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Abstract. This paper is concerned with the asymptotic analysis of sojourn times of random fields
with continuous sample paths. Under a very general framework we show that there is an interesting
relationship between tail asymptotics of sojourn times and that of supremum. Moreover, we establish
the uniform double-sum method to derive the tail asymptotics of sojourn times. In the literature,
based on the pioneering research of S. Berman the sojourn times have been utilised to derive the tail
asymptotics of supremum of Gaussian processes. In this paper we show that the opposite direction is
even more fruitful, namely knowing the asymptotics of supremum of random processes and fields (in
particular Gaussian) it is possible to establish the asymptotics of their sojourn times. We illustrate
our findings considering i) two dimensional Gaussian random fields, ii) chi-process generated by

stationary Gaussian processes and iii) stationary Gaussian queueing processes.
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1. Introduction & First Result

Let X(t),t € E be a random field with compact parameter set E C R? d > 1 and almost surely

continuous sample paths. For a given level u € R define the excursion set of X above the level u by
AyX)={te E: X(t) > u}.
The probability that A, is not empty
P{A,(X)#0}=P{3tec E: X(t) >u} = P{TSEX@) > u} =: Dy
is widely studied in the literature under the asymptotic regime u© — co, and the assumption that
X has marginals with infinite upper endpoint; see, e.g., Piterbarg (1996); Adler and Taylor (2007)

for X being Gaussian processes and related random fields.
Define the Lebesgue volume of A, (X) by

Vol(Au(X)) = [E I(X () > w)dt.

For specific cases, commonly d = 1 and X is stationary, asymptotic results as u — oo are also
known for the probability that the volume of the excursion set (occupation time or sojourn time)

exceeds v(u)x,x > 0, i.e., approximations of
ru(x) =P{Vol(Ay,(X)) > v(u)x}, u— o0

for some specific positive scale function v and x > 0 are available, see the seminal contribution
Berman (1982).

The non-stationary case has been considered in Berman (1985a,b). See also Berman (1992) for
the comprehensive introduction of extremes of sojourns for Gaussian processes.
In this contribution we are mainly interested in the formalisation of the uniform double-sum method
for sojourns of random processes and fields focusing on the multidimensional case d > 2, for which
no asymptotic results for r,(z) are available in the literature.
The first question of our study is whether we can determine a positive scaling functions v(u),u > 0
and some survival function F such that

lim P{Vol(Au(X)) > v(u)x‘Vol(Au(X)) > 0}

UuU— 00

= lim P {Vol(Au(X)) > v(u)x‘supX(t) > u} = F(x) (1.1)

U—r 00 tcE

is valid for all > 0. If (1.1) holds for some x positive such that F(x) > 0 the asymptotics of r,(x)

is proportional to that of p,, i.e.,

ru(x) ~ F(2)py, u — o0.

Here a(t) ~ b(t) means lim;_,~ a(t)/b(t) = 1.
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The following theorem states tractable conditions that imply (1.1) for X as above and F = E,,.
In order to avoid repetition, all Gaussian processes hereafter are assumed to have almost surely

continuous sample paths.

Theorem 1.1. Let E,,u > 0 be compact sets of R such that lim,_,ec P {suptGE X(t) > u} =0.
Suppose that there exist collections of Lebesgue measurable disjoint compact sets Ip(u,n), k € Ky,
with K, , non-empty countable index sets such that
E(u,n) = U I (u,n) C Ey,
kEKu,n

then (1.1) holds with E = E,, if the following three conditions are satisfied:
A1) (Reduction to relevant sets)

P {SupteEu\E(u,n) X(t) > u}
lim lim sup

=0.
"0 u—oo P {SUPteE(u,n) X(t) > u}

A2) (Uniform single-sum approzimation) There exists v(u) > 0 and Fy,,n > 1 such that

lim  sup P{Vol({t € Iy(u,n) : X(t) > u}) > v(u)z} Fu@)| =0 230 n>1 (12
U= ke K, P {suptelk(um) X(t) > u} = =z
and for all x > 0
F(z) = lim F,(z) € (0,1]. (1.3)

n—oo

A8) (Double-sum negligibility) For all large n and large u the set Ky, has at least two elements and

_ D itjijeKun P {Supteh(u,n) X(t) > u,supser; (un) X (t) > U}
lim limsup
n—x0 y—o00 ZkGKu,n P {Suptefk(u,n) X(t) > u}

For X (t),t € R being a Gaussian process, Debicki et al. (2017¢) shows that conditions Al)-

=0.

A3) are satisfied under very general assumptions on X. In this case the choice of the family of
sets E(u,n) is strongly governed by the set of maximizers of the variance function of X and local
behaviour of the variance around its neighbourhood, while sets Ij(u,n) are chosen according to the
local structure of the correlation function of X, in a similar fashion as used in the method of the
double sum for suprema of Gaussian processes; see e.g., Piterbarg (1996, Chapter 2). From Debicki

et al. (2017¢), we can formulate some general conditions on X that imply

P {SuPteIk(u,n) X(t) > u}

Eg(u)

lim sup -Cy

U0 kcKyn

=0 (1.4)

for some known deterministic functions Z(u), k& € K,, and C, positive constants such that

(
lim,, 00 C, = C' € (0,00). In order to prove (1.2) if (1.4) holds, we shall prove that
P{Vol({t € Iy(u,n) : X(¢) > u}) > v(u)z} Dn(a:)’ o,

lim sup
U0k Ky p

(1.5)

[I]

K(w)
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where D,,, n > 1 are deterministic functions such that lim, o Dy(z) = D(z) > 0, 2 > 0. This
then in turn implies that (1.3) holds with

Note that in case that D is continuous at x = 0 we also expect that C' = D(0).

In the literature various results are known for supremum of functions of Gaussian vector processes,
for instance for chi-square processes, chaos of Gaussian processes, order statistics of Gaussian pro-
cesses, (see, e.g., Piterbarg, 1994, 1996; Hashorva and Ji, 2015; Bai, 2019) or reflected Gaussian
processes modelling a queueing process with Gaussian input (see, e.g., Norros, 1994; Hiisler and
Piterbarg, 1999; Debicki, 2002; Piterbarg, 2001; Debicki and Mandjes, 2003; Hiisler and Piterbarg,

2004; Dieker, 2005; Mandjes, 2007; Debicki and Liu, 2016, 2018). In Section 3 we illustrate the
applicability of Theorem 1.1 by the analysis of three diverse families of stochastic processes: 1)
Gaussian random fields (GRF’s), 2) chi-processes and 3) reflected fractional Brownian motions. For
all this families of stochastic processes the available results in the literature show that both A1) and
A3) hold under quite general conditions; see Section 2. Hence, in view of Theorem 1.1, in order to
get (1.1) it suffices to determine F in A2).

In insurance applications, investigation of sojourn ruin is of particular importance. Therein,
cumulative Parisian ruin is used instead of sojourn ruin, see e.g., Ji (2020); Kriukov (2022); Krystecki
(2022); Jasnovidov (2021) and the references therein. Besides the above examples, our findings can
also be applied to many other GRF’s. For instance, multi-dimensional GRF’s with d > 3, non-
stationary chi-process or chi-square process, Gaussian chaos process, non-stationary Gaussian fluid
queues and so on. However, we shall not analyse these random processes or fields in this paper.

Brief organisation of the rest of the paper. In Section 2 we introduce some notation and Berman-
type constants that play the core role in the description of F. In Section 3, we provide examples
that illustrate the derived in Theorem 1.1 technique for getting (1.1). Some technical lemmas are
given in Section 4; their proofs are deferred to Section 6. The proofs of the main contributions of

this paper are presented in Section 5.

2. Berman-type constants

We begin with the introduction of the Berman-type constants for given independent fBm’s
B,,(s),s € R with Hurst index «;/2 € (0,1], ¢ = 1,2. For given continuous functions hi, ho

set
War,ashihs (t) = Z(Wai(ti) — hi(ti)), t=(t1,t2) €R? Wy, (t:) = V2Ba,(t:) — [t:|* .
Set next By(s) =0,s € R. For o; € [0,2],i=1,2, x > 0 and E C R? a compact set, let

Bhihe (3 B) = RIP’{/E]I oz, by by () > 2)dE > fff} e“dz
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and if the limit exists, define

by |t1|P1,bata|P2
Bblltllﬁl,bﬂtz\ﬂ?(x) — lim Ba11|7014‘2 2lta| (2, G(S, a1, p1, 2, B2))
1,02 e Sl(a1<p1)+(a2<B2) ’
where
[0, 52, ay < B, < o,

[—5,8] x[0,5], a1 > Bi,as < Ba,
0,S] x [=S,5], a1 < Bi,as > Ba,
(-85, 5] ar > B, > Pa.
We omit superscripts h;’s if hi(s) = ha(s) = 0,s € R and then we put in our notation 8; = 2 = 0o

(this implies that a1 < 1 and as < f2). Notice that for x = 0, BZ}Z‘; (x) reduces to the classical

G(S,Oél,/Bl, a9, BZ) -

Pickands or Piterbarg constants, see e.g., Piterbarg (1996). The one-dimensional Berman type

constant is defined by

BJ%MM)-AP{[HMWM$>Q@>x}Jﬁ

for a € (0,2],a < b,a,b € R, and

One can refer to Debicki et al. (2019) and Debicki et al. (2020b) for the existence and properties
of one-dimensional Berman constants. For z = 0, H, = B,(0) reduces to the classical Pickands
constant; see, e.g., Piterbarg (1996).

The next lemma deals with properties of

N m m

Boi,..am | ©, | |0, 7] | = / P / I sup Wa, (ti) > s pdty > x p e’ds
' ( g ) R o] |teonili=2,..m ;

for a; € (0,2],i=1,...,m and m > 1.

Lemma 2.1. For any z > 0, andny >0

. . Bay...cn (@, TT71[0,74))
— 1 1;--,8%m Y =1L
Bal,-..,am (x) nl) ni_)(_)o’lirilQ’.__,m HZ:ZQ nl

= Ha, | P I{W,, (t stdt > x 3 e’ds € (0,00 2.1
Il /{/[0]{ <>>}>} c(.00) (1)

and
o . B\a ..... am\ L, T i
Bal ..... am (.’L‘) = nlggo ln() = Ba1 (1‘) };[2%% € (07 OO) (2'2)

Remark 2.2. The limits in (2.1) are finite and positive and B\al,“.,am (z,m1) is a continuous function
of x € [0,n1) which follows from the combination of Lemma 2.1 and Debicki et al. (2020b, Lem 4.1).
The claim of Lemma 2.1 still holds if we replace B,, by X; being independent centered Gaussian
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processes with stationary increments and variance function satisfying some regular conditions as
e.g., in Debicki (2002).

