That is

P

(
H̃m − H̃T1√

1 − yη2
≥ c0, T1 /∈ [m − mα,m + mα]

)
≤ 2e−Cm2α−1

. (5.5)

For the second term of (5.4), we have

P

(
H̃m − H̃T1√

1 − yη2
≥ c0, T1 ∈ [m − mα,m + mα]

)
(5.6)

≤ P

(
sup

s∈[m−mα,m+mα]
(H̃m − H̃s) ≥ c0

√
1 − yη2

)

≤ P

(
sup

s∈[m,m+mα]
(H̃m − H̃s) ≥ c0

√
1 − yη2

)
+ P

(
sup

s∈[m−mα,m]
(H̃m − H̃s) ≥ c0

√
1 − yη2

)
.

For the first term and positive number y′ which will be chosen later, one has

P

(
sup

s∈[m,m+mα]
(H̃m − H̃s) ≥ c0

√
1 − yη2

)

≤ P

(
〈H̃〉(m,m + mα) > η2y′)

+P

(
sup

s∈[m,m+mα]
(H̃s − H̃m) ≥ c0

√
1 − yη2, 〈H̃〉(m,m + mα) ≤ η2y′

)
.
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The first probability can be estimate by Lemma 5.1, that is,

P

(
〈H̃〉(m,m + mα) > η2y′)≤ e− C(y′−mα)2

mα .

For the second probability, the Bernstein inequality (cf. Barlow, Jacka and Yor [5], Proposition 4.2.3(1))
implies

P

(
sup

s∈[m,m+mα]
(H̃s − H̃m) ≥ c0

√
1 − yη2, 〈H̃〉(m,m + mα) ≤ η2y′

)

≤ exp{−c2
0(1 − yη2)

2η2y′ } = e
− c2

0(m−y)

2y′ .

Thus we have

P

(
sup

s∈[m,m+mα]
(H̃m − H̃s) ≥ c0

√
1 − yη2

)
≤ e− C(y′−mα)2

mα + e
− c2

0(m−y)

2y′ . (5.7)

For the second term of (5.6),

P

(
sup

s∈[m−mα,m]
(H̃m − H̃s) ≥ c0

√
1 − yη2

)

≤
mα−1∑
k=0

P

(
sup

s∈[m−k−1,m−k]
(H̃m − H̃s) ≥ c0

√
1 − yη2

)

≤
mα−1∑
k=0

P

(
H̃m − H̃m−k ≥ c0

2

√
1 − yη2

)
+

mα−1∑
k=0

P

(
sup

s∈[m−k−1,m−k]
(H̃m−k − H̃s) ≥ c0

2

√
1 − yη2

)
.

For the first probability, the stability of θk and (5.7) yield

mα−1∑
k=0

P

(
H̃m − H̃m−k ≥ c0

2

√
1 − yη2

)
=

mα−1∑
k=0

P

(
H̃m+k − H̃m ≥ c0

2

√
1 − yη2

)

≤ mα
P

(
sup

s∈[m,m+mα]
(H̃s − H̃m) ≥ c0

2

√
1 − yη2

)

≤ mα

(
e− C(y′−mα)2

mα + e
− c2

0(m−y)

8y′
)

.

For the second probability, by the boundedness of ∇ϕ, we have

mα−1∑
k=0

P

(
sup

s∈[m−k−1,m−k]
(H̃m−k − H̃s) ≥ c0

2

√
1 − yη2

)

=
mα−1∑
k=0

P

(
sup

s∈[m−k−1,m−k]

∫ m−k

s

η(∇ϕ(θ[r]))TσdBr ≥ c0

2

√
1 − yη2

)
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≤
mα−1∑
k=0

P

(
sup

m−k−1≤s≤t≤m−k

|Bt − Bs | ≥ Cc0

η

√
1 − yη2

)

≤ mα
P

(
sup

0≤s≤1,0≤t−s≤1
|Bs+(t−s) − Bs | ≥ Cc0

η

√
1 − yη2

)
.

Following [23], Theorem 12.1.c, we can get

mα−1∑
k=0

P

(
sup

s∈[m−k−1,m−k]
(H̃m−k − H̃s) ≥ c0

2

√
1 − yη2

)
≤ cmαe

− Cc2
0

η2 (1−yη2)
.

