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Abstract—Grant-free non-orthogonal multiple access (GF-
NOMA) technique is considered as a promising solution to
address the bottleneck of ubiquitous connectivity in massive
machine type communication (mMTC) scenarios. One of the
challenging problems in uplink GF-NOMA systems is how to
efficiently perform user activity detection and data detection.
In this paper, a novel complexity-reduction weighted block
coordinate descend (CR-WBCD) algorithm is proposed to ad-
dress this problem. To be specific, we formulate the multi-user
detection (MUD) problem in uplink GF-NOMA systems as a
weighted /> minimization problem. Based on the block coordinate
descend (BCD) framework, a closed-form solution involving
dynamic user-specific weights is derived to adaptively identify
the active users with high accuracy. Furthermore, a complexity
reduction mechanism is developed for substantial computational
cost saving. Simulation results demonstrate that the proposed
algorithm enjoys bound-approaching detection performance with
more than three-order of magnitude computational complexity
reduction.

Index Terms—Grant-free non-orthogonal multiple access (GF-
NOMA), block coordinate descend (BCD), compressed sensing
(CS), multi-user detection (MUD).

I. INTRODUCTION

Assive machine-type communication (mMTC) is ex-
pected to provide ubiquitous connectivity for a pletho-
ra of Internet-of-Things (IoT) applications [1]. One of the
formidable challenges encountered in mMTC scenarios is to
provide massive devices with reliable uplink communications
in a timely manner. However, the conventional grant-based
random access protocol may be infeasible as it suffers from
excessive signalling overhead and high access latency due to
the sophisticated four-phase handshaking procedure [2].
Against this background, grant-free non-orthogonal multi-
ple access (GF-NOMA) technique is emerging as a promis-
ing candidate, which allows massive [oT devices access
to the communication network without scheduling requests
[3]. Meanwhile, considering the sporadic nature of mMTC
communications, the multi-user detection (MUD) problem at
the access point (AP) can be regarded as a sparse recovery
problem, where the aim is to identify the active devices and
recover the transmitted data [4]. Inspired by this, compressed
sensing (CS) based MUD has attracted extensive research
attention in recent years for uplink GF-NOMA systems.
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For MUD performance enhancement, the frame-wise joint s-
parsity transmission model was studied in [5], where the activ-
ity status of all users remain unchanged over a whole frame. To
fully exploit such structured transmission pattern, the block-
sparsity feature was utilized in [6]. With a modified block
subspace pursuit (SP) algorithm, it was shown that near oracle
least square (LS) performance can be achieved. Moreover,
the authors in [7] designed a deep learning aided orthogonal
matching pursuit (OMP) algorithm, which enables to predict
the user activity level as input priors for MUD. However, the
above studies all suffers from prohibitively high computational
overhead because of complicated large-scale matrix inversions.
Apart from greedy-based CS algorithms, a Bayesian-based
approximate message passing (AMP) algorithm was proposed
in [8] for solving MUD problem. In addition, [9] introduced
a beacon-aided grant-free multiple access scheme and further
proposed orthogonal approximate message passing (OAMP)
based algorithms, taking the prior knowledge of discrete
constellation symbols into consideration. Nevertheless, OAMP
based algorithms have stringent requirements on the employed
spreading sequences and complicated probability derivations,
which may restrict applications in practical communications.

To pursue a practical CS-based MUD for uplink GF-NOMA
systems, we previously proposed an enhanced block coordi-
nate descend (BCD) based MUD algorithm with candidate
pruning mechanism in [10]. Albeit a satisfactory detection per-
formance and low computational complexity can be achieved,
the user activity detection heavily depends on man-made pa-
rameters. Motivated by this, an adaptive complexity-reduction
weighted BCD (CR-WBCD) algorithm is proposed in this
letter. Specifically, we formulate the CS-based MUD problem
in GF-NOMA system as a weighted o minimization problem.
Unlike the uniform penalization in the conventional least
absolute shrinkage and selection operator (LASSO) problem, a
dynamic user-specific weight is derived based on the weighted
l> minimization problem to penalize estimated signals unfairly,
resulting in an accurate sparse estimation. Integrating the
BCD framework, a closed-form MUD solution with dynamic
user-specific weight is given to deliver accurate and adaptive
user activity identification. Furthermore, with the aid of the
complexity reduction mechanism, a dramatic computational
cost saving is also achieved. Finally, the superiority of the
proposed algorithm over state-of-the-art methods is verified
by simulation results.



