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A Direct and Generalized Construction of
Polyphase Complementary Sets with Low PMEPR
and High Code-Rate for OFDM System

Palash Sarkar, Sudhan Majhi, and Zilong Liu

Abstract—A major drawback of orthogonal frequency divi-
sion multiplexing (OFDM) systems is their high peak-to-mean
envelope power ratio (PMEPR). The PMEPR problem can be
solved by adopting large codebooks consisting of complementary
sequences with low PMEPR. In this paper, we present a new
construction of polyphase complementary sets (CSs) using gen-
eralized Boolean functions (GBFs), which generalizes Schmidt’s
construction in 2007, Paterson’s construction in 2000 and Golay
complementary pairs (GCPs) given by Davis and Jedwab in
1999. Compared with Schmidt’s approach, our proposed CSs
lead to lower PMEPR with higher code-rate for sequences
constructed from higher-order (> 3) GBFs. We obtain polyphase
complementary sequences with maximum PMEPR of 2**! and
242 _ 9\ where k, M are non-negative integers that can be
easily derived from the GBF associated with the CS.

Index Terms—Complementary set (CS), code-rate, Golay com-
plementar pair (GCP), generalized Boolean function (GBF),
orthogonal frequency-division multiplexing (OFDM), peak-to-
mean envelope power ratio (PMEPR), Reed-Muller (RM) code.

I. INTRODUCTION

Orthogonal frequency-division multiplexing (OFDM) is a
multicarrier technique which has been widely used in many
high rate wireless communication standards such as Wire-
less Fidelity (Wi-Fi), Mobile Broadband Wireless Access
(MBWA), Worldwide Interoperability for Microwave Access
(WiMax), terrestrial digital TV systems, 3GPP Long Term
Evolution (LTE), etc. A major drawback of OFDM is its large
peak-to-mean envelope power ratio (PMEPR) for the uncoded
signals. PMEPR reduction through a coding perspective can
be achieved by designing a large codebook whose codewords,
e.g., in the form of sequences, have low PMEPR values. In
practice, OFDM signals with lower PMEPRs lead to smaller
input back-off (IBO) of the power amplifier (PA) at the RF
end, thus yielding higher transmit power efficiency and larger
communication range. This paper aims to reduce PMEPR via
codebooks consisting of complementary sequences which will
be introduced in the sequel.

Golay complementary pair (GCP), introduced by M. J. E.
Golay in [1f], refers to a pair of sequences whose aperiodic
autocorrelation functions (AACFs) diminish to zero at each
non-zero time-shift when they are summed. Either sequence
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from a GCP is called a Golay sequence. The idea of GCP
was extended to complementary sets (CSs) by Tseng and Liu
in [2] where each CS consisting of two or more constituent
sequences, called complementary sequences. A PMEPR re-
duction method was introduced by Davis and Jedwab in
[3] to construct standard 2"-ary (h is a positive integer)
Golay sequences of length 2" (m is a positive integer) using
second-order generalized Boolean function (GBF), comprising
second-order cosets of generalized first-order Reed-Muller
(RM) codes RMyn (1, m). By applying the constructed Golay
sequences to encode OFDM signals with a PMEPR of at
most 2, Davis and Jedwab obtained %'!2"(”1*1) codewords,
called Golay-Davis-Jedwab (GDJ) code in this paper, for the
phase shift keying (PSK) modulated OFDM signals with good
error-correcting capabilities, efficient encoding and decoding.
Subsequently, Paterson employed complementary sequences
to enlarge the code-rate by relaxing the PMEPR of OFDM
signal in [4]]. Specifically, Paterson showed that each coset of
RM,(1,m) inside RM,(2,m) (¢ is an even number no less
than 2) can be partitioned into CSs of size 2k+1 (where k
is a non-negative integer depending only on G(Q), a graph
naturally associated with the quadratic form () in m variables
which defines the coset) and provided an upper bound on the
PMEPR of arbitrary second-order cosets of RM,(1,m). The
construction given in [4} Th. 12f] was unable to provide a
tight PMEPR bound for all the cases. By giving an improved
version of [4, Th. 12] in [4, Th. 24ﬂ Paterson left the
following question:
“What is the strongest possible generalization of [4, Th. 12]?”.
In [4, Th. 24], it was shown that after deleting k& vertices in
G(Q), if the resulting graph contains a path and one isolated
vertex, then () + RM,(1,m) can be partitioned into CSs of
size 28t1 instead of 2512, i.e., there is no need to delete the
isolated vertex. Later, a generalization of [4, Th. 12] was made
by Schmidt in [5] to establish a construction of complementary
sequences that are contained in higher-order generalized RM
codes. Schmidt showed in [5] that a GBF gives rise to a
CS of a given size if the graphs of all restricted Boolean
functionsﬂ of the GBF are paths. In Schmidt’s construction,

“Full statement of [4} Th. 12] is given in Lemma

TFull statement of [4} Th. 24] is given in Lemma [§

A restricted Boolean function of a GBF is obtained by fixing some
variables of the GBF to some constants. If we restrict a GBF of m variables
over k (k < m) fixed variables, the restriction can be done in 2F ways.
Corresponding to the 2% restricted Boolean functions, there are 2% graphs if
the restricted Boolean functions are of order 2.



however, CS cannot be generated corresponding to a GBF if
there is at least one restricted Boolean function whose graph
is not a path (among all the restricted Boolean functions of
the GBF). In this case, further restrictions need to be carried
out until the graphs of all restricted Boolean functions become
path. As a result, the CS set size increases and so does the
PMEPR. Because of this, a reasonable number of sequences
were excluded from the Schmidt’s coding scheme. Hence, an
improved version of [5, Th. Sﬂ or a more generalized version
of [4], Th. 12] is expected to extend the range of coding options
with good PMEPR bound for practical applications of OFDM.

More constructions of CSs with low PMEPR have been
proposed in the literature. In [6], a framework has been
presented to identify known Golay sequences and pairs of
length 2™ (m > 4) over Zon in explicit algebraic normal
form. [[7]] presents a lower bound on the PMEPR of a constant
energy code as a function of its rate, distance, and length. The
results in [6] and [7] provide better upper bound of PMEPR
than the results in [4] and [5]]. For multi-carrier code division
multiple access (MC-CDMA), Liu et al presented in [8]] a new
class of mutually orthogonal CSs whose column sequences
have PMEPR of at most 2, when each CS is arranged to be
a two dimensional matrix (called a complementary matrix)
whose rows constitute all of its complementary sequences
in order. The low PMEPR property in Liu’s construction is
achieved by designing CSs such that every column sequence
of a complementary matrix is a Golay sequence. Nowadays,
besides polyphase complementary sequences, the design of
quadrature amplitude modulation (QAM) complementary se-
quences with low PMEPR is also an interesting research topic.
In [9], QAM Golay sequences were introduced based on
quadrature phase shift keying (PSK) GDJ-code. Later, Liu et al
constructed QAM Golay sequences by using properly selected
Gaussian integer pairs [10]. Recently, numerous constructions
of complementary and quasi-/near-complementary sequences
have been reported in [[10]—[25]]. These sequences may also
be applicable in OFDM systems to deal with the PMEPR
problem, in addition to their applications in scenarios such
as asynchronous communications and channel estimation.

In this paper, we propose a construction to generate new
polyphase CSs with low PMEPR and high code-rate for
OFDM systems by allowing both path and isolated vertices
in the graphs of certain restricted versions of higher order
GBFs. In our proposed construction, we restrict a few number
of vertices to obtain tighter PMPER. For example, we obtain
CS with maximum PMEPR of 2¢*! and 2**2 — 20 in
the presence of isolated vertices whereas the PMEPR upper
bound obtained from Schmidt’s construction for the same
sequences is at least 2¥TP*! (where p is the number of
isolated vertices present in the graphs of certain restricted
Boolean functions). The introduction of “isolated vertices” is
essential as it gives rise to higher sequence design flexibility
and hence more complementary sequences for larger code-
rate, as compared to Schmidt’s construction. By moving to
higher order RM code, we not only provide a partial answer
to the aforementioned question raised by Paterson, but also

SFull statement of [5, Th. 5] is given in Lemma

extend the range of coding options for practical applications
of OFDM. It is shown that our proposed construction includes
Schmidt’s construction, Paterson’s construction, and the GDJ
code construction as special cases. Part of this work has
been presented in 2019 IEEE International Symposium on
Information Theory [26ﬂ

The remainder of the paper is organized as follows. In
Section II, some useful notations and definitions are given.
In Section III, a generalized construction of CS is presented.
Section IV contains some results which are obtained from our
proposed construction. We have presented a graphical analysis
of our proposed construction in Section V. Then we compare
our proposed construction with [4], [5]] in Section VI. Finally,
concluding remarks are drawn in Section VIIL.

II. PRELIMINARY
A. Notations
The following notations will be used throughout this paper:
o« J= {jo,jl,...,jk_l} C {0,1,...,771—1}.
e X7 — (Ij07le7'..7xjk}71).
e C= (Co, Clyvny Ckfl) € {07 ].}]C
L] d = (do,dl, ey dkfl) S {0, 1}k
o wy, =exp(2mv/—1/q), ¢ > 2,2|q.

B. Definitions of Correlations and Sequences

Let a = ((IQ, Aty ... ,CLL_l) and b = (bo, bl, ey bL—l) be
two complex-valued sequences of equal length L and let 7 be
an integer. Define

Sy T aiby, 0< 7 <L,
Cla,b)(r) = ST aby_,, —L<rt<0, (1)
0, otherwise,

and A(a)(r7) = C(a,a)(r). The above mentioned functions
are called the aperiodic cross-correlation function between a
and b and the AACF of a, respectively.

Definition 1: A set of n sequences a’,a',...,a" !, each
of equal length L, is said to be a CS if

nL, 17=0,
0, otherwise.

2

A@Y) (1) +A@") (1) +.. .+A(a”_1)(7'):{

A CS of size two is called a GCP.

C. PMEPR of OFDM signal
For ¢-PSK modulation, the OFDM signal for the word a =

(ap,a1,...,ar—1) (where a; € Zg) can be modeled as the
real part of
L—1
S(a)(t) = Y wi= exp (2mV=1(fo + afo)t)
a=0

1 In [26], we have presented Theorem 1 and some preliminary results
derived from it. Based on [26], we further provide a graphical analysis of
our proposed construction. Moreover, we construct codes with maximum
PMEPR 4, 6, and 8, and compare the proposed code-rates with the existing
constructions [4] and [5].



where 0 < t < T (where T denotes the OFDM symbol
duration), fy denotes the center carrier frequency, and f
the subcarrier spacing. We define the instantaneous envelope
power of the OFDM signal as [4]]

P(a)(t) = [S(a)(t)]*.