Hence we have

P

(
H̃m − H̃T1√

1 − yη2
≥ c0, T1 ∈ [m − mα,m + mα]

)
(5.8)

≤ (1 + mα)
(
e− C(y′−mα)2

mα + e
− c2

0(m−y)

8y′ )+ cmαe−Cη−2c2
0(1−yη2).

Combining (5.1-5.8), we obtain

P

(
Hη/

√
Yη ≥ x

)
≤ 1 − �(

√
1 − yη2(x − c0)) + 2e−Cy2η2 + 2e−Cm2α−1

+(1 + mα)
(
e− C(y′−mα)2

mα + e
− c2

0(m−y)

8y′ )+ cmαe−Cη−2c2
0(1−yη2). (5.9)

By the following well known estimate of normal distribution (cf. Fan et al. [16], (4.1))

1√
2π(1 + x)

e− x2
2 ≤ 1 − �(x) ≤ 1√

π(1 + x)
e− x2

2 , x ≥ 0, (5.10)

we have

P

(
Hη/

√
Yη ≥ x

)/
(1 − �(x))

≤ 1 − �(
√

1 − yη2(x − c0))

1 − �(x)
+ √

2π(1 + x)

[
2e−Cy2η2+ x2

2 + 2e−Cm2α−1+ x2
2

+(1 + mα)
(
e− C(y′−mα)2

mα + x2
2 + e

− c2
0(m−y)

8y′ + x2
2
)+ cmαe−Cη−2c2

0(1−yη2)+ x2
2

]
.

For the normal distribution part, by (5.10) again, we have

1 − �(
√

1 − yη2(x − c0))

1 − �(x)
(5.11)

= 1 − �(
√

1 − yη2(x − c0))

1 − �(x)
1{x≥1} + 1 − �(

√
1 − yη2(x − c0))

1 − �(x)
1{0≤x<1}
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≤
√

2(1 + x)

1 +√1 − yη2(x − c0)
e

1
2 x2− 1

2 (1−yη2)(x−c0)
2
1{x≥1}

+(1 +
∫ x

√
1−yη2(x−c0)

e− t2
2 dt
/∫ ∞

x

e− t2
2 dt
)
1{0≤x<1}

≤
√

2(1 + x)

1 +√1 − yη2(x − c0)
e− 1

2 c2
0+xc0+ 1

2 (x−c0)
2yη2

1{x≥1}

+[1 + (1 + x)
(
x −
√

1 − yη2(x − c0)
)
e− 1

2 c2
0+xc0+ 1

2 (x−c0)
2yη2]

1{0≤x<1}

≤ e− 1
2 c2

0+xc0+C(x−c0)
2yη2

1{x≥1} + [1 + C
(
x −
√

1 − yη2(x − c0)
)]

1{0≤x<1}.

Thus,

P

(
Hη/

√
Yη ≥ x

)/
(1 − �(x))

≤ e− 1
2 c2

0+xc0+C(x−c0)
2yη2

1{x≥1} + [1 + C
(
x −
√

1 − yη2(x − c0)
)]

1{0≤x<1}

+√
2π(1 + x)

[
2e−Cy2η2+ x2

2 + 2e−Cm2α−1+ x2
2

+(1 + mα)
(
e− C(y′−mα)2

mα + x2
2 + e

− c2
0(m−y)

8y′ + x2
2
)+ cmαe−Cη−2c2

0(1−yη2)+ x2
2

]
.

To guarantee the limit of the first two terms is 1 and the last term is 0 as η → 0, i.e. m → ∞. We need

y2η2 → ∞, 2Cy2η2 > x2, η2x2y → 0 and x = o(c−1
0 ). Choosing y = η− 4

3 , c0 = η
1
3 , y′ = η− 2

3 and
α = 2/3, one has

P

(
Hη√
Yη

≥ x

)/
(1 − �(x))

≤ e−c(η
2
3 −xη

1
3 −x2η

2
3 )1{x≥1} + [1 + C

(
x − (1 − η

2
3 )−

1
2 (x − η

1
3 )
)]

1{0<x<1} + eC(x2−η
− 2

3 )

≤ 1 + C(xη
1
3 + η

1
3 )

converges to 1 uniformly for η
1
3 ≤ x = o(η−1/3) as η tends to 0.