Notations: Boldface capital and lowercase symbols repre-
sent matrices and column vectors, respectively. The operations
of ()7, ()" and (-) indicate transpose, Hermitian transpose
and pesudo-inverse, respectively. ||-||, stands for the /,-norm
operation. Besides, diag (-) is the diagonal matrix. Iy denotes
the N x N identity matrix. () is the empty set. Additionally,
{1,2,..., K} \A represents that the set contains {1,2, ..., K},
but excludes the elements in set A. W[A] represents the sub-
matrix of the matrix W, which only contains the columns
inside the set A. Finally, CA/(0,0?) refers to the complex

Gaussian distribution with zero mean and variance o2.

II. SYSTEM MODEL AND PROBLEM FORMULATION

Consider an uplink GF-NOMA system, where a single-
antenna AP communicates with K potential single-antenna
users. In addition, the beacon-aided access scheme is adopted
throughout the paper, where the beacon signals are broadcast
by the AP before each data transmission frame for synchro-
nization and channel estimation [9]. Moreover, we assume that
one frame contains J continuous time slots and the channel
keeps unchanged during a whole frame.

Due to the sporadic traffic nature in mMTC scenarios,
only a few users K, < K are simultaneously activated. In
this paper, for active user k, the transmitted symbol zj is
taken from a predetermined complex-constellation set 2 with
cardinality M. On the other hand, the signals transmitted from
inactive users can be equivalently regarded as zeros. Thus, an
augmented complex-constellation set € for all users can be
expressed by = {QUO0}. In the data transmission phase,
data symbols are spread over N subcarriers by user-specific
spreading sequences. To meet the requirement of massive
connectivity, non-orthogonal spreading sequences are adopted,
satisfying N < K.

At the AP, the transmitted signals are superposed over the
same N orthogonal resources and the received signal at the
Jth time slot can be written as

K
y) = Zdiag (hy,) syl + 27, (D

k=1
where hy = [hy g, hog,....hni]t € CN*! denotes the

channel coefficients between user k and the AP, following
hn,k ~ C./\/(O,l). S = [SLk,SQ,k,...,SN,k]T € (CNXl is
the individual spreading sequence of user k. Additionally,
x;, represents the data symbol from user k. Moreover, 7/ €
CN*1 denotes the additive white Gaussian noise (AWGN),
whose elements follow CA (0,02I). Considering the pre-
equalization operation before the data transmission phase for
eliminating the channel effect [9], the received signal at the
jth time slot can be rewritten in a matrix form as

y) =8x/ +4/, @)
where S = [si,s2,..,8x] € CN*F and xI =
[2], 23, ..., 27 )T € CE*! indicates the spreading matrix and

the transmitted signals, respectively. The received signal in one
whole frame can be expressed as

Y=SX + Z, 3)

where Y = [yl y2, ....y/] € CV*/, X = [x},x2,...,x7] €
CE>J and Z =[z!, 22, ...,27] € CN*7, respectively. Consid-
ering the frame-wise joint sparsity model, we have

supp{x'} = = supp{x”} =T, )

where supp{x/} = {k|z] # 0,1 <k < K} and the support
I" denotes the set of active users.

The objective of the AP is to reconstruct the transmitted
signal X based on the received signal Y, namely, identifying
the active users and then recovering the transmitted data sym-
bols. Here, we formulate the following optimization problem
according to (3)

K
: T
min X
x, €CY k§1 H k ||0 5
K 2 ; 4)
st [|[Y = Y spxt|| <96
k=1 2

where x7 € C'* represents the data symbols of user k trans-
mitting over one whole frame and § > 0 controls the AWGN
level. Due to the sporadic data traffic, problem (5) is a sparse
reconstruction problem, which can be efficiently coped with
CS-based methods. Furthermore, by exploiting the structure
of the frame-wise joint sparsity, a reliable performance for
activity user detection and data detection can be guaranteed.