From the above expression, it is easy to derive that

L-1

> A(a)(r) exp(2mV/—17f.t)

7=1-L

=A(a)(0+2-Re {ZA 7)exp(2mv —17fst )} ,

3)

where Re{z} denotes the real part of a complex number z.
We define the PMEPR of the signal S(a)(t) as

PMEPR(a) = 1 sup P(a)(t). 4

0< fst<1

The peak amplitude of an L-subcarrier OFDM signal is L.

D. Generalized Boolean Functions

Let f be a function of m variables xg,x1,...,Zmy,_1 Over
Zq. A monomial of degree r is defined as the product
of any r distinct variables among xg,Z1,...,Zm—1. There
are 2™ distinct monomials over m variables listed below:
l,xo,xh ey =1, L1, LOL2y o v« s Ly —2Lm—1 9+« « 5
ToT1...Tm_1. A function f is said to be a GBF of order
r if it can be uniquely expressed as a linear combination
of monomials of degree at most r, where the coefficient of
each monomial is drawn from Z,. A GBF of order r can be
expressed as

m—1
f:Q‘FZgz‘xrf'g/, &)
i=0
where

T
Q: E : § aa07a17~--7apflxaoxa1

p=2 0< o< 1<.. <ap—1<m

Tay s (6)

!
and g5, 9, Aag,ar,....ap_1 € Lq-

E. Quadratic Forms and Graphs
Let f be a rth order GBF of m variables over Z,.

Then f | __ is obtained by substituting z;, = ¢ (@ =
0,1,. k — 1D in f.If f| ,_. is a quadratic GBE, then

f| ) denotes a graph with V = {20, 21, Tn 1}\
{xjo,le, ..., Zj,_, } as the set of vertices. The G f|X _)

is obtained by joining the vertices z,, and z,, by an edge
if there is a term go,ay%a; %oy (0 < a1 < a2 < M, T4,
Za, € V) in the GBF f‘ _e Vith Gay0, # 0 (gayas € Zg).
For k =0, G( f| ) is nothlng but G(f).

E Sequence Corresponding to a Generalized Boolean Func-
tion

Corresponding to a GBF f, we define a complex-valued
vector (or sequence) t(f), as follows.

W(f) = (w LWy, (7

where f; = f(io,%1,...,%m—1) and (io,il,...,im_l? is the
binary vector representation of integer ¢ (1 = EZ:O 10.2%).
Throughout the paper, even ¢ not less than 2 will be consid-
ered.

Again, we define 1)( f |
f(io,iy,..

( 507%{1,...

) as a complex-valued sequence

with wy wime1) g zth component if i;, = ¢, for each

0 < a < k and equal to zero otherwise.
Definition 2 (Effective-Degree of a GBF [5]): The effective-
degree of a GBF f : {0,1}™ — Zyn, is defined as follows.
i+1 .
Orglaxl[deg (fmod 2°F1) —4]. (8)
Let F(r,m,h) be the set of all GBFs f : {0,1}™
Zon. Also, let |F(r,m,h)| denote the number of GBFs in
F(r,m, h) which is given by [5]
I h—1

log, |F(r,m, h)| = Zh@) +3 (i) (JL) ©)

i=0 i=1
Definition 3 (Effective-Degree RM Code [5]]): For 0 < r <

m, the effective-degree RM code is denoted by ERM(r, m, h)
and defined as

ERM(r,m,h) = {(f) : f € F(r,m,h)}. (10)

Definition 4 (Lee Weight and Squared Euclidean Weight):
Let a = (ag,a1,...,a5—1) be a Zyr-valued sequence. The
Lee weight of a is denoted by wty,(a) and defined as follows.

Z min{a;, 2" — a;}.

The squared Euclidean weight of a (when the entries of a
are mapped onto a 2"-ary PSK constellation) is denoted by
wt?(a) and given by

Y

’LUtL

ST

Let dy(a,b) = wtz(a —b) and d%(a,b) = wt%(a — b) be
the Lee and squared Euclidean distance between a,b € Zzh,
respectively. The symbols df(C) and d%(C) will be used to
denote minimum distances (taken over all distinct sequences)
of a code C € ZQ,L

Next, we present some lemmas which will be used in our
proposed construction.

Lemma 1 ( [4]): Let f,g be two GBFs of m variables.
Consider 0 < ig < i1 < --- < 4;_1 < m, which is a list of [
indices and the set {ig,41,...,%;—1} has no intersection with

wi(a (12)

J. Lety = (%, iy, ---,%q_, ), then
C(W(flxs=c), ¥(9lx,=a)) (7)
= Z C (Y(flxy=cer ) (9 lxy=de, ) (7)- (13)

€1,C2



Lemma 2 ( [27]]): Suppose that there are two GBFs f and
f" of m-variables zo, z1, ..., Zm_1 over Zg, such that for k <
m—3, f| g, and f' |XJ:c are given by

fly—e=P+L+gun+yg,

(14)

f’|XJ:c:P+L+ggxl+g:ca+g,
where L = Zm_ok_2gzaxza, {ioyit, - Jim—r—2} =
{0,1,....m—1}\JU{l}, both G(f | _)and G(f'[, _)

consist of a path over m —k — 1 Vertlces glven by G(P), z,
is an either end vertex, z; is an isolated vertex, and g;, g € Z,.
Then for fixed ¢ and d; # dy (dyi,ds € {0,1}),

C(f | mel:cdl’f | mel:cdg)(T)+C<fl | x,]zL:cdl’f/ | X jx;=cd2 )(T)

it megmek = (dy - )2
B 0, otherwise.

(15)
Lemma 3 ( [28]): Let ¢i,co € {0,1}F. If ¢; # co,

> e =0

d
Lemma 4 ( [3]): Suppose that f : {0,1}" — Z, is a
quadratic GBF of m variables. Suppose further that G(f) is a
path with 2"~! being the weight of every edge. Then for any
choice of ¢, € Zyn, the pair

(f+c7f+2h’1:ca+c’)

forms a GCP.

Lemma 5 ( [4, Th. 12]): Suppose that f : {0,1}"™ — Z, is a
quadratic GBF of m variables. Suppose further that G(f) con-
tains a set of k distinct vertices labeled jo, ji, ..., jk—1 With
the property that deleting those k vertices and corresponding
their edges results in a path. Then for any choice of g;, g’ €
Z,, where g; is the coefficient of x; and ¢’ is a constant term
in f, we have

k—1
{f + g (Z dal'ja + dl/fa) : domd// € {Ov 1}} (16)
a=0

is a CS of size 2+ 1,

Lemma 6 ( [4, Th. 24]): Suppose that f : {0,1}™ — Z, is a
quadratic GBF of m variables. In addition, suppose that G(f)
contains a set of k distinct vertices labeled jo, j1,...,Jk—1
with the property that deleting those k vertices and all their
edges results in a path on m — k — 1 vertices and an isolated
vertex. Suppose further that all edges in the original graph
between the isolated vertex and the k deleted vertices are
weighted by ¢/2. Let z, be the either end vertex in this path.
Then for any choice of g;, ¢’ € Z,

k—1
{f i g (Z oz, + d”xa) L dy,d” € {0, 1}} (17)
a=0
is a CS of size 2F+1.
Lemma 7 ( [3] Th. 5]): Let f : {0,1}™ — Z, be a GBF
of m variables. Suppose further that for each ¢ € {0,1}*,
G(f| x]:c) is a path in m — k vertices. Suppose further that

q/2 is the weight of each edge of the path G(f | xJ:c). Then

for any choice of g;, ¢’ € Z,

k—1
{f +1 <Z dowj, + d”e1> tda,d” € {0, 1}} (18)
a=0

is a CS of size 21 and hence 1)(f) lies in a CS of size 2F+1.
In (T8), e; is a function given by

= > (O)H:p

ce{0,1}*

(1—cq
(1—2xj,) ),

where 7., ¢ € {0,1}*, are 2* permutaions of {0,1,...,m —

1} \ J, which may or may not be distinct. Note that

e1lx,=c = Tree(0) is one of the end vertices in the path

G(f| v —c)» Where G(f | «,—c) is identified by the quadratic
m—k—2

q
form <2 Z xﬂc(a)a’m(aﬂ))

a=0
given 7., we have ejlx,—¢ = Tr(m—k—1) if the reversed

permutation of 7. is chosen.
Lemma 8 ( [5| Th. 9]):

. It is also noted that for

— 2m77’

dr, (ERM(r,m, h))

2 _ om—r+2 l
d%(ERM(r,m, h)) = 2 sin (2h).

)

19)

III. PROPOSED CONSTRUCTIONS

In this section, we present a generalized construction of
CS. For ease of presentation, whenever the context is clear, we
use C(f,g)(7) to denote C'(3(f),1(g))(7) for any two GBFs
f and g. Similar changes are applied to restricted Boolean
functions as well.

Theorem 1: Let f be a GBF of m variables over Z, with
the property that there exist M number of such ¢ for which

G(f ‘ c ) is a path over m — k vertices and there exist V;
number of such ¢ for which G(f | ) consists of a path
overm—k—1 Vertlces and one 1s01ated vertex x;, such that

M,N; > 0,M + ZNi = 2k, Suppose further that all the

=1
relevant edges in G(f | ) (for all ¢) have identical weight

of ¢/2. Then for any ch01ce of gi, g’ € Zg, ¥(f) lies in a set
S of size 2"+ with the following aperiodic auto-correlation

property.

gmtk+l T =0,
L
wgiem N wk' r=2li=1,2,...,p,
SN,
AS)(r)=¢ _,, T i
we MmNy T w = =2l i=1,2,
cESN,
0, otherwise,
(20)

where g;, € Zg, i =1,2,...,p, is the coefficient of z;, in f,
Sn, contains all those ¢ for which G(f } ) consists of a
path over m — k — 1 vertices and one 1solated Vertex labeled I;



(@, €{0,1,...,m—1}\ J, and Iy,ls,...,1, are all distinct),

and
k
l'_ li l7‘, )
ch_§ § 07 g i CinCis = Cin (05 4y S €Zqg),
r=10<i1<i2< <<k
where Ll is obtained by setting x; = ¢ in L&
which is a function and associated with the variables

I
TjosTjyy -+ Tjy_, and xy,. The term Ly can be expressed
k

l;
as Z Z iy yinyenyin

r=10<i; <iz<-<ip<k
Proof: See Appendix A. ]

We have introduced M and N; (i = 1,2,...,p) in Theorem ]
p

P T P 1 S

T

with the condition M + ZNi = 2"', M, N; > 0. Therefore,

i=1
M and N;’s range from 0 to 2¥.