For the lower bound of P

(
Hη√
Yη

≥ x

)/
(1 − �(x)), we have

P

(
Hη√
Yη

≥ x

)
≥ P

(
Hη√
Yη

≥ x,η−2
∣∣1 −Yη

∣∣≤ y

)

≥ P

(
Hη√

1 + η2y
≥ x,η−2

∣∣1 −Yη

∣∣≤ y

)

= P

(
Hη√

1 + η2y
≥ x

)
− P

(
Hη√

1 + η2y
≥ x,η−2

∣∣1 −Yη

∣∣> y

)
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≥ P

(
H̃T1√

1 + η2y
≥ x + c0

)
− P

(
H̃T1 − H̃m√

1 + η2y
≥ c0

)
− P

(
η−2
∣∣1 −Yη

∣∣> y
)

.

Similar with the estimate of the upper bound, (5.10), (5.4) and Lemma 5.1 imply

P

(
Hη√
Yη

≥ x

)/
(1 − �(x)) ≥ 1 − C(xη

1
3 + η

1
3 )

converges to 1 uniformly for η
1
3 ≤ x = o(η−1/3) as η tends to 0. Hence, we have

P

(
Hη√
Yη

≥ x

)/
(1 − �(x)) = 1 + O(xη

1
3 + η

1
3 )

uniformly for η
1
3 ≤ x = o(η−1/3) as η vanishes. �

5.2. Proof of Theorem 2.5

Proof of Theorem 2.5. We have proved the following decomposition,

η− 1
2
(
�η(h) − π(h)

)= Rη +Hη.

Noting that, for any x > 0 and 0 < y < x, we have

P(Wη ≥ x) = P

(
Rη +Hη√

Yη

≥ x

)
≤ P

(
Hη√
Yη

≥ x − y

)
+ P

(
Rη√
Yη

≥ y

)
. (5.12)

For the first term, Lemma 5.2 yields that

P

(
Hη√
Yη

≥ x − y

)/
(1 − �(x − y)) = 1 + O((x − y)η

1
3 + η

1
3 )

uniformly for η
1
3 ≤ x − y = o(η− 1

3 ) as η tends to zero. We take η
1
3 < x = o(η−α) and y = o(1) such

that α ≤ 1/3, xy → 0 and x − y ≥ η
1
3 , here y will be chosen later. Similar with the calculation of

(5.11), (5.10) yields

1 − �(x − y)

1 − �(x)
= 1 + O(xy + y).

Hence,

P
(
Hη/

√
Yη ≥ x − y

)
1 − �(x)

= P
(
Hη/

√
Yη ≥ x − y

)
1 − �(x − y)

1 − �(x − y)

1 − �(x)

= 1 + O(xη
1
3 + η

1
3 + xy + y) (5.13)

as η vanishes.
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For the second term of (5.12), we have

P

(
Rη√
Yη

≥ y

)
≤ P

(
Yη < EYη − y

)+ P

(
Rη√
Yη

≥ y,Yη ≥ EYη − y

)

≤ P
(
EYη −Yη > y

)+ P

(
Rη ≥ y

√
EYη − y

)
.

For the first probability, Lemma 5.1 yields that

P(EYη −Yη > y) ≤ e−Cy2η−2
.

For the second probability, following the stationary of θk and Lemma 3.5, one has

P

(
Rη ≥ y

√
EYη − y

)
= P

(
Rη ≥ y

√
π(|σ T∇ϕ|2) − y

)
≤ Ce−cη−2γ̄ y

2
3
,

as y ≥ c max{η 3
2 −6γ̄ , η

3
2 γ̄ , η

1
2 } = cη

3
2 −6γ̄ where 1

5 ≤ γ̄ < 1
4 . Hence, we have

P

(
Rη√
Yη

≥ y

)
≤ C

(
e−cη−2y2 + e−cη−2γ̄ y

2
3

)
.

This, together with (5.10), implies

P

(
Rη√
Yη

≥ y

)/
(1 − �(x)) ≤C(1 + x)e

1
2 x2

P

(
Rη√
Yη

≥ y

)
.

