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Abstract

Classification problems are an important subclass of problems in algebraic geometry that
are mainly considered for projective varieties. One modern approach for such classification
problems is the minimal model programme (MMP), which (conjecturally) classifies varieties
into certain building blocks. One of those fundamental building blocks are Fano varieties,
which although aren’t minimal in the sense of the MMP, appear as fibres of Fano fibrations,
which are relatively minimal. A natural next step in such classifications is to add all build-
ing blocks in a moduli space; moduli spaces are quite sophisticated mathematical objects,
which parametrise all objects of a given kind (usually projective varieties with well-defined
algebrogeometric conditions). The advantage they bring into classification problems, is that
they capture information on the degenerations of the objects that are added to them. As
such, much of the recent focus of classification problems has shifted to finding and describing

explicitly these moduli spaces.

The construction of such moduli spaces, although highly beneficial, can be quite chal-
lenging. Thankfully, at least in the case of smooth Fano varieties, the notion of K-stability
has demonstrated such a construction. K-stability serves as a bridge between algebraic and
differential geometry; it was initially developed to answer which smooth Fano varieties
admit a Kdhler-Einstein metric. The answer to this question was achieved as a joint effort
by many mathematicians, including the key development by Chen-Donaldson-Sun, and
showed that a Fano variety admits such a metric if and only if it is K-polystable. In recent
developments, it was demonstrated that K-polystable Fano varieties form a moduli space
named the K-moduli space. The added benefit of this construction is due to the advantageous
properties the moduli space has, which have been generalised through several iterations,
including key developments by Odaka and Xu and his collaborators. However, since this
construction is not explicit, the explicit description of this moduli space for specific Fano

families can prove quite challenging, with insofar only a handful of known examples due



to Odaka—Spotti-Sun and Liu—Xu. In this thesis, we provide an explicit example for one of
the 105 families of Fano threefolds in the Iskovskikh-Mori-Mukai classification, in particular
we describe the K-moduli space of the family 2.25, which can be described as the blow up of
P? along an elliptic curve. In achieving this we make use of the ‘reverse moduli continuity
method’, which is a modification of the original ‘moduli continuity method” introduced by

Odaka-Spotti-Sun.

The added advantage of K-stability is that the above theories also expand to log pairs,
formed by varieties and divisors. In this particular case, the construction is not rigid, which
allows for certain flexibility by introducing ‘stability conditions’. These stability conditions
depend on a continuous parameter, which determines what objects should and shouldn’t be
added in the moduli space as it varies. The end result is an array of moduli spaces depending
on this parameter, which give rise to wall-crossing phenomena. Wall-crossing refers to the
fact that there are finite intervals of stability where moduli spaces remain the same. While
the theory of K-stability has been developed for log Fano pairs, including a recent proof of
the existence of K-moduli for log Fano pairs by Ascher-DeVleming-Liu, higher dimensional
examples of such wall crossings are lacking in the literature. The only explicit examples of
such wall-crossings exist in lower dimensions, which are also due to Ascher-DeVleming—-Liu.
In this thesis, we present the first such higher dimensional examples of wall-crossing for the
K-moduli of del Pezzo surfaces of degree 4 and their anticanonical divisors. In achieving the
above, we make use of the ‘moduli continuity method’, introduced by Odaka—-Spotti-Sun

and later generalised to log pairs by Gallardo-Martinez-Garcia-Spotti.

To complete the two main aims and examples presented above, we use Geometric In-
variant Theory (GIT). GIT was developed by Mumford in the 1960s and studies quotients
of projective varieties by algebraic groups. It is one of the first stability theories, which has
inspired the construction of K-stability, and can construct geometric quotients which are
similar to moduli spaces. In this thesis, we particularly make use of computational GIT
relying on the Hilbert-Mumford numerical criterion. In the process of doing so, we have
developed computational material, including the development of theory, algorithms and
code to study GIT quotients parametrising the moduli of log pairs formed by complete
intersections and hyperplane sections. This computational approach to the GIT of log pairs of
complete intersections generalises the work of Gallardo-Martinez-Garcia for hypersurfaces.

Our expectation is that the computational techniques developed in this thesis will have



applications beyond those explored in this thesis.
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CHAPTER

Introduction

1.1 Overview

Classification problems form a large part of the study of modern mathematics, and especially
so in algebraic geometry. Out of theories developed recently, and most particularly the Mini-
mal Model Program (MMP), Fano varieties have emerged as a particular type of projective
variety which are essential in the study of modern algebraic geometry, as they are conjectured
to be fundamental building blocks for other varieties, in some sense.

A smooth Fano variety X has an ample anti-canonical line bundle —Kx [IP99], and
equivalently, it has positive Ricci curvature. Fano varieties are bounded in any given dimen-
sion if their singularities are somehow bounded (e.g. if they are epsilon-log canonical) by
a renowned theorem of Birkar [Bir21] and that as a result, once epsilon is fixed, they can
theoretically be classified into a finite number of families. The simplest case is the smooth
one. The only Fano curve is the sphere, while smooth Fano surfaces were classified in the
19th century by Pasquale del Pezzo [Pez85; Pez87], and are known as del Pezzo surfaces.
There are 10 deformation families overall, eight given as the blow up of P? along 1 < n <8
points (with (—Kx)? = 9 — n) along with P' x P! and P°.

For Fano threefolds, Iskovskikh [Isk80], Mori and Mukai classified smooth Fano threefolds
[MMO3] into 105 distinct families. The subject of classification of Fano varieties in higher
dimensions remains an active area of research. The overall number of families of Fano

n-folds is unknown, but a result of Kollar-Miyaoka-Mori [KMM92] shows that this number
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is bounded in the smooth case.

An important aim of many algebraic geometers is to compactify these families into com-
pact moduli spaces. A moduli space is a modern mathematical tool, an algebraic object
whose points represent all algebro-geometric objects with some fixed topological invariants,
or isomorphism classes of such objects. For us, the moduli spaces of interest will parametrise
Fano varieties in the same family, modulo some algebro-geometric conditions. The attempts
of the mathematical community at such classifications are ongoing. In particular, the clas-
sification of del Pezzo surfaces into a compact moduli space was recently completed by
Odaka-Spotti-Sun in the 2000s [OSS16]. For Fano threefolds, only a few number of families
have been compactified into a moduli space. Liu—Xu [LX19] compactified families of cubic
threefolds, while Spotti-Sun [SS17] compactified families of complete intersections of two
quadrics in P" where n > 5. Meanwhile, Liu [Liu22] compactified families of cubic fourfolds.
In this thesis, we will compactify the moduli space of the family 2.25 in the Mori- Mukai
classification, which can be presented as blow-ups of P? along a complete intersection of two

quadrics.

Recent attempts at classification have used the theories K-stability and Geometric Invariant
Theory (GIT). Geometric invariant theory (GIT), pioneered by Mumford [MFK94], based
on Hilbert’s classical invariant theory, is an effective method to study the construction of
quotients by group actions in algebraic geometry, which can often be used to construct moduli
spaces. K-stability, on the other hand, is an algebro-geometric theory which was initially
developed to answer which smooth Fano manifolds admit a Kdhler-Einstein metric. By
Chen-Donaldson-Sun these are K-polystable manifolds [CDS13]. Recent results (e.g. [CP21;
LWX19; BX19; AHH19; XZ20]) show that the space parametrising these K-polystable objects
gives a compact moduli space which satisfies the criteria of classification we mentioned
above. This space is often called a K-moduli space. However, explicit descriptions of these
moduli spaces are hard to achieve, as the construction varies with each particular family one
wishes to compactify. An interesting observation [ADL19; GMS21], is that a similar K-moduli
construction holds for log Fano pairs (X, (1—3)D), and that in fact these moduli constructions
depend on the parameter 5. The different moduli spaces one obtains are given by a finite
number of walls and chambers related by a series of explicit birational transformations. The

variety and the divisor are deformed before and after each wall in each moduli space.

The aim of this thesis is to compactify the K-moduli space for family 2.25 of Fano three-
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folds, in the Mori-Mukai classification, and to ultimately study the K-moduli compactifica-
tions of log pairs formed by a Fano complete intersection of hypersurfaces of fixed degree
and a hyperplane. Specifically, we aim to provide the first higher dimensional example
of wall crossing for the K-moduli of log pairs, where both the variety and divisor admit
deformations in the K-moduli both before and after the wall crossing. We aim to introduce a
compactification for the moduli space of log Fano pairs of complete intersections and hyper-
plane sections. We achieve the above by providing a computational setting to characterise all
polarizations which give rise to different GIT quotients, in the particular cases of tuples of
complete intersection of hypersurfaces of fixed degree and hyperplanes.

Computational approaches to GIT quotients are not a novelty, but what makes this
approach novel is that we create the first methods to study GIT quotients computationally
where the ambient scheme is the Grassmanian times the projective space. In this setting, the
GIT construction depends on the choice of the linearisation, as analysed in great generality
by the theory of variations of GIT quotients of Thaddeus [Tha96] and Dolgachev-Hu [DH98].
Essentially, one obtains a division of the space of linearisations into a finite number of chambers
and walls, giving rise to only a finite number of different GIT quotients, related by a series
of explicit birational transformations. We specialise these general results to our particular
situation, tuples (X, Hy, ..., H,,) where X is a complete intersection of the same degree
hypersurfaces and the H; are distinct hyperplanes. Since these methods are very general
and depend abstractly only on the dimension, number and degree of polynomials in the
complete intersections, they provide a concrete, comprehensive setting to study such GIT
problems computationally. To achieve the computational GIT results, we expand the setting
of Gallardo-Martinez-Garcia—Zhang [GM18; GMZ18], which in turn comes as a continuation
from ideas in Laza [Laz09a]. With emphasis to the case of pairs (S, H) our first main result is

the following:

Theorem 1.1 (see Theorem 3.14). Every point in the above GIT quotient parametrises a closed orbit
associated to a pair (S, D) with D := S N H in the cases where S is a Calabi-Yau or a Fano complete
intersection of k hypersurfaces of degree d > 1. Furthermore, if S is Fano, and (S, D) is semistable,
then S does not contain a hyperplane in the support of at least one of the hypersurfaces in the complete

intersection.

We also demonstrate an algorithmical method to find all unstable and non-stable tuples.
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Theorem 1.2 (see Theorem 3.17). A tuple (S, Hy, ..., H,,) is not {-stable (t-unstable, respectively),
if and only if there exists g € G and one-parameter subgroup X in a finite set P, 41 m, such that the
set of monomials associated to (g - S, g - Hy, ..., g - H,,) is contained in a pair of sets N2’ (X) (N (),

respectively).

In the computational GIT setting, we also extend the results of [Zan22] for general com-

plete intersections. In this setting, we show the following;:

Corollary 1.2.1 (see Corollary 3.28.1). Ifa tuple T = {35 | cifi = Ol(ay : -+ = ay) € P} ds
such that 1ct(P", F) > 2t1 (respectively, > ") for any hypersurface F = {f = 0} in T, then T is
GIT semistable (respectively, stable).

In addition, we will demonstrate this algorithmic approach by classifying in detail the
GIT compactification for all elements of a complete intersection of two quadrics in dimension
1, i.e. an intersection of two quadrics in P3, and dimension 2, i.e. a del Pezzo surface of
degree 4, with a hyperplane section. For the specific GIT classification results, we make
use of classifications of intersections of quadrics found in Sommerville [Som59, §XIII] and
Dolgachev [Dol12, §8.6]. We expand these results along with ideas presented in [MM90] in
order to obtain a complete classification of such intersections and their hyperplane sections
based on singularities.

We will use these specific classifications, alongside with the moduli continuity method
which first appeared in [OSS516], and was expanded for log pairs in [GMS21], along with
a generalisation of this method for our particular study which we will term reverse moduli
continuity method. While the original continuity method constructed a map from the K-
moduli to the GIT quotient and then proved it was injective and surjective, the reverse
moduli continuity method will construct a map from the GIT quotient to the K-moduli and
prove it is an isomorphism. The tools required in each case are very different. In addition to
the above methods, a detailed computation of the CM line bundle for the K-moduli allows us
to explicitly compactify the K-moduli of the family 2.25 and provide the first explicit example
of a K-moduli wall-crossing.

The main conclusion of this thesis is that the computational techniques that are developed
to describe GIT problems explicitly can assist in describing K-moduli spaces both in cases
of varieties and log Fano pairs. We will have to mention that the connection of GIT and

K-stability is not new, and has been known since Odaka-Spotti-Sun used it to compactify the
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K-moduli of del Pezzo surfaces [OSS516]. This was further demonstrated when Li-Wang—Xu
[LWX19] constructed K-moduli spaces by using GIT charts. This connection was further
expanded by Liu—Xu [LX19] and Liu [Liu22] to describe the K-moduli of cubic threefolds
and fourfolds respectively. Our first result regarding K-moduli is the following connection
between the K-moduli of Fano threefold family 2.25 and the GIT quotient compactifying

complete intersections of two quadrics in P2. We have:

Theorem 1.3 (see Theorem 6.3). The K-moduli component of family 2.25 is isomorphic as a scheme

to the GIT compactification of complete intersections of two quadrics in P?.

The connection between K-moduli and GIT also found application in [GMS21], where
the K-moduli of log pairs (S, (1 — 5)D) for S a del Pezzo surface of degree 3 and D an
anticanonical divisor are studied, and then in Ascher-DeVlemming-Liu [ADL19], where
wall crossings in the K-moduli of log pairs (P", cD) were studied, with a particular emphasis
on the two-dimensional case. In this thesis, we will study log pairs (S, (1 — 3)D) for S a del
Pezzo surface of degree 4, which are smooth complete intersections of 2 quadrics in P* and
D an anticanonical divisor, which is a hyperplane section, and we will establish a similar
link between log K-stability and VGIT. For this particular example, we prove a direct link
between log K-stability and VGIT:

Theorem 1.4 (see Theorem 8.6). Suppose (S, (1 — B)D) is log K-(semi/poly)stable. Then, (S, D) is

GITyg)-(semi/poly)stable, with slope t(3) = MQT?.

This in turn allows us to produce the first example of higher dimensional wall crossing

for K-moduli:

Theorem 1.5 (see Theorem 9.2). Let 3 > 3. Then the K-moduli component of log pairs (S, (1— ) D)
is isomorphic as a scheme to the VGIT compactification of pairs (S, D) complete intersections of two

quadrics in P*, and an anticanonical divisor.

This Theorem in particular allows us to show where the first wall crossing occurs. Our

description of the VGIT quotient then gives an explicit description of this wall crossing:

. . 1 6
Corollary 1.5.1 (see Corollary 9.2.1). The first wall crossing occurs at t(3) = 5, 8 = =. In
particular, a log Fano pair (S, D) is log strictly K-polystable if S is a complete intersection of two
quadrics with at worse A, singularities, where D is two lines and a double line tangent at two points,

or if S and D have 4 or 2 A, singularities.
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One has to note that the GIT descriptions for the examples in [ADL19] were already
known, and in most cases relied on computational GIT results; in particular, in one of the
cases, [GMS21], the GIT description [GM19] was constructed for K-stability purposes. In
addition, one must note, that as of completion of this thesis, the above examples constitute
the only known examples of K-moduli compactifications either for Fano families or log
Fano pairs, which have been expanded by Theorems 1.3 and 1.5. As such, although the link
between GIT and K-stability is well-known, it is still quite hard to establish concretely in
specific cases, which is the main focus of this thesis.

In conclusion, this thesis demonstrates how such computational results from the GIT
side can give rise to explicit descriptions of K-moduli, especially in the cases of explicit

wall-crossings where both variety and divisor are deformed.

1.2 Background

As we mentioned before, constructing moduli spaces for varieties is a persistent aim of mod-
ern algebraic geometry. In addition, we mentioned how GIT and K-stability play important
roles in such descriptions. In this segment, we provide an introduction of these concepts,
for the convenience of the reader. This is an introduction to Chapter 2 which will go into
much greater detail in explaining these concepts. We direct the reader to Chapter 2 for a more

detailed treatment of these concepts, and, in particular, to [MFK94; Muk03; Xu21; Ols16].

1.2.1 Geometric Invariant Theory

GIT studies how we can construct quotients of actions of algebraic groups on algebraic
varieties.

Consider a projective variety X over a field k£ and let G be a reductive group acting
on X. Considering an ample line bundle L on X, i.e. a line bundle inducing projective
embedding X C P"; the action of G on X extends to an action on P" given by a representation
p: G — GL(n + 1). Then there exists an induced action of G on the homogeneous coordinate
ring:

KIX]: = @ HO(X, Lo™).

m>0
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We define
kX9 =P H(X, L)

m>0
to be all the invariant elements of £[.X| under the action of G, which for reductive groups is
finitely generated by a result of Hilbert [Hil90]. Furthermore, since k[X]“ C k[X] we obtain

an induced rational map

which is constant in orbits, but which is not a morphism as there are some points of X such
that for all f € k[X]%, f(z) = 0.

To overcome this, we define the set of semi-stable points, X **, which consists of all points
r € X such that there exists some m and invariant section s € H°(X, L®™) such that s(z) # 0.

Under this definition we have the following.

Theorem 1.6 (Mumford, [MFK94, Theorem 1.10]). X** is an open subset of X and the map ¢

restricts to a well-defined categorical quotient
p: X¥* — X J G.

Extending this type of thinking, we define a set of stable points X* as the set of x € X*,
with the orbit G - = closed, and finite stabiliser Stab(z). Under this definition, we have the

following

Theorem 1.7 (Mumford, [MFK94, Converse 1.12]). X*® is an open subset of X with X* C X** C X

and the map ¢ restricts to a well-defined geometric quotient
6 X* = X/G.

One of the main tasks when considering GIT quotients is to describe the good loci

X*, X**, XP* that allow us to describe quotients of group actions that are varieties, where:

1. X*® = closed orbits of the action with finite stabilisers;
2. X*° = all semistable orbits;

3. X7 = all semistable closed orbits.
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The above description is a difficult task without the introduction of a numerical criterion
(the Hilbert-Mumford numerical criterion) [MFK94]. The Hilbert-Mumford numerical crite-
rion can reduce the question to checking stability for one-parameter subgroups of G which in

turn permits to turn it into a discrete, in fact finite, computation.

This method is the best tool for recognising stable (Case 1), semi-stable (Case 2) and
polystable (Case 3) points. We do have to note that although extremely useful, the Hilbert-
Mumford numerical criterion can be hard to verify in a number of cases. As such, it is
beneficial to develop computational techniques in order to describe these three loci explicitly.

This algorithmical technique was studied in [Laz09a] and expanded upon in [GM18; GMZ18].

The study of semi-stable and polystable points is especially significant for a number of
reasons. For us, the most important is that the categorical quotient X / G defines a well-
defined moduli-space M?T of closed semistable orbits, as well as a moduli stack M.
When we are referring to a moduli problem, we are essentially seeking a classification of
geometric, algebraic or topological objects based on a specific property they hold, up to
some equivalence. One of the important consequences of GIT is that such a classification is

achievable through the GIT quotient construction.

An important consequence of the GIT construction is that the choice of linearisation affects
the GIT quotient. If Pic?(X) = Z the linearisation is independent of the quotient, but as
Dolgachev-Hu [DH98] and Thaddeus [Tha96] noticed independently, if dim(Pic(X)) = 2
then the dependence on L can be replaced by a single rational parameter ¢ € Q>(, which
we call the slope of L. Thus, we obtain different quotients X /; G and a number of moduli
spaces M {7 (t), depending on each choice of t. Moreover, it is known, by the general results
of Thaddeus [Tha96] and Dolgachev-Hu [DH98], that there exists only a finite number of
non-isomorphic quotients. These are a finite number of critical slopes called walls, such that
X )i G=X [JpGlorallt,t' € (t;,tipq), but X ), G# X i, G # X [J4,,, G. The open intervals

(t;,t;y1) are called chambers.

One also observes that if dim(Pic“(X)) = m > 2 then each quotient depends on a
vector (ty,...,t,_1) where similar properties hold. This dependence on linearisations on GIT
quotient is termed Variational GIT or VGIT for short. The computational study of (V)GIT
has had plenty of advances as of late, particularly aided by the emergence of mathematical
computer software. Gallardo— Martinez-Garcia [GM18] have studied a pair (Z, H) of Z a

degree d hypersurface, i.e. a hypersurface given as the solution of a degree d homogeneous
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polynomial in n + 2 variables Z = { f; = 0} with H a hyperplane in P"*!, acted upon by an
algebraic group G (where in their case G = SL(n + 2)). In their case, they wanted to study
the map

X =Y x Pttt 5 PV,

where here Y is the parametrising space of degree d hypersurfaces, and P"! the parametrising
space of hyperplanes in P"*!. In more detail, Y = P(H°(P""!, Opn+1(d))). Notice that as the
Picard rank of X is 2, the relevant discussion on Section 1.2.1 applies here, giving a number
of distinct compactifications M,,. Gallardo and Martinez-Garcia managed to produce an
algorithm to find the 7;, the number of 1-PS A and, as such, they produced strong results
regarding the (semi)-stability of specific points and the corresponding GIT quotients. This
idea was further expanded in [GMZ18], where the case of tuples (Z, H, Hs, ..., H,,) is

analysed.

1.2.2 K-stability

K —stability is a modern theory developed initially by Yau-Tian-Donaldson [Tia97], using
methods from analytical geometry to describe which varieties admit a Kéhler - Einstein metric.
Their work came as a solution to the Yau-Tian-Donaldson conjecture, and via the introduction
of notions such as the Donaldson-Futaki invariant and test configurations (which generalise
one-parameter subgroups) they established which varieties admit such a metric.

In more detail, for a pair (X, L) where X is a projective variety and L is an ample line bun-
dle, a test configuration is a pair (X, £) such that X is a C*-scheme with a flat C*-equivariant
morphism 7: X — C and £ is a relatively ample line bundle on X such that for all ¢ # 0
there exists an isomorphism (X, £,) ~ (X, L). The simplest test configuration to define is the
trivial test configuration, where X = X x C*. Test configurations that are non isomorphic to
the trivial one are called non-trivial test configurations. The Donaldson-Futaki invariant for the
test configuration is a numerical invariant

DF(X,L): = M)

ag
where the a; are the first coefficients of the Hilbert polynomial for the central fiber of the test
configuration, and the b; are the coefficients of the weight function w(k) of the C*-action on
L*|x,, which is a polynomial for £ > 0. Yau [Yau96], Tian [Tia97] and Donaldson [Don02]
defined:



1.2 Background 19

1. X is K-semistable if DF (X, £) > 0 for all non-trivial test configurations;

2. X is K-polystable if it is K-semistable and DF (X, £) = 0 only for trivial test configura-

tions.
One of the main results of K-stability is the following theorem.

Theorem 1.8 (Chen-Donaldson-Sun [CDS13]). Let X be a smooth Fano manifold. Then X admits
a Kihler-Einstein metric if and only if it is K-polystable.

This is particularly important since the emergence of the study of K-moduli spaces.
Similarly to the GIT constructions and results, the space " which parametrises K-polystable
varieties is a good moduli space in the sense of Alper [Alp+20]. In addition, recent research
shows that this K-moduli space satisfies a number of desirable properties, which make it an
ideal candidate for the compactification of the moduli spaces of Fano varieties. In [Alp+20],
it is shown that this moduli space must be separated. Another property is that the moduli
space is projective. Projectivity arises from [CP21; XZ20] which observed that a natural line
bundle, called the CM line bundle, on the K-moduli, must be ample.

In [LXZ22], the authors solved the Higher Rank Finite Generation Conjecture, which also
showed that the moduli space is proper.

These results rely on tremendous expansions of the theories of moduli spaces, which
unfortunately is impossible to detail in this section. They, however, make the explicit descrip-
tions of K-moduli spaces even more desirable. When we compactify the moduli spaces, the
difficulty arises from ‘adding’ limit elements (obtained either as limits of degenerations or
as Gromov-Hausdorff limits) that can be singular. Although we do know their singularities
have to be at worse klt, since they are limits of K-polystable elements, knowing exactly what
their singularities are might be difficult. As such, we need to study the singularities of the
limit points that could potentially compactify the moduli spaces. In addition, we can use
GIT to provide explicit compactifications. GIT quotients are much better understood than
K-stability, so there are plenty of benefits of this approach.

Trying to relate K-stability with GIT is not something new. This idea was explored
even before most of these results on K-moduli were known, when Mabuchi-Mukai [MM90]
studied the moduli space M*¥ of complete intersections of two quadrics in P* that admit a

Ké&hler-Einstein metric, and they showed that it had to be isomorphic to the GIT quotient of
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the Grassmanian parametrising the intersection of these quadrics under the action of PGL(5).

In short, they showed:
Theorem 1.9 (Mabuchi-Mukai). There exists a homeomorphism between M and M.

Here, 31" = Gr(2,15) J PGL(5). After the Yau-Tian-Donaldson conjecture was solved,
the space was shown to be equivalent to the K-moduli space.

Odaka-Spotti-Sun [OS516] expanded upon this idea and used the moduli continuity method
to show that similar homeomorphisms exist for other families of del Pezzo surfaces that

admit K-polystable members. As an example

Theorem 1.10 (Odaka-Spotti-Sun). There exists a homeomorphism between " and T, where

M parametrises K-polystable cubic surfaces and M*"" = P(H°(P?),0(3))) J/ PGL(4).

The moduli continuity method is a powerful technique that uses properties of the moduli
spaces (such as properness) to show that if one can define a map from the K-moduli to the
GIT quotient, it is going to be injective due to the uniqueness of Kdhler-Einstein metrics, and
that it is surjective upon dependence on the GIT compactification, due to the properties of
the moduli spaces in the analytic and Euclidean topologies. In order to show this, they use
the Gromov-Hausdorff compactification which is known to be canonically homeomorphic to
the K-moduli space.

Spotti-Sun [SS17] expanded Mabuchi-Mukai’s result to general dimension. Furthermore,
Liu—Xu [LX19] showed how one can get such explicit isomorphisms on level of stacks in
the case of cubic threefolds. In addition, they provided details of how such isomorphisms
may be constructed. After these results, Gallardo-Martinez-Garcia-Spotti [GMS21] extended
the moduli continuity method to log Fano pairs and showed that similar homeomorphisms
exist in the case of pairs (S5, D) where S is a cubic surface and D is a hyperplane section,
but they failed to provide such a homeomorphism on the wall crossings. In a further step,
Ascher-DeVlemming-Liu [ADL19] extended these isomorphisms to the case of pairs, of a

tixed variety and a varying divisor, by introducing a condition on the walls.

1.3 Organization and results

This thesis is organised in three main parts, in addition to a preliminaries section where we

survey some of the tools used throughout the thesis (Chapter 2). The first part (Chapter 3)
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deals with constructing a computational framework to describe GIT quotients of the moduli
of polarisations of tuples (S, Hy, ..., H,,) of a complete intersection of k hypersurfaces of
tixed degree d in projective space P*, S, and hyperplanes H;, with an emphasis on pairs
(S, H). In particular, in this Chapter we prove Theorems 1.1 and 1.2.

The second part (Chapters 4, 5, 7) deals with the explicit description of GIT quotients of
intersections of two quadrics in P?, P? and P4, with a hyperplane section. This includes a
detailed classification of pairs of such complete intersections and their hyperplane sections
given their singularities. The third part (Chapters 6, 8, 9) focuses on the relation of K-moduli
with GIT quotients. In this part, we prove Theorem 1.3. Using similar methods, we obtain
our wall crossing example, Theorem 1.5 and Corollary 1.5.1, for log pairs (.S, D) of a complete
intersection of two quadrics in P*, S, and the hyperplane section D.

In more detail, Chapter 3 focuses on GIT quotients of tuples (X, Hy, ..., H,,) of a complete
intersection of k£ hypersurfaces of fixed degree d in projective space P", X, and hyperplanes
H;, with an exceptional emphasis on pairs (X, H).

For the case of pairs, the keen reader will notice that dim Pic®(R) = 2 and as such, we
are in the VGIT situation we described in Section 1.2.1, where we have a finite number of
walls {t) = 0,21, ..., tmax} that determine the GIT quotient. We formulate a computationally
explicit form of the Hilbert-Mumford numerical criterion for this particular case of interest.
Using this, we show that there is a finite set of one-parameter subgroups, denoted by P, ;. 4,
that depends only on n, k, d, such that if a pair is unstable or non-stable with respect to
some wall/chamber ¢, there exists a one-parameter subgroup A € P, ;. 4 such that the Hilbert-
Mumford numerical criterion fails for that \. We also provide a computational way to find
this set. We denote the GIT moduli space (GIT quotient) by M.

To expand further on the computational setting, we introduce a criterion (Centroid Crite-
rion) which will allow us to determine whether a pair is stable or strictly semistable. This
criterion depends on the combinatorial nature of the theory, and is polyhedral in nature. Here,
we prove Theorem 1.1. We characterise all unstable pairs by providing a family to which they
must belong, in terms of equations, and how to obtain it computationally (Theorem 1.2).

We finish the Chapter, by extending some results found in [Zan22], relating log canonical
thresholds and the VGIT quotients we have studied. The results of this thesis have appeared
in a number of talks and in two separate papers by the author, (c.f. [Gar+21; Pap22b; Pap22a]).

In Chapter 4, we go over some results for the singularities of complete intersections of two
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quadrics in a general P", and we provide the GIT classification of the complete intersection of
two conics in P? as a toy example for the next chapters to follow. In particular, we show that
in this GIT problem, the stable and semistable locus coincide, and are comprised by smooth

complete intersections (i.e. pencils whose base locus is 4 distinct points).

In Chapter 5, we completely solve the VGIT problem of the complete intersection of
two quadrics in P? with a hyperplane section, which describes compactifications of the
moduli of log pairs (C, D) of an elliptic curve C with an ample divisor D, by classifying
the GIT stable and polystable elements for each wall. This also includes the wall t = 0
which corresponds to the GIT problem without the hyperplane section. We achieve this by
first obtaining a full classification based on singularities of pairs (S, D = S N H). We then
apply our VGIT algorithm, which is detailed in Chapter 3 and has been implemented in
the computer software SageMath [Pap22c]. This gives us all walls and their corresponding
non-stable and strictly polystable elements. We then proceed to use our classification results
to solve the VGIT problem. In the case of ¢t = 0, we see that a complete intersection will be
GIT stable if and only if it is smooth, and will be strictly polystable if and only if it is the
unique curve S = {zox1 = 2925 = 0}, which has 4 ordinary double points (A; singularities).
In our classification, we notice that each wall corresponds to a particular singularity type of
S. As t increases, the singularities of S become worse, from at worse A, at ¢ = 0, to at worse
D, at the final chamber. Conversely, the singularities of D in a polystable pair get better as
t increases. At the first chamber, D can be a quadruple point at worse, while at the final

chamber D can only be smooth (4 distinct points).

Chapter 6 is dedicated to proving Theorem 1.3. The smooth elements of family 2.25
are known to be K-stable (see e.g. [Ara+21, Corollary 4.3.16]). We show, that a singular
element of this family, obtained by blowing up along the curve C' = {z¢z; = o235 = 0} is
also K-polystable. Using results from [Ara+21, §4.3] and adapting the moduli continuity
method of Odaka—-Spotti-Sun [OSS516] to the new reverse continuity method, we prove the

desired isomorphism of Theorem 1.3.

In Chapter 7 we completely solve the VGIT problem of the complete intersection of
two quadrics in P* with a hyperplane section, by classifying the GIT stable and polystable
elements for each wall. This also includes the wall ¢ = 0 which corresponds to the GIT
problem without the hyperplane section, and verifies the results found in [MM90] and [ALOO].

For t = 0, we see that a complete intersection will be GIT stable if and only if it is smooth, and
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will be strictly polystable if and only if it has 2 or 4 A; singularities. We achieve this by first
obtaining a full classification based on singularities of pairs (S, D = S N H). We then apply
our VGIT algorithm, which gives us all walls and their corresponding non-stable and strictly
polystable elements. We then proceed to use our classification results to solve the VGIT
problem. Here, each wall corresponds to a particular singularity type of S, i.e. polystable
elements of each wall have at worse a particular type of singularity. As ¢ increases, the
singularities of S become worse, from at worse A, at ¢ = 0 to D5 at the final wall. Conversely,
the singularities of D in a polystable pair get ‘better” as ¢ increases.

In Chapter 8 we introduce a compactification for the moduli space of log Fano pairs
of complete intersections and hyperplane sections. We achieve this by studying the CM
line bundle for the K-moduli space of log Fano pairs (X, (1 — 5D)), where X is a complete
intersection of hypersurfaces of fixed degree and D = X N H is a hyperplane section. The CM
line bundle, originally introduced by Paul and Tian in the absolute case [PT09] and extended
for log Fano pairs by Gallardo-Martinez-Garcia-Spotti [GMS21], is an invariant which plays
an important role to the link between K-stability and GIT-stability. We make such an explicit
link by proving Theorem 1.4. This allows us to get an explicit relation between ¢ and £.

In Chapter 9 we prove the main Theorem of this thesis, Theorem 1.5. We restrict ourselves
to consider log Fano pairs (5, (1 — 5)D) where S is a complete intersection of two quadrics in
P*and D = SN H is a hyperplane section. The existence of the desired isomorphism is not
obvious at first, but it comes from the combination of the previous results in Chapters 7, 8.
We use our VGIT classification from Chapter 7 and results by Liu [Liu18] and Kollar [KS88]
to show that the singular limits of degenerations of log pairs (S, (1 — 3)D) up to a specific
wall are complete intersections of quadrics and hyperplane sections. This result, along with
Theorem 1.4 and the moduli continuity method for log Fano pairs [GMS21] allows us to
prove Theorem 1.5. Theorem 1.5 along with our results in Chapter 7 allows us to obtain a full

description of the wall crossing, in Corollary 1.5.1.
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Preliminaries

2.1 Geometric Invariant Theory

Geometric invariant theory (GIT), pioneered by Mumford [MFK94], based on Hilbert’s
classical invariant theory, is an effective method to study the construction of quotients by
group actions in algebraic geometry, which can often be used to construct moduli spaces.
More explicitly, GIT studies how we can construct quotients of actions of algebraic groups
on algebraic varieties. The study of GIT has played an integral part in the recent effort of
the classification of Fano manifolds, in particular in the compactification of moduli spaces
of families of Fano varieties. Odaka—-Spotti-Sun used GIT to compactify moduli spaces of
Fano surfaces (del Pezzo surfaces) [OSS516], while Spotti-Sun [SS17], Liu—Xu [LX19] and Liu
[Liu22] compactified families of complete intersections of two quadrics, cubic threefolds and
fourfolds respectively, using explicit descriptions of GIT quotients.

In this section, we provide the preliminaries of algebraic group actions on varieties and
how these group actions can be described using representation theory. We then provide a
detailed account on how GIT quotients are constructed. In particular, we define geometric
and categorical quotients, and we construct projective GIT quotients on actions of reductive
algebraic groups. We show that these quotients are geometric and categorical in each case,
and we give a description of Variational GIT (VGIT). We then move to describe the Hilbert-
Mumford numerical criterion, which is essential in obtaining explicit examples of such

quotients. We end this Section with a detailed exposition to the theory of moduli spaces. We
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introduce moduli problems and why these are studied, and then we proceed to introduce
stacks and their relationship to moduli problems. We end the Section by showing that the

GIT quotients we have constructed provide good moduli spaces and moduli stacks.

2.1.1 Algebraic Group Actions

2.1.1.1 Definitions and Constructions

To begin our discussion on GIT we first need to give a short introduction to algebraic groups,
their representations and how they act on varieties. We will follow the treaty and notation in

Mukai [MukO3]. In this section, we let £ to be an algebraically closed field.

Definition 2.1. Let A be a finitely generated k-algebra. G = Spec A is an affine algebraic group

if there exist k-algebra homomorphisms

p: A— A®p A (coproduct),
e: A— k (coidentity),

t: A— A (coinverse),

which satisfy the following three conditions:

1. The diagram

A—" s Ag A

l“ llA@)kN

1®rla

commutes;
2. both of the compositions

k®, A

6®V X‘
ALy Ag, A A
/
k

\A@ke

A Ry

where p is the projection, are equal to the identity;
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3. the composition, with m the algebra multiplication

Al A0, AR A9, A ™ A

coincide with e.

Remark 2.1.1. One should realise that after taking Spec, the maps (, €, . become by abuse
of notation pi: G x G — G, e: Speck — G and ¢: G — G representing the group product,
identity element and group inversion respectively. In fact, the three conditions in Definition

2.1 guarantee that G is a group with multiplication 1, identity e(Spec k) and inverse .

A categorical way of thinking of algebraic groups is the following. An algebraic group G

is an algebraic scheme where, along with the definitions of 1, ¢, ¢ the functor
G': {algebras over k} — {sets},

takes values in the category of groups.

Example 2.1.1. Consider the Laurent polynomials A = k[t,t"!]. The algebraic scheme G =
Spec A becomes an affine algebraic group by defining the coproduct, coidentity, and coinverse

as follows. Let u(t) =t ®t, e(t) = 1,1(t) = t~*. Then

(b @k La)(p(t) =t @kt @ t
= (La @y p)(1(t)),
p((e®k1a)(1(1)) = p((e @ 1a)(t @ 1))
= p(1®y 1)
—t,

p((La @y €)(u(t)))

p((1a @k e)(t@1))
=p(t ® 1)

t.

Hence, the compositions are equivalent to the identity. Also,

(1a @ t(pu(t)) = m((1a @ )(t @ 1))

m(t®t")

1

Y
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and hence the composition is equivalent to €. This group G = Spec A is denoted by G, and is
called the multiplicative group. It also admits a natural embedding to A' via taking Spec to the

map

E[t] < k[t,t™1).

Any algebraic torus is isomorphic to G and as such is an affine algebraic group.

Example 2.1.2. The matrix groups GL,, SL,, and PGL,, are algebraic groups. To see this, first
consider the ring A = k[, ;, (det(z)) '], where here = = [z, ], i.e. the polynomial ring with
n? variables x; ; where 1 < 7,57 < n, and the inverse of the determinant added as a generator
modulo the obvious relations. Then G’ = Spec A < A" becomes an algebraic group if we

define

,u(aci,j) = Z Xil X o e(xm-) = (51'7]‘ L(I@j) = (det x)’l(adj LL’)i,j.
=1

Checking the conditions of Definition 2.1 is a bit more challenging than in Example 2.1.1, but

not hard to see.

Here,

(1 @k 1a) (i 5)) = (e @p 1a)( Z Tig @ 1)

= (D T @ Ty @ 11)
=1 =1

= (1a @k p) (i),

p((e @k 1a) (i) = p((e @y 1A)(Z Ty @ 15))

=1
= p(l X xi,j)
_ 1,
p((1a @k €)(p(i)) = p((1a @k ) wis @ 115))
= p(zi; ®1)
= 1.
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Hence, the compositions are equivalent to the identity. Also,

m((1a @ (i) = m((La @k ) wig @ a15))

=1

= m( Yy ® (det ) (adjz),,)
=1

= (detz) 'detx
=1.

Thus, G = Spec A is an algebraic group. In fact G = GL(n). One way to see this is that
one can interpret A as the localization of k[x; ;| at the polynomial p = (det(z))~!. Then,
G = Spec A, is the localization of Spec k[z; ;] = A™ away from p = 0. In particular, G is an
open subscheme of A™ which contains all n x 7 matrices where (det(x))~" # 0.

We also define B = k[z;;|/(detz — 1), which is a quotient of A with the ideal I =
(detz — 1) C A. In particular, I C kere, and hence we can define maps p,¢,. on B by
restriction (and some abuse of notation) which make S = Spec B an affine algebraic group.
As one would expect, S = SL(n).

For PGL(n), notice that PGL(n) = GL(n)/Z where Z := {al,|a € k*} is the centre. In
particular Z is a subgroup of GL(n) and hence PGL(n) is an affine algebraic group, since it is

the quotient of two affine algebraic groups.

Definition 2.2. A homomorphism of algebraic groups G and H is a morphism of varieties
f: G — H such that the diagram
GxG L @
lf xf lf
HxH -+ H

commutes.

2.1.1.2 Representation Theory and Algebraic Group Actions

An integral part needed to define algebraic group actions on varieties is the representation
theory of algebraic groups. See [FH91; CR06] for more information. Below are two different

definitions of representations of algebraic groups.

Definition 2.3. A representation of an (algebraic) group G on a finite dimensional vector space
V over a field k is a group homomorphism p: G — GL(V) such that p(zy) = p(z)p(y). A

representation is called faithful, if the group homomorphism p is injective.
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Two representations p: G — GL(V) and 7: G — GL(WW) are equivalent or isomorphic if

there exists a vector space isomorphism ¢: V' — W such that forall z € G, Cop(z)o(™! = 7(z).
For algebraic groups specifically, one can use the following definition:

Definition 2.4. An algebraic representation of the affine algebraic group Spec A is a pair consist-

ing of a vector space V' over a field £ and a linear map py: V — V ®;, A such that:

1. The composition

VIS V@R A5 Vek=2V

is the identity;

2. the diagram

“w
V — s Ve A
l’“’ lﬂv®k1A
1y ®rpa

commutes.
Lemma 2.5. Definitions 2.3 and 2.4 are equivalent for affine algebraic groups.

Proof. Let G = Spec A be an affine algebraic group and p: G — GL(V) = GL(n) be a
representation, where n = dim V. Then as in Example 2.1.2, we have B = k[z; ;, (det(x))™!],
GL(n) = Spec B and we can define a number of pullbacks of the z;; along p (at the ring
level), i.e. f;; := p*z; ; which are functions on G. By taking a basis {e; } of V, we can define

pv: e — > . ex ® fr;. Under this definition,

(1®e)ouy(e)=(1® e)(z e @ fri) =61 =¢
%

since €(fi.:) = p*(e(zij)) = p*(0i;)-
Also,

(v @ pa) o pv(e) = (v @ pa) (D en® fis) = D (D ex ® fuy @ f15) = (v ® 1a) 0 v (es),
k k J
since pia(fri) = p*(wp(Tri)) = p* (2, Thj @ Tj5) = 325 frj @ [
For the converse, see [Muk03, Remark 4.3]. O
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Example 2.5.1. For G,,, where m € Z one can find particularly easy representations. For a

vector space V' over k, one can define
py: V= VeEktt?], v=oovet™

Verifying that this definition satisfies the conditions of Definition 2.4 is an easy exercise.
An important consequence is that every such representation p: G,, - GL(V') has a weight
decomposition with respect to the above representations V' = € V,,, where here V,,, := {v €

Vip(v) =vet™}.
We are now in a position to define algebraic group actions on (affine) varieties.

Definition 2.6. Let X be a scheme and G' = Spec A an affine algebraic group. An action of G

on X is a morphism of schemes o: G x X — X such that the following diagrams

€><idX

Speck x X —— G x X
\X
and

idG Xo

GxGExX —/ Gx X

Lug Xidx lcr

GxX ———— X

commute. Here, 1 and € are the coproduct and coidentity of G after taking Spec.

One easily notices the similarity between Definitions 2.4 and 2.6. This is not by chance; in
fact, our knowledge of representation theory for algebraic groups is integral for investigating
how to study such actions. In fact, in the case of affine schemes, the representation induces

the group action.

Remark 2.6.1. Notice that this definition is compatible with the usual classical definition of
group actions. To see this, note that the first commutative diagram shows that the composition
X = X xG — Xisgivenby x — (e,z) — e -z is the identity (i.e. thate - z = z).

Similarly, the second commutative diagram guarantees that g - (h-z) = (g - h) - z.

These are the axioms of the classical (left) group action. In most examples we will use this

notation to give describe specific instances of group actions.
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Definition 2.7. Let G be an algebraic group and X a scheme. Given an algebraic group action

0: G x X — X and z a point of X

1. The orbit G - = of the point z is defined to be the set theoretic image of the morphism
o, :=o0(—,x): G(k) = X (k) whichis givenby g — ¢ - z;

2. The stabiliser Stab(x) or G, of x is defined to be the fibre product of the morphism
o,: G — X and z: Speck — X. Furthermore, it is a closed subscheme of G, which is

closed under multiplication, and hence is a subgroup of G.

3. If all orbits of the action are Zariski-closed, then the action is called closed.

Example 2.7.1. Consider the action of G,,, on A" via scalar multiplication, i.e. t - (z1,...,2,) =
(txi1,...,tx,). This is a group action easily verifiable from Definition 2.6 and Remark 2.6.1,
and it has only two possible orbits: the origin, and lines through the origin minus the origin.

Now consider the action of G,,, on A2 by ¢ - (z1,x2) = (tx1,t '22). As before, the origin is
one of the orbits of this action, as well as each of the two axes minus the origin. The other
orbit occurs at points where ;22 = ¢, where c is non-zero, i.e. at conics {(wl, To)|T1T0 = €, T €
A\ {0}}. The origin and conics are both closed orbits, while the axes minus the origin are
not closed, as they contain the origin in their closure.

Notice, that the theoretical framework we have set up does not allow us to separate the
orbit that corresponds to the origin and the orbits of the axes minus the origin topologically,
which would be necessary in constructing a topological quotient [Muk03, page 159, Example
5.1]. Hence, the quotient space of A?/G,, cannot be an algebraic scheme, as it cannot be
separated. Thus, in order to construct a topological quotient, we have to remove the orbit
corresponding to the origin {0, 0}, as this is the orbit that breaks separation in the quotient.
This will allow us to obtain a quotient scheme, (A?\ {0,0})/G,,. In this example, the bad locus
(the origin) needed to be removed in order to obtain a quotient scheme is easy to identify, but
in many cases it is much more complex to identify what the bad locus is. In fact, a big part of
GIT focuses on identifying limits of orbits and removing them in order to obtain well-defined

algebraic quotients.

Theorem 2.8. Let G be an affine algebraic group acting on a scheme X. Then, the dimension of
the stabiliser subgroup (respectively, orbit) viewed as a function X — N is upper semi-continuous
(respectively, lower-semi-continuous); that is, for every n, the sets {x € X|dimG, > n} and

{z € X|dim G, < n} are closed in X.
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Proof. Consider the graph of the action
I'=(pry,0):GxX —->XxX

and the fibre product P

p—2 X

| 2

GxX —— XxX
where A: X — X x X is the diagonal. The k-points of the fibre product P consist of pairs
(g, ) such that g € G,. The function on P which sends p = (g, x) € P to the dimension of
Py = ¢~ (é(p)) is upper semi-continuous by [Gro66, p. 13.1.3] or by [Har77, p. IIl 12.8]. By

restricting to the closed subscheme X = {(e, )|z € X} C P the result follows. O

An important definition we will require when talking about quotients, is the invariant

elements of the action.

Definition 2.9. Given a representation y1: V' — V ® A of the affine algebraic group G = Spec A4,

a vector v € V is G-invariant if u(v) = v ® 1. The subspace of invariant vectors is denoted by
Ve i={veViuv)=vel}.

Definition 2.10. Let G = Spec A be an affine algebraic group. A 1-dimensional character x is a
function x € A such that u(x) = x ® x and ¢(x)x = 1.

2.1.2 GIT Construction

2.1.2.1 Geometric and Categorical Quotients

Before we begin to discuss group quotients, it is beneficial to discuss what constitutes a good
quotient in our framework. This important distinction is necessary, because the typical orbit
space X/G = {G - z|x € X} may not always admit the structure of a scheme. This was seen

in Example 2.7.1.

Definition 2.11. Let X be a scheme. A categorical quotient of X by the action of G is a G-
equivariant morphism ¢): X — Y, where Y is a G-scheme which is G-invariant with respect
to the action (i.e. ¢ is constant on G-orbits, and every point y € Y is G-invariant), and is

universal, i.e. any G-invariant morphism ¢§: X — A factorsas § = y 0% for unique x: ¥ — A.



2.1 Geometric Invariant Theory 33

Definition 2.12. Let X be a scheme. A geometric quotient of X by an algebraic G group is a
categorical quotient ¢: X — Y which is affine, such that the fibres ¢~!(y) are preorbits for
each y € Y (i.e. they are G-orbits for each y € Y') with additional properties [DKO07]:

1. if U C Y is an open subset, the morphism Oy (U) — Ox(¢~(U)) is an isomorphism

onto the G-invariant functions;

2. for Wy, W, disjoint, closed G-invariant subschemes of X, ¢(W;), ¢(W>) are disjoint,

closed subschemes of Y.

Definition 2.13. A morphism of schemes X and Y, ¢ : X — Y is a good quotient for the action
of G on X if

1. ¢ is affine, G-invariant (i.e. ¢ is constant on orbits) and surjective;

2. if U C Y is an open subset, the morphism Oy (U) — Ox(¢~(U)) is an isomorphism

onto the G-invariant functions Oy (¢~1(U))%;
3. if W C X is a G-invariant closed subset of X, its image ¢(W) is closed in Y;

4. if W, and Wj are disjoint G-invariant closed subsets, then ¢(WW;) and ¢(WW5) are disjoint.
In fact, every good quotient is categorical.

Theorem 2.14. Let G be an algebraic group acting on a scheme X and let ¢: X — Y be a good

quotient. Then ¢ is a categorical quotient.

Proof. See [MFK94, Chapter 0.2, Remark 6]. ]

The reverse statement is not true. However, counterexamples are hard to produce; we
refer the reader to [AH99; AHO00] for counterexamples. The below example demonstrates

that a good quotient need not be geometric.

Example 2.14.1. Let G = G,,, acton C" by ¢ - (x4, ..., x,) = (tx1,...,tz,). The map C* — pt =
Spec(C™) is a good quotient for this action, but not a geometric quotient, as the preimage of

pt consists of multiple orbits.

Remark 2.14.1. The definitions of good and geometric quotients are local in the target; this
implies that if ¢: X — Y is G-invariant and there exists a cover of Y by open subsets U, such
that the maps ¢|y,: ¢~ (U;) — U, are all good (respectively, geometric) quotients, then so is

¢: X — Y. This follows directly from the properties in Definitions 2.12 and 2.13.
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After our discussion in Example 2.7.1 it becomes more apparent why we seek such
quotients. Namely, we aim to find geometric and categorical quotients because these allow us
to distinguish between the orbits of the action and carry a universal property. In particular, for
geometric and good quotients we also obtain ‘nice” properties between the rings of invariants
of the action, and we can guarantee that disjoint sets are disjoint in the action.

In attempting to find a quotient scheme by an algebraic group action, the below method
was first developed by Hilbert [Hil90]. Consider a (quasi-)projective algebraic scheme X
embedded into some projective space, P",i.e. X C P", acted upon by a group G. Hilbert’s
initial approach was to find enough invariant homogeneous polynomials fj, ..., fx, where
deg(f;) = k; that would generate the invariant ring of sections of X by the G-action. Here,
invariance implies that for any g € G, we have f;(gz) = f;(z). Having obtained the N + 1

invariant polynomials, we can define a rational map

p —— (fo(p): ...« fn(p)).

Since the f; are invariant under the action, the preimage of a point in the image of ,
Im(m), is an orbit of the action, hence 7 is a categorical quotient. Although this approach has

its merits, we quickly run into a few problems:

1. If the ring of invariant sections is not finitely generated, IV will not be finite, and as such
the rational map will not be defined. This is why, as we will show later, one is required
to consider reductive groups, which have a finitely generated ring of global G-invariant

sections [Hil90];

2. another issue that arises, is that we require the image of 7 to be a closed algebraic
scheme, i.e. for the closure of the image of 7 to be equal to the image of 7. This approach
certainly does not guarantee such a condition, and even for the reductive case it is a

hard condition to check [BJK17];

3. we still have to remove the bad locus in order to construct the quotient, as the map = is

not everywhere defined (specifically for points where f; = --- = fy = 0);

4. invariant polynomials such as the f; presented above are extremely difficult to find in

most, if not every, case.
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It is apparent that one has to take different routes in order to describe good or categorical

quotients of such actions.

2.1.2.2 Reductive Groups

Mumford [MFK94] achieved the construction of a quotient scheme by considering reductive

groups. Before we introduce these, we have to introduce some notation.