III. PROPOSED MUD ALGORITHMS VIA WEIGHTED
{5-NORM MINIMIZATION

In this section, we show that the sparse recovery problem
(5) can be equivalently transformed to a convex weighted
lo-norm minimization problem. Subsequently, based on the
BCD framework, a closed-form solution with a dynamic user-
specific weight is given to facilitate the user activity identifica-
tion. Finally, a complexity reduction mechanism is integrated
into our proposed method for considerable computational cost
saving.

A. Weighted lo-norm Minimization Problem

Since the optimization problem (5) is computationally in-
tractable due to the sparsity constraint, we utilize the convex
relaxation and approximate (5) as

K

min Y [|x7[;
**EC k=1 x 2 . (6)
s.t. ’Y - > skxf <4

k=1 2

Then, (6) can be reformulated into a penalized form as

K
Y - E SEXi
k=1

where A > 0 denotes the penalty parameter, which is selected
empirically. In this case, the sparse recovery problem in (7)

1 ’ il
min — + A x5 |2, (7)
nin, ;H kll2
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becomes a typical convex optimization problem. However, (7)
neglects a key issue, i.e., it is unreasonable to penalize signals
from all users uniformly. Intuitively, signals from inactive
users should be penalized more than those from active users,
rather than the uniform penalization. Motivated by this, the
weighted lo-norm minimization problem is employed, where
signals from different users are penalized by distinct weights.
To be specific, (6) can be transformed as a weighted /5-norm
minimization problem

. K T 2
xI)anl(g’ kgl Wk ||X/€ ||2 , ®
)
<4
2

K
Y — Y ospxi
k=1

S.t.

where wy, > 0 is the weight for user k. Likewise, we transform
(8) into a penalized form as follows

K
Y — E skxf
k=1

In this case, each user is unfairly penalized by an individual
value \wy, instead of identical A. To address the convex
weighted /o minimization problem (9), the BCD framework
is exploited and the detailed procedure is elaborated in the
following sections.

2

o1
min —
Xk ec’ 2

K
A wellxill3 9
k=1
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B. Closed-form Solution

Based on the BCD framework, we decouple the problem
(9) into a series of K small-scale subproblems. Specifically,
the kth subproblem in (9) can be represented as

1 2
min s Ry sl [+ due bl 10
where
K
Ri=Y— Y sl (11)
1=1,l#k

Note that Ry, is determined by all users’ signals except for
user k itself and remains fixed in (10). Thus, solving (9) is
equivalent to solve these subproblems sequentially. Since (10)
is a convex problem over xj, the closed-form solution to xy
can be obtained by setting the first-order derivation of (10) to
zero, which equals to

r__ SR (12)

sfsy + 22wy’

Hence, coupled with the BCD framework, problem (9) can be
successfully solved by iteratively updating (12).

C. Dynamic User-specific Weights

In (12), setting the weight wy properly is critical to the
MUD performance. Intuitively, a large weight results in zero,
while small weight leads to non-zero value. Here, we refor-
mulate the sparse recovery problem (6) as follows:

K
min 3 log(|[xx|3 + €) (13-1)
xL€CY 1

2
<5
2

(13-2)

b

K
s.t. HY — > spxi
k=1

which is a non-convex problem because of the logarithmic
objective function [11] and ¢ > 0 is used to provide sta-
bility. Here, the majorization-minimization (MM) algorithmic
framework [12] is adopted, where the optimization process is
divided into two steps, majorization step and minimization
step, respectively. In the majorization step, the first-order
Taylor expansion is applied to find a surrogate function as
the upper bound of the non-convex objective function. In
particular, we expand (13-1) at ||x,||3 = ||Xx,+—1/|3 and obtain
an inequality as follows

log([[xxl3 + ) < log(||%k,e—1]l5 + )
1

T E
(1%, e-1ll3+¢)

(I1cill3 = 1, e—1115)°

(14
where Xj, ;—; indicates the estimated signal of user k at the
(t—1)th iteration. By further removing the constant parameters
in the surrogate function, (13) equivalently converts to solve
the following problem

K

' el

et & MR [372)
K 2 - (15)

s.t. ’Y — S ospxt|| <94
k=1 2
Then, let
1

w = (16)

||3A(k,t71||§ +e

Thus, the user-specific weight w} is acquired, which dynam-
ically varies with the iterative process. More importantly, the
value of w}, is inversely proportional to the l>-norm of the
signal obtained from the last iteration. In other words, the
small value from the last iteration forces the signal at the cur-
rent iteration approaching to zero and otherwise the estimated
signal keeps away from zero. This phenomena coincides with
the intuitive observation from (12). Therefore, active users
and inactive ones adaptively become distinguishable as the
iteration proceeds.