It converges to 0 as η → 0 uniformly for

η
1
3 ≤ x = o

(
min{η−1y,η−γ̄ y

1
3 }
)

.

Since Lemma 5.2 holds uniformly as η
1
3 + y ≤ x = o(η−α), we need to choose α, y and γ̄ such that

min{η−1y,η−γ̄ y
1
3 } ≥ η−α.

By taking α = 1/6, y = cη
1
6 and γ̄ = 2/9, we can get

P

(
Rη√
Yη

≥ y

)/
(1 − �(x)) ≤C(1 + x) exp{c(x2 − η− 1

3 )} → 0 (5.14)

uniformly for cη
1
6 ≤ x = o(η− 1

6 ) as η vanishes.
Following (5.12), (5.13) and (5.14), we have

P

(
Rη +Hη√

Yη

≥ x

)/
(1 − �(x)) ≤ 1 + C(xη1/6 + η1/6). (5.15)

uniformly for cη
1
6 ≤ x = o(η− 1

6 ) as η tends to zero.



CLT and self-normalized Cramér-type moderate deviation 957

On the other hand,

P

(
Rη +Hη√

Yη

≥ x

)
≥ P

(
Hη√
Yη

≥ x + y

)
− P

(
−Rη√
Yη

≥ y

)
.

Similar as the proof of (5.15), Lemmas 3.5 and 5.2 yield that

P

(
Rη +Hη√

Yη

≥ x

)/
(1 − �(x)) ≥ 1 − C(xη

1
6 + η

1
6 ),

uniformly for cη
1
6 ≤ x = o(η− 1

6 ) as η tends to zero. Combining the last inequality with (5.15), we
deduce that

P
(
Wη ≥ x

)/
(1 − �(x)) = 1 + O

(
xη1/6 + η1/6

)
,

uniformly for cη
1
6 ≤ x = o(η− 1

6 ) as η tends to zero. �

Appendix A: Proofs of lemmas in Section 2

Proof of Lemma 2.3. We first give the proof of the ergodicity of (Xt )t≥0. Following Roberts and
Tweedie [34], Theorem 2.1, it is easy to verify the irreducibility of (Xt )t≥0. For the Lyapunov function
V (x) = |x|2 + 1, following (2.4) and (2.6), we have

AV (x) = 〈g(x),2x〉 + ‖σ‖2 ≤ −K1|x|2 + C ≤ −K1

2
V (x) + (C + K1

2
)1{|x|≤√

2C/K1+1}.

By Meyn and Tweedie [29], Theorem 6.1, (Xt )t≥0 is exponential ergodic with invariant measure π

satisfying ∣∣E[h(Xx
t ) − π(h)]∣∣≤ CV (x)e−ct . (A.1)

Then we consider the ergodicity of (θk)k≥0. Denote its transition probability by P(x,dy) for x, y ∈
R

d . For any open set A ∈R
d and initial value x, since ξ1 is a normal random vector, we have

P(x,A) = P(x + ηg(x) + √
ησξ1 ∈ A) > 0.

Suppose P k(x,A) > 0 for some integer k > 1, then we have

P k+1(x,A) =
∫
Rd

P (x, y)P k(y,A)dy > 0.

The induction yields that (θk)k≥0 is irreducible. Following (2.3),(2.4) and (2.5), one has

Ek[V (θk+1)] = Ek[|θk + ηg(θk) + √
ησξk+1|2] + 1

= |θk|2 + |ηg(θk)|2 + η‖σ‖2 + 2〈θk, ηg(θk)〉 + 1

≤ (1 − K1η + 2L2η2)|θk|2 + 2|g(0)|2η2 + η‖σ‖2 + 2Cη + 1

≤ (1 − 1

2
K1η + 2L2η2)V (θk) + b1D(θk). (A.2)
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Here b = 1
2K1η − 2L2η2 + 2|g(0)|2η2 + η‖σ‖2 + 2Cη and set D = {|x| ≤ 2b

ηK1
}. There exists η0 such

that for η ≤ η0, 1 − 1
2K1η + 2L2η2 < 1. By Roberts and Tweedie [34], (29), we deduce that θk is

ergodic when η ≤ η0, that is

∣∣E[h(θk) − πη(h)]∣∣≤ CV (θ0)e
−ck. (A.3)