Definition 2.15. Let G = Spec A be an affine algebraic group. An element g € G is called
unipotent if there exists a faithful linear representation p: G — GL(n) such that p(g) is
unipotent. Furthermore, G is unipotent if every non-trivial linear representation p: V' — V® A

has a non-zero G-invariant vector v.
Alternatively, one can think of unipotent groups as groups whose elements are unipotent.

Definition 2.16. An affine algebraic subgroup H = Spec Ay of G = Spec A is called normal if
the conjugation action H x G — G of H on G given by (h,g) — ghg™" factors through the

inclusion H — Q.

Definition 2.17. An affine algebraic group G = Spec A is reductive if it is non-singular (smooth)

and every smooth unipotent normal algebraic subgroup of G is trivial.

Definition 2.18 ([Muk03], Definition 4.36). An affine algebraic group G = Spec A is linearly
reductive if for any epimorphism ¢: V' — W of G-representations, the induced map on

G-invariant vectors ¢“: V¢ — W€ is surjective.

Theorem 2.19. The affine algebraic group G is linearly reductive if and only if every finite dimensional
representation p: G — GL(V') is completely reducible, i.e. V factors as a direct sum of irreducible

subrepresentations.

Proof. Let p: G — GL(V) be a finite dimensional representation and V' C V' a G-invariant
subspace. The vector spaces Hom(V, V') and Hom(V’, V') are both representations, and the
natural map

¢: Hom(V,V') — Hom(V', V")

is an epimorphism of G-representations. Since G is linearly reductive, the induced map ¢ is
surjective. Hence, the identity map 1y~ lifts to a G-equivariant morphism f: V — V’/, with a

complement V" = ker f and a decomposition V' = V' @ V". One can repeat this procedure as



36 Preliminaries

long as there is a non-trivial G-invariant subspace. Since every time dim(V”’) < dim(V) and
dim(V") < dim(V')) < oo eventually this process stops.

For the reverse statement, let ¢: V' — W be an epimorphism of G-representations and
define V' := ker ¢. By the assumption, there exists V" such that V' = V' ® V". In particular,
since ¢ is an epimorphism, we have V' = IW. Notice that both V' and V" are G-invariant,
hence V¢ = (V)¢ & (V")¢, which implies that the induced map ¢“: V¢ = (V)¢ @ (V)¢ —

WY = (V)Y is surjective. O
Corollary 2.19.1. Every finite algebraic group G is linearly reductive.

Proof. If one applies the techniques in the proof of [FH91, Proposition 1.5] to Theorem 2.19,

one obtains the required statement. O

Example 2.19.1. We have seen already in Example 2.5.1 that the representations of the group

G, are completely reducible, hence G,, is linearly reductive.

Definition 2.20. An affine algebraic group G = Spec A is geometrically reductive if for every
finite dimensional representation p: G — GL(V) and every non-zero G-invariant vector

v € V there exists a G-invariant non-constant homogeneous polynomial f € O(V') such that

fv) #0.

Theorem 2.21. If an affine algebraic group G = Spec A is linearly reductive, then it is geometrically

reductive.

Proof. Let p: G — GL(V) be a finite dimensional linear G-representation and v € V' be a
non-zero (G-invariant vector. Then v determines a G-invariant linear form f: V* — k, where
[ is the dual of v. By letting G act trivially on the field k, k becomes a representation of G
and f can be seen as an epimorphism of G-representations. Since G is linearly reductive,
the induced map f¢ is surjective, and hence for the fixed point 1 € k = £, there exists a

non-zero vector v € V¢ such that f(v) =1 # 0. O
The following is an important result by Weyl, Nagata, Mumford, Haboush:

Theorem 2.22 ([MFK94; Nag64; Hab75]). An affine algebraic group G is a reductive group if and
only if it is geometrically reductive. A linearly reductive affine algebraic group G is reductive (but
the converse is not always true). In particular, in characteristic zero, an affine algebraic group G is a

reductive group if and only if it is linearly reductive.
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The above result is particularly useful for us, as in the rest of the thesis we will always
work in characteristic zero, and in particular over C. In fact, from now one we will only refer
to reductive groups, instead of linearly reductive groups. The following result is arguably

the most important component for formulating Mumford’s GIT.

Definition 2.23. A G-action on a k-algebra A is rational if every element of A is contained in a

finite dimensional G-invariant linear subspace of A.

Remark 2.23.1. Let G be an affine algebraic group acting on X. The induced action of G on
A = O(X) is rational.

Theorem 2.24 ([Hil90]). Let G be a (linearly) reductive group acting rationally on a finitely generated
k-algebra A. Then AC is finitely generated.

Example 2.24.1. Although we will not prove so, many of the matrix groups are reductive (in

characteristic 0, see [Nag62]). These include the groups GL(n), SL(n) and PGL(n).

2.1.2.3 Construction of Projective GIT Quotients

The above discussion allows us to progress to the details on how to construct projective
quotients via algebraic group actions following Mumford’s approach. Since we will be
working with projective varieties/schemes, we will only define the projective GIT quotient;
the construction for the affine GIT quotient follows a similar, and somewhat simpler rationale.

Consider a projective scheme X over a field £ and let G be a reductive group acting on X.
It is useful to recall that there is a projective embedding X — P" induced by an ample line
bundle £ € Pic(X) of X. We will first study how if there exists a linearisation, we can extend
the G-action to these line bundles. Considering an ample line bundle £ on X, if the action of

G on X extends to an action on P", this is induced by a representation p : G — GL(n + 1).

Definition 2.25. Let X be a projective scheme with an action of an affine algebraic group
G. A linear G-equivariant projective embedding f: X — P" is an embedding which a choice of
group homomorphism G — GL(n + 1) making f G-equivariant. We say that the G-action on
X — P" is linear when we have a linear G-equivariant projective embedding of X as above.

The line bundle £ inducing the above embedding is called a G-linearised line bundle.

More formally, in the above setting the action of G on the projective space P" lifts to an

action on the affine space A"*! and there is an induced G-action on the affine cone X C A"*!
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over X. Here:

KA = Klzo, ..., 2] = @) H(P", 0(m)).

m>0
Similarly, we define

k(X =P H(X, £5m)

m>0
the homogeneous coordinate ring of X, which inherits an induced action of G. Notice that in
both cases, the G-invariant elements of the coordinate rings

KA™NE = klxo, ..., 2] = @) HO(P", 0(m))¢

m>0

and

KX = @ HO(X, £5™)¢

m>0
are well-defined as all the invariant elements of k[A] and k[X] under the action of G respec-
tively. By Theorem 2.24 both of these rings are finitely generated as G is reductive. We also
define k£[X]¢ to be the positive degree part of the invariant ring.

Furthermore, since k[X]“ C k[X] we obtain an induced rational map

Definition 2.26. For a linear action of G on a projective scheme X C P" we define the set of

semi-stable points X*° as follows:

X = {zx € X|3Im € Z-y,s € H'(X, L5 such that s(z) # 0}.
The restriction of the map ¢
¢ X — X || G

is called the GIT quotient of this action.

From the above discussion and since k[X]¢ is finitely generated, by [Har77, II, Corollary
5.16] it follows that X // G is in fact a projective scheme. Set-theoretically, X / G is the quotient

of X*° by the equivalence relation for which z,y € X** are equivalent if and only if the

closures G - x and G - y of the G-orbits of x and y meet in X**. As such, it becomes apparent
that this definition will allow us to overcome the problems detailed in Example 2.7.1. In fact,

the map ¢ is a categorical quotient, which follows directly from its definition. Thus, we have:
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Theorem 2.27. For a linear action of a reductive group G on a projective scheme X C P", the GIT
quotient ¢: X** — X /J G is a categorical quotient of the G-action on the open subset X ** of semistable

points in X. Furthermore, X |/ G is a projective scheme.

The question that remains is whether we can define a geometric quotient of the action.

This is achieved by the following construction:

Definition 2.28. For a linear action of G on a projective scheme X C P" we define the set of

stable points X* as follows:

X*:={zx € X*|G - xisclosed in X** and dim G, = 0}.

We also define the set of polystable points X** as the set:
XP = {r € X**|G -z is closed}.
The set X \ X*° is the set of unstable points.

By the orbit-stabiliser theorem, the condition dim GG, = 0 is equivalent to dim G, = dim G,
i.e. stable points are polystable points with maximal orbits. Notice also that, by the above
Definition, we have

XS g Xps g XSS.
Lemma 2.29. The sets X** and X* are open in X.

Proof. By construction, the set of semistable points is defined as the complement X \ Null(.X)

where

Null(X) := {z € X|Im € Z,Vs € H*(X,LZ™) such that s(z) = 0}

is by definition a closed set as G is reductive.

For the set of stable points, consider the set X’ = UX; where here X; := {x € X|f(z) # 0}
is affine, f € k[X]¢ and the union is taken over k[X|$ such that the action of G on X} is
closed in X*°, and hence each X; is open in X, and X is also open in X.

In particular, by Theorem 2.8, the function z — dim G, is an upper semi-continuous
function on X, since it is the dimension function of the stabiliser subgroup of an affine group
action, and so the subset of X’ consisting of points with zero dimensional stabiliser is open in

X. Hence, we have open inclusions X* C X' C X ]
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Theorem 2.30. For a linear action of a reductive group G on a projective scheme X C P, the
restriction of the map ¢, ¢: X* — X°/G is a geometric quotient of the G-action on the open subset

X*® of stable points in X. Note that, by abuse of notation, we will denote X*/G by X/G.

Proof. We will first prove the result locally. Let f € k[X]¢ be an invariant section, and
let X; = {z € X|f(z) # 0}. As in the proof of Theorem 2.29 each X; is affine, and let
X' = Uy X; be the union over all the X; the G-action is closed in X**. For X/G we define
(X/G)f = ¢(Xy)and Y' = ¢(X'). For each f we have maps ¢;: Xy — (X/G); which glue to
give amap ¢: X’ — Y'. Notice that by definition each ¢ is a good quotient, and since the
action of G on each X/ is closed it is also a geometric quotient. As discussed in Remark 2.14.1,
the ¢ glue to give a geometric quotient ¢: X' — Y.

Since X* C X’ and X/GY' are open subsets of X’ and Y’ respectively, the restriction on
¢ is the map ¢: X° — X/G which is also a geometric quotient, due to the local structure of

geometric quotients. ]
We will later study how the map
o X — X/G

defines a coarse moduli space of stable orbits. One of the main tasks when considering GIT
quotients is to describe the good loci X*, X**, X?* that allow us to describe quotients of group

actions that are projective varieties /schemes.

2.1.3 The Hilbert-Mumford Numerical Criterion

The explicit description of GIT quotients is a difficult task without the introduction of a
numerical criterion (the Hilbert-Mumford numerical criterion) [MFK94] which we will now

briefly describe.

Definition 2.31. Let GG be a linear algebraic group. A 1-parameter subgroup (1-PS) is a group
homomorphism A: G,, — G. The action of G on X induces an action of G,, on X via the

1-PS,ie. z +— A(t) -z, t € Gyp,.

Definition 2.32. Let X be a projective k-scheme acted upon by an affine algebraic group

G induced by a G-linearisation £, and let x € X and A: G,, — G be a 1-PS. We define the
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Hilbert-Mumford weight 1*(z, \) to be the negative of the weight of the induced action of G,
on the fibre £,, where zy = lim;_,o A(¢) - x. The Hilbert-Mumford function, is defined as:

pr(=N): X = 7.

Theorem 2.33 ([MFK94, Theorem 2.1]). Let £ be an ample G-linearised line bundle on a projective k-
scheme X. Then x € X is stable (respectively, semistable) with respect to £ if and only if u*(xz, \) > 0
(respectively, y*(x, \) > 0) for all non-trivial 1-PS X of G.

Example 2.33.1 ([Muk03, Example 7.12]). We will study the (semi-)stability of plane cubics,
i.e. cubic curves in P? under the action of SL(3). In this case, the numerical criterion takes
the following form: we can pick a maximal torus 7" in SL(3), such that all 1-PS belong to that
torus. Since all maximal tori in SL(3) are conjugate, given a 1-PS A\, we can choose a maximal
torus 7' such that ) is diagonal. We can use the Hilbert-Mumford numerical criterion on
diagonal 1-PS to prove that a specific hypersurface is unstable or strictly semistable, but
unfortunately not stable.

As such, we can think of the 1-PS as diagonal elements \(¢) = Diag(s*, s*, s*?) € SL(3),
so it is customary to think of them as vectors r = (ag, a1, a2) where > a; = 0. Each cubic
curve consists of a linear span of monomials of the form z{' z22% which can be represented
as points on the set

Eg = {(Z'l,ig,ig) € Zg‘il + 2.2 + ig = 3},

and non-zero coefficients ¢;. For a cubic curve f we define its support as Supp(f) = {I €
Zs|f = cra?, ¢; # 0}. The 1-PS are points in the dual space of monomials, and as such we
have a pairing (I, \) = > i;a; where the I € =3 represents a monomial. The action of the one
parameter subgroups can be described via this pairing.

Notice that for all diagonal 1-PS, we have ((1,1,1),\) = 37, a; = 0. Hence, if we arrange
the 10 possible monomials in a triangle, the centroid is the monomial z¢z,z, and every A has
to pass through this monomial. If we pick 1-PS r = (2, —1, —1), the monomials with negative
or zero pairing are x3, rox?, Tox3, ToT122, T175, T2x3, T3, which is the condition that the cubic
curve has a singular point at (1:0: 0).

Choosing r = (1, —2, 1) the monomials with negative or zero pairing are =3, xoz7, 231,
Tox1Te, 123, To27. This is equivalent to the cubic curve having a line z; = 0 (see Figure 2.1).
By a projective change of coordinates, we can assume that if f contains a line, this is the line

x1 = 0. In particular, if we consider the symmetry of the triangle the above two choices are
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Figure 2.1: Monomials of cubics and action of one-parameter subgroups

the only possibilities as the line 7 rotates about the centroid. As such, the strictly semistable
cubic curves are cubics with only ordinary double points as singularities. Similarly, one can

show that a cubic curve is stable if and only if it is smooth.

Although the numerical criterion is the only concrete tool for checking (semi-)stability crite-
ria, the above example is one of the few simple cases. In reality, applying the Hilbert-Mumford

numerical criterion can be a challenge, especially for problems in higher codimension.

2.1.3.1 Variations of GIT Quotients

An interesting phenomenon occurs when the Picard rank of the projective GG-scheme is bigger
than one. In this case, the choice of very ample linearisation £ affects how the GIT quotients
are constructed. In this Section we will cover a general enough case which will be relevant
to this thesis, but we will not cover the most general one. If the reader is interested, we
prompt them to [DH98] and [Tha96], where the authors study the existence of variations of
GIT quotients for arbitrary reductive G-action on an arbitrary scheme X. In our case we will

deal with schemes X = X; x ... X,, with dim(Pic(X;)) = 1. In our setting, we have:

Lemma 2.34. Let G be an algebraic group such that Pic(G) = {1} and let X be a normal projective
k-scheme such that X = X, x ... X,, with dim(Pic)(X;) = 1, such that the action of G on X extends
to an action of G on each X;. Let also every line bundle of X have at most one linearisation class. Then
the set of G-linearisable line bundles Pic®(X) is isomorphic to Z™. A line bundle £ € Pic%(X) is
ample if and only if

L=0(ay,...,ay) =10x, (a1) @7, 0x, (an),

where the p; are the natural projections on X;, and a; > 0, and we denote by Ox,(a;) an ample

generator (over Z) of the Picard group.
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Proof. The proof follows [GMZ18, Section 2.1] which comes as a generalisation of [GM18,
Lemma 2.1].

Let p; be the projections. Since the action of G on X extends to an action of G on each Xj,
the p; are morphisms of G-varieties. Recall there is an exact sequence (see [Dol03, Theorem

7.2])
0 —— X(G) —— PicY(X) —— Pic(X) —— Pic(G)

where X(G) is the kernel of the forgetful morphism Pic”(X) — Pic(X). By assumption
X(G) = {1}, hence we have an isomorphism Pic“(X) = Pic(X). Moreover, given that
Pic®(X) C Pic(X)% C Pic(X), where Pic(X)? is the group of G-invariant line bundles, there

result follows from
Pic“(X) 2 Pic(X)“ 2 pi(Pic(X1)) ® - - - @ py (Pic(X,,)) & Z™.
O

Remark 2.34.1. The condition that the algebraic group G has a trivial Picard group, i.e.
Pic(G) = {1}, in the above Lemma may seem restrictive, but for this thesis, where G =

SL(n + 1), this condition will always be satisfied (see [Dol03, Chapter 7.2]).

If dim Pic(X) = 1 the choice of linearisation does not affect the construction of X / G. This
is because in our construction picking £ or £* for some k € Z does not change the stability

conditions as

P H (X, (LMo = P HO (X, £5™)9 = k[X]“.

m>0 m'>0

Consider now a projective scheme X satisfying the hypotheses of Lemma 2.34, where
dim Pic(X) = m > 1. In this case, £ = O(ay, ..., a,) and the construction of the projective
scheme X // G is affected by the choice. The quotient is denoted by X /. G to specify the
choice of G-linearisation. We refer to this situation, i.e. the variation of the line bundles
and the understanding of how the quotient changes, as variations of GIT quotients (VGIT).
In more detail, given the choice of linearisation £ = O(ay, ..., a,), the Hilbert-Mumford

function decomposes as (see [Laz09a; GM18; GMZ18]) follows:

Lemma 2.35. Let £ = O(ay, . .., a,,) € Pic®(X) be ample. Then

zm:a,,u Xi, A).

=1
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Proof. By the properties of the Hilbert-Mumford function [MFK94, Definition 2.2], we have
that 1*(—, A\) — Z is a group homomorphism, and that given any G-equivariant morphism
of G-varieties f: X — Y and ample M € Pic“(Y) , we have that u/ ™™ (X, \) = ™ (f(X), \).

Hence, we have:
(0@ am)(X7 ) = 0% (al)®7r;;loxm(am)(X7 A)

= Z M”ZOX«; (ai)(XZ,, /\)
1=1

i=1
]

Since a; > 0 for all 7, we may pick one a; (usually and without loss of generality this will
be chosen as a,) and divide through. Then, each quotient depends on a vector t=(t1,...,tm)
where t; = Z—J (and ,), and is denoted by X /;G. By a result of Dolgachev—Hu [DH98, 0.2.3
Theorem] and independently Thaddeus [Tha9%6, (2.4) Theorem] the number of non-isomorphic

compactifications is finite.

2.14 Moduli Spaces

The study of semistable and polystable points, in GIT, is especially significant for a number of

reasons. The categorical quotient X // G defines a well-defined moduli-stack M$'? of closed

orbits, which is beneficial for the study of the classification of varieties.

2.1.4.1 Moduli Problems

When we are referring to a moduli problem, essentially we are seeking a classification of
geometric, algebraic or topological objects based on a specific property they hold, up to some

equivalence. More formally (see [New?78, Chapter 1], [Hos16]):

Definition 2.36 ([Hos16, Definition 2.8]). A naive moduli problem (in algebraic geometry) is a

collection A of objects in a category (in algebraic geometry) and an equivalence relation ~ on

A.

Example 2.36.1. The primary example to illustrate the above is P!. If we think of P! =

k*\ {0}/ ~ where (xo,z2) ~ (yo,1) if and only if (g, 1) = c(yo,y1) for some ¢ € k* we
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see that P! is the collection of all 1-dimensional linear subspaces of k? (i.e. lines) under the
equivalence ~, i.e. the moduli problem of linear 1-dimensional subspaces of £? under the
equivalence ~.

We can extend this rationale for the Grassmanian Gr(m, n) which is the moduli problem

for linear m-dimensional subspaces in some n-dimensional space under the same equivalence.

In order to be able to derive more properties out of more complex moduli problems, we
need to use category theory to make the above more formal. In particular, we want to find a
scheme M which encodes how the parametrised objects deform in families. Essentially, we
aim to find moduli functors, which will be representable by a scheme whose k-points will be
in bijection with the set of equivalence classes of A/ ~. Hence, we are looking for a functor

from the category of schemes Sch to the category of sets Set.

Definition 2.37 ([Ols16, Definition 2.2.1]). Contravariant functors from the category of
schemes Sch to the category of sets Set are called presheaves on Sch and form a category,
denoted by Psh(Sch). The morphisms of this category are given by natural transformations.

More generally, contravariant functors from a category S to the category of sets Set are

called presheaves on S.

The categorical language allows us to use a vast number of useful pre-existing results (e.g.
Yoneda’s lemma) and tap into the very rich theory of stacks, which will be discussed later
on. Re-formulating our moduli problem in categorical language, we obtain the following

definition.

Definition 2.38 ([Hos16, Definition 2.10]). An extended moduli problem or for simplicity a

moduli problem, based on a moduli problem (A, ~), is given by the following data:

(a) For any scheme S, sets Ag of families of objects in A and an equivalence relation ~¢ for

objects of each Ag;
(b) for each morphism f: T"— S of schemes, a pullback map f*: Ag — Ar,
satisfying the following conditions:
1. (-ASpeck:7 ~Speck) = (A, N);

2. for the identity Id: S — S and any family F/S, we have Id* J = J;
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3. for a morphism f: 7' — S and equivalent families J ~g G over S, we have f*JF ~p f*G;

4. for morphisms f: T'— S and ¢g: S — R, and a family /R, we have an equivalence
(go f)F ~r frg°T.

The extra conditions we have imposed here serve as a guarantee that the moduli functor
will take into account the deformations of families over a scheme S. The second condition
guarantees that identity maps preserve families, while the third condition ensures that
equivalent families over one scheme give rise to equivalent families in another scheme under
some map f. The fourth condition, ensures that composition maps preserve families. The

above definition allows us to construct the moduli functor M as seen below:

Lemma 2.39 ([Hos16, Lemma 2.11]). A moduli problem (A, ~) defines a presheaf M € Psh(Sch)
which is given by

M(S) := {families over S}/ ~s  M(f: T — S) := f*: M(S) — M(T).

It is customary when discussing moduli problems to only consider the moduli functor
M. If the moduli functor M is representable by a scheme M, we call the latter its fine moduli
space. The family U in M(M ) which corresponds to the identity morphism of M is called the

universal family.

2.1.4.2 An Introduction to Stacks

Definition 2.40 (Sites). A Grothendieck topology on a category 8 consists of the following data:
for each object X € §, there is a set Cov(X) consisting of coverings of X, i.e. collections of

morphisms {X; — X} in 8. We require that:
1. (identity) If X" — X is an isomorphism, then (X’ — X) € Cov(X).

2. (restriction) If {X; — X},e; € Cov(X) and Y — X is any morphism, then the fibre
products X; x x Y exist in § and the collection {X; xx Y — Y} € Cov(Y).

3. (composition) If {X; = X}ier € Cov(X) and {X;; — X;},es, € Cov(X;) foreachi € I,
then {X” — X@ — X}ie[’jeji € COV(X)

A site is a category S with a Grothendieck topology.
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Example 2.40.1. The big étale site Schg; on the category Sch is a site where a covering of a

scheme X is a collection of étale morphisms {X; — X} such that [ [, X; — X is surjective.

Definition 2.41 ([Ols16, Definition 2.2.2]). A sheaf on a site 8 on the category Sch is a presheaf
F: 8 — Sets such that for every object S of § and covering {S; — S} € Cov(S), the sequence

F(S) — [, F(S) :>> H” F(Si x5 S5;)

is exact, where the two maps F(S;) — F(S; xs S;) are induced by the two projections

Sz‘ Xg Sj — Sz and Sz Xg Sj — Sj.

Let p: X — 8 be a functor of categories, visualised as:

X a —— b
ol
S S —— T

where a, b are objects in X, and S, T are objects in § respectively. We say that the morphism

a:a— bisover f: S — T if in addition p(«) = f, and that a is over S.

Definition 2.42 ([Alp22, Definition 2.3.1]). A functor p: X — 8 of categories is a prestack over
a category 8 if

1. For each diagram of solid arrows

there exists a morphism o: @ — bover f: S = T

2. for each diagram

there exists a unique arrow a — b over R — S which fills the diagram making it
commute, where commutativity means that the composition a --+ b — c equals the

morphism a — ¢ given by the top arrow;



48 Preliminaries

3. for all coverings {S; — S}, objects a and b in X over 8, objects a|s, in X over S; and

morphisms ¢;: als, — b such that ¢;

S = ¢i|alsij = ¢j|a|sij =: ¢;|s,, as presented in the

diagram

Sy a----- > b over Sij S

there exists a unique morphism ¢: a — b such that ¢, = ¢;.

The first condition in the previous definition ensures that a pullback from § to X exists,
the second one provides a universal property, and the third one guarantees that morphisms

glue.

Definition 2.43 ([Alp22, Definition 2.4.1]). A prestack p: X — 8 is a stack if the following stack

axiom holds: for covering {S; — S} and objects a; over S; and isomorphisms «;;: a;

Sij

aj|s,; with cocycle condition a;;ls,,, © ajx

Sur = Qikls,;, over S, as presented in the following

diagram

S;
a over Sij S
S;

then there exists an object a over S and isomorphisms ¢;: a

¢j |Sij :

s, — a; such that o;; o ¢;

Sij =

This condition guarantees that the objects inside the stack glue. A reader might notice
similarities between the above definitions and the classical definitions of presheaves and
sheaves. In fact, for the readers who are more comfortable in that language there is an
equivalent definition [Ols16, Definition 4.6.1], where the stack axiom (i.e. the condition in
Definition 2.43) corresponds to the exactness of the following diagram (similar to Definition

2.41)
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X(S) —— TLX(S:) —= I, X(Si x5 5;) == [l ;4 X(Si x5 S; x5 Sk),

where here, for a prestack X over 8, X(95) is called the fibre category of S € 8. This is the
category of objects in X over S with morphisms over idgs. The two and three maps to the
right are induced by the two and three corresponding projections. Here, the exactness of the
sequence implies that the map X(S) — [, X(5;) identifies X(.S) with the equalizer of the two
maps [[; X(S:) = [, ; X(Si x5 5;), and so on. We will often refer to a stack just by X and

omitting the target category §, which will be explicit in most cases.

Remark 2.43.1. We have to emphasise that our terminology is not standard. Prestacks are
usually referred to as categories fibred in groupoids. In the literature (c.f. [Fan+05, Part 1],
[Ols16]) a prestack is sometimes defined as a category fibred in groupoids together with the
gluing axiom of morphisms of stacks. In this section, we follow the terminology presented in

[Alp22].

Definition 2.44 ([Alp22, Definition C.3.1]). Let G — S be a flat group scheme locally of finite
presentation. A principal G-bundle or G-torsor over an S-scheme X is a flat morphism P — X
locally of finite presentation with an action of G' via 0: G xg P — P such that P — X is

G-invariant and

(0-7p2):GXSP_>P><XP7 (gap)%(gpap)

is an isomorphism.

The following is the main example of quotient stacks that will also demonstrate that the

GIT quotient induces a moduli stack. We will explore this more in Theorem 2.46.

Example 2.44.1. Let G — S be an algebraic group scheme acting on a k-scheme X — S as
defined in Section 2.1.1.1. The quotient stack [X /G| is defined as a category over Sch /S (i.e.

the category of schemes over S). The objects of [X/G] over an S-scheme T are diagrams

p—1,x
|
T

where P — T'is a G-torsor (i.e. a principal G-bundle) and f is G-equivariant. A morphism of
objects a := (P' — 1", P LN X),b:=(P—1T,P ERN X), a — b, consists of map g: 7" — T and

G-equivariant map ¢: P’ — P of schemes such that the diagram
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f/

P, p T2
| o]

T 2T

is commutative, and the left square is a fibre product. We will show that the quotient stack is
indeed a stack over Schg, /S. The first step, is to show that [X/G] is a prestack. Notice that
this will be a functor p that sends object a = (P' — 1", P’ LN X)to T, ie. p(a) =T, and
morphisma — btog: 7" — T, ie. p(a = b) = g: T" — T. The first axiom of prestacks is
verified as follows:

Let T, 7" € Obj(Sch/S)and b= (P — T, P ER X) be an object of the quotient stack. Let
g: T" — T. Then we can define P’ := P xp 1" to be the fiber product such that we have a

Cartesian diagram

f/

P'mx
bo |

T 2T

Defining a := (P — 1", P’ 5Lx ), we see that there exists a morphism a — b constructed as
above. This shows axiom 1 is satisfied.

For axiom 2, further suppose that ¢ = (P" — 17", P” I x ) and that we have a diagram

where g: 7" — T'and ¢': ' — T". From the map a — ¢, we have a Cartesian diagram

P xqn T' —2— P"

P

g
and maps P’ — T" and P’ — P". Hence, by the uniqueness of the fibre product, we have
a unique map P’ — P” xp» T". Since these are G-torsors over the same base, they must be
isomorphic, i.e. P’ =2 P” xp» T'. Using a similar argument, one can show that P = P" x7» T
Notice that we also have a map P’ — T given by g o p,. Hence, since P is a fibre product,

there exists a unique map P’ i> P. Hence, we obtain the following diagram
q p g diag
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f/
/\

P’ » P X

> P
| olo]
ST

T :

g
N Tl/

and since both diagrams are fibre products the morphism a — b is unique.

For axiom 3 for the prestacks and the stack axiom, we will use the theorems of descent for
morphism of schemes (see [Gro63, SGA 1.8] or [Vis05] or [Alp22, Proposition B.2.1]) and G-
torsors (see [Alp22, Proposition C.3.11]) respectively. In fact, axiom 3 follows directly from the
descent for morphisms of schemes. For the stack axiom, consider {7; — 7'} an étale covering
and objects (P, — T;, P, = X) over T; with isomorphisms on the restrictions satisfying the
cocycle condition. The existence of a G-torsor P — 71" follows from the descent for G-torsors
and the existence of a map P — X follows again from the descent for morphisms of schemes

(see [Alp22, Proposition B.2.1]).

2.1.4.3 Algebraic Stacks and Moduli Spaces

The two most important type of stacks are the Deligne-Mumford stacks and the algebraic

(Artin) stacks defined in [DM69]. Here, we follow the notation of [Alp22].

Definition 2.45 ([Alp22, Definitions 3.1.2, 3.1.4, 3.1.6], ). An algebraic space is a sheaf X on
Sch g such that there exist a scheme U and a surjective étale morphism U — X representable
by schemes. The map U — X is called an étale presentation.

An algebraic stack is a stack X over Schg, such that there exist a scheme X and a surjective,
smooth and representable morphism X — X. The morphism X — X is called a smooth
presentation.

An algebraic stack X /S is called Deligne-Mumford (DM) if there exists a scheme X and a

surjective, étale and representable morphism X — X.

Based on this definition, the reader may be interested to know how the above notions are

connected. The following is the ‘hierarchy” of the above.

schemes C algebraic spaces C Deligne-Mumford stacks C algebraic stacks
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Theorem 2.46 ([Alp22]). If G/S is a smooth, affine group scheme acting on a scheme X /S, the
quotient stack [ X /G| is an algebraic stack over S such that X — [X/G], is a G-torsor and in particular
surjective, smooth and affine.

Remark 2.46.1. There exists an object of [ X /G| over X given by

XxG —25 X

|

X

where ¢ is the map defining the action of G’ on X. This object is the one that defines the map

X — [X/G], by the 2-Yoneda Lemma (see [Vis05, p. 3.6.2]).
Properties of morphisms of schemes also extend to morphism of stacks.
Definition 2.47 ([Alp22, Definition 2.2.1]). Let P be a property of morphisms of schemes.

1. If P is stable under composition and base change and is étale-local (resp. smooth-local)
on the source and target, a morphism X — Y of Deligne-Mumford stacks (resp. algebraic
stacks) has property P if for all étale (resp. smooth) presentations (equivalently there

exists presentations) V' — Y and U — V xy X,in the diagram

U—>VX13:X:L>V

b oo |

X — Y,
the composition U — V" has the property P.

2. A morphism X — Y of algebraic stacks representable by schemes has property P if for

every morphism 7' — Y from a scheme, the base change 7" xy X has P.

3. A morphism X — Y of algebraic stacks is an open immersion, closed immersion, locally
closed immersion, affine, or quasi-affine if it is representable by schemes and has the

corresponding property in the sense of 2.

Definition 2.48 ([Alp22, Definition 2.4.15(2)]). A representable morphism X — Y of algebraic

stacks is separated if the morphism X — X xy X, which is representable by schemes, is proper.

We are now in a position to define good and coarse moduli spaces.
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Definition 2.49 ([Alp22, Definition 4.3.1]). A morphism 7: X — X from an algebraic stack to

an algebraic space is a coarse moduli space if

1. for any algebraically closed field k, the induced map X(k)/ =X (k), from the set of

isomorphism classes of objects of X over k, is bijective,

2. 7 is universal for maps to algebraic spaces, i.e. any other map from X — Y factors

uniquely as

=

‘—

'

If in addition X = [U/G] is a quotient stack, we often write the coarse moduli space as U/G

=

Y.

and call it the geometric quotient of U by G.

Definition 2.50 ([Alp13, Definition 4.1]). A morphism 7: X — X from an algebraic stack to

an algebraic space is a good moduli space if

1. 7 is cohomollogically affine,

[~23

2. the natural map Oy — 7,0x is an isomorphism.

As one notices, the above Definitions closely resemble Definitions 2.11 and 2.12. This is
not a coincidence; the above theory was developed after GIT, and the authors attempted to
emulate the GIT methods that ensured one obtains good/coarse moduli spaces. As such, and

based on our discussion in Section 2.1.2.1, we have the following:

Theorem 2.51 ([Alp13, Theorem 13.6], [MFK94, Theorem 1.10]). Following our notation, the
map [X**/G] — X /| G is a coarse moduli space. The map [X* /G| — X /G is a good moduli space.

Remark 2.51.1. Throughout this thesis, we will use a somewhat different notation. The main
moduli space we will deal with will be M which is thought as the closure of the quotient

of stable orbits, i.e. roughly

M= {stable and polystable orbits}.

In a similar notation we will denote the stack M“/T = [X** /().
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Definition 2.52. Let 7: X — X be a coarse moduli space. We say that X is proper if m induces

a bijection between the isomorphism classes of k-points of X and the k-points of X.

Remark 2.52.1. One of the most important results of Mumford, is that the moduli stack of
smooth curves M, is a proper DM-stack, which admits a coarse moduli space M,. Although

we haven’t covered this, the reader is prompted to [DM69] for more information.

Remark 2.52.2. This is but a short introduction to a very vast, fascinating and wealthy part
of modern algebraic geometry. If the reader is interested more on GIT, we prompt them to

[MFK94; Muk03; BJK17], and for stacks [Ols16; Knu71; LMO00; Alp22].
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2.2 K-stability

K-stability is a modern theory developed initially by Yau [Yau96] and Tian [Tia97] in a
differential geometric setting and extended later by Donaldson [Don02], using methods from
analytical geometry to describe which toric surfaces admit a constant scalar curvature Kahler
(cscK metric). The definitions for K-stability and K-polystability were modified by Li-Xu
[LX14] and were placed in a more algebro-geometric setting. A renowned achievement in K-
stability has been the work of Chen-Donaldson-Sun [CDS13] which came as a solution to the
Yau-Tian-Donaldson conjecture and has been one of the most important recent contributions
to algebraic geometry. In particular, this remarkable result shows that Fano manifolds admit
a Kéhler-Einstein (KE) metric if they are K-polystable.

K-stability has continued to evolve, and recent developments have placed it within a
stronger algebro-geometric setting. Furthermore, valuative criteria have been developed in

order to determine when a Fano variety is K-(poly/semi)stable [Fuj21].

2.2.1 K-stability Definitions

Throughout this thesis, a variety is a separated integral scheme of finite type over the field
k = C. Throughout the rest of this thesis, we will work with Fano varieties [IP99] over
the complex numbers C. Unless stated otherwise, these are going to be Q-Gorenstein Fano
varieties, i.e. varieties X where there will exist some r € Q- such that —rKx is an ample

Cartier divisor.

2.21.1 Fano Varieties and Test Configurations

Definition 2.53. Let X be a projective variety. X is a Fano variety if the anticanonical line

bundle —Kx is ample.

An equivalent way to think of smooth Fano varieties, is as varieties with positive Ricci
curvature. The only smooth Fano curve is the sphere, while smooth Fano surfaces were
classified in the 19th century by Pasquale del Pezzo [Pez85; Pez87] and their classification into
a compact moduli space was completed by Odaka—Spotti-Sun in 2016 [OSS16] building on the
work of Mabuchi-Mukai [MM90]. The Del Pezzo surfaces are classified into 10 deformation

families [Bea03]. The subject of classification of Fano varieties in higher dimensions, such as
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Fano threefolds, remains an active area of research, following the works of Iskovskih [Isk80],
Mori and Mukai, who classified smooth Fano threefolds [MMO03] into 105 deformation
families. In higher dimensions, such classifications are not known, although we know of
explicit examples of such Fano varieties.

Before introducing the main notions of K-stability, we have to first introduce polarised

pairs and test configurations (which generalise one-parameter subgroups).

Definition 2.54. A pair (X, L) where X is a projective variety and L is an ample line bundle

is called a polarised pair.

The motivation for the definition of test configurations arises from the fact that stability
is usually defined by a numerical criterion on degenerations of the objects in question. In
our situation, we consider polarised varieties (X, L) where a multiple of L induces the
embedding X — P" to some projective space via its sections [Har77]. The test configurations

are essentially the data encoding these degenerations [Don02]. Our notation follows [RT07]

and [Odal3b].

Definition 2.55. Let (X, L) be a polarised variety. A test configuration of this polarised variety

is a pair (X, £) such that X is a scheme and £ is an invertible sheaf of X with
1. a G,,-action on (X, L),
2. a proper flat morphism a: X — A!

such that a is G,,-equivariant under the usual G,,-action, £ is relatively ample, and the re-
striction (X, £],-1(a1\{o})) is G,,-equivariantly isomorphic via the map ¢: (X, £|o-1(a1\j0})) —
(X, L®") x (A'\ {0}) for some r € N called the exponent.

Since we are talking about G,,-actions it is reasonable to ask ourselves whether test

configurations arise naturally from one-parameter subgroups. In fact, we have:

Theorem 2.56. A one-parameter subgroup of GL(H (X, L®")) is equivalent to the data of a test
configuration (X, L) of (X, L) with the polarization M very ample (over A') and of exponent r for
r > 0.

Proof. We will construct a test-configuration from a 1-PS. Let G = GL(H°(X, L®")) and let

A: G, — G be a 1-PS. Let p be the natural multiplication G,,,-action on A'. Then we have a
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natural action A x p of G,,, on G x Al. The closure of the orbit X := G,, - (X x {1}) defines a
test configuration with the natural polarisation O(1)|x and the restriction of the natural action

on (P(HO(X, L¥)) x A',0(1)). O

Example 2.56.1. Let (X, L) be a polarised variety. Then the pair (X = X x C, £ = pj(—Kx)),
where p, is the projection on the first factor, is a test configuration with G,,-action given by
t-(z,a) — (t(x),t - a). This is called a product test configuration.

The test configuration (X = X x C, £ = pj(—Kx)), where X is isomorphic to X x C with

the trivial action, is called a trivial test configuration.

Remark 2.56.1. Notice that in Definition 2.55 we can consider the exponent 7 to be 1. The

reason for this is, that if » # 1 we can consider the polarised pair (X, L®") instead of (X, L).

Let G be a reductive subgroup of Aut(.X). A given test configuration (X, £) is G-equivariant
if the product G x G,, acts on (X, £) such that

1. {1} x G,, acting on (X, £) is the original G,,,-action,

2. the G,,-equivariant isomorphism

(X, Lla-1(angop) = (X, L%7) x (A"\ {0})

is G x G,,-equivariant.

The first invariant for K-stability is the Donaldson-Futaki invariant [Odal2], which is
based on the original Futaki invariant [Don02]. Let X be a projective variety, with dim X =n
and L an ample line bundle, and let (X, £) be a test configuration for (X, L). Foreach k € Z
we have vector spaces H°(X, L*); denoting by d(k) := dim H°(X, L*) the dimension of each
vector space, we notice by the Riemann-Roch theorem that, since L is ample, for large %,
d(k) is given by a Hilbert polynomial of degree n. Since the G,,- action on (X, £) fixes the
central fibre (X, £|x,), G, acts also on the vector space H%(X,, £|x,). We define w(k) to be the
weight of this action on the highest exterior power of H°(X,, £¥|v, ). By the Riemann-Roch
theorem, Mumford’s droll Lemma [Mum?77, Lemma 2.14] and by [Odal3a, Lemma 3.3],

w(k) is a polynomial of degree n + 1. Here, the total weight of an action of G,, on some
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finite-dimensional vector space is defined as the sum of all weights, where the weights mean

the exponents of eigenvalues which should be powers of ¢t € A'. Hence, we have that
dk)=ao+ark+ ...,

and

%:erk—lﬂjt...
The Futaki invariant is defined to be the coefficient Fi. The Donaldson-Futaki invariant is defined
as

DF(X; £) = b(’“la;gaobl

Having defined the above, we are in a position to define K-stability.

Definition 2.57. We say that the polarised pair (X, L) is K-stable (resp. K-semistable) if and only
if DF(X; £) > 0 (respectively, DF(X, £) > 0) for any non-trivial test configuration (X, £) of
(X, L). We say that the polarised pair (X, L) is K-polystable if DF(X; £) > 0 for any non-trivial
test configuration (X, £) of (X, L), and DF(X; £) = 0 only if a test configuration (X, £) is a

product test configuration.

As one can notice from the above definitions, K-stability implies K-polystability and

K-polystability implies K-semistability.

Remark 2.57.1. When we are studying anti-canonically polarised pairs (X, —Kx) we will

omit the anticanonical line bundle — Ky and say that X is K-(semi/poly)stable.
Similarly, we can define G-equivariant K-stability.

Definition 2.58. The Fano variety X is said to be G-equivariantly K-polystable if for every
G-equivariant test configuration (X, £) one has DF(X;£) > 0, and DF(X; £) = 0 if only if
(X, L) is of the product type. The Fano variety X is said to be G-equivariantly K-semistable
(respectively G-equivariantly K-stable) if for every (non-trivial) G-equivariant test configuration

(X, L) one has DF(X; £) > 0 (respectively > 0).

From the definition we see that if X is K-polystable it is G-equivariantly K-polystable. In

fact, there is a remarkable implication that the opposite holds true.
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Theorem 2.59 ([DS16; LWX19; LZ22; Zhu21]). Let X be a smooth Fano variety, and L = —Kx.
Suppose that X is G-equivariantly K-polystable. Then X is K-polystable.

Donaldson’s [Don02] and Tian’s [Tia97] initial definition was based on the Futaki invariant.
It is more beneficial, when in an algebro-geometric setting, to refer to Definition 2.57. This
is because there exist algebro-geometric formulae for computing the Donaldson-Futaki

invariant [Wan12].

Theorem 2.60 ([Wan12], [Odal3a, Theorem 3.2]). For a normal test configuration (X, L) of the
polarised pair (X, L) of dimension n, and r > 0, we can glue the test configuration with (X x (P'\
{0}, pri(—rL)) to get a proper family (X, L) over P'. Furthermore, we have

DF(X, L)) = O 11)(_[@ (n(%f) " +(n+ 1)Ky pr - GZ) n)

Here, pry is the projection to the first factor, and we are gluing (X, £) to (X, £) by the G,,-equivariant
isomorphism ¢ from Definition 2.55 along A' \ {0}.

Although Theorem 2.60 provides us with a formula for computing the Donaldson-Futaki
invariant, in reality detecting K-stability explicitly using just this is a complicated and hard
process, as finding all possible test configurations is a hard task. For this, new methods have
been introduced that allow us to detect K-stability. These will be covered later on in this
chapter.

The following two theorems provide striking results on the nature of the automorphism

groups of K-(poly)stable Fano varieties.

Theorem 2.61 ([Alp+20, Theorem 1.3],[Mat57]). If X is Fano and K-polystable, then Aut(X) is

reductive.
Theorem 2.62 ([BX19, Corollary 1.3]). If X is Fano and K-stable, then Aut(X) is finite.

In particular, the above two theorems can help us to rule out if a Fano variety is K-
(poly)/stable. If we know that Aut(X) is not reductive, then we can surmise that it is not
K-polystable without having to check the Donaldson-Futaki invariant. Similarly, if we know

that Aut(X) is not finite, then we can deduce that it is not K-stable.
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2.2.1.2 The Case of Pairs (X, D)

A natural extension of the above notions is to the setting of log Fano pairs (X, D), where X is
a variety and D is a divisor on this variety. More specifically we let (X, D = S, a,D;) be
a projective log pair and L an ample line bundle on X. If L = —Kx we have the following

definition.

Definition 2.63. Let X be a normal variety and D a Q-effective divisor. A pair (X, D) is called
a log Fano pair if —Kx — D is ample and Q-Cartier.

Below is the natural extension to test configurations for log Fano pairs.

Definition 2.64. Let (X, D = Y | 4,D;) be a projective log pair and L an ample line bundle
on X, where a; > 0 and a; € Q. A test configuration (X, D; L) of this log pair is a tuple such
that

1. (X; £) is a test configuration of (X; L);

2. the formal sum D = Zle a;D; of codimension one closed integral subschemes D, of X
is such that D; is the Zariski closure of D; x (A'\ {0}) under the isomorphism between
X\ Xoand X x (AL \ {0}).

Notice, that, under the above conditions, (D;, £|p,) is a test configuration of (D;, L|p,).
Similar to our discussion in the previous section, we can define a Donaldson-Futaki invariant,
and we can generalise Definition 2.57. In particular, for the log pairs (D, £|p) of (D, L|p) we

can define Hilbert and weight polynomials as we did before, denoted respectively by

d(k) = ag+ ark + ...
w(k) =bo+bik+....

Definition 2.65. We define the log Donaldson-Futaki invariant of test configuration (X, D; L) of

(X,D; L) tobe )
. b0a1 — a0b1 n aobo - boELQ

a? 2a0

DF(X,D; L) :

We define the log Donaldson-Futaki invariant with angle 3, with 0 < 3 < 1, of test configuration
(X, D; L) of (X, D; L) tobe

boas — agb
DF(DC,@;L)::(]CLla—?)CL“+(1—ﬁ) o

aoby — boao
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Example 2.65.1. Let (X, D) be a projective log pair and L be an ample line bundle. Then the
tuple (X = X x C,D = D x C; £ = pj(—Kx — D)), where p, is the projection on the first
factor, is a test configuration with G,,-action given by ¢ - (z,a) — (t(x),t - a). This is called a
product test configuration.

The test configuration (X = X xC,D = D xC; £ = p;(—Kx — D)), where X is isomorphic

to X xC, and D is isomorphic to D x C with the trivial action, is called a trivial test configuration.

Definition 2.66. We say that the log Fano pair (X, D) is K-stable (resp. K-semistable) if and
only if DF(X, D; £) > 0 (respectively, DF(X, D; £) > 0) for any non-trivial test configuration.
We say that the log Fano pair (X, D) is K-polystable if DF(X, D; £) > 0 for any non-trivial
test configuration, and DF (X, D; £) = 0 only if a test configuration (X, D; £) is a product test

configuration.

As before, K-stability implies K-polystability and K-polystability implies K-semistability.

The formula in Theorem 2.60 can also be extended for the case of pairs.

Theorem 2.67 ([Odal3a]). For a normal test configuration (X, D; L) of the log Fano pair (X, D; L),

we can glue the test configuration to get a proper family (X, D; £). Furthermore, we have

DF(X,D; L)) = T 1)(—1Kx ~ G(%Z)nﬂ +(n+1)(Kgjp + D) - (%Z) n)

Here, pry is the projection to the first factor, and we are gluing by the G,,-equivariant isomorphism ¢

along A\ {0}.

An interesting point of study is the case of log Fano pairs (X, (1— 3)D) with 5 € (0,1)NQ.
A historical reason to study the K-stability of log Fano pairs of this form can be found
in [CDS13], where such pairs were studied in order to answer the Yau-Tian-Donaldson
Conjecture. A great part of this thesis will be devoted to studying specific examples of such
log Fano pairs, that will arise as complete intersections of the same degree polynomials and

their hyperplane sections.

2.2.2 K-moduli

In Section 2.1.4 we discussed that obtaining a moduli stack with a compact good moduli space

is an important step in the classification of algebraic varieties. It turns out that K-stability is
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in many cases the ‘right” theory for the construction of this good moduli space, especially for
the case of Fano varieties. This is both quite remarkable and somewhat expected by experts.
K-stability was initially developed to answer questions that arise from differential geometry,
in particular, which manifolds admit a K&hler-Einstein metric. The fact that this theory is
algebro-geometric in nature displays an interesting interplay between mathematical fields,
which is on its own a particularly fascinating part of modern mathematics. Further, the fact
that this theory can be used in classification problems in algebraic geometry is a remarkable
consequence, and a tool which is sure to be used extensively in the future.

On the other hand, K-stability is a stability theory. We have already seen in Section 2.2.1
that the definitions of K-stability follow GIT-like constructions. As such, the expectation that
such a stability theory can give rise to moduli spaces may be natural. In this section, we will
give an overview of the construction of moduli stacks and spaces using K-stability, which
we will refer to as K-moduli from now on. We will demonstrate that the K-moduli space is a

good moduli space, and we will give specific examples of its compactification.

2.2.21 Brief Review of Minimal Model Programme techniques

Throughout this subsection, we will go over some tools we require from the Minimal Model
Programme (MMP) which will allow us to show specific properties of K-moduli. Let X, Y
be normal projective varieties. The following are some basic notions of the MMP [KM98],

[LLX20].

Definition 2.68. Let X be a reduced, irreducible variety defined over C. A real valuation of its

function field K (X) is a non-constant map v: K(X)* — R, satisfying:
1. v(fg) = v(f) +v(g);
2. v(f +g) > min{o(f),v(g9)};
3. v(C*) = {0}.

We set v(0) = +oo. A valuation v gives rise to a local valuation ring O, := {f € K(X)| v(f) >
0}. We say a real valuation v is centred at a scheme-theoretic point £ := cx(v) € X if we have a
local inclusion O x — O, of local rings. The point ¢ is called a centre of the valuation. Notice
that the centre of a valuation, if it exists, is unique since X is separated, by the valuative

criterion of separatedness. We denote by Valy the set of real valuations of K (X) that admit
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a centre. For a closed point z € X, we denote by Valy , the set of real valuations of K(X)

centred at z.

Definition 2.69. Let X be a normal projective variety. Assume that mKx is Cartier for some
m > 0. Let u: ¥ — X be a birational morphism, and £/ C Y be an irreducible exceptional
Cartier divisor, D C Y and irreducible Cartier divisor. In particular, D is called a divisor over
X, which we will usually denote by D/X. The closure of f(D) C X is called the centre of D
on X, denoted by centrey (D) or cx (D).

If we further assume that Ky is Q-Cartier (e.g. if Y is smooth) then we have
Ky ~Q /L*(Kx> + Z CL(EZ', X)Ez

where E; are all the exceptional divisors of the morphism f and the number a(E;, X) is the
discrepancy of divisor E; with respect to X. The quantity Ax(F) := a(E, X) + 1 is the log

discrepancy of divisor £ with respect to X.

Example 2.69.1. Take a proper birational morphism p: Y — X, with Y a normal variety, and
a Cartier divisor £ over X. We will define a valuation ordg € Valy as follows:

Foreach f € K(X)* = K(Y)*, we define ordg( f) to be the order of vanishing of f along
E. Then, the centre cx(ordg) is the generic point of ;(E). We say that v € Valy is a divisorial

valuation if there exists E as above and A € R, such that v = X - ordg.

Example 2.69.2. Let 1i: Y — X be a proper birational morphism between two normal varieties
Y, X and let n € Y be a point such that Y is regular at 7. Given a local system of coordinates
Y, U € Oyyatnand a = (ay,..., ;) € R, \ {0}, we define a valuation v, as follows.