D. Proposed CR-WBCD Algorithm

To obtain the closed-form solution, the computational com-
plexity mainly stems from the operation of matrix multipli-
cation in (11). However, plentiful calculations involved are
repetitive and useless. To illustrate this issue explicitly, we take
the calculations of R% and R} as an example. Specifically, at
the ¢-th iteration, to obtain RS and RY, (11) can be separately
written as

K
t oT Z T

R2 =Y — S1X1)t — Slxl,t—17 (17)

1=3

and
K
t -T T ~T

R;=Y —s1X7; — 82Xy, — g SiXj4_1- (18)

=4



Integrating (17) and (18), we can find that after obtaining R3,
only spAczT)t needs to be computed for RE, since other terms
in (18) have been computed in (17). Hence, calculating such
redundant terms just increases the computational burden with-
out any contributions. Motivated by this, we further simplify
the proposed BCD-based method by pruning the calculation
process during the iteration process.

Algorithm 1 Proposed CR-WBCD Algorithm.
Input: Y:; S; I; A\o; &5 V.
Output: X= [x7 x7 ... x7).
e Step 1 (Initialization)
1: (Parameter Initialization): t = 1, I = 0, Xk,o0 = 0 and
wy=1,Vk=1,2,.. K.
e Step 2 (Iteration)

fort=1,2,....1 do
for k=1,..., K do
if K =1 then
if t =1 then
2: U% =0;
else
3: Compute U? according to (23);
end if
else
4: Compute U}, according to (26);
end if
5: Compute R according to (20).
: Update )A(f,t according to (12).
7: Update w}, according to (16).
end for
end for
e Step 3 (Active User Identification)
for k=1,2,..., K do

if [|%||> > Vis, then
8: [« TU{k}.
end if
end for
e Step 4 (Data Detection)

9: X[I'] = (SIINTY, X[{1,2,..., K} \['] = 0.

For simplicity, we define an auxiliary matrix Uy, which is

expressed as
K
A Z .
Uk = SleT.

(19)
1=1,l#k
Hence, (11) can be rewritten as
R;=Y-U;. (20)

To shed light on the complexity reduction mechanism, we

study Uy, in three different cases, £k = 1, 2<k <K -1 and
k = K, respectively.

1) When k£ = 1, two situations need to be considered

according to different iteration numbers. Firstly, when

t =1, it is easy to acquire that U1 = 0 because of pa-

rameter initializations. While 2 < ¢ < [, the relationship

of Ul! and U} in two consecutive iterations should
be emphasized, where I denotes the maximum iteration
number. Particularly, both of them can be written as

K-1
Ut = sk, Q1)
=1
and
K
Ul => six/, . (22)
=2

Combining (21) and (22), U’i when 2 <t < [ is given
as
Ui =U; '+ SK)A(%;,tfl -

s1%],_1.  (23)

Since U’ ! and S1>A<1T7t_1 have been computed at the last
iteration, only s KﬁIT<,t—1 needs to be addressed. Thus,
adopting (23) can drastically simplify the calculation
operations compared with the one using (19).

2) When 2<k <K —1, we focus on the analysis of the re-
lationship between two contiguous users at the arbitrary
tth iteration, U} and U’ _,, respectively. To be specific,

we have
Ui, = Zs:xlﬁZsmt ’ (24)
and
UL = Zslxlt + Z SERE 25)
I=k+1
Then, combining (24) and (25) yields
U, =Uj_, +se1Xf_q, —sukp, g, (26)

Following the similar analysis in (23), Ui._l and
skfc;‘gt_l can be reused, owing to previous calculations.
In other words, only sk_lfckT,_L t incurs computational
cost.