�

Moreover, for the function Ṽ (x) = |x|4 + 1, similarly with the calculation of (A.2), we can get

Ek[Ṽ (θk+1)] = Ek[|θk+1|4 + 1]
≤ (1 − 2K1η + C1η

2)|θk|4 + C2η|θk|2 + C3η
2 + 1,

where C1,C2,C3 depend on σ , K1, L and C in (2.3), (2.4). Then we have

Ek[Ṽ (θk+1)] ≤ (1 − K1η + C1η
2)Ṽ (θk) + b̃1

D̃
(θk), (A.4)

where b̃ = C2
2

4K1
η + K1η + C3η

2, D̃ = {|x|2 ≤ (
C3−C1

K1
η + 1 + ( C2

2K1
)2)

1
2 + C2

2K1
}. For small enough η

such that 1 − K1η + C1η
2 < 1, let θ0 take the ergodic measure πη, then (θk)k≥0 is stationary and (A.4)

implies

πη(Ṽ ) ≤ (1 − K1η + C1η
2)πη(Ṽ ) + b̃,

i.e.

πη(Ṽ ) ≤ b̃

K1η − C1η2
. (A.5)

Notice that for any k = 0, . . . ,m and positive number γ , we have

Ek

[
eγ |θk+1|2

]
= Ek

[
exp{γ |θk|2 + γ |ηg(θk)|2 + γ η|σξk+1|2 + 2γ 〈θk, ηg(θk)〉 + 2

√
ηγ 〈σ T(θk + ηg(θk)), ξk+1〉}

]
= eγ |θk |2+γ |ηg(θk)|2+2γ 〈θk,ηg(θk)〉Ek

[
exp{γ η|σξk+1|2 + 2

√
ηγ 〈σ T(θk + ηg(θk)), ξk+1〉}

]
.

A straight calculation to the conditional expectation with respect to the Gaussian random variable ξk+1

yields

Ek

[
exp{γ η|σξk+1|2 + 2

√
ηγ 〈σ T(θk + ηg(θk)), ξk+1〉}

]
≤ 2 exp

{
4ηγ 2‖σ‖2|θk + ηg(θk)|2

}
,

here γ is chosen small enough such that γ ‖σ‖2 ≤ 1/4. This estimate, together with (2.3) and (2.4),
implies

Ek

[
eγ |θk+1|2

]
≤ 2 exp

{
(1 − K1η + 4ηγ + C1η

2)γ |θk|2 + 3Cγη
}

≤ (1 − K1η + 4ηγ + C1η
2)eγ |θk |2 + b̄,
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with η and γ are small enough such that 1 − K1η + 4ηγ + C1η
2 < 1 and b̄ is big enough such that the

second inequality holds. Let θ0 take the ergodic measure πη, then we have

πη(e
γ |·|2) ≤ b̄

K1η − 4ηγ − C1η2
. (A.6)

Appendix B: The proof of lemmas in Section 4

Proof of Lemma 3.2. For the first inequality, by using Hölder’s inequality, we can get

Ek exp {〈�1(θk), σ ξk+1〉 + �2(θk, ξk+1)}

≤
(
Ek exp{2〈�1(θk), σ ξk+1〉 − 2|σ T�1(θk)|2}

) 1
2
(
Ek exp{2�2(θk, ξk+1) + 2|σ T�1(θk)|2}

) 1
2
.

Since ξk+1 is gaussian distributed and independent of θk , a straightforward calculation gives

(
Ek exp{2〈�1(θk), σ ξk+1〉 − 2|σ T�1(θk)|2}

) 1
2 = 1.

Hence, we have

Ek exp {〈�1(θk), σ ξk+1〉 + �2(θk, ξk+1)} ≤
(
Ek exp

{
2|�1(θk)|2‖σ‖2 + 2�2(θk, ξk+1)

}) 1
2
.