For f € Oy,, we can write f as f = Zﬁezg , €Y with ¢3 € @ym either zero or a unit. We set

va(f) = min{{a, fles # O}.
Every valuation that can be written in this form is called a quasi-monomial valuation.

Notice that the discrepancy does not depend on i but depends on each E;. The reason
for this is the following. Take another birational morphism p': Y’ — X with irreducible
divisor E'/X, such that ordg = ordg.. Then, a(F, X) = ordg(Ky — p*(Kx)) = ordp (Ky —
(W) (Kx)) =a(E', X),ie. wehave that a(E, X) = a(E’, X) and hence, a(E, X) depends only
on the valuation ordg.

The above notions also extend to the case of pairs (X, A).
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Definition 2.70. Let (X, A) be a log pair where X is a normal variety and A = ). a,;D; is
a sum of distinct prime divisors, with a; > 0 for all i. Assume that m(Kx + A) is Cartier
for some m > 0. Let 4: Y — X be a birational morphism from a normal variety Y, with
exceptional locus £ C Y and irreducible exceptional Cartier divisors E; C E. Let also
i A =3"a;u; ' D; be the proper transform of A. If we further assume that Ky is Q-Cartier

(e.g. if Y is smooth) then we have
Ky + ;' A ~g ' (Kx + A) + ) a(E;, X, A)E;.

By definition a(D;, X, A) = —a; and a(D, X, A) = 0 for any divisor D C X which is different
from the D;. a(E, X, A) is called the discrepancy of E with respect to (X, A). We frequently
write a(E) if no confusion is likely. Similarly, we define Ax A)(E) := a(E, X, A) + 1 to be the
log discrepancy of divisor E with respect to (X, A).

The discrepancy of (X, A) is given by

discrep(X, A) = él})f({a(E,X, A)| E exceptional}.

Usually, we build such birational morphisms by blowing up along singularities or subvari-
eties of X. An important distinction to the types of singularities comes from the classification

below.
Definition 2.71 ([KM98, Definition 2.34]). We say that (X, A) is

1. terminal if discrep(X, A) > 0. If A = 0, this is the smallest class that is necessary to run

the minimal model program for smooth varieties;

2. canonical if discrep(X, A) > 0. If A = 0 these are precisely the singularities that appear

on the canonical models of varieties of general type;

3. kit (Kawamata log terminal) if discrep(X,A) > —1 and |[A]| > 0, where |[A| = > |a;] D;.

The proofs of the vanishing theorems seem to run naturally in this class;
4. plt (purely log terminal) if discrep(X, A) > —1. If A = 0 then kit =plt;

5. Ic (log canonical) if discrep(X,A) > —1. This is where the discrepancy of a pair is
bounded.



2.2 K-stability 65

From here on out we will focus our discussion on the case of log pairs (X, A) as most
of the results can be generalised from X in the case where A = 0. One more invariant we
need to introduce is the log canonical threshold of a log pair. This is a numerical invariant

depending on our log pair and is an indicator of how ‘bad’ the singularities are.
Definition 2.72. Let X be a normal variety.
1. The log canonical threshold of the log pair (X, A) is

let(X, A) = max{\| (X, AA) is log canonical};

2. the local log canonical threshold of the log pair (X, A) atp € X is
let, (X, A) = max{\| (X, AA) is log canonical at p}

Here:

let(X, A) = minlet, (X, A).

peX
Example 2.72.1. We will demonstrate the above notions by studying the discrepancies and
log canonical thresholds of the pair (5, C'), where S is the smooth affine plane and C' is the
affine curve C' = {y* — 2* = 0} € S = A? Take p = (0,0) and consider the minimal log
resolution of (S,C), u: Y — S, where 1 is the composition of three blow-ups. This morphism

has 3 exceptional divisors E;, £, E5. Then by the pullback formula, we have

p(Kx +C)+a(Ey, S,C)E + a(Es, S,C)Ey + a(Es, S,C)E5 ~ Ky + Cy,

where Cy is the strict transform of C'. Notice that after the first blow-up we obtain a smooth
curve C and the exceptional divisor F, tangent at C' at p. Similarly, the second blow up
gives a line C, and the exceptional divisor E5, which cuts E; and C at p. The third blow-up
gives the line Cy and the exceptional divisor E3; which intersects Cy, E; and E,. From
this geometric image we see that a(E;,5,C) =1 -2 = —1, a(E,, S,C) =2 -3 = —1 and
a(Es,S,C) =4 —6 = —2. Since a(E3, S, C) = —2, we see that (5, C) is not log canonical.

If we study the same resolution of singularities of (.S, A\C') we obtain
,U*<KX + )\C) + G(El, S, )\C)El + &(EQ, S, )\C)EQ + a(Eg, S, )\C)Eg ~ KY + )\Cy

and a(E1, S, AC) =1 —2), a(E2, S, \C) =2 — 3X and a(Es, S, A\C') = 4 — 6. This implies that
a(BEy, S,AC) > —1and a(E,, S,A\C) > —1for A < 1and a(E3, S,\C) =4 —6A > —1for A < 2,
ie. let,(S,C) = 2.
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Let us brieﬂy return to Fano varieties.

Definition 2.73. Let X be a projective variety. We say that X is a Q-Fano variety if X is klt and
— K x is Q-Cartier.

The following theorem provides us with the first instance of a connection between K-
stability and the MMP. It shows that K-stability imposes a bound on the singularities of

varieties, which comes directly from the MMP.

Theorem 2.74 ([Odal3b]). Let X be an n-dimensional normal Q-Gorenstein Fano variety. If X is

K-semistable, then X has (at worst) kit singularities, i.e., X is a Q-Fano variety.

Definition 2.75. Let X be a Q-Fano variety. Let D ~g —Kx be an effective Q-divisor on
X. We say that (X, D) is K-semistable if (X, D; L) is K-semistable for some Cartier divisor

L ~g —IKx and some [ € Z,.

Remark 2.75.1. From Theorem 2.74 and [Odal3b] we see that if (X, D) is K-semistable, then

it (at worst) log canonical.

For toric Fano varieties, it turns out that one can verify if they are K-polystable by studying

their polytopes.

Theorem 2.76 ([Bat81], [Fujl6, Theorem 1.2], [Ber16, Corollary 1.2.]). Let X be a normal toric
Fano variety, and let P be its associated anticanonical polytope in M ®yz R, where M be the character

lattice of the torus. Then X is K-polystable if and only if the barycentre of P is the origin.

2.2.2.2 Deformations, Families and K-moduli

The theory of K-moduli has been developed mainly in the last decade, with the results
presented here achieved by Alper, Hacon, McKernan, Blum, Halpern-Leistner, Liu, Xu, Wang
and Zhuang, in a series of papers ([LWX21; BX19; Alp+20; Xu20; BLX22; XZ20; XZ21; LXZ22]),
moving away from previous analytically-inspired work in the Q-Gorenstein smoothable case
by Odaka [Odal5], Spotti-Sun-Yao [SSY16] and Li-Wang—Xu [LWX19], as well as work in
projectivity of the K-moduli space by Codogni-Patakfalvi [CP21].

From our discussion of moduli problems and moduli spaces in Section 2.1.4 we understand
that we need an appropriate definition of families of Fano varieties, if we are to define a

moduli stack that admits a good moduli space. We need this definition over a general base to
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determine the scheme structure of the moduli space. From our discussion so far, since we
are aiming to parametrise families of K-semistable Fano varieties, it is natural to consider
families over Q-Fano varieties. This is truly beneficial for us, since a great deal of the relevant

theory has already been surveyed [Kol09].

Definition 2.77 ([Xu21, Definition 6.1]). A Q-Gorenstein family of Q-Fano varieties f: X — B

over a normal base B, is a flat proper morphism such that:
1. f has normal, connected fibres, which implies that X is also normal,
2. —Ky/pis an f-ample Q-Cartier divisor,
3. the fibres X, are klt for all t € B.

If in addition each fibre X, is K-semistable we call f a Q-Gorenstein family of K-semistable

Q-Fano varieties.
We will define the K-moduli functor as follows:

Definition 2.78 ([BX19, §1]). The K-moduli functor M}, is a functor that sends a scheme S €
Sch to

flat proper morphisms f: X — S, with fibres X, that are
MZV(S ) := 4 n-dimensional K -semistable Q-Fano varieties with volume V'

satisfying Kollar’s condition (see, [Kol09, p. 24])

We will usually omit n, V' from our notation, as in most cases the choice will be explicit.
Showing that this functor is an algebraic stack is in fact a difficult process. In addition,
demonstrating that it admits a good moduli space M*¥ is also an arduous process that
involves some groundbreaking results in moduli theory, and many results from the MMP. We
will not go over these in great detail, but we will make a summary of the results. In particular,
in order to obtain the good moduli space from K-stability which also holds ‘nice” properties,

we need to go over the steps below (see, [Xu21, §6, 7, 8] and [Wan19, Chapter 4]):

1. Prove that Q-Gorenstein K-semistable Q-Fano varieties belong to a finite number of

families in any given dimension (boundedness condition);

2. show that K-semistable varieties form a Zariski open set in families;
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3. show that, for special kinds of pointed surfaces 0 € S, a family of K-semistable Fano
varieties over the punctured surface S \ {0} can be uniquely extended to a family over

the entire surface S ([AHH19]);

4. show that any Q-Gorenstein family of K-semistable Fano varieties over a punctured
curve C° = C'\ {0} can be can be filled in over 0 to a Q-Gorenstein family of K-semistable

Fano varieties over C;

5. show that there exists a natural ample Q-line bundle on M*¥.

Steps 1 and 2 guarantee that M is in fact an algebraic stack of finite type. The bounded-
ness condition would imply that there exists a positive integer /N such that —NKy is a very
ample Cartier divisor for any n-dimensional K-semistable Q-Fano variety X. This implies that
the linear system | — N K x| defines an embedding | - NKx|: X — P™ for some uniform m. In
turn, this implies that there exists a Hilbert scheme Hilb(.X; P™), where any such embedding
gives a point in Hilb(X; P™). Hence, there exists a locally closed subscheme W C Hilb(X;P™)
such that a map B — W factors through W if and only if the pullback family Univp (the
universal family) is a Q-Gorenstein family of Q-Fano varieties and O(—N Kuyniv, /8) ~5 O(1).
The openness condition would further imply that we could find an open subscheme U C W,
such that M* = [U/ PGL(m + 1)], which is an algebraic stack.

Step 3 is used to verify that in fact there exists a good moduli space M. The first step,
is to show that if M exists it must be separated. The existence of a good moduli space, is
a subtle condition and, in general, one that is hard to show, but one that contains strong
implications regarding the orbit geometry with respect to PGL(m + 1). The difficulty here
arises from the fact that a family of Q-Fano varieties X° over a punctured curve C° = C'\ {0}
could admit many possible fillings to give a family of Q-Fano varieties X over C. Hence, we
need to be careful and only consider the fillings which are K-semistable up to an equivalence
condition. Moreover, since a K-polystable Q-Fano could have an infinite automorphism
group in general, we can not expect that the extension family is unique. Hence, we need to
rely on the separatedness of M* and define carefully a notion of equivalence for different
fillings. Step 4 is used to show that M is proper, and step 5 is used to show that it is
projective. For the convenience of the reader, there exists a fantastic survey of the above
results and discussion [Xu21], which includes a more in-depth analysis than the one we will

present here.
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Before we move on to discuss steps 1 — 5 in more detail, we will end this part with the
following picture, which can motivate the reader to understand the above construction in
more depth. For more information, one is prompted to [Ser06; Man(09]. For a Fano variety X
recall that Def x is the infinitesimal deformation functor of X. For an Artinian local C-algebra A

with residue field C, Def x (A) consists of isomorphism classes of commutative diagrams:

X >DC5

! l

{0} = Spec(C) —— S = Spec(A)

where {Xs — S} € Defx(A) is a deformation family of X over S. If we further assume that X
is K-polystable, this implies that G = Aut(X) is reductive by Theorem 2.61. GG acts on A and
we have a good quotient [S/G] — S€. If we take it for granted that M¥ is an algebraic stack
which admits a good moduli space M*, the Luna étale slice theorem for algebraic stacks

[AHR20, Theorem 1.1] gives a fibre product

[S/G] —— M~E
| o |
S¢ ——— MK

which allows us to get a better understanding of the structure of M*.

2.2.2.3 Boundedness and Openness

Boundedness is the first result one can establish for K-stability. This was accomplished in
[Jia20] using modern algebro-geometric techniques developed in [HMX14; Bir21; Bir19].
Before we discuss these, we will introduce some notation.

For a closed point z € X, a valuation v € Valx, and an integer m we can define the
valuation ideal a,,(v) := {f € O, x| v(f) > m}. Verifying that this indeed is an ideal is not
hard; for f,¢ € a,,(v) we have v(f + g) > min{v(f),v(9)} > m,ie. f+ g € a,(v), and for
h € O, x v(fh) = v(f) +v(h) > m+wv(h) > m,ie. fh € a,(v). In fact, this ideal is an
m,-primary ideal for all m > 0. This discussion allows us to define the volume of a valuation

v as in [ELS03].

Definition 2.79. Let X be an n-dimensional normal variety. Let x € X be a closed point. We

define the volume of a valuation v € Valy , as

1Oz x/am(v))

mn
n!

volx ,(v) := limsup
m—0o0
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where [ denotes the length of the Artinian module.

For a log pair (X, A) we can extend the definition of the log discrepancy from divisors to
valuations [LLX20]. This allows us to define a log discrepancy function Ax y: Valx — (0, o0].

This is done in three successive steps:
1. for a divisor E/X we set A(x a)(ordg) := Ax,a)(E);

2. For a quasi-monomial valuation v, (see Example 2.69.2) where o € R%; \ {0}, let
(Y, E =YV, E;) be alog smooth model for X and 7 be the generic point of a connected
component of E; N E;,, N---N E; of codimension r. Let (yi,...,y,) be a system of
parameters of the local ring Oy, such that E;;, = (y; = 0). Then for any tuple a =
(a1,...,00) € R"\ {0} we define A(x a)(va) as

Ax,n)(va) = Z a;jAxa (ordg, );
=1

3. let (Y, E) be a log smooth model for X. Keeping the notation from step 2, we let
QM,(Y, E) be the set of all quasi-monomial valuations v that can be described at the point 7
as above. We put QM (Y, E) := |, QM, (Y, E) where the union runs over generic points
of all irreducible components of intersections of some of the divisors E;. By [[M12], there
exists a topology on Valy and QM(Y, E) and a retraction map 7y g: Valy - QM (Y, E)
which induces a homeomorphism Valy — lim ¥.5) QM (Y, E). This allows us to define

Ax,a) for all real valuations v as follows:

Axa)(v) == sup Axa)(re,e) (v)).
(Y.E)

Here, the supremum ranges over all log smooth models (Y, £) of X.

Philosophically, steps 1-3 should make sense to the reader. Step 2 is reminiscent of a
local definition of A x ) chosen over a resolution of singularities for X, and step 3 uses the
results in [JM12; Bou+15] to extend the local definition to all real valuations by considering

all possible such resolutions of singularities.

Definition 2.80 ([Li18, Chapter 2]). Let (X, A) be an n-dimensional klt log pair, z € X be a
closed point. The normalised volume function of valuations \751( x,A)e: Valx, — (0,00] is defined

as:
- Ax,a)(v)"volx o (v), if Ax ay(v) < 400
vol(x,A) . (V) =
+o0, if Aixa)(v) = Fo0.
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The volume of the singularity (x € (X, A)) is defined as

\a(x,(X,A)) = inf @(X’Am(v).

vEValy,q

We can think of this volume as a measure of how ‘bad’ the singularity is. It is the local
analogue of the volume of the anticanonical divisor — K x. In recent years, it has been found
that this volume is in fact bounded. We will use this result to show the boundedness of
K-semistable varieties. This is different to the results presented in [Jia20] and more akin to

the treatment in [LLX20]. Restricting to the case A = 0 we have the following result.

Theorem 2.81. [Fuj18; LiulS8; BJ20] Let X be a Q-Fano variety. For any x € X we have

— 1\"
VOl(l’,X)(Tl:; ) > (—Kx)"-§(X)".
Here, (X, A) is the delta invariant, defined as §(X, A) == infg, x ‘2,(‘;(2))((3 , where
1 o)
S, E::—/ vol(—Kx — A — zFE)dzx.
5 E) = g | (ol =K )

This Theorem implies that if we bound (—Kx)" and 6(X) from below we obtain a lower

bound for \a(x, X). Using the above, we obtain the following:

Theorem 2.82 ([Jia20], [Xu21, Theorem 6.5] (Boundedness)). Fix n € N and V > 0. All

n-dimensional K-semistable Q-Fano varieties with volume at least V' are contained in a bounded
family.

Proof. Let X be a K-semistable Q-Fano variety. Take a finite cover f: (y € Y) — (2 € X) étale
in codimension 1. Then by [XZ21, Theorem 1.3] and [XZ21, Theorem 4.22 (2)]

vol(y,Y) = deg(f) - vol(z, X).

This implies that — Ky is Q-Cartier, and the local Cartier index is deg( f). We apply this locally
to the index-1 cover of — K x, and by [LX19, Theorem 1.6] we have \70\1(y, Y') < n”. This implies

that the Cartier index of any point € X is bounded from above by @?:X)' Note, that since

Xis K-semistable, z is at worse a klt singularity, and by [Li18, Theorem 3.1 and Theorem 4.1]
we know that \751(x7 X) is always positive. Thus, the Cartier index of X is bounded from

above, and by [HMX14, Theorem 1.8] we know that it belongs in a bounded family. O

For the openness result, we will omit the proof. We will note that one can obtain stronger

results, as in the following theorem.
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Theorem 2.83 ([Xu21, Theorem 6.9]). Let X — B be a Q-Gorenstein family of Q-Fano varieties,
and let s € B be a point. We have the following:

1. The function
(s € B) = min{d§(Xs), 1}
is a constructible, lower-semicontinous function,
2. if the family is a family of kit singularities, the function
(s € B) = vol(s, X,)
is a constructible, lower-semicontinous function.
Both of these results imply the following

Corollary 2.83.1 ([Xu20; BLX22]). Let X — B be a Q-Gorenstein family of Q-Fano varieties, then

the locus where the fibre is K-semistable is an open set.

Our discussion in Section 2.2.2.2 thus shows that M\, = [U/ PGL(m + 1)] for some open
scheme U. Hence, since it is a quotient stack, it is in fact a moduli functor which is represented

by an algebraic stack of finite type by Theorem 2.46 and Example 2.44.1.

2.2.24 Existence of Good Moduli Space

As we mentioned before, we have to establish that the Artin stack M* does in fact admit a
good moduli space M*. We will make a brief account of the results presented in [LWX21;
BX19; Alp+20] which in turn rely on the abstract results on moduli theory presented in
[AHH19]. We will not give a very deep account of the above theories, but we invite the reader
to consult [Xu21] for more information.

From our previous discussion, it should be apparent that we need to study fillings to

punctured families. For this, we introduce the notions below:

Definition 2.84. A test configuration (X, £) of (X, —rKx) is called a special test configuration if
L ~g —rKy and the special fibre X, is a Q-Fano variety. By inversion of adjunction, this is

equivalent to saying X is Q-Gorenstein and — Ky is ample and (X, Xy) is plt.

The usefulness of considering special test configurations arises from the fact that it is

enough to consider only special test configurations in determining K-stability [LX14].
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Definition 2.85. Two K-semistable Q-Fano varieties X and X' are S-equivalent if they degen-

erate to a common K-semistable variety via special test configurations.

The notion of S-equivalence seems to be the ‘right” notion in our attempt to go over step 3

in Section 2.2.2.2. This is bolstered by the following result.

Theorem 2.86 ([BX19, Theorem 1.1]). Let f: X — Cand f": X' — C be Q-Gorenstein families of

Fano varieties over a smooth pointed curve 0 € C. Assume there exists an isomorphism
0 X xcC° = X' xo C°
over C° := C'\ {0}. If Xy and X are K-semistable, then they are S-equivalent.
Remark 2.86.1. The above Theorem also generalises to the case of log Fano pairs (see [BX19]).

Roughly, Theorem 2.86 says that if there exist two different K-semistable fillings of some
tamilies of Q-Fano varieties, then these should be S-equivalent, and we should focus on
studying S-equivalence in order to cover step 3. To formalise the above, we need to introduce
some notation. Let R be a DVR with fraction field K, and let = Spec(K) be the generic
point. Let © := [A!/G,,] with the natural multiplicative action, and set O = © X Spec(R).

We also set 0 € O to be the unique closed point.

Definition 2.87 ([AHH19, Definition 3.10]). We say that an algebraic stack Y is O-reductive if a

morphism O \ 0 — Y can be uniquely extended to a morphism ©z — Y.

Fix an uniformiser 7 of R. As in [Heil7, Chapter 2.B] define the quotient stack

ST(R) := [Spec(R]s, t]/(st — 7))/ Gy]
where the action is (s,t) — (u - s, ™! - t). Let 0 = [(0,0)/G,,], then ST(R) \ 0 is isomorphic to

the curve with two origins Spec(R) Uspec(i) Spec(R).

Definition 2.88 ([AHH19, Definition 3.37]). A stack Y is S-complete if any morphism
7°: ST(R) \ 0 — Y can be uniquely extended to a morphism 7: ST(R) — Y.

The notions of ©-reductivity and S-completeness are particularly important due to the

next theorem.

Theorem 2.89 ([AHH19, Theorem A]). Let Y be an algebraic stack of finite type. Y admits a good

moduli space if it is S-complete and ©-reductive.
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We will omit the proof of this Theorem, but we prompt the reader to [Alp+20; Xu21]
for more details. From Theorem 2.89 we can show that M* admits a good moduli space
if we show that M* is ©-reductive and S-complete. The following result is equivalent to

establishing ©-reductivity for M*.

Theorem 2.90 ([Alp+20, Thoerem 5.2]). Let R be a DVR of essentially finite type and n the generic
point of Spec(R). For any Q-Gorenstein family of K-semistable Fano varieties X r over R, any special
K-semistable degeneration X, /A, of the generic fibre X, can be extended to a family of K-semistable
degenerations Xp/A}, of Xg.

For S-equivalence, Definition 2.88 may seem complicated, but a keen reader will notice
that for our case, Theorem 2.86 gives us the S-completeness of M*. Let f: X — Spec(R) and
f'+ X" = Spec(R) be two families of Q-Fano varieties, such that we have an isomorphism
¢: X Xgpec(r)Spec(K) = X' Xgpeo(r)Spec(K ). Then, we can define a family 7°: X° — ST(R)\0.
Our aim is to define an appropriate X such that this family extends to X — ST(R), which
is precisely the claim of S-completeness for the functor of K-semistable Fano varieties with
fixed numerical invariants. Let L .= —rKx, L' := —r Ky, where r is a positive integer so that

L and L' are Cartier. We also define
Ry = H'(X,0x(mL)) R = H" X' Ox/(mL))

Ry, = H"(Xo,0x,(mLy)) R, = H’(Xg, Ox;(mLy)).

We fix a common log resolution X of X and X’, such that we have diagram

We write X, and X', for the birational transforms of X, and X, respectively, where X, > X',
since ¢ does not extend to an isomorphism over the 0-fibers. Then, both X, and X', are
divisors over X and X', and as such we can define valuations v = ord % and v’ = ord o
The existence of these valuations allows us to define filtrations ¥ and 3’ as follows. For
each p € Z and m € N, set F*R,,, .= {s € R,,|u/(s) > p}, and FPR], = {s € R} |u(s) > p}.
In particular, we can extend these definitions to filtrations on R,, and R;, as follows. We
set PR, = im(F’R,, — R,,), FPR], = im(FPR) — R. ), where the maps are given by

restrictions of sections. Note that a section s € R,, lies in J”R,,, if and only if there exists an
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extension s € R,, of s such that 5 € F?R,,,. Notice that these filtrations are related, and in fact

we have an isomorphism of graded rings

DB = D Pt 7,

meN peZ meN peZ

We denote by ¢: ST(R) \ 0 — ST(R) the open inclusion of stacks. Notice, that the
pushforward 72(—rmKx-) is a vector bundle on ST(R)\ 0. Also, the point 0 is of codimension
2 in ST(R), and as such the pushforward ¢, (7°(—rmKx-)) is also a vector bundle of ST(R).

In particular, in [Alp+20, Proposition 3.7], it is shown that for any m

Le(mo (—rmKxo)) = @ gr Rp,.

PEZL
We then define X as
X := Proj (@ L*(T(f:(—?“mKXo))).

m

The remaining part of the proof is to show that the graded ring @, , t.(7{(—rmKx-)) is
finitely generated and via restriction to R yields normal test configurations, via filtrations, for
X and X. Then, by [LWX21] this will imply that X, is a K-semistable Q-Fano variety. Hence,
the two families X — Spec(R) and X’ — Spec(R) which define a family 7°: ST(R) \ 0 will
extend to a family X — ST(R), with K-semistable fibers, and as such the valuative criterion
of S-completeness will be satisfied. These results mainly follow from [BX19] and the proof of
Theorem 2.86 which gives finite generation of the graded ring and ensures that it provides
normal test configurations (see, [BX19]).

The discussion in this section, in addition with [LWX21, Theorem 1.3], which shows the

separatedness of the K-moduli space M*, allows us to show the following:

Theorem 2.91 ([Alp+20, Corollary 1.2]). The finite type algebraic stack M* admits a separated
good moduli space ¢: MX — MK,

In the next section, we will focus on the properties of this good moduli space.

2.2.2.,5 Projectivity and Properness of the K-moduli Space

The good moduli space M* admits a natural Q-line bundle, called the Chow-Mumford or
more typically CM line bundle. This has been known analytically since the early days of
the study of K-stability [Tia87; FS90; Tia97], and analytical results had already shown that
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this canonical line bundle is big and nef on the locus of smooth K-polystable Fano varieties
[LWX19]. Projectivity of the K-moduli space is shown by showing this line bundle is ample.
This has been established using results from [CP21] and [XZ20]. In this section, we will sketch
the methods needed to establish these results. We will define the CM line bundle, but we will

do so for the case of log pairs, as that will be of particular importance to us in Chapter 9.

Definition 2.92 (See [PT09; GMS21]). Let f: X — T be a proper flat morphism of varieties
of relative dimension n such that the general fibre is normal, and £ an f-ample Q-line
bundle on X. Let D C X be an effective Weil Q-divisor of X such that D|, is equidimensional
of dimension n — 1 for all ¢ € T. By the Knudsen-Mumford theorem [KM76], there exist
functorially defined line bundles on T, )\; := \;(X,T,£), and \; := X\;(D,T, L|p) where

1 <j <n+1,such that
n+1

det(f1.(L") ® A0
n+1
det (f1.((£]p)") ®)\ )

Since f is flat, the Hilbert polynomial is constant along fibres ¢ € T. Let p(k) and p(k) be
the Hilbert polynomials of £; and £,|» on fibres X; and D,, respectively. For k sufficiently
large, we have p(k) = aok™ + a; k"'t ... and p(k) = aok™ + a1k" ' + ...

For tuple (X, D, T, L") we define the log CM line bundle with angle 5 € Q- on 7T to be

ACM,B(:X:’ 97 'C’) = )‘n+1 “ & )\;2(7“—1) X )\(1_5)("4'1)

Notice, that if 3 = 1, we recover the original definition of Paul-Tian [PT09] for varieties.

We also the following theorem which lets us classify the CM line bundle.

Theorem 2.93 ([GMS21, Theorem 2.7]). Let (X, D, L) be the restriction of a family (X, D, L) where
Grothendieck- Riemann- Roch applies (e.g. if the fibres have mild singularities, for instance if they

are locally complete intersections) to a general b € B and assume that X is Q-factorial. Moreover, if

L = —Ky g and Dy, € | — Ky,| forall b € B, we have

deg(Aorrs) = m (e1(~Kxjp)" ™) - ( — er(—Kys) + (1= B)(nD — (n — ”‘“‘K””B))>

This construction is natural in our setting, since we can set T = MY and take the universal
family X — M¥X. In this case, A\cy, is a Q-line bundle on M. In fact, this descends to a line

bundle (here denoted by Acys) on the good moduli space M*.
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Theorem 2.94 ((Projectivity) [CP21; XZ20]). The restriction of Aoy to any proper subspace of M*
whose points parametrise reduced uniformly K-stable Fano varieties, is ample. In particular, Acar|px

is ample.

Properness is arguably the most difficult of the properties of the good moduli space to
show. Properness here would imply that any family of K-semistable Fano varieties over
a punctured curve C° = C'\ {0}, after a possible finite base change, can be filled in over
0 to a family of K-semistable Fano varieties over C. In [Blu+21], a specific strategy was
proposed in order to show properness of the K-moduli space. This is sometimes called
Langton’s algorithm, after Langton [Lan75], who proved the valuative criterion of properness
for the moduli space of polystable sheaves on a smooth projective variety X of arbitrary
dimension. As before, let R be a DVR and K be its fraction field. For a semistable sheaf Fi
on X x Spec(K), Langton’s approach shows that F,, of Fx on X x Spec(x), where &« is the
residue field of R, with a sequence of uniquely determined elementary transformations, so
that the “instability” of F}. decreases. Moreover, he showed that after finitely many steps this
process terminates with the degeneration becoming semistable. This method was abstracted
in [AHH19], where it is shown that Langton’s algorithm can be carried out on an Artin stack
as long as it admits a ©-Stratification. The introduction of the ©-Stratification is based on three

key observations:

1. for a point z in a stack X, the stability of z is determined by considering maps

f: [A'/G,,] = X such that f(1) =z,
2. if z is unstable, then there should be a unique optimal destabilising map,

3. these optimal destabilisations should satisfy certain properties in families and can be

used to stratify the unstable locus of the stack.

These observations are not in vacuum; they arise from the study of the Harder-Narasimhan
stratification of the moduli of coherent sheaves on a projective scheme as well as the Kempf-
Ness stratification in GIT.

We will not define the notion of ©-Stratification here, or go into terrible detail, but we
should note that in [Blu+21], the authors showed that the notion of ©-Stratification for M¥X, is
equivalent to the existence of optimal destabilisations. This stems from the observation that

maps f: [A!/G,,] — M¥ such that f(1) = [X] are equivalent to special test configurations of
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X, which further to the observation that in order to attain properness one must identify a
unique optimal destabilizing test configuration for each K-unstable Fano variety X. Hence,
the existence of optimal destabilisations show that there exists a ©-Stratification for M¥,
which in turn, in combination with the theory established in [AHH19], shows properness of
K-moduli spaces.

The Optimal Destabilisation Conjecture, along with other results, was recently established
in [LXZ22] using results from [Alp+20] and [XZ20]. We should note that the results in [LXZ22]
are proven for the K-moduli of log Fano pairs (X, A), which is a more extensive setting.
Although we have not introduced these already, their definitions occur as a natural extension
to the definitions in our discussion in Section 2.2.2.2. Although results on boundedness
(Theorem 2.82) and openness (Corollary 2.83.1) extend to the log Fano setting very naturally,
the results on projectivity do not. This is due to the nature of deformations of the divisor A.

The result in [LXZ22] establishing properness is the following:

Theorem 2.95 ([LXZ22], Optimal Destabilization Conjecture [Blu+21, Conjecture 1.1]). Let
(X, A) be a log Fano pair of dimension n and let r > 0 be an integer such that r(Kx + A) is Cartier.
Assume that §(X, A) < 2. Then 6(X, A) € Q and there exists a divisorial valuation v = ordg, for

divisor /X, such that
Axa(E)

Sx.a(E)
In particular, if §(X, A) < 1, then there exists a non-trivial special test configuration (X, Ax) with a

central fiber (Xo, Ao) such that §(X, A) = 0(Xo, Ag) and 6(Xo, Ao) is computed by the G,,-action

5(X,A) =

induced by the test configuration structure. Here, (X, A) is the delta invariant for log pairs (see
[FO18, Definition 0.2], [B]20, §4.2]).

In the notation of this Theorem, the delta invariant has been extended to valuations. The
above result, combined with [Blu+21, Theorem 1.1] shows that there exists a ©-Stratification
for M, which in turn, combined with the general results on good moduli spaces in [AHH19],
yields properness of the K-moduli space M*. As a final result on the properties of the
K-moduli space, we present the following, which gives a bound on the singularity type of

the moduli space.

Theorem 2.96 ([Bra+21, Theorem 4]). Let M, be the good moduli space of K-polystable Fano
manifolds of dimension n and volume V. Then, there exists an effective divisor B,y on M.\, so that

the pair (M}, By,v) has Kawamata log terminal singularities.
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Remark 2.96.1. An interesting phenomenon occurs when we consider log Fano pairs (X, (1 —
B)D) where 5 € (0,1) N Q. In this case, there exists a wall-chamber decomposition of the
K-moduli spaces, similar to the situation of VGIT we discussed in Section 2.1.3.1 (see e.g.
[GMS21; ADL19]). Explicit results for these compactifications are very hard to come by, and
are usually fixing the variety before and after the wall. Later on in this thesis will examine a
specific example where both variety and divisor are deformed before and after the wall, and

we will obtain explicit results on the wall-crossing.

2.2.2.6 Examples and Compactifications

So far, we have seen that the moduli stack M* admits a moduli space, M K which is sepa-
rated, projective and proper, and whose closed points are in bijection with n-dimensional
K-polystable Q-Fano varieties of volume V. Hence, we can ask ourselves whether these
compact K-moduli can be described explicitly. This means that we are both interested in
explicitly describing which varieties are in the compactification, or describing what the com-
pactification is as a scheme. The answer is (thankfully) yes to this question, but at the same
time, results are scarce and the method for obtaining such explicit compactifications is very
highly dependent on the specific example of a Fano family we wish to compactify.

To give perspective to the above statement, there are 1, 10 [Pez85; Pez87] and 105 families
of (smooth) Fano curves, surfaces and threefolds respectively. Smooth Fano threefolds were
classified initially in Picard rank 1 by Iskovskih [Isk77; Isk78; Isk79], and later on in the
remaining cases by Mori-Mukai [MM82; MMO03] using results by Shokurov [Sok79]. For Fano
surfaces, or del Pezzo surfaces, 4 of these admit moduli, and their K-moduli compactification
was recently achieved by Odaka—-Spotti-Sun [OS516], using known results from Mabuchi—
Mukai [MM90] and Ding-Tian [DT92]. For the families of Fano threefolds, only two have been
compactified into moduli spaces by [SS17] (who show a more general result in compactifying
the K-moduli of del Pezzo varieties of degree 4, i.e. a complete intersection of two quadrics,
in any dimension), and [LX19]. For Fano fourfolds, only cubic 4-folds have been compactified
recently [Liu22]. It is important to note that all the above compactifications have been
achieved by relating the K-moduli to GIT quotients in some way or another. However, we
should note that these compactifications would not have been achieved if not for previous
work on finding which deformations have K-polystable elements (see [Tia90; Che08; Mar14]).

Later on in this thesis, we will compactify another family of Fano threefolds, using similar
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methods.

When we describe the K-moduli components of smooth Fano varieties, the difficulty
arises because we are ‘adding’ limit elements (obtained as limits of degenerations) that can be
singular. Although we do know their singularities have to be at worse klt, since they are limits
of K-polystable elements, knowing exactly what their singularities are might be difficult. As
such, we need to study the singularities of the limit points that could potentially compactify
the moduli spaces. In addition, we can use GIT to provide explicit compactifications. GIT
quotients are much better understood than K-stability, so there are plenty of benefits in this

approach. Trying to relate K-stability to GIT is not something new.

Theorem 2.97 ([PT09], [OSS16, Theorem 3.4]). Let G be a reductive algebraic group without
non-trivial characters. Let m: (X,£L) — S be a G-equivariant polarised projective flat family of
equidimensional varieties over a projective scheme. Here, “polarised” means that £ is a relatively
ample line bundle on X, and “equidimensional” means that all the irreducible components have the

same dimension. Suppose that

1. the Picard rank p(S) is one;

2. there is at least one K-polystable (X, £;) which degenerates in S to (Xo, Lo) # (X, L¢) viaa

one parameter subgroup X in G, i.e. the corresponding test configuration is not of product type.
Then a point s € S is GIT (poly/ semi)stable if (X, L) is K-(poly/ semi)stable.

In studying the singularities of the limit of a degeneration family, one effective method
is to study the normalised volume. In lower dimensions, alongside with a classification of
singularities of the relevant deformation family, this becomes effective. The theorems below
provide us with a very powerful tool in determining the singularities of limits of degeneration

families.

Theorem 2.98 ([LL19, Proposition 4.6]). Let (X, A) be a K-semistable log Fano pair of dimension

n. Then for any closed point x € X, we have

n+1
n

(~Kx — A)" < ( > vol(z, X, A).

Theorem 2.99 ([Liul8, Theorem 3]). Let X be K-polystable Q-Fano variety of dimension n. Let
p € X be a closed point. Suppose (X, p) is a quotient singularity with local analytic model C" /G
where G C GL(n, C) acts freely in codimension 1. Then
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nn

el
with equality if and only if |G N G,,| = 1 and X = P"/G, where G,, is the diagonal in GL(n, C).

vol(p, X)

Let us consider an example, which first appeared in [DT92] and later expanded upon in
[OSS16, Chapter 4]. Consider del Pezzo surfaces of degree 3, which (in the smooth case) are
smooth cubic surfaces X in P?, with volume (—Kx)? = 3. If we consider a K-polystable limit
W of a degeneration family X of smooth K-polystable del Pezzo cubics of degree 3 and a
singular point z € W we have by continuity of volumes that (— Ky )? = (—Ky,)? = 3, and

thus Theorem 2.98 (with A = 0) implies that

vol(z, W) >

Q| W~

In addition, since W is at worse klt, W must have only isolated quotient singularities locally
analytically isomorphic to C?/G, where G is a finite subgroup of U(2) acting freely on S®. This
is implied by the fact that kit surface singularities are precisely quotient singularities [CKMSS,
Proposition 6.11], and that normal surfaces have only isolated singularities. Moreover, by
Theorem 2.99 the local normalised volume for quotient singularities is given by \7(;1(13, W) =
- which implies that |G| < 3.

Recall that the order of orbifold group at an A, singularity is & + 1, a Dy, singularity is
4(k — 2), an B singularity is 24, an E7 singularity is 48, and an Ejg singularity is 120. Hence,
since |G| = 1,2,3, we see that x is an A; or A, singularity (or W is smooth). The above
discussion implies that if a del Pezzo surface of degree 3 is K-polystable, then it must be
either smooth or have at worse A1l or A2 singularities. In addition, by [KS88] such a sungular
del Pezzo surface of degree 3 is a cubic surface with at worse Al or A2 singularities. Thus, all
the elements of the K-moduli are cubic surfaces.

We now consider the GIT quotient of cubic surfaces, acted by PGL(4). In this case,
the parameter scheme is P(H%(P?,0;)) = P, and the GIT quotient we want to study is
MY = P19 J PGL(4). Thankfully, this quotient is one of the first GIT quotients which was
explicitly described, by Hilbert using his Invariant Theory, even before GIT was developed.
This was studied by Hilbert in [Hil93] but has also been reformulated by [MFK94] in a more

modern language.

Theorem 2.100 ([Hil93], [Muk03, §7]). A cubic surface X C P? is
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1. GIT stable if and only if it has at worst A, singularities,

2. strictly GIT polystable if and only if X is isomorphic to S = {x 2925 — 3 = 0}, which has 3

A, singularities,
3. GIT semistable if and only if it has at worst Ay or A, singularities.
Defining the universal family of cubics 7: X — P'?, where

Z ajx! = O}

we can apply Theorem 2.97 to see that a cubic X is GIT-(poly/semi)stable if it is K-(poly/semi)stable.

X:{(xo:‘--:xg)xajeP?’x]Pw

This is because the universal family is flat and proper and p(P'?) = 1.

We can now apply the moduli continuity method as it appeared in [OS516] to show that the
two moduli stacks are isomorphic.

Let X be the Hilbert polynomial of smooth elements of the family of cubic surfaces,
pluri-anticanonically embedded by —m Ky in PV, and let H%" :— Hilby(P"). Given a closed
subscheme X C PV with Hilbert polynomial X(X, Opn (k)|x) = X(k), let Hilb(X) € HYY
denote its Hilbert point. Let

X is a Fano manifold of the family of cubic surfaces,

Zy = Hilb(X) € H | 0px (1)]x ~ Ox(—mKx),

and H(P, Opx (1) = HY(X, Ox(—mKx)

which is a locally closed subscheme of H*V. Let Z,, be its Zariski closure in H" and Z,, be
the subset of Zm consisting of K-semistable varieties.

Since by [Tia90; TY87] smooth cubic surfaces in P? are K-stable and by [Odal5], the
smooth K-stable loci is a Zariski open set of M*, in the definition of moduli stack of M* =
[Zm/ PGL(N,, + 1)] for appropriate m > 0 and in fact M%/T = [Z,, / PGL(N,, + 1)].

Thus, by the above discussion we have an open immersion of representable morphism of

stacks:

¢ M — M

which descends to a map on the moduli spaces:

& ME — MO
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Note that representability follows once we prove that the base-change of a scheme map-
ping to the K-moduli stack is itself a scheme. Such a scheme mapping to the K-moduli
stack is the same as a PGL-torsor over Z,,, which produces a PGL-torsor over Z,, after a
PGL-equivariant base change. This PGL-torsor over Z,, shows the desired pullback is a
scheme. By [The22, Lemma 06MY], since ¢ is an open immersion of stacks, ¢ is separated
and, since it is injective, it is also quasi-finite. In particular ¢ is also injective.

Now, by [Alp13, Prop 6.4], since ¢ is representable, quasi-finite and separated, ¢ is finite
and ¢ maps closed points to closed points, we obtain that ¢ is finite. Thus, by Zariski’s
Main Theorem, as ¢ is a birational morphism with finite fibers to a normal variety, ¢ is an
isomorphism to an open subset, but it is also an open immersion, thus it is an isomorphism.
Moreover, by [Sal65] we know that M %™ 2 M¥ is isomorphic to P(1, 2,3, 4,5).

The proofs for similar explicit descriptions of K-moduli use the moduli continuity method
in one way or another. [LX19] use a variation of this method, taking into account that they
need different methods to determine the singularities of limit varieties or deformations in
the compact K-moduli. Later in this thesis, we will explore a variation of this method for

compactifying the K-moduli of the family of Fano threefolds 2 — 25.



CHAPTER

Variations of GIT Quotients

In this section, we will study how to generalise results in [Laz09b; GM18; GMZ18], in
order to obtain a computational toolkit that will allow us to study specific GIT problems
algorithmically. In more detail, we will consider GIT quotients of tuples (X, Hy, ..., H,,)
where X is the complete intersection of £ hypersurfaces of degree d in P", and the H; are
hyperplanes. We will explain what makes these types of quotients variational, and we will
explain how one can define a Hilbert-Mumford numerical criterion in order to study these

quotients.

We will then proceed to construct the computational setting necessary for our analysis. We
will introduce a finite fundamental set of one-parameter subgroups, which, roughly, determines
which of these tuples are not-stable /unstable with respect to a specific polarisation. Using this,
we will demonstrate, with extra care in the case of pairs (X, H) how one can computationally

obtain the walls and chambers of this VGIT problem.

We will also use a polyhedral criterion, the Centroid Criterion, following [GM18], which will
allow us to distinguish between stable, and strictly semistable tuples. We will demonstrate
how this, in addition with the extra condition that X is Fano, shows that in the case of pairs,
the GIT quotient parametrises log pairs (X, D = S N H). We also compute the dimension of
the VGIT quotient.

We conclude the computational side of VGIT by introducing the concept of semi-destab-
ilising families, following [GM18], which can roughly be thought as sets of weights which

in turn will define the polynomials in the support of the pair of complete intersection and
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hyperplane such that these are unstable/non-stable for a specific parameter ¢t. We will show
that these families are maximal, in the sense that a pair (X, H) which is unstable/non-stable

for some ¢t must have their weights in these families.

3.1 Preliminaries

Throughout this Section, we will work over an algebraically closed field k. Let G := SL(n +1).

Consider a variety S which is the complete intersection of k hypersurfaces of degree d in

P ie, S ={fi = fo == fi. = 0}, where each f;(z) = >_ fr.zli with I, = {d,o,...,din},
Z;‘:O di; = d for all i. Here, 2/ = xgi’ox‘f"’l ..x%" . Also consider H,,..., H,, m distinct

hyperplanes with defining polynomials h;(z) = > h; jz;. Let =, be the set of monomials
of degree d in variables xy, ..., z,, written in the vector notation I; = (d;o,...,d;). Asin

Gallardo —-Martinez-Garcia [GM18; GMZ18] we define the associated set of monomials
Supp(f;) = {a" € Zalfr, # 0}, Supp(hi) = {x; € Zq|hi; # 0}.

Let V := H(P", Opn(1)) and W := H(P", Opn(d)) ~ Sym? V be the vector space of degree

d forms. For an embedded variety S = (f1,..., fr) C P" we associate its Hilbert point

[S]=[fin-- A fi] € Gr(k, W) CP A\W.

Note that Gr(k, W) is embedded in P \* W via the Pliicker embedding (wy, ..., w,) — [w; A
-+ A w,], where the w, are the basis vectors of IW. We denote by [S] := f; A - A f), some lift
in \" W. We will consider the natural G action, given by A - f(z) = f(Ax) for A € G.

For simplicity, we will denote Gr(k, W) by R,, 4, and we let R,,, :== R, 41 X <fRn7171>m be
the parameter scheme of tuples (fi,... f, h1, ..., hy), under the identification (fi, ... fx) =

c(fi,... fr) and h; = ¢;h; for ¢, ¢; € G,,,, where:

R, = Gr <k: (” ; d)) X (IP’(HO(IP’”, oﬂmu))))m = IP’/k\W x (P")™,

In the case where m = 1, we will just write R = R;. There is a natural G action on V and W
given by the action of G on P". This action induces an action of G on R, 4 via the natural
maps, and by the inclusion map to the Pliicker embedding P A* W. By extension, we also

obtain an induced action of G to R. We aim to study the GIT quotients R,, / G.
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Let ¢ .= P(IW). We will begin our analysis by first studying the GIT quotients € / G.
€ parametrises hypersurfaces X = {f = 0} of degree d in P", where f = ) fiz! is a
polynomial of degree d. As we saw in Section 2.1.3 we must study the Hilbert-Mumford
numerical criterion in order to study this quotient. In order to do so, we fix a maximal torus
T = (G,,)" C G which in turn induces lattices of characters M = Homy(T,G,,) = Z"™! and

one-parameter subgroups N = Homy(G,,, T) = Z"*" with natural pairing
(—,=): M x N = Homg(G,,,G,,) 2 Z

given by the composition (x, A) — x o A. We also choose projective coordinates (zo: ... : z,)
such that the maximal torus 7" is diagonal in GG. Given a one-parameter subgroup A: G,, —

T C SL(n+ 1) we say A is normalised if
A(s) = Diag(s*°, ..., s")

where 19 > -+ > p,, with > p; = 0 (implying o > 0, 1, < 0 if \ is not trivial).

From Lemma 2.34 with m = 1, we can choose an ample G-linearisation £ = O¢(1). Hence,
the set of characters, with respect to this G-linearisation corresponds to degree d polynomials
f, as sections s € H°(C, O¢(1)) are polynomials of degree d. In particular, for a monomial
z! of degree d and a normalised one-parameter subgroup A as above, the natural pairing
is given by (z/,\) = >°"' , d;i;. Note, that in many cases we will abuse the notation and
write (I, \) instead of (z!, \). Then, the G-action induced by \ on a monomial z/ is given by
A(s) - 2! = sUM !, Naturally, the G-action induced by \ on the polynomial f is given by

A(s)- f = Z s fral,
I€Supp(f)
In addition, notice that the action of A on a fiber is equivalent to the action of A on the
polynomial f, and by the above discussion, we have that weight(f, A\) = min,cgupps){1(I, M) }-
Thus the Hilbert-Mumford function reads
u(f,A) = —mleggprll)(f){<f,k>},

and the Hilbert-Mumford numerical criterion (following Theorem 2.33) is:
Lemma 3.1. With respect to a maximal torus T':

1. X = {f = 0} is semi-stable if and only if u(f, \) > 0, i.e. if min,reguppp{(L, A\)} <0, for

all non-trivial one-parameter subgroups \ of T
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2. X = {f = 0} is stable if and only if u(f,\) > 0, i.e. if mingreguppn (L, A\)} < 0, for all

non-trivial one-parameter subgroups X of T

Remark 3.1.1. Fix a torus 7, coordinates (z¢: ...: x,) such that the torus is diagonal, and a
normalised one-parameter subgroup A(s) = Diag(s*,...,s*"). Let f be a degree d polyno-
mial, and assume that for some I = (d, ..., d,), for z' € Supp(f), (I, \) is minimal, i.e.

BN = =N = = digs.

Notice that A\(s) = Diag(s#~,..., s #0) defines another normalised one-parameter subgroup,
since D" ((—pin—j) = — >oigpi = 0, and —pin s > —fin ;-1 SINCE iy i1 > jin—i- Let also
I = (d,,dy_1,...,dy) be another monomial vector. Then, we have (I,\) = —(I, \). We can

think of obtaining this new vector I by making the change of coordinates z,,_; <> x;; thisis a
projective change of coordinates, such that f is projectively equivalent and isomorphic to f,

where f = 3 fzz!. We define

and we will show that ;(f, \) = (I, ), i.e. that (I, \) is maximal for =’ € Supp(f). Suppose it
is not. Then, there exists I = (d,,’, dn_1’, ..., do"), with 27" € Supp(f), such that (I, ) < (T, ).
But, this in turn would imply that (I’,\) < (I, \), where I' = (d},...,d,), and 2" € Supp(f)
since f = f. This contradicts the original assumption that (/, \) is minimal. Thus, we have

shown that

u(f,A) = pu(f.A).

The implication of the above is that we may reformulate Lemma 3.1 as follows:
Lemma 3.2. With respect to a maximal torus T':

1. X = {f = 0} is semi-stable if and only if max,:cguppp)1(L, )} > 0, for all non-trivial

one-parameter subgroups X of T

2. X = {f = 0} is stable if and only if max,icguppn{{I,A\)} > 0, for all non-trivial one-
parameter subgroups X of T.

Remark 3.2.1. Throughout Sections 3.1, 3.2 and 3.3, as well as Chapters 4, 5 and 7 we will

use the description of the Hilbert-Mumford numerical criterion in Lemma 3.2 (adapted for
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our VGIT problem of complete intersections and hyperplanes). Throughout these sections, to
ease notation, we will denote the Hilbert-Mumford function by i and not zz. In Section 3.6,
in order to aide the reader, we will use the convention of Lemma 3.1 (adapted for our VGIT
problem of complete intersections and hyperplanes), in keeping with the convention of the
notation in [Zan22].

It is also noteworthy to point out that we would have obtained an identical Hilbert-
Mumford function if we considered the conjugate action A - f(x) = f(A™'z) for A € G, as in
[FS13; ALOO]. This should not be a surprise, as the actions are conjugate to each other. We are
choosing the natural G-action to be consistent with the moduli descriptions we are looking

for.

We will proceed to analyse the GIT quotient R, 45 / G. We will keep the notation as
before, and we will fix a maximal torus 7', with coordinates (zy: ...: x,), such that T is
diagonal. Recall that I; = (d;y,...,d;,) is a monomial vector such that z/i € Supp(Jf;).
Let A be a normalised one-parameter subgroup. In this case, the natural pairing gives us
(Ii, \) = Y7 di j1;, and more specifically A(s) - 2"t = s/»2¢":. Similarly, the action of X on a
Pliicker coordinate A¥_, % is induced as:

k

A(s) - /k\xli S DARYI Py /\xli,

=1 =1

hence the A-action on [S] := A*_, f; = AL, 3 fr2ti is:

k
Ms)- [S)= 3 sl A fraf
=1

zlieEy

for A\ a normalised one-parameter subgroup.