3) Likewise, when k = K, the relationship between U%.
and U, can be expressed as

¢ ¢ T «T
Uk =Uk_; +Sk-1Xk 14 —SkXg 1. (27)

Apparently, we only need to update s K_pt};_u while
other two terms can be reused from the previous re-
sults. Moreover, since (27) is the same as (26) when
letting k£ = K, it is reasonable to merge two cases of

2<k <K-1and k = K as one, namely 2<k <K .
The procedure of the proposed CR-WBCD algorithm is
detailed in Algorithm 1 and explained as follows. Following
the initialization process, the sparse recovery problem can
be solved by iteratively updating X ; and the corresponding
weight w},. As the iteration proceeds, the active users’ signals
adaptively converge to their transmitted ones, while the inac-
tive users’ signals gradually approach to zeros, owing to the
dynamic weights. After the iteration process, the power of the
reconstructed signals is exploited as a criteria to identify the
active users [4]. Concretely, when the power of X; exceeds



the predetermined threshold Vy;, user k is considered to
be active and the corresponding user index is added to the
support I. Finally, we leverage the LS method to estimate the
transmitted signals of active users, instead of directly applying
X obtained from the iteration process, albeit at the expense of
computational complexity due to the matrix inversions. This
follows from the fact that the penalty term in (12) inevitably
causes the distortions of signal estimation, although it enables
to distinguish active users upon dynamic weights.

E. Computational Complexity Analysis

The computational complexity of the proposed CR-WBCD
algorithm is measured by quantifying the number of complex
multiplications required for the whole detection process. First-
ly, we focus on the situations when updating the signal from
user 1. To be specific, when ¢t = 1, there is no computational
cost due to the parameter initialization. When ¢ # 1, the
computational complexity of updating §<1T7t is NJ according to
(23). As for updating the signals from other users, it requires
NJ complex multiplications for each user based on (26).
Consequently, the computational complexity from the iteration
process is

Ccrweep = (I —1)NJ+I(K —1)NJ = (IK —1)NJ.

k=1

k#1
(28)

With respect of the active user identification, since the power
of signals has been computed during the iterative process,
only the operation of support merge needs to be considered,
involving K complex multiplications. Finally, the LS operation
requires J(2Ns? + s®), where s denotes the estimated user
sparsity level. Hence, the overall computational cost for our
proposed CR-WBCD algorithm is

Cerwpep =(IK — 1)NJ + K + J(2Ns* +5%).  (29)

Obviously, the computational complexity of the proposed CR-
WBCD algorithm is linear with the number of potential users
as well as the length of the spreading sequences, making it
suitable for the practical implementation.

IV. NUMERICAL SIMULATIONS

In this section, the performances of our proposed CR-
WBCD algorithm in uplink GF-NOMA systems are investigat-
ed via Monte Carlo simulations. In the presented simulation
results, the transmitted data symbols are modulated by Quadra-
ture Phase Shift Keying (QPSK). Binary Golay sequences
are employed as spreading sequences with length N = 128.
The total number of potential users K is set to 384, while
the number of active users is set to 38. Furthermore, each
frame contains J = 7 consecutive time slots. The benchmarks
include Oracle LS [4], TA-BSASP [6], Oracle BCD [10] and
SP [13]. In particular, the SP and Oracle BCD algorithms know
the user sparsity level, while Oracle LS method is assumed to
know the actual support, which can be regarded as the upper
bound in term of symbol error rate (SER) performance.

Fig. 1 presents the SER performance comparison among
different algorithms. Specifically, in the proposed CR-WBCD

—=— sp
—>¢— Oracle BCD
—O— TA-BSASP

—% - Proposed CR-WBCD ®
Oracle LS
10° I L L L L | |
0 2 4 6 8
SNR(dB)
Fig. 1. SER performance comparison against SNR when N = 128 and
K = 384.