3. Illustrating examples

In this section we shall apply Theorem 1.1 to three classes of processes:
i) GRF’s;
ii) chi-process generated by a stationary Gaussian process;

iii) stationary reflected fractional Brownian motions with drift.

3.1. Sojourns of GRF’s. Although numerous results for the tail asymptotics of supremum of GRF’s
are available for both stationary and non-stationary cases (see e.g., Piterbarg, 1996, 2015), asymp-
totic behaviour of sojourns times for random fields have not been analysed so far in the literature.
It follows from the available results in the literature, that A1) holds under quite general conditions,
for instance when the variance function has a unique point of maximum and X satisfies a global
Holder continuity condition, see e.g., Piterbarg (1996). The main tool for proving Al) is the so-
called Piterbarg inequality, see Piterbarg (1996, Thm 8.1) and the recent contribution Debicki et al.
(2017a). In the following we set

o(t) = Var(X(t)).

Under some further weak assumptions on ¢ and the covariance function of X, also A3) has been
shown to hold for a wide collection of cases of interest, see Piterbarg (1996); Debicki et al. (2016).
Thus, in light of Theorem 1.1, in order to prove (1.1) for GRF’s the main task is the explicit

calculation of F.

3.1.1. Stationary GRF’s. First we consider X being a centered stationary GRF with o(t) = 1, €
E C R? and the correlation function 7(t,s) = p(t — s), t, s € R? satisfying

1-— T(tl,tz,sl, 52) ~ a1’t1 - 81|Oé1 + a2|t2 - 52|a2, (tl,tg), (81,52) € E, |ti - Si| — O,i = 1,2, (3.1)
with a; > 0 and «; € (0,2], i = 1,2. Moreover, suppose that

r(tl,tg,sl, 52) < 1, (tl,tg), (81,82) S E, (tl,tQ) 75 (51,82). (3.2)

For notational simplicity we shall consider E = [0,77] x [0, T3], with T3},T5 positive constants.
Results for general hypercubes or even for bounded Jordan measurable sets E C R? follow with

similar calculations.

Proposition 3.1. Let X(t),t € E = [0,T1] x [0, T3] be a centred stationary GRF which satisfies
(5.1) and (3.2) and assume that v(u) = afl/alagl/azu_Q/a1_2/a2. Then for all x > 0

} _ Buyos(®)

uli_}noloP {/E]I(X(t) > u)dt > v(u)x|sup X (t) > u B o (0)°

telk
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Remark 3.2. The case that T; = T; 4, = 1,2 depend on u needs some extra care. T;,’s should not
be too small, i.e.,

lim Tj,u?% =00, i=1,2.
uU—r 00

On the other side T;,’s cannot be too large. For some 3 € (0,1) we shall require

lim T}, Thue /% = 0.

U—00

3.1.2. GRF’s with non-constant variance. Suppose that
t* = (t},t3) € E = [-T1,T1] x [-T3, T3] is a unique inner point of E such that o(t*) = sup,cp o(t) =

1 and further for some positive constants b;, 5;, i = 1,2
1—o(t) ~ bty — t5]P + bolta — 1572, t = (t1,t2) € E, ||t — t*|| = 0. (3.3)
Here ||-|| denotes the Euclidean norm. Moreover, for the correlation function r of X we shall assume
that
1—r(t,s) ~ailty — s1|™* + azlta — s2|*? (3.4)
as t,s € E, ||t —t*|,||s —t*]| — 0 with a; > 0 and oy € (0,2], i = 1,2, s = (s1,52). Below we

interpret oo - 0 as 0.

Proposition 3.3. If X(t),t € E is a centered GRF which satisfies (3.7) and (5./) and v(u) =
H?Zl (a-_l/a:u_Q/min(o‘i’ﬁiU with o = a;l(a; < B;) + coll(a; > B;), then for all x > 0

()

C_}lbﬂtﬂﬁl Jazba|ta]”2 (:E)
lim P{/ I(X(t) > u)dt > v(u)x‘supX(t) > u} = G122
E

U0 teE [}lbﬂtl'ﬁl Jazbalta|”2 (0) ’
1,02
where

0 a; <pi

_ 1 R a; ;< B

=9 o =0 , &= vi=12
‘ 0 o; >0
1 o> 0

3.2. Sojourns of chi-processes. Let X (t),t € [0,T] be a centered stationary Gaussian process with

unit variance and correlation function satisfying
1—r(s,t) ~alt—s|% |s—t —0, «ac(0,2]
and for all s # ¢, s,t € (0,7
r(s,t) < 1.

Define the chi-process x with m > 1 degrees by

(3.5)
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where X;,1 < ¢ < m are iid copies of X. The exact asymptotics of P{SUPte[o,T} x(t) > u} has
been investigated in Piterbarg (1994, 1996); Hashorva and Ji (2015). In the following theorem we

consider the sojourn time of y.

Proposition 3.4. Let x be defined as in (3.5). If v(u) = a=Y*u=2/*, then for all x >0

lim P {/ I(x(t) > u)dt > v(u)z| sup x(t) > u} = Ba(m).
u—00 [0,7] t€[0,7] B.(0)
3.3. Sojourns of stationary reflected fractional Brownian motion with drift. Consider a stationary
reflected fractional Brownian motion with drift Q(¢),t > 0, i.e.,
Q(t) = sup (Ba(s) — Ba(t) — cls — 1)),
s>t

where B, is an fBm with Hurst parameter a/2 € (0,1) and ¢ € (0,00). Motivated by some
applications to queueing theory, the seminal paper Hiisler and Piterbarg (1999) studied the tail
asymptotics of Q(0). Later on, Piterbarg (2001) considered the tail asymptotics of the supremum
of Q(t) over a finite time horizon.

Recently, the findings of Piterbarg have been extended to Gaussian processes with stationary
increments Debicki and Liu (2016). We consider next the case of fBm and note that a more general
case of Gaussian processes with stationary increments can be also dealt with using results from
Debicki and Liu (2016). In the following we consider E, = [0,7,], where T}, is a non-negative

function of u > 0.

a— *\ o 2/04
Proposition 3.5. Let v(u) = W (%) with 7" = C(z‘ia) and a € (0,2).
i) If limy o0 % =T € (0,00), then for T >z >0
: Ba(x,[0,T])
lim P / I(Q(t >udt>vuw’ sup Q(t) >up = 122
u—00 { [0,T.] Q) >w) (w) t€[0,T] Q B,(0,[0,T7)

.. . T Bu27o¢ . 14cr* 2
ii) If limy o0 oy = and T, < e with B € (0, (W) , then for all x >0

: _ Ba(z)
lim P {/[O’Tu] I(Q(t) > w)dt > v(u)x‘ sup Q(t) > u} = Bo(0)’

U—00 t€[0,T4]

Remark 3.6. i) Note that limy o v(u) = 0o for a > 1, and lim, o v(u) = 0 for a < 1.
ii) Conclusion in i) of Proposition 3.5 still holds for > T since both sides in the equality of
i) are 0. However, it becomes tricky for the case T'= x. We consider two special cases for
T=x T =2xand T, < zv(u) for u sufficiently large, then both sides in the equality of

i) are 0. If T'= 2 and T, > zv(u) for sufficiently large u, as u — oo

P {inf,cfo.1,) Q) > u}
P {supieor,) Q1) > u}

te(0,T%)

P {/ I(Q(t) > w)dt > v(u)z| sup Q(t) > u} ~
(0,7
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Combining the above two cases for T" = x, we conclude that the limit for 7' = x generally

does not exist.

4. Auxiliary lemmas

In this section we collect some lemmas that play important, although mostly technical role in
the proofs of results given in Sections 1-3. Their proofs are deferred to Section 6. We begin with
a lemma which is an extension of Theorem 2.1 from Debicki et al. (2017¢). Suppose that for a

compact d—dimensional hyperrectangle K ¢ R% we have
I (u,n) = {tynk + (vi(u)ty, ... vg(u)ty) : t € K},
where v;(u) >0,i=1,...,d and t = (t,...,tq) € R Then, by transforming time, we have

P{Vol({t € I(u,n) : X(t) > u}) >v(u)z}

=P I(X(t u)dt > v(u)z
{/jk(um (X(t) > u)dt > v(u) }
= P {/K I(X (tyni + (vi(u)ty, ..., vg(u)tq)) > w)dt > z} ,

where v(u) = Hle vi(u).

Motivated by these calculations, we consider next &, ;(t),t € E1, j € Sy, u > 0 a family of centered

GRF’s with continuous sample paths and variance function o2

u?j '
Suppose in the following that S, is a countable set for all u large.
For simplicity in the following we assume that 0 € ;. For a random variable Z, we set Z = ﬁ
ar

if Var(Z) > 0.
We introduce next three assumptions:

CO: {gu,;,j € Su} is a sequence of deterministic functions of u satisfying

lim inf g, ; = oo.
u—00 jES,,

C1: Var(&,,;(0)) = 1 for all large u and any j € S, and there exists some bounded continuous

function h on E; such that

lim  sup 2 (1—0,i(s)) = h(s)| =0.
W0 sy, ‘gu,] ( u,J( )) ( )‘
C2: There exists a centered GRF ((s),s € R? with a.s. continuous sample paths such that
im  sup g2 (Var(€,;(s) = §,()) — 2Var(((s) — ()] = 0. (4.1)
U=00 g o' c F1,jESy
C3: There exist positive constants C, v, ug such that
sup GagVar(y;(s) — Eu;(s) < Clls = &'||”
J u

holds for all s, s’ € E1,u > ug.
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Denote by C(E;),i = 1,2 the Banach space of all continuous functions f : E; — R, with E; C
R% d; > 1,i = 1,2 being compact rectangles equipped with the sup-norm.
Let I' : C(E1) — C(FE3) be a continuous functional satisfying
F1: For any f € C(Ej), and a > 0,b € R, I'(af +b) = al'(f) + b;
F2: There exists ¢ > 0 such that

sup T(F)(t) < ¢ sup f(s), ¥f € C(Er).
tebo seFE,

Hereafter, @);,7 € N are some positive constants which might be different from line to line and

flu,n) ~ g(u),u — co,n — 0o means that

lim lim fu,n) =
N—00 U— 00 g(u)

Lemma 4.1. Let {&, i(s),s € E1,j € Sy,u >0} be a family of centered GRF’s defined as above
satisfying CO0-C3 and let ' satisfy F1-F2. Let n be a positive o-finite measure on Ey being equivalent
with the Lebesgues measure on Fo. If for all large uw and all j € S,

P { sup F(Eu,j)(t) > gu,j} >0,

teEFo

then for all x € [0,n(Es))

P {fE2 (T (&u,j)(t) > gu,j) n(dt) > x} BE"M (1, By)

lim sup 7 (gu’j) ¢

uU—00 jESu

—0, (4.2)

where W is the tail of the standard normal distribution and

By a, By) = /

R

P {/EQ H(F(\@C —Var(¢) — h)(t) +y > 0)n(dt) > ZL‘} e Ydy

and the function Bg’h’"(m, E») is continuous at x € (0,n(E2)).