From our discussion above, we have that

k
LN A fry A) = max{Z(]i,)\) ’(11,...,Ik) € (Zg)f, I; # 1;ifi # jand 2" € Supp(fi)} :

i=1

Lemma 3.3. With respect to a maximal torus T':
1. [fin---Afi] € Gr(k, W) is semi-stable if and only if u(fi A- -+ A fi, \) > 0 for all non-trivial

one-parameter subgroups X of T

2. [fin--- A fi] € Ge(k, W) is stable if and only if u(fi A--- A fi, \) > 0 for all non-trivial

one-parameter subgroups X of T
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Proof. From the above discussion, and Theorem 2.33, we are left to show that
sign(p(fi A+ A fi, A) = sign(u([fi A+ A fi]l, A)). A general element of [f; A--- A fi] is of

the form .
o /\ fis
i=1

and hence we have:

sign(p([fi A A Sl A) =
k
sign <max{z<li,)\> ‘(11, oIy € Ba)t, LA it # g, 2t € SUPP(fi)})

=sign(u(fr A A fi, A)).

]
Remark 3.3.1. If the choice of the f; is clear, we will write (.S, \) instead of pu(fi A -+ A fi, A)

Remark 3.3.2. The complete intersection S induces an element of the Grassmanian
®:={> aifil(a; : - : a;) € P*"'}, which is a linear system of dimension k — 1, whose base

locus is S. As in [MM90], when @ is (semi-)stable we will also say that S is (semi-)stable.

Extending to the VGIT case, i.e to the quotient R,,, / G, as in [GM18; GMZ18] we have the

following Lemma.

Lemma 3.4. The set of G-linearisable line bundles Pic(R,,) is isomorphic to Z™*'. A line bundle

L € Pic“(R,,), is ample if and only if

—

L=0(a,bi,...,by) = 0(a,b) :=m0¢(a) ® 75 Opn(b) ® - -- @75 Opn(bp)
where 1 and o, are the natural projections and a, b; > 0.

Proof. The proof follows the argument the proof of [GM18, Lemma 3.2], and Lemma 2.34,
noting that all the assumptions of Lemma 2.34 are satisfied. O

-

For ample £ = O(a, b) the GIT quotient R / G is

—GIT —GIT . ;
Mn,d,k,m,f =M (ﬂn,d,k,m = PTOJ @ HO(:R, L®J)G,

J

where t = (t1,...,t,) with t; = % € Q-¢. By Lemma 2.35, for £ as above, and by the functori-
ality of the Hilbert-Mumford function, we have p*((S, Hy, ..., Hy), A) = auS, H, ..., Hyny M)



90 Variations of GIT Quotients

where
Mf(SaHlv"-7Hm7)\) ::Mt'(fl/\"'/\fkyhla"'7hm7A)

=p(fi A A f A+ > tpu(H,y, N)

p=1

k
= max {Z<L, )\>’(Il, e ,Ik) - (Ed)k, Iz 7é Ij le 7é j, ZEIi € Supp(fz)}

=1

+ th max{r;|h;, # 0, h;, € Supp(h,)}.

p=1
Definition 3.5. Let ¢ be such that all ¢; € Q. The tuple (f1,..., fi, h1, ..., hp) is {-stable (resp.
t-semistable) if pA fih- A fi, b, oo b, A) > 0 (respectively, ugf fih-- A fi, ha, .oy by A) > 0)
for all non-trivial normalised one-parameter subgroups A of G. A tuple (f1,..., fi,h1,-.., hm)
is t-unstable if it is not i-semistable. A tuple (f1,..., fe, 1, ..., hy) is strictly t-semistable if it is

f-semistable but not ¢-stable.

Remark 3.5.1. We will often write (S, Hy, ..., H,,) instead of the tuple (fi,..., fi, h1,. .., hm)

for ease of notation.

3.2 Stability Conditions

As before, we fix a maximal torus 7' C G and coordinates such that 7" is diagonal. We define

a partial order on =, (following Mukai [Muk03, §7]): given v, v" € =; we have

/

ifand only if (v, \) < (v, \)

v<v

for all normalised one-parameter subgroups A: G,, — T C G. It is also useful to note
there exists a lexicographic order <., €.g. Tox1 <er 3 in =4, which is a total order [Har05,
Theorem 1.8], i.e. it is antisymmetric, transitive, and equipped with a connex relation, where
if x # y we have either x <., y or y <, x. This gives rise to the order <, for a normalised

one-parameter subgroup A which we call the A\-order: v <, v’ if and only if:
1. (v, A) < (v, \) or
2. (v,A\) = (U, \) and v <j, V.

Lemma 3.6. The \-order is a total order .
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Proof. This follows, since the lexicographic order is a total order, [Har05, Theorem 1.8]. [

The A-order is necessary in introducing an order on Z,. This is particularly beneficial as,
as in [MukO03, §7], we will later define maximal unstable sets that contain elements of =,.
The maximality of these sets is guaranteed by the A-order, and these sets will allow us to
computationally find the monomials in =; necessary to define unstable elements.

As in Gallardo—Martinez- Garcia [GM18, Section 5] we define a fundamental set of one-

parameter subgroups A € T'.

Definition 3.7. The fundamental set of one-parameter subgroups X € T for k hypersurfaces of de-
gree d and m hyperplanes, P, j 4, consists of all non-trivial elements \(s) = Diag(s"°,. .., s"")

where
<1U’07 s 7:“71) - c(fYO) ce 7fyn> S Zn+1

satisfying the following;:

1. v = # € Qsuch that ged(a;, b;) = L foralli = 0,...n and ¢ = lem(by, . . ., by,),

2 1l=yp2n=2m=—1-3",

3. (70, - --,7) is the unique solution of a consistent linear system given by n — 1 equations

chosen from the union of the following sets:

Eq(n — 1k, d) := {7 — 741 = 0}U

n k k n n
{ [de - Zai,jhj =0|di;, dij € Z0,¥i, j, Zdi,j = Zc_lz’,j = d}-
=0

j=0 =1 i=1 7=0

Since there is a finite number of monomials in =; and equations in Eq(n — 1, k, d), the set

P, i a.m 1s finite.

Lemma 3.8. A tuple (S, Hy, ..., H,,) is not t-stable (respectively not t-semistable) if and only if there
is g € G such that

uiA S, Hy, ..., Hy) = max {u(g-S,g-Hy,...,g-Hpy \)} <0 (respectively < 0)

AEPn,d,k,m

where g is the Hilbert-Mumford function defined above and P, 4y, is the fundamental set of
Definition 3.7.
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Proof. The proof follows the argument in the proof of [GM18, Lemma 3.2]. Let R}, + be the
non-stable loci of R,, with respect to a maximal torus 7' < G; and let R}, be the non-stable
loci of R,,. By Mumford [MFK94, p.137], the following holds

r= |J  Run

T; CG, maximal
Let (f{,..., f., h1,..., hy)beatuple which is not t-stable. Then, p{ fiA---Afi, B, ... b, p) <
0 for some p € 7" in a maximal torus 7”. All the maximal tori are conjugate to each other in G,

and by [MFK94, Definition 2.2] the following holds:

Then, there is gy € G such that A := ggpgo ' is normalised with respect to a torus 7' whose
generators define the variables for the monomials of f; and h; and (f1,. .., fi, b1, ..., hm) =
go-(f1,--., fi, b}, ..., hl,) has coordinates in the coordinate system which diagonalises A such
that pufi A+ A fe, b1, ..., b, A) < 0. In this coordinate system normalised one-parameter
subgroups A = Diag(s*°, ..., s#"), with fixed 110 > 0 form a closed convex polyhedral subset A
of dimension n in N ®Q = Q™! (in fact A is a standard simplex). Indeed, this is the case since
for any normalised one-parameter subgroup, A(s) = Diag(s"°,. .., s"*) where py > --- > p,
with ) p; = 0 and we may assume without loss of generality that iy = 1.

For any fixed fi,. .., fk, h1, ..., hm, the function p(fi A-- A fi, b1, oo By, =) NOQ — Q
is piecewise linear, as for a fixed maximal torus 7" and normalised one-parameter sub-
group A the function is the maximum of a finite number of linear forms. The critical points

of iy (i.e. the points where p; fails to be linear) correspond to those points in N ® Q

where ¢ (I, \) + Doy by, A) = S TN + >y (T, A), for I; = (dig, -, din),
I, = (3@07 . ,am) representing monomials of degree d, with I; # I, for all 7 # j, where
fi = fr,x’i, and x;, are monomials of degree 1, such that z;, := max Supp(h,,). Notice that
x;, is unique for each of the H, = {h, = 0}, hence > " | t,(x;,, \) = > " t,(Ty,, A) implies
that ;, = 7;, for each p. Hence the >_" | ¢;z;, component is always linear, and as such the
critical points of i correspond to those points in N ® Q@ where > (I, \) = S8 (T, \).
Since (—, —) is bilinear, that is equivalent to say that { 3"+ | (I; — 1;), A) = 0. These points
define a hyperplane in N ® Q and the intersection of this hyperplane with A is a simplex
Ay, 1,y of dimension n — 1.

The function pr(fi A -+ A fg, ha, ..., hm, —) is linear on the complement of the union of

hyperplanes defined by ( >-F | (I; — 7,),A) = 0. Hence, its maximum is achieved on the
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boundary, i.e. either on A or on A ;. 7,) which are all convex polytopes of dimension n — 1.
We can repeat this reasoning by finite inverse induction on the dimension until we conclude
that the maximum of pg(fi A -+ A fx, h1,..., hm, —) is achieved at one of the vertices of A or
A, 1,)- Notice that these correspond precisely, up to multiplication by a constant, to the finite

set of one-parameter subgroups in P, j 4 . O

Corollary 3.8.1. Let (S, H) € Rand

a=min{t € Qsolue(g-S,9-H,A) =20, VA € Poapa,9 € G},

b=max{t € Quolpu(g-S,9-H,A) >0, VA€ P 51,9 € G}

If (S, H) is t-semistable for some t, then
1. (S, H) is t-semistable if and only if t € [a,b] N Qxy,
2. if (S, H) is t-stable for some t € (a,b), then (S, H) is t-stable for all t € (a,b) N Qxo.

The interval [a, b] is called the interval of stability of the pair. If [a, b] = () then the pair is t-unstable
forall t.

Proof. The proof follows the argument of the proof of [GM18, Corollary 3.3].

We can also extend the above for the case of tuples.
Definition 3.9 (see [GMZ18, Definition 2.4 ]). The space of stability conditions is
Stab(n, d, k,m) := {t € (Qs0)™| there exists a t-semistable tuple (S, H,..., H,)} .

Lemma 3.8 determines the f—stability for all tuples (S, Hy, ..., H,,) as the fundamental set
does not depend on ¢. In more detail, in checking the stability conditions for such tuples,
Lemma 3.8 shows that we may only consider a finite set of one-parameter subgroups P, 4. m,
to check which tuples are not {-semistable, In particular, this Lemma allows us to determine
the space of stability conditions, which is compact by [DH98]. This verifies the prediction
in [KWO06] that there should be a finite set of one-parameter subgroups that determines the
stability of tuples.
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3.3 The Centroid Criterion

We will state a centroid criterion, which will allow us to computationally deduce whether a
point is stable or strictly semistable. This is known to be always possible by [DH98, Theorem
9.2], and is a well-known direct application of the Hilbert-Mumford numerical criterion. The
contribution of this thesis in this application, is the very explicit description of the proof in
the notation we have introduced for Section 3.1.

We define a map A : (Z5)* x (£1)™ — Q"' as follows: Given distinct monomials

xf ... 2 € 24, and distinct monomials z;,, ..., 7, € 21, let

m

k k k k
A((xll’...7x]k)7xl“,..,xlm> = <Zdi,07”'7zdi7ll +t1,...,2di7lm +tm,...,Zdi’n>
=0 1=0 =0 =0

where we add the ¢, at the position of monomial z;,, i.e. at position /,, e.g. if we have

monomials z;, = x, 1, = x3 and m = 2 we have

k k k k k k
A((ach, o xle), :L’g,:cg) = (Zdi,o + ty, Z di1, Z di 2, Z d;3 + ta, de, P Z di,n) .
i=0 i=0 i=0 i=0 i=0 '
Since:
n k m

Z (Z(dm)) + th = kd + th

j=0 =1

the image of A is contained on the first quadrant of the hyperplane

Hn,k,d,m,? = {(207 s 7Zn) € Qn+1

0 p=1

Then, for S, a complete intersection of k hypersurfaces of degreed, S = {fi =--- = fx =
0}, as before and H, ..., H,, distinct hyperplanes embedded in P", where H; = {h; = 0}, we

define their convex hull Conv(S, Hy, ..., H,,) as the convex hull of
{A((2", ..., a™), 2, ..., 3,,)| 2" € Supp(f;) for all i, I; # I}, ;, = max(Supp(hy))}

where max is given with respect to the A order and is unique since the A\-order is a total

order. Then Conv(S, Hy, ..., H,,) is a convex polytope in H, , ;.. - Note that in particular, for

A((fl, .. .,fk),hl, . ,hm) = A((Zf[ll’h, .. .,Zf]kxlk),l’ll, e ,$1m> we have

A((f1,-- - fr) b1, ) € Conv(S, Hy, ..., Hy,).



3.3 The Centroid Criterion 95

We also define the t-centroid of S, Hy, ..., H,, as

n+1 T n+1

kd+ "t kd+ "t
Crdmi = <—Zp_l - Zp_l p) €H, kdthQn+1'

Theorem 3.10. A tuple (S, Hy, ..., H,,) is t-semistable (respectively, t-stable) if and only if Crdkmi €

Conv(S, Hy, ..., Hy,) (respectively, C,, ;... 7 € Int(S, Hy, ..., Hy,), where Int(S, Hy, ..., Hy,) is the
interior of Conv (S, Hy, ..., Hy)).

Proof. The proof follows the argument of the proof of [GM18, Lemma 1.5]. Let z;, =
max Supp(h,), for p = 1,..., m. First, note that since
piA( S, Huy o ooy Hiy A) = (S, \) + Z »  max (., \)

=1 . €Supp(Hp)

p(S,A) 4+ tpla,, A)

3

:/'L{(‘S’?Sﬂ{mh :O}QQ{xlm :O}a)‘)

We first show that if (S, Hy, ..., Hy) = ((fi,..., fx), H,. .., Hy) is t-semistable then the
condition holds. Suppose €, ;7 ¢ Conv(S, Hy, ..., Hy,), then, there exists an affine map

P R — Rwith(C,, 4 7) = 0 and Y|gormm .y > 0- We can write

.....

Y(zo,. .., % Za]z]—l—q

where o; are integers, since the convex hull has vertices with rational coefficients. Thus, for

z' € Supp(fi):

n

k m
@/J(A(l‘h, Ce ,[Elk,l‘ll, Ce 7$lm>) = Oéj(Zd@j) + thozlp + q > O
i=1 p=1

J=0

kd+37"  t, &
0=v(Cqns) = # Zai +4q.

1=0

Let§ = - € Q. Then (n+1)0 = " , o, and we can choose some r € Z, such

'kd+z
that rd € Z. Then we can define one-parameter subgroup:

A(s) := Diag(s"(@0=9 gr(@n=o)),
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Using this one-parameter subgroup we have:

k m
uiA S, Hy, ..., HyyA\) = max {Z(IZ-,)\H for all i, I; # I; for alli,j} + th<xlp,/\)

zlieSupp(fi) | S5 p=1
n k m
= max r(a; — 0 dij o+ ) tpr(au, —0
a!i€Supp(f;) { jzz(; (@ ) 12:1: J} p=1 a ' |
n k m m
=7r| , max Z Q; Z d;j + Z tpu, o — (kd + Z tp)0
wieSupp(fi) | S5 T4 p=1 p=1

=7 max {w(A((xh, L I ,wlm)}

x'i eSupp(f;)

<r max YP(v) <0
ve€Conv(S,H1,....Hm)

hence (S, Hy,..., H,,) is not t-semistable. This shows that if (S, Hy, ..., H,,) is t-semistable
then C, ;... 7€ Conv(S, Hy,..., Hy).

Conversely, let (S, Hy, ..., H,,) be not {-semistable. As such, there exists a normalised

one-parameter subgroup A(s) := Diag(s®, ..., s*) with 377 a; = 0 and

k

0> pgS, Hy, ..., Hn, ) = jenax { > o de} + Yty
¢ Y Uj=0 =1 p=1

We define the affine transformation ¢ : R"*" — R as ¢(zp,...,2,) = > s, @;%;, such that

-----

kd -+ t, &
¢(en,d,k,m,{) = n—+p1 Zaj = 0.

J=0

Hence C, ;.7 & Conv(S, Hy, ..., Hy).
A similar argument shows the result for stable orbits, where the > and < are replaced

accordingly by > and < respectively.

We can also find the dimension of the moduli space.

Theorem 3.11. Assume that the ground field is algebraically closed with characteristic 0 and that the
locus of stable points is not empty and d > 2. Then

dim M o () = k(n + 1) <<” +2) = (n+d) (n+ 1)) —n(n+m—2)— k.



3.3 The Centroid Criterion 97

Proof. Letp = (S, Hy,...,Hy,) € R,,, be a tuple. Then, we have
0 <dim(Gp) < dim(Gs NGy, N---NGp,,) < dim(Gs) < dim(Aut(S)) =0,

where the last inequality follows from [JL17, Lemma 2.13]. We obtain the result using the

following identity from [Dol03, Corollary 6.2]:

dim M, . 7 = dim(R,,) — dim(G) + min Gy =

SeRm

_k((n;rd) —k>+mn—((n+1)2—1)

:k(n+1><(”+2>'$'(”+d) —(n+1)> —n(n+m—2) — k.

]

For the rest of this section, we will restrict ourselves to the case m = 1. The following

Lemma is a generalization of [GM18, Lemma 4.1].
Lemma 3.12. Let (S, H) € R, with non-empty interval of stability [a, b]. Then

1. a = 0ifand only if S is a GIT semistable variety which is the complete intersection of k degree

d hypersurfaces.

2. b<tpgp="

3. (S, H) is t, x,q semistable if and only if D = S N H is a GIT semistable complete intersection of

k hypersurfaces of degree d in H = P!,

Proof. For 1, notice thatif t = ¢ = 0 if and only if @ = 0, then 1,(S, H,\) = p(S, ) > 0 and
thus this reduces to a GIT problem for complete intersections of £ degree d hypersurfaces,
since the natural projection R — Gr(k, W) is G-invariant.

For 2, assume that t > t,,;. Without loss of generality, we may assume that S =
filzoy ... xn) NN felzo,...,x,) and that H = {z,, = 0}. Then, for the normalised one-
parameter subgroup A(s) = Diag(s,s...,s,s ") we have

kd
1:(S, H, ) gkd—tn<kd—7"=o,

hence (S, H) is unstable, and thus b < ¢, 4.
For 3, first assume that D = S N H is unstable, where we can find a coordinate system

(xo: ...:x,)suchthat H = {z, =0}, D = {f{(zo,...,2pn-1) =+ = fl(x0,...,2n-1)}. Notice
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that under the A-order, the monomial z{ 'z, is the maximal monomial of degree d containing
z,, as for any normalised one-parameter subgroup \, where A\(t) = Diag(t*, ... t*), we

have:

n—1
(g am A) =) Niag + Ay
=0

n—1
< Ao Zai + \pa, (since \; > A fori < j)
i=0

< Xo(d—1)+ A\ya, (since Zai =d)
=1

= (xg’lxn, A).

Note that we do not have to consider the case a,, = 0, as then the monomial will not contain
z,. Hence, S := {fl(z0, ..., Tn1) + xg_lxn == fi(xo,...,Tp1)+ :vg_lxn} is the complete
intersection of k hypersurfaces of degree d which is maximal with respect to the Hilbert-
Mumford function such that SN H = D, i.e. u(S,\) = max{u(D,\)|S N H = D}. This further
implies that if y, ,, (S, H,\) < 0 then for all pairs (S, H) such that SN H = D, the pair
is t,, 1 o-unstable. Returning to the original assumption that D is unstable, we have by the
centroid criterion (Theorem 3.10), that

kd kd
{;, SRR Rt 0} ¢ Conv(fl(zo,. .., Tn1) + 20 w0y, filzo, .. 2p1) + 28 my,).

Notice that,
A= {A((=", ..., 2™),2,)|2" € Supp(f] + 23 'w,) foralli, I; # L} C M := {y, = tnar}

and p = {kd ~1,0...,0,1 + tn,d,k} ¢ M. Then, since Conv(S, H) = ConvexHull(A), it is

a pyramid with base M and vertex p. Thus €, 4 ¢ Conv(S,H) and thus (S, H) is

n,d,k
tn k,a-unstable by the centroid criterion (Theorem 3.10).
Now, suppose (S, H) is t, . 4-unstable, i.e. C, ;, ra ¢ Conv, , (S, H). Without loss of

generality, we can assume that H = {z; = 0}, and let

VAR P

T

with 0 in the i-th position. In particular p ¢ Conv(fi, ..., f,x;). The monomials of D = SN H

are monomials of the form [; = (dy,...,d;—1,,0,di41, ..., dy ), which correspond to faces



3.3 The Centroid Criterion 99

F € Convy, ,, (S, H). The projection Fy; of each face F' to hyperplane M = {y; = 0} shows

p ¢ F. Notice that p = C,, 4 and Fyy € Conv(fi, ..., fx, h), and hence D is unstable by the
centroid criterion (Theorem 3.10).

O
The following theorem generalises [GM18, Theorem 1.1].

Theorem 3.13. All GIT walls {to, ..., t,ax} correspond to a subset of the finite set
k
(LA . - :
{— % I #1;, foralli # j,I[; € 2,0 <i<n,\ € Pmd,k}
and they are contained in the interval [0,t,, 4. Every pair (S, H) has an interval of stability [a, b]
with a,b € {to, ..., tnar}. (S, H) is t-semistable if and only if t € [t;,t;] for some walls t;,t; . If
(S, H) is t-stable for some t then (S, H) is t-stable if and only if t € (t;,t;).

Proof. Since Z, is finite for each d, P(Z,;)* x P(Z,), where P here denotes the power set, is
finite, as by the Hilbert-Mumford numerical criterion stability only depends on the support of
the polynomials involved and the combination of possible supports is thus finite. In addition,
by Corollary 3.8.1 there is a finite number of intervals of stability [a;, b;|. Hence, t; € U;{a;, b;}
with b; < t,, 4 by Lemma 3.12. For any wall ¢; there is at least a pair (S, H) such that

(S, H) = Agljg’?;k{/it(sa H,\)} >0
forallt <t; and (S, H) < 0 for all t > t,. By the continuity of 1,(S, H), u,(S, H) = 0 and

hence L
Zi:l <]i7 )‘> '

t, = —
<xi’ /\>

]

Remark 3.13.1. In the general case, one can find a superset of the stability walls by solving

the simultaneous equations

k m
Z<IZ, /\> + Z%‘(inj, /\> =0
1 j=1

1=
for I; € 24, I; # I foralli # k, z;, € Z; and A € P, 4xm- The complexity of computations
increases as m increases, and in addition the walls are not 0-dimensional, which implies that
we need to treat them in a stratified way. In addition, we don’t have a simple one-directional

way of exploring the set of stability conditions to find all walls.
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Theorem 3.14. Every point in the GIT quotient MS?;” = Miﬁ(t) parametrises a closed orbit
associated to a pair (S, D) with D := S N H in the cases where S is a Calabi-Yau or a Fano complete
intersection of k hypersurfaces of degree d > 1. Furthermore, if S is Fano, t < t,, 4 and (S, D) is
t-semistable, then S does not contain a hyperplane in the support of at least one of the hypersurfaces in

the complete intersection.

Proof. Suppose that n + 1 > kd (i.e. S is Fano or Calabi-Yau) and (5, H) is a pair such
that Supp(H) C Supp(f;) for some i. Then, it suffices to show (S, H) is t-unstable for all
t > 0. Without loss of generality, we take H = {z, = 0} and S = {z,fi(z0,...,2,) =
0} N{ fo(zo,...,x,) =0}---N{fe(xo,...,2,) = 0}. Then for the A\-order, the monomial asg_lxn
is maximal in Supp(f1) U {z& 'z, } and the monomial z¢ is maximal in Supp(f;) U {z¢} for all

i > 1. For any normalised one-parameter subgroup A = Diag(s™ ..., s™) we have:

(S, HyN) < (k—1)dro+ (d — 1)ro + 7y, + try,.

Specifically, for the normalised 1-ps A = Diag(s") with r = (n, — 254 28 _p(kd — 1))

we have
we(S, H,N) < (k—1)dn+ (d—1)n—n(kd —1) —tn(kd — 1) = —tn(kd — 1) <0,

and hence (S, H) is unstable for all ¢ > 0.

Let S be a Fano complete intersection, i.e. kd < n and we assume that S =
{wnfi (20, .., 2) = 0} N -~ N {wy fr(w0, ..., 2,) = 0} and H # {z, = 0} by the previous
step. Further, assume that Supp( f1) contains a hyperplane in its support.

Then for the normalised one-parameter subgroup A = Diag(s,s,...,s,s ") we have,

noting that ¢t <t, 4, <1, since kd < n:

(S, D) < k((d—1)—n)+t
=kd—k—Fkn+t
<n—-k—kn+1
=n+1)(1—-k)
< 0.

Hence, the pair (S, D) is t-unstable, so S cannot contain a a hyperplane in the support of at

least one of the hypersurfaces in the complete intersection. O
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3.4 Semi-destabilizing Families

Definition 3.15. We fix t € Stab(n, d, k,m) and let A be a normalised one-parameter subgroup.
A non-empty k + m-tuple of sets A; x --+ x A X By x --+ X By, € (E)* x (£1)™ is maximal
t-(semi-) destabilised with respect to ), if:
1. Each k + m-tuple (v1,...,v,01,...,am) € A1 X -+ X Ay x By x --- X B,, satisfies
S (o, \) + >y tila, A) < 0 (<0, respectively).
2. If there is another k+m-tuple of sets Ay x - - -x Ay x By X+ - - X By, € (24)% % (Z1)™ such that
A; C Ay, B; C B;foralli,and forall (v, ..., v, a1,...,a4n) € Ay X+ XA x By X+ -x By,
the inequality 31 (v;, A) + 37" i ti{az, A) < 0(< 0, respectively) holds, then A; = 4;
and B; = B, for all i, j.
We can characterise the semi-destabilizing sets as follows, generalizing [GM18, §5].

Lemma 3.16. Given one-parameter subgroup \, any maximal t-destabilised Cartesian product of sets

and t-semi-destabilised Cartesian product of sets as in Definition 3.15 with respect to X can be written

as:
Ng()\,:c‘]l,...,x‘]’“l,le,...,a:jm) =
k—1 m
th()\,x‘h, R TT T U I HB’()HQJ‘]Z') X HB’()\,xjp),
i=1 p=1
Nt?(/\,m‘]l, ot Ty ) =
k-1 m
V%e(/\,x‘]l, e T ) X HBG()\,x‘]i) X HBe(/\,xjp),
=1 p=1

where x’i € Z4 are support monomials with J, # J for all r, s, x;, € = are arbitrary support

monomials and

o
—

Vool e g ) =t €SI A+ (I A) ) t{a, ) < 0},
p=1

(2

I
N

B~ (\, 27 = {27 € 2427 <, 27},

N
—_

VN2 e g ) = et € Eal{A) + ) (A + ) tp(a,, A) < 0},
p=1

t

I
—

[
B\, 2" = {27 € 2427 <, 27},

B=(\xj,) = {x; € Eq|w; < w5, }, Be()\yﬂfg‘p) = {x; € Ei]z; < 2y, }
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Proof. Let A := (Ay,..., Ay, B, ..., By,) be a maximal {-(semi-)destabilised k + m-tuple with
respect to \. Let 271 = max (A;), for 2 < i < k be the maximal element of A; with respect to

the A\-order and z;, = max(B,), for 1 < p < m. By the A-order we have

k—1 m k—1 m
Z(Il, A) + th(mlp, A) < (I, \) + Z(J,-, A) + th<mjp, A) <0 (< respectively)
i=1 p=1 i=1 p=1
forall (z’,...,...2% 2y, ..., 2;,) € A. This implies that
A C Ntf(/\,x‘]l, ot )
(A C Nt?()\,x‘]l, calet o x ), respectively)

and the maximality condition of Definition 3.15 implies the equality.

]

Theorem 3.17. Let t € Stab(n,d, k,m). A tuple (S, H, ..., H,,) is not {-stable (t-unstable, respec-
tively), if and only if there exists g € G, A € P, 4m, such that the set of monomials associated to
(9-S,9-Hi,...,g- Hy) is contained in a pair of sets N2 (X, a”t, ... x/v=1 a5 .y, )

(Nt?(A, o ae  wg), respectively) defined in Lemma 3.8. Furthermore, the sets
NZNalh, o alet g, g, ) and N (A o ekt ag o ag, ) which are maximal with
respect to the containment order of sets define families of non-t-stable tuples (t-unstable tuples, respec-
tively) in R, q.1.m. Any not t-stable (respectively t-unstable) tuple (g - S,q - Hy, ..., g - H,,) belongs

to one of these families for some group element g.

Proof. Let (S, Hy,...,H,,)be {-unstable (#-non stable respectively). Then by Lemma 3.8 there
isg € Gand A € P, 4, such that

pig - (S, Hy,...,Hyn),A) <0 (<0, respectively.)

Then, every (z',... 2 z; ... z; ) € g (Supp(f1),--.,Supp(fi), Supp(h), ..., Supp(hn))

satisfies .
Z(fi, A) + th<xjp, A) <0 (<0, respectively).
i=1 p=1

By Definition 3.15 and Lemma 3.8, g - Supp(f1) C V. (A, 1) .. 27i-1) and ¢ - Supp(f;) C
B~=(\,z'1), g - Supp(H;) € B~(\, z;,) hold for some A € P, 45.m, v/ € Z4,and z;, € Z; (g -
Supp(f1) € V2 (N, 2”t, ... a”i-1) and g - Supp(fi) € BE(\, #”~1), g - Supp(H;) € B(\, x;,), re-

spectively). Choosing the maximal Cartesian products of sets N, (A, 2, ... /vt 25 .. x; ),
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(NZ(\, xt, o xe=1 xy L. 1y ) respectively) under the containment order where A € P, i m,
z’ € 2, and r;, € Z; we obtain families of Cartesian products of sets whose coefficients
belong to maximal ¢-(semi-)destabilised k + m-tuples. For the opposite direction, note that if
the monomials associated to (¢ - S, g - Hy,...,g - H,,) are contained in N =V, {9, respectively),
then

pg - (S, Hy,...,Hy,),A\) <0 (L0, respectively)

and (S, Hy,. .., H,,) is {-unstable (tnon stable respectively).

We can also define the annihilator as in [GM18, §5]:

Proposition 3.18. For t € Int (Stab(n,d, k,m)) and normalised one-parameter subgroup \ the

annihilator of X with respect to x”*, ... x'=1 x; ... x; is the set
Anng\, 2, ) = {(xl,xll, e S Y W<
k—1 m
N?()\ny17 o ’:L,Jk—l’ Tjyyene ’,I’jm) <I, /\> -+ <IZ, )\> + th<l‘ip7 )\) = 0}
=1 p=1

If this is not empty, it is equal to the Cartesian product
k—1 m
V;P()\, e ) X H B\, 271) x H BO()\,xjp),

i=1 p=1

where

V?()\,SCJI, coatet ) =
= {2 € V2, et g ) Fa € BO (e, @y, € BO(M, 1),
such that (I, \) + S5 (T ) + 300 ty(xs,, A) = 0},

B\, 2”) i= {z7 € BS(\, a")|2” <y 2 forall +7 € BO(\, 2)},

B\, zj,) == {x; € BS(\, 2;,)[{xx, A) < (w3, A) for all z € B(\, 2;,)}.

et I I J T
Proof. For one direction, let (z'*,... "% x;,...,z;,) € Anng A\, z”t, ... a7 x5, ..., %j,).

This implies that "' € V2(\, 27, ... o/ z;,...,2; ). Suppose that there exist «Ti, for
2 < i < k such that 2/ <, 2l and 7y, such that z;, <, z;,. Without loss of generality we can

take i = 2 such that there exists 2/ € BY(\, z72) such that 22 <, z’2. Then either

k m k m

0= Z<IZ’ )‘> + Z%(miw )‘> < <Il7 >‘> + <727 )‘> + Z(Im /\> + th<xip7/\>a

i=1 p=1 i=2 p=1
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or

k m k m
Z LAY+ (@i, A) < D (I )+ ) ty(a,, M)
=1 p=1 i=1 p=1
In both cases this would imply that
(xll,xTQ,...,xjk,xil,...,xim) ¢ N?()\,x‘h,...,x‘]k*,le, e T ),

which is a contradiction.

Now let

k—1 m
(™, o my L x) € V%O()\,x‘]l, T T ) X HBO()\,:EJH) XHBO()\,ij).

Then, there exist 2/t € BY(\,2-1) for 2 <i < kand z;; € B9(\, z;,) such that

k m

(TN + > LN+ tpla, A) = 0.

=2 p=1

Also, because z'i € B(\,z”"), 2i < 2!', and z;, € B°(\, z;,), zy < x;, we obtain:

k m k m
!
0= (I,\) + E (I;,\) + E p{Tir, A g (I;, \) + g p{Ti,, A) <0

=2 p=1 =1 p=1
: I I o J T
since (z',... 2%, @y, ..., x;,) € NZ (AN xt, o a1 @y, ... x5,,). Hence

I I J T
(™ x ) € Anng( A L e gL )

and the result follows.

]

Theorem 3.19. If the tuple (S, Hy, . .., H,,) belongs to a closed strictly t-semistable orbit, there is
g € SL(n+ 1), A € P, y.qm and support monomials x7' ... z/x—1 € Z,, Tj ..., T, € 2y such
that the set of monomials associated to g - ((Supp(f1) X - -+ x Supp(fx)), Supp(h1), . .., Supp(hy,))

corresponds to those in the k-product of sets

t

VOO 2t g < T BYO ) < [ BN ).
i=1 p=1

Proof. Let M = (S, Hy, ..., Hy,,). By [Dol03, Remark 8.1 (5)], since M is strictly {-semistable
and represents a closed orbit, the stabilizer subgroup GG, C G is infinite. Hence, there exists

one parameter subgroup A € G, where lim, o A(s) - M = M, i.e. p{S, Hy,..., Hp, A) = 0.
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By choosing an appropriate coordinate system and applying Lemma 3.8, we may assume
that A € P, 4., and
g-((Supp(fl), ., Supp(fx)), Supp(hy), . . ., Supp(hm)) = Anng(\, ot T Tjpyee, Tj)

k-1 m
_ ‘/{0(/\7 IJl, o 7ZL’Jk_1,CCj17 . ,xjm) X H BO(/\, C(]Jj') X H BO()\,ZEjp)
p=1

=1

by Proposition 3.18.

Remark 3.19.1. Note, that the converse statement is not true in principle.

Remark 3.19.2. Both characterisations of the annihilator are necessary. The original definition
given in Proposition 3.18 is mostly beneficial for proofs, while the “product” definition is

mostly beneficial for algorithms and their implementations in generating all unstable sets.

3.5 How to Study VGIT Quotients Computationally

We will describe how the above sections give us a toolkit to study VGIT quotients (in the case
m = 1) computationally. This follows the methodology in Gallardo-Martinez-Garcia [GM18;
GMZ18; Laz09b].

* By Theorem 3.13, we know that the stability conditions of (S5, H) are determined by a
tinite set of one-parameter subgroups P, 4 which can be determined using Definition

3.7 computationally in computer programs such as Python and Sage.

* Using this set one can find a superset of the GIT stability walls through solving the

equations
k

> (I A) + i, A) =0

i=1
torI; € 24, I, # Iy foralli # k, x; € Zyand A € P, 4.
¢ Knowing the above, for each ¢, either a potential stability interval or equal to a potential
stability wall, as determined by the superset previously introduced, one can compute
the N7 ()\) and N, ()) for each A € P, 4 from their definitions in Lemma 3.16 and find
the maximal ones among them. For elements of N,;” which parametrise non-t-stable
pairs by Theorem 3.17 the centroid criterion distinguishes which families are strictly

t—semistable.
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* For each of these of the strictly t-semistable families one can compute the annihilator

NP(A\) == Ann()), using Proposition 3.18, which correspond to potentially strictly ¢-
polystable orbits.

For each wall ¢, we compare the different sets N;°(\) and N; (\) obtained between
the wall and the previous chamber, and in the cases where these are identical or the
maximal families of the chamber are contained in the wall, we remove the wall as a
false wall. Although this does reduce the steps to follow, it does not give a complete

characterisation of the VGIT quotient.

The above have been implemented in a computational package written in Sage (and
in Python) which can be used for arbitrary initial parameters n, k, d. [Pap22c]. This in
turn generalises a computational package [GM17], which deals with VGIT quotients of
hypersurfaces, based on [GM18].

For a geometric characterisation of VGIT quotients, one needs to study the singularities
of pairs (S, H) for each stability condition, which are dependent only on n, d, k. In the
following sections, we will do so for the case of a complete intersection of two quadrics
in P2, P? and P* and a single hyperplane section, which we obtained using our computer

program.

A precise characterisation of each VGIT quotient allows us to remove excess walls, but
the algorithm alone cannot guarantee this at the moment. This is due to the fact that we
don’t have a method to prove that two non-isomorphic maximally destabilised families,
which are not isomorphic via transformations by the specific maximal torus used which
normalises the one-parameter subgroups, are not isomorphic via a different element of

G.

The above computational methodology could potentially be extended to the general case

of tuples (S, Hy, ..., Hy,) as well. This has, however, not yet been implemented in Sage. The

reason for this, is the added algorithmical complexity needed in calculating the stability walls

t, and thereafter the maximal (semi-)destabilised sets.
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3.6 Stability of k-tuples of Hypersurfaces and Log Canonical
Thresholds

In this Section we will study how we can use the Hilbert-Mumford numerical criterion,
introduced in Section 3.1, to study a connection between GIT and log canonical thresholds.
We will also, study the above through the scope of VGIT. It serves as a generalization of the
results presented in Zanardini [Zan22], where the link between log canonical thresholds and
the GIT stability of pencils of hypersurfaces are studies, with an emphasis on the pencils of
curves. Here, we generalise this setting, considering complete intersections of k hypersurfaces

of degree d in P", and hence, elements T € Gr (k, (";d)) = Rydk-

3.6.1 GIT and log Canonical Thresholds

As in Section 3.1, we are interested in studying the GIT quotient

R )G = Gr(k:, (";d)) /SL(n +1).

Recall that we let the embedded variety S be defined as the zero locus of k degree d polyno-

mials f;, where:

fi=> 0 (fi) 2"

As before, we fix a maximal torus 7" of GG, and a coordinate system such that 7" is diagonal.

In Section 3.1, we demonstrated that the Hilbert-Mumford function is given by

k
i=1
where )\ is a normalised one-parameter subgroup.

Let I, = (dig,...,din) Withi = 1,... )k, Z;L:o d;; = d be distinct monomials with I; €
Supp(f;). For any normalised one-parameter subgroup A(s) = Diag(s®, ..., s*) and since

1 1
dip =d—) 1"y dijand a, = — > /"5 a we have:
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,u(f1 A A, )‘) - _xliersnuilg(f')

= — min
zlieSupp(f;)

= — min {
zTi eSupp(f;)

= — min
zlieSupp(f;)

= — min d; i(a; —ay) | — kda,|(1
a2 (Lte )) - ks (1)}
1 k n—1
kd
(;di,j(aj — ay) (1)) } + —— (kzzoak — nan)

where condition (1) refers to the condition (Iy,..., 1) € (E4)*,I; # I;ifi # jand 2l €

n
= — min {
I; )
wii€Supp(fi) \ 55

Supp( f;). Throughout, we will denote by T an element of the Grassmanian Gr(k, V). Recall,
that R parametrises the space of tuples {31 | 2 fi|(z1: ...: z) € P*1} of k hypersurfaces,

and as such, we can write T = {3°F | 2, fi[(z1: ... ) € P*"'}. We define the following.

Definition 3.20. Fix a maximal torus 7. For any k-tuple 7 € R, 45 and normalised one-

parameter subgroup A we define the affine weight of T as
n—1 , k
o= min A3 (3t —an) |
With this definition and the above discussion, we can reformulate the Hilbert-Mumford

numerical criterion (Theorem 2.33):

Lemma 3.21. With respect to a maximal torus T', T is unstable (respectively, non-stable) if for some

normalised one-parameter subgroup A

Similarly, T is (semi-)stable if for all normalized one-parameter subgroups A

n+1 —

kd (=
w(T,\) < (Zak - nan) (resp. <).
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We can also define the affine weight of a hypersurface f, by following the same discussion

for the case k£ = 1.

Definition 3.22 ([Zan22, Definition 3.3]). Fix a maximal torus 7'. For a hypersurface f of

degree d and normalised one-parameter subgroup A we define its affine weight as

w(f, \) —mln{Zd

This definition allows us to rewrite Lemma 3.1 as follows.

= (dy,....d,) € Supp(fi)}-

Proposition 3.23. With respect to a maximal torus T, f is unstable (respectively, non-stable) if for
some normalised one-parameter subgroup \

n—1

w(f,A) > %H(Zak —nan) (resp. >).

k=0
Proposition 3.24 (Analogue of [Zan22, Proposition 3.5]). Given a k-tuple T € R, 45 and k

distinct hypersurfaces gy, ..., g, € T we have

for all one-parameter subgroups A.

Proof. Notice that w(f,A) > 0 for all hypersurfaces f and all normalised one-parameter
subgroups A, since a; > a,, for all i < n. This gives the left-hand side of the inequality. For the

right-hand side of the inequality notice that

g ()
(i) 5 (s o) o (i)

Jj=0

: Q

.

S

(91, A) + -+ -+ w(gr, A)

since the g; are distinct. O]

Proposition 3.25. Let F' = {f = 0} € T be a hypersurface of degree d, and \ a normalised

one-parameter subgroup. Then there exist k — 1 hypersurfaces g1, . .., gx—1 € T such that

k—1
W(T,A) = w(f,A) + ) w(gi,A)
=1
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Proof. Let T be generated by k hypersurfaces of degree d, f;. Since I' = {f =0} € T, fis
a linear combination of the f; that generate T, i.e. f = Zle & fi forsome (& ¢ -+ 1 &) €
P*~1. Then, for a fixed normalised one-parameter subgroup A, with respect to the A-order
introduced before, the minimum monomial / = min{Supp(f)} = min{Supp(f;)}, where
without loss of generality we can assume that f; = f; (if not we can rearrange the generators

such that f; = f1). Hence, let I = (dy, . ..,d1,) Then, by taking ¢; € T recursively such that

min{Supp(g;)} = min { Supp(fi+1) \ ( U SUPP(fk))}

k<i
the result follows, as we obtain k — 1 distinct monomials I; = (d;,...,d;,), 2 < i < k such
that
n—1 k k—1
Cx.)(‘I, >‘) = Z <Z di,j(aj - an)) = w(fa )‘) + Zw(gia )‘)
j=0 \ =1 i=1
H

Corollary 3.25.1. Let F' = {f = 0} € T be a hypersurface of degree d, and \ a one-parameter
subgroup. Then there exist k — 1 hypersurfaces g, . . ., gx—1 € T such that

w(T,\) < kmax {w(f, A),w(gr, A), - w(gr—1, /\)}

Corollary 3.25.2. If a k-tuple T € R,, 4, has only semistable (respectively, stable) members, then T is

semistable (respectively stable).

Proof. Let f,q1,...,9k—1 € T be k semistable hypersurfaces as in Corollary 3.25.1. Then by
Proposition 3.23 for all A and 7

N d
( n—1 ) “n+1
o Ok — NGy
w(gh)‘) < d :
( n—1 ) “n+1
oo Ok — NGy
and by Corollary 3.25.1
w(T, A
( ) Skmax{w(fu)‘>7w(g17>\)7"'7w(gk17)\)}
( "ok — nan)
kd
< .
“n+1
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The results of [Zan22] can also be extended as follows:

Theorem 3.26 (Analogue of [Zan22, Theorem 3.14]). If T € R,, 4 contains at worst one strictly

semistable hypersurface (and all other hypersurfaces in T are stable), then T is stable.

Proof. Let f € T be strictly semistable, i.e. by Proposition 3.23 since f is strictly semi-stable,

for some normalised \, we have

- (B )

By Proposition 3.25 there exist g1, ..., gx—1 € T which are stable and

w(T, ) W(f,N) + 3 w(gin )
( Z_éak—nan> (Zk_oak—nan)
d +’H d
“n+1 z:ln+1
ok
S on41

]

Proposition 3.27 (Analogue of [Zan22, Proposition 4.6]). For a k-tuple T € R,, 4 and any base
point p of T, there exists a one-parameter subgroup \ such that for any hypersurface ' = (f =0)in T

Zﬁfol(ai) — nay,
1= < lct,,(P™, F).
w(T, \) < lot, (", )

Proof. The proof follows the idea of proof of [Zan22, Proposition 4.1]. Without loss of
generality, we choose coordinates (zy : -+ : z,,) in P" such thatp=(0:---:0:1). Let A\bea

normalized one-parameter subgroup with

. — | — n_l .
A = Diag(s, s, ..., %1, g7 @),

Notice then that
n—1 n—1 n—1 n—1
(az an):2+ a; + (1+Zaz+a])
i=0 i=0 j=0 i=0
n—1
=(n+D)+0n+1)>
=0
n—1
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and

o - 5 (Bt =)
>§:(Zdw )
Z[(n+ +(n+1) nzla}

1=

by [Zan22, Proposition 4.1], hence

> (@i —ap) _ (n+1)(1+ X0 a;) -1
L o/ 1§ ST FEERIRS vir 20)

For contradiction, assume that there exists F' = {f = 0} € T such that

Zﬁ—_ol(ai — an)
let, (P, F' = .
WED < EE

Then, let F(ul, coty) = flxg oy 2 1), where u; = x;;l defined in a neighbourhood
around p, which is enough to compute Ict, since it is a local invariant. Also, assign weights
w(uy) = ap — ap, w(uw;) = aj—1 — Ay, w(u,) = ay—1 — a,. Consider the finite morphism

¢: C" — C" where (uy, ..., un) — (@™, u2“)). Then, let H,, = {u; = 0} and

A = Z(l —w(u;))Hy, + CF(UT(UI)’ )
i=1

for some ¢ € QN [0, 1]. Then,

(b*(K(Cn -+ Cﬁ(ul, e ,un>> = K(Cn -+ A

We also know that the pair (C”, F) is log canonical at the origin if and only if the pair (C", A)

is log canonical at the origin. Let
2=y w(ui)
w(T, A)

where ¢ > lct, (P, F) = lct(C", F') by the assumption. Blowing up C" at the origin, we then

CcC =

have that for the log discrepancy of A with respect to the exceptional divisor E of the blow
up

n

a(E;C"A) = —1— Zw(uz) —cw(f,\) < —

=1
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which in turn would imply that w(f, A) > w(7T, \) which contradicts Proposition 3.24.
]

Corollary 3.27.1 (Analogue of [Zan22, Theorem 4.8]). If T is (semi-)stable, then for any hypersur-
face F = {f = 0} € T and any base point p of T

n+1
kd

< let,(P", F) (respectively <).

Proof. Since T is (semi-)stable, for all normalized one-parameter subgroups A we have

Yo (ai—an) _ntl
w(T, N kd

by Lemma 3.21. O

Proposition 3.28. Given a tuple T € R,, 4 we have that for any one-parameter subgroup \ there

exists ' = {f = 0} € T such that

w(T,\) K
( n—1 ) - 1Ct(]Pm,F)
ko Ok — My

Proof. By [Kol97, Proposition 8.13] we have that

( n—1 > - lCt(]Pm,F)7
k—o Ok — Ny,

and we obtain the result by Corollary 3.25.1.

]

Corollary 3.28.1. If a tuple T € R,, 4, is such that lct(P", F') > " (respectively, > "t1) for any
hypersurface F = {f = 0} in T, then T is semistable (respectively, stable).

Proof. Let f € T a hypersurface with lct(P", F') > " (respectively > “*1). Then, for any

normalized one-parameter subgroup A,

w(T, \) k

<
( n—1 ) - 1Ct<Pn,F)
ko Ok — Ny
kd (< kd resp.)
“n+1 n+1 p-)-
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3.6.2 VGIT and log Canonical Thresholds

Consider now the GIT quotient R,,, / G which parametrizes tuples (T, Hi, . .., H,,) of complete
intersections and m hyperplanes in P".
From our discussion in Sections 3.1 and 3.6.1, along with Lemma 3.21 and Definition 3.5

we obtain the following:

Lemma 3.29. With respect to a maximal torus T, the tuple (T, Hy, ..., H,,) is t—unstable (respec-
tively, t—non-stable) if for some \

m kd m tz n—1
w(T, ) + Ztiw(Hi, A) > i(Zak — nan) (resp. >).
i=1 k=0

n+1

Proof. From Lemma 2.35, we have that uf7, H, ..., Hy, A) = p(T,A) + D7 tipn(H;, A). The

result then follows from the discussion in Section 3.6.1. O]
We expand Proposition 3.25 as follows:

Proposition 3.30. Let [' = {f = 0} € T be a hypersurface of degree d, and \ a one-parameter
subgroup. Then there exist k — 1 hypersurfaces g1, ..., gr—1 € T such that

m k—1

WT )+ D tw(Hi A) = w(f, ) + > w(gi A) + Z tiw(Hi, A).

i=1 i=1
By Fujita [Fuj21], the log-canonical threshold lct(P", H;) = 1 for all hyperplanes H;, and

hence
W(Hi, /\) <1

= 4
n—1
k=0 Ok — Nap

so in combination with Proposition 3.28 we obtain the following.

Proposition 3.31. Given a tuple (T, H, ..., H,,) € R, we have that for any one-parameter subgroup
A there exists F' = {f = 0} € T such that

w(‘J', )\) + Z?il tiW(Hi,)\) < k + " ‘
( el ) — let(P, F) Z v
Y h—o @k — Ny, i=1

Corollary 3.31.1. Ifa tuple (T, H; ..., H,,) € R, is such that lct(P", F') > —k("grln (respectively,
> ST knngl ) for any hypersurface f in T, then (T, H, ..., H,,) € R, is t—semistable (respectively,

{—stable).
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Proof. From Proposition 3.27, let f € T be such that lct(P", F') > ot (respectively,

= kd—n) [ it
> #ﬁ%m) Then for all A,

T, A\ ™ tiw(H;, A k i
w(T,A) + iy taw( >§ +Zti
n—1 lct(P”,F) -
Y h—o Gk — Nay, i=1

- n+1

<kd+2§ilti
- n+1

+ Z t; (respectively, <)
i=1

(respectively, <).



CHAPTER

Complete Intersection of Conics in P?

In this chapter, we will work over C and we will study the GIT quotients of complete
intersections of conics in P?, under an SL(3)-action, computationally. This can be thought
of as a "toy example" to demonstrate how the computational methods of Chapter 3 can be
applied. In order to do so, we will first introduce some notation and theorems for general
results on the singularities of complete intersections of quadrics in arbitrary n. This will be of

benefit in later chapters as well.

4.1 Some Results on the Singularities of Pencils of Quadrics

For a quadric ¢ in P" we can write ¢(z) = 2Qz”, for Q a (n 4+ 1) x (n + 1) symmetric matrix
with entries in C. We denote by ®(f,¢g) € Gr(2, W) the element of the Grassmanian
naturally representing two quadrics f, g, in P", i.e. ®(f,g) := {\f + ug|(\, ) € P'}. This
pencil can also be written in terms of the symmetric matrices F' and G of f and g, respectively,
ie. O(f,9) = {\F + uG|(\, u) € P'} (see [Rei72, §1]). The notion of the stability of pencils
is defined in Section 3.1, where, following from our previous discussion, we now define
k = d = 2. Note that for a complete intersection of quadrics, S = {f = 0} N {g = 0},
S = Bs(®(f, g)) is the base-locus of a pencil with no fixed part (see [Som59, §XIII], or [HP94,
§XIII]).