Remark 1 (Explicit Form of GBFs and the set S as Defined
in Theorem [I): The GBF f, as defined in Theorem [I] can be
expressed as

q m—k—2
§ E 1—c
5 "L‘Wc )xﬂ'c 'L+1) H :I: 1 - xja)( Ot)
ceSy =0
q m—k—3
1—cq
g E E $6(1$6,+1)H$ l—x]a)( )
5 1CESN5 =0
P k
+ § : § : 011712, - ]71‘1:]12 o 'IjMCClé
0=1r=10<i1<ia< - <i, <k
k
+ E : Qi yig,osip Lgsy Lsy le+§ gizi +9,

r=20<i1<ia< - <i,<k

2D
— 13\ JU{ls}

, D), T are M permutations of {0,1,...,m—1}\
i,.’s belong to Z,. The set S can be expressed

where 7rf are Ns permutations of {0,1,...,m
b=12...
J,and o, iy,
as

{f +3d-xy+d%) :de{0,11%,d" e {0, 1}},

(22)
k—1
where d - x; = Zdamja. In (22), e is the function given
a=0
by
k—1
2= ) Tr () H e (1 —aj,) )
cESMm = (23)
+Z Z T15(0) Hx (1 —aj, )3,
(= ICESN(;

It is to be noted that eslx,—c = Tr.(0) Which is one of the
end vertices in the path G(fl|x,—.) for ¢ € Sjs. Similarly,
ealx,—c = Zs(0) Which is one of the end vertices of the path
lying in G(f|x,=c) forc € Sy, (6 =1,2,--- ,p).
From the expression of the GBF f given in (21), we have the
following observations:

For ¢ € Sy, G f| ) is a path over m — k ver-
tices and the path is 1dent1ﬁed by the quadratic term

—k—
P

Tr(i)Tre(i+1)- As the size of Sy is M, ¢ has
M choices in Sj;. We assume that ¢p,¢q,...,¢p—1 are
the M choice of ¢ in Sy, ie., Sy = {co,€1,...,€p-1}-

For M vectors in Sp;, we get M restricted Boolean
functions f’ , 4 = 0,1,...,M — 1, which may or
may not be dlstmct and correspondlng to each restricted
Boolean function, we get a path Therefore the term
bl ZCGS}M ZT6k72 m(z)xm(z+1)Ha 0T (1 = Tjq )(lica)’
present in f, generates the paths G(f | ) for ¢ € Syy.

Similarly, 726632% Py Okf?’x a(-)x 5 (i41) HZ %) ;"(1—
Zj, y(1=¢a) generates Ns graphs, denoted by G(f ]x 7c
¢ € Spy,, where each of Ns graphs contains one path
and one isolated vertex x;,. It is noted that the paths
in Ns graphs may or may not be distinct, it depends

on the permutations 773, c € Sh;. Therefore the term

g NP m—k— o

3261 EcesNé >io o 78 (1)L (i+1) Ha o250 (1 -
zj,)17¢) generates > 7 | N; graphs, where each of
N, graphs contains a path and one isolated vertex z;,,

i1=1,2,...,p

From the expression of f, it can easily be ob-
served that x;,,%;,...,%;,_, are the restricted vari-
ables. Below we have listed 2¢ — 1 distinct monomi-

als over the k + 1 variables x;,,z;,,...,
:cjoxlé,lezls,...

24, and xy:
» Uj—1 Tl TjoLj1 Lls» LjoLjaLlss -+ s

Ty oTj 1 Tlsy v, TjoTjy w e x15. Now, we consider the
following term:

S i

r=10<11<i2<"+- <z7«<k:

the

L1

From above clear that

> Y

r= 10§Z1<12< <ip<k
the linear combination of 2%

with constant coefficients gif )

expression, it is

Tls represents

in iy Loy " T,
— 1 above listed monomials
in....i, Which is the coefficient
of the monomial z;, xj, ---wj x;, (r = 1,2,....k,
0 < i1 < 1 < < i < k). It is also noted that

E E gzwz, i Ty, Tjy, oo %, is the  variable
r=10<i; <2< <<k
coefficient, of x;;, depends on the variables x;,, ;,,...,2;,_,

and it is denoted by ij} in Theorem 1.
Therefore, the term

p
Z :: : Z : Qt],lz, iy ]zllez...xjirxld

17=10<4; <ip< <1<k

present in f produces Ll5 for o =1,2,.

The term Z : z : Qi in, .. 77‘Tx]L1 x]bz U J"j'ir,.
r=20<i;<io< - <ir.<k

presents in f represents the linear combination of

the monomials of degree 2 to k over the variables

Tjo>Tj,---,Tj , with constant coefficients. The term

Qiy io, ... iy (7’ = 2,3,...,]{5,0 < il < i2 < e K ’L'T < k)

represents the coefficient of the monomial z;, =, ---

Zgglgixi + ¢’ represents the linear combination of
the monomials of degree O to 1 over the variables

qu‘,r'



Zo,T1,...,Tm_1 With constant coefficients g;, g’, where i =
1,2,...,m—1.

Below, we have provided an example to illustrate the GBF
given in (ZI).

Example 1: Let f be a GBF of 6 variables over Z4 given
by

f =2 ($0I1($2I4 + 2423 + I31'5)
+(1 = 20)(1 — 1) (w273 + 2374 + T475)
+20(1 — z1) (vawg+xaxs)+H1 — 20)z1 (2223 +T325))

+ ((EO + $0$1)$3 + 3.’E0$1 + 2$1$4 + i) + 21’3 + 2
(24

The above given function can be obtained from (2I)
by setting £ = 2,p = 2,50 = 0,51 = 1L,,; =
3,1 = 4,5y = {(0, O),(l,l)} SN1 = {(1,0)},8n, =
) (0,0)(3)) =
,37;7(7%1,1) 0), 7T(1 1)( ),W(l 1)(2) T(1,1)(3)) =

=2, =291 =92 =91 = g5 =0 We can
easily varify that G(f|(zq,21)=(0,0y) and G(f|(wo,w1):(1,l))
are paths over the vertices x2, 73,4, x5 and the paths are
identified by the quadratic forms x.x3 + x3x4 + 2425 and
ToTy + T4x3 + 45, respectively. We can also varify that
G(f|(zo,21)=(1,0)) contains a path which is identified by
the quadratic form zsx4 + z4x5 and one isolated vertex
x3. Similarly, G(f|(z,2,)=(0,1)) contains a path which is
identified by the quadratic form x,x3 + x325 and one isolated
vertex xy4.

From the expression of the GBF f, it is also clear that the
only term associated with xg, 1 and x3 is given by xo +
xozy. Hence, LY = L? = 20 + wox1. Similarly, L2 =

(zo,z1)

, we have
0)(1—z1) + T .1y(0)T0T1
0 1)(0)(1 — 1‘0)371

= xg(l — xo)(l — .731) “+ Toxox1 + .I‘Ql‘o(l — 331)

e = Tr, 0)(0)(1 -z
+x Zo(l —21) + Tr2
1.0)(0) of 1) 25)

+ $2.’171(1 — .’1?0).

We illustrate Theorem [I] by the example given below.
Example 2: Let f be a GBF of 5 variables over Z, given
by
[ =2z1(zoxa + xoxs + x423) + 2(1 — 21) (2220 + ToT4)
+ 3z123 + T + 221 + 1.
(26)

The above given function can be obtained from (ZI) by

setting k= 1L,p = 1 jo = 1,7 = 3,Su =
{1}, 58, = {0}, (m1)(0), w1y (1), m(1) (2), 77(1)( ))
(0,2,4,3), ()w(lo)( (1 ) (2,0,4), 0
390—191 2,92 = g3 = :Oandg—lFrom

(26), we have
flei=0 = 2(z220 + 04) + w0 + 1,

(27)
f|1-1:1 = 2(33‘0562 + Toxy + 3347,‘3) + 3z3 + xg + 3.

€))

X0 X2 X4 X3

(b)

X2 X0 X4
—eo—o

[ ]
X3

Fig. 1. The G(f | 11:1) and G(f | I1:0) of Example

Hence, G(f|.,=1) is a path over the vertices xg, xa, T3, x4
and G(f|s,=0) contains a path over the vertices zg,z2, T4
and one isolated vertex zs. Fig. 1 (a) and Fig. 1 (b) represent

G(f| m:l) and G(f | $1:0), respectively. Using , we have

es = Tox1 + 22(1 — 27). (28)

Therefore, es|;,—0 = x2 which is a end vertex of the path
in G(f|s,=0) and ey, =1 gives the end vertex xo of the
path G(f|z,=1). Following Theorem 1, we obtain the set .S
corresponding to the GBF f as follows:

S = {f +2 (del + d//e2) : dO € {07 1}7d// € {07 1}}
12301032122310211030121010011221
12121010120110031012123210231203
12323230122132231032301210033023
12103212120332011010303010213001

(29)

In the expression of the GBF f, the only term associated with
the restricting variable x; and x;, (= x3) is 3z12z3. Therfore,

following Theorem 1, we have L = L3 = 3z, and the
AACF of S is given by
128, T=0,
32050, r=38
A(S)(7) = iy ’ (30)
32w, 0, =8,
0, otherwise.
Since, L3 = 0, we have
128, =0,
A(S)(T) =132, 7T =48, 3D
0, otherwise.

Remark 2: Let f be a quadratic GBF with the property that
for all ¢ € {0,1}*, G(f |, _) is a path in m — k vertices.

Then from Therorem [1] we have M = 2F and

A(S)(r) = {

2m+k+1’ T = 0’

. (32)
0, otherwise.

Hence, S is a CS of size 28*1 and therefore, Paterson’s
construction [4, Th. 12] turns to be a special case of our
proposed one.