Lemma 4.2. Let x > 0. Then

. . Ba: o J[o, 2
(1) By .o () = limy, 00 w e (0, 00),
a7 by (t1191,0
1 °1l*1 .
(i) limy oo 2otz L0l 0n) ¢ (g o),

-1 -1
(117) limy, 00 BZ;;’Q'“'”’% balto]"2 (z,[-n,n]?) € (0,00).
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5. Proofs

5.1. Proof of Theorem 1.1. Let next A,(X) = {t € E, : X(t) > u}. For all x > 0 and all u

positive, since v(u) is non-negative, assuming that P {sup,cp, X (t) > u} > 0 we have
t(u) = P {Vol(Au(X)) > v(u)x’Vol(Au(X)) > o}

= P {VOZ(AU(X)) > v(u)x‘tselgz X(t) > u}

P{ [ L(X(t) > u)dt > v(u)z}
P {sup;ep, X(t) > u}

and further for all n > 1

P { St LX (@) > u)dt > U(u)x}
P {SupteE(u,n) X(t) > ’LL} +P {SuptGEu\E(u,n) X(t) > U}
P{ fpum X (1) > w)dt > v(w)z} P {supyep,pum X(0) > u

P {supteE(u’n) X(t) > u} i P {supteE(um X(t) > u}

)

A
S
A

Applying A1, it follows that

P { Sty X (1) > u)dt > v(u)x}

=:m(u,n), u— 00,Mm — 0.
P {SuptEE(u,n) X(t) > U’}

m(u) ~

If Ky has only one element for all u, n large, the claim follows straightforwardly by A2. We suppose
next that K, , has at least two elements for all u,n large. In order to proceed we shall apply the

standard scheme utilising Bonferroni inequality. Set therefore

Yun = IP’{ sup X(t) > u}, Y un = Z P{ sup X(t) >u, sup X(t)> u}
keK tely (u,n) i£,i € Kum tel;(u,n) tel;(u,n)

By the Bonferroni inequality

Yun— X80 <P sup X(t) >up <Xy,
teE(u,n)
The asymptotic behaviour of the probability of interest in the above inequality can be derived if the
following two-step procedure is successful (which will work in our settings here). First we determine
the exact asymptotics of the upper bound and then in a second step we show that the correction in

the lower bound is asymptotically negligible.

Now we want to apply the same idea for the sojourn functional, here the analysis is however more
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involved. Observe first that for any u > 0

P { /E IRCCRRIE v(u)aj}

<! S /I IR CCEREETOR

k€Kyn "k

<p {Hk e Ku,n,/ I(X() > u)dt > v(u):c}
I, (u,n)

+P {Eli,j € Kyn,i# j,/ I(X(t) > uw)dt > O,/
I;(u,n)

I(X(t) > uw)dt > O}
Ij(u,n)

< 7t(u,n) + XXy p,

where

7(u,n) = Z P {/Ik(um) I(X(t) > u)dt > v(u)m} .

kGKu,n

Using the Bonferroni inequality again we have
P {/ (X () > u)dt > v(u)m} > P {Hk: e Kun/ I(X() > w)dt > v(u):c}
E(u,n) I (u,n)

> w(u,n) — XX, ..

The sojourn integral can then be approximated by 7 (u,n) if we show the correction in the lower

bound is negligible. We have

- SSun
. . (u,n) +X8un . #(u,n) 1 +limsup, =ony
limsup7(u,n) < limsup = lim sup S
U—00 U—00 Eu,n - Ezu,n U—00 Zu,n 1 —limsup,_, Zuu:
m(u,n) — X% N .
liminf(u,n) > liminf T, n) % = lim inf mlun) lim sup ——"
U—00 U—00 Zu,n U—00 u,n U—00 u,n
By (1.2) in A2 for any n > 1 and z > 0
w(u,n w(u,n _
lim sup flu,n) = lim inf flu,n) = Fy,(2)
U—$00 u,n u—00 u,n
implying
F,(z) — limsup —=" < liminf 7 (u, n) s
U—r 00 u,n U—00 : _ u,n
' ) 14 hqurlsgp o) S
<limsup7(u,n) < F,(x) o . (5.1)
u—00 1 — limsup 5=*
U—00 wn

In view of A3, letting n — oo in the above inequalities we have that for z > 0

lim lim 7(u,n) = F(x) € (0,1].

n—0o0 U—0o0

This completes the proof. O
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5.2. Proof of Lemma 2.1. By the independence of W,,’s for any positive ni,...,nm,
gal,__,am z, | |[0,n;]] = E /]I / I sup ZWai(ti) > s pdty > | e’ds
i=1 R [0,n1] ti€[0,ni],i=2,...,m 5|

2ty sup Wa,(ti)
= E<e ti€10:nq] /H / I{Wy, (t1) > s}dt1 > x | e’ds
R [0,n1]

= HE sup eeilti) /IP’ / I{Wa,(t1) > s} dt1 > x } e’ds.
i=2 t;€[0,n;] R [0,n1]

Hence the claim follows by the definition of Pickands and Berman constants. O

5.3. Proof of Proposition 5.1. The proof will be established by checking that A1-A3 in Theorem 1.1

are satisfied. We begin with the introduction of partition

2
[kth(u,n) = H[ai—l/aiu—Q/oaikin’ ai—l/aiu—Q/Oéi(ki + 1)n]7
i=1
for
0<k < [ﬂaz-l/aiUQ/ain_l] —1=: Nij(u,n), i =1,2.
Let next

Kyn={(ki,k2):0<k; <Ni(u,n),0 < ky < Na(u,n)}

and E(u,n) = U, k,)ek, ., Lok (U, n), hence E(u,n) C E.
Condition Al. It follows straightforwardly from Lemma 7.1 in Piterbarg (1996) that

P{supX(t) >u} ~ Z IP’{ sup X (t) >u}, U — 00,Nn — 00, (5.2)
tel 0<ki<N;(un),i=1,2  \1Elkp k(W)

which implies the validity of condition Al.
Condition A2. Let for t = (t1,t2)

Cumtnkn (1) = X(ay ™ w2/ (kyn + 1), ag /2021 (kon + t2)),

1/ —1 —9/ay—
v(u) = a; /O”a2 fazy~2/a1-2/az

We derive the uniform asymptotics, as u — oo, of

P{Vol({t € I, k,(u,n) : X(t) > u}) > v(u)x} =P {/[0 T(&un oy ko (t) > w)dt > x} ,

7n]2

with 2 > 0. For this, we check conditions C0-C3 of Lemma 4.1 with ['(f) = f, f € C([0,n]?). First
note that C0-C1 follow trivially with h = 0 and g, ; = u. Moreover, by (3.1), we have

U=00 0<k; <N (u,n), s,t€[0,n)?
i=1,2

=1

2 2
lim  sup sup WV ar(Eumin o (8) = Euniiy ko (5)) — 2Var <Z Ba,(ti) = ) Ba, (Sz’)> | =0,
=1
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with By,,i = 1,2 being two independent fBms’ with indices «;/2, respectively. This implies that
C2 is satisfied with ((t) = 327, B, (t;). Additionally, in light of (3.1) and the stationarity, we have
that

OSkiSNi(SlBrIL))H,i:l,z U2var(£u’n’kl’k2 (1) = Sunbobas)) < Ol = SHmin(ahaZ% st € [0,
implying C3. Consequetnly, by Lemma 4.1

P{Vol({t € Iy, k,(u,n) : X(t) > u}) > v(u)x}

- z,[0,n]?)| = 0.(5.
U (u) Bay (1, [0,n]%)| = 0.(5.3)

lim sup
U0 0<ky <N (u,m),i=1,2

Hence Piterbarg (1996, Lem 6.1) yields

P{Vol({t € It 4, (u,n) : X(t) > u}) > v(w)z}  Bay,a,(z, [0,n)?)

lim sup =0.
4T 0<ki SN (upn) =12 P {SuptEIkl,k2 (u,n) X(t) > u} Bay 0, (0, [0, n]?)
Since, by (i) of Lemma 4.2, for all > 0 we have
 Bayas(2,[0,n]?)
Bay oz () = nh_}r{)lo 122 2 € (0, 00), (5.4)
then
Ba, oy () . Bayay (7, [0 n]2)
222 — lim Lo €(0,1], =>0, (5.5)
Bayas (0)  n—oo By as (0,[0,n]?)
which confirms that A2 holds with F(z) = gal»azgg;.
ap,a

Condition A3. By (7.4) in the proof of Piterbarg (1996, Lem 7.1), for all large v and n

Z P sup  X(t)>wu, sup X(t)>u
0<ki k) Ni (uyn) i=1,2, (k1 ko) A (k] kg) (TSR k2 () 1€ 11 g (wm)
s plpro > of
<|—=+e " | PssupX(t) >u,p,
<\/ﬁ teE 0

where C,C; and Cy are some positive constants, which gives that A3 is satisfied. This completes

the proof. O

5.4. Proof of Proposition 5.5. Without loss of generality, we assume that t* = (0,0). The proof relies
on verification that A1-A3 in Theorem 1.1 are satisfied. We begin by introducing some notation.

Let
2

Tiy iy (u,m) = [ [[Kvi(un, (ks + Dvi(u)n),  vi(u) = a; My min(iB) 1 9 (5.6)
i=1
and v(u) = v1(u)va(u), where of = ol(cy < B;) + ool(cy > ;). Additionally, let

1—o(t
3 : )B~ LIt #0, eu= sup le(?)],
Zizl bz|t1| ¢ 0<‘t,|<(1nTu)2/ﬁi

e(t) =
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and set

u?/Biv;(u)n

—1/4 2/Bi
N/ (u,n) = [(e“ Ano) ] i=1,2

We distinguish between different scenarios according to the values of «y, 5;,i = 1, 2.

Case o; < f8;,1 = 1,2. In this scenario

vilw) = a; O i =12, Ky ={(k1,ks) : 0 < |ki| < Nl(u,n),i=1,2}

and E(u,n) = U, ky)ery , Thoke (W5 n).

Conditions A1 and A3. Following the same reasoning as in the proof of Proposition 3.1, the
validity of conditions Al and A3 follows straightforwardly from (34), (40) and (41) in Debicki et al.
(2017D).

Condition A2. Let

umder br (1) = X (01 () (k1 + t1), va(u) (kan + t2)),

1 1
u- =u  inf — ul =u sup ——. (5.7)
n,k1,k2 tEIIq,kQ (u;n) U(t) ke te[kl’k2 (un) U(t)

Then we have the following bounds

P{Vol({t € I, ko (u,n) : X(t) > u}) > v(u)z} <P {/[

H(fu,n,khkg (t) > u’r:,k‘l,k‘g)dt > ZE} )
0,n]?