Note here, that a quadric ¢ is smooth (nondegenerate) if and only if the corresponding

symmetric matrix () is non-degenerate, i.e. if det(Q) # 0 (see for example Reid [Rei72, §1]).
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For a pencil ®(f, g) of two quadrics in P* with f smooth, (i.e. the rank of the corresponding
symmetric matrix F'is n + 1) we consider the polynomial det(AF' + G) of degree n + 1 with
distinct roots ay, . . ., a,.

The Lemma below proves quite useful for detecting singular complete intersections of

quadrics in P".

Lemma 4.1. Let f, q be two quadrics in P". Their complete intersection S = f N q is singular if and

only if up to an action of SL(n + 1) the quadrics can be written either as

flzoy . xn) = q(z1, ..., x)
q(xo, ..., Ty) = zo(brz1 + - - + bpxy) + @21, .. ., Ty)
or
f(zo, ..., xn) = agroTn + qi(x1, ..., )
q(zo, ... xn) = bpxoxy + qo(T1, ..., xy)
or a degeneration of the above.

Proof. Without loss of generality, we assume that the singular pointis P = (1:0:---: 0).

Then since P € f N ¢ we have:

f(xo, .., xn) = xoly (21, .-y xn) + (1@, ..o, Tp)
(o, ..y xn) = xola(T1, ..., Tn) + (21, ..., Tp),
where the /; are linear and the ¢; are quadratic forms.

We can choose a coordinate transformation fixing P such that x,, = l;(z1, ..., z,) and then
fxo, ..., x,) = aoxoxy + q1(x1, ..., Ty)
q(zo, ... xn) = xo(brzy + - + bpy) + o1, .., Ty)-

Recall that a point P is singular on the intersection if and only if the matrix

aof
Oq
ox;
at P has rank < 2. Then since
00... 0 a
J, = °
0by...b,_1 by,

we see that rank J, < 2 if either aqy =0 or by = by = --- = b,_; = 0, and the result follows. [
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Corollary 4.1.1. Let f, q be two quadrics in P". Their complete intersection S = f N q is smooth if
and only if the determinant polynomial det(\f + q) has only simple roots.

Proof. We assume without loss of generality that P = (1:0:---: 0) € ¢ N7, hence we can

write

q(xo, ..., xy) = apxoxy + q(x1, ..., Ty)

r(zo,...,xn) = xo(bixy + -+ + bpwy) + qo(z1, ..., Tp)

and since S is smooth, ay # 0 # b;, for i = 1, ..., n. The determinant polynomial det(Aq + r)
thus has n + 1 distinct roots. O

4.1.1 Segre Symbols

Let o; be a root of the determinant polynomial of multiplicity e;. Assume further that «; is
not only a zero of det(G + AF), but also of all its subdeterminants of size n — h; + 2, where
n+ 1> h; > 2,and h; is the maximal number such that for each root «;, «; is a solution of all
the non-trivial subdeterminants of size n — h; — 2 of G + AF. If h; = 1, this implies that the
solution is not a solution of any of the subdeterminants.

We then define [} to be the minimum multiplicity of the root a; for the set of subdetermi-
nants of sizen + 1 —j,for j =0,1,...,h; — 1. We have I’ > I}, |, and we define ¢! = I} — I} .
Thus, we obtain a factorisation

det(G + \F) = 1"_[ (A — )% f5(\)

where f;(a;) # 0 (see [HP94, §XIII] or [Som59, §13.86]).

Definition 4.2. The Segre symbol of the pencil is [(ef, ... e} ), ... ((ef, .-} _1))]-

Note, that if we only have a 1-tuple, we omit the brackets around the tuple.

Theorem 4.3 (Weierstrass, Segre, [Weil3]). Consider two pencils ®, and @, of quadric hypersur-
faces in P™. Then their base loci are projectively equivalent if and only if they have the same Segre
symbol and there exists an automorphism of P* taking each root (1 : «;) to the corresponding root

(1: B;), where o and f3; are the roots of the determinant polynomials of ®, and ®, respectively.

We will present the following example to illustrate how one obtains Segre symbols.
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Example 4.3.1. Let f and ¢ be two quadrics in P?, given by the following equations.

f(xo, x1,22) =x0x1 + X2l(T0, 21, T2)

9(5507 T, :C2) :xg

where [(xg, 21, x2) = apxo + a121 + asxs is a linear form. Then

01 Qo
1
FZE 10 aq

g ay 2&2
and
000
G=1000
001
and
0 A )\&0

pya + G = A 0 )\Cll
/\ao /\CL1 2/\@2 + 1

with det(\F + G) = 2 (=2\as — 1 + 2)agay).

1

The determinant polynomial has two solutions, A = 0 with multiplicity 2, and A = 5 ———

with multiplicity 1. Notice that A = 0 is a solution for all the subdeterminants of A\F' + G with
size2+ 1 —1=2 (i.e. all 2 x 2 minors). Thus, we have, for root ap = 0: IJ = 2,19 = 1,19 = 0,
and hence ¢f = 1, ¢ = 1. On the other hand, since the multiplicity of the root a; = =241 g

1, there is no such decomposition. Hence, the Segre symbol is [(1,1), 1].

4.1.2 Preliminaries of Singularity Theory

We will give some brief preliminaries on singularity theory, which will be used throughout

the later chapters.

Definition 4.4 ([Arn76, p.88]). A class of singularities 75 is adjacent to a class T3, and one
writes T} < T if every germ of f € T, can be locally deformed into a germ in 7} by an
arbitrary small deformation. We say that the singularity 75 is worse than 73, or that 75 is a

degeneration of 7.
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Al < A2 < A3 < A4 < A5

[

D4<—D5

Figure 4.1: Degeneration of germs of isolated singularities appearing in complete intersections

of two quadrics in P? and P?

The degenerations of the isolated singularities that appear in a complete intersection of
two quadrics in P? and P* (or in their anticanonical divisors, which are complete intersection
of two quadrics in P? and P? respectively) are described in Figure 4.1 (for details see [Arn76,
p-88] and [Arn75, §13]. The above theory considers only local deformations of singularities.
When we study degenerations in the GIT quotient, we are interested in global deformations.
Thankfully, due to [HP10, Proposition 3.1], in the particular cases of complete intersections
of two quadrics in P*, any local deformation of isolated singularities is induced by a global

deformation.

Definition 4.5 ([BW79]). A polynomial F'in n + 1 variables is semi-quasihomogeneous (SQH)
with respect to the weights (wy, ws, . .., w,,) if all the monomials of F' have weight larger or
equal than 1 and those monomials of weight 1 define a function with an isolated singularity.
In particular, the weights associated to the ADE singularities A, and Dy, are:

(l 1 k-2 1)
22k —1)k—17

4.2 GIT of Complete Intersections of Conics

From [HPP94, §XIII] the following table summarizes the results for the Segre symbols of

pencils of conics and their base loci.

Segre symbol of pencil Base locus
3] A triple point and another point
[(2,1)] A quadruple point
2,1] A double point and two other points
[(1,1),1] Two double points
[1,1,1] Four distinct points (smooth)

Table 4.1: Segre symbols of pencils of quadrics in P? and classification.
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In particular, due to Theorem 4.3, we see that any two pencils with the same Segre symbol
must be projectively equivalent.

We will study the GIT quotient Ry 55 / SL(3). The following families have been generated
using the computational package [Pap22c], based on the discussion on Chapter 3.

In particular, P52 = [(4,1,-5),(1,0,-1),(5,—1,—4),(2,—1,-1), (1,1, —2)] and the com-

puter package gives us:

A z’ V=(\ ) B=(\,z7)
(4,1,-5) 3 {x0, 11, 22 }? x2
(1,0, —1) | xoxo {z1, 22}, woo {1, 22}, woo
(2,—1,-1) | wozy | {m1,22}>, zo{w1, T2} {z1,229}%

Table 4.2: Outputs of the computational package [Pap22c] for destabilized families of complete

intersections of two quadrics in P?

A x’! VO z7) B®(\, z7)
(4,1,-5) T3 {zo, 1,25} 3
(1,0,—-1) | zozs {x1,12}%, ToTo {x1,12}%, ToTo

(2,—1,-1) | woz1 | {w1,22}2, z0{T1, T2} {z1,12}%

Table 4.3: Outputs of the computational package [Pap22c] for semi-destabilized families of

complete intersections of two quadrics in P?

Theorem 4.6. The following are equivalent:
1. A pencil of two quadrics ®(f, g) in P? is unstable;
2. a pencil of two quadrics ®(f, g) in P? is non-stable;

3. the pencil is generated by one of the following three families, or a degeneration of these families:

Family 1:

f(%, T, 1‘2) ZQ1($0, $17I2)

g(x(); €, x?) :15%
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an irreducible conic f (i.e. det(Q1) # 0) and a double line intersecting at two separate double

points, Bs(f,g) = 2P + 2Q);
Family 2:

fxo, 1, 29) =5l (20, 21, 22) + 273
(o, w1, w2) =waly (0, 71, 1) + 27
two irreducible conics f and g intersecting at a double point and two separate simple points,

Bs(f,g9) = 2P + Q + R, where not all 3 points lie on the same line L;
Family 3:

[(@o, 21, B2) =22l3(x0, 21, T2) + 2114 (20, T1)
g(x(h T, 1/'2) ZQQ(fEl, xQ)
an irreducible conic f and a two intersecting lines g intersecting at a double point and two

separate simple points, Bs(f, g) = 2P + @ + R, where not all 3 points lie on the same line L.

Here, the l; are lines in P? and the q; are quadratic forms, which are all maximal in their support,

i.e. there are no zero coefficients.

4. The base locus of the pencil is singular, i.e. it is not a union of 4 distinct points.

Proof. The equivalence of 1 and 3 and 2 and 3 follows from the computational program
[Pap22c] we detailed in Chapter 3 and the centroid criterion (Theorem 3.10), where the above
families are maximal destabilising families as in the sense of Definition 3.15. In particular, we
first obtain a finite set of one-parameter subgroups -, = [(4,1,—5), (1,0,—1), (5, —1, —4),
(2,—-1,-1), (1,1, —2)], that determine stability, as detailed in Definition 3.7 and Lemma 3.8.
Then for each \ € P, 55 we compute the corresponding N~ (A, z7) and N®(\, z”) for various

support monomials z”

, and we determine which of those are maximal with respect to
Definition 3.15. The corresponding sets are presented in Tables 4.2 and 4.3.

We will now show that 1 and 2 are equivalent. We have that family 1 is given by
N=(\,z7) = N9(\,2’) for A\ = (4,1, -5) and z/ = 3, Family 2 is given by N~(\, z”7) for
A = (1,0,—1) and 2/ = zox, and Family 3 is given by N~(\,2”) for A = (2,-1,-1) and
r! = x¢z;. Since we have N~ (\,z7) = N®(\,z”) for all A and 27, i.e. the sets of all desta-
bilised and semi-destabilised families are the same, we deduce that there are no polystable

elements, and that all unstable and non-stable maximal families are the same. In particular,

this demonstrates the equivalence of 1, 2 and 3.
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We will now show that 3 and 4 are equivalent. For Family 1 notice that the double line
x9 = 0 intersects the smooth conic f(xg,z1,z2) at the points (1:7:0), (1 : k: 0) where [, k are
the solutions of ¢; (1, x1,0). The Segre symbol of this case is [(1,1), 1] and the base locus is the

two double points. In particular, the degeneration

f(xo, 21, 79) =022 + 27
g(m(b xy, xQ) :173
gives us the complete intersection which is the quadruple point (1 : 0 : 0).

For Family 2, we first make the standard change of coordinates ¢(x1, z3) = z122 and we
obtain
f(wo, 21, 09) =11 (w0, 71, 72) + 23
9(0, 71, T2) =T2la (20, 71, T2)
Since all the ¢; and /; are maximal in their support, we further make the change of coordinates

zh = ly(zo, 71, 72), Ty = 71, Th = 79, and we obtain f(x), 2}, xh) = xhl}(z}, 2}, 2h) + a(z])?,

g(xp, o, oh) = x{xy. The intersection is then given as follows: For 24, = 0, f(z}, 24,0) = a(z})?
and the point of intersection is the double point P = (1 : 0 : 0). For z{, = 0, f(0,2},2%) =
q(x}, x}) and there are two points @),R, which correspond to the intersection. The Segre
symbol of this case is [2, 1] and by [HP94, §XIII] the base locus is a double point and two other

points. Furthermore, the degeneration

f(zo, 21, 9) = Tow0 + 73
9(x0, 1, T2) = X211
is the intersection with triple point P = (1: 0: 0), and point Q@ = (0: 0 : 1).

For Family 3, using a similar change of variables as in Family 2, we can write g(xo, z1, z2) =
r1Ta, f(xg, 2, xh) = axoly(zo, x1,22) + x1ly(xo, x1). For ;1 = 0, we obtain two points of
intersection P = (1:0:0), Q = (1:0: ) and for z, = 0, we obtain two points of intersection
P=(1:0:0), R=(1:k:0), where!is the solution of /5(1,0,z2) and k is the solution of
l}(1, z1). The Segre symbol of the pencil is [2, 1] and the base locus is a double point and two
other points, where P is the double point.

Thus, the above 3 families and their degenerations are all possible singular complete
intersections of conics (with one or two double points, a triple or a quadruple point). Hence,

3 and 4 are equivalent.
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Corollary 4.6.1. The GIT quotient of complete intersections of two plane conics is the one point

scheme representing the unique stable orbit of two quadrics intersecting at 4 points.

Proof. Let f, g such that Bs(f,g) = P, + P> + P5 + P,. By Theorem 4.6 this intersection is not
non-stable, hence it is a stable complete intersection.

Let f, g such that Bs(f, g) is stable. By Bezout’s theorem, Bs(f, g) consists of at most 4
distinct points. Notice that a 1 point intersection (i.e. a quadruple point) corresponds to
a degeneration of Family 1, a 2 point intersection corresponds to Family 1, 2 or 3, and a 3
point intersection corresponds to a degeneration of Family 2 or 3, which are all unstable by

Theorem 4.6. O



CHAPTER

VGIT of a complete intersection of Quadrics in P°

and a Hyperplane

In this chapter, we will study VGIT quotients of complete intersections of quadrics in P* and
a hyperplane, using the computational methods presented in Chapter 3. We will first provide
some general results on the singularities of such complete intersections, and then we will
provide a full GIT classification (in the absence of a hyperplane). We will then proceed to
classify all possible singularities of pairs (S, D = SN H) and provide a full VGIT classification
using our computational method. The GIT classification will be of use when in later chapters

we will compactify the K-moduli space of the Fano threefold family 2 — 25.

5.1 General Results

For two quadratic polynomials f,g € P?, let ®(f, g) be their pencil, with general element
Af + ng, and let S be its base locus, such that S = {f = g = 0}. Throughout this section
we will make use of the classification of the base loci of such pencils found in Sommerville

[Somb59, §XIII]. We summarise these results in the following table.
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Segre symbol of pencil Base locus
4] Twisted cubic and tangent line
[(3,1)] A conic and two lines intersecting in one point
[(2,2)] A double line and two lines in general position
[(2,1,1)] Two tangent lines
(3, 1] Cuspidal curve
[(2,1),1] Two tangent conics
[(1,1,1),1] Double conic
2,2] Twisted cubic and bisecant
(2, (1,1)] A conic and two lines in a triangle
[(1,1),(1,1)] A quadrangle
2,1,1] Nodal curve
[(1,1),1,1] Two conics in general position
1,1,1,1] Elliptic curve (smooth)

Table 5.1: Segre symbols of pencils of quadrics in P? and classification of the base loci.

The Segre symbols can be computed for any pencil by a simple Python script, that solves
the determinant equation and finds the multiplicities of the solutions. In the case where
the multiplicity is greater than 1 one can compute the determinant minors to distinguish
the different cases with similar multiplicity. In many cases, we will refer to a complete
intersection S having a particular Segre symbol (and not the pencil whose base locus S is)
to avoid confusion. Notice that by the above table and by the definition of the base locus
description, if S has Segre symbol [2, 1, 1] it has 1 A, singularity, if it has Segre symbol [2, 2]
it has 2 A, singularities while if it has Segre symbol [(1,1), (1,1)] it has 4 A, singularities.
If S has Segre symbol [3,1] it has 1 A, singularity, and if it has Segre symbol [4] it has an
Aj; singularity. Finally, if S has Segre symbol [(2,1,1)] or [(1,1,1),1] it has non-isolated
singularities.

The Lemmas below give us a geometric description of the singularities of a pencil with

respect to its determinant polynomial.
Lemma 5.1. Let S be complete intersection with Segre symbol [(2, 1), 1]. Then S has 1 As singularity.

Proof. Since the Segre symbol of S = {f =0} N{g =0}is [(2,1), 1], S is two conics tangent

at a point P. We may assume, without loss of generality, that f is smooth and g is singular.
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Notice that f = P* x P! and each conic Cy, Cy is a (1,1) divisor of f as they are obtained via
H N f, where H is a hyperplane. The C; meet only at P, hence C; - C;, = 2. We blow up f
at a point ) such that @ ¢ C;, and @ lies on the intersection of two lines G, G»>. We obtain
m: Blg f = f and we then blow down twice at the proper transforms of G;, G, to points ),
Qs to obtain €: Blg, g, P2 — P2. This allows us to obtain the usual birational map f 2 P2,

We have Y := Bl f = Blg, ¢, P?. The ramification formula reads

Ky =7"K;+ E = ¢ Kp2 + G| + G,
where the E, G/, are the corresponding exceptional divisors.

Notice that for the anticanonical divisor, —K; = —Kps + f|; = Of(2), by the adjunction
formula, which in turn implies that — K - C; = 4. Notice also that for the proper transforms
of m of the C;, denoted by C] we have C] = 7*(C;), G, = 7*(G;) — E, and for the proper
transforms of the C/, denoted by C;, of ¢ we have ¢*(C;) = C! + G + G}, and C, - C; = 4.
Hence,

—Kp2 - C; =" (= Kp2) - €°(C)
=— Ky -C+2
=" (Ky) - 7m*(C;) + 2
=—K;-Ci+2
=6

This implies that the proper transforms C; are also conics which intersect tangentially at
P and normally at Q;, Q. We take f, g conics in P? such that ¢ Nr = 2p + r + s. Two such
conics can be given by ¢ = zolay + 2% + 23, r = xoze + 27 + 23 with double point of intersection
atp = (1:0:0). Localising at p, flioc = 1 + 23 + 23, glloc = T2 + 23 + 23, and hence p is
an Aj singularity. Since the morphism ¢ is a locally analytic homomorphism around p, the
singularity is the same in P in f.

[
Lemma 5.2. Let S be complete intersection with Segre symbol [(3,1)]. Then S has 1 Dy singularity.

Proof. Since the Segre symbol of S = {f =0} N{g =0} is [(3,1)], S is a conic and two lines
intersecting at one point P. We may assume, without loss of generality that f is smooth and

g is singular.
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Let C; be the conic, and Cy = L; + L, the two lines; the C; are (1,1) divisors in f =
P! x P! and C} - Cy = 2. As in the proof of Lemma 5.1, we blow up [ at point P/, where
P ¢ C;, m: Blp f — f and then blow down twice at the proper transforms, to points ()4,
Qa, €: Blg, 0, P? — P? to obtain the usual birational map f % P2. As in the proof of Lemma
5.1, the strict transform C; of C} is a conic and the strict transform of C,, Cs, is two lines.
Ciand Cy = L, + Ly meet at Q1,Q, and P normally, where P = Ly N Ly Cy. Hence, P is
a D, singularity. Since the morphism ¢ is a locally analytic homomorphism around P, the

singularity is the same in f. O

Lemma 5.3. Let S be complete intersection with Segre symbol [(2,2)]. Then S has non-isolated

singularities.

Proof. Let S be a complete intersection with Segre symbol [(2, 2)]. Then S can be given, up to
projective equivalence, by S = {f = 0} N {g = 0} where

f=aq(x2,x3) + xoxs + x1l1 (29, 23)

g = q2(w2, 73).
Then, the Jacobian matrix
of
J = ox;
9q
e

is given by
Je T3 axo + T3 2a0T9 + a1x3 2a9x3 + a1x9 + T + b1y
0 0 2(101‘2 + a1T3 2b2$3 + blxz

and for any point P = (pp : p1 : 0: 0) € S we have

000 po+ bpy
000 0

p =

and rank(J,) = 1 < 2. Hence, P is singular, and since every point in S can be written in the

form of P, S has only non-isolated singularities. O

Lemma 5.4. Let S be complete intersection with Segre symbol [(1,1),1,1]. Then S has 2 A,

singularities.

Proof. Since the Segre symbol of S = f Ngis[(1,1),1,1], S is two conics C}, C; in general
position, intersecting at points P, ), C; - Cy = 2. Without loss of generality, we assume that f

is smooth.
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As in the proof of Lemma 5.1, we blow up f at P/, such that P’ ¢ C;, 7: Blp f — f and
then blow down twice at the proper transforms, to points Q1, Q2, €: Blg, g, P> — P? to obtain
the usual birational map f % P2. We have Y := Blp f = Blg, g, P2. The strict transforms
C; of C; are conics intersecting at 4 points, namely P, @), and the points of the blow down
Q1, Q2. The singularities at P and () are A singularities, and since the morphism ¢ is a locally

analytic homomorphism around P, the singularity is the same in f. O

Lemma 5.5. Let S be complete intersection with Segre symbol [2, (1,1)]. Then S has 2 A, singulari-

ties.

Proof. Since the Segre symbol of S = fNgis 2, (1,1)], Sisa conic C; and two lines Cy = L;+L,
in a triangle, intersecting at points P, @), C; - C; = 2. Without loss of generality, we assume
that f is smooth.

As in the proof of Lemma 5.1, we blow up f at P/, such that P’ ¢ C;, 7: Blp f — f and
then blow down twice at the proper transforms, to points Q1, Q2, €: Blg, o, P> — P? to obtain
the usual birational map f % P2 We have Y := Blp f = Blg, 0, P2 The strict transforms
C; of C; are conics intersecting at 4 points, namely P, @), and the points of the blow down
Q1, Q2. The singularities at P and () are A singularities, and since the morphism ¢ is a locally

analytic homomorphism around P, the singularity is the same in f. O

Remark 5.5.1. In order to check the type of (isolated) hypersurface singularities, one can

employ the following MAGMA script, adjusted accordingly for each different case.

Q:=RationalField();

PP<x0, x1,x2,x3>:=ProjectiveSpace (Q, 3);
f1l:=x0+%x1;

f2:=x2+%x3;

X:=Scheme (PP, [f1,£2]);
IsNonsingular (X) ;

p := X![1,0,0,0];

_,f,_,fdat := IsHypersurfaceSingularity (p,2);
R<a,b> := Parent (f);
£;

NormalFormOfHypersurfaceSingularity (£f);

boo, f0,typ := NormalFormOfHypersurfaceSingularity (f
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fData := [xfdat,3%]);

boo; f0; typ;

Here, f1 and f2 are the generating polynomials, and

IsNonsingular (X) ;

verifies that X = f; N f, is singular. The point p = [1, 0, 0, 0] refers to a specific singular point,
whose type of singularity we want to check, which is given by the last command. Note, that

this code also works for higher dimensional complete intersections.

Lemma 5.6. Let ®(f, g) be a pencil of two quadrics f, g € P3, where we assume that f is smooth. The
base locus of the pencil has only A, singularities if and only if the determinant polynomial det(\f + g)
has roots of multiplicity 2.

Proof. Assume that the base locus S has only A, singularities. Then, by Table 5.1, Theorem
4.3 and Lemmas 5.1, 5.2, 5.4, and 5.5 that can only occur if S is either

1. anodal curve, with Segre symbol [2, 1, 1], with one A, singularity,
2. or a twisted cubic and a bisecant, with two A singularities and Segre symbol [2, 2],

3. or two conics in general position with Segre symbol [(1, 1), 1, 1], with two A, singulari-

ties,

4. or a conic and two lines in a triangle, with Segre symbol [2, (1,1)], with two A, singu-

larities,
5. or a quadrangle, with Segre symbol [(1,1), (1, 1)] with four A, singularities.

Notice that all of the above cases have determinant polynomial with a root of multiplicity

2. ]

Given the analysis in this section, we present the following table, which lists the possible
complete intersections of two quadrics in P?, up to projective equivalence, and their singulari-
ties. The list of polynomials can be also found in [Som59, §XIII] (up to projective equivalence).

One can also generate the polynomials f, g via the Segre symbols.
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g= Q2(370,$1)

Segre symbol | Generating polynomials Singularities
[ = a(z2, v3) + 2301 (70, 71) + T2l2(20, 71)
[4] Aj
9 = @22, x3) + w3l3(x0, 1) + Tals(wo, 1)
f=aq(z1, 22, 23) + zox3
[(3,1)] D,
g= $3l1(931,352,$3)
f=q(x2,x3) + 2023 + 2101 (22, T
(2,2)] 1(w2, x3) 0T3 111 (g, x3) om
9= qa(22,73) isolated
3.1] f=aq(z1,22,23) + zox3 A,
g = q2(x2, x3) + 2123
[ =aq(x1, 2, 23) + xoly (21, T2, x3) + w111 (22, T3)
[(2,1),1] A,
g = @22, x3) + T3 + T1l2(22, T3)
f - q .1' 7'/’U 7x 73:
[(17171)a1] 1( ’ ' ? 3) non-
2
9="3 isolated
2.2 [ = qi(xa, 23) + 20l1 (22, T3) + T1l2(72, 23) 2A,
g = q2(x2, x3) + Tol3(2, x3) + T1l4(22, T3)
f=q(x2,23) + 202
2, (1,1)] {2, ) + o3 24,
g= $3l3($0;$1,9€27$3)
f = Q1(x2, $3)
[(1,1),(1,1)] 4A,
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f=aq(x1,22,23) + 2023
[27 17 1} Al

g = Q2($17$2,$3)

:q x7x7x7x
[(1,1),1,1] f= @@, o, 2 2:) 9A,

g = Q2($2,ZE3)

f:q x7x7x’x
1,1,1,1] 120, 71, 22, 72) None

g = Q2($0,$1,$2,$3)

Table 5.2: Segre symbols, equations up to projective
equivalence, and singularities of complete intersections

of quadrics in P?.

Remark 5.6.1. Note, that for all singular complete intersections, by Theorem 4.3, and since
any two sets of 3 points in P! are isomorphic, the above description is unique, since any two
singular complete intersections of quadrics in P* with the same Segre symbol are progressively

equivalent.

5.2 GIT Classification

In this Section we will study the VGIT quotient R3521 / SL(4). For wall t = 0, i.e. in the
absence of a hyperplane, this is equivalent to the GIT quotient R3 25 / SL(4). The following
families have been generated using the computational package [Pap22c], based on the
discussion on Chapter 3. In particular, they are maximal destabilising families, in the sense of
Definition 3.15. The computational package gives us that P55+ = [(5, 4, -3, -6), (25, 9, -15, -19),
(7,3,-1,-9),(19, 15, -9,-25), (11, 3, -1,-13), (7, 3, -5, -5), (3, 0, -1, -2), (9, 3, -5, -7), (13, 1, -3, -11),
9,7,-5,-11),(13,1,-5,-9), (15, 3, -5,-13), (9, 5, -1, -13), (5, 2, -3, -4), (19, 3, -5, -17), (11, 5, -7, -9),
3,1,0,-4), (5,1,-3,-3), (5,1, -2, -4), (15, 11, -1, -25), (9, -1, -3, -5), (19, -1, -5, -13), (11, 7, -1, -17),
4,1,-2,-3),(11,3,-5,-9), 4,2,-1,-5),(5,3,1,-9), (11,7, -5, -13), (5, 0, -1, -4), (25, 1, -11, -15), (6,
3,-4,-5),(2,0,-1,-1),(23,3,-5,-21),(15,1,-7,-9),(1,1,-1,-1),(7, 5,1, -13), (13, 5, -7, -11), (15, 7,
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3,-25),(13,5,1,-19),(9,5,1,-15), (1,1, 0,-2), (13,9, -7,-15), (5, 5,-3,-7), (7, -1,-2,-4), (17,9, -7,
-19), (13,9, 1, -23), (25,-3,-7,-15), (5,1,-1,-5), (3,2,0,-5), (2, 1,0,-3), (7, 1,-3,-5), (9, 1, -3, -7),
3,1,-1,-3),(15,7,-9,-13),(7,3,1,-11), (17, 5, -3, -19), (21, 5, -3, -23), (9, 5, -3, -11), (9, 7, -1, -15),
(23,-1,-9,-13), (15,11, -9,-17), (5, 3, -3, -5), (15,-1,-5,-9), (1,1, 1,-3), (1,0, 0, -1), (5, 0, -2, -3),
(17,1,-7,-11), (4, 3, -2, -5), (11, -1, -3, -7), (13, -1, -5, -7), (3, 3, -1, -5), (3, -1, -1, -1), (5, -1, -1, -3),
(7,5,-3,-9), (11,5, -3, -13), (11, 1, -5, -7), (7, -1, -1,-5), (19, 7, -9, -17), (4, 0, -1, -3), (13, 5, -3, -15),
6,1,1,-7),(7,5,-1,-11), (17,9, -11,-15), (4,2,1,-7),(3,2,-1,-4),(2,1,-1,-2),(3,1,1,-5), (4, 1,
0,-5), (13, 3,-5,-11), (5, 3, -1, -7)]. In addition, we get:

A x’ V=(\ ) B=(\,27)
(1,1,-1,-1) 3 {z0, 71, T2, T3 }* {29, 23}>
(1,1,-1,-1) | mozs | {2, x3}?, {wo, w1} {wa, 23} | {2, 23}>, {x0, 71} {2, 73}

(1,1,1,-3) | xoz3 {x0, 71, T2, x3}? r3{x0, T1, To, T3}
(1,0,0,—1) ToT3 {z1, T2, 23}>, T3 {z1, 9, x3}2, o3
(3,—1,—1,=1) | z¥ | {z1, 29, 23}% wo{x1, 22, 03} {z1, 79, 23}>

Table 5.3: Outputs of the computational package [Pap22c] for destabilized families of complete

intersections of two quadrics in P?

A x’! VO z7) BO(\, z7)
(5,4,—3,—06) x3 {z0, 71, T2, T3} 3
(5,4,=3,—6) | zors | {2, x3}% w3{z0, 71} | {m2, w3}?, 23{W0, 71}

(25,9,—15,—19) | 23 | {z1, 72, 23}, zo{T2, 23} {zo, 3}?
(3,0,—1,-2) | z123 {z1, 19, 23}, ToT3 {xo,13}%, 1173
(9,—1,—-3,-5) 22 {21, 19, 23}> {21, 19, 23}%

Table 5.4: Outputs of the computational package [Pap22c] for semi-destabilized families of

complete intersections of two quadrics in P?
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A z’ VoA 27) BY(\, z7)
(1,1,-1,-1) | 23 {x0, 11}> {xo, 13}>
(1,1,-1,-1) | 23 | {wo, x1}{x2, 23} | {0, 21} {22, 23}
(1,1,1,-3) | wow3 | {wo, 71, 72}2 r3{x0, 71, T2 }?
(1,0,0,—1) | wozs | {z1,72}% woxs | {71, 22} w03
(3,—1,—-1,-1) | 22 xo{x1, T2, 3} {z1, 19, 23}

Table 5.5: Outputs of the computational package [Pap22c] for potentially closed orbits of

complete intersections of two quadrics in P?

Theorem 5.7. The following are equivalent:

1. A pencil of two quadrics ®(f, g) in P? is unstable;

2. the base locus of the pencil Bs(f, g), has singularities worse than A ;

3. the pencil is generated by one of the following families, or a degeneration:

Family 1:

f(@o, w1, w2, 23) =qo(w1, T2, x3) + Tol1 (22, 73)

9(x0, 1, T2, 73) =q1 (T2, T3)
an irreducible smooth quadric f and two intersecting planes g intersecting at two conic curves
tangent at one point (1 :0: 0 : 0), with isolated A singularity at (1:0:0,0);

Family 2:

f(wo, 21, 22, 73) =q2(21, T2, T3)

9(wo, 71, T2, v3) =q3(21, T2, T3)
two irreducible singular quadrics f,g such that Bs(f,g) is 4 intersecting lines at a point
P =(1:0:0:0), with non-hypersurface singularity at P;

Family 3:

f(warla T2, 9173) :CI4(330, 951,9027553)
g(zo, 1, To, T3) =13

an irreducible smooth quadric f and a double plane g intersecting at a double conic, with non

isolated singularities at (1 : k : | : 0) where k, [ are the solutions of q4(1, x1,22,0) = 0;
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Family 4:

f(‘TOa X1, T2, 3:3) =T3Tq + CI5<5U1, X2, 3:3)
g(zo, x1, 22, x3) =q6(22, 23) + 2123

an irreducible smooth quadric f and a two intersecting planes g intersecting at a conic and two

lines tangent at a point P = (1:0: 0 : 0), with isolated A, singularity at (1:0:0:0);

Family 5:

f(xo, 1, T2, 3) =q5(22, x3) + z3l3(20, 1)
9(xg, 1, T2, x3) =qs(T2, T3) + x3ls(z0, 21)

two irreducible singular quadrics f, g intersecting at two double lines, with non-isolated singu-

laritiesat (1: A :0:0).
Here, the l; are linear forms in P* and the q; are quadratic forms, which are maximal in their support.

Proof. The equivalence of 1 and 3 follows from the computational program [Pap22c] we
detailed in Chapter 3 and the centroid criterion (Theorem 3.10), where the above families are
maximal semi-destabilising families as in the sense of Definition 3.15, i.e. each family equals
N=(\, 2/, z,) for some \ € P35, and z”, ;, support monomials, from Table 5.4.

For Family 1, the Segre symbol of the pencil is [(2, 1), 1] so by the classification of pencils
of quadrics in P?, the base locus is two conics tangent at a point P = (1: 0: 0 : 0), which is an
Aj singularity by Lemma 5.1.

For Family 2, f, g are two cones with common vertex P = (1 : 0 : 0 : 0). We write the
equations f, g in normal form: f = 2z} + 23 + 23, g = Mz] + X\ax3 + A3a3, where the ); are
distinct. Solving for z;, we have x; = :I:\/T—x%, hence x3(X\y — A1) + 22(A\3 — A1) = 0. This
in turn implies that 2, = £ Axs, with A = ﬁ, and z; = +Bxs, with B = v/A2 — 1. Hence,
the base locus consists of 4 lines intersecting at P = (1 : 0: 0 : 0), the common vertex of the
two cones. The MAGMA analysis for singularities seen in Remark 5.5.1 shows that P is not a
hypersurface singularity.

For Family 3, notice that the base locus of the intersection is a conic g4(x¢, 2, z3,0), which
is in fact a double conic. Furthermore, using Lemma 4.1 the intersection is singular for all
points on the conic, hence there are no isolated singularities.

For Family 4, the Segre symbol of the pencil is [3, 1], hence due to the classification, the

base locus is a cuspidal curve with A, singularity at point P = (1:0:0:0).
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For Family 5, f, g are two cones with different vertices. The points (1 : A : 0 : 0) are
singular points of the intersection, and they are non-isolated singularities.

Notice also that a particular degeneration of Family 1 with f = q¢(x1, z2, z3) + azozs,
g = ax3+bz?, has a singular pointat P = (1:0: 0 : 0). Furthermore, it has Segre symbol [3, 1],
and using the classification its base locus is a cuspidal curve, hence P is an A, singularity.

To conclude the proof, note that by Lemma 5.6 the base locus of the pencil has A, singu-
larities if and only if the determinant polynomial det(\Af + g) has roots of multiplicity 2. The
above Families and their degenerations represent all possible pencils of quadrics where the
determinant polynomial has roots of multiplicity > 2, as families 1, 3 and 4 give the only
possible complete intersections where the determinant polynomial has a root of multiplicity 3,
and the rest of the families are either non-normal or do not have du Val singularities. Hence,

2 and 3 are equivalent.

Theorem 5.8. The following are equivalent:
1. A pencil of two quadrics ®(f, g) in P? is non-stable;
2. the base locus of the pencil Bs(f, g), is singular;

3. the pencil is generated by one of the following families, or a degeneration:
Family 1:
f(wo, w1, w2, w3) =w3l (20, T1, T2, T3) + 2la (w0, 21, T2) + T1l3(20, 21)
9(xo, 1, T2, T3) =1 (T1, T2, T3)

an irreducible smooth quadric f and an irreducible singular quadric g intersecting at a nodal

curve, with A, singularity at (1:0:0,0);

Family 2:
f(JjO) Xy, T2, .Tg) :q2(aj07 Xy, T2, 1'3)
9($07$1,9€2,$3) ZQ3($2,$3)

an irreducible smooth quadric f and a pair of intersecting planes g such that Bs(f, g) is a pair of
conics in general position, with A, singularities (up to a change of coordinates) at (1 :4: 0 : 0),

(1:=::0:0);
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Family 3:

f(xo, x1, T2, 3) =x3l4(T0, T1, T2, T3) + Tol5(T0, T1, T2)

(g, 21, T2, x3) =x3l6(20, X1, T2, T3) + Xal7 (20, 21, X2)

two irreducible non-singular quadrics f, g intersecting at a twisted cubic and a bisecant, with

A, -singularitiesat (1:0:0:0)and (0:1:0:0);

Family 4:

f(xo, x1, Ta, 3) =x3l8(T0, T1, T2, T3) + qu(T1, T2)

9(zo, 21, T2, x3) =x3lo (X0, 1, T2, T3) + q5(21, T2)

two irreducible smooth quadrics f, g intersecting at a nodal curve, with an A,-singularity at

(1:0:0:0),
or a degeneration of the above. Here, the l; are linear forms in P* and the q; are quadratic forms.

In particular, the above 4 families are strictly semistable, and families 1 and 4 are projectively

equivalent.

Proof. The equivalence of 1 and 3 follows from the computational program [Pap22c] we
detailed in Chapter 3 and the centroid criterion (Theorem 3.10), where the above families
are maximal destabilising families as in the sense of Definition 3.15, i.e. each family equals
N=(\,z/,z,) for some A\ € P;55 and 27, z, support monomials, from Table 5.3. The de-
scription of the above families with respect to singularities follows from Sections 5.1 and
5.3.

For the equivalence of 2 and 3 we have the following analysis. For the first Family, notice
that the base locus is singular, with singularity P = (1 : 0 : 0 : 0). Furthermore, the Segre
symbol of the pencil is [2, 1, 1], and by the classification, the base locus is a nodal curve, hence
P is an A, singularity.

For Family 2, notice that the Segre symbol of the pencil is [(1,1),1,1] and hence that
the base locus is two conics C}, (5 in general position, intersecting at points P, (), with A,
singularities by Table 5.1.

For Family 3, the Segre symbol of the pencil is 2, 2]. By the classification, the base locus
of the pencil is a twisted cubic and a bisecant intersecting the cubicat P = (1:0:0:0) and

Q) =(0:1:0:0)) which are A, singularities.
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For Family 4, the base locus is singular, with singularity P = (1: 0: 0 : 0). Furthermore,
the Segre symbol of the pencil is [2, 1, 1], and by the classification, the base locus is a nodal
curve, hence P is an A; singularity. In particular, since families 1 and 4 have the same Segre
symbol, they are projectively equivalent by Theorem 4.3.

In addition, notice that a degeneration of family 3 is
f(wo, x1, w2, 23) = Tow3
9(o, 1, T2, T3) = T122
which is the quadrangle with Segre symbol [(1,1), (1,1)] and 4 A, singularities.
In addition, notice that a degeneration of family 4 is
fxo, w1, 2, x3) = q(22, ¥3) + T3
9(o, 21, T2, 73) = 3l (20, 1, T2, T3)

which is the complete intersection with Segre symbol [2, (1,1)] and 2 A, singularities.
Hence, from the above discussion, and from Lemma 4.1 we notice that if a pencil has

singular base locus, then it belongs to one of the above Families (or its degenerations).

Corollary 5.8.1. A pencil ®(f, g) of quadrics in P? is stable if and only if it is smooth.

Proof. Let ® be a pencil which has smooth base locus. By Theorem 5.8 it is not non-stable, i.e.

it is stable. O]

Theorem 5.9.

A pencil of two quadrics ®(f, g) in P3 is strictly polystable if and only if it is generated by:

f('r07 X1, T2, 'T3) 292(3707 xl)
9(x0, 1, T2, 73) =q3(2, T3)
two reducible singular quadrics f, g intersecting at a quadrangle, with A,-singularities at (up to
change of basis) (1:0:0:0),(0:1:0:0),(0:0:1:0),(0:0:0:1),
Here, the I; are linear forms in P3 and the q; are quadratic forms, which are maximal in their

support.
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Proof. First notice that by Lemma 4.1 the above families are singular, and hence by Theorem
5.8 they are non-stable. The above families have all determinant polynomials with roots of
multiplicity 2, hence by Lemma 5.6 they have A; singularities. This, alongside with Theorem
5.7 implies that the above families are semistable.

In more detail, the above family has Segre symbol [(1,1), (1, 1)] and hence its base locus is
a quadrangle, with 4 A, singularities.

Note that f A g = zox; A 2923; for any one parameter subgroup A: G,, — SL(4), with
A(s) = Diag(s®,...,s%), with > a; = 0, we have lim,_,o A\(s) - f A g = s=%xom; A 2903 =
zor1 A xaz3 = f A g. Hence, dim Stab(f A ¢g) = dim(SL(4)) is maximal and thus the orbit of
f A gisclosed, i.e. the pencil is polystable in both cases.

By Theorem 3.19 a complete intersection .S, defined by S = {f = ¢g = 0}, that belongs
to a closed strictly semistable orbit is generated by monomials in the set N°(\, z”1), for
some (A, z71). The above family corresponds to the only such N°(\, 2/1) (up to projective
equivalence), presented in Table 5.5. In particular, these are obtained by verifying which
N~(\,z7) give strictly semistable families, for various support monomials z”/, and then

computing N°(\, z71) by the description in Lemma 3.18. O

5.3 Classifying the Singularities of Pairs (S, D = SN H)

Following the discussion of Chapter 3, we take S = C1 N Cy, and D = S N H, where C; are
quadrics in P? and H is a hyperplane. The lemmas below serve as to help with the geometric
classification of such pairs, based on the singularities of S and D. Notice, that D will be a

complete intersection of two quadrics in H = P?, which has been analysed in Chapter 4.

Lemma 5.10. Let S be a smooth complete intersection of two quadrics and H a general hyperplane.

Then D can have at worse a quadruple point.
Proof. Let S be the complete intersection of f and g and H a hyperplane, where

f(xo, x1, 22, 23) =q1 (21, T2, T3) + Tl (T2, T3)
9(xo, 21, T2, x3) =q2(T2, x3) + T3l2(x0, 1)

H(ﬂﬁo,ﬂfl,@,xs) =3

Then S = {f =0} N {g = 0} is smooth and D is generated by equations
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f'(wo, 21, 79) =q3(71, T2) + ToT2
gl('rOa xy, x?) :xg
The only point on the intersection is the point (1 : 0 : 0) which is a quadruple point.

]

Remark 5.10.1. In fact, if S is smooth, D can also have a triple point, two or one double

points, and it can be smooth. To see this, let S = {f = 0} N {g = 0}, D = SN H where

f(xo, x1, X2, 3) =q1 (21, T2, T3) + Toli (T2, T3)
g(zo, 1, T2, T3) =qa(x2, 3) + T1l2(22, T3) + ToX3
H(xml’l,xz,x:a) =Ts3.

Then, S is a smooth complete intersection (it has Segre symbol [1, 1, 1, 1]), but D is given by

f(IO, T, 1U2) ZQ1(I1, $2) + Zox2
9(zo, 1, 22) =$§ + 2122

which has a triple point at (1: 0: 0).
Similarly, if S'and H are given by

f($071’1>$27I3) ZQ1($07$1,I2,$3)
9(xo, 21, T2, x3) =q2(T2, x3) + 301 (20, 1)
H($0,931>$271173) =3

then, S is a smooth complete intersection (it has Segre symbol [1, 1, 1, 1]), but D is given by

f(xo, 21, 22) =q1 (w0, 71, 22)
g(x0, T1, T2, 13) =13
which has two double points (up to projective equivalence) at (1: 0:0), (0 : 1 : 0). Finally, if
S and H are given by

f(zo, x1, 22, 3) =q1 (21, T2, T3) + Xol1 (1, T2, T3)
g(xo, x1, T2, T3) =qa(T1, T2, T3) + ToT3

H(370,$1,1?27963) =3,
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then, S is a smooth complete intersection (it has Segre symbol [1, 1, 1, 1]), but D is given by

f(xo, x1,2) =q1 (w1, 22) + xoli (21, T2)
9(wo, 71, T2) =qa(T1, T2)
which has one double point (up to projective equivalence) at (1: 0 : 0).
Lemma 5.11. Let S be the complete intersection of two quadrics f, g which is given by two conics in

general position. Then S has 2 A, singularities. Let H be a hyperplane. Then, the hyperplane section
D = SN H has up to an SL(4)-action:

1. one double point at one of the A, singularities if and only if H = {l(x1, z2, x3) = 0};

2. two double points at the A, singularities if and only if H = {l(x2,23) = 0} or H = {x5 = 0}.
Proof. From Sections 4.2 and 5.1 and Table 5.2 we know that S is given, up to projective
equivalence, by

f = CI1(5E07 X1, T2, l’g)
g = QQ('I% 1'3)

Let H = {l(z1, z2, 23) = 0}, using a suitable change of coordinates we have (by abuse of
notation):

f = 91($07 L1, T2, l(a’;la T, ,Ig))
9= @(22, 3, (21, T2, 3))
H= T3

and hence D will be given by:

f'= a1 (zo, 21, 72)
9 = @221, 32)
which is a singular complete intersection of conics with a double point (up to SL(3)-action) at
(1:0:0).
Similarly, let H = {{(x3,23) = 0} or H = {x3 = 0}, using a similar suitable change of
coordinates we have (by abuse of notation):
[ =a(zo, w1, 2, 3)
9 = q2(x2,x3)
H = x5
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and hence D will be given by:

which is a singular complete intersection of conics with two double points (up to SL(3)-action)

(1:0:0)and (0:1:0). O

Lemma 5.12. Let S be the complete intersection of two quadrics f, g which is a nodal curve. Then S
has one A, singularity. Let H be a hyperplane. Then, the hyperplane section D = S N H has up to an
SL(4)-action:

1. one double point at the A, singularity if and only if H = {l(z1, x2,23) = 0},
2. a triple point at the A, singularity if and only if H = {l(z2,z3) =0},
3. a quadruple point at the A, singularity if and only if H = {x5 = 0}.
Proof. From Sections 4.2 and 5.1 and Table 5.2 we know that S is given, up to projective
equivalence, by
f=a(z1,22,25) + zox3

g= QQ(1’17$2,$3)

Let H = {l(x1,%2,23) = 0}; using a similar suitable change of coordinates we have (by

abuse of notation):
[ = a1, 22, 23) + 20l (21, T2, 73)

g= QQ(xl, T2, l<x17 T2, $3))

H:.Qfg

and hence D will be given by:

= Q1($1,$2) + xol(%,@)
gl = Q2(:U17'r2)

which is a singular complete intersection of conics with a double point (up to SL(3)-action)

(1:0:0).
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Similarly, let H = {i(z2,x3) = 0}; using a similar suitable change of coordinates we have

(by abuse of notation):

[ =aq(z1, 22, 23) + zol(22, x3)
g = Q2($17$2,l($27$3))

H:l’g

and hence D will be given by:

/"= @@, w2) + zos
9 = @(r1,22)
which is a singular complete intersection of conics with a triple point (up to SL(3)-action) at
(1:0:0).
Now, let H = {z3 = 0}; then D will be given by:

f'=a(zy, z2)
9 = g1, 72)
which is a singular complete intersection of conics with a quadruple point (up to SL(3)-action)
at(1:0:0).
O

Lemma 5.13. Let S be the complete intersection of two quadrics f, g which is a quadrangle. Then S
has 4 A, singularities. Let H be a hyperplane. Then, the hyperplane section D = S N H has up to an
SL(4)-action:

1. one double point at one of the A, singularity if and only if H = {l(x1, x2, x3) = 0};

2. two double points at two of the A, singularities if and only if H = {l(xq,23) = 0} or
Proof. From Sections 4.2 and 5.1 and Table 5.2 we know that S is given, up to projective
equivalence, by

f =q1 (.ZU27 ZE3)

g= CI2(130,371)
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Let H = {l(z1, z2, z3) = 0}, using a suitable change of coordinates we have (by abuse of

notation):

f= Q1(9517302,373)
g= QQ(930>$1)

H:CC?,

and hence D will be given by:

ff=a(z1,22)
9" = a2(z0, 1)
which is a singular complete intersection of conics with one double point.
Similarly, let H = {l(x3,23) = 0} or H = {x3 = 0}, using a similar suitable change of

coordinates we have in both cases (by abuse of notation):

f= a2, 3)
9 = @20, 1)
H =15

and hence D will be given by:
f =
9 = ga(wo, 71)

which is a singular complete intersection of conics with a two double points (up to SL(3)-
action)at (1:0:0)and (0:1:0).
O

Lemma 5.14. Let S be the complete intersection of two quadrics f, g which is a conic and two lines
in triangle. Then S has 2 A, singularities. Let H be a hyperplane. Then, the hyperplane section
D = SN H has/is up to an SL(4)-action:

1. one double point at one of the A, singularities if and only if H = {l(x1,22,23) = 0} or
H = {l(l’g,l‘g) = 0},

2. not a complete intersection if and only if H = {x5 = 0}.
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Proof. From Sections 4.2 and 5.1 and Table 5.2 we know that S is given, up to projective

equivalence, by

f=aq(x1, 72, 23) + 073
g = x3li(z0, 71, T2, T3)
Now, let H = {i(x1, x2, x3) = 0}; using a suitable change of coordinates we have (by abuse
of notation):
= q(x1, 22, 23) + w0l(21, T2, 73)
9 = @21, 2, 13) + ol (71, T2, 73)
H =15

and hence D will be given by:

f'= (w1, 2) + 2ol(w1, 22)
9 = qa(x1, 29) + wol (21, 29)
which is a singular complete intersection of two conics in P?, with a double point at (1: 0 : 0).
Let H = {i(x2, x3) = 0}; using a similar suitable change of coordinates we have (by abuse
of notation):
= a (21,22, x3) + 2ol (22, 73)
g = Uxz, 23)l1 (w0, 21, T2, T3)
H =23

and hence D will be given by:

1= q(z1,22) + 2022
9" = wali (@, 21, 72)
which is a singular complete intersection of conics with a double point (up to SL(3)-action)
(1:0:0).
Now, let H = {x3 = 0}; then we have:
f=a(x1, 22, w3) + zox3
g9 = z3li (21, 22, 73)

H:$3
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and hence D will be given by:

f/ = Q1(ﬂ?1,$2)
g =0
which is a smooth curve, hence not a complete intersection of conics.
p

]

Lemma 5.15. Let S be the complete intersection of two quadrics f, g which is a twisted cubic and
bisecant. Then S has 2 A, singularities. Let H be a hyperplane. Then, the hyperplane section
D = SN H has/is up to an SL(4)-action:

1. one double point at one of the A, singularities if and only if H = {l(z1, z2,x3) = 0};

2. two double H = {l(xq,x3) = 0} or H = {x3 = 0}.
Proof. From Sections 4.2 and 5.1 and Table 5.2 we know that S is given, up to projective
equivalence, by
f=ai(z, x3) + ol (22, ¥3) + 2112(22, T3)
9 = q3(z2, x3) + Tol3(T2, T3) + T1l4(T2, T3)
Let H = {l(z1, z2, z3) = 0}; using a suitable change of coordinates we have (by abuse of
notation):
f=a(z1, 22, 23) + xol(21, T2, 73)
g = @(x1, T2, x3) + xol(21, T2, T3)
H = x5
and hence D will be given by:

= (w1, 22) + 2ol(71, 2)
g = @1, 19) + wol(21, 72)
which is a singular complete intersection of two conics in P?, with a double pointat (1: 0 : 0).
Let H = {l(x9,23) = 0} or H = {z3 = 0}; using a similar suitable change of coordinates
we have (by abuse of notation):
[ = a(x2,x3) + 2ol (2, 23) + 1la2(22, 73)
9 = q3(2, 23) + wol3(72, ¥3) + T1l4 (72, 73)

H:SL’g
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and hence D will be given by:

f' = x5 + axors + bwi1y
g = 23+ d'wory + Vw14
which is a line and two points on the line, hence not a complete intersection of conics.