For the second inequality of Lemma 3.2, by the same way we have

E exp

{
m−1∑
k=0

(〈�1(θk), σ ξk+1〉 + �2(θk, ξk+1))

}

≤
(
E exp

{
m−1∑
k=0

2
(
〈�1(θk), σ ξk+1〉 − |σ T�1(θk)|2

)}) 1
2

×
(
E exp

{
m−1∑
k=0

2
(
|σ T�1(θk)|2 + �2(θk, ξk+1)

)}) 1
2

=
(
E exp

{
m−1∑
k=0

2
(
|�1(θk)|2‖σ‖2 + �2(θk, ξk+1)

)}) 1
2

,

where the following relation is obtained by a standard conditional argument:

E exp

{
m−1∑
k=0

2
(
〈�1(θk), σ ξk+1〉 − |σ T�1(θk)|2

)}

= E

[
exp

{
m−2∑
k=0

2
(
〈�1(θk), σ ξk+1〉 − |σ T�1(θk)|2

)}
Em−1

[
e2〈�1(θm−1),σ ξm〉−2|σT�1(θm−1)|2

]]
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= E exp

{
m−2∑
k=0

2
(
〈�1(θk), σ ξk+1〉 − |σ T�1(θk)|2

)}
= · · · = 1.

A similar calculation gives the third inequality. �

Proof of Lemma 3.3. Since θk+1 = θk + ηg(θk) + √
ησξk+1, it is easy to calculate that

|θk+1|2 − |θk|2 = η2|g(θk)|2 + η|σξk+1|2 + 2〈ηθk, g(θk)〉 + 2〈√ηθk + η
3
2 g(θk), σ ξk+1〉.

Summing these equalities from k = 0 to k = m − 1, we obtain

|θm|2 − |θ0|2 =
m−1∑
k=0

[
η2|g(θk)|2 + η|σξk+1|2 + 2〈ηθk, g(θk)〉 + 2〈√ηθk + η

3
2 g(θk), σ ξk+1〉

]
.(B.1)

For γ > 0, (2.4) and (B.1) imply

E0 exp

{
m−1∑
k=0

K1

2
γ η|θk|2

}
≤ E0 exp

{
−

m−1∑
k=0

γ 〈ηθk, g(θk)〉
}

eCγη−1

≤ E0 exp

{
γ |θ0|2

2
+ γ

2

m−1∑
k=0

[
η2|g(θk)|2 + η|σξk+1|2 + 2〈√ηθk + η

3
2 g(θk), σ ξk+1〉

]}
eCγη−1

= E0 exp

{
m−1∑
k=0

[γ
2

(
η2|g(θk)|2 + η|σξk+1|2

)
+ γ 〈√ηθk + η

3
2 g(θk), σ ξk+1〉

]}
e

γ |θ0|2
2 +Cγη−1

.

By Lemma 3.2 with �1(θk) = γ (
√

ηθk + η
3
2 g(θk)) and �2(θk, ξk+1) = γ

2 (η2|g(θk)|2 + η|σξk+1|2)
therein, we have

E0 exp

{
m−1∑
k=0

[γ
2

(
η2|g(θk)|2 + η|σξk+1|2

)
+ γ 〈√ηθk + η

3
2 g(θk), σ ξk+1〉

]}

≤
(
E0 exp

{
m−1∑
k=0

(
γ (η2|g(θk)|2 + η|σξk+1|2) + 2γ 2|√ηθk + η

3
2 g(θk)|2‖σ‖2

)}) 1
2

≤
(
E0 exp

{
m−1∑
k=0

2γ η|σξk+1|2
}) 1

4

×
(
E0 exp

{
m−1∑
k=0

(2γ η2|g(θk)|2 + 4γ 2|√ηθk + η
3
2 g(θk)|2‖σ‖2)

}) 1
4

.

For the first expectation, we take some γ ′
0 and η′

0 such that 1 − 4γ ′
0η

′
0‖σ‖2 > 0. Then for any γ < γ ′

0
and η < η′

0, we have

E0 exp

{
m−1∑
k=0

2γ η|σξk+1|2
}

≤ E0 exp

{
m−1∑
k=0

2γ η‖σ‖2|ξk+1|2
}
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=
(∫ ∞

−∞
1√
2π

exp{2γ η‖σ‖2x2 − 1

2
x2}dx

)md

= (1 − 4γ η‖σ‖2)−
md
2 .