7n]2

P{Vol({t € I, k,(u,n) : X(t) > u}) > v(u)x} > P {/[0 L&y kn (8) > u:’khb)dt > .CE‘} .

In order to derive the uniform asymptotics of the above terms we check conditions C0-C3 of Lemma
4.1 with F(f) = f, f S C([O, n]2) for fu,n,kl,kz (t), (kl, kg) S Ku,n~
Note that CO-C1 holds with h = 0 and g, ; = uffkl gy BY (3.3) and (3.4), we have

2 2
Jim . t:;épn]z (s oy 1)V AT (e s (1) = G ko (5)) — 2Var <Z B, (t;) — ZBa (Si)> | —0,
(kl’»kz)éKuy,n i=1 i=1

where B,,,7 = 1,2 are two independent fBm’s with indices «a;,7 = 1,2 respectively. This confirms
that C2 holds with ((t1,t2) = Ba, (t1) + Ba,(t2). By (3.4), we have

VO o ©) ~ G (5)) < @lls =, st € 0,
1,k2)€ u,mn

Thus C3 is satisfied.
Therefore, by Lemma 4.1, we have that for 0 < z < n?

' P {ﬂoyn]g H(&u,n,kl,kz (t) > uikhb)dt > l‘}
lim sup

= Bayax(@,[0,0]%)| = 0. (5.8)
U—00 (k1,k2)EKun \Il(uikhkz) 1,00 [ ]
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Since

Uty gy 1)

—1
+
Uty ey )

lim sup
U—00 (k:l,k‘z)EKum

=0 (5.9)

(see Section 6 for the validation of (5.9)), by (5.8) we obtain for 0 < z < n?

P{Vol({t € I, s X(t >
lim sup {Vol({ € Ty b, (1, n_) () > u}p) = viu)e} — Bay,as (2, [0, n]Q) =0.
U—00 (k!lka)EKu,n \Il(un)klﬂkQ)

Therefore, (1.2) holds with

Bay oz (z, [O7n]2)
Bay s (0, [O,nP)’

Finally, by (5.5), we have that A2 holds. Thus the claim is established with

B s (z) '
Bay,a2(0)

Fo(x) = z > 0.

F(r) =

Case a1 = 51, a9 < (2. In this case v;(u) = ai_l/a"'u*2/°‘i,i =1,2. Let

Tiy () = Ty oy (u, ) U Ty (wym),  Br(uym) = | Iny(uym), (5.10)
ko€Ku,n
where Ky, == {k2 € Z : |ka| < Nj(u,n)}.
Conditions A1 and A3. Analogously to the previous case, conditions Al and A3 hold with
E(u,n) = E1(u,n) and I;(u,n) == I, (u,n), by (34), (46), (48) and (49) of Debicki et al. (2017h).
Condition A2. Rewrite (3.3) as

1

o

= 51 52
0 (1+ (14 e1(t1))b1]ta] ) (1+ (14 e2(t2))balts] )
for some functions e (t1) and es(t2) which satisfy

lim sup |ei(t;)| =0, i=1,2.

U0 te By (u,n)

Let

Eun ez (1) = X (v1(u)ty, va(u) (kan + t2))

_ —ljar —l/az —2/a;—2/as
— , v(u)=a a u ;
1+ b1|v1(u)t1|51(1 + el(vl(u)tl)) ( ) 1 2

U, =uw inf (1+ ba|t2]P2 (1 + ea(ts))), UZQH =u sup (1+ balta|* (1 + ea(t2)))-
teIkQ (uvn) t€[k2 (uvn)

Then it follows that

P {Vol({t € I, (u,n) : X(t) > u}) > v(u)x} <P {/[

—n,n|x[0,n]

L(€un ks () > 1y, )dt > x} ,

P{Vol({t € I, (u,n) : X(t) > u}) > v(u)x} > P {/[

—n,n]x[0,n]

]I(fu,n,kg (t) > Uz%n)dt > ZE} .
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Straightforward application of Lemma 4.1 with T'(f) = f, f € C([-n,n] x [0,n]) and h(t) =
al_lblltl\al in C1, gives that for 0 < z < 2n?

P {f[fn,n]x[o,n] ]I(gu,n,kg (t) > ui,n)dt > .’L‘}

a1_1b1|t1\a1 ,0

lim sup — Bai, xz,|—n,n] x [0,n])| =0.
U 00 ko€ Kun \I](uz,;’n) 1,02 ( [ ] [ ])
Similarly to (5.9), we have
W (uy,
lim  sup ( ’f’") — 1| =0. (5.11)
U0 kQEKu,n (qu’n)

Consequently, for 0 < z < 2n?

P {Vol({t € Dy (u,n) - X () > u)) > v(u)x}

a;1b1|t1|"‘1 ,0

lim sup - B xz,|—n,n| x {0,n])| =0.
Jim sy ) 0 e, ] x [0,])
(5.12)
Thus (1.2) holds with
—1 o
By () = Boas (e[, n) x [0,m])
n - —1 o .
Batoy " (0, =, m] x [0,m])
By (ii) of Lemma 4.2 it follows that
—1 o
B Bal bl‘tl‘ 1,0
lim F,(z) = —ol02 @) ¢ (0.1, (5.13)
n—00 Bgll Oi721|t1| 1,0(0)

which confirms that A2 holds. Thus, applying Theorem 1.1, we establish the claim with

b |t1|¥1,0
Py = Botas (@)

- —1
a, by |t1 ‘0‘1 ,0
Bai s (0)

Case a1 = 1, 9 = 3. In this case we have v;(u) = al-_l/aiu”/o‘i,i =1,2. Let

E(u,n) == I(u,n) = U I j(u,n). (5.14)
i,j=—1,0

Conditions A1 and A3. It follows from (34) and (52) in the proof of theorem 3.1 of Debicki et al.
(2017b) that A1 holds. Since we take only one interval I(u,n), condition A3 is not applicable to

this case.
Condition A2. Let

Eun(t) = X (01 (W), va(u)ta)),  v(u) = ay /" ay /o221y =2

Then

P {Vol({t € T(u,n): X(t) > u}) > v(u):c} —P {/{_n 1(Eun(t) > u)dt > x} .

7”]2
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In order to derive the asymptotics of the above term, similarly to the previous cases, we observe
that C1 in Lemma 4.1 holds with h(t) = aj'bi|t1|* + a5 'bo|t2|*? while C2 and C3 have been
checked in the case of o; < 8;,1 =1, 2.

Hence we have

P ffan I[(gu,n(t) > U)Clt > 1 o 1 N
Rt e W (u) }—Bill,letl b PR e, [ )| = 0.

Combining the above with the fact that, by (iii) of Lemma 4.2,

-1 -1
lim ng,of;'“‘al’% balfa |2 (z,[-n,n]?) € (0,00)
n—oo

we conclude that A2 holds with

ay ' b|ta]*1 a5 " bat2|*2

_ B

O R
a Q.
Bag apll e T )

Hence we establish the claim.

For the cases ay > f1,a0 = B2, and oy > P1,as > f2, we can establish the claim similarly to the
case of oy = B1, a9 = (9. For the case ag > (1, as < B2, the proof is similar to the case of a; = 1,

o < (9. This completes the proof. O

5.5. Proof of Proposition 3./. In order to apply Theorem 1.1, we introduce some useful notation.

Let

I (u,n) = [kv(u)n, (k+ 1)v(u)n], N(u,n)= [ T } -1,

and E(u,n) = Upeg, , Ie(u,n), with Ky, = {k € N: 0 <k < N(u,n)} and v(u) = a~Vey=2/e,
We denote by

Z(t,0) = iXi(t)vi(H), A=1[0,7]""2 x [0,2n),
i=1

where 0 = (01,...,0,m,—1) and v1(0) = cosfy, v2(f) = sinb; cosby, v3(f) = sinb sin by cos b3,
e Ume1(0) = ([T % sin 6;) cos 01, v (0) = [ sin ;. In this proof, we will use that
x(t) = sup Z(t,0).
feA
We split the set A into (setting k = (k1,...,kn—-1))
A=J A A={(k,.. . kmo1) 1<k <L1<i<m—2,1<ky 1 <2L},
keA

where
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and L is a positive integer. Moreover, let

mi(u) = P sup Z(t,0) > u, sup Z(t,0)>u,p, (5.15)
KAk Jo k€A tel0,v(u)n],0€ Ax te[0,v(u)n],0€ AL,
Yun = Z IP’{ sup  x(t) >w, sup x(t) > u}
0<k1 <ka<N(un) L€y, (u,n) tely, (u,n)
= Z IP’{ sup Z(t,0) > u, sup Z(t,0) > u}
0<k1 <ka<N(u,n) (t,@)elkl (u,n)xA (75,9)6.%2 (u,n)x A
< Z IP{ sup Z(t,0) > u, sup Z(t,0) > u} )
0<ky <ko<N(u,n),i,jEA (t,e)e[kl (u,n)x A; (tﬂ)e]kz (u,n) ><Aj

Denote by (with k& = (k1,...,km—1),0 = (l1,...,lm—-1))

m—1

ki — 1) _ ki —1)m _
kal(u) = 1:[1 |:(L) + liu lnl, (L) + (li + 1)u 1n1:| ,
U
A — 0<L<|—|,1<i<m-—1
1 () {l o_z_{Lm] <i<m }
and let
pru) = > IP{ sup Z(t,0) > u, sup Z(t,0) > u} . (5.16)
LIEA: () 1A te[0,v(u)n],0€ Ik 1 (u) te[0,u(u)nl,0€J;, 11 (u)

Conditions A1 and A3. Condition Al follows from Piterbarg (1996, Cor 7.3) while A3 can be
deduced from equations (7.4), (7.6) and (7.18) in the proofs of Piterbarg (1996, Lem 7.1, Thm 7.1).
Condition A2. Let us put

m(n,u) =P {/[O,v(u)n} I(x(t) > w)dt > v(u)x} =P {/[(M(u)n] I <2161£)1 Z(t,0) > u) dt > U(u)x} .

To verify A2, by stationarity we have to find the asymptotics of 7(n,u) as u — oo, which is given

in the following lemma.