]

Lemma 5.16. Let S be the complete intersection of two quadrics f, g which is a double conic. Then S
has non-isolated singularities. Let H be a hyperplane. Then, the hyperplane section D = S N H has/is
up to an SL(4)-action:

1. two double points at the non-isolated singularities of S if and only if H = {l(x1, 2, x3) = 0}
or H = {l(x2,23) = 0};

2. not a complete intersection if and only if H = {x3 = 0}.

Proof. From Sections 4.2 and 5.1 and Table 5.2 we know that S is given, up to projective

equivalence, by
f=a(xo, 1,72, 73)
g =3

Let H = {l(x1,x9,23) = 0}, using a suitable change of coordinates we have (by abuse of

notation):

f = Q1($o$1,I2J)
g - l('rlax2ax3>2

H:l’g

and hence D will be given by:

f= Ch(xo,xb?l?z)

g =l(z1,12)°

which is a singular complete intersection of conics, with two double points.
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Similarly, let H = {l(xs, z3) = 0}; using a suitable change of coordinates we have (by

abuse of notation):
[ =a(zory, 22,1)
g = (w2, 1’3)2
H = T3

and hence D will be given by:

f=a(xo, 21, 22)
g =15
which is a singular complete intersection of conics, with two double points.

Now, let H = {z3 = 0}. Then D will be given by:

[ = a(zo, 1, 22)
9=70
which is a smooth curve, hence not a complete intersection of conics.

O

Lemma 5.17. Let S be the complete intersection of two quadrics f, g which is two tangent conics.
Then S has 1 Ag singularity. Let H be a hyperplane. Then, the hyperplane section D = S N H has/is
up to an SL(4)-action:

1. a double point at the A3 singularity if and only if H = {l(z1, z2,23) = 0} ;

2. a quadruple point at the A singularity if and only if H = {l(z2,x3) = 0} or H = {3 =0},
two double points if and only if S is given by
f = Q<x07 xl)
g = x5 + 3l (0, 1)
and H = {x3 = 0}.
Proof. From Sections 4.2 and 5.1 and Table 5.2 we know that S is given, up to projective
equivalence, by
f=ai(z1,22,25) + 2oli (22, 73)

g= Q2(l‘27$3)
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Let H = {l(x1, 72, 23) = 0}; using a suitable change of coordinates we have (by abuse of
notation):

f=a(z1,22,1) + moli (22, 1)

g = QQ<'T27 l)

H= T3

and hence D will be given by:

=z, 22) + 20l(21, 72)
9 = qa(z1,72)
which is a singular complete intersection of conics, with a double point, at (1 : 0 : 0).

Similarly, let H = {l(z3,235) = 0}; using a suitable change of coordinates we have (by

abuse of notation):
[ = a1, w9, v3) + wol1 (22, 73)
9 = q2(x2,3)
H = T3

and hence D will be given by:

f=aq(21,22) + 2072
g =T
which is a singular complete intersection of conics, with a quadruple point, at (1 : 0 : 0).

Now, let H = {z3 = 0}. Then D will be given by:

f=aq(x1,22) + 2o

9
g = Ty

which is a singular complete intersection of conics, with a quadruple point, at (1 : 0 : 0).

]

Lemma 5.18. Let S be the complete intersection of two quadrics f, g which is a cuspidal curve. Then
S has 1 A, singularity. Let H be a hyperplane. Then, the hyperplane section D = S N H has/is up to
an SL(4)-action:
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1. adouble point at the A, singularity if and only if H = {l(z1, x2,x3) = 0} ;
2. a quadruple point at the A, singularity if and only if H = {l(z2,z3) = 0} or H = {z3 = 0}.

Proof. From Sections 4.2 and 5.1 and Table 5.2 we know that S is given, up to projective

equivalence, by

[ =aq(z1, 22, 23) + zox3
g = Q2(l’2> 333) + 2123

Let H = {l(x1,x9,23) = 0}; using a suitable change of coordinates we have (by abuse of

notation):
[ =aq(z1,22,1) + 20l
g = qa(xa, 1) + 241l
H = ZT3

and hence D will be given by:

[ = q(x1, 22) + 20l (21, 22)
9 = (1, 72)
which is a singular complete intersection of conics, with a double point, at (1: 0 : 0).

Similarly, let H = {l(z3,23) = 0}; using a suitable change of coordinates we have (by

abuse of notation):

[ =aq(z1,22,1) + 20l
g = q2(x2,1) + 11l

H:ZL‘g

and hence D will be given by:

f=aq(z1,22) + zoz2
g = Ty

which is a singular complete intersection of conics, with a quadruple point, at (1 : 0 : 0).

Now, let H = {z3 = 0}. Then D will be given by:
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f=a(z1,22) + 2072
g = Ty
which is a singular complete intersection of conics, with a quadruple point, at (1 : 0 : 0).

]

Lemma 5.19. Let S be the complete intersection of two quadrics f, g which is a double line and two
lines in general position. Then S has non-isolated singularities. Let H be a hyperplane. Then, the

hyperplane section D = S N H has/is up to an SL(4)-action:
1. a double point if and only if H = {l(x1, x2,x3) = 0},
2. not a complete intersection if and only if H = {l(z2,x3) = 0} or H = {x3 = 0}.
Proof. From Sections 4.2 and 5.1 and Table 5.2 we know that S is given, up to projective
equivalence, by
f=aq (2, x3) + wows + x1l1 (2, T3)
9 = q2(w2, 73)

Let H = {l(z1, z2, x3) = 0}; using a suitable change of coordinates we have (by abuse of

notation):
f=aq(x2,1) + xol + 2111 (o, 1)
9= @2(22,1)
H = x5

and hence D will be given by:

f=aq(x1,x2) + xol(21, 22)

9= q2(71, 72)
which is a singular complete intersection of conics, with a double point, at (1: 0 : 0).
Similarly, let H = {l(xs, z3) = 0}; using a suitable change of coordinates we have (by

abuse of notation):
f=aq(z2,1) + zol + 2111 (22,1)

g = QQ($27 l)
H:I3
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and hence D will be given by:

2
f = Xy + arixro + bl’ong

2
g = Ty
which is the union of two lines, i.e., not a complete intersection of conics.

Now, let H = {z3 = 0}; then, D will be given by:

f= :(:3 + ari1xy
g= x% + briza
which is a line and a point on the line, and hence not a complete intersection.

]

Lemma 5.20. Let S be the complete intersection of two quadrics f, g which is a conic and two lines
intersecting in one point. Then S has 1 D, singularity. Let H be a hyperplane. Then, the hyperplane
section D = S N H has/is up to an SL(4)-action:

1. a double point at the D singularity if and only if H = {{(x,x2,23) = 0} or if H = {x3 = 0},
2. a triple point at the D, singularity if and only if H = {l(z2,x3) = 0}.
Proof. From Sections 4.2 and 5.1 and Table 5.2 we know that S is given, up to projective
equivalence, by
[ =aq(z1, 22, 23) + zox3
g = x3li(z1, 2, T3)

Let H = {l(x1,x9,23) = 0}; using a suitable change of coordinates we have (by abuse of

notation):
f=aq(x1,2,1) + 20l
g=1-1i(21,29,1)
H= T3

and hence D will be given by:

f=aq(x1,x2) + xol(21, 22)

g= Q2(l‘17$2)
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which is a singular complete intersection of conics, with a double point, at (1 : 0 : 0).
Similarly, let H = {l(z3,23) = 0}; using a suitable change of coordinates we have (by
abuse of notation):
f=q(z,29,1) + 20l
g=1-li(x1,29,1)
H=z3

and hence D will be given by:

[=q(z1,22) + 2072
g = vali(z1, 72)
which is a complete intersection of conics with a triple point (1 : 0 : 0).

Now, let H = {z3 = 0}, and let f, g be given by

f=x129 + axprs
g = xor1 + broxs
such that D is given by
J=mr129
g = xor1 + broTs
which has a double pointat (1:0: 0)
0

Lemma 5.21. Let S be the complete intersection of two quadrics f, g which is a a twisted cubic and
tangent line. Then S has 1 A singularity. Let H be a hyperplane. Then, the hyperplane section
D = SN H has/is up to an SL(4)-action:

1. adouble point at the A singularity if and only if H = {l(z1, z2, x3) = 0} ;
2. atriple point at the Ag singularity if and only if H = {l(z2,23) = 0} or H = {z3 = 0}.

Proof. From Sections 4.2 and 5.1 and Table 5.2 we know that S is given, up to projective

equivalence, by

[ =aq(x2, x3) + a3l (20, 21) + T2la(20, 1)

g = @22, x3) + 3l3(0, 1) + T2ly(20, 1)
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Let H = {l(x1, 72, 23) = 0}; using a suitable change of coordinates we have (by abuse of

notation):

f=aq(x2, 1) +1-1i(xo, x1) + x2la(x0, 1)
g = qa(w2, 1) + 1 - l3(wo, 1) + w2ls(20, 71)

H:.I'g

and hence D will be given by:

f=q(x1,v2) + 2oli (71, 72)
g = qa(1,T2) + wola (21, T2)
which is a singular complete intersection of conics, with a double point, at (1: 0 : 0).

Similarly, let H = {i(x3, x3) = 0} or H = {z3 = 0}; using a suitable change of coordinates

we have (by abuse of notation):

[ =aq(x2, 1) +1-1i(w0, 21) + zola(20, 21)
g = qa(wa, 1) + 1 - ls(wo, 1) + w2ly(20, 1)

H:I‘g,

and hence D will be given by:

f = Ig + ZEQll(Io,ZEl)
g = .flfg + I‘ng(&lo,xl)

which has a triple point (1: 0 : 0).
[

As a direct result from the above Lemmas (Lemmas 5.10-5.21), we have the following

Lemma:

Lemma 5.22. Let (S, D) be a pair that is invariant under a non-trivial G,,-action. Suppose the
singularities of S and the type of D are given as in the first and second entries in one of the rows
of Table 5.6, respectively. Then (S, D) is projectively equivalent to (f = g =0, f =g = H = 0) for
f, gasin Table 7.2 corresponding to the Segre symbol of row 3 of Tuble 5.6, and H as in the fourth

entries in the same row of Table 5.6, respectively. In particular, any such pair (S, D) is unique up to
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projective equivalence. Conversely, if (S, D) is given by Segre symbols and equations as in the third
and fourth entries in a given row of Table 5.6, then (S, D) has singularities and type as in the first and
second entries in the same row of Table and (S, D) is G,,,-invariant. Furthermore, the one-parameter
subgroup A(s) € SL(5), given in the entry of the corresponding row of Table 7.5 is a generator of the

G,,,-action.

Sing(S) Type of D Segre Symbol | H A(s)
AjatP quadruple point P 3,1] r3 | Diag(s,s,s7 1, s71)
A3 at P .

3P+ Q [4] r3 | Diag(s,s,s71,s71)

twisted cubic and tangent line

A3 at P

2P + 2R [(2,1),1] z3 | Diag(s,s, s, s7!)

two tangent conics

D,at P 2P+ Q+R [(3,1)] r3 | Diag(s,1,1,s71)

Table 5.6: Some pairs (.5, D) invariant under a G,,-action.

5.4 VGIT Classification

For the VGIT of a complete intersection of two quadrics in P? and a hyperplane H we have
the following walls and chambers, obtained via the computational package [Pap22c] based

on the discussion in Chapter 3.

to 131 12 i3 l4 ls
4 2 4 4
74 37 31 33 74
Chambers i1 57 20 e 57

We thus obtain 9 non-isomorphic quotients M§%(¢;), which are characterised by the

following Theorems.

Theorem 5.23. Let (S, D) be a pair where S is a complete intersection of two quadrics in P* and

D = SN H is a hyperplane section.

1. t € (0,4): The pair (S, D) is t-stable if and only S has at worse 1 A, singularity with D

general, or 2 A, singularities, with D having a double point at one of the A, singularities, or if

S'is smooth and D has at worse a quadruple point.
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. t = 5: The pair (S, D) is t-stable if and only S has at worse finitely many A, singularities and

D is general, or if S is smooth and D has at worse a triple point.

. t € (%, 2): The pair (S, D) is t-stable if and only S has at worse finitely many A, singularities

973

and D is general, or if S is smooth and D has at worse a triple point.

t = 2: The pair (S, D) is t-stable if and only S has at worse finitely many A, singularities and

D is general, or if S is smooth and D has at worse two double points.

t € (2,%): The pair (S, D) is t-stable if and only S has at worse finitely many A, singularities

and D is general, or if S is smooth and D has at worse two double points.

t = 3: The pair (S, D) is t-stable if and only S has at worse finitely many Ay singularities and

D is general, or if S is smooth and D has at worse one double point.

t € (£,1): he pair (S, D) is t-stable if and only S has at worse finitely many A, singularities

and D is general, or if S is smooth and D has at worse one double point.

t = 1: the pair (S, D) is t-stable if and only S has at worse finitely many A singularities and

D is general, or if S is smooth and D is smooth.

9. t € (1,3): the pair (S, D) is t-stable if and only S has at worse finitely many D, singularities

and D is general, or if S is smooth and D is smooth.

In addition, for all t € (0,3), a t-stable pair (S, D) is also t-semistable, i.e. there are no strictly

t-polystable pairs.

Theorem 5.24. Let t € (0,4/3). If t is a chamber, then M(t) = M(t), and the stable loci M (t)

is compact as all stable orbits are also semistable. If t = t;, for i = 1,2,3,4, then M(t;) is the

compactification of the stable loci M (t;) by the closed SL(4)-orbits in M (t) \ M (t) represented by the

G -invariant pair (S;, D;) uniquely defined as follows:

1. the complete intersection Sy of two quadrics with Segre symbol [3, 1] with an A, singularity P,

and the divisor Dy € | — Kg, |, where Dy = 4P;

2. the complete intersection Sy of two quadrics with Segre symbol [4] with an A singularity P,

and the divisor Dy € | — Kg, |, where Dy = 3P + R;
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3. the complete intersection Ss of two quadrics with Segre symbol [(2,1), 1] with 1 Aj singularity
P, and the divisor D € | — Kg,|, where D3 = 2P + 2Q);

4. the complete intersection Sy of two quadrics with Segre symbol [(3, 1)] with 1 D4 singularity P,
and the divisor D, € | — Kg,|, where Dy = 2P + Q + R.

In order to prove these theorems, we need to consider all destabilising families and classify
the ¢-stable members for each wall using their singularities. The families presented in the
following sections are maximal destabilising families, in the sense of Definition 3.15 and
Lemma 3.16, and have been produced via the algorithm described in Chapter 3, via the
computational package [Pap22c]. Specifically, for each chamber, they are all ¢-unstable with

respect to the respective ¢ via the centroid criterion (Theorem 3.10).
54.1 Chambert = 1

For chamber ¢ = = € (0, §) we have the following:

Lemma 5.25. 1. The pair (S, H) is non-t-stable if and only if the pair is generated by one of the

following families or a degeneration of those families:

Family 1:

f(@o, w1, T2, w3) =q1 (21, T2, T3) + Tol1 (22, T3)
9(wo, T1, T9, T3) =q2(T2, T3)
H (g, x1, 22, x3) =l(x0, 21, T2, T3)
an irreducible smooth quadric f and an reducible quadric g (the union of two hyperplanes)

with Segre symbol (2, 1), 1], intersecting at two tangent conics with an A; singularity, with

D = SN H a general hyperplane section;

Family 2:
f(@o, x1, T2, ¥3) =q3(20, 1, T2, T3)
9<I07 X1, T2, .T3) :Ig
H(:CO, X1, T2, .T3) :l(x()’ X1, T2, .CE3)

an irreducible smooth quadric f and an reducible quadric g (double plane) intersecting at a

double conic, with non-isolated singularities, with D = S N H a general hyperplane section;
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Family 3:

f(I0,$1,1327373) ZQ4($17132,373)
9(350,96’1,952,353) :C]5(96’1,9€2,$3)

H(x07 X1, X2, I‘3) :l(ﬂfo, X1, T2, x3)

two singular quadrics f, g intersecting at a singular curve with a non-hypersurface singularity

at (1:0:0:0), with D = SN H a general hyperplane section;

Family 4:

f(xo, 21, 22, 3) =q6(21, T2, T3) + Tox3
9(x07$1>$27$3) ZQ7(ZE27I’3) + T1T3

H(I(]? X1, L2, x3) :l(xo, X1, X2, [E3)

an irreducible smooth quadric f and an irreducible quadric g intersecting at a cuspidal curve

with an A, singularity at (1:0:0:0), with D = S N H a general hyperplane section;

Family 5:

f($0,951,$27$3) :%(37071‘1@2@3)
g('rOJ X1, T2, I3) :$311($0, L1, T2, .733)

H(an L1, T2, *1.3) =T3

an irreducible smooth quadric f and a reducible quadric g (the union of two hyperplanes)
intersecting at two conics in general position, with 2 A, singularities, with D = S N H a

smooth curve, and not a complete intersection;

Family 6:

f(xo, x1, T, T3) =qo(1, T2, T3) + Tola(T1, T2, T3)
9($07I1,$2,l’3) ZQ10($1,$2,$3)

H($07$1,$2,$3) :l(l’l,@,i&z)

an irreducible smooth quadric f and an irreducible quadric g intersecting at a nodal curve, with
A, singularity at (1:0:0,0), with D = S N H a hyperplane section with a double point at the
A, singularity;
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Family 7:

f(@o, 21, T2, x3) =qu11(20, 21, T2, T3)

9(o, ¥1, T2, ¥3) =qr12(T2, T3)

H (g, x1, T2, x3) =l(22,x3)
an irreducible smooth quadric f and a pair of intersecting planes g such that Bs(f, g) is a pair
of conics in general position, with A, singularitiesat (1:m :0:0), (1:k:0:0), where m, k
is the solution of g»(1, 1, 0,0), with D = S N H a hyperplane section with two double points at

the A, singularities;

Family 8:
f(zo, x1, 22, x3) =qu3(T2, 3) + x3l3(20, 1) + +22la(20, 1)
9(zo, x1, T2, x3) =qua(T2, T3) + T3l5(20, 1) + +22l6(T0, 1)
H(:U(]a X1, T2, x3) :l($27 x3>

two irreducible non-singular quadrics f, g intersecting at a twisted cubic and a bisecant, with

A, -singularitiesat (1:0:0:0)and (0:1:0:0), with D = SN H not a complete intersection;

Family 9:

f(@o, 21, T2, w3) =q15(21, T2, ¥3) + Tox3
9(x0, 21, T2, ¥3) =q16(T1, T2, T3) + ToT3
H(xg, 21, 2, x3) =l(21, T2, x3)
two irreducible smooth quadrics f, g intersecting at a nodal curve, with an A,-singularity at

(1:0:0:0), with D = SN H a hyperplane section with a double point at the A, singularity;

Family 10:

f(@o, x1, T2, 23) =qi17(22, 23) + 3ls (20, 71)
9(x0, 21, T2, ¥3) =qus(T2, T3) + 3lo(T0, 1)
H (g, 21, 29, v3) =l(20, 71, T2, 73)
two irreducible singular quadrics f, g intersecting at a non-normal curve, with D = SN H a

general hyperplane section.

Here, the l; are linear forms in P and the q; are quadratic forms, which are maximal in their

support, i.e. they have non-zero coefficients;
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2. fort € (0,3), the only t-stable pairs (S, D = S N H) occur when S is smooth, in which case
D is a general hyperplane section with at worse a quadruple point, or S has at worse 1 A,
singularity with D general, or 2 A, singularities, with D having a double point at one of the

A, singularities.

Proof. Part 1 follows from the computational program [Pap22c] we detailed in Chapter 3 and
the centroid criterion (Theorem 3.10), where the above families are maximal destabilising
families as in the sense of Definition 3.15, i.e. each family equals N~(\, 27/, z,) for some
A € P55 and 27, x, support monomials. The description of the above families with respect
to singularities follows from Sections 5.1 and 5.3. In particular, Family 10 has non-isolated
singularities, and from Serre’s criterion, it is non-normal.

For 2, let S be stable. Then, by part 1 and Section 5.3, S cannot have A, or worse
singularities. From families 6 and 9 we see that S can have 1 A, singularity and D can be
general. In addition, from families 5, 7 and 8 and Lemmas 5.11 and 5.15 we see that S can
have 2 A, singularities and D can have a double point in one of the A, singularities. In
addition, we see that S can be smooth, and D can have a quadruple point from Lemma

5.10. ]

542 Wallt=;

For wall ¢ = §:

Lemma 5.26. 1. The pair (S, H) is non-t-stable if and only if it is generated by the non-stable
families of chamber t = 74/171 and in addition by the following family, or a degeneration:
Family 1:

f(@o, 21, 2, w3) =q1 (21, T2, ¥3) + Tol1 (T2, 73)
9(o, 1, T2, T3) =q2(T2, T3) + T3l2(T0, 1)
H(xo, 21, 02, 73) =3

an irreducible smooth quadric f and an irreducible quadric g intersecting at smooth elliptic
curve, with D = S N H a singular complete intersection of two conics which is a quadruple

point.

Here, the l; are linear forms in P3 and the q; are quadratic forms, maximal in their support.
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2. for wall t = 3, the only t-stable pairs (S, D = S N H) occur when S is smooth, in which
case D is a hyperplane section which can have at worse a triple point, or S has at worse 1 A,
singularity with D general, or 2 A, singularities, with D having a double point at one of the

A, singularities

Proof. Part 1 follows from the computational program [Pap22c] we detailed in Chapter 3
and the centroid criterion (Theorem 3.10), where the above family is a maximal destabilising
family as in the sense of Definition 3.15, i.e. each family equals N~(\,z7,z,) for some
A € P35, and 2”7, x, support monomials, i.e. each family equals N~ (), z7,z,) for some
A € Py55 and 27, x, support monomials. The description of the above family with respect to
singularities follows from Remark 5.10.1.

For part 2, let S be t-stable. From Remark 5.10.1 we see that S can be smooth if D does
not have a quadruple point. Furthermore, from Theorem 5.25, we see that S can have 1 A,
singularity, if D is general, or 2 A, singularities if D has at worse a double point at one of the

singularities. Hence, the proof is completed by Lemma 5.25. O

We also obtain:

Lemma 5.27. For t = § the pair (S, H) is strictly t-polystable if and only if it is generated by the
following family:

f(@o, T1, T2, x3) =27 + azo>
g(xo, 1, T2, x3) :xg + bxoxs

H(9€07$17$2,373) =3

with S a singular complete intersection with Segre symbol [3,1] and an A, singularity at point P,

and D =SNH =4P.

Proof. Suppose (5, D) is a pair, where S is a complete intersection defined by polynomials
fand g, and D = SN H is defined by a polynomial H, which belongs to a closed strictly
t-semistable orbit. By Theorem 3.19, they are generated by monomials in NP(\, 2”7, z;) for
some (), 2”1, z;) such that N (), 27, z;) is maximal with respect to the containment of order
of sets. As detailed in Chapter 3, these can be generated algorithmically [Pap22c], and the

above family represent the only maximal N{(\, z”, z;) for t = 3.
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Let (S, D) be strictly t-semistable, as in family 1, then, notice that up tp projective equiva-

lence we can write

f(xo, 21, 22, T3) =275 + ToTo
g(x(]u X1, T2, x3> :SI:% + o3

H(l’o, X1, T2, 1'3) =I3.

The proof follows from Lemma 5.22.

5.4.3 Chamber{ = %

For chamber ¢ = I € (5, 2) we have the following:

Lemma 5.28. 1. The pair (S, H) is non-t-stable if and only if it is generated by the non-stable

T4

families of wall t = § (minus family 9 from chamber t = =

) and in addition by the following

families, or a degeneration:

Family 1:

f(zo, x1, T2, 23) =q1 (22, x3) + 2111 (22, T3) + 2023
9(zo, T1, T2, T3) =q2(x2, T3) + 1123
H($0,$1,$27$3) :l(%,%l,xmx:ﬂ)

an irreducible smooth quadric f and an irreducible quadric g intersecting at a twisted cubic and

a tangent line with an Aj singularity, with D = S N H a general hyperplane section;

Family 2:

f(@o, 21, T2, T3) =q1 (21, T2, T3) + T3
9(wo, T1, T2, 73) =T30 (21, 2, T3)
H(l’079€1,$2,1’3) :l($071’1,9€2,$3)
an irreducible smooth quadric f and an two intersecting hyperplanes g intersecting at a conic

and two lines intersecting at a point, with a Dy singularity, with D = S N H a general

hyperplane section.

Here, the l; are linear forms in P3 and the q; are quadratic forms, maximal in their support.
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2. For chamber t = 2L € (3, 2), the only t-stable pairs (S, D = S N H) occur when S is smooth,
in which case D is a hyperplane section with at worse a triple point, or S has at worse A,

singularities with D general.

Proof. Part 1 follows from the computational program [Pap22c] we detailed in Chapter 3 and
the centroid criterion (Theorem 3.10), where the above families are maximal destabilising
families as in the sense of Definition 3.15, i.e. each family equals N~(\,z”/, z,) for some
A\ € P35 and 2”7, z, support monomials.

For part 2, let S be t-stable. From part 1 and Section 5.3 we see that S cannot have A; or

worse singularities. From the above family, we see that the case where S and H are given by

[ (@0, T1, T2, 3) =q1 (21, T2, T3)ToT3
9(xo, 21, T2, x3) =q2(T2, T3) + T123
H(x07$17x27I3) :l<x07x17x27x3)

is stable, and from the classification S has an A, singularity and D is general. From Lemma

5.26 we also know that S can be smooth, in which case D cannot have a quadruple point. [

54.4 Wall ¢ =2

Forwall ¢t = % we have the following:

Lemma 5.29. 1. The pair (S, H) is non-t-stable if and only if it is generated by the non-stable
families of chamber t = 2L (minus the family of wall t = 5) and in addition by the following

family, or a degeneration:
Family 1:
f(xo, w1, T2, ¥3) =q1 (21, T2, T3) + Tol1 (T2, T3)

9(xo, 1, T2, T3) =qa(T2, T3) + T1lo(22, 3) + Tox3

H($07$1,ﬂ72,$3) =T3

an irreducible smooth quadric f and an irreducible smooth quadric g intersecting at a smooth
elliptic curve, with D = S N H a singular complete intersection of two conics with a triple point

(1:0:0).

Here, the l; are linear forms in P3 and the q; are quadratic forms, maximal in their support;
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2. for wall t = 2, the only t-stable pairs (S, D = S N H) occur when S is smooth, in which
case D is a hyperplane section with at worse one or two double points, or S has at worse A,

singularities with D general.

Proof. The proof follows from Remark 5.10.1 and Theorem 5.28, and the proof of Lemma
5.28. l

We also obtain:

Lemma 5.30. For t = 2 the pair (S, H) is strictly t-polystable if and only if it is generated by the
following family:

f(x(b Xy, T2, $3) Zx% + axogTo
g(xo, X1, T2, x3) =212 + broT3
H<x07 Xy, T2, .’13'3) =x3

with S a singular complete intersection with Segre symbol [4] and an A singularity at point P, and

D=SNH=3P+Q.

Proof. Suppose (S, D) is a pair, where S is a complete intersection defined by polynomials
fand g, and D = SN H is defined by a polynomial H, which belongs to a closed strictly
t-semistable orbit. By Theorem 3.19, they are generated by monomials in NP(\, 271, z;) for
some (A, 27, x;) such that N (A, z”*, x;) is maximal with respect to the containment of order
of sets. As detailed in Chapter 3, these can be generated algorithmically [Pap22c], and the
above family represent the only maximal N)(\, 2/, z;) for t = 2.

Let (S, D) be strictly t-semistable, as in family 1, then notice that up to projective equiva-

lence we can write

fxo, 21, 2, 13) =27 + w022

9(x0, 71, T, T3) =T1T9 + ToT3

H($0,$17 L2, 903) =Z3.
The proof follows from Lemma 5.22. O
54.5 Chambert = 3

For chamber ¢ = 21 € (3, 3) we have the following:
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Lemma 5.31. 1. The pair (S, H) is non-t-stable if and only if it pencil is generated by the non-
stable families of wall t = % minus the first family of chamber t = 2L, or a degeneration of

those;

2. For chamber t = 3¢ € (3, %), the only t-stable pairs (S,D = SN H) (S,D = SN H) occur
when S is smooth, in which case D is a hyperplane section with at worse one double point, or S

has at worse A singularities with D general.

Proof. Part 1 follows from the computational program [Pap22c] we detailed in Chapter 3 and
the centroid criterion (Theorem 3.10), where the above families are maximal destabilising
families as in the sense of Definition 3.15, i.e. each family equals N~(\, 27/, z,) for some
A\ € P35 and 27, z,, support monomials. The description of the above families with respect
to singularities follows from Sections 5.1 and 5.3.

For part 2, let S be t-stable. From part 1 and Section 5.3, we see that S cannot have D, or

worse singularities. Since the maximal destabilising families of chamber ¢ = 21 € (2,1) do

37

==, we know that

not include the family of chamber ¢ =

[ (o, x1, 72, 23) =q1 (22, T3) + 2111 (22, T3) + ToT3
g(xg, x1, To, 13) =@ (2, 13) + T173
H(xg, x1, x2, x3) =l(20, 21, T2, T3)
is t-stable where S = f N g has Segre symbol [4] and is a twisted cubic and a tangent line with

an Aj singularity, with D = S N H a general hyperplane section, by Lemma 5.21. l

54.6 Wallt=;
For wall ¢ = 7 we have the following:
Lemma 5.32. 1. The pair (S, H) is non-t-stable if and only if
2. the pencil is generated by the non-stable families of chamber t = 3¢ and in addition by the
following family, or a degeneration:
Family 1:
f(zo, 21, 2, 3) =q1 (70, T1, T2, T3)
9(T0, T1, T2, T3) =q2(72, T3) + 2301 (70, T1)

H($0,$17l‘2,$3) =3
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an irreducible smooth quadric f and an irreducible quadric g intersecting at a smooth elliptic

curve, with D = S N H a singular complete intersection of two conics with two double points.

Here, the l; are linear forms in P and the q; are quadratic forms, maximal in their support;

3. for wall t = %, the only t-stable pairs (S, D = S N H) occur when S is smooth, in which case D
is a hyperplane section with at worst one double point, or S has at worse A singularities with

D general.

Proof. Part 1 follows from the computational program [Pap22c] we detailed in Chapter 3 and
the centroid criterion (Theorem 3.10), where the above families are maximal destabilising
families as in the sense of Definition 3.15, i.e. each family equals N~ (\,z”,z,) for some
A€ Pss0and x”, z, support monomials. The description of the above families with respect
to singularities follows from Sections 5.1 and 5.3.

For part 2, let S be t-stable. From part 1 and Section 5.2, we see that S cannot have Aj or
worse singularities. From the above family, S is smooth and D has two double points, by

Remark 5.10.1, which is ¢-unstable, hence D can have at worse one double point. O
We also obtain:

Lemma 5.33. For t =  the pair (S, H) is strictly t-polystable if and only if it is generated by the
following family:

f(I07$1,$2,ZE3) ZQ<$Oa$1)
g(x07xlax27x3) :xg +x3l(x07xl)

H(37071'1,5€2,553) =xIs3

with S a singular complete intersection with Segre symbol [(2,1), 1] and an A3 singularity at point

P,and D =SNH =2P +2Q.

Proof. Suppose (5, D) is a pair, where S is a complete intersection defined by polynomials
fand g, and D = SN H is defined by a polynomial H, which belongs to a closed strictly
t-semistable orbit. By Theorem 3.19, they are generated by monomials in NP(\, 2”7, z;) for
some (), 2”1, z;) such that N (), 27, z;) is maximal with respect to the containment of order
of sets. As detailed in Chapter 3, these can be generated algorithmically [Pap22c], and the

above family represents the only maximal N (A, z”, z;) for t = 3.
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Let (S, D) be strictly t-semistable, as in family 1, then notice that up to projective equiva-

lence we can write

f(ﬂfo,fl’17$2>373) =Ty
9(x0, T1, T, T3) =T2To + ToT3 + T3Tp

H($0,$1,$27$3) =T3.

The proof follows from Lemma 5.22. O

5.4.7 Chambert = g—i

For chamber ¢ = 22 € (£, 1) we have the following:

Lemma 5.34. 1. The pair (S, H) is non-t-stable if and only if the pencil is generated by the non-
stable families of wall t = £ (minus the first family of chamber t = %) and in addition by the

following family, or a degeneration:

Family 1:

f(xo, x1, T2, x3) =q1 (T2, T3) + Tol1 (22, 3) + 21l2(20, 23)
9(370,96’1,952,353) :CIQ(IL’2,$3)

H(x()a X1, X2, 'I3) :l(ﬂfo, X1, T2, ..'['3)

an irreducible smooth quadric f and an irreducible singular quadric g intersecting at a double
line and two lines in general position with non-isolated singularities, with D = S N H a smooth

conic.

Here, the l; are linear forms in P3 and the q; are quadratic forms, maximal in their support;

2. For chamber t = 33 € (3, 1), the only t-stable pairs (S, D = S N H) occur when S is smooth,
in which case D is a hyperplane section with at worse one double point, or S has at worse A

singularities with D general.

Proof. Part 1 follows from the computational program [Pap22c] we detailed in Chapter 3 and
the centroid criterion (Theorem 3.10), where the above families are maximal destabilising
families as in the sense of Definition 3.15, i.e. each family equals N~(\, 27/, z,) for some
A\ € P35 and 27, 2, support monomials. The description of the above families with respect

to singularities follows from Sections 5.1 and 5.3.
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For part 2, let S be t-stable. From part 1, the above family and Section 5.1 we see that S

cannot have D, or worse singularities. Notice, that the pair

f(xo, x1, %2, 23) =q1 (21, T2, T3) + ol (22, T3)
9(%@1@2@3) ZQQ($2,$3)

H(x()’ X1, L2, x3> :l(Io, X1, L2, I3)

where S = {f = 0} N {g = 0} has Segre symbol [(2, 1), 1], and is two tangent conics with an

Aj singularity, with D = S N H general, is ¢-stable. The proof then follows from Lemma 5.32.

]

54.8 Wallt =1

For wall t = 1 we have the following:

Lemma 5.35. 1. The pair (S, H) is non-t-stable if and only if it is generated by the non-stable

families of wall t = 33 (minus the family of wall t = 2) and in addition by the following family,

or a degeneration:

Family 1:
f(xo, x1, T2, x3) =q1 (21, T2, T3) + Tol1 (21, T2, T3)
9(zo, T1, T2, x3) =qa(21, T2, T3) + ToT3
H(x07xlax2>$3) =T3

two irreducible smooth quadrics f, g and an irreducible quadric g intersecting at a smooth
elliptic curve, with D = S N H a singular complete intersection of two conics with a double

point and two other points.

Here, the l; are linear forms in P and the q; are quadratic forms, maximal in their support;

. for wall t = 1, the only t-stable pairs (S, D = S N H) occur when S is smooth, in which case

D is a hyperplane section which is a smooth complete intersection of conics in P2, or S has at

worse As singularities with D general.

Proof. The proof follows from Remark 5.10.1 and Lemma 5.31. O

We also obtain:
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Lemma 5.36. For t = 1 the pair (S, H) is strictly t-polystable if and only if it is generated by the
following family:

f(xo, x1, T, 3) =q(21, 22) + T3
9(370,1'1,91727%3) :xol(l"hxz)
H(xo, 71,79, 73) =13

with S a singular complete intersection with Segre symbol (3, 1)] and a D, singularity at point P,

and D =SNH=2P+Q + R.

Proof. Suppose (5, D) is a pair, where S is a complete intersection defined by polynomials
fand g, and D = SN H is defined by a polynomial H, which belongs to a closed strictly
t-semistable orbit. By Theorem 3.19, they are generated by monomials in NP(\, 27, z;) for
some (A, 27, x;) such that N (\, 7, x;) is maximal with respect to the containment of order
of sets. As detailed in Chapter 3, these can be generated algorithmically [Pap22c], and the
above family represent the only maximal NP (\, 27, z;) for t = 1.

Let (S, D) be strictly t-semistable, as in family 1, then notice that up to projective equiva-

lence we can write
f(xo, 1, 2, 3) =129 + ToX3
9(zo, x1, T2, T3) =Tox1 + ToT2
H(zg,x1, T2, x3) =x3.

The proof follows from Lemma 5.22. O

5.4.9 Chambert = %

For chamber ¢ = 2 € (1, 3) we have the following:

Lemma 5.37. 1. The pair (S, H) is non t-stable if and only if it is generated by the families of wall

t = 1 (minus the second family of t = 2%) or a degeneration of those;

74

2. For chamber t = ¢,

the only t-stable pairs (S, D = S N H) occur when S is smooth, in which
case D is a hyperplane section which is a smooth complete intersection of quadrics in P? or S

has at worse D, singularities with D general.

Proof. Part 1 follows from the computational program [Pap22c] we detailed in Chapter 3 and

the centroid criterion (Theorem 3.10), where the above families are maximal destabilising
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families as in the sense of Definition 3.15, i.e. each family equals N~ (\,z”,z,) for some
A € P35 and 27, x, support monomials. The description of the above families with respect
to singularities follows from Sections 5.1 and 5.3.

For part 2, let S be ¢-stable. From part 1 and Section 5.3, we see that the pair (S, H) given
by

f(xo, x1, T2, 23) =q1 (21, T2, T3) + ToT3
9(%%1@2@3) :$3l1($1,$2,$3)

H(x(b X1, L2, x3) :l('r()? X1, X2, ZE3)

is t-stable. Here, S has a Segre symbol [(3, 1)] and thus a D, singularity, with D general. The

proof then follows from Lemma 5.35 O]

Proof of Theorem 5.23. The VGIT classification follows from the Theorems in Sections 5.4.1 to
5.49. 0

Proof of Theorem 5.24. For the characterisation of potential closed orbits, notice that the cen-
troid criterion (Theorem 3.10) shows that for each chamber none of the above destabilising
tamilies are strictly ¢-semistable. For each wall, the characterisation follows from the Theo-
rems in Sections 5.4.1 to 5.4.9.

]
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K-moduli Compactification of Family 2.25

Consider a smooth intersection of two quadrics C; and C5 in P?. The resulting complete
intersection C' = C; N (4 is an elliptic curve; blowing up P? along C gives a smooth Fano
threefold X = Bl P?, with (—Kx)? = 32. It is known (see, e.g. [Ara+21, Corollary 4.3.16.]),
that all such smooth Fano threefolds which correspond to family 2.25 in the Mori-Mukai
classification [MMO03], are K-stable.

Let C; = {zoz; = 0}, Cy = {@x3 = 0} be two quadrics in P?. Then C =0, N0 is
GIT-polystable by Theorem 5.9. Notice, that ', and () are toric surfaces which intersect
on a toric curve, which is the 4 lines {zy = 0}, {z; = 0}, {z; = 0} and {23 = 0}, hence C is
toric. As such, as P? is toric, the blow up of P? along C, X = Bl P? is a toric blow up and
hence X is a toric variety. The polytope of X, Py, is created by “cutting’ the corresponding
polytope for P?, Pps, along the 4 edges corresponding to each z;. The corresponding polytope
Py, is a polytope generated by vertices (1,0,0), (0, 1,0), (0,0,1), (1,1,0), (0,1,1), (=1, —1,0),
(0,—1,-1), (=1, —1,—1). This is the terminal toric Fano threefold with Reflexive ID #199
in the Graded Ring Database (GRDB) (3-fold #255743) [Kas10]. Notice that the sum of the
vertices is (0,0, 0), and hence, the barycenter of Py is (0,0, 0). Hence, by Theorem 2.76, X is

K-polystable. In particular, we have proved:

Lemma 6.1. Let X = Blc”v p3 where é = Cl N CQfOT Cl = {l’oﬂ?l = 0}, Cg = {.27233'3 = O} Then X
is K-polystable.

The Magma code below checks that this threefold is toric and singular, and generates the

vertices of the polyhedron Py.
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Q4:=Polytope([([0,-1,0],([-1,0,17,(2,-1,0],([,0,-1],[-1,0,-171,10,-1,2],
(0,1,01,0-1,2,-111);

> ViewWithJmol (Q4: point_labels:=true, open_in_background:=true);
> P:=Dual (Q4) ;

> P;

> IsCanonical (P);

> Volume (Q4) ;

> #Points (Q4);

> #Vertices (Q4);

> Faces (P);

> IsTerminal (P);

> IsSmooth (P);

Lemma 6.2. Let X := BlcP?, where C is a strictly GIT semistable complete intersection of two

quadrics. Then X is strictly K-semistable.

Proof. Let C be a strictly GIT semistable complete intersection of two quadrics. Since C' is
strictly GIT semistable, there exists a one-parameter subgroup A such that the limit lim;_,o A(¢)-
C = C, where (' is the unique strictly GIT polystable complete intersection i.e. the quadrangle
with 4 A, singularities as in Theorem 5.9. This one-parameter subgroup induces a family
f: € —= B, overacurve B, such that the fibers €, are isomorphic to C' for all £ # 0, and €, = C.

Let P := P? x B = P? x P'. Then, notice that C' = A(t) - C in P. We define X = Bl¢ P,
and hence we have that Xy = X := Bl P. By taking the composition of X — P, with the
projection P — B, we thus have a map X — B which is naturally a test configuration of X
with central fibre Xy. Hence, we have constructed a test configuration g: X — B where the
central fiber X, 2 X is a kIt Fano threefold, which is K-polystable by Lemma 6.1, and the
general fiber X, = X is not isomorphic to X,. By [Ara+21, Corollary 1.1.14] the central fiber
X: = X is strictly K-semistable. O

Remark 6.2.1. In some cases, we can construct explicit descriptions of the above degeneration.
For example, for Family 2 in Theorem 5.8 we can make a change of coordinates such that
C={f=0}n{g=0}1is given by

f (o, 1, w2, w3) = xom1 + (w2, 73) + 120, 21)1 (2, 23)

g(x(]; Ty, T2, $2> = T2T3.
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Then, defining for some parameter ¢, C; as follows C; = {f; = 0} N {g; = 0}, where

fi(wo, 21, 22, 02) = 221 + t(q(2, 23) + (20, 1) (22, 73))

gt(Io,l‘th,M) = T273.

we have C; = C for all t # 0, and Cj to be the strictly GIT polystable curve of Theorem 5.9.
In essence, we have shown:

Corollary 6.2.1. Let C' = C1NC, be a complete intersection of quadrics. If C'is GIT (poly/semi-)stable
then the threefold X = Blc P? is K-(poly/semi-)stable.

Let ML, be the K-moduli stack parametrising K-semistable members in the Fano threefold
family 2.25 and let M%) be the GIT quotient stack parametrising GIT semistable complete
intersections of two quadrics in P?. By Theorem 2.91, these admit good moduli spaces MJ%;

of K-polystable members and a GIT quotient M % respectively.
Theorem 6.3. There exists an isomorphism M%,; = MS1,

Proof. Let X be the Hilbert polynomial of smooth elements of the family of Fano threefolds
2.25 pluri-anticanonically embedded by —m Ky in PV, and let H" = Hilby(P"). Given a
closed subscheme X C PV with Hilbert polynomial X(X, Op~ (k)|x) = X(k), let Hilb(X) €
H*¥ denote its Hilbert point. Let

X is a Fano manifold of family 2.25,
Zy = { Hilb(X) € HY | 0pn (1)]x ~ Ox(—mKyx),

X
and HO(P, Opn (1)) = HO(X, Ox(—mKy)).

which is a locally closed subscheme of H*. Let Z,, be its Zariski closure in H" and Z,, be
the subset of Zm consisting of K-semistable varieties.

Since by Corollary 6.2.1 the blow-up of a smooth complete intersection of two quadrics in
PP is K-stable and by [Oda15], the smooth K-stable loci is a Zariski open set of My, in the
definition of moduli stack of M%,, = [Z,,/ PGL(N,, + 1)] for appropriate m > 0 and in fact
M§EL = [Z,,/ PGL(N,, + 1)].

Thus, by Lemmas 6.1 and 6.2 and Corollary 6.2.1 we have an open immersion of repre-

sentable morphism of stacks:
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GIT ¢ K
_
Mg,z,z M3os

(Cy N Cy) —2 [Bleyne, PF.

Note that representability follows once we prove that the base-change of a scheme map-
ping to the K-moduli stack is itself a scheme. Such a scheme mapping to the K-moduli
stack is the same as a PGL-torsor over Z,,, which produces a PGL-torsor over 7. after a
PGL-equivariant base change. This PGL-torsor over Z,, shows the desired pullback is a
scheme. By [The22, Lemma 06MY], since ¢ is an open immersion of stacks, ¢ is separated
and, since it is injective, it is also quasi-finite.

We now need to check that ¢ is an isomorphism that descends (as isomorphism of schemes)
to the moduli spaces

@

GIT K
_
M3,2,2 M5

[Cl N CQ] IL) [Blclmc2 Pg]

since we have a morphism ¢ of stacks, both of which admit moduli spaces. Thus ¢ is injective.

Now, by [Alp13, Prop 6.4], since ¢ is representable, quasi-finite and separated, ¢ is finite
and ¢ maps closed points to closed points, we obtain that ¢ is finite. Thus, by Zariski’s
Main Theorem, as ¢ is a birational morphism with finite fibers to a normal variety, ¢ is an

isomorphism to an open subset, but it is also an open immersion, thus it is an isomorphism.

]

Remark 6.3.1. The above method of proof emulates closely the moduli continuity method,
which has appeared in different forms in [OS516], [SS17],[GMS21]. In that method, one
defines a map

o: M -
to prove the existence of a homeomorphism using the properties of the moduli spaces and
the continuity of ¢. In this instance, the definition of the map is reversed, due to the existence

of Lemma 6.1 and Corollary 6.2.1. As such, we will call this method of proof the reverse moduli

continuity method.



CHAPTER

VGIT of complete intersections of Quadrics in P*

and a Hyperplane

In this chapter, we will study VGIT quotients of complete intersection of quadrics in P*
and a hyperplane, using the computational methods presented in Chapter 3. We will first
provide some general results on the singularities of such complete intersections based on
[MMO90], and then we will provide a full GIT classification. We will then proceed to classify
all possible singularities of pairs (S, D = SN H) and provide a full VGIT classification using
our computational method. This in turn will be of use, in later chapters, when we will study

the K-stability of such pairs.

7.1 General Results

Throughout this section, we will use the geometric classification of pencils of quadrics in P*
on their singularities based on their Segre symbols found in [Dol12, §8.6 and Table 8.6]. We

summarise the results in the following table.
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Segre symbol of pencil | Singularities of base locus
[5] A,
[(4,1)] Ds
[4,1] Ay
[(3,1),1] D,
(3, 2] 2A1 + A,
(3,1,1] A,
3,(1,1)] As+ Ay
[(2,1),2] A+ A;
[(2,1),1,1] A;
[(2,1),(1,1)] 2A, + A;
2,1,1,1] A,
2,2,1] 2A,
[(1,1),2,1] 3A,
[(1,1),1,1,1] 2A,
[(1,1),(1,1),1] 4A,
1,1,1,1,1] Smooth

Table 7.1: Segre symbols of pencils of quadrics in P? and singularities.

The lemma below gives a geometric classification of the pencils of quadrics in P* above,

attributed to Mabuchi—-Mukai.

Lemma 7.1 ((MMO0, Proposition 6.7]). Let ®(f, g) be a pencil of two quadrics f, g € P*, where f
is smooth. Then the base locus of the pencil has A, singularities if and only if the highest multiplicity
of the roots of the determinant polynomial det(\F + G) is 2.

We present the following table, which lists the possible complete intersections of two
quadrics in P*, with isolated singularities, up to projective equivalence, and their singularities.

We generate the polynomials f, g via the computational study of each Segre symbol.
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Segre symbol | Generating polynomials Singularities
(4,1)] f=aq (2, x3,24) + x1l1 (23, 74) + T4 D
) 5
g = q2(ws, x4) + x4la(x1, 22)
1] f=aq(xe, x3,x4) + 2101 (22, 3, 24) + Toxy A
) 3
g = qo(x2, 3, 1) + X124
[(3 1) 1] f291(m171727137$4)+$0$4 D
) 9 4
g = q2(x3,24) + x4l1 (21, T2)
3.2 [ = qi(xa, 3, 24) + 241 (20, 1) + w3l2(20, 1) AL LA
) 1 2
9 = q2(z3,24) + T4l3(0, X1, T2) + 273
3,1,1] f=aq(z1, 22, x3,74) + Tox4 A
5 Ly 2
g = Q2(372, T3, 1’4) + 2124
f= Q1($1, T2, 953,334) + 2o
[37 (17 1)] A2 + Al
g:xi+w§+x2x1
f=ai+ Toly (g, T3, T4)
(2,1),2) 1 Art A
g= Q1(l’2,353,134)
(@.1).1.1] [ =aq(z1, 22, 23, 24) + xoli (22, T3, 24) A
) D) 3
g = Q2($27$3,l’4)
f = zoxy + 2123 + T3
[(2,1), (1,1)] B A, + A,

g = qi(z3,24) + x3l1 (21, T2) + 24la(x1, T2)
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f == ql(xlvxZax37x4) + Loy

2,1,1,1] A,

g = qQ(x17I27m37x4) + Loy

2,2,1] f=aq(x2, x3,x4) + 241 (20, 1) + T3l2(20, 1) oA,

g = q2(T2, w3, 4) + x4l3(x0, 1) + 23l4 (20, 1)

f(zo, 1, T2, 3, x4) =q5(x1, T2, T3, T4) + Tol7 (X3, T4)

[(1,1),2,1] 3A,

9(zo, w1, T2, T3, T4) =q6(x3, T4) + T4ls(x0, 21, T2)

f=q(x1,22,23) + 2074
[(1,1),1,1,1] ( ) 2A,

g = q2(21, 29, x3) + T4

= x40y (20, 71) + T3l2(20, 7 +.’L’2
[(1,1),(1,1),1] [ = wali(wo, v1) + w3la(wo, 21) + 25 N

g = al3(xo, x1) + x3ls(x0, 1) + I%

f=a 3307331,96’279037354)
1,1,1,1,1] ( None

g= Q2(35o,$1,9€2,$3,$4)

Table 7.2: Segre symbols, equations up to projective
equivalence, and singularities of complete intersections

of quadrics in P*.

Remark 7.1.1. Notice, that due to Theorem 4.3, all singular pencils that have the same Segre
symbol (except for [2,1,1,1] and [(1,1), 1,1, 1]) are projectively equivalent, and the above

table gives their full classification.

Remark 7.1.2. In order to check the type of (isolated) hypersurface singularities, one can

employ the following MAGMA script, adjusted accordingly for each different case.

Q:=RationalField();
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PP<x0,x1,x2,x3,x4>:=ProjectiveSpace(Q,4);
fl:=x1#x3-xX1*x4+2+X2"2+3*x3"2-x4"2-T+xX2+xX4+3+X3+%xX4-6+*xX2+*xX3+x0*x4;
£f2:=x4"2-5%x3"2 — 2xx3*xX4+x4x (5%x1-6%x2);

X:=Scheme (PP, [f1,£2]);

IsNonsingular (X) ;

p := X![1,0,0,0,0];

_,f,_,fdat := IsHypersurfaceSingularity (p,3);
R<a,b,c> := Parent (f);
£;

NormalFormOfHypersurfaceSingularity (f);
boo, f0,typ :=
NormalFormOfHypersurfaceSingularity (f : fData := [xfdat,3*]);

boo; f0; typ;

Here, f1 and f2 are the generating polynomials, and
IsNonsingular (X) ;

verifies that X = f1 N f2 is singular. The point p = [1,0, 0,0, 0] refers to a specific singular
point, whose type of singularity we want to check, which is given by the last command.