Remark 3: From Remark [} for k =0, S is a CS of size 2,
i.e., S is a GCP and thus the GDJ code in [3] is also a special
case of Theorem[I]



Remark 4: Let f be a quadratic GBF with the property that
for all ¢ € {0,1}*, G(f|, _,) contains a path in m — k — 1
vertices and one isolated Vertex x7,. We also assume that all
edges in the original graph between the isolated vertex and the
k deleted vertices are weighted by ¢/2. Then, from Therorem
we have Ny = 2%, Sy, = {0,1}%, L = 25°% ¢, and

gmktl T =0,
g k z : L __ 9l
wq12m+ wqc’ 7-_217
€SN
A(S)(7) = et :
— _ 1
wq giy 2m+k E wq L. , T = 72[17 3
ceSN, ( )
0, otherwise,
B gmtktl =,
0, otherwise.,

Therefore, 1(f) lies in a CS of size 28! and the result given
by Paterson in [4, Th. 24] turns to be a special case of Theorem

il
Remark 5: Let f be a GBF with the property that for all
c € {0,1}*, G f|X _.) is a path in m — k vertices. Then

from Therorem [1} we have M = 2% and
=0
A(9)(r) = { o

0, otherwise.
From (34), it is clear that 9(f) lies in a CS of size 28!
and hence the PMEPR of 1 (f) is atmost 281, Therefore,
the result given by Schmidt in [5, Th. 5] is a special case of
Theorem [l

2m+k+1
’ (34)

IV. PROPOSED CONSTRUCTIONS OF COMPLEMENTARY
SEQUENCES WITH Low PMEPR

In this section, we present two constructions of CSs which
are derived from Theorem [I] to provide tighter PMEPR up-
per bound than the PMEPR bound introduced in Schmidt’s
construction [5, Th. 5].

Corollary 1: Let f be a GBF as defined in Theorem 1| with
the property that N; = O(mod 2) (i = 1,2,...,p) and there
exist N;/2 number of ¢ in Sy, for which Lt = 0(mod gq),
and LY = 4(mod g) for the rest N;/2 number of ¢ in Sy;,.
Then for any choice of g;, ¢’ € Z,,

{f+ (d-xy+d"es) : de{o,r}k,d"e{o,r}}, (35)

is a CS of size 2k+1.

Proof: Let
{f + 3@ xy+d"s) :d e 0,1}, d" € {o, 1}} .
(36)
By Theorem 1, we have
gmtk+l T =0,
w3112m Z w5i17 T:2li5i:1727"'7p7
SN,
ABS)TI=] g T
Wy i gm Z w;Li . T=-2hi=1,2,...,p,
cESN;
0, otherwise.

(37

Since there exist IN;/2 number of ¢ in Sy, for which LLi=0(
Li . .. Li
mod gq), w)<" takes the value 1 for N;/2 times. Similarly, wl«

Ly
takes the value —1 for NN;/2 times. Therefore, ) . Sw, wie =

_rlk

0. In the same way, we can show that ) wy e = 0.

Hence, from (37), we have

A(S)(r) = {

cESN;
2m+k+1, T = O,

. (33)
0, otherwise.

From (38)), we have S is a CS of size 2! and hence at most
PMEPR of each sequences lying in S is 251 [4]. [

Remark 6 (Explicit Form of GBFs as Defined in Corollary
[7): To construct the GBFs as defined in Corollary [T} we only
need to take care of the following term in ZI):

: :z : : : erﬂmmxlr Ljiy Thig *

0=17r=10<i1<i2< - <ir<k

o x.’EiT 'Ilg I

In this Remark, we define L% , so that
the GBFs assomated with Lﬁg , meet the condition given in
Corollary I To define L% , first we need to define some vec-
tors which are as follows: céf = (cé“ X cll“ b s

t t
SNy, where t = 1,2,...,Ns/2, 6 = 1,2,.
1

or Y8 | LY x5

X

5 Cr—1 ¢,) €
Therefore

5 5 ls
€€y c¢N ,, are any Ns/2 drstlnct elements in Sp;.
Let us deﬁne
q Ns/2k—=1
l ca,qb 1—
g, =43 [La (i —ay)=e) . G9)
t=1 a=0

From the above equation, it is clear that Lﬁg , = 1forx; = czft s

t=1,2,...,Ns/2 and for the remaining of Ns/2 elements
in Sy, Lﬁc = 0. Therefore, the GBFs whose L% terms are
as defined as in , satisfy the conditions given 1n Corollary
Remark 7: The construction of CSs given in Corollary [I]is
based on GBFs of any order. It is observed that Corollary [I]
can provide tighter upper bound of PMEPR than that given
by Schmidt [5, Th. 5] for a sequence corresponding to a GBF
which satisfies the property given in Corollary |1} Below, we
present an example to illustrate Corollary
Example 3: Let f be a GBF of 5 variables over Z4, given
by
[ =2(zor122 + 20173 + 2123 + T3T2 + ToT4)
+ x4+ 229 + 223 + 224 + 3
= 2130(1’3582 + IQI’l) + 2(1 - IO)(Igmg + 1331’1)
+ 2x9x4 + 71 + 222 + 223 + 224 + 3.
The GBF f can be obtained from by substitut-
ing k =1, p =1, M = 0, Ny = 2, Sy, =
{07 1}’ Jjo = 0, (W%Q)(O)vﬂ(lo)(l)a 71—(10)(2)> = (2737 1),
(71-(11)(0)5 77(11)<1)’ 7T(11)(2>) = (37 2, 1)7 Iy =4, Qé =2, go = 0,
g1=1,9=93=9g4=2, and g = 3.
From the GBF f, we obtain the restricted Boolean functions
as follows.

f ’ 20=0 = 2(562263 —|— 1331‘1) + X1 —|— 21‘2 + 2173 —|— 2.174 + 37
f | ro=1 = 2(1‘31‘2 + 1‘2.’)31) + 21 + 229 + 223 + 3.

(40)

(41)



From. 1i it is observed that G(f ‘ wo:O) and G(f | xo:.l) both
contain a path over the vertices x1,xzs,zs and one isoltaed
vertex xy4.

We can easily varify that 2zgx, is the only term present in
f and associated with the restricting variable zy and isolated
vertex x4. Therefore, Li 0 = 2x0, Lg =0, and L‘l1 = 2. From
, we have es = x2(1 — ) + z3x0. Using Corollary

S={2 (vox1x2+T0T1T3+ 21 X3+ T3T2+T0Ts) + 21+ 222
+2x3 + 224 + 3+ 2(d0x0 + d/lez) 2 dy, d’ e {0, ].}}
33001120110211001320310031223120
31021322130013021122330233203322
33003100130033221320112033201302
31023302110231201122132231221100
(42)

is a CS of size 4. Therefore, the PMEPR of #(f) is at most
4 and from Schmidt’s construction, the PMEPR upper bound

of ¥(f) is 8.

Corollary 2: Let f be a GBF as defined in Theorem [I] and
unlike the GBF as defined in Corollary[l] Then for any choice
of gi, ¢ € Zg,

p
{f—i-g <d'XJ+d/ Zmli—f—d”eg) :

=1
de{0,1}*,d',d"€{0,1}},

(43)

is a CS of size 2512 with at most PMEPR 2¢12 — 2/,
Proof: The set S can be expressed as .S = S USs, where

Sl = f+g (d-XJ+d//€2) :de {0, 1}k,d//€ {0, 1}} s

i=1

(44)
By Theorem [I| we have
P
2m LN TN + 2 IM, 7 = 0,
i=1
91, ym Lli . -
wq ‘2 Z Wy, T=2"11=1,2,...,p,
A(Sl)(T): ceSn,
_ i;
we 2 Y w e r=—2l =12, p,
cESN,
0, otherwise,
(45)

p
Sy = {f+g <d~xJ+lei+d”e2> :de{0,1}* d" {0, 1}} .

and
P
2mHLN TN + 2 M, 7 =0,
i=1
a B
wp Mo 3T Wk r=0b =12, p,
A(Ss)(r)= A
—(§+91) om L _ ol ;_
Wy 2 qu , T=—2"1=1,2,...,p,
CGSNi
0, otherwise.

P
2m NN 4+ 2" M, T =0,
i=1

L
91, om L _ol; ;_
—wg ‘2 E wge, T=2%4=12,...,p,

= cESN;
_ L
— g, om Z W;Lc ,T= _211‘ , Z:l7 2,. <Dy
CESN,i
0, otherwise.
(46)
From (@3)) and {@6), we have
2m+k+27 T = O7
A(S1) (1) + A(S2)(7) = - “7)
0, otherwise.

Therefore, S ii a CS of size 25*2. Let us assume that S; =
{a® a! ... a2""" =1} From (3) and , we have

ok+1l_1q

P@)(t) < Y P@E")E)
B=0
p L
§277L+k+1+2mz Z [|quc7,
1=1 c€SN;

p
— 2m+k+1 + 2m+1 Z Ni7
i=1

15
+ |wg e

(48)
where a = 0,1,...,25t1 — 1. From (48), we have
o p
PEIE) < gri1 193 N,
2m (49)

i=1
=22 —2M.