Lemma 5.1. Forn > x

m(n,u) ~ MP sup x(t) >up, u— oo.
Bap,..2(0,m)  ([0.0(un)

Proof of Lemma 5.1. Let Dy, = {t € [0,v(u)n] : suppe 4, Z(t,0) > u}. Then we have

I|supZ(t,0 >u)dt - / I Ddt
/[O,U(U)n] (6€A ( ) [0,0(w)n] UkeADk()
< / Ip, (t)dt
> Jo s

keA
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and
/ I <supZ(t,<9) > u> at > Y / Ip, (t)dt — / Ip, (D, (t)dt.
[0,v(u)n] feA kCA [0,v(u)n] kAk! k' €A [0,0(u)n
Note that
Py / tydt— Y / Ip, D, (t)dt > v(u)z
LeA [0 v(u)n] kAK kK €A [0,0(u)n]
Z/ Ip, (t)dt > v(u)(z + €), Z / HDkﬂDk/( Ydt < v(u)e
ke ¥ [0v(u)n] k£k! ke ke [00(w)n]
> P{

Ip, ()t > v(u)(x + e)} _p { /[0 o0 > v(u)e}

ken ¥ [0v(u)n] £k k' €A

AV

IP’{ / Ip, ()dt > o(u)(z + e)} — ()
= Jo,uwn)
> Z pr(T + €,u) — 2m (u),

keA*

where € > 0 and 71 (u) is given in (5.15) and

pr(r,u) = P / I sup Z(t,0) >u | dt > v(u)x ¢,
(] \ €A,

AN = {keMN1<k<L1<i<m-—2ky1+#1,L2L}.

Similarly we get

w) < 3 prla, )+ m ().

keA
Hence

Zpk(xqte,u)f%rl( ) < w(n,u) Zpkxu + 71 (). (5.17)
keA* keA

o Upper bound for py(z,u). A direct calculations show

Var(Z(t,0)) = 1,
Corr(Z(t,0), Z(t',0')) = Corr(X(t),X(t')) (cos(1 — 07) — sin 8y sin 07 (1 — cos(f2 — 63))

m—2
— (H sin 0; sin@é) (1 —c08(0pp—1 — 97'71_1))> :
i=1

Hence

1 in” 0
L= Corr(Z(t,0), Z(t,0)) ~ alt—t|" + 5(61 — ) + =1 (62 — ;)

m—2
1
+3 <H sin? 9i> Op1 — 0,2 |t—=t]—=0,]|0 —0'|| = 0.(5.18)
i=1
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We have

Z P{/{o w }]I( sup Z(t,0) > u> dt > v(u):v} + p.(u), (5.19)

leAl(u 0€Jp,1(u)

where pj(u) is given in (5.16). Let

ki —1
Zuki(t,0) = Z (v(u)t, % +lhu g 4+ u_lcf1(9k7l(u))91, .
w T T T u—lcmll(ek,l(u))aml) 7

and Gy = [170, ¢i(Bri(u))na], where ¢ () = 272 [} |sinby], 2 < k <m — 1, e1(f) = 271/2,
Or1(u) = (M +hu g, B 20T nl) Noting that

L
m—1 m—1
G = H [0, ¢i(Ok,(u))n1] C H [O,c;:’inl] =G, Cl—:,i = 0511}) ci(9),
i=1 i=1 &k

we have

P / I{ sup Z(t,0)>u]dt>vwz, = P / I (sup Zy g1 (,6) > u) dt > v(u)zx
O,0(uyn]  \O€Jka(u) on) \6ec,

P / I| sup Zyk(t,0) >u | dt >v(u)x .
[O,Tl] QEGI

A straightforward application of Lemma 4.1 for I' : C([0,n] x G}}) — C([0,n]) defined by I'(f) =

SUPge it f(t.0), feC(0,n] xG), where h =0 in C1 and ((t,0) = Bu(t) + St N6, with
N;,i=1,...,m—1 being independent standard normal random variables independent of B,,, implies
that for all x > 0 we have

IN

P{f ]I(Sup + Zua(t,0) >u) dt>v(u)x}
. [0,n] gea; “uk, i\l N N
lim su —Bao. oz, [0,n] x G =0 5.20
S W) 22l o] X G ) (520)
By (7.18) in the proof of Piterbarg (1996, Thm 7.1), we have

pi(u) =0 (u™ 'W(u)), u—o0,n — o0. (5.21)

Hence, by (5.19)-(5.21) and using Lemma 2.1 we have

~

Bas,. 2(x,[0,n] x Gf) fmym=1 |
()" v
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o Lower bound for py(x,u). By (5.

pe(w,u) >

D

leNa(u

>

leNa(u

Y

where

m—1
G, =
i=1

By (5.20), (5.21

), Lemma 2.1 and

> liminf
n1—00

pr(z,u)

v

>

) [0,v(u)n]
) [0,n]

Ag(u):{lioﬁliﬁ

H [O, Ci(ek,l (u

we have that for € > 0

17),

sup Z(t,0) > u
GEJk’l(u)

) dt > v(u)(x + e)} — 2py(u)

sup Zyk,(t,60) > u
vecy

)dt > v(u)(ac—i—e)} — 2py(u),
Lm] —1,1§i§m—1},

))ni] D

Chi= 011611'1411 ci(6).

m—1
H [0, ¢ i) =2 Gy,
i=1

Remark 2.2 we have for n > x

Bao2,. 2

a,2,...,2

B\a,2,.‘.,2($+6, 0,n] x GL,) fm\™1 .. 4
(ng)m1 (7)" v e

m—1 T\m—1
(x4 €,n) H Chi (Z)
=1
m—1 T\m—1
o ()
1=

™ (u)

w0 (u), u— oo0,e— 0.

o Asymptotics of m(n,u). By (7.6) in Piterbarg (1996)

st (u)
)

m(n,u)
um I ()

Therefore, in view of (5.1

lim sup
U—00

o w(n,u)
hmlnfm

(1)

Using the fact that

lim sup Z

L—o0 keA

it follows that

~

m(n,u) ~

Bapo,..2(0,n)

™

L

ga127"'72 (1.7 n)

=o(u™ 'W(u)), u-—o0,L— o0

< hin_ilip,; (l:[ > ( )m 1l§a,z,...,2($,n),
m m—1

> 11LIIi>£fk€A* <];[ Cp. ,L> ( ) Ba,2,...,2($7n)'

)" a3

keA*
]P> {

(I

Ck:,i) (%)mil = Vol(Sm-1)

sup x(t) > u} , U — 00.
[0,0(u)n]

This completes the proof of Lemma 5.1.

Condition A2 continued. Lemma 2

ga,Q,...,
Ba.z2...2(0)

1 yields that for x > 0
2(z) _

_ B, 2,...2(x,[0,n])
n—ro0 Ba,z, ,2(0,10,n])

€ (0,1].
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Hence A2 holds with

F(z) = M, x> 0.
Ba.2,..2(0)
Thus we establish the claim and hence the proof is complete. O

5.6. Proof of Proposition 3.5. We first apply Theorem 1.1 to derive the asymptotics for case ii) of

Proposition 3.5. Let

N(u,n) T
E(u,n) = U Li(u,n), Iij(u,n) = [iv(u)n, (i + v(u)n], N(u,n) = [m}&uu)} -2
1=0
and )
I O
v(w) =ue (14—07'*) 7 (2 —-a)
Let
2(s,1) = P ) i) = fiwpn, 1+ Doyl a(u) = uo(u),
and
Y3 (u,n)
= P su u, Su U
i#j,OSWZSN(u,n) {t@i(}i“)@(t) i tefj(gvu)Q(t) i }

= Z IP’{ sup  (Ba(s) — Ba(t) —c(s —1t)) >u}.
(u,m)

i£5,0<i <N teli(nu)s2t

sup (Ba(s) - Ba(t) - C(S - t)) > U}

tel;(n,u),s>t

= Z IP’{ sup  Z(s,t) > w2 sup Z(s,t) > ula/2} ,
i£5,0<0,j<N (u,n) tell(nu),s>t tEI]’.(n,u),sZt

where in the last equality we use the self-similarity of fBm. Moreover, let

% . " . w2 Inu
Li(u) = [t" +ig(u)ny, 7" + (i + D)g(u)ni], M(u)=|——]|, (5.22)
v(u)ng
Glu)={s:|s—71" < w21 Inu}, G u)=1[0,00)\ G(u) (5.23)
and
ma(u) = Z IP’{ sup Z(s,1) > ut=/2, sup Z(s,t) > ula/2} . (5.24)
M (u)—1<i<j<M(u)+1 t€[0,q(u)n],s€L;(u) t€[0,q(u)n],s€L;(u)

Conditions A1 and AS3. Condition Al follows from Theorems 3.1-3.3 of D¢bicki and Liu (2016) while
A3 is due to Lemma 5.6 of De¢bicki and Liu (2016) and the upper bounds of ¥;(u),7 = 1,2,3,4 in
the proof of De¢bicki and Liu (2016, Thm 3.1).
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Condition A2. Due to stationarity of the process @, in order to show (1.2) it suffices to find the
exact asymptotics of P {f[o w(w)n] I(Q(t) > w)dt > v(u)x} as u — o00. By the self-similarity of By,

we have

P {/[O,v(u)n] I(Q(t) > u)dt > v(u)x}

P {/[071)(”)”] I <S:§t)(Ba(8) —B,(t) —c(s—1t)) > u) dt > v(u)x}

P {/ I (sup Z(s,t) > ul_a/2> dt > q(u)x} .
(0,q(u)n]  \szt

We set next

Lemma 5.2. Forn > x
P / T (supZ(s,t) >u'=?) dt > q(u)x p ~ B, oz, n) M u U(m(u)), u— oco. (5.25)
OaCwnl \s>t VB m(u)o(u) ’

Proof. Upper bound. Using the fact that (set u, = ul=e/2

s>t s€G(u) sEGS(u)

]I(supZ(s,t) >ua> S]I( sup Z(s,t) >ua> —HI( sup Z(s,t) >ua>

we obtain

P / I (sup Z(s,t) > ua) dt > q(u)x
O.g(u)n]  \s>t
{/ (H ( sup Z(s,t) > ua> +1 ( sup Z(s,t) > ua>> dt > q(u)x}
[0,q(u)n] seG(u) s€Ge(u)
P / I sup Z(s,t) > uq | dt > q(u)x
[0,q(w)n]  \s€G(u)
+P / I sup Z(s,t) > uq | dt > q(u)zx
[0,q(w)n]  \s€G°(u)
+P / I sup Z(s,t) > uq dt>07/ I sup Z(s,t) > uq |dt>0
[0,q(w)n]  \s€G(u) [0,q(u)n]  \s€G(u)

<P / I sup Z(s,t) > uq | dt > q(u)x p +2P sup Z(s,t) > uq ¢ -
[0,q(u)n] seG(u) t€[0,q(u)n],s€Ge(u)
Using that (recall (5.22), (5.23))

]I( sup Z(s,t)>ua> < Z ]I( sup Z(s,t)>ua>
s€G(u) Ji|< M (u)+1 s€L;(u)

IN
=

IN

we have

P{/ H( sup Z(s,t) >ua> dt>q(u)x} < mi(u) + ma(u),
0,g(u)n]  \s€G(u)
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where ma(u) is given in (5.24) and
m1(u) = Z P {/ I ( sup Z(s,t) > ua> dt > q(u)x} . (5.26)
i< M (u)+1 te[0,g(u)n] s€L;i(u)

By Debicki and Liu (2016, Lem 5.6) we obtain

P sup Z(s,t) >uqp=o0|P sup Q) >up |, u—o0
t€[0,q(u)n],s€G*(u) te[0,v(u)n]

and in light of the upper bounds of A;(u),i = 1,2,3,4 in the proof of Theorem 3.1 of D¢bicki and
Liu (2016)

ma(u) = o (IP’{ sup  Q(t) > u}) , U —»00,n] — 0. (5.27)
te[0,v(u)n]

Next we focus on 71 (u). Rewrite

P / I[( sup Z(s,t) > ua)dt >qu)x p =P / ]I( sup  Zyu(s,t) > m(u))dt >0,
te[0,q(u)n] “s€L;(u) tel0,n] “s€[0,n1]

where
Bo(7* 4 q(u)(ing + s)) — Ba(q(u)t) dter

Zyi(s,t) = 1+ (" + q(u)(ing + 5 — 1)) (rr)er2”

Let for 0 < e <1
mi (u) = m(u) (1 + <£4 - e) q(u)(ing + n)2> .