TABLE I
COMPUTATIONAL COMPLEXITY COMPARISON WHEN N = 128 AND
K =384
Algorithm [ Number of complex multiplications
TA-BSASP [6] 1.02 x 1010
Oracle BCD [10] 2.64 x 109
SP [13] 7.90 x 107
Proposed WBCD 2.64 x 109
Proposed CR-WBCD 9.85 x 10°

algorithm, the maximum iteration number I is 20 and the V;,
is set as 1.15, 0.55, 0.32, 0.27 and 0.21, respectively, at the
signal-to-noise ratio (SNR) of 0 dB, 2 dB, 4 dB, 6 dB and 8
dB. Besides, A = 0.35 and € = 0.1. In Fig. 1, the proposed
CR-WBCD algorithm significantly outperforms SP and oracle
BCD algorithms, while achieving the same SER performance
as Oracle LS in high SNR regime. This is because the pro-
posed method not only fully exploits the sparsity structure, but
also resorts to the dedicated weights, which adaptively forces
signals from inactive users converging to zeros or encourages
non-zero signals. It is worthy to note that since the Oracle
BCD fails to consider user-specific weights, it is difficult to
distinguish active users from numerous potential users based
on the power-based threshold, resulting in significant SER
performance degradation. Additionally, compared with the TA-
BSASP algorithm, the superiority of the proposed CR-WBCD
algorithm is mainly reflected by the reduced computational
cost. Although both algorithms exhibit the almost same bound-
approaching SER performance, apparently from Table I, the
proposed CR-WBCD algorithm enjoys more than three-order
of magnitude lower computational complexity. This follows
from the fact that thanks to the complexity reduction mech-
anism, our proposed method only involves simple vector-
vector multiplications, rather than the sophisticated matrix
multiplications and inversions. To further elaborate the benefit
brought by the complexity reduction mechanism, we compared
the computational cost between the proposed CR-WBCD and
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Fig. 2. SER performance comparison versus different user sparsity levels
when SNR = 6 dB.

nwe————+——
e e

=) ==
\
\ —-sp
\ —>¢— Oracle BCD
AU O~ TA-BSASP
b N Y- Proposed CR-WBCD
107°F N * Oracle LS 3
N N
S \
x RN
\
o R W
n N \
\ \
\ \
B NI
3L . ]
10 ® \\
N
Ny
R
<
%
i S
ST Tt
1 2 3 4 5 6 7 8 9
J

Fig. 3. The comparison of the SER performance versus the number of time
slots at SNR of 6 dB.

WBCD algorithms. It is worth noting that the proposed CR-
WBCD and WBCD algorithms share the same SER per-
formance. However, the WBCD algorithm employs (11) to
calculate Ry, ignoring the complexity-reduction mechanism.
From Table I, it can be seen that the proposed CR-WBCD
algorithm saves more than 99% computational cost compared
to that of the WBCD algorithm.

Fig. 2 illustrates the influence of user sparsity level on
SER when SNR = 6 dB. It can be observed that the SER
performances of all algorithms deteriorate with the increase of
user sparsity level. In spite of this, the proposed CR-WBCD
algorithm still exhibits a great robustness to the sparsity level.
In addition, unlike the greedy-based algorithms (SP and TA-
BSASP), the computational overhead of the proposed method
increases negligibly with the increasing sparsity level. Hence,
even in the scenario of high sparsity level, the proposed CR-
WBCD algorithm is still a promising solution.

In Fig. 3, the comparison of the SER performance versus the
number of time slots at SNR of 6 dB is investigated. Thanks

to the exploitation of the structured sparsity, the proposed

CR-WBCD algorithm obtain SER performance gain with the
increase of J. In addition, it can be seen that when J <5,
the performance of the proposed method can approach to that
of TA-BSASP algorithm. Specifically, when J exceeds 7, the
curve of our proposed method is aligned with that of the Oracle
LS method.

V. CONCLUSION

In this paper, we formulated the MUD problem in uplink
grant-free NOMA systems as a weighted [, minimization
problem. We resorted to the BCD framework integrating with
dynamic weights to address this issue, which achieved a highly
reliable and adaptive user activity identification. Moreover,
for computational complexity saving, an efficient CR-WBCD
algorithm was proposed by pruning the repetitive calculations
during the iteration process. Through numerical simulations,
the proposed CR-WBCD algorithm show its near-oracle MUD
performance with extremely low computational cost, rendering
it as a feasible candidate for practical applications.
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