From (@) and (@9), it is clear that the PMEPR of a® is upper
bounded by 2F+2 — 2M for all o = 0,1,...,2F1 — 1.
Similarly, we can show that the PMEPRs of the sequences
in Sy are upper bounded by 272 — 2. Since S is the union
of sets Sy and S5, the PMEPR of S is at most 2512 — 2.
|

Remark 8: It is observed that Corollary [2] can provide
more tight upper bound of PMEPR than that of [5, Th. 5]
for a sequence corresponding to a GBF which satisfies the
properties introduced in Corollary

Example 4: Let f be a GBF of 5 variables xg, x1, z2, 3, T4
over Zy4, given by

f=2(xoz123 + T0T3T4 + T123 + T3T2)

50
= 2]}0($41‘3 + 333.1‘2) + 2(1 — a:o)(xlarg + ngg). (50)



The above GBF can be obtained from (2I) by substituting
k:].,jOZOPZQ MZO,lel,NQZ].,SNIZ

{0} Sxe = {11 (7l ()7l (1,7 (2)) = (1,3,2),
(W(Ql)(O),w(l)(l),77(1)(2)) = (4,3,2), i =4, 1o =1, 04 =0,
o=0andgo=g1=g2=gs=ga=9g =0.
The restricted Boolean functions f | o and f| by AT
f|w0=0

f | vo=1 — 2(x423 + x379),

= 2($1$3+$3£L’2)7 (51)

respectively. From , it is clear that G(f | xO:O) contains
one path over the vertices z1, x2, x3 and x4 as isolated vertex,
and G(f ‘ IO:I) contains one path over the vertices xs, T3, T4
and z; as isolated vertex. We can easily verify that there is
no term, present in f, associated with xy and isolated vertices
@1, 24. Therefore, L} =0 and L; = 0. From , we have
ez = x1(1 — @) + z4@o. Using Corollary [2} the set

{f +2 (do(EO —+ d/(l'l + 1'4) + d“eg) : do, dl, d’ e {0, 1}}
[00000000002022020000000002222000 ]
02020202022220000202020200202202
00220022000222202200220020220200
02200220020020222002200222200002
00200020000022220222022200002222
02220222020220200020002002022020
00020002002222002022202222000022
1 02000200022020022220222020020220

(52)

is a CS of size 8. Hence, by using Corollary |2, the PMEPR
upper bound for (f) is 8 whereas Schmidt’s construction
provides a PMEPR upper bound of 16.
Example 5: Let f be a GBF of 6 variables over Z,4, given
by
[ =2(x0T273 + T0T3T4 + ToTaT5 + ToT2Ta + ToT1T4
+ xoxr1T3 + Tox3Ts5 + ToTy + T4 + T1T3 + xga:g,)
=2x0(r2x3 + 324 + .’1?4.%'5)
+ 2(1 — zg)(zoxy + T421 + T173 + T3T5).

(53)

The above GBF can be obtained from (23) by substituting
k:l,jg:xo,pzl M—]. N1—1 SI\/[—{O}

Sy {1}, (W(o( ), T(0)(1 ) T(0)(2 ) 7T(o)( )
(2,4,1,3,5), (m(0)(0), 7T(0)( ) ( )ﬂT(o( )) ( 3,4,5),
Lh=lLog=0adg=g="=¢g=g=
The restricted Boolean functions f | and f ‘ so—1 Ar€
given by
f ‘ 20=0 = 2(172:64 + X4 + T1x3 + $3I5),
(54)

f o1 = 2273 + X374 + T4T5),

respectively It is clear that G(f| ;c0=0) is a path and

G(f | ) contains a path and the isolated vertex x;. From
the express10n of the GBF f, we can easily varify that there
is no term associated with the variables xy and x;. Therefore,

Lalco = 0. From ’ we have e; = x2(1 — x0) + 2220 = 2.

@

r—o—o—0
[ ]
X1
(©
X2 X4 X3 Xs
*——o *—ae
(d)
X X3 X4 X5
r—o—o—0
(e
X2 Xq
*——0
()
X Xy
[ ] [ ]

Fig. 2. The graphs of the restricted Boolean functions obtained from f.

Using Corollary [2] the set
S = {f + 2(d0x0 + d/l'l + d//l’g) : do,d/, d’ e {0, 1}}
55)
is a complementary set of size 8 and the PMEPR upper
bound of the sequences lying in S is 6. The G( f|z 70

and G(f \ _,) are represented by Fig. 2 (a) and Fig. 2 (b)

respectlvely Since, G( f | ) contains the isolated vertex x1,
Schmidt’s construction suggests to delete the isolated vertex
x1. After deleting the isolated vertex or restricting =1, we ob-
tain the following restricted Boolean functions f ‘

(0,0
and f |

(wo,e1)=(1,1)" The

are represented by

(z0,21)=
f | (zo,21)=(1,0)

| (zo,21)=(0, O)) G f (zo, xl) (0 1))
Fig 2@and G(f |, . G(f } (20.21)—(1.1)) AT€ TEP-
resented by Fig. 2 (ci) Agaln deletlon needs to be performed
by following Scmidt’s construction. After performing another
deletion of vertices, the resulting graphs of restricted Boolean
functions will be represented by Fig. 2 (e) and Fig. 2 (g).
The deletion process can continue until the graph of every
restricted Boolean function is a path or consists of a single
vertex.

Therefore, from Schmidt’s construction, the PMEPR upper
bound of ¢(f) is 64 whereas from Corollary 2} the PMEPR
upper bound of #(f) is 6. Note that 4-PSK is considered in
this example.

f} zo,zl) (0,1)°

V. GRAPHICAL ANALYSIS OF THE PROPOSED
CONSTRUCTIONS

In this section, we interpret our proposed construction with
graphical analysis.

A graph can be represented by a pair of sets (V, E), where
V is the set of verices and E is the set of edges present
in the graph. As an example, the graph given in Fig. 1 (a)



can also be expressed by (V,E), where V = {z1, 22,23}
and F = {z1x3, 2023} The term zx3 represents the edge
between the vertices 1 and xg3. Similarly, xox3 represents the
edge between the vertices xo and x3. We say a graph (V) E)
is a path if the edges in ¥ form a path over all the vertices
presented in V. If there exist some vertices in V' which are
not associated with any edges presented in E, we call them
isolated vertices in the graph (V, E). As an example, in Fig.
1 (b), V = {z1,22,23} and E = {x125}, where the set E
does not contain any such edges which include the vertex xs.
Hence, for Fig. 1 (b), we call (V, E), a graph containing a
path and an isolated vertex. As a generalization, in Fig. 3,

Xre(0)  Xm(1) Xme(2) Xme(m—k—2) Xm(m—k-1) —>(VM EM)
P P » b

— (M, ENY)

— (%, E.")

Fig. 3. The graphs of the restricted Boolean functions corresponding to GBF

given in (ZI).

(VM EM) = G(f|x,=c), where f is a GBF given in (21,
[GNS SM, V]M = {1‘071’1,... ;Im—l} \ {zj071’j17"'7xjk71}?
and EM = {ZryTreirry = 1 = 0,1,...,m — k — 2}.
For any two distinct ¢;, ¢; € Sy, the graphs (VM EM)
(=G(flx,=c,)) and (VM EM) (=G(f|x,=c,)) will be the
same if the permutations 7, and ., are equal. Otherwise,
EM # FE}, and hence (VM EM), (VM EM) represent
two different graphs. Similarly, (V™5 ENo) = G(f|x,=c)
ce€ Sy, 0 =12,....p), VN = {zg,21,...,2m_1} \
{xjovxju ce 7xjk717xl6}’ and EcN(s = {%g(i)xwg(iﬂ) S
0,1,...,m —k — 3}, where 7, ¢ € Sn,, 0 = 1,2,...,p are
defined in 21).

If a GBF has the same graphical property as given in Fig.
3 and also satisfies the conditions given in Corollary |1} the
sequence corresponding to the GBF lies in a CS of size 2+ +!
and hence the PMEPR is upper bounded by 2*+!. Similarly,
if a GBF meets the condition given in Corollary [2] and also
has the same graphical property as in Fig. 3, the sequence
corresponding to the GBF lies in a CS of size 2¢*2 with at
most PMEPR 262 — 2]/

Now, we define the set of vertices as follows:
PcM = {xm(O)v xﬂ'c(m—k—l)}s ¥ € Sy and
INcé = {xﬂg(o),fvﬂg(m,k,m}, (WS SN(;, 0=1,2,...,p.

Schmidt’s construction provides a PMEPR upper bound of
2k+P+1 for the sequences corresponding to the GBFs which
have the following properties:

TABLE 1
PMEPR UPPER BOUND FOR DIFFERENT VALUES OF M AND p, WHERE

P
M+ Ny <2m.

i=1
k | Construction | M | p | PMEPR upper bound
Corollary E] 0 1 Zroposed [85]
! 0 ; 2 ; 16
Corollary T TT6 S3
2 0] 4 4
0 118 16
Corollary 218 > 32
1 118 > 16
1116 16
0 2 | 16 > 32
3| 16 > 64
5 41 16 > 128
1] 14 > 16
Corollary 1 2 | 14 > 32
3| 14 > 128
N 11 12 > 16
2 | 12 > 32
3 1| 10 > 16
4 0] 8 8

o The restricted Boolean functions of a GBF have the
following graphical properties as given in Fig. 3.
e 7, € PMYee Sy, 6=1,2,...,p.
ez, € IV Ve € Sy, 61 € {1,2,...,p} \ {6}.6 =
1,2,...,p.
Otherwise, the PMEPR upper bound provided by Schmidt’s
construction will be strictly greater than 2¢+P*1_ For different
values of M and p, we compare the PMEPR upper bounds
obtained from Corollary[T)and Corollary 2] with [3] in TABLE
L.

VI. CODE-RATE COMPARISON WITH EXISTING WORK

In this section, we compare our proposed construction with
the constructions given in [4] and [5] in terms of code-rate
and PMEPR.

A. Comparison With [4|]

In this subsection, we give a comparison of our proposed
construction with [4]] to show that the proposed construction
can generate more sequences, i.e., higher code-rate with tighter
PMEPR upper bound.

It is observed that by using Corollary [I| we get at least

1| 23y — 1)2
|5 e,

complementary sequences with PMEPR at most 4 and

-1 3m—8 _12
1 5 }q (q—1)7,

complementary sequences with PMEPR at most 8 of length
2™. The detailed derivations on enumeration of complemen-
tary sequences with maximum PMEPR 4 and 8 are given in
Subsections A and B of Appendix B, respectively.



By Corollary [2] we obtain at least

ml(m —2)!(m —1 e
|: ( 4)( ):|q2 2((]—1)2,
complementary sequences with PMEPR at most 6 and at least
m—2)!177 —
m(m — 2) [( 5 ) } > (g~ 1)%,

complementary sequences with PMEPR at most 8. The de-
tailed derivations on enumeration of complementary sequences
with maximum PMEPR 6 and 8 are given in Subsections C
and D of Appendix B, respectively.

Now we define three codebooks Si,Ss,S3 where S, Sa,
and &3 contain codewords of length 2™ over Z, with PMEPR
at most 4, 6, and 8 respectively, given in TABLE II. The code-

TABLE 11
PMEPRS AND ENUMERATIONS FOR CODEBOOKS 81, S2, S3
Codebook PMEPR Size of Codebook
upper bound
Si 4 ’mT' [(m;2)! _ 1:| q2m73(q _ 1)2
So 6 {m'(m DIm=1 [ j2m— 2(g—1)2
BTW [(m23)' 1 q3m S(q_1)2
S3 8 5
+m(m — 2) [“" 112 g2m=3(q — 1)2

rate [29] of a code-keying OFDM is defined as R(C) :=
IOLLM, where |C| and L denote the set size of codebook C

and the number of subcarriers respectively. In TABLE III and
TABLE V, code-rate comparisons with [4] is given. TABLE
IV contains code-rates for binary and quaternary cases with
PMEPR at most 6.