A direct calculation shows (see also Lemmas 5.3-5.4 in Debicki and Liu, 2016) that

my (u) < m(u)(Var(Zu(s,t) " <mf (u), il < M(u)+1 (5.28)
and
1- Zowi(5,1), Zui(s' 1!
lim sup (mF(u))? Corr( ,u:(s’t>’ u/’lss ) _ 1’ =0. (5.29)
U0 |41 < M (w) 1, (5,8) (s 1), (5,8), (s ) €[0,m1] X [0,7] [t —t'|*+[s — 5|

Hence

P / I| sup Z,(s,t) >m(u) |dt>z, <P / I sup Zui(s,t)>m; (u) |dt>zp.
telo,n] s€[0,n1] telo,n] s€[0,n1]

Next, by Lemma 4.1 applied to I' : C([0, 7] x [0, n1]) — C([0, n]) defined by I'(f) = sups¢jo n,) f(5, 1),
f € C(]0,n] x[0,n1]), with h = 0 in C0O-C1 and C2 satisfied with ((s,t) = B,(s)+ B.,(t), we have

P {ftE[O,n] I (Supse[o,m] Zyi(s,t) > m:(u)) dt > x} 5

T @) (2, 0,7] % [0,n1])] = 0 (5.30)

lim sup
WO 4| <M (u)+1
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and in light of Lemma 2.1, we have

(1) < Baale,0.n] x 0,m]) 3 Wimy (u))

|i|< M (u)+1

Bualz, [0,0] x [0,m)(m(w) S e (-9 vm )’
|i| <M (u)+1

Buo(z,[0,n] x [0,n1]) [2A7  w
ny B m(u)v(u)q](m(u))
~ 2Am u
~ Ba7a($an)\/?W‘I’(m(u)) (5.31)

as u — 00,n1 — 00, € — 0. Therefore, we conclude that

s 2AT U
P {/[O,q(u)n} I <S;§t) Z(Sat) > uoc) dt > Q(U)HT} < Ba,a(l',n) ?W\P(m(u)), U — 00.

Lower bound. Observe that for u sufficiently large, s > ¢ holds for all s € G(u),t € [0,q(u)n].

Therefore,

P {/ I (supZ(s,t) > ua> dt > q(u)x} >P {/ I ( sup Z(s,t) > ua> dt > q(u)x} .
[0,g(u)n] s>t [0,q(u)n] s€G(u)

By the fact that

Il sup Z(s,t) > uq
s€G(u)

IN

IA

Y

Z ]I( sup Z(s,t)>ua>
jil<M(u)  \5EEi®)

— Z I[( sup Z(s,t) > uq, sup Z(s,t)>ua>

—M(u)<i<j<M(w) s€L;(u) s€L;(u)
= Al(u,t) — AQ(U,t)

it follows that for € > 0 (recall ¢(u) = u~1v(u))

P / I <sup Z(s,t) > ua> dt > q(u)x
(0,q(w)n] N\ st

>P {/ (A1(u,t) — Ag(u,t))dt > q(u)x}
[0,q(u

{ (u, t)dt > q(u)(x + 6),/ Ag(u, t)dt < q(u)e}
[0,q(u [0,q(u)n]

{ (u,t)dt > q(u)(z + 6)} —IP’{/ Az (u, t)dt > Q(U)e}
[0,q(u [0,q(u)n]

{ li| < M(u ]I( sup Z(s,t)>ua> dt>q(u)(:c+e)}—7rg(u)
[0,q(u)n]

s€L;(u)

Z {/ o) ]JI ( sup Z(s,t) > ch) dt > q(u)(x—i—e)} — 2ma(u), (5.32)
i|<M(u qlu

s€L;(u)

| \/

| \/
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where ma(u) is defined in (5.24). Similarly as in (5.31) and in light of (5.27), we have

5 2A U
P {/[Oﬂ(u)n} I <S;;I;Z(s,t) > ua) dt > q(u)x} > Baalz+ e,n)\/gm(u)v(u)\lf(m(u))

~ 2A
> o,x 9 77\1}
> Boalw.n)y G s Um(w)
as u — 00, € = 0. Consequently, for n > x
~ 2A U
P / H(s Z(s,1) > a)dt> ~Boalzn =2 g . u—oco (533
{ (e > q(u)x} e G s M), o (539

Moreover, by Lemma 2.1

Thus A2 holds with

This completes the proof of case ii).

For case i), note that if z = 0, the claim clearly holds. Next we suppose that 0 < z < T. By
(5.25) for any 0 < € < min(z/2, (T — z)/2),

P {/ I(Q(t) > u)dt > v(u)$} < P {/ I(Q(t) > u)dt > v(u):c}
[0,T] [0,v(u)(T+e€)]

P {/ 1Q(t) > w)dt > v(u)(z — e)}
0,0(u)T]

MP sup Q(t) >u 7 U — 00,
Ba,a(0,T) t€[0,0(w)T]

IN

Analogously, we have

B\aﬂ(:z +e, T)]P’
te[0,v(u)T]

P {/[O’Tu] I(Q(t) > u)dt > v(u)x} > B\aya(O,T)

In light of Remark 2.2 we establish the claim by letting ¢ — 0 in the above inequalities. This

sup  Q(t) >u}, u — 00.

completes the proof. O

6. Appendix

Proof of Lemma 4.1 For notational simplicity denote by p, ; the correlation function of the
random field £, ;. Further set

XUJ(S) = Gu,j (Eu,j(s) - pu,j(S, O)Eu,j(o))7 s €k
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and

1 —ou,(s)
fu,j(S, y) = y/’U,j(Sa 0) — 93,]- (1- pU,j(Sa 0)) — 93,] ?J
Ou,j(8)

Conditioning on &,,;(0), by F1 and using that &, ;(0) and &, ;(s) — pu,j(s,0)&, ;(0) are mutually

independent we obtain

20 T (00(6050) = 90 () > O a) > o}

e*gi,j /2 / y2
= ex —Y — X
Vamgu, oo\ 262

<P { [ T G605 (6) = 90 () > 0} 0(a) > s 0) = g + ygu;} dy
Eo

, se Fh,yeR.

efgi,j/Q 2
= S [ (-y-zg,)u»{ [ 0506) (a9 + fuss.0)) (0) > O () >

¢ / V) Lyt
= — [ exp | —y— 55— | Zuj(y; 2)dy,
V271 gu,; JR 295,) "

where
T, ;(u;z) = P { [ T i) (g 9) + .90 () > 0} ) > az} |

Noting that
6*93’]‘ /2
lim sup V2Tgu.s
u=o0 jeg, | V(gu,j)

—1/=0

in order to show the claim it suffices to prove that

2
y b} )
/ exp (—y — 5 ) L (y; x)dy — B. " (x, By)
R Yu,j

for all z > 0. In view of C3 it follows that that for u > ug

lim sup =0 (6.1)

U—r00 jesu

Var(xu;(s) — xu,j(s)) < gi,jE {€.j(s) —€,;(s)} < Quills—=$|I", s,5 € En,

with v > 0. Further, by C0-C2 for each y € R

lim  sup | fu;(s,y) —y+ O'?(S) + h(s)| = 0. (6.2)
“_“’OjESu,seEl
Hence, by F2
sup e YZ, j(y;7) < e YsupP { sup I' (xu,j(5) + fuj(s,9)) () > 0}
jES, j€S.  \teEs
< eVsupP { sup {xu,;j(s) + fuj(s,9)} > 0}
JESu seky
< e YsupP { sup Xu,j(s) > Q2 ly| — }
JESu seFky
< Quly T e Y,y < M, (6.3)
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where in the last inequality we used Piterbarg inequality and M > 0. Moreover, it follows trivially
that for all x > 0
sup e YT, j(y;x) <e ¥, yeR. (6.4)
JESu

Therefore by the dominated convergence theorem and assumption CO

2
y _
/exp <—y— 307 )Iu,j(y; x)dy — / e YTy ;(y; v)dy
R Gu,j R

< / sup (e_yIuJ(y;:n)(l — 6792/(2934'))) dy — 0, u— oo.
R jESy

sup
JESu

Hence in order to prove the convergence in (6.1) it suffices to show that

lim sup
U—r 00 ]esu

=0 (6.5)

/ VT, (ys 2)dy — BE (z, By)
R

for all z € [0,n(E>)).

Weak convergence. The claim follows from the same arguments as in Debicki et al. (2020a, Lem 4.3,

4.7), where the precise meaning of uniform weak convergence is also given. Thus let C'(E;) denote
the Banach space of all continuous functions on the compact set 7 equipped with supremum norm.
For any s,s’ € E1, by C2 we have

Var(xus(s) = Xui(5)) = 82,5 (E{€01(5) = Euy ()} = (ui(5,0) = pus(s',0))%) = 2Var(((s) = ()

uniformly with respect to j € S, as u — oo. Hence, the finite-dimensional distributions of
Xu,j(8), 8 € Fy weakly converge to those of v/2((s),s € Ej uniformly with respect to j € S,. In
view of C3, we know that the measures on C'(F1) induced by {xu,(s),s € E1,j € Sy} are uniformly
tight for large u, and by C1, o, ;(s) converges to 1 uniformly for s € Ey and j € S, as u — oo.
Therefore, {0,.(s)Xuj(5),s € E1} converge weakly to {v/2((s),s € Ei} as u — oo uniformly
with respect to j € S, which together with (6.2) implies that for each y € R, the probability
measures on C(E7) induced by {Xﬁjj(s, y),s € E1} converges weakly as u — oo to those induced by
{Cn(s) + y,t € E1} uniformly with respect to j € S, where

X 5(5:9) = 0u,i(8) (ug () + fuj(s,9))  and  Gu(s) = V2((s) = 02(t) — h(s).