If one is unsure about the exact singular points of the complete intersection, the following
MAGMA code can check the type of singularity for each singular point in the complete

intersection:

Q:=RationalField();
PP<x0,x1,x2,x3,x4>:=ProjectiveSpace (Q,4);
fl:=x1#xX3-xX1+xX4+3%x3"2-xX4"2+3*x3*x4+x0xx4-2+xx0%X3;
f2:=2+x1*x3+6*xX1*X4+x3"242+%xX4"2-3*x3+%xX4-5+xx0+x4+2+x0*xx3;
X:=Scheme (PP, [f1,f2]);

IsNonsingular (X) ;

sngs := SingularSubscheme (X) ;

Support (sngs) ;

pts := PointsOverSplittingField(sngs);

pts;
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pts[l];

pt := pts[l];

k := Ring(Parent (pt));

k;

p := X(k)!Eltseqg(pt);

_,f,_,fdat := IsHypersurfaceSingularity (p,3);

R<a,b,c> := Parent (f);

t;

NormalFormOfHypersurfaceSingularity (f);
boo, £0,typ :=
fData :=

NormalFormOfHypersurfaceSingularity (f [xfdat,3%]1);

boo; f0; typ;

7.2 GIT Classification

In this section we will study the VGIT quotient R, 221 /SL(5). For wallt = 0, i.e. in the absence
of a hyperplane, this is equivalent to the GIT quotient R4 / SL(5). The following families
have been generated using the computational package [Pap22c], based on the discussion on
Chapter 3. Here, in contrast to Sections 4.2 and 5.2 we will not include the fundamental set of
one-parameter subgroups P, 5. This is mainly due to the fact that P, ; has 1972 elements,

and as such it is more complicated and time-consuming to list. We obtain the following

outputs:
A x’ V=(\z’) B=(\, z7)
(42,37,17,—-43,-53) | 3 {z0, 71, T2, T3, T4 }> {z3, 14}
(2,0,0,—1,—1) rixs | {x1, w0, w3, 24}, T0{ T3, T4} {x3,14}%, {w0, 1 {23, 74}
(1,1,0,—1,-1) Toxs | {x2, w3, w4}%, {wo, x1 {23, 24} | {@0, 13, 24}, {20, 11 } {3, 74}
(3,1,—-1,-1,-2) 13 | {x1, T, w3, 14 }2, To{W0, T3, T4} {29, 73, T4 }>
(1,0,0,0,—1) ToTy {x1, 19, 23,04 }2, X024 {21, 19, 23,04 }2, ToT4
(1,1,1,1,—4) oy {z0, 11, T2, T3, T4 }> x4{x0, T1, To, T3, T4 }>

Table 7.3: Outputs of the computational package [Pap22c] for destabilized families of complete

intersections of two quadrics in P*
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A x’! VO x) B\, z7)
(44,19, -1, —11,-51) | 23 {zo, 3, 24 }%, v4{m0, 21} {zo, 3, 24 }%, 4{w0, 21}
(42,37,17,—43,-53) | 3 {z0, 71, To, T3, T4 }? {x3, 74}
(42,37,17,—43,—53) | zows | {3, 24}% {w3, w4} {w0, 71, 22} | {23, 24}%, {3, W4} {0, 71, 72}
(9,—1,-1,—1,—6) x? {x1, 19, 23,74 }? {x1, 19, 23,74 }?
(16,1,—4,—4,-9) | z124 {21, 19, 23, 74}2, ToT4 {29, 13, 24}
(6,1,1,—4,—4) rix3 | {xy, o, w3, w4}2, To{ T3, T4} {3, 24}%, {w1, T2} {23, 14}
(6,6,1,—4,—9) Toxy | {22, 73, 24}%, {wo, x1 {23, 24} | {73, 04}%, w4{T0, 71, T2}, 213
(11,1, —4, —4, —4) 23 | {x1, 2o, 3, w4}, wo{wa, 13,14} {29, w3, 24}
(1,1,1,1,—4) ToTy {z0, 1, To, T3, T4 }? x4{xo, T1, Ta, T3, T4}

Table 7.4: Outputs of the computational package [Pap22c] for semi-destabilized families of

complete intersections of two quadrics in P*

We obtain the following (see also [MM90, §6]).
Theorem 7.2. The following are equivalent:

1. A pencil of two hyperquadrics ®(f, g) in P* is unstable;
2. the base locus of the pencil Bs(f, g) has singularities worse than A,;

3. the pencil is generated by one of the following families, or their degenerations:
Family 1:
f(@o, 21, T2, T3, 74) =q1 (71, T2, T3, 4)
9(x0, 1, T2, T3, ¥4) =q2(T1, Ta, T3, T4)
two irreducible singular hyperquadrics f, g intersecting at a singular surface, with non-isolated
singularities;
Family 2:
f(@o, 21, T2, T3, 24) =q3(21, T2, T3, Ta) + Tol1 (22, T3, T4)
9(x0, 1, T2, T3, T4) =qu(T2, T3, 74)
an irreducible smooth hyperquadric f and an irreducible singular hyperquadric g such that
Bs(f, g) is singular, with Segre symbol [(2,1), 1, 1] and an isolated A5 singularity at (1:0:0 :
0:0);
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Family 3:
f(x0,$1’$27x3,$4> ZQ4<I073717$27353;$4)
9(1?0,%1,332,1’3,374) :CI5($3,9C4)

an irreducible singular quadric f and two intersecting hyperplanes g, intersecting at a singular
surface, with non isolated singularities at (1 : k : [ : 0 : 0) where k,[ are the solutions of

Q4(CE1, X2, 07 0) - 0/

Family 4:
f(xo, x1, 2, 3, £4) =24ls(T0, T1, T2, 3, T4) + 23l5(20, 21, T2, X3)
9($07$1, T2, $3,$4) =$4l6($07$1, T2, I3,$4) + 953l7($0, T, I2,$3)

two irreducible singular hyperquadrics f, g intersecting at a singular non-normal surface, with

no isolated singularities;

Family 5:
f($0,371,$2,$3,x4) :%(%0,531,«732,953,334)
9(x0, 21, T2, T3, 24) =T4l3(T0, 71, T2, T3, T4)

an irreducible smooth hyperquadric f and two intersecting hyperplanes g at a singular surface,

with non-isolated singularities;

Family 6:
f(xo, x1, T, 3, 4) =q7(T2, T3, T4) + Talg(z0, 1)
g(xo, 21, T2, T3, T4) =qs(T2, 3, T4) + T4lyo(z0, T1)

two irreducible singular hyperquadrics f, g intersecting at a singular surface, with non-isolated

singularities;
Family 7:
f(xo, 1, T3, T3, 4) =qo(T1, T2, T3, T4) + Tol11 (x5, T4)
9(xo, k1, T2, T3, T4) =qr0(T3, T4) + x3l12(x1, T2) + T4l13(21, 22)

an irreducible smooth hyperquadric f and singular hyperquadric g intersecting at a singular

surface, with A, singularity;
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Family 8:

f(xo, x1, T2, 3, 24) =qu1 (22, 3, T4) + Tol1a(23, 1) + T1l15(T3, 24)
9(z0, T1, T2, T3, T4) =qr2(T3, Ta) + Talis(T0, T1, T2) + Tow3

an irreducible smooth hyperquadric f and singular hyperquadric g intersecting at a singular

surface, with an A, and two A, singularities.

Here, the l; are linear forms in P3 and the q; are quadratic forms. which are maximal in their

support, i.e. they have non-zero coefficients.
The families presented here are maximal semi-destabilizing families in the sense of Definition 3.15.

Proof. The equivalence of 1 and 3 follows from the computational program [Pap22c] we
detailed in Chapter 3 and the centroid criterion (Theorem 3.10), where the above families are
maximal semi-destabilising families as in the sense of Definition 3.15, i.e. each family equals
N=(\, 2’7, z,) for some \ € P35, and z7, z;, support monomials, from Table 7 4.

For Family 1, the intersection corresponds to 4 intersecting hyperplanes, which is a cone
over a quadric in P?, with non-du Val singularity at (1 : 0: 0 : 0 : 0). For Family 2, notice
that, from Table 7.2, the Segre symbol of the pencil is [(2,1), 1, 1]. Hence, the base locus of the
pencil is singular, and the singular point P = (1:0:0: 0 : 0) is an Aj singularity.

For Family 3, notice that the intersection is a quadric ¢)(x1, z2, z3), where the points
(1:k:1:0:0), with k, [ solutions of ¢4(x1, x2,0,0) are all singular, non-isolated points. For
Family 4, notice that the intersection is singular and non-reduced. For Family 5, the analysis
is identical as to Family 3. Family 6, has non-isolated singularities at points (1: £:0:0:0),
lying on a line.

Family 7 has Segre symbol [3, 1, 1] and as such has an A, singularity at point P = (1:0:
0:0:0). Family 8 has Segre symbol [3, 2] (see Table 7.2) and as such has an A, and two A,
singularities.

To conclude the proof, note that by Lemma 7.1 the base locus of the pencil has A; singular-
ities if and only if the determinant polynomial det(\f + ¢) has roots of maximal multiplicity

2. Notice that the degeneration

f(zo, x1,22.203,24) = JU% + zoli (22, T3, T4)
g($0,$1,9§2-$3,$4) = Q1(902,933,$4)

of Family 2 has Segre symbol [(2,1), 2].
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The degeneration
[ =xox4 + 1123 + x%
9 = qu(x3,24) + 2301 (21, T2) + Talz (71, 72)
of family 8 has Segre symbol [(2,1), (1,1)], while the degeneration
f=aq (21,29, 73, 24) + 011
g:xi+x§+$2x1
of family 2 (after the coordinate change [, (z2, x5, x4) — 1), has Segre symbol [3, (1, 1)].
Hence, the above families and their possible degenerations represent all possible pencils

of quadrics where the determinant polynomial has roots of multiplicity > 2. Hence, 2 and 3

are also equivalent.

Theorem 7.3. The following are equivalent:

1. A pencil of two hyperquadrics ®(f, g) in P* is non-stable;
2. the base locus of the pencil, Bs(f, g), is singular;

3. the pencil is generated by one of the following families, or their degenerations:
Family 1:
f@o, @1, 22, x5, 24) =x4l1 (20, 21, T, 23, T4) + 23la (20, 21, T, 23) + Tala(2o, 11, 22) + o}
g(l‘O) T1,T2,T3, ZE4) =1 (I’Q, xs, ZE4)
an irreducible smooth hyperquadric f and an irreducible singular hyperquadric g intersecting at
a singular surface, with isolated Ag singularity at (1:0:0:0:0);
Family 2:
f(@o, 21, T2, w3, 24) =qa(20, 1, T2, T3, T4)
9(wo, T1, T2, T3, T4) =q3(23, T4)
an irreducible hyperquadric f, and a pair of intersecting hyperplanes g, such that Bs(f, g) is a
singular surface, with an isolated A singularity at (up to a change of basis) (1:0:0:0:0);
Family 3:
f(x(b T1,T2,T3, ZE4) :CI4($07 T1,T2,T3, CC4)

9($07$1,$2,$3;9€4) :13414(%,3317372,554)
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an irreducible smooth hyperquadric f, and a pair of intersecting hyperplanes g, intersecting at a

singular surface, with an isolated A singularity at (up to a change of basis) (1:0:0:0:0);

Family 4:

f(@o, w1, T2, w3, 24) =24l5(20, 21, T2, T3, T4) + g5(21, T2, 73)

9(x0, 1, T2, T3, T4) =Tuls(To, T1, T2, T3, T4) + qo(T1, T2, T3)
two irreducible smooth hyperquadrics f, g intersecting at singular surface, with an A, singular-
ityat (1:0:0:0:0);

Family 5:

f(wo, @1, w2, 13, w4) =247 (20, 21, T, T3, Ta) + @3ls(T0, 21, T2, T3) + Q)

9(x0, 21, T2, w3, T4) =4lo(0, T1, T2, T3, L4) + T3l10(20, T1, L2, T3) + B
two irreducible hyperquadrics f, g intersecting at singular surface, with A,-singularities at (up
to a change of basis) (1:0:0:0:0)and (0:1:0:0:0),

Family 6:

f(il?o, T1,T2, T3, 374) 2564111(%0, L1, X2, X3, 5174) + SU3112(9607 X1, T2, 553) + (J7(ZU1, 562)
9(xo, 21, T2, T3, T4) =Tali3(T1, Ta, T3, 24) + T3l14(T1, T2, T3)

an irreducible smooth hyperquadric f and an irreducible singular hyperquadric g intersecting at

a singular surface, with isolated As-singularity at (1:0:0:0:0).

Here, the l; are linear forms in P and the q; are quadratic forms.

The families presented here are maximal semi-destabilizing families as in the terminology of Definition

3.15. In particular, the pencil is strictly semistable if it is generated by either Families 4 or 5.

Proof. The equivalence of 1 and 3 follows from the computational program [Pap22c] we
detailed in Chapter 3 and the centroid criterion (Theorem 3.10), where the above families are
maximal destabilising families as in the sense of Definition 3.15.

Families 1 and 3 are identical to families 2 and 5 respectively of Theorem 7.2, so we direct
the reader to the proof of that Theorem for more details.

For Family 2, the Segre symbol is [(2, 1), 1, 1] so by the Dolgachev classification, the base
locus contains an Aj singular point P = (1 : 0 : 0 : 0 : 0) up to a change of basis. For

Family 4 the Segre symbol is [2, 1,1, 1] and hence the base locus contains the singular point
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P=(1:0:0:0:0)which is an A, singularity. For Family 5 the Segre symbol is [2,2,1],
and hence the base locus contains singular points P = (1:0:0:0:0),Q=(0:1:0:0:0)
which are A, singularities. For Family 6, the Segre symbol is [(2, 1), 1, 1], and hence base locus
contains the singular point P = (1:0:0: 0 : 0) which is an A3 singularity.

Notice, that a degeneration
f=aq (21,29, 73) + 2024
9 = q2(1, %2, 3) + ToTy

of family 4 has Segre symbol [(1, 1), 1, 1], while the degeneration

[ =aq(r1, 72, 23) + 1074
g = QQ('I37I4) + l(fL’3, I4>(x07'rl7 IQ)

of family 4 has Segre symbol [(1, 1), 2, 1]. In addition, the degeneration

f = I4ll($0, 1'1) + ZEglg(iL’Q, $1) + [I)g
g = xals(x0, 21) + w3lu(20, 1) + 75
of family 5 has Segre symbol [(1,1), (1, 1), 1]. From Lemma 4.1 and Table 7.2 we notice that

the 6 Families above constitute all the possible pairs of quadrics in P* (along with their

degenerations) such that their complete intersection is singular.

]

Theorem 7.4.
A pencil of two quadrics ®(f, g) in P* is polystable if and only if it is generated by one of the following
families:
Family 1:
f(@o, 21, T2, 73) =074 + qu(1, T2, 73)
9(xo, T1, T2, T3) =ToTa + ¢5(T1, T2, 3)
two irreducible smooth quadrics f, g intersecting at a singular surface, with 2 A,-singularities at
(1:0:0:0:0)and (0:0:0:0:1);
Family 2:
f(@o, @1, w2, 3) =xals(o, 1) + w3la(x0, 21) + 23

9(wo, 21, T, T3) =x4l5(0, 21) + T3l6(20, 71) + T35
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two irreducible smooth quadrics f, g intersecting at a singular surface, with A,-singularities at (up to
a change of basis) (1:0:0:0:0),(0:1:0:0:0),(0:0:0:1:0)and (0:0:0:0:1),

Here, the l; are linear forms in P and the q; are quadratic forms.

Proof. First notice that by Lemma 4.1 the above families are singular, and hence by Theorem
7.3 they are non-stable. The above families have all determinant polynomials with roots of
multiplicity 2, hence by Table 7.2, [Dol12, Table 8.6] and Lemma 7.1 they have A, singularities.
This, alongside with Theorem 7.2 implies that the above families are strictly semistable.

In more detail, the Segre symbol for the pencil of Family 4 is [(1,1), 1, 1, 1], and by the
classification their base locus contains 2 A; singularities. Similarly, the Segre symbol of
Family 5is [(1,1), (1, 1), 1], and its base locus contains four A, singularities.

For Family 1 we can choose a one-parameter subgroup A(s) = Diag(s,1,1,1,s7') such
that lim,_,o f A g = f A g, hence the pencil is polystable.

For Family 2 we can make a suitable change of basis such that [ = azory + 23, g =
brizs + x5, and choosing one parameter subgroup A(s) = Diag(s,s,1,s7!,s7') we have
lims_,o f A g = f A g, which shows that the pencil is polystable.

By Theorem 3.19 a complete intersection S, defined by S = {f = g = 0}, that belongs
to a closed strictly semistable orbit is generated by monomials in the set N°(\, z”1), for
some (), z”!). The above families correspond to the only such N°(\, z/') (up to projective
equivalence). In particular, these are obtained by verifying which N~ (A, z”/) give strictly
semistable families, for various support monomials 27, and then computing N°()\, z/!) by

4+2) _

the description in Lemma 3.18. Notice that the dimension of the moduli space is 2 <( 5

2) — ((44 1) = 1) = 2(15 — 2) — 24 = 2, so these are the only two polystable families.
0

Remark 7.4.1. Notice that up to projective equivalence, from Theorem 4.3, we can write
Family 1 as

f(l‘()? XT1,To, T3, ..'['4) ZZE(Q) + l’i + .',U% + I’% + .',U?))

9(wo, 21, T2, T3, T4) =5 + T3 + M2 + Aoy + A3

and Family 2 as

2 2 2 2 2
f(xo, 1,29, 73, 74) =75 + 27 + 75 + 73 + 7]

Ny 2 2 2 2 2
g(xo, k1, T2, T3, T4) =Noxy + A1 + 25 + A3x5 + A&
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where the ); are distinct and \; # 1, which correspond, up to projective equivalence to
the polystable families given in [MM90, Theorem A, Theorem B, Remark 6.9] and [OS516,
Theorem 4.1].

7.3 Classifying the Singularities of Pairs (S, D = SN H)

Following the discussion of Section 3, we take S = C; N Cy, and D = S N H, where the C;
are hyperquadrics in P* and H is a hyperplane. The lemmas below serve as to help with the

geometric classification of such pairs.

Lemma 7.5. Let S be a smooth complete intersection of two quadrics and H a general hyperplane.

Then D has at worse D, singularities.
Proof. Let S be given by f, g and H be a hyperplane where

f(x07 T1,T2,T3, x4) :(h(l’h T, X3, x4) + x()ll(x37 ZU4)
9(xo, 1, T2, T3, T4) =q2(T3, T4) + Talo(xo, T1, T2) + x3l3(21, T2)
H($o,$1,x27$3>$4) =T4.

Then S has Segre symbol [1,1, 1,1, 1] and is smooth and D is given by

f(zo, x1, 22, x3) =q1 (21, T2, T3) + Tola3
9(xo, 21, T2, T3) =15 + 3301 (21, T2)

which is an intersection of two quadrics in P* with Segre symbol [(3, 1)] and by Sommerville
[Somb59, §XIII] and the proof of Theorem 5.7 it has D, singularities.
Similarly let S be given by f, g and H be a hyperplane where

f(zo, @1, 22, T3, 1) =q1 (T2, T3, T4) + X111 (T2, T3, 24) + Tola(x3, 4)
9(zo, T1, T2, T3, T4) =q2(x2, T3, T4) + 21l3(23, T4) + ToT4
H($0,$1,$2>$37$4) =XT4.

Then S has Segre symbol [1,1, 1,1, 1] and is smooth and D is given by

f(xo, T1, T2, $3) ZQ1($2, 333) + $1l1(1‘27 $3) + Tox3
(o, 21, T2, T3, T4) =q2(x2, 23) + 1123

which is an intersection of two quadrics in P? with Segre symbol [4] and by Table 5.2 it is a

twisted cubic with a tangent line, and it has A; singularities.
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Now let S be given by f, g and H be a hyperplane where

f(x07x17x2ax37'r4) :CJ1(5E17$2,$375E4) + $051(5E2,$37$4)
g(x07x17x27‘r37x4) :(12(172;1‘371’4) + ]}4[1(1’0,1‘1)
H(x07'r17x27x37x4) =Ty.

Then S has Segre symbol [1,1,1, 1, 1] and is smooth and D is given by

f(@o, w1, T2, ¥3) =q1 (21, T2, T3) + Tol1 (T2, T3)
9(x0, 21, T2, T3, T4) =q2(T2, 3)
which is an intersection of two quadrics in P? with Segre symbol [3, 1] and by Table 5.2 it is a
cuspidal curve with A, singularities.
To conclude, let S be given by f, g and H be a hyperplane where
f(@o, x1, T2, T3, 24) =q1 (21, T2, T3, Ta) + Lol (23, T4)
9(x0, 21, T2, T3, T4) =G2(T2, T3, T4) + T1la (T3, T4) + ToT4
H(zo, x1, %2, 23, 4) =14.

Then S has Segre symbol [1,1,1, 1, 1] and is smooth and D is given by

f(xo, x1, T2, 23) =q1 (21, T2, T3) + ToT3
9(zo, w1, T2, T3, T4) =q2(T2, T3) + 1173

which is an intersection of two quadrics in P? with Segre symbol [2,1, 1] and by Table 5.2 it is

a nodal curve with A, singularities. O

Lemma 7.6. Let S be the complete intersection of two quadrics f, g with Segre symbol [(1, 1), (1,1), 1].
Then S has 4 A, singularities. Let H be a hyperplane. Then, the hyperplane section D = S N H has
up to an SL(5)-action:

1. no singularities if and only if H = {{(x1, x2, x3,24) = 0};
2. an A, singularity at one of the singularities of S if and only if H = {l(x2, x3,24) = 0};
3. 4 A, singularities at the singularities of S if and only if H = {x5 = 0}.

Proof. From Table 7.2 we know that S is given, up to projective equivalence, by

= z4li(zo, 1) + x3l2(20, 21) + $%

g = al3(xo, x1) + x3ls(x0, 1) + $§
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Let H = {(z1, x2, x3,x4) = 0}; using a suitable change of coordinates 7, = l(x1, 22, x3, T4),

z; = x; for 1 # 4 we have (by abuse of notation):
[ = (xo,21) + x3la(0, 21) + 75
g = ls(xo, 71) + w3la(xo, 21) + 3
H = Ty

and hence D will be given by:

= a(x1,22,3) + 20l1 (71, T2, 73)
9 = @1, 72, 73) + Tola(T1, T2, 73)
which is a smooth complete intersection of two quadrics in P?.

Let H = {l(x2,x3,24) = 0}; using a similar suitable change of coordinates we have (by

abuse of notation):
f=1Ui(zo, 1) + z3lo(z0, 21) + l’%
g = ll3([L‘0,ZE1) + $3l4($0, 1}1) + ZE%
H = Ty

and hence D will be given by:

f'= (g, v3) + 2oli (w2, 73) + 21la(22, 23)
9 = qa2(w2, 73) + Tol3 (T2, T3) + T114(72, T3)
which is a singular complete intersection of quadrics in P* with Segre symbol [2, 2] by Table
5.2 and an A, singularity at (1:0:0:0).
Similarly, let H = {x2 = 0}; here, D will be given by:

[ = x4li (20, x1) + x3la(z0, 21)

g = xals(xo, 21) + x3l4(20, 71)

which is a singular complete intersection of quadrics in P? with Segre symbol [(1,1), (1,1)] by

Table 5.2 and 4 A, singularitiesat (1:0:0:0).
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Lemma 7.7. Let S be the complete intersection of two quadrics f, g with Segre symbol [(1,1),1,1,1].
Then S has 2 A, singularities. Let H be a hyperplane. Then, the hyperplane section D = S N H has/is
up to an SL(5)-action:

1. 1 A, singularity at one of the singularities of S if and only if H = {l(x1, x2, x3,24) = 0} or
H = {Z(IQ,I3,$4) = 0} or H = {Z(I3,I4) = 0},

2. 2 A, singularity at the singularities of S if and only if H = {l(x1, 2, x3) = 0};
3. non-isolated singularities if and only if H = {x, = 0}.
Proof. From Table 7.2 we know that S is given, up to projective equivalence, by

[ =aq(z1, 22, 3) + T4
g = q2(x1, T, T3) + Ty

Let H = {i(x1, %2, x3, x4) = 0}; using a similar suitable change of coordinates we have (by

abuse of notation):

f=aq(z1, 22, 23) + x0l
g = @21, Ta, x3) + X0l

H:l'4

and hence D will be given by:

f'=a(z1, 29, 23) + ol (21, 72, 73)
9 = @1, 72, 23) + 20l (71, T2, T3)
which is a singular complete intersection of quadrics with an A; singularity at point (up to
SL(3)-action) (1:0:0:0).
Similarly, let H = {l(x3, x3,24) = 0}; using a similar suitable change of coordinates we

have (by abuse of notation):

f=aq(x1, 22, 23) + 20l
g = @21, T3, T3) + X0l

H:$4

and hence D will be given by:



192 VGIT of complete intersections of Quadrics in P* and a Hyperplane

"= qi(x1, 2, 23) + xol(22, 23)
g = (1, 22, 23) + 20l (29, 73)
which is a singular complete intersection of quadrics with an A; singularity at point (up to
SL(3)-action) (1:0:0:0).
Similarly, let H = {i(x3,%4) = 0}; using a similar suitable change of coordinates we have

(by abuse of notation):

f=aq(x1, 22, 23) + 20l
g = q2(1, 29, 3) + 0l
H = Ty

and hence D will be given by:

= (21,22, 73) + 2073
9" = qa(w1, 22, 73) + T3
which is a singular complete intersection of quadrics with an A; singularity at point (up to
SL(3)-action) (1:0:0:0).
Now, let H = {z4 = 0}, then D will be given by:

f'=a(z1, 22, 23)
9 = qa(x1, 9, 73)
which is a singular non-reduced complete intersection of quadrics in P?.
To conclude, let H = {l(x1, x2, x3) = 0}. By making the coordinate change =3 = I(z1, z2, z3)

we get D:
"= q(z1, 29) + oy
g = Q2(x1, T2) + ToTy

which has Segre symbol [(1,1),1,1], and two Al singularities at (1 : 0 : 0 : 0 : 0) and
(0:0:0:0:1), which are the singular points of S. O

The rest of the proofs of this section are identical in method to the proofs of Lemmas 7.7
and 7.6, which in turn use the same method of proof for the lemmas of Section 5.3, and as

such will be omitted.
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Lemma 7.8. Let S be the complete intersection of two quadrics f, g with Segre symbol [(1,1),2, 1]].
Then S has 3 A, singularities. Let H be a hyperplane. Then, the hyperplane section D = S N H has/is
up to an SL(5)-action:

1. no singularities if and only if H = {l(x1, x2, 3, x4) = 0}or H = {l(x2, x3,24) = 0};
2. 2 A, singularities at two of the singularities of S if and only if H = {l(z3,24) = 0};
3. non-isolated singularities if and only if H = {x, = 0}.

Lemma 7.9. Let S be the complete intersection of two quadrics f, g with Segre symbol 2,2, 1]. Then
S has 2 A, singularities. Let H be a hyperplane. Then, the hyperplane section D = S N H has/is up
to an SL(5)-action:

1. no singularities if and only if H = {l(x1, x2, x3,24) = 0};

2. 1 A, singularity at one of the singularities of S if and only if H = {l(x3,x3,24) = 0} or
H ={l(z3,24) =0} or H={z4 = 0}.

Lemma 7.10. Let S be the complete intersection of two quadrics f, g with Segre symbol [2,1,1, 1].
Then S has 1 A, singularities. Let H be a hyperplane. Then, the hyperplane section D = S N H has/is
up to an SL(5)-action:

1. 1 A, singularity at the singularity of S if and only if H = {l(z1,z2,x3,24) = 0} or H =
{l(l‘g,ﬂfg,l‘4) = 0} or H= {l(l’g, ZL’4> = O},

2. non-isolated singularities if and only if H = {x, = 0}.

Lemma 7.11. Let S be the complete intersection of two quadrics f, g with Segre symbol [(2,1), (1,1)].
Then S has 1 Ay and 2 Aj singularities. Let H be a hyperplane. Then, the hyperplane section
D = SN H has/is up to an SL(5)-action:

1. 1 A, singularity at the As singularity if and only if H = {l(xy, x3,23,24) = 0} or H =
{l(l‘% xs, l’4) = 0}/

2. 1 Ay singularity at the A singularity if and only if H = {x5 = 0},

3. non-isolated singularities if and only if H = {l(x3,x4) = 0} or H = {x4 = 0}.
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Lemma 7.12. Let S be the complete intersection of two quadrics f, g with Segre symbol [(2,1),1, 1].
Then S has 1 Ag singularity. Let H be a hyperplane. Then, the hyperplane section D = S N H has/is
up to an SL(5)-action:

1. 1 A, singularity at the A; singularity if and only if H = {l(z1, 2, x3,24) = 0},

2. 1 Ag singularity at the Ag singularity if and only if H = {l(z2,23,24) = 0} or H =
{l(z3,24) =0} or H = {x4 = 0}.

Lemma 7.13. Let S be the complete intersection of two quadrics f, g with Segre symbol [(2, 1), 2].
Then S has 1 A, and 1 Aj singularity. Let H be a hyperplane. Then, the hyperplane section D = SNH
has/is up to an SL(5)-action:

1. 1 A, singularity at the Ay singularity if and only if H = {l(x1, x2, 3, £4) = 0};

2. 1 A singularity at the Aj singularity if and only if H = {l(z2,23,24) = 0} or H =
{l(xs,24) = 0}

3. 1 Dy singularity at the A5 singularity if and only if H = {x, = 0}.

Lemma 7.14. Let S be the complete intersection of two quadrics f, g with Segre symbol [3, (1, 1)].
Then S has 1 Ay and 1 A, singularity. Let H be a hyperplane. Then, the hyperplane section D = SNH
has/is up to an SL(5)-action:

1. 2 A, singularities at the singularities of S if and only if H = {l(x1, 2, x3,x4) = 0};
2. 1 Ay singularity at the A, singularity if and only if H = {l(z2, x3,24) =0},
3. 1 Ay singularity at the Ay singularity if and only if or H = {l(x3,x4) = 0} or H = {z4 = 0}.

Lemma 7.15. Let S be the complete intersection of two quadrics f, g with Segre symbol 3,1, 1]. Then
S has 1 A, singularity. Let H be a hyperplane. Then, the hyperplane section D = S N H has/is up to
an SL(5)-action:

1. 1 A, singularity at the A, singularity if and only if H = {l(x1, x2, x3, £4) = 0};
2. 1 Ay singularity at the A, singularity if and only if H = {l(z2, x3,24) = 0};
3. 1 A singularity at the A, singularity if and only if or H = {l(x3, x4) = 0},

4. non-isolated singularities if H = {x, = 0}.
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Lemma 7.16. Let S be the complete intersection of two quadrics f, g with Segre symbol [3,2]. Then
S has 1 Ay and 1 A, singularity. Let H be a hyperplane. Then, the hyperplane section D = S N H
has/is up to an SL(5)-action:

1. no singularities if and only if H = {l(x1, x2, x3,14) = 0};
2. 2 A, singularities at the singularities of S if and only if H = {l(x2, x3,24) = 0};
3. non-isolated singularities if H = {l(x3,24) = 0} or H = {4 = 0}.

Lemma 7.17. Let S be the complete intersection of two quadrics f, g with Segre symbol [(3, 1), 1].
Then S has 1 Dy singularity. Let H be a hyperplane. Then, the hyperplane section D = S N H has/is
up to an SL(5)-action:

1. no singularities if and only if H = {l(z1, x2, 23, 24) = 0};

2. 2 A, singularities, where one singularity is the D, singularity if and only if H = {l(x2, x3,x4) =

0},
3. adouble conic if and only if H = {l(z3,24) = 0},
4. 1 Aj singularity away from the D, singularity if and only if H = {x, = 0}.

Lemma 7.18. Let S be the complete intersection of two quadrics f, g with Segre symbol [4,1]. Then S
has 1 As singularity. Let H be a hyperplane. Then, the hyperplane section D = S N H has/is up to an
SL(5)-action:

1. 1 Ay singularity if and only if H = {{(x1, 22, x3,24) = 0};
2. 2 A, singularities if and only if H = {l(xq, x3,24) = 0};
3. 1 Aj singularity if and only if H = {l(z3,z4) =0},

4. non-isolated singularities if and only if H = {x, = 0}.

Lemma 7.19. Let S be the complete intersection of two quadrics f, g with Segre symbol [(4,1)]. Then
S has 1 D5 singularity. Let H be a hyperplane. Then, the hyperplane section D = S N H has/is up to
an SL(5)-action:

1. 1 A, singularity at the Dy singularity if and only if H = {l(x1, xo, x5, 74) = 0};
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2. 2 A, singularities where one lies is the D5 singularity at S if and only if H = {l(z2, x5, 24) =

0},

3. non-isolated singularities if and only if H = {l(x3,x4) = 0} or H = {x4 = 0},

4. 1 A, singularity away from the singular point P if and only if S is given by

2
f(%, I, T2, X3, ZL‘4) =5 + ax173 + brory

2
(o, 1, T2, T3, T4) =25 + CT124

and H = {z, = 0}.

As a direct result from the above theorems, we have the following Lemma:

Lemma 7.20. Let (S, D) be a pair that is invariant under a non-trivial G,,-action. Suppose the
singularities of S and D are given as in the first and second entries in one of the rows of Table 7.5,
respectively. Then (S, D) is projectively equivalent to (f = g=0,f=9g=H =0) for f, g as in
Table 7.2 corresponding to the Segre symbol of row 3 of Table 7.5, and H as in the fourth entries in
the same row of Table 7.5, respectively. In particular, any such pair (S, D) is unique up to projective
equivalence. Conversely, if (S, D) is given by equations as in the third and fourth entries in a given
row of Table 7.5, then (S, D) has singularities as in the first and second entries in the same row of
Table and (S, D) is G,,-invariant. Furthermore the one-parameter subgroup \(s) € SL(5), given in

the entry of the corresponding row of Table 7.5 is a generator of the G,-action.



7.4 VGIT Classification 197
Sing(.S) Sing(D) Segre Symbol H A(s)
4A, 4A, at points [(1,1),(1,1),1] To Diag(s,s, 1,571, s71)
2f&1 at . 1
2A, at points [(1,1),1,1,1] | I(z1, o, T3) Diag(s,1,1,1,571)
P,Q
2A, + A, at non-isolated, .
[3,2] Ty Diag(s, 1,1,1,57")
P,Q,R | D=2L+Li+Ls
A+ A, at non-isolated, _
3.(1,1)] . Ding(s, 1,1, 1,5
P,Q, |D=2L+L+L,
2A, + Az at
P double conic [(2,1), (1,1)] 24 Diag(s”, 52,573, 573, 573)
P,Q, R
A, + Ajat
! ’ AzatP [(2,1),(1,1)] T4 Diag(s, 5%, 573,573, 573)
P,Q
AzatP D,atP [4,1] X4 Diag(s, s?, 52, 573,57%)
As;+ A
’ ' A atR [(2,1),2] T4 Diag(s”, s?, 5% 573, 579)
at P, R
Dyat P A;not P ((3,1),1] T4 Diag(s?, s, s71, 571 s711)
D;at P A, not P [(4,1)] 0 Diag(s?, s, s71, 571 s711)

Table 7.5: Some pairs (.S, D) invariant under a G,,-action.

7.4 VGIT Classification

From the algorithm described in Section 3 and the computational package [Pap22c] we obtain

the following walls and chambers:

chambers 598

walls 0

to t

37

=

~
I

3o

327
1162

13
304

oolw

1039
1914

4
ot

~+~
(=2}

win
—_

355 37
534 38

We thus obtain 11 non-isomorphic quotients M7 (;), which are characterised by the

following two Theorems.

Theorem 7.21. Let (S, D) be a pair where S is a complete intersection of two quadrics in P* and

D = SN H is a hyperplane section.
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1. t € (0, §): The pair (S, D) is t-stable if and only S has at worse finitely many A, singularities,

where D may be non-reduced, or if S is smooth and D has at worse a D, singularity.

2. t = 3: The pair (S, D) is t-stable if and only S has at worse finitely many A, singularities
and D is reduced and has at worst A, singularities, or if S is smooth and D has at worse a D4

singularity.

3. t € (£, 2): The pair (S, D) is t-stable if and only if S has at worse finitely many A, singularities

and D is reduced and smooth, or if S is smooth and D has at worse a D, singularity.

4. t = 2: The pair (S, D) is t-stable if and only S has at worse finitely many As singularities and
D can have at worse singularities of type As, or if S is smooth and D has at D has at worse a

D, singularity.

5. t € (2,3): The pair (S, D) is t-stable if and only S has at worse finitely many A singularities

and D is smooth, or if S is smooth and D has at worse a D4 singularity.

6. t = 2: The pair (S, D) is t-stable if and only S has at worse finitely many A singularities and

D is smooth, or if S is smooth and D has at worse an A singularity.

7. t € (&, 3): The pair (S, D) is t-stable if and only S has at worse finitely many A singularities

and D is smooth, or if S is smooth and D has at worse an A, singularity.

8. t = L The pair (S, D) is t-stable if and only S has at worse finitely many A singularities and

D is smooth, or if S'is smooth and D has at worse a A, singularities.

9. t € (3, 2): The pair (S, D) is t-stable if and only S has at worse finitely many A singularities

and D is smooth, or if S is smooth and D has at worse a A, singularities.

10. t = 2: The pair (S, D) is t-stable if and only S has at worse finitely many Ay singularities and

D is smooth, or if S is smooth and D is smooth.

11. t € (3,1): The pair (S, D) is t-stable if and only S has at worse finitely many Dy singularities
and D is smooth, or if S is smooth and D is smooth.

Theorem 7.22. Let t € (0,1). If t is a chamber, or t = t5, then M (t) is the compactification of the
stable loci M (t) by the closed SL(5)-orbit in M (t) \ M (t) represented by the pair (S, D), where S is

the unique G,,-invariant complete intersection of two quadrics with Segre symbol [(1,1), (1,1), 1]
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and 4 A, singularities, and D is the union of the unique four lines in S, each of them passing through
two of those singularities, or the pair (S', D'), where S' is the complete intersection with Segre symbol
[(1,1),1,1,1] and 2 A, singularities, and D' is two conics in general position with 2 A, singularities
at the singular points of S'. If t = t;, for i = 1,2,3,4,5, then M(t;) is the compactification of the
stable loci M (t;) by the three closed SL(5)-orbits in M (t) \ M (t) represented by the uniquely defined
pairs (S, D), (S, D') described above, and the G,,-invariant pairs (S;, D;), (S., D)) uniquely defined

as follows:

1. the complete intersection Sy of two quadrics with Segre symbol [3,2] with 2 Ay and 1 A,
singularities, and the divisor D, € | — Kg,|, where Dy = 2L + Ly + Lo (a double line and two
lines meeting at two points), with non-isolated singularities, and the complete intersection S|
of two quadrics with Segre symbol [3, (1,1)] with 1 Ay and 1 A, singularities, and the divisor
D)e|— Kg |, where D} = 2L + Ly + Ly (a double line and two lines meeting at two points),

with non-isolated singularities;

2. the complete intersection Sy of two quadrics with Segre symbol [(2,1), (1,1)] with 2 A, and 1
A3 singularities, and the divisor Dy € | — K, |, where D, is a double conic, and the complete
intersection Sy of two quadrics with Segre symbol [(2,1),2] with 1 Ay and 1 A singularities,
and the divisor Dy € | — K|, where Dy has an As singularity at the A, singularity of Sy;

3. the complete intersection Ss of two quadrics with Segre symbol [4, 1] with 1 A singularity, and
the divisor D3 € | — Kg,|, where D5 is a conic and two lines intersecting in one point, with a

D, singularity at the A singularity of Sy;

4. the complete intersection S, of two quadrics with Segre symbol (3, 1), 1] with 1 Dy singularity,
and the divisor Dy € | — Kg,|, where D, is two tangent conics with a A5 singularity, and D,

does not contain the singular point of Sy;

5. the complete intersection Sy of two quadrics with Segre symbol [(4,1)] with 1 Dy singularity,
and the divisor D5 € | — Kg, |, where Dj is a cuspidal curve with a A, singularity, and Dy does

not contain the singular point of Ss.
The lemma below, will aide us with the classification.
Lemma 7.23. Let (S, D) be a pair.

1. If S is reducible or not normal, then (S, D) is t-unstable for all t € [0, 1).
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2. If D is not reduced, then, (S, D) is t-unstable for all t € (1/6,1].

Proof. For the first part, the reducible case follows from Theorem 3.14. By Serre’s criterion
for normality, the complete intersection S is not normal if it has non-isolated singularities.
Assume, without loss of generality that the non-isolated singularities are at the points (a : b :

0:0:0),(a:b:¢:0:0),(a:b:c:d:0). Then, the singular complete intersection will be

given by either
f(x[)y T1,T2,T3, $4) ZQ3($2a xs, ZE4) + m4l1(‘r07 xl)
g(x(b T1,T2,T3, .T4) ZQ4<I27 xs, .T4) + I4l2($07 Il)
or
f(xo, x1, T, 3, 4) =q3(T3, Ta) + Tali (20, T1, T2)
9(xo, 1, T2, T3, 4) =qu(T3, 1) + T4la(x0, 21, T2)
or
f($07$1, T2, 553,334) = Ch(ﬂ?o, T1,T2, T3, 1'4)
g(x07 X1,T2,T3, 3:4) = T3T4
or

f(@o, 21, %2, 33, 4) = q1(20, T1, T2, T3, T4)
g(x0, 71, T9, T3, 14) = 23
Let H(xg, x1, 2, 23, x4) = (20, 21, T2, T3, T4) be a general hyperplane.

For the first possibility, let A(s) = Diag(s?, s*, 57,571, 579); then 1,(S, H,\) = —4 — 4t < 0
for all t € [0,1). Similarly, for the second case let A\(s) = Diag(s*, s*, s7,s71, s7%); then
we(S, Hy\) = —4 — 4t < 0 for all t € [0, 1). For the third case let \(s) = Diag(s, s!, s, s, s7%);
then u(S,H,\) =2—-3+t = -1+t < 0forallt € [0,1). For the last case let A\(s) =
Diag(s?,s,1,0,s73); then p;(S, H,\) =4 — 6+ 2t = =2+ 2t < O forall t € [0,1). Hence, in all
cases, the pair is unstable.

For the second part, without loss of generality we may assume that the pair is given by

f(xo, x1, T2, w3, 24) =q1 (21, T2, T3, T4) + Tol1 (T3, T4)

(
9(x07$17x2a173a$4) ZQQ(ZE&JM) + $412(I0,$17$2)
H<x0,$1,$2,x3,x4> =T4.

4

Then, let \(s) = Diag(s*, s*,s7!, s71, s7%) be a one-parameter subgroup. Then, (S, H, \) =
1—6t <0ift > . O



7.4 VGIT Classification 201

The families presented below have been produced via the algorithm described in Chapter
3, via the computational package [Pap22c] and are all ¢-unstable with respect to the respective
t via the centroid criterion (Theorem 3.10). In addition, they are maximal ¢-destabilising

families with respect to each wall/chamber ¢, in the sense of Definition 3.15.
_ 37
7.4.1 Chambert = 595

For the first chamber with ¢ = 2L € (0, 1) we have:

Lemma 7.24. 1. the pair (S, H) is non-t-stable if and only if the pair is generated by one of the

following families, or their degenerations:

Family 1:

f($0>$1,x2,9€37$4) ZQ1(1’1,$27$3,1’4>
9($07$1,$2,$3,$4) ZCI2(9€1,$2,$3,€B4)
H($07x1,x2,$3,x4) :l($07$1,$2,l‘3,x4)

A singular complete intersection Swhich is a cone over a singular complete intersection in P,

with D = S N H a general hyperplane section.

Family 2:

f('rOJ X1,T2,T3, I'4) :(I3($27x3; I4) + ‘/L‘4l1(x07 .7;1)
9(xo, k1, T2, T3, T4) =qu(T2, T3, 24) + Tala(x0, 1)
H(zg, 21,22, 3, 14) =l(x0, X1, T2, T3, T4)

A singular complete intersection S whose singular locus contains a line, with D = SN H a

general hyperplane section.

Family 3:

f(xo, x1, T, 3, T4) =q5(21, T2, T3, T4) + ToTy
9(o, 21, T2, T3, 1) =qo(X2, T3, T4) + T124
H($0,$1,$2,J)3,(L’4) :l($07I1,$2,$3,$4)

A singular complete intersection S with an A, singularity, with D = SNH a general hyperplane

section.
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Family 4:

f(xo, x1, T, T3, T4) =G7(T2, T3, T4) + Tals(To, 1) + T3l4(20, 71)
9(9007%, $27$3,l’4) ZQS($2,$3,$4) + $4l5($07 xl) + 1U316($0,CU1)
H($O> T1,T2,T3, .1'4) :l($27 Zs, x4)

A singular complete intersection S with four A, singularities, with D = S N H a singular

hyperplane section with an A, singularity at one of the singular points of S.
Family 5:

f(xo, @1, T2, T3, 24) =q9(T1, Ta, T3, T4) + Tol7 (73, 24)
9(wo, T1, T, T3, T4) =q10(T3, T4) + T3ls(21, T2) + Taly (1, T2)
H(zg,x1, T2, 3, 24) =l(x0, 1, T2, T3, 24)

A singular complete intersection S with an A, singularity, with D = SN H a general hyperplane

section.
Family 6:

f(xo, x1, T2, @3, 24) =qu1(T2, 3, T4) + Talio(T0, 1) + 3011 (T0, 1)
9(zo, 1, T2, T3, Ta) =qr2(T3, Ta) + Tali2(20, 21, T2) + T322
H<x0a T1,T2,T3, :L‘4> :l<l’0, T1,T2,T3, l’4)

A singular complete intersection S with an Ay and an A, singularity, with D = SN H a

general hyperplane section.
Family 7:

f(@o, 21, T2, T3, 24) =qu3(T0, T1, Ta, T3, T4)

9(o, T1, T2, T3, T4) =q1a(T3, T4)

H(xg, x1, T2, x5, 24) =l(x0, 1, T2, T3, T4)
A singular complete intersection S with non-isolated singularities, with D = S N H a general
hyperplane section.

Family 8:

f(xo,fl, T2, 933,$4) ZQ15($3, I4) + 354112(%7 xy, 752) + $3l13($0,$1,$2)
9(xo, 1, T2, T3, T4) =qi6(T3, T4) + Tali3(x0, T1, T2) + +x3l14(T0, 71, T2)

H(Q?O, ZT1,To, T3, x4) :l(x(h ZT1,T2,T3, $4)
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A singular complete intersection S with non-isolated singularities, with D = S N H a general

hyperplane section.

Family 9:

f(xo, x1, T, T3, T4) =qu7(x1, Ta, T3, T4) + T4T0
9(wo, ¥1, 2, 3, 14) =q18(T1, T2, T3, T4) + T4To
H(xg, 21,72, 3, 14) =U(21, T2, T3, T4)

A singular complete intersection S with an A, singularity, with D = S N H a singular

hyperplane section with an A, singularity at the singular point of S.

Family 10:

f(@o, w1, T2, T3, 24) =qr9(T0, T1, T2, T3, T4)
9(o, 71, T2, T3, ¥4) =Tal15(20, T1, T2, T3, T4)
H(ZEo, T1,T9,T3, Z’4) :l(xm r1,T9,T3, ZL’4)
A singular complete intersection S with non-isolated singularities, with D = S N H a general

hyperplane section.

Family 11:

f(xo, 1, 29, 3, 24) =q20(T1, T2, T3, T4) + Tol1s(T2, T3, T4)
9(0, T1, T2, T3, T4) =qo1(T2, T3, T4)
H(xg, x1, 22, x5, 24) =l(x0, 1, T2, T3, Ty)

A singular complete intersection S with an A g singularity, with D = SNH a general hyperplane

section.

Here, the l; are linear forms in P* and the q; are quadratic forms. In particular, the pair is strictly

t-semistable if it is generated by Family 4 or 9;

2. fort € (0, %), the only t-stable pairs (S, D = S N H) occur when S is smooth, in which case
D is a general hyperplane section with at worst D, singularities, or S has at worse 2 or 3 A

singularities with D non-reduced, or 1 or 4 A, singularities with D general.

Proof. Part 1 follows from the computational program [Pap22c] we detailed in Chapter 3 and
the centroid criterion (Theorem 3.10), where the above families are maximal destabilising

families as in the sense of Definition 3.15, i.e. each family equals N~ (\,z”,z,) for some
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A€ Pss0and x”, x, support monomials. The description of the above families with respect
to singularities follows from Sections 7.1 and 7.3. In particular, the families with non-isolated
singularities are non-normal from Serre’s criterion

For part 2, suppose S is stable. From the classification Lemmas of Section 7.3 and part 1

we see that S cannot have A, or worse singularities. From the above families, we see that

f(xo, x1, T2, w3, 24) =q1 (21, T2, T3, T4) + Tol1 (T3, T4)
g(xo, 21, T2, T3, T4) =q2(T3, 24) + Tala(x0, 21, T2)
H(x0,$17x2,$3,l‘4) =T4

is a stable pair where S has Segre symbol [(1,1),1,1,1] and 2 A, singularities from Table 7.2,
and D is given by

(w0, 21, 22, 23) = q1 (21, 22, 23) + Tox3
9/(36’07%1,%2,133) = 1‘3

which is a double line and two lines in a triangle and is non-reduced.

In addition, the pair

f(xo, 01, 2, 23, 24) =q5(21, T2, T3, 74) + Tol7 (T3, 74)

g(xo, x1, 2, T3, T4) =qs(T3,24) + 24ls(x0, 1, T2)

H(xg, 1,29, T3, T4) =24
where S has 3 A, singularities, and D = S N H is hyperplane section with non-isolated
singularities is also stable.

To conclude, we also see that the pair (S, H) where S is smooth and H is any hyperplane

section is smooth, and by Lemma 7.5, we see that D can have up to D, singularities. O
We also obtain:

Lemma 7.25. For t € (0, ¢) the pair (S, H) is strictly t-polystable if and only if it is generated by the
following families:

Family 1:

f (2o, @1, T2, 3, 24) =75 + 241y (w0, 1) + 3la(T0, 71)
g(z0, 71, T2, T3, T4) =25 + 4l3(20, 1) + 23l4(20, T1)

H(Q?O, X1, T2, T3, $4) =T
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with S a singular complete intersection with four A, singularities, with D = S N H a singular

hyperplane section with 4 A, singularities;

Family 2:

f(xo, x1, T2, @3, 24) = T4ly (20, 1) + x3la(T0, 1) + x%
9(wo, T1, T2, T3, 04) = 2al3(0, 1) + T3l4(20, 71) + 73

H($07 L1,T2,T3, x4> - l(xh Zo, .7;3)

with S a singular complete intersection with 2 A, singularities, with D = SN H a singular hyperplane

section with 2 A, singularities, at the singular points of S.

Proof. Suppose (S, D) is a pair, where S is a complete intersection defined by polynomials
fand g, and D = SN H is defined by a polynomial H, which belongs to a closed strictly
t-semistable orbit. By Theorem 3.19, they are generated by monomials in NP(\, z/t, z;) for
some (A, z”, x;) such that N)(\, 27, x;) is maximal with respect to the containment of order
of sets. As detailed in Chapter 3, these can be generated algorithmically [Pap22c], and the
above families represent the only maximal N (), z”, z;) for ¢ € (0, 3).