TABLE 1II
CODE-RATE COMPARISON WITH CODEBOOK IN [[4]] WiTH PMEPR AT
MOST 4 OVER Zgq

Z
[ =9om a q= 2 q= 4
Proposed 4] Proposed (4]
m=2>5 0.4346 0.3440 0.3762 0.1875
m=6 0.3274 0.2660 0.2588 0.1210
m="7 0.2202 0.1800 0.1654 0.0740
m =38 0.1398 0.1130 0.1015 0.0440
m=9 0.0855 0.0660 0.0605 0.0255
m = 10 0.0509 0.0380 0.0353 0.0145
TABLE IV
CODE-RATE FOR OFDM CODES WITH PMEPR AT MOST 6 OVER Zj4
Z

L =9m B q=2 g=+4

m =4 0.6981 0.6356
m=>5 0.5466 0.4478
m=26 0.3812 0.2935
m="17 0.2483 0.1834

m =38 0.1547 0.1108
m=9 0.0933 0.0654

m = 10 0.0549 0.0378

TABLE V
CODE-RATE COMPARISON WITH CODEBOOK IN [4]] WITH PMEPR AT
MoOST 8 OVER Za

Zq

L =92m q= 2

Proposed 4]
m="7 0.2371 0.1720
m =8 0.1501 0.1170
m=9 0.0916 0.072
m =10 0.0544 0.043

B. Comparison With [5|]

In this subsection, we present a comparison between our
proposed construction with [5] to show that the proposed
construction can provide higher code-rate and PMEPR upper
bound. For 0 < k <m,0<r <k+1, and h > 1, a linear
code A(k,r,m,h) [3] is defined to be the set of codewords
corresponding to the set of polynomials

m—k—1
g Iagi(xm—kv sy

=0

l'm—l) + g(ﬂﬁm—m s 7x'm—1) :

s Gm—k—1 € F(r—1,k,h),g € F(r,k,h)}.
(56)

go, - - -

The number of codewords in A(k,r,m,h) is equal to 2%,
where

sk = (m —k)logy |[F(r — 1,k h)| +logy | F(r, k, h)|.

Now, R(k,m,h) [5] is defined to be the set of codewords
associated with the following polynomials over Zyn

m—k—2
2Py Zﬂfm(>%<z+1>H% ki (L= Tmoi) 7,
ce{0,1}Fi=0
(57
where 7, are 2F permutations of {0,1,...,m — k — 1}.

For m —k > 1 and r > 2 — h, the set R(k,m,h)
contains [(m — k)! /2]21}1“1“%73’“ codewords corresponding
to a GBF of effective-degree at most 7. The sequences
in the cosets of A(k,r,m,h) with coset representatives in
R(k, m, h) have PMEPR at most 2! and the code has min-
imum Lee and squared Euclidean distance equal to 2™~ and
gm—r+2 siHQ(%) respectively. We define I;* = {0,1,...,m—
k — 1} which will be used in the construction of code.

1) Code Construction by Using Corollary[I}: In this section,
we consider the case p = 1, M = 0 of Corollary For
0<k<m-1,0<r<k+lLa#l (1€{01,....m—
k—1}) and h > 1, we define a linear code A j, (k,7,m, h)
corresponding to the set of polynomials

m—k—1
{ Z Iagi(xm—ka sy

=0

xm—l) + g(l"m—m s 7xm—1) :

—1,k,h),g € F(r,k,h)}.
(58)

9o, -+ 9m—k—1 € ]:(T

Ay 1, (k,r,m, h) contains 2°1.* codewords, where

S1,k = (m —k— 1) 10g2 |]:(7‘ - 17ka h)| +10g2 “F(Ta k7h)|



Since, Ay, (k,r,m,h) C A(k,r,m,h), the minimum dis-
tances of A; ;, (k,r,m,h) can be lower bounded by 2™~"
and 2™~ "2 sin®(Z;).

Now, we assume that Rq ;, (k, m, h) be the set of codewords
associated with the following polynomials

m—k—3
2" 12 Z‘T‘ﬂl )xﬂ'c(H‘l)H‘rm k+] ‘Tm*k+j)(1_cj)
cc{0,1}Fi=0
+2" 1xl1(60xm—1 + ot 1 Tm—k),
(59
where 7, are 2% permutations of {0,1,...,m —k — 1} \ [

and eg, ...,
time.

For m — k > 2 and » > 2 — h, it can be shown that the set
Ry, (k,m, h) contains (28 — 1)[(m — k — 1)1/2)2"" """
codewords corresponding to a GBF of effective degree at most
r.

erx—1 € {0,1}, but all can not be zero at the same

Note 1: Assume that m — k > 2. Let 2 < r < k4 2
when h = 1,1 < r < k+1 when h > 1 and v =
min{r,k + 1}. By using Corollary |1} it can be shown that
any coset of Aj gy, (k,7',m,h) with coset representatives in
Ri1., (k, m, h) have PMEPR at most 251, Now take the union
of (28 — 1)[(m — &k — D1/22™" """ distinct cosets of
Ay 1, (k,r',m, h), each containing a word in R4, (k,m,h)
with effective degree at most . The PMEPR of the corre-
sponding polyphase codewords in this code is at most 2F+1,
Since the code is a subcode of ERM(r, m, h), its minimum
Lee and squared Euclidean distances are lower bounded by
2m=" and 2™~ "2 sin®(J;) respectively.

2) Code Construction by Using Corollary[2} In this section,
we consider the case p > 2, M = 0 of Corollary |2| Consider
Roi(k,m,h) be the set of codewords associated with the
following polynomials

m—k—3
2h 1 Z Z Z Loy, (3) e, (i+1)
a=lea €SN, =0
k—1 : (60)
X H m;i—k+j(1 - xm*kJrj)(l_C?)’
j=0

where ¢, = (cf,...,cf_), m, are N, permutations of

{2,1,...,m—k—1}\la,l: (li,la,...,1,) and >P _ | N, =
2%,

Now, we define the set L =
{l:lE{O,l,...,mfkfl}p,ll <l <"'<lp}.

Form—k>2,r>2—h,and 1 e L, it can be shown that
the set Ro,(k, m, h) contains

[(m—k—1)1/2]min@ " 75N o [(—fo—1)1 /2)min(27 N
T, [(m_k_l)!/2]min(2"'+h’3,Np)

codewords corresponding to a GBF of effective degree at most
r.

Note 2: Assume m — k > 2. Let 2 < r < k + 2 when
h=1,1<r <k+1when h > 1 and v = min{r, k +
1}. By using Corollary 2] it can be shown that any coset of
A(k, ', m, h) with coset representatives in R (k, m, h) have

at most PMEPR 2%%2_ 1t is also observed that the minimum
Lee and squared Euclidean distances of the code

U (@+Akr,mn)

aengl(k,m,h)

are lower bounded by 2™~" and 2m "2 sin2(2lh) respec-
tively.

3) Code Construction With Maximum PMEPR 4 and 8: In
this part, we construct codes with maximum PMEPR 4 and 8
by using the above discussed codes.

Corollary 3 (Code With Maximum PMEPR 4): Assume that
m>3.Let2<r<3whenh=1,1<7r<2whenh >1
and " = min{r, 2}. Now, consider

C= U atA@. ' m,h)

a; €R(1,m,h)

U U

llel{n

(61)
U axtAi, (1,07, m,h)

a2ER1 1, (1,m,h)

The code |C| contains codewords or sequences with at most
PMEPR 4. Hence, the maximum PMEPR of C is 4. We denote
the number of codewords or sequences in the code by |C|,
where

IC] = (251 X [(m — 1)!/2]2‘11i'1{r+ms,1})
(2 (m = 1) x [(m = 222"

(62)

Since C is a subcode of ERM(r, m, h), the minimum Lee and

squared Euclidean distances of the code are lower bounded by
2m=" and 2™ "2 sin®( ;) respectively.

TABLE VI
CODE-RATE COMPARISON WITH CODEBOOK IN [5]] WITH MAXIMUM
PMEPR 4 OVER Zyp

[ m [ h [ r [ Proposed [ 151 [ dr, [ d2E ]

4 1] 2 0.6192 0.5990 4 16.00
3 0.7053 0.6980 2 8.00

2 |1 0.4611 0.4560 8 16.00

2 0.6000 0.5990 4 8.00

5 1 2 0.4345 0.4250 8 32.00
3 0.5392 0.5366 4 16.00

2 |1 0.3087 0.3060 | 16 | 32.00

2 0.4249 0.4246 8 16.00

6 1 2 0.2848 0.2798 16 64.00
3 0.3732 0.3721 32.00

2 |1 0.1959 0.1946 | 32 | 64.00

2 0.2799 0.2798 | 16 | 32.00

From (62)), it is clear that the set size of the sequences with
maximum PMEPR 4 obtained from our proposed construction
is larger than the set size given in [5]]. In TABLE VI, we have
compared the code-rate of sequences with maximum PMEPR
4 obtained from our proposed construction with that of the
construction given in [5].

Corollary 4 (Code With Maximum PMEPR 8): Suppose
m > 4. Let 2 < r < 4whenh =11 < r < 3 when
h > 1 and " = min{r, 3}.



For the case 2 < r < 3 when h =1, 1 < r < 2 when
h > 1 and "/ = min{r, 3}, we consider the code C;, defined

Cl = U b1+A(23 T”7 m, h)
b1 ER(2,m,h)
Ul U U botdin 2,77 mh) || (63)
eIy \b2€R1,1; (2,m,h)
U U U b3+A(17T/7m’ h’) )
leL b3€R2,l(17mah)
where

€l = (2 x [(m — 2)1/2]2"" )
+ (3% (m -

+ (2 x [£] x [(m — 2)12Pminz

2) x 2°42 x [(m — 3)!/2]2mm<T+h—3,2>>

(64)

where |£| = (") for k=1 and p = 2.