Continuous mapping theorem implies that for each y € R, the push-forward probability measures
P, on C(Es3) induced by {T' (qui (s y)) (t),t € Eq} converges weakly to the push-forward proba-
bility measure P, induced by {I'(¢4) (t) + y,t € Ea} as u — oo uniformly with respect to j € S,,.
The issues regarding the non-continuity of the sojourn functional are discussed in Berman (1973,
Lem 4.2). A sequence of functions f, € C(FE2) converges to f € C(E2) as n — oo with respect to
uniform topology if f, — f uniformly as n — oco. Since 7 is absolutely continuous with respect to

Lebesgue measure on Es we can define the set

4, = {f cowm): [ () = 0pr(at) > 0} ,
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which is measurable in the completion C* of C with respect to u, where C is the Borel o-field of

Cy(FE). Its complement belongs to C¥, i.e.,
AS = C(E2) \ Ay € CH.
Any function f € A§ is a continuity point of the sojourn functional J : C(E3) — [0,n(E2)], where

Juwaéﬂuw>omumfecwﬂ

This functional is measurable C/B(R) by the assumption on 7. We shall show that it is continuous
at any f € AS. Let such f be given. By the definition of the integral such f is not equal to zero on
any compact interval of R. Let f,, — f uniformly as n — oco. Then I(f,(¢t) > 0) — I(f(t) > 0) as
n — oo for almost all ¢ € R (with respect to Lebesgue measure). Hence by dominated convergence
theorem we have J(f,) — J(f) as n — oo, which means that the functional is continuous for all
f € AS. Recall that P, is the push-forward (image measure) on C(E2) with respect to I'(§5) + y.
We claim that
Py(As) >0

is possible only for ¢ in a countable set of R. Indeed, any f € A, is such that it is constant equal
to zero on a compact interval. Consequently, P,(A,) > 0 means that the functions f € A, are
constant equal to —y on some interval of R. If this is true for two different y’s, then the intervals
where f is constant equal —y must be disjoint, therefore this can be true only for countable y’s.

Alternatively, using the fact that P{T'(¢5)(t) + y =0} = 0 a.e., y € R, by the o-finiteness of 7,

Fubini-Tonelli theorem yields
[={ [ xw@w+u=omanay= [ [ p@io+y =0y dman o
R FEo Es JR

Hence for almost all y € R

B{ [ 1@ +y = oian | =

2
which means that, for almost all y € R
R ={ [ 1000+ =0t > 0} o.
E>
Consequently, since J(f) is continuous for f € A¢, by the continuous mapping theorem, as u — oo
T(T (x!(,9) (&) >0) n(dt 6.6

1 () @) > 0) ) (6.6)

weakly converges to

léﬂﬂwgﬂﬂ+y>mnwﬂ

uniformly with respect to j € S, for almost all y € R.

Convergence on continuity points. Define

Z(s) =P { [ 1000 +3> 0)n(at) > 2
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We draw a similar argument as in Theorem 1.3.1 of Berman (1992) to verify (6.5) for all continuity

points = € (0,n(E>)) of Bg’h’"(x, Es). Let o € (0,n(E2)) be such a continuity point, that is

lim [ (Z(y;zo +€) — Z(y; w0 —€)) e Ydy = 0.
e—0 R
Since for large M and all z > 0 by F2 as in the derivation of (6.3) we have
¢ VI(yiw) < Qylyl e P,y <M (6.7)
it follows from the dominated convergence theorem that

/R(I(y;onr) —Z(y;xz0—)) e Ydy =0

and thus by the monotonicity of Z(y; z) in x for each fixed y, z¢ is a continuous point of Z(y; x) for
a.e. y € R. Thus by (6.6) for a.e. y € R

lim sup |Z,;(y; zo) — Z(y; z0)| = 0. (6.8)

As shown in (6.3), (6.4) and (6.7) it follows from the dominated convergence theorem that

[ st [T
R R

sup
JESu

< [ sup [Ty i) - Zlysa)| ey 50, w0 (69)
R jESu

establishing the proof for all continuity points z € (0,7(E2)). Moreover, for the case that x = 0,

(6.9) also holds by replacing sojourn with supremum. This can be shown directly without any

continuity requirement for Bg’h’n (z,Es) at x = 0.

Continuity of Bg’h’n(x,Eg). Next we show that Bg’h’n(:c,Eg) is continuous at any = € (0,7(Ez2))

using that 7 is equivalent with Lebesgue measure on Es. Note that Bg’h’"(m, E») is clearly right
continuous at 0. Next we show the continuity at = € (0, E2). The claimed continuity at z follows if

we show

/R}P’{Ay}eydy —0, A, - {/E I(T(G)(E) +y > 0)n(de) = x} . yeR

Note that A, is an event for any y which is consequence of Fubini-Tonelli theorem. If for 0 < z <

n(F3) we have
é I(T(G)(0) +y > O)n(de) = .

2
then using the fact that I'({j)(t) is continuous over Fy and the Lebesgue measure is absolutely

continuous with respect to 7, we have that for any ¢ >y

/E (TG () +y' > 0)n(dt) > .

This implies that A, N A, =0,y #v',y,y € R. Noting that the continuity of I'((,) guarantees the
measurability of Ay, and {y : y € R such that P{A,} > 0} is a countable set because if it were
not we would find countably many (disjoint) A, such that > P {A,} = oco.
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Thus we get [ P{A,}e ¥Ydy = 0, hence Bg’h’n(x,Eg) is continuous on (0,7(E2)), establishing
the claim. 0

Before proceeding to the proof of Lemma 4.2, under the notation introduced in the proof of

Proposition 3.1, we denote and analyze

¥ (u,n) = P sup  X(t)>w, sup X(t)>wu,,(6.10)
0k K <Ny () i=1,2,(kn ko) (R k) STk (07) FEIg g (o)

3o (u,n) = Z P sup X(t) > u, sup X(t)>wup,(6.11)
0<2k;, 2k, <N, (u,n),i=1,2,(k1,ka)# (K} ,k}) t€I2p, 2k, (u,n) t€lapr opy (usm)

O(u) = TiTha)™ al/*?u?/ 2/ (y). (6.12)

Moreover, following notation introduced in the proof of Proposition 3.3, let

S5 (u,n) = Z P sup X(t) > u, sup X(t)>u
i | KL <N () i=1,2, (ko) 2 (R k) (PSR (1) tEDy gy (un)
Iy (u,m) = Iy oy (u,n) U o gy (), Er(uyn) = | Iy(u,n), (6.13)
k2| <Nj(u,n)
and

Yh(u,n) = Z ]P’{ sup  X(t) > u} , (6.14)
2, ki#—1,0

i <N (u,n)+1,i=1,2, b€ kg 1y (um)

Y¥3(u,m) = Z P sup X(t)>w, sup X(t)>wu,p, (6.15)
|kal,|kb| < NS (u,n),ka7kl t€ly, (un) tely (un)

Y¥4(u,m) = Z P sup  X(t) >u, sup X(t)>wu,.(6.16)
|2ka |2k, | <N (u,n)—1,ka £k, t€Iap, (u,m) t€lyyy (un)

Lemma 6.1. Under the assumptions of Proposition 3.1
P {supX(t) > u} ~ Z IE”{ sup X (t) > u} ~ CpO(u) (6.17)
tek ngiSNi(uvn)7i:172 t61k17k2 (u,n)

as u — oo, n — 0o, where Co > 0. Moreover, for all large u and n

C
S8 (u,n) < (W%Jrecm‘:) Ou), Ts(u,n) < e T O(u),

where C,C; and Co are some positive constants.

Proof of Lemma 6.1 Asymptotics (6.17) follow from Piterbarg (1996, Lem 7.1), while the bounds

can be deduced from equations (7.4) and (7.6) in the proof of the aforementioned lemma. O
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Lemma 6.2. Under the assumptions of Proposition 3.3, for a; < B;,1 = 1,2,

IP’{ sup  X(t) >u} :0<P{supX(t) >u})
teE\E(u,n) tekb

as u — oo, n — 0o, and

Y34 (u,n) = o Z ]P’{ sup X () > u} ,
),i=1,2

0<k; <N!(u,n t€1ky iy (wm)

as u — oo,n — 00. For ay = B1, a9 < B9

IP’{ sup X () >u} :o(P{supX(t) >u}> )
teE\FE1(u,n) teE

as u — 00, n — 00, and for u and n sufficiently large

S¥5(u,n) < [ —=+e " | Psup X(¥) >u,p,
st < (2 sup X ()

¥h(u,n) < e Cintp {sup X(t) > u} ,
tek

Y¥4(u,n) < e~Cin°p {sup X(t) > u} :
tek

For aq = 1 and ag = Po

P{ sup X(t)>u} :0<P{SupX(t)>u}>,
teE\Ui,jE{—l,O} Ii,j(u,n) teE

as u — 00, n — 0.

Proof of Lemma 6.2 The proof of Lemma 6.2 follows from Debicki et al. (2017h). Specifically, the
first one follows from (34), the second one from (40) and (41), the third one from (34) and (46), the
fourth one from (48) and (49), the fifth one from (46), the six one from (48), and the last one from

(34) and (52) in the proof of D¢bicki et al. (2017b, Thm 3.1).

Now we are in the position to prove Lemma 4.2.

0

Proof of Lemma 1.2 Ad (i). We follow notation introduced in the proof of Proposition 3.1. For

any n,nj > /x, we have

Y (u,ng) — XX (u,ng) < IP’{/E(

u?”)

where X% (u,n) is given in (6.10) and

S (u,n) = Z P {/ I(X(t) > u)dt > ’U(u)x} .
)£1,i=1,2 Trq ko (um)

0<k;<N;(u,n

I(X(t) > u)dt > v(u)x} <2 (u,n) + 231 (u,n), (6.18)



282 Krzysztof Debicki et al.

By (5.3), it follows that
=i (u,n) < > Bayas (2, [0,7]*) ¥ (u)
0<k; <N;(u,n),i=1,2

Ba, s (z, [0, n]z)
n2

< O(u), u— oo,

where ©(u) is defined in (6.12). Analogously, we obtain the lower bound

Ba, s (z, [0, n]2)

X7 >
1 (u7n) = n2

O(u), u— oo.

Lemma 6.1 shows that for u and n sufficiently large

25 (u,n) < <ic/% + e—CmC> O(u).

Dividing both sides of (6.18) by O(u) and letting u — oo, we have

BalvaZ(‘T’ [O,TlﬂQ) B Cy _ e—Cln‘If < Bal,az(x’ [Oan]Q)
= N =T e

The above implies that

C
Jn

+ 1 Cint,

B 0.n)? B 0.n]2
lim sup Qq,02 (‘7;7 [ ) TL] ) — liminf 1,00 (x, [ s TL] ) < .
n—00 le n—00 n?