For the second expectation, by (2.3), we can choose some γ ′′
0 and η′′

0 such that as γ < γ ′′
0 and η < η′′

0

2γ η2|g(θk)|2 + 4γ 2|√ηθk + η
3
2 g(θk)|2‖σ‖2 ≤ K1

2
γ η|θk|2 + Cηγ, (B.2)

which leads to

E0 exp

{
m−1∑
k=0

(2γ η2|g(θk)|2 + 4γ 2|√ηθk + η
3
2 g(θk)|2‖σ‖2)

}
≤ eCγη−1

E0 exp

{
m−1∑
k=0

K1

2
γ η|θk|2

}
.

Hence, for γ < γ0 = γ ′
0 ∧ γ ′′

0 and η < η0 = η′
0 ∧ η′′

0 , we have

E0 exp

{
m−1∑
k=0

K1

2
γ η|θk|2

}
≤ e

γ |θ0|2
2 +Cγη−1

(1 − 4γ η‖σ‖2)−
md
8

(
E0 exp

{
m−1∑
k=0

K1

2
γ η|θk|2

}) 1
4

,

i.e.,

(
E0 exp

{
m−1∑
k=0

K1

2
γ η|θk|2

}) 3
4

≤ e
γ |θ0|2

2 +Cγη−1
(1 − 4γ η‖σ‖2)−

md
8 .

Then we have

E0 exp

{
m−1∑
k=0

K1

2
γ η|θk|2

}
≤ e

2γ |θ0|2
3 +Cγη−1

(
(1 − 4γ η‖σ‖2)

− 1
4γ η‖σ‖2

) 2γ ‖σ‖2d
3η

≤ e
2γ |θ0|2

3 +Cγη−1
. (B.3)

This, together with (2.3), implies

E0 exp

{
m−1∑
k=0

K1

4L2
γ η|g(θk)|2

}
≤ E0 exp

{
m−1∑
k=0

K1

2
γ η|θk|2

}
e

K1|g(0)|2
2L2 γ η−1

≤ Cec(η−1+|θ0|2).

Writing γ̃ = K1
4L2 γ and replacing the γ in (3.2) by γ̃ , we immediately finish the proof of (3.2).

For (3.3) with θ0 ∼ πη, (3.2) and (A.6) yield

E exp

{
γ η

m−1∑
k=0

|g(θk)|2
}

= E

[
E0 exp

{
γ η

m−1∑
k=0

|g(θk)|2
}]

≤ Cecη−1
.

The inequalities (3.4) and (3.5) immediately follow by Chebyshev’s inequality. �
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Proof of Lemma 3.4. It is easy to see that

E exp

{
1√
m

m−1∑
n=0

�(θk, ξk+1)

}
= E

[
exp

{
1√
m

m−2∑
n=0

�(θk, ξk+1)

}
Em−1

[
e

1√
m

�(θm−1,ξm)
]]

.

By Taylor expansion, we deduce that

Em−1

[
e

1√
m

�(θm−1,ξm)
]

= Em−1

[ ∞∑
n=0

1

n!
(

1√
m

�(θm−1, ξm)

)n
]

= 1 +
∞∑

n=2

Em−1

[
1

n!
(

1√
m

�(θm−1, ξm)

)n]

≤ 1 +
∞∑

n=2

Em−1

[
1

n!
(

K√
m

(1 + |ξm|2)
)n]

.

For each element, we have

Em−1

[
1

n!
(

K√
m

(1 + |ξm|2)
)n]

≤ Em−1

[
2n−1

n!
(

Kn

m
n
2
(1 + |ξm|2n)

)]

≤ 2n−1Kn

n!mn
2

(1 + dn−1(2n − 1)!!) ≤ (4Kd)n

m
n
2

.

For small enough η such that 4Kd√
m

= 4Kdη < 1, we have

Em−1

[
e

1√
m

�(θm−1,ξm)
]

≤ 1 +
(4Kd)2

m

1 − 4Kd√
m

= 1 + (4Kd)2

m − 4Kd
√

m
.

Inductively, we can get

E exp

{
1√
m

m−1∑
n=0

�(θk, ξk+1)

}
≤
(

1 + (4Kd)2

m − 4Kd
√

m

)m

≤ C.
�
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