Since C; is a subcode of ERM(r, m, k), the minimum Lee
and squared Euclidean distances of the code are lower bounded
by 2™~" and 2m~"+2 SiHQ(%) respectively.

For r =4 when h = 1 and » = 3 when h > 1, we consider
the code Co, defined by

Cy = U b1+.A(2, ’I“H7 m, h)
b1 R (2,m,h) ©5)
U U U b2+-/41,l1 (27T//am?h) 5
Lely \byERy,, (2,m,h)
where

59 min{r+h—3,2}
Cal = (2% x [(m — 2)1/2° )

[(m — 3)!/2]

+ (3 x 2%1:2 % (m — 2) x 2mn(r+h73’2)> .

(66)

Since Cs is a subcode of ERM(r, m, ), the minimum Lee and
squared Euclidean distances of the code are lower bounded by
2m=7 and 2m~"+2 SiHQ(%) respectively.

From (64) and (66), it is clear that our proposed construction
can provide more number of sequences than the construction
given in [S]. In TABLE VII, we have compared the code-rate
of sequences with maximum PMEPR 8 obtained from our
proposed construction with that of the construction given in

(3]

C. Comparison with [|S]—[25|]

In this subsection, we give a comparison of our proposed
construction with the works introduced in [8|-[23]]. The com-
parison has been given in TABLE VIII.

TABLE VII
CODE-RATE COMPARISON WITH CODEBOOK IN [|5]] WITH MAXIMUM
PMEPR 8 OVER Zyp,

[m [ A Jr [Proposed | 5] [dp | d |

5 1 2 0.5138 0.4558 8 32.00
3 0.6056 0.5991 4 16.00

4 0.6984 0.6981 2 8.00

2 1 0.3495 0.3216 16 32.00

2 0.5030 0.5025 8 16.00

3 0.5991 0.5991 4 8.00

6 1 2 0.3552 0.3060 16 64.00
3 0.4263 0.4245 8 32.00

4 0.5366 0.5366 4 16.00

2 1 0.2322 0.2077 32 64.00

2 0.3374 0.3372 16 32.00

3 0.4246 0.4246 8 16.00

VII. CONCLUSIONS

In this paper, we proposed a direct and generalized con-
struction of polyphase CS by using higher order GBFs and
the concept of isolated vertices. The proposed construction
provides tighter PMEPR upper bound for code words and
higher code-rate by maintaining the same minimum code
distances as compared to Schmidt’s construction. We have
shown that our proposed construction gives rise to sequences
with maximum PMEPR upper bound of 4 in Corollary [I]
and 8 in both Corollary [1] and Corollary P2} respectively. In
addition, we have obtained sequences with maximum PMEPR
upper bound of 6 in Corollary [2| The constructions given by
Davis and Jedwab [3]], Paterson [4]] and Schmidt [5] appear as
special cases of our proposed construction. Lastly, as pointed
out by one reviewer, the practical PMEPR performances of
our constructed sequences also depend on the power amplifier
(PA) at the transmitter. The PA may introduce certain non-
linear distortions when the transmit signals are not in the linear
amplification zone. As a future work of this research, it would
be interesting 1) to evaluate the reduction of the input back-off
(IBO) for different PAs based on our constructed sequences
and compare it with the known sequences. 2) to compare the
complementary commulative distribution function (CCDF) of
the PMPER of our proposed method to the known methods.

APPENDIX A
PROOF OF Theorem

For any 7 # 0, the sum of AACF of sequences from the
set S, which is defined in (22)), can be written as

ZA(f+ (d-xy +d”62)) (1) = L1+ Loy (67)
T
where
ZZA(< d XJ+dH€2)) |XFC) (1), (68)
dd” ¢
and
=YY c((r+ i@ x+de) |, .
dd’’ ¢ 7#co

(r+ %(d xptd'e)) |, ) @)
(69)



TABLE VIII
COMPARISON WITH [|8]]—-[123]]

\ Sequence Class Approach [ Phase | Length Constraints
Complete complementary codes (CCC) [8] Second-order GBFs q 2m m>1,q>2,2[q
General QAM Golay complementary seq. [9] PSK GDJ seq. q 2m m>1
General QAM Golay complementary seq. [[10] Gaussian integer pairs q 2m m>1
CS [11] Seq. Insertion q N+1,N+2,2N+3 q > 2,2]q, N length of a GCP
CCC [12] Paraunitary matrices q MmN M>1,N>1,¢>2
CCcC [13] Paraunitary matrices q PN P|M,N'">1,q>2
Inter-group complementary code set [[14] Second-order GBFs q 2™ m>2,q>2,2|q
Z-complementary code set [[15] Second-order GBFs q 2™m m>2,q>2,2|q
Z-complementary code set [[16] Second-order GBFs q 2m m > 3,q>2,2|q
CS with large zero-correlation zone [17] Second-order GBFs q 2™ m>2,q>2,2|q
CS [18] Second-order GBFs q m=T 197 m>2,1<v<m-—1,q>22|q
CCC [19] RM codes q 2™ m>2,q>2,2|q
CS [20] RM codes q 2™ m>2,q>2,2]q
Z-complementary pair [21] Seq. Insertion and concatenation q 2972105267 a,B,7>0,q=2
Quasi-complementary seq. set (QCSS) [22] Singer difference sets and optimal quaternary seq. set q 2" —1,2(2™ — 1) g=2"—-1,m>2
QCSS [23] Primitive elements of extension field and trace function q q q—1 q>3,q=p",n>1, p prime
Corollary 1 GBFs of order no less than 2 q 2™ m>2,q>2,2|q
Corollary 2 GBFs of order no less than 2 q 2m m>2,q>2,2|q

We first focus on the term £;, which can be written as

p
El :T+ZE7

i=1

where

(70)

=3 A((fridxrde) ], ) ),

dd’’ ¢S

and

(71)

We can express each of Tj, as

=33 a((r+iax+de) |, )

ad” €Sk,

S ZA((f+g(d-xJ+d”eg)) |Xmi:cﬁ) (7)

dd' ceSy,8e{0,1}

+ % ZC((erg(d'XhLd"@)) [—

dd’’ ceSn, pe{0,1}

(f + g(d ‘X + d”€2)) |xﬂli:c(1_ﬂ)) (7).

(75)

Since, for all ¢ € Sy, G(f | x;:c) consists of a path over m —

T, = Z Z A ((f n Q(d %y + d”@)) | ) (r), 'k;—l vertices and one isolated Yertex labeled I;, G(f | x.lei:cﬁ)
49 cc5 2 Xr=e is a path over m — k — 1 vertices. Therefore
N;
e (5@ e de) ], )
where S is the set of all those ¢ for which G(f | XJ:c) is a ;A f+ 2(d x5+ d"es) |X.ml:cﬁ (1)

path over m — k vertices.

To find £;, we first start with T". Since, G(f | X,:c) is a
path over m — k vertices for all ¢ € Sy, we have [4]

o=k =0,

0, otherwise.

(76)

SA((r+ia xsrdie)) |, ) ()
o

gkl g, (73)
B 0, otherwise.
Therefore,
q
7=} A((f+§(d_XJ+d//ez)) !x‘,:c) (1)
dd"’ ceSpr 74)
B 2mHIN . =0, (
B 0, otherwise.

To find £, it remains to find T; (i = 1,2,...,p) where

Ti:Z Z A((f—i—%(d-xJ—i—d"eg)) |XJ:c) (7).

dd"’ €S,

Hence, the first auto-correlation term in (75) can be expressed

X X Ay rdie) |, ;)@

dd’’ ccSn, Be{0,1}
2m+1Ni, T = O,
0, otherwise.
(77)

Since, for all ¢ € Sy,, G(f | XJ:c) consists of a path and one
isolated vertex z;,, the only term involving z;, is with the
variables of the deleted vertices. Thus the only term in x;, in
f can be expressed as follows.

k
ll . . .« .. .
Qi1 inyinLiiy Liiy Lji,.

r=10<i1<iz< - <i,<k

x, = LY a,, (78)

where
k

li Li B,
LxJ - Z Z Qi1 inyewnsin Liiy Liiy Lji,. -

r=10<iy <ip<-<ip<k



To simplify the cross-correlation term in (73), we have the
following equality by Lemma [2] and (78).

2o+

dr

d X —l—d//eg)) ‘

XJIli:Cﬁ7

<f+ (d- X]+d”62)) |xmi=0(1—ﬂ)) (1)

_ {w((fﬁ 1)91iw325*1)Lc Zm—k’ = (26 _ 1)21
0,

otherwise,

where 3 € {0,1}.

Therefore, the cross-correlation term of (73)) is simplified as

Z Z Z C((f—i— (d- Xj+d//€2)) |xwzi:cﬁ’

dd" c€Sn, 66{0 1}

(f T3 (d X7+ d"eg)) |x,7xli:c(1—ﬂ)) (1)

wg“Zm E wqc, T =24,
CGSNi
—qr. 7l )
= Qw, o™ E w, L' = ol
ceSN;
0, otherwise.
(79)
From (73), (77) and (79), we have
2mtLN;, T =0,
I; )
wgl’Qm E qu° , T =2k,
ceESN,
T o $° gt (80
wq 2™ we e, T =2k
cESN;
0, otherwise.

From (70), (74) and (80), we have

p
Li=T+) T,
i=1
p
2NN+ 2 IM, T =0,

i=1 }
gi; ‘i
wq L2m g qu° ,

=24 4i=1,2,...,p,

= cESN; .
we 2 Y wt, r=—2hi=1,2,...,p,
cESN;
0, otherwise.

(81)

To find L5, we start with

ZC(( fdxy+d'es)) |

Xj=C1 ’

(f + g(d -Xy + d”€2)) |X‘,:c2> (T)
)d'(01+°2 ((f + = (d// )) ‘XJ2017

(r+§en) 1)
((f+ (d”eg)) s
(f+ (@e2)) |, e,) (7) (- 1yterse

d

= 2(71

d

=0Vr.
(82)

Therefore, from (69) and @) we have

ZZO(( d xJ+d"e2) |

dd’’ ¢q#c2

Xj=C1 ?

(f +5 (d xj + d”ez>) | :) (7)
=0, Vr.
(83)
By substituting (81) and (83) into (67), we complete the proof.