Next we show that
llm lnf Bal ;2 (a:" [07 n]Q)

. > 0.
n—oo n

Observe that
P {/E]I(X(t) > w)dt > U(u)x} > o (u,n) — X¥a(u,n),

where ¥ (u) is given in (6.11) and

Yo(u,n) = Z P {/I I(X(t) > u)dt > U(u)x} _
)i=1,2 2%k 2k (UsT)

0<2k; <N/ (u,n

In light of (5.3), we have

ZQ(“? n) > Z BOZLCYZ (x7 [07 n]2)\II(u)
0<2k; <N!(u,n),i=1,2
Ba, as (z, [0, n]2)

>
- 4n?

O(u), u— oo.
Moreover, by Lemma 6.1 we have, for © and n large enough

Y3 (u,m) < e_CI"C@(u).
Combination of upper bound in (6.18) and lower bound in (6.19) leads to

lim inf Bayas (2, [Ovn]z) > Bayas (2, [0,711]2) _ ef(C1n(1:'
n—00 n? - 4n?

(6.19)

(6.20)
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For ny > /x

2
Bay oo (2,[0,m1]?) = /RIP’ {/{O . I (Z(\@Bai(ti) — |t:]*) > s) dt > x} e*ds

=1

2
/ Py inf S (VEB(t) — [6]™) > sy s > 0.
R te[ovnl]z i=1

which combined with the monotonicity of Ba, a,(, [0,71]?) in ny and (6.20) implies that for suffi-

v

ciently large n

—_CinC
lim inf Ba,as (=, [O,n]Q) > Ba,as (z, [Oanl]z) —4nfe Cing
n—00 7’L2 47?,%

> 0,

establishing the proof of (i).

Ad (ii). We follow notation introduced in the proof of Proposition 3.3 for the case ay = (1 and
g < (9. Let next for u > 0

_ 2/B _ 2/8 _ 2/p _ 2/8
eu1/4/\lnu /o 1/4/\1 /o eu1/4/\lnu /P2 1/4/\1n /P2
Ey(u) = |- ——— N N X = —— | ————— )
U U U U

Ity o (u,m) = [k1v1(w)n, (k1 + 1)vi(u)n] x [kave(u)n, (k2 4+ 1)ve(u)n],
O1(u) = 20(1/B2 + 1)as/*2by /202l 02=2/B g (4y),

where I'(-) is the gamma function and

ey = sup le(t)|, e(t) = 1_70()

1l 0
0<t|< ()% i—1 2 Sy bilta]

Observe that

P / I(X(t) >wdt >v(u)zry > P / I(X(t) > uw)dt > v(u)x p,
Es(u) E1i(u,n)

P {/ I(X(t) > u)dt > v(u)x} < P / A I(X(t) > u)dt > v(u)x
Ea(u) Ul 1<V (uny+1 Log (wi12)

+P sup X(t)>u
E2(“)\(U\k2\§1\7é(u,n)+1 ka (u,n))
Hence it follows that
Y5 (u,ny) — EX3(u,nq) <P {/ ) > w)dt > v(u)az} <33 (u,n) + X5(u,n),  (6.21)
Es(u

with

Eﬂ:(u n) = P {/ I(X(t) > w)dt > U(U)x} 7
k2| <NJ (u,n)£ Iy (u,n)
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where Iy, ,(u,n) is defined in (5.6) and ¥4 and X¥3 are given in (6.14) and (6.15) respectively.
Noting that (5.12) also holds for |ks| < Nj(u,n) + 1, we have for > 0

71b a,O
SE(un) ~ Bated™ @ ) < 00) YD W)
ko | <N (u,m)+1

ay 'b1[t1]*1,0

Bl s (@, [-non] x [0,n)T(u) > ekl
|k2‘SNé(u’n)+1

a7 lby|t1]21,0
~ BOJ1170621| ! ({L‘, [_77’7 n] X [O’n])@l(u) U — 00
n ’ '

In light of Lemma 6.2, we have that for © and n sufficiently large

Y¥5(u,n) + X5(u,n) < (ic/% + e_(clnc) O1(u).

Dividing both sides of (6.21) by O1(u) respectively and letting u — oo, we have that
b |t1]@1,0 b |t1]@1,0
Bupas O o] x (0m)) - Co i Bavar s [mnnl x 0n) o e

n1 A/ n Vn

which gives that

b1 |t1]91,0 by |t1]21,0
i Boes e < f0n]) Bl [ n] < [0,1)

n—o00 n n—o00 n

< oQ.

Moreover, we have

P {/ I(X(t) > u)dt > v(u)$} > ¥y(u,n) — XX4(u,n),
Es(u)

where X34 (u, n) is defined in (6.16) and

Ya(u,n) = P I(X(t) > u)dt >v(u)x , .
= B {/WW( (1) > w)it > <>}

[2k2| <N (u,n

By (5.12), for z > 0 we have

71b a70 _
Si(un) ~ Babod 0@ ] xo,n) Y W)
|2ka| <Nj(u,n)—1
-1 o
Bl 0 ) x [0, 7))

~ 5 O1(u), u— oo.

By Lemma 6.2, for v and n sufficiently large, we have
¥4 (u,m) < e_CI"C®1(u).

In view of (6.21) for the upper bound, we have

b |t1]e1,0 b |t1]|¥1,0
fnig Bobas @ el x On)  Babas e ] X 0D e

n—00 n ni
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Noting that for n > /x

Loy |t1]91,0
Bt 20 [ m) x [0,m))

2
= / P {/ I (Z(Bai(ti) — |ti|*) — a;tby |ty |t > s> dt > x} e’ds
R [—n,n]x[0,n]

=1
2
> P inf Ba, () — |t:|*) — a7 tr |t | | > s p e®ds > 0,
>/ {te[_w[oyn] (Z( wlt0) = 1617) — a a1 )
1 o
and by the monotonicity of Bgll,of’;'“' 1’0(1’, [—n,n] x [0,n]) with respect to n, we have, for n;

sufficiently large,

T |t1]@1,0 Tlb|t1]@1,0
fing Bobas @ nn] < 0n)  Babas (e [ona ma] x [0, m))
n—00 n - ni

_e Ot 5,

This completes the proof of (ii).
Ad (iii). We follow notation introduced in the proof of Proposition 3.3 for the case a; = f;,
i = 1,2 Observe that

Y5(u,n) <P {/E"( )]I(X(t) > u)dt > v(u)x} < ¥5(u,n) + XE5(u, n), (6.22)

where E'(u,n) = Uy, 1y)ek,, Tk ks (u,1) and

So(u,n) = P{/f( )]I(X(t)>u)dt>v(u)m},

¥¥5(u,n) = Z P{ sup X(t) > un,k’l,kz} )

ks | <NZ(uyn) ki —1,0,i=1,2 t€1ky kg (usm)

with w, ;.  defined in (5.7) and I(u,n) in (5.14). In light of (5.8) and (3.3), we have that for u
sufficiently large
Y¥5(u,n) < Bayao(2,[0,1]?) > Uy )
ki | <N/ (u,n) ki #—1,0,i=1,2
Ba, oo (@, [0, n]2) U (u) Z o—a1 'bilkin|P1—ay ba|kzn| P2
k| <N (w,m) ki #—1,0,i=1,2

< Bay o, [0,1]2)e” Q07402 g (),

IN

where k‘: = kiI{ki>0} + (‘k‘z’ - 1)I{ki<0}vi =1,2.
Hence dividing (6.22) by W(u) and letting u — oo, we have for any n,ny > /z

1b1‘t1|°‘1 ,a;1b2|t2‘0‘2

0 < Bgll,ag (a:,[—n,n]2)
Tlby|t1]1 a5 ha [ta] @2 _ B1 B2
< Bipan 1 G e i ]?) + Bay (2, [0, m]2)e @0 ),

Letting n — oo with n; fixed in the above inequality, we complete the proof. O
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Proof of (5.9): Observe that

Wiz (i) o)
MN@ Yl o
q’(u+ ) )

n,kl,k‘g

uniformly with respect to 0 < |k;| < Ni/(u,n),i = 1,2. Furthermore, by (3.3), for u sufficiently

large

() ()’ = S
u —lu = U su — m
n,kq,ko n,kq,ko tEIkrl ki)(u n) 02(t) tefkl kg (u,n) O’Q(t)
2
t
S oy COPO)
ERASY I k2 u,n) o (t) ( )
< 4P sup  o(t) —o(s)|
8,t€1%q kg (u,n)

1+e

= 4u? sup
8,t€1x kg (u,n)

Zb |52

Bi

IN

+ 8u? sup
tEIkl ko (u,n)

4u? sup
s telkl ko (u,m)

i=1

2
4u22biﬁi|9i|ﬁi_lvi(u)n+8u2 sup |e(t)|zbi|ti|ﬂi,
i=1

i=1 L€k kg (u,m)

=1

IN

where e(t) = % —1,]t| # 0 and 0; € (k;v;(u)n, (k; + 1)v;(u)n). Using the fact that

—1/4 2/Bi
, | (ew " Alnw) . B
N/ (u,n) = [ w2/Bivy(u)n ] and  lim e, =0,
we have that
u?  sup (t)] g bilti|% < 2e., E bi(eg /4 Alnw)? — 0,

te]kl’kz (u,n)
as u — oo uniformly with respect to 0 < |k1] <N/ (u,n),i =1,2. For 3; > 1,i =1,2,

2(,6@ D)

2
u? Zbiﬂiwﬂﬂi*lvi(u)n < u? Zb Bi (lnu) ” vi(u)n
i=1
2 /ey 2(B;—1)
< Z 2a, ’biﬁiUQ/ﬁF2/°‘i(lnu) Bi m—0, u— o
i=1

uniformly with respect to 0 < |k;| < N;(u,n),i = 1,2, where (01,02) € Iy, k,(u,n). For 0 < f3; <
1,i=1,2,

u? Zb It;|% — Zb Bl

stGIkl k2(un) i—1

2
u? Z biﬁiwi”gifl’ui (u)n

IN

IN

u? Zblﬁz\vz )% =0, u— oo,
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holds uniformly for 0 < |k;| < N;/(u,n), k; # —1,0,i =1,2. For 0 < 3; < 1,k; = —1,0,i = 1,2
2
u? Zb % =) "bilsil?| < w? Zb |t:]% +Zb |s4] %
stelkl kz(un i—1 i—1 stEIkl k2(u n)
2u? Zb v (w)n|?

2
= ZZa;ﬁi/aibmﬁiu%wi/ai —0, u— oo.
i=1

2 2
+ —
(“n,kl,@) - (“n,kl,@) —0

as u — oo uniformly with respect to 0 < |k;| < N/(u,n),i = 1,2 establishing the proof. O

IN

Therefore, we can conclude that
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