APPENDIX B
ENUMERATION OF COMPLEMENTARY SEQUENCES WITH
MAXIMUM PMEPR 4, 6, AND 8

In this section, we have given the derivarions on enumera-
tion of complementary sequences with maximum PMEPR 4,
6, and 8.

A. Enumeration of complementary sequences with maximum
PMEPR 4 by Corollary 1

Let 7 be a permutation of the set S, ; = {0, 1,...
{a, 1}, where o, € {0,1,...,m
a quadratic GBF @, as follows:

m—4
q
Q= 3 Z Tr(i) T (i41)
=0

is a quadratic GBF over the variable
(m 2)!
t ~——- permuta-

7m71}\
— 1}, and « # . We define

(84)

Therefore,
{zo, 21, ...,
tions for which we have

Qn

Tm-1} \ {Za,x}. There exis
m=2!" distinct quadratlc GBFs as
T (m—2y be the (m;2)!

2 .
s Qr (s » the corresponding

given in (84). Let my,mo, ..., distinct

permutations and Qr,, Qr,, . - .
GBFs. Now, we define a GBF f : {0, f}m — Zg as follows:

m—3

f=2aQnr, + (1 —24)Qxr, + Z G, (B)Lalm,(8)
S (85)

+g:ﬂaﬂcz + ; giri+ ¢,
where u,v € 1,2,...,@}, u # v, Aan, @) € L

9i € Zg, and g' € Z,. For a fixed choice of «,l,u,v and



in order to avoid repetations of the same GBFs, we consider
Ua,my(8) € Lg for € {1,2,...,m — 4}, and aq r,(3) €
Zg \ {2} for g € {0,m — 3}. For a fixed choice of a, I and
by varying u, v, we have @ @ - 1} distinct GBFs
in the form 2,Qr, + (1 — 24 )@, . Therefore, for fixed o and
(m§2)l |:(m§2)! B 1} ¢ g — 1) =

- 1} q®™~3(q—1)? distinct GBFs. It is noted
that « can be selected in m ways and for each choice
of a, [ can be selected in m — 1 ways. Therefore, there
exist at least m(m — 1)@ {w - 1} P 3(q-1)2 =

(m 2y 2m=3(g — 1)? distinct GBFs.

From (83), it is clear that either G(f|;,=0) or G(f|z,=1)
contains a path over the vertices {xq, z1, ..., Tm—1}\{Za, 21}
and one isolated vertex z;. The paths in G(f|;, —o) and
G(fl|z.=1) are identified by G(Q,) and G(Q,,), respectively.
From , L, = %z, which gives L) = 0 and L} = .
Hence, f satisfies the properties given in Corollary 1 for
Wn?! (m;2)1 _ 1} q2m73(q . 1)2
distinct GBFs of order three whose corresponding sequences
have PMEPRs upper bounded by 4.

l, we get at least

(m—2)! | (m—2)!
2 2

m!
2

k = 1. Therefore, we obtain

B. Enumeration of complementary sequences with maximum
PMEPR 8 by Corollary 1

Let 7’ be a permutation of the set Sy, 0,7 = {0,1,...,m—
1}\ {oa, 2,1}, where o, a9, and [ € {0,1,...,m — 1} are
distinct. We define a quadratic GBF @, as follows:

15" 86
5 Z aj71"( $7r’(1+1 ( )

=0

There exist for which we have

(m—3)!
(m—23)! 2

permutations

distinct quadratic GBFs of the form given in
lWi Let mf,mh,... 7r<m sy be the permutations and

Gty Qryse e oy Q7r the corresponding GBFs. We define
the GBF f’: {0, 1}m — Zq as follows:

.f/ = (xalx@2+(1_:c0¢1)(1_x042)) QWLI_F(J:OQ (1 - $0¢2)
m—4
FZa, (1 —x4,)) Qﬁzvl—kz a’ahﬂl(ﬂ)xmxml )
B=0
m—4
+ Z agm’%l (8)Taz2Trl, (8) + bro, Ta, + Linl
B=0
m—1
+ Z gixi +4',
1=0
(87)

(m—3)!
2

where uq,v; € {1 2,. }, uy # v, a’a1 0, (8) €
Ly, ag%%l(ﬁ) € Zq, b€ Zy 9o € Zg, g € Zq, and
XJ = (%a,,%a,) € {0,1}%. The term L. present in
can be selected in 3 ways which are Zz,,, Zzq,,
and 4(Ta, + Za,). For a fixed choice of ai,az,l,uy,v1
and to avoid repetations of the same GBFs, we consider
a;hﬂl(ﬂ),agz)ﬂul(ﬂ) € Zy for § € {1,2,...,m — 5},

a
a17r

and a’

+(8) € Lg\{} for B € {0,m—4}. We fixed af,, 0,(0)

in Z4\{0, £}. For a fixed choice of a1, as, |

(m—3)! (m—3)!
2

GBFs in the form (zq,2p, + (1 — 24, )(1
(xal(l_xﬁl)+xﬁl( ‘ral))QTf

From , we obtain at least 377”' [@ -1 qu*S(
1)2  distinct GBFs. It is clear that each of

G (fl(gga1 ,zQQ):(O.,O))s G <f|(za1 ,za2):(0,1))’

G f|(ma1,wa2):(1,0))a and G| fl(z, 20,)=(0,0) ) coNtains a
path over m — 3 vertices and one isolated vertex z;. The paths

in G(f| (Toy Tas) (0»0)) and G(f|(mal’ma2):(1’1)) are identified
by G(Qﬁlul), while the paths in G (f|(wa17wa2):(071)) and

<f|(%1,xa2) a, 0)) are identified by G(le). For
Li, = %x,,, L., equals 0 when x; € {(0,0),(0,1)} and
Ll equals £ when x; € {(1,0),(1,1)}. For the remaining
two choices of Ll we can verify that there exist exactly two
vectors in {0, 1}2 for which L, =0 (mod g) and L!,
mod ¢) for another two vectors in {0,1}2. Therefore, the
GBF f, given in (87), satisfies all the properties specified in
Corollary 1 for k = 2, and p = 1. Hence, we have at least
m! (mTf?’)' — 1] ¢® 8(q — 1)? complementary sequences
with the PMEPR upper bounded by 8. Following Corollary
I, more GBFs and corresponding complementary sequences
may be constructed specially by taking k = 2, and p = 2. To
compare our proposed code-rate with [4], we consider only
?’Z”T(mz?’)' —1|¢*8(q — 1)? complementary sequences
of PMEPR at most 8 by Corollary 1.

g, (m 4)
— 1| distinct

— T )) Qxr:

uq

and by varying uy, v;, we obtain

q-—

C. Enumeration of complementary sequences with maximum
PMEPR 6 by Corollary 2

In the Subsection A of this section, we have defined S, ,
T, Qr,, Where u € {1, 2,..., (m;2)! }, which will be used to
count complementary sequences with maximum PMEPR 6.

Let 7" be a permutation of the set S, = {0,1,...,m —
1} \ {a}. We define a quadratic GBF Q. as follows:
q m—3
2 Z Tt () Tt (i41) - (88)
i=0
Let nf,my,...,m(._,,, ~be the permutations and
Qnrrs Qryy - - Q,, (N the corresponding GBFs. We
define the GBF f” : {07 1}™ — Z, as follows:
m—2
[ = 26Qu, + (1= 20)Qur, + Y barr, (8)Talnr, ()
B=0
m—1
+ Z gizi +4d,
=0
(89)
where u € {1,2,...,@ , v € {1,2,...7 (mgl)!},

baxr € Lq, gi € Lq, and g’ € Z4. For a fixed choice
of a,l,u,v" and to avoid repetations of the same GBFs, we

—~



consider b, x(8) € Zg for f € {1,2,...,m — 3}, and
baﬂ/r(lg)EZ\{}forﬁe{Om 2}.
From l@) we obtain at least W @2 (q -

1)? distinct GBFs. It is clear that G(f”|.,—o0) is a path
identified by G(Q~ ), G(f"|z,=1) contains a path and one
isolated vertex z;. The path in G(f”|,,—1) is identified by
G(Q~, ). Therefore, the GBF f”, given in (89), satisfies all
the properties specified in Corollary 2 for k =1 and p = 1.
Hence, we obtain at least w @2 (q - 1)?

complementary sequences with the PMEPR upper bounded
by 6.

D. Enumeration of complementary sequences with maximum
PMEPR 8 by Corollary 2

Let 71 be a permutaion of S, ;, and 7'2 be a permutaion
of S4,1,, wWhere o, [y, and I are three distinct integer values
from {0,1,...,m — 1}. We define the quadratic GBFs Qi
and @1, as follows:

m—4
_q
Qﬂll = 5 .’L‘ﬂ.ll(i)xﬂ.ll(iJrl),
0
7; 4 (90)
_q
Qﬂl2 = 5 .Tﬂ.lg (i)xﬂ.lg (i—‘rl)'
i=0
Let QWIIUQWIQU...,QWU o be the quadratic GBFs
(m—2)!
corresponding to wil,wlg,.. 7rl(1m (m—2)! respectively,
and @ _12,Q in,...,Q 1 be the quadratic GBFs
1 2 T (m—2)!

corresponding to 7rlf,7712 ,...,wlﬁn,z)! respectively. Let us

define a GBF "' : {0,1}" — Z, as follows:

m—3
I =2aQ + (1= 2a)Qpz + Z antz (%0 t2 (3
m—1
+ Zgiﬂﬁrf'gla
i=0
o1
(m—2)! / _
where u,v € {1,2,...,° ,b a2 € Zg for p =
1,2,...,m—4,0 13 () € Zg\{2 }forﬁfo m—3, gi € Zg,

and ¢’ € Z4. Note that o can be selected in m ways and for
each choice of «, Iy can be selected in m — 1 ways. In order
to avoid repetations of the same GBF, we choose /; in one
way. Therefore, for each choice of o and for the fixed choice
of 1y, I3 can be chosen in m — 2 ways. From (91)), we obtain

at least [WTW} ’ q®™3(q — 1)? distinct GBFs.
G(f""|z,=0) contains a path identified by G(Q i) and
one isolated vertex x;,. Also, G(f"'|s.—1) contains a path
identified by G(Q_:,) and one isolated vertex z;,. Therefore,
the GBF f" satisfles all the properties given in Corollary

2 for k = 1 and p = 2. Hence, we obtain at least

@ q2m 3(q — 1) complementary sequences with the
PMEPR upper bounded by 8.
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