Let (S, D) be strictly t-semistable, as in family 1, and take one-parameter subgroup
A(s) = Diag(s, s,1,s7 1, s71). Then lim,_,o A(s) - (S, D) = (S, D) hence the pair is t-polystable
by [Dol03, Remark 8.1 (5)] and Lemma 7.20. Similarly, the pair of family 2 is ¢-polystable via
Lemma 7.20.

]

Remark 7.25.1. For each chamber ¢ € (0, 1), we have that the only ¢-polystable families are
given by the above families in Theorem 7.25. In addition, the above pairs are ¢-polystable for

all t € (0,1). We will usually denote the pair of family 1 by (S, D) and of family 2 by (S’, D').

742 Wallt =}

For wall t = 1/6 we have the following.

Lemma 7.26. 1. The pair (S, H) is non-t-stable if and only the pair is generated by the families of

37

chamber 598

in addition to one of the following families, or their degenerations:
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Family 1:

f(xo, x1, T2, 23, 4) =q1 (T2, T3, T4) + Tol1 (T2, T3, 4) + T1lo(22, T3, T4)
9(xo, 21, T2, T3, T4) =q2(T2, 3, T4) + T4l3(x0, 1)
H(xg,x1, %2, T3, T4) =24

A singular complete intersection S with 2 A, singularities, with D = S N H a general

hyperplane section with non-isolated singularities.

Family 2:

f(zo, x1, T2, 3, x4) =q3(x2, T3, 24) + X1l4(22, T3, T4) + Tols5 (T3, 24)
g(xo, X1, T2, T3, T4) =qu(T2, T3, x4) + T1l(x3, T4)
H(xg,x1, 29, x5, 24) =l(x3,24)

A singular complete intersection S with 2 A, singularities, with D = S N H a general

hyperplane section with an Ay singularity at one of the A, singularities of S.

Family 3:

f(xo, x1, T2, T3, 24) =q5(x1, T2, T3, T4) + Tolz (T3, T4)
9(zo, w1, T2, T3, T4) =q6(T3, T4) + T4ls(T0, T1, T2)

H(I(]u X1,T2,T3, x4> =T4

A singular complete intersection S with 3 A, singularities, with D = S N H a hyperplane
section with non-isolated singularities.

Here, the l; are linear forms in P* and the q; are quadratic forms. In particular, the pencil is

37

strictly t-semistable if it is generated by Families 3, 4 or 5 of chamber 55¢;

2. for t = g, the only t-stable pairs (S, D = S N H) occur when S is smooth, in which case
D is a general hyperplane section that can have at worst D, singularities, or S has at worse
finitely many singularities at worst of type A, with D having at worst A, singularities. In
particular, S can have 2 A, singularities, provided that D has at worst 1 A, singularity at one
of the singularities of S, or 3 A, singularities if D has at worst 2 A, singularities at two of the

singularities of S.

Proof. Part 1 follows from the computational program [Pap22c] we detailed in Chapter 3 and

the centroid criterion (Theorem 3.10), where the above families are maximal destabilising
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families as in the sense of Definition 3.15, i.e. each family equals N~ (\,z”,z,) for some
A € P35 and 27, x, support monomials. The description of the above families with respect
to singularities follows from Sections 7.1 and 7.3. In particular, families with non-isolated
singularities are non-normal from Serre’s criterion.

For part 2, let S be t-stable. From the classification Lemmas of Section 7.3 and part 1, we
see that S cannot have A, or worse singularities. In addition, we see that S can have 2 A,
singularities, provided that D has at worst 1 A, singularity at one of the singularities of .5,
or 3 A, singularities if D has at worst 2 A, singularities at two of the singularities of S. The

proof is then completed via Lemma 7.24. O]
We also obtain:

Lemma 7.27. For t = ¢ the pair (S, H) is strictly t-polystable if and only if it is generated by the
following families:
Family 1:
f(zo, 21, T, T3, T4) =3 + 241 (30, 71) + 23l2(20, 1)
9(zo, 71, T2, T3, T4) =73 + T4l3(z0, T1) + T3l4(T0, 1)
H(zo, x1, 22, T3, T4) =To
with S a singular complete intersection with four A, singularities, and D = S N H a singular

hyperplane section with 4 A, singularities;

Family 2:

f(xo, 21, T2, 3, T4) =q2(T2, T3) + T174
9(wo, T1, T, T3, T4) IJE% + ToTy
H{(zo, 1, T2, T3, 24) =T
with S a singular complete intersection with Segre symbol (3, 2] with an A, and an A, singularity,
with D = S N H a singular hyperplane section with Segre symbol [(2, 2)] which is a double line and
two lines in general position, with non-isolated singularities;
Family 3:
f(@o, 21, T2, 33, 4) = 2411 (20, T1) + @302 (W0, 1) + 73
9(wo, 1, T2, 13, 14) = al3(0, 21) + w3la(20, 21) + 75

H('r07 X1,T2,T3, 'r4) = l(x17 T, x3)
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with S a singular complete intersection with 2 A4 singularities, with D = SN H a singular hyperplane
section with 2 A, singularities, at the singular points of S;
Family 4:
f(xo, 21,29, 3, 4) = q(T1, T2) + x0l5(13, T4)
g(x0, x1, T2, T3, T4) = 1ls(23, 24) + T2l7(23, 74)
H(zo, 21,22, 3, 4) = T
with S a singular complete intersection with 1 A, and singularities 1 Ay, with D = SN H =
2L + Ly + Ly a singular hyperplane section with Segre symbol [(2, 2)] which is a double line and two

lines in general position, with non-isolated singularities.

Proof. Suppose (5, D) is a pair, where S is a complete intersection defined by polynomials
fand g, and D = SN H is defined by a polynomial H, which belongs to a closed strictly
t-semistable orbit. By Theorem 3.19, they are generated by monomials in NP(\, 2”7, z;) for
some (), 2”1, z;) such that N (), 27, z;) is maximal with respect to the containment of order
of sets. As detailed in Chapter 3, these can be generated algorithmically [Pap22c], and the
above 2 families represent the only maximal NY(\, 2, z;) for t = ¢.

Families 1 and 3 are identical to the ones in Theorem 7.25.
f(zo, 21, T2, 3, 24) =q1 (21, T2) + l7(23, 4)15(23, 24)
9(wo, 11, 2, 3, 14) =23l6(71, T2) + T4T0
H(zg, x1, T2, 3, x4) =l7(3, 24)
and for one-parameter subgroup A(s) = Diag(s,1,1,1,s™!) we have
P_r}rg)k(s) (fANg) =q(xr, 22) A\ xoxy4 ii_r)rtl))\(s) -H=H
i.e. we obtain a triple
f(wo, w1, 9, 23, 24) =q1 (21, 72)
9(wo, 11,72, 73, T4) =T4T
H(zg, x1, T2, 3, x4) =l7(3,24)
which is strictly ¢-semistable by the Centroid criterion 3.10. For Family 2 we write after a
suitable change of basis
f(wo, 01,9, T3, T4) =TTy + T173
9(xo, T1, T2, T3, Ty) =T] + T2y

H('T07 Z1,T2,T3, x4) =T
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and for one-parameter subgroup A(s) = Diag(s,1,1,1,s™ ') we have

lim A(s) - (S, D) = (S, D).

s—0

For family 4 we can write up to projective equivalence

f (o, x1, T2, T3, 14) = X129 + Tox3 + ToXy
9(x0, 1, T2, T3, T4) = 1173 + Taly
H (o, x1, T2, 3, 24) = Tg
Since (5, D) is strictly t-semistable for all cases, the stabiliser subgroup of (5, D), namely
G(s,p) C SL(5) is infinite (see, [Dol03, Remark 8.1(5)]). In particular, there is a G,,-action on
(S, D). The proof then follows from Lemma 7.20.
O

_ 327
7.4.3 Chamberi¢ = 116

327 c

For chamber t = e

(3,2) we have the following:

Lemma 7.28. 1. The pair (S, H) is non-t-stable if and only if the pair (S, H) is generated by the

families of wall & (minus Families 3 and 6 from the chamber t = %) in addition to one of the

following families, or their degenerations:

Family 1:

f(xo, x1, o, T3, 24) =q3(T1, T, T3, T4) + Tols (T3, T4)

9(wo, @1, T, T3, T4) =qu(¥3, T4) + Talz(71, T2) + 2al5(T1, 72)

H (g, x1, T2, x3, x4) =l(21, T2, T3, T4)
A singular complete intersection S with A, singularities, with D = S N H a hyperplane section
with A, singularities;

Family 2:

(o, x1, o, 3, 4) =q5(T2, T3, Ta) + T1l4(T2, T3, T4) + To2y
9(xo, 1, T2, T3, 1) =6 (T2, T3, T4) + T124
H(.T(), X1,T2,T3, ZE4) :l(x(h T1,T2,T3, .T4)

A singular complete intersection S with an A g singularity, with D = SNH a general hyperplane

section.
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Family 3:

f(xo, x1, T2, 3, 4) =q3(T2, T3, T4) + T1l6(T3, T4) + Tol7(23, T4)
9(xo, 1, T2, T3, 1) =qs(T3, T4) + Talsg(x0, 1, T2)

H(I07 T1,T2,T3, 'I4) :l(x()) T1,T2,T3, I4)

A singular complete intersection S with A, singularities, with D = SN H a general hyperplane

section,

Here, the l; are linear forms in P* and the q; are quadratic forms. In particular, the pencil is

37,

strictly t-semistable if it is generated by Family 4 of chamber 55¢;

2. for chamber t = 32T ¢ (L 2), the only t-stable pairs (S, D = S N H) occur when S is smooth,

1162 67

in which case D is a general hyperplane section with worst D4 singularities, or S has at worse

finitely many singularities at worst of type Ao, with D a general hyperplane section.

Proof. Part 1 follows from the computational program [Pap22c] we detailed in Chapter 3 and

the centroid criterion (Theorem 3.10), where the above families are maximal destabilising

families as in the sense of Definition 3.15, i.e. each family equals N~ (\,z”,z,) for some

A € Py 55 and 27, x, support monomials. The description of the above families with respect

to singularities follows from Sections 7.1 and 7.3.

For part 2, let S be t-stable. From Table 7.2, the Lemmas of Section 7.3 and part 1, we see

that S cannot have Aj or worse singularities. From the above families, we know that

f(zo, w1, T2, T3, 4) =q3(21, T2, T3, 24) + xol7(23, T4)
9(xo, X1, T2, T3, T4) =qu(T3, 24) + Tals(x0, 1, T2)

H(x(h X1, T2, T3, .I'4) :l(ilf(], X1, T2,T3, x4>

and
f(@o, w1, T2, w3, 24) =q3(22, T3, 24) + T1l6(23, T4) + Tolr (73, T4)
9(xo, 1, T2, T3, ¥4) =qa(¥3, T4) + als(20, 21, T2) + Tow3
H(.ZU07 T1,T2,T3, [L'4) :l($07 T1,T2,T3, LU4)
are stable pairs where S has A, singularities, and D is a general hyperplane section. O

The only polystable pairs correspond to pairs (S, D) and (S, D'), as in Theorem 7.25.
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744 Wallt =2

Forwallt = % we have the following.

Lemma 7.29. 1. The pair (S, H) is non-t-stable if and only if the pair (S, H) is generated by the

families of chamber 225 (minus Families 2 and 3 from wall t = ¢) in addition to one of the

following families, or their degenerations:

Family 1:

f(@o, 21, T2, T3, 24) =q1 (T0, 1, T2, T3, T4)
9(x0, 1, w2, x5, ¥4) =qa (23, T4) + Taly (0, 21, 22)
H(xg, 21, %9, T3, T4) =24
A singular complete intersection S with A, singularities, with D = SN H a general hyperplane

section with an A, singularity at the A, singularity of S.

Family 2:

f(@o, 21, 2, w3, 24) =q3(21, T2, T3, T4) + Tola (T2, 3, T4)
9(o, 1, T2, T3, T4) =qa(x2, T3, T4)
H(zg, x1, T2, T3, T4) =T4
A singular complete intersection S with an Ag singularity, with D = SNH a general hyperplane
section with A, singularity at the Ag singularity of S;

Family 3:

f(xo, x1, T2, @3, 24) =q5(x1, T2, T3, T4) + Tols(T3, T4)
9(xo, 21, T2, T3, T4) =q6(T2, T3, 1) + T1l4(x3, T4)
H($0,$1,$2,$3,$4) :l($3,9€4)

A singular complete intersection S with an A, singularity, with D = S N H a hyperplane

section with A singularities.

Here, the l; are linear forms in P* and the q; are quadratic forms. In particular, the pencil is

strictly t-semistable if it is generated by Family 1 or by Family 4 of chamber 2;

2. for wall t = 2, the only t-stable pairs (S, D = S N H) occur when S is smooth, in which case

D is a general hyperplane section with at worst D, singularities, or S has at worse finitely
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many singularities at worst of type Az, with D having at worst an A singularity at the A

singularity of S.

Proof. Part 1 follows from the computational program [Pap22c] we detailed in Chapter 3 and
the centroid criterion (Theorem 3.10), where the above families are maximal destabilising
families as in the sense of Definition 3.15, i.e. each family equals N~ (\,z”,z,) for some
A € Py55 and 27, x, support monomials. The description of the above families with respect
to singularities follows from Sections 7.1 and 7.3. In particular, families with non-isolated
singularities are non-normal from Serre’s criterion.

For part 2, let S be t-stable. From Table 7.2 and the Lemmas of Section 7.3, we see that S

cannot have A, or worse singularities. From the above families, we know that

f(xo, 21, 2, 3, T4) =q3(21, T2, T3, T4) + Tola(22, T3, 4)
9(51307 T1,T2,T3, I4) :CJ4(=T2a xs, 1'4)
H(1U07$1,I2,$37$4) :l($37$4)

is a stable pair where S has one Aj singularity, and D has an Aj singularity at the A;

singularity of S, by Lemma 7.12. O
We also obtain the following.

Lemma 7.30. For t = 2 the pair (S, H) is strictly t-polystable if and only if it is generated by the
following families:

Family 1:

f (o, 21, T, T3, T4) =5 + w411 (70, 71) + T3l2(20, 71)
9(xo, T1, T2, T3, T4) =75 + Tal3(T0, 1) + 23la(T0, 1)
H(xo,x1, %o, 3, T4) =22
with S a singular complete intersection with four A, singularities, and D = S N H a singular

hyperplane section with 4 A, singularities.

Family 2:

f(xo, 1,29, 73, 24) =1 (T2, T3, 74)
9(370a1‘17332;173ax4> :"E% + x0l5(x27x37x4>

H($0,$17$27x37374) =Zg
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with S a singular complete intersection with Segre symbol [(2, 1), (1,1)] with 2 A, (points P and Q)
and an Ag singularity (point R), with D = S N H a singular hyperplane section with Segre symbol
[(1,1,1), 1] which is a double conic.

Family 3:

f(xo, w1, Ta, T3, 24) = 24y (w0, 21) + 3la (0, 71) + 75
9(z0, 71, T2, T3, 04) = xal3(20, 1) + 23l4(20, 1) + 75

H(:C(h T, T2, T3, x4) = l(x17 T, :C3)

with S a singular complete intersection with 2 A, singularities, with D = SN H a singular hyperplane
section with 2 A, singularities, at the singular points of S;

Family 4:

f(zo, w1, T2, 3, 24) = q2(3,24) + T124
g<$07$17$27 €3, ‘1;4> = .I'% + xOZB(l’%l’Z&)

H(xo, T1,T2,3, 904) = T4

with S a singular complete intersection with 1 Ay and 1 Ag singularities, with D = S N H a singular

hyperplane section with 1 A singularities, at the A, singular point of S.

Proof. Suppose (5, D) is a pair, where S is a complete intersection defined by polynomials
fand g, and D = SN H is defined by a polynomial H, which belongs to a closed strictly
t-semistable orbit. By Theorem 3.19, they are generated by monomials in NP(\, 27, z;) for
some (A, 27, x;) such that N)(\, z”*, x;) is maximal with respect to the containment of order
of sets. As detailed in Chapter 3, these can be generated algorithmically [Pap22c], and the
above families represent the only maximal N?(\, 7', z;) for t = 2.

The fact that Families 1 and 3 are t-polystable follows from Theorem 7.25. For Family 2,

we can make a change of variables such that

f(xo, x1, Ta, T3, T4) =ToT3 + T4T3
2
g('xOv T, T2, X3, *1.4) =T + XoZTo + CToT3

H('xo» Xy,T2,T3, $4) =T

where ¢ # 0, as otherwise S would not be normal, which is impossible from Lemma 7.23.
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For family 4 we can make the change of coordinates

f(xo, x1, o, T3, T4) = T3T4 + X174
2
9(37071:17 ZE2,$3,$4) =T + T + Ccxox3

H(x07 T1,T2, T3, [L'4) = T4

where ¢ # 0 otherwise S would be non-normal.

Since (5, D) is strictly t-semistable the stabiliser subgroup of (.S, D), namely G s py C SL(5)
is infinite (see, [Dol03, Remark 8.1(5)]). In particular, there is a G,,-action on (S, D); since all
the possible pairs with G,,-action have been classified in Lemma 7.20, the proof is finished.

]

_ 113
7.4.5 Chamberit¢ = 301

For chamber ¢ = 12 € (2, £) we have the following.

Lemma 7.31. 1. The pair (S, H) is non-t-stable if and only if the pair (S, H) is generated by the

families of wall 2 (minus families 5 and 11 from chamber t = 2¢, family 3 from wall t =

37 1
228”7 6’

family 2 from wall t = 2) in addition to one of the following families, or their degenerations:

Family 1:

f(@o, 21, 22, 3, T4) =q1 (21, T2, T3, T4) + Toy
(o, 21, T2, T3, Ta) =qa(x3, 4) + 24ly (21, 22)
H(ZEO, T1,T2,T3, LU4) :l(l‘ﬂ) T1,T2,T3, ZE4)

A singular complete intersection S with A, singularities, with D = S N H a general smooth

hyperplane section.
Family 2:
f(xo, 21, T2, 3, 24) =q3(71, Ta, T3, 74) + Tola (T3, 74)

9(xo, 21, T2, T3, T4) =qu(T3, 24) + Tal3(21, T2) + 23l4(21, T2)

H($0,$1,$27$3,9§4) :l(ivl,l"z,fﬁ?nm)

A singular complete intersection S with an A, singularity, with D = S N H a singular

hyperplane section with an A, singularity.
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Family 3:

f(xo, x1, T2, T3, 4) =q5(T1, T2, T3, T4) + Tols (T2, T3, T4)
9(3507 X1, T2, T3, 334) :q6(x27 X3, 1'4) + T1T4
H('xO) xy,T2,T3, '174) =Ty

A singular complete intersection S with an A, singularity, with D = S N H a hyperplane

section with A, singularities.

Family 4:

f(xo, x1, T2, 3, 4) =q7(x2, T3, 4) + Tole(T2, T3, T4) + T1l7(22, T3, T4)
g($0>x17x27x3a$4) ZQS<I27J:37$4)

H(xo,$1>$2,x37$4) 21(95073517332,553,954)

A singular complete intersection S with an A singularity with D = SN H a general hyperplane

section.

Family 5:

f(xo, x1, T2, 23, 24) =qo(x1, T2, T3, T4) + Tols(T2, T3, 24)
g($07$1,$2,$37$4) ZQ10($2,$3,$4)

H(x(b T1,T2,T3, 'T4) :l(‘r(b T1,T2,T3, $4)

A singular complete intersection S with an A, singularity, with D = SNH a general hyperplane
section.

Here, the l; are linear forms in P* and the q; are quadratic forms. In particular, the pencil is

37 .

strictly t-semistable if it is generated by Family 4 from chamber t = 33¢;

2. for chamber t = 52 € (2, 2), the only t-stable pairs (S, D = SN H) occur when S is smooth, in
which case D is a general hyperplane section with at worst D, singularities, or S has at worse

finitely many singularities at worst of type As, with D a general hyperplane section.

Proof. Part 1 follows from the computational program [Pap22c] we detailed in Chapter 3 and
the centroid criterion (Theorem 3.10), where the above families are maximal destabilising
families as in the sense of Definition 3.15, i.e. each family equals N~(\, 27/, z,) for some
A\ € P35 and 27, 2, support monomials. The description of the above families with respect

to singularities follows from Sections 7.1 and 7.3.
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For part 2, let S be t-stable. From Table 7.2 and the Lemmas of Section 7.3, we see that S

cannot have A, or worse singularities. From the above family, we know that the pair

f(xo, x1, X2, 23, T4) =q7(21, T2, 3, T4) + Tole(T2, T3, T4)
g($07$17$2,$3,$4) :CJS(ZE2,$3,$4)
H($07x1,x2,$3,$4) :l(x07x17x27x3)x4)

is stable, where S = {f = 0} N {g = 0} has Segre symbol [(2, 1), 1, 1] and has an Aj; singularity,

and D is a general hyperplane section.

The only polystable pairs correspond to pairs (S, D) and (S, D), as in Theorem 7.25.

746 Wallt =23

Forwall t = % we have the following.

Lemma 7.32. 1. The pair (S, H) is non-t-stable if and only if the pair (S, H) is generated by the

families of chamber 553 in addition to the following family, or their degenerations:

Family 1:

f(zo, x1, 22, 3, 24) =q1 (21, T2, T3, T4) + xoli (T3, T4)
9(o, T1, T2, T3, T4) =qo(T3, T4) + Tal1 (20, ¥1, T2) + T3l2(71, To, 3)
H(xg,x1, T2, T3, 24) =24

A smooth complete intersection S, with D = S N H a hyperplane section with D, singularities.

Here, the l; are linear forms in P* and the q; are quadratic forms. In particular, the pencil is

strictly t-semistable if it is generated by Family 1 from chamber t = 2% and 2 from chamber

__ 327,
t= 1162”7

2. for wall t = 2, the only t-stable pairs (S, D = S N H) occur when S is smooth, in which
case D is a hyperplane section with at worst Ag singularities, or S has at worse finitely many

singularities at worst of type As, with D general.

Proof. The proof follows from the proof of Lemma 7.31 and Lemma 7.5.

We also obtain the following.
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Lemma 7.33. For t = 3 the pair (S, H) is strictly t-polystable if and only if it is generated by the
following families:

Family 1:

f(@o, 21, o, w3, 24) =25 + 4l1 (0, 1) + 23l2(70, 1)
9(wo, 21, T2, T3, T4) =25 + T4l3 (20, 1) + 23l4(20, 71)

H('IO’ X1, T2, X3, 'T4) =T2

with S a singular complete intersection with four A, singularities, and D = S N H a singular
hyperplane section with 4 A, singularities.

Family 2:

f(zo, 21, 22, 3, 24) =q1 (22, T3) + 2120
9(550, Ty, T2, T3, 96’4) :1’155(562, xg) + x0Ty

H(wOa X1,T2,T3, ZL’4> =T4

with S a singular complete intersection with Segre symbol [4, 1] with an Ag singularity (at point R),
with D = S N H a singular hyperplane section with Segre symbol [(3, 1)] which is a conic and two
lines intersecting in one point, with a D, singularity (at R);

Family 3:

f(x07«7717$2; I3, $4) = x4l1(x0, $1) + $312(l’0,l’1) + I%
9(xo, k1, T2, T3, x4) = Tals(z0, 1) + x3la(20, 1) + x%

H(an X1,T2,T3, 1'4) = l(xlv T2, .flfg)

with S a singular complete intersection with 2 A4 singularities, with D = SN H a singular hyperplane

section with 2 A, singularities, at the singular points of S.

Proof. Suppose (S, D) is a pair, where S is a complete intersection defined by polynomials
fand g, and D = SN H is defined by a polynomial H, which belongs to a closed strictly
t-semistable orbit. By Theorem 3.19, they are generated by monomials in NP(\, z/t, z;) for
some (A, z”, x;) such that N)(\, z”*, x;) is maximal with respect to the containment of order
of sets. As detailed in Chapter 3, these can be generated algorithmically [Pap22c], and the
above families represent the only maximal Ny (X, z”t, z;) for ¢t = ).

The fact that Families 1 and 3 are ¢-polystable follows from Theorem 7.25. For Family 2,
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we can make a change of variables such that

f(wo, 01, T2, T3, 74) =273 + 1174
g(xo, 1, Ta, T3, Ty) =T4To + T1T2 + CT1X3
H(xg, 21,29, T3, T4) =24
where ¢ # 0, as otherwise S would not be normal, which is impossible from Lemma 7.23.
Since (5, D) is strictly ¢-semistable the stabiliser subgroup of (S, D), namely G (s py C SL(5) is
infinite (see, [Dol03, Remark 8.1(5)]). In particular, there is a G,,-action on (.5, D); since all the

possible pairs with G,,-action have been classified in Lemma 7.20, the proof is finished. [
__ 1039
7.4.7 Chamber{ = 373

For chamber ¢ = 1322 € (£, %) we have the following.

Lemma 7.34. 1. The pair (S, H) is non-t-stable if and only if the pair (S, H) is generated by the

families of wall 2 (minus family 2 from chamber t = $2T) in addition to the following family, or

their degenerations:

Family 1:

f (o, 21, 29, 23, 24) =q1 (22, ¥3, 04) + 2111 (T2, T3, T4) + Tol2 (73, 74)

9(w0, T1, T2, T3, T4) =qo(Ta, T3, T4) + T113(73, 74) + ToT4

H (g, 21, %9, T3, 4) =24
A smooth complete intersection S, with D = S N H a singular hyperplane section with A
singularities.
Here, the l; are linear forms in P* and the q; are quadratic forms. In particular, the pencil is
strictly t-semistable if it is generated by Family 4 of chamber t = 2L;

228/

2. for chamber t = 1232 € (2, L), the only t-stable pairs (S, D = S N H) occur when S is smooth,
in which case D is a hyperplane section with at worst A, singularities, or S has at worse finitely

many singularities at worst of type As, with D a general hyperplane section.

Proof. The proof follows from the proof of Lemma 7.32 and Lemma 7.5.

The only polystable pairs correspond to pairs (S, D) and (S, D'), as in Theorem 7.25.



7.4 VGIT Classification 219

748 Wallt =2

For wall t = = we have the following

Lemma 7.35. 1. The pair (S, H) is non-t-stable if and only if the pair (S, H) is generated by the

families of chamber 1323 (minus family 1 from wall t = %, and 3 from chamber t = 32) in

addition to the following family, or their degenerations:

Family 1:

f($0,$1,$2,$3,$4) ZQ1($1a$2>$37$4) + $0l1<x2,$3,$4)
9(1‘07551; Za, I37x4) ZQ2(x2; x37x4) + x4l1(x07 xl)
H($07x1,$2,x3,$4) =Ty

A smooth complete intersection S, with D = S N H a singular hyperplane section with A,

singularities.

Here, the l; are linear forms in P* and the q; are quadratic forms. In particular, the pencil is

strictly t-semistable if it is generated by this family and family 4 from chamber t = 2L,

2. for wall t = %, the only t-stable pairs (S,D = S N H) occur when S is smooth, in which
case D is a hyperplane section with at worst A, singularities, or S has at worse finitely many

singularities at worst of type As, with D a general hyperplane section.

Proof. The proof follows from Lemma 7.34 and Lemma 7.5.

We also obtain the following.

Lemma 7.36. For t = - the pair (S, H) is strictly t-polystable if and only if it is generated by the
following families:

Family 1:
f(xo, @1, T2, T3, 24) =25 + 2411 (w0, 1) + 3lo(T0, 71)
9(0, T1, Ta, T3, T4) =25 + Tal3(T0, T1) + 2304 (0, 1)
H(xg, 21, 22, 3, T4) =T

with S a singular complete intersection with four A, singularities, and D = S N H a singular

hyperplane section with 4 A, singularities.
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Family 2:

f(xo, x1, T2, 3, 4) =q1 (22, T3) + ToTy
9o, T1, T2, T3, T4) =T0l5(T2, T3) + T3

H(SEO, X1, T2,T3, x4) =T4

with S a singular complete intersection with Segre symbol [(3, 1), 1] with a D, singularity (at point
R), with D = S N H a singular hyperplane section with Segre symbol [(2, 1), 1], which is two tangent
conics with an Ag singularity (away from R);

Family 3:

f(xo, @1, 22, 3, x4) = 24ly (20, 1) + 23l2(T0, 1) + x%
9(zo, 21, T2, T3, 04) = x4l3(20, 1) + x3l4(20, 1) + 73

H<$O> Xy, T2,T3, .1'4) = l(l’l, T2, .1'3)

with S a singular complete intersection with 2 A4 singularities, with D = SN H a singular hyperplane

section with 2 A, singularities, at the singular points of S.

Proof. Suppose (5, D) is a pair, where S is a complete intersection defined by polynomials
fand g, and D = SN H is defined by a polynomial H, which belongs to a closed strictly
t-semistable orbit. By Theorem 3.19, they are generated by monomials in NP(\, 2”t, z;) for
some (A, 27, x;) such that N)(\, z”*, x;) is maximal with respect to the containment of order
of sets. As detailed in Chapter 3, these can be generated algorithmically [Pap22c], and the
above families represent the only maximal N?(\, 27t z;) for t = £

The fact that Families 1 and 3 are ¢-polystable follows from Theorem 7.25. For Family 2,

we can make a change of variables such that

f(xo, 21, T2, T3, 14) =223 + ToT4
2
9(xo, 21, T, T3, T4) =ToTo + T] + CTOT3

H($07 X1, T2, T3, '1.4) =Ty

where ¢ # 0, as otherwise S would not be normal, which is impossible from Lemma 7.23.
Since (S, D) is strictly ¢-semistable the stabiliser subgroup of (S, D), namely Gs py C SL(5) is
infinite (see, [Dol03, Remark 8.1(5)]). In particular, there is a G,,-action on (.S, D); since all the

possible pairs with G,,-action have been classified in Lemma 7.20, the proof is finished. [
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_ 355
749 Chamberit = =1

For chamber ¢ = 22 ¢ (£,

= %) we have the following.

Lemma 7.37. 1. The pair (S, H) is non-t-stable if and only if the pair (S, H) is generated by the
families of wall < (minus family 3 from wall t = %) in addition to the following family, or their
degenerations:

Family 1:

f(xo, x1, T2, T3, T4) =q1(T2, T3, T4) + 111 (T3, T4) + ToXy
g(x07x1737275537x4) :CI2<5U37$4> + $4l1(l’1,$2)
H($0>$1,$2,3737334) 25(3707331,972,3?3,334)

A singular complete intersection S with Dy singularities, with D = SN H a general hyperplane

section,

or a degeneration of the above families. Here, the I; are linear forms in P* and the q; are quadratic

forms. In particular, the pencil is strictly t-semistable if it is generated by family 4 from chamber

_ 37.
t_228’

2. forwall t = 25 € (&, 2), the only t-stable pairs (S, D = S N H) occur when S is smooth, in
which case D is a hyperplane section with at worst A, singularities, or S has at worse finitely

many singularities of type As, with D general.

Proof. Part 1 follows from the computational program [Pap22c] we detailed in Chapter 3 and
the centroid criterion (Theorem 3.10), where the above families are maximal destabilising
families as in the sense of Definition 3.15, i.e. each family equals N~ (\,z”, z,) for some
A € P35 and 27, x, support monomials. The description of the above families with respect
to singularities follows from Sections 7.1 and 7.3. In particular, families with non-isolated
singularities are non-normal from Serre’s criterion.

For part 2, let S be t-stable. From Theorem 7.37 and the classifying Lemmas, we see that S

cannot have worse than A, singularities. From the above family, we see that the pair
[(@o, 21, T2, T3, 24) =q1 (2, T3, T4) + 2111 (22, T3, T4) + ToT4
9(x0, 11, T2, T3, T4) =2(23, Ta) + Tali (71, 2)
H(xo, 21, g, 3, 4) =l(20, 21, T2, T3, T4)

is stable, with S having A singularities and D being general. O
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The only polystable pairs correspond to pairs (S, D) and (S, D), as in Theorem 7.25.

7410 Wallt =2
For wall t = % we have the following.

Lemma 7.38. 1. The pair (S, H) is non-t-stable if and only if the pair (S, H) is generated by the

families of chamber 23 (minus the family of chamber t = 1053 and 5 from chamber t = L) in

addition to the following family, or their degenerations:
Family 1:

f(xo, 01, T2, 23, 24) =q1 (21, T2, T3, 74) + Tol1 (T3, T4)

9(wo, T1, T2, T3, T4) =qa(Ta, T3, T4) + T1la(73, T4) + ToTy

H(xo,x1, 72,23, 14) =24
A smooth complete intersection S, with D = S N H a singular hyperplane section with A,
singularities, or a degeneration of the above families. Here, the l; are linear forms in P* and the

q; are quadratic forms. In particular, the pencil is strictly t-semistable if it is generated by family

4 from chamber t = 2;

2. for wall = 2, the only t-stable pairs (S, D = S N H) occur when S is smooth, in which case D
is a hyperplane section which is smooth, or S has at worse one singularity of type As, with D

general.

Proof. From Table 7.2 and the Lemmas of Section 7.3, we see that S cannot have worse than
A, singularities. From the above family, we see that S is smooth by our classification, and D

has an A; singularity, hence if S is smooth D also has to be smooth in order to be stable. [

Lemma 7.39. For t = & the pair (S, H) is strictly t-polystable if and only if it is generated by the
following families:
Family 1:
f(xo, @1, T2, T3, 24) =25 + 24l1 (w0, 1) + 3la(T0, 1)
9(0, 1, Ta, T3, T4) =25 + Tal3(T0, T1) + 2304 (0, 1)
H(zo, 21,22, 23, 4) =g
with S a singular complete intersection with four A, singularities, and D = S N H a singular

hyperplane section with 4 A, singularities.
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Family 2:

2

f(£E07 r1,T2,T3, :B4) =x5 + ax1T3 + brory
_ .2

9($0, L1, T2, T3, $4) =3+ Cx1T4

H($0,$1,$2,$37I4) =T

with S a singular complete intersection with Segre symbol [(4, 1)] with a D, singularity (at point R),
with D = S N H a singular hyperplane section with Segre symbol [3, 1], which is a cuspidal curve
with an A, singularity (away from R);

Family 3:

f(xo, @1, T2, T3, 24) = 4y (w0, 1) + w3la (0, 71) + 75
9(xo, 1, T2, T3, x4) = X4l3(T0, 1) + x3l4(T0, 1) + 333

H(-CI:Oa X1, T2, T3, 1'4) = l(xb X2, $3)

with S a singular complete intersection with 2 A4 singularities, with D = SN H a singular hyperplane

section with 2 A, singularities, at the singular points of S.

Proof. Suppose (S, D) is a pair, where S is a complete intersection defined by polynomials
fand g, and D = SN H is defined by a polynomial /, which belongs to a closed strictly
t-semistable orbit. By Theorem 3.19, they are generated by monomials in NP(\, 271, z;) for
some (), 2”1, z;) such that N (), 27, x;) is maximal with respect to the containment of order
of sets. As detailed in Chapter 3, these can be generated algorithmically [Pap22c], and the
above families represent the only maximal Ny (X, z”t, z;) for t = 2.

The fact that Families 1 and 3 are ¢-polystable follows from Theorem 7.25. Since (S, D) is
strictly t-semistable the stabiliser subgroup of (S, D), namely Gs py C SL(5) is infinite (see,
[Dol03, Remark 8.1(5)]). In particular, there is a G,,-action on (S, D); since all the possible

pairs with G,,-action have been classified in Lemma 7.20, the proof is finished. O

7411 Chambert = g—;

For chamber ¢ = 31 € (3, 1) we have the following:

Lemma 7.40. 1. The pair (S, H) is non-t-stable if and only if the pair (S, H) is generated by the

355

families of wall t = 2 (minus the family of chamber t = 232) or their degenerations. In particular,

37 .

the pencil is strictly t-semistable if it is generated by family 4 from chamber t = 5,
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2. for chamber t = 3% € (2,1), the only t-stable pairs (S, D = S N H) occur when S is smooth, in
which case D is a smooth hyperplane section, or S has at worse finitely many singularities of

type D5, with D general.
Proof. The pair (S, H)

f(xo, w1, 02, 73, 24) =q1 (T2, T3, T4) + 2111 (73, T4) + ToT4
9(o, ¥1, T2, ¥3, T4) =q2(23, T4) + T4l1 (21, 72)
H(xg, x1, 29, x5, 14) =l(0, T1, T, T3, Ty)
is stable, where by Table 7.2 S has an D; singularity and by Lemma 7.19, D is smooth.  [J

The only polystable pairs correspond to pairs (S, D) and (S, D'), as in Theorem 7.25.

From Section 7.4.1 to 7.4.11 we obtain the following proofs:

Proof of Theorem 7.21. The classification of stable orbits for each wall/chamber follows from

Lemmas 7.24,7.26,7.28,7.29,7.31,7.32,7.34,7.357.37,7.38 and 7.40. [l

Proof of Theorem 7.22. The classification of closed orbits follows from Lemmas 7.25, 7.27, 7.30,
7.33,7.36, Lemma 7.20 and Remark 7.25.1. O



CHAPTER

CM Line Bundle for Complete Intersections and

Hyperplane Section

Following the discussion in Section 3 we aim to calculate the log CM line bundle for complete
intersections with a hyperplane section, introduced in Section 2. Let S = {f; = --- = f;, = 0}
be the complete intersection of k hypersurfaces of degree d, with f; = 3 f;, "7, and H a

hyperplane in P". We define the sets

M, :{(/\ fr, 259, 1) € RIS ={fi == fi},H={l=0},Supp(H) C Supp(f;) for some z}
M, ={(/\ fr @l ) eRIS={fi=-=f},H={l=0},3H'# H,SNH = SN H}.
(8.1)

Notice that by Theorem 3.14 the set M; contains only t—unstable elements forall 0 <t <t, 4

for kd < n.
Lemma 8.1. The elements of My are t—unstable for all 0 < t < t,, 4, for kd < n.

Proof. Let (S, H) be a pair parametrised by (A fi,1) € M,, such that SN H = SN H' where
without loss of generality, we may assume that H = {z,, = 0}, H' = {x,,_; = 0}. Without loss
of generality, we can choose a coordinate system such that S = {f; = --- = f;} is given by

fi=ad+ 28 | +a,m, 1 fi o(20,...,20), H={l(x,, 7,_1). Then for one-parameter subgroup
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A = Diag(s?,...,5%0,s7",s"),and for 0 < t < t,, 4 we have:

w(S, H,\) <k[(d—2)2 —n|—1tn
<2kd — 4k — kn — kd

<0

so the pair is t-unstable for all 0 <t <, 4. O
Let T := R\ (M; U M), with natural embedding j: T — R. The above discussion shows:
Lemma 8.2. Let kd <n,0 <t <t, 4y Then (7);* := (R\ (M UM ))j* = (R){%.

Thus T parametrises pairs (A az, ;,[) which correspond to complete intersections of &

homogeneous polynomials of degree d and polynomials of degree 1 respectively.
Lemma 8.3. For kd < n, d > 2 we have:

1. codim(M;) = (""" — (k- 1)2 > 2

2. codim(Mp) = k(("5) = ("557)) — K2+ 2

Proof. 1. Since Supp(H) C Supp(f;) for some i, without loss of generality we may assume

i = 1, and assuming H = {l(xo,...,x,) = 0} we can write f; = l(zo,...,x,) i 1 (T0, ..., xp)
fi = fi(zo,...,x,). We first find the dimension of M;: there are n + 1 coefficients in the
equation of / and ("}%") coefficients in f}_,. Similarly, each f; has ("1 coefficients. Hence

dim(M;) = (k= 1)("1)) + ("+*[") + n+ 1 — 2k, where we subtract 2 degrees of freedom for
each f;. Then:

codim(M;) =dim(R) — dim(M;)

:k<<”§d) —k>+n—(l§—1)<n§d> - (”;ff) =142

:(’”Z_l) — (k—1)?

() Gy

Now, since
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n n 2
—(f — < _
2+ =(k 1)_2+(d 1)
3d? +n? — 2nd
ntd-1)

< 7
ntd-1)
< i

we get codim(M;) > 2

2. Let (Nay,;,0) € H,S ={fi=-=fo =0}, H={l =0}and H' # H such that
SN H = SN H'. Without loss of generality, we assume that H = {z,, = 0}, H' = {x,_1 = 0}.
Since the Cartier divisor SN H = SN H'is supportedon L = {z,, = z,,_1 =0} ~P" ?andisa
complete intersection of k hypersurfaces of degree d in {z,, = 0} ~ P"~!, we have that SN H
is kdL, hence we can write f; = a;z%_, + x,fi (2o, ...,z,), and similarly for H’, f; = b;z? +

T (fY) (0, ..., 2,), which implies that we can write each f; = a;z8 + bzl | + x,x, 1 f5 ,,

n+d—2
d—2

coefficients in I. Hence, dim(Ms) = k(("*d_z) + 2) — 2k. Thus:

d—2

and [ as [(x,,, x,—1). Similar to the proof of 1, there are ( ) coefficients in each f} ,, and 2

codim(My) = dim(R) — dim(My)
(") 0 enn((10057))
_k (n;—d) B (nzf;2)> i

>k n+d_1)—k2+kd
d
>k ”*Z‘l)—k2+2k—1
2( +d_1)—k2+2k—1
d
= codim(M;)
>9.

]

A direct consequence of the above lemma, is the result below, via [Har77, Prop. I1.6.5.b].
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Lemma 8.4.
Pic(T) ~ Pic(R) ~ Z?,
and for £ € Pic(U),

L~ Ou(a, b) = j*<ofRn,d,k(a) X O%m <b>)

We consider now the universal family of the complete intersection of £ hypersurfaces of

degree d:

Tndk - xn,d,k — fRn,d,k

where:

) I Iy
f)Cmd,k = {(.’BO, . ,Jjn) X /\&Ii,j € P x Rn,d,k\ E ar, ;X Li—=...= E G[,w..’lf e O}

(Here, by abuse of notation, we denote the class [\ as, ] by Aas, ). We then have a

commutative diagram

X —— Xpar X Rp1 —— Xpak

lﬂ lﬂ'n,d,k xIdg,, 4 lﬂ'n,d,k

J P1
T > R > :Rn,d,k

|

:Rn,l

with

X = {(1’07. .. ,xn) X /\a[i X (bo, c. 7bn) c P" x U| Z@[lijh’j = ... = Zalk,ijk’j = O}

the fiber product in the first diagram. Here, j is the natural embedding and p; the projec-
tions. Since 7, 4%: Xpar — Rnar is a universal family, it is flat and proper, and thus, by
commutativity, 7 is also flat and proper.

Defining

D= {(m07...,xn) x N ar, x (bo, ... bn) eX|Zbixi:O}

D is a Cartier divisor of X, and the restriction 75 : D — T is also flat and proper. This implies

that 7: (X, D) — T is a Q-Gorenstein flat family.
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Notice, that in the Fano case, i.e. kd < n, — Ky y is relatively ample and by Theorem 3.14
and Lemma 8.4 Acys3(—Kx/7) ~ O(a,b). Hence, we can extend the CM-line bundle to R: for

Be(0,1)NQ
Acmps = Nems(—Kyg) = Nems(X, D, —Kxyg).

Lemma 8.5. Let kd <n, 5 € (0,1] N Q. Then Acrr s =~ O(a(f),b(B))

where:

n—k—1

a(8) =(n+1— kd) f*-On—k+mu—ﬁxg—dm+1)
+(1+Mm—k)(1—=p)(n+1—kd)(d— 1)(n—|—1)) >0
b(B) =(n+1—kd)"*d*(n —k+1)(1 - B) >0,
i.e. Acas g is ample. In particular, if kd = n,
a(B) =d*'(d(n —k+1) — B)
b(B) =d*(n —k+1)(1—B) >0

dn—k+1)(1-p5)
W) =dm—k+1)= 75

Proof. For a: Consider k + 1 hypersurfaces of degree d fi,..., fx11. Then blowing up P"
along C = f; N f, we obtain a map Blc P" — P'. Then we have a pencil of hypersurfaces
of degree d {a1 f1 + asf2|(a1,a2) € P'} and we define f1.5 := {a1f1 + a2fo = 0}. Notice that
the proper transform of f;.; is isomorphic to f;... Intersecting far. ., ka with fi., gives a
well-defined family for complete intersections of k hypersurfaces of degree d over P'. Letting

S = fg N---N fk+1 N fm we have a commutative diagram

7
S« > X > xn,d,k: X le s DCMM
lﬂ' J/ﬂ lﬂ'n,d,kXIan’l lﬂ'n,d,k‘
i J p1
Pl 5 T » R > Rk

|

Rn,l

For a general hyperplane H, let py € R,, 1 be the point that parametrises /7. Then, we have
8 x py C P! x P" x R,,;. Notice that 8 is the one dimensional family of complete intersection

of a hypersurface of bidegrees (1,d) and k — 1 hypersurfaces of bidegrees (0,d) in P! x P".
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Then, for a hyperplane H parametrised by Py € R,,; we have that
D={peP' xP'pec§ plp € H}

is a divisor obtained as the complete intersection of a hypersurface of bidegree (1, d), and
k — 1 hypersurfaces of bidegrees (0, d) and a hypersurface of bidegree (0, 1) in P' x P". For
the corresponding projections ppn, pp, let Hpn = ppn (Opn (1)), Hpr = (p')3:(Op1(1)). Then we

have by adjunction:

Ks =(Kpipr) + 8)[s

=(—2Hp — (n+ 1 —d)Hpn + Hp1 + (k — 1)dHpn)|s

(— Hpr + (kd —n — 1) Hpn) s

Hence
Kgp =Ks — ' Kp:
=(— Hpr + (kd —n — 1) Hpn) |s + (2Hpr1 )5
=(Hpr + (kd —n — 1)Hpn)|s
—Kgp1 =(n + 1 — kd)Hpn|s — Hp1s
Therefore,

(—Ksp)"F = (n+1—kd)" *Hp*s — (n = k)(n+ 1 — kd)" " HE 5 s - Hps
(—Ksp)" ™ = (n+ 1= kd)" " HE s — (n =k + 1) (n + 1 — kd)" " HE s - Hpils
and since 8 = (Hp1 + dHpn) - (dHpn)*1, D|s = Hpn we obtain
o1 (= Kgjpr )" h ! :<(n 1 kd)"MUHETR (k4 1) (n+ 1 — kd)"RHETR HP1>
: (le + dH]pn> AR
=—d*(n—k+1)(n+1—kd)" "Hp. - Hpn
+d" N+ 1 — kd)" T HE, - Hp
e (—Ksp)" "D =—d"(n—k)(n+1—kd)" *Hf. - Hpn
+d" N+ 1 — kd)" " HE, - Hp

Using [GMS21, Theorem 2.7], since £ = —Kgp and D|s, € | — K, |, we have

deg((j 0 )" (Aews)) = = (1+ (0 = k)(1 = B). (2~ Kpmr )"+

Y (1= B)n—k+ D, (cl(_KS/Pl)n-k : @)
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and since deg((j 0 7)*(Aca,g)) = deg((j 04)* o piOs, ., (a) = a the result follows.

For b: Consider a hypersurface S which is the complete intersection of £ hypersurfaces of
degree d, S = {f1,..., fi}, represented by ps € R,, 41, and pencil of hyperplanes H(t), t € P'.
Then:

Dlst]P’l = {fl = -=fr= fH(t)} C ps X P" x Pt

This implies that D|,_p: is the complete intersection of k£ hypersurfaces of bidegree (d, 0) and
one of bidegree (1, 1). Notice that S x P! /P! is a trivial fibration, so ¢;(—Kgypi g1 )" " = 0.

We have:
K(Sxpl)/[pzl = KSX]pl — W*Kpl = KS X O[pvl = (]Cd —n — 1)H]pn|g X O]pl,

where Hpr» = 7. (Opn(1)). Hence, from [GMS21, Theorem 2.7]:

deg(AcM”g) 2(1 — ﬁ)(n — k + 1)01(—K(SXP1)/P1)n_k . 'D

(1=B)(n—k+1)(n+1—kd)" *H " - d"HE, - (Hpn + Hp1)

(1-B)n—k+1)(n+1—kd)" "d"Hg, - Hn

ie. b= (n+1—dk)"*d*n—k+1)(1—8) > 0.

Corollary 8.5.1. If n =4, d=k =2, 5 € (0,1] N Q then Acprr s >~ O(a(f),b(B))

where:

a(8) =2(6 - B) > 0
b(B) =12(1 = §) > 0,
and Ao g is ample. In particular

b)) 6(1-p)
W =am = 6-5

Remark 8.5.1. A similar theorem is shown in [GMS21, Theorem 3.8] for the case k£ = 1.

Theorem 8.6. Let (S, D) be a log Fano pair, where S is a complete intersection of two quadrics in P*
and D an anticanonical section. Let w: X — T the family introduced before, with ample log CM line
bundle Aoy g >~ O(a(B),b(B)). Suppose (S, (1 — B)D) is log K- (semi/poly)stable. Then, (S, D) is

GITys)-(semi/poly)stable, with slope t(5) = % _ 6(61__5).
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Proof. We only need to verify that the conditions for [ADL19, Theorem 2.22] are satisfied. The-
orem 8.5 shows that Acys s =~ O(a(f), b(5)) and hence the log CM line bundle is ample, hence,
condition 3 is satisfied. For the second condition, note that for S, S’ complete intersections
of two quadrics in P4, notice that Og(1) ~ K3', Og(1) ~ Kg' are anticanonical, and hence
invariant under automorphisms. Thus, every isomorphism S = S’ of two such complete
intersections lifts to an automorphism of P4, i.e. to an action of PGL(5), so condition 2 is
satisfied. Similarly, since automorphisms of S are induced by actions of PGL(5), and Aut(S)

is finite, so is the stabiliser G5, hence condition 1 follows. O
In fact there is an alternative method to prove this Theorem:

Alternative proof of Theorem 8.6. The proof follows the idea of proof in [OS516, Theorem 3.4]
and [GMS21, Theorem 3.10]. Consider a one-parameter subgroup A acting on p € 7T,
representing a log pair (S, H) with H ¢ S, D = S N H. We have a natural projection
m:Y:=X-p C T x P! — P'. By abuse of notation, we extend 7 to 7: Y \ {7 (c00)} — C,
with ¢ := 771(0) € T the central fiber of 7. Here q is a pair (S, H), where S is a complete
intersection of two quadrics in P*, H ¢ S a hyperplane and D = SN H € |— Kg| a hyperplane

section. Since ) induces a test configuration, we know from [GMS21, Theorem 2.6] that
w(Aemp(X,D,L")) = (n+ 1)!DFg(X, D, L)

hence if (S, (1 — 5)D) is K-semistable then, since the one-parameter subgroup is arbitrary we

obtain the result from Corollary 8.5.1, since

w(Aearg(X, D, L7)) = s (S, H,N) = (S, H, N).

Suppose now that (5, (1 — 5)D) is K-polystable. Then in particular it is K-semistable,
and the point p € T is GIT,5) semistable from the above discussion. Suppose that p which
parametrises (.5, H) is not GIT,(3) polystable. Then, there exists a one-parameter subgroup
A such that p = limy o A(t) - p is GIT,(s) polystable but not GIT,) stable. ) induces a test
configuration (X, D, £) with DF3(X, D, £) = 0 by [GMS21, Theorem 2.6]. Since (S, (1 — 3)D)
is K-polystable, we know that (X,, D,) ~ (S x C, D x C). But then for the central fiber (S, D)
of the test configuration corresponding to p, we have (S, D) = (S, D), i.e. p = p, and hence p

is GIT,g) polystable. O
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Proof of Main Theorem and First Wall Crossing

Consider now a log Fano pair (5, (1 — §)D) where S is a complete intersection of 2 quadrics
(degree 2 hypersurfaces) in P*, D is a hyperplane section and § € (0,1) N Q. We will
consider Q-Gorenstein smoothable K-semistable log Fano pairs (S, (1 — 3)Ds) such that
their smoothing is a log Fano pair (S, (1—/)D) as above. We can think of these as K-polystable
limits of a degeneration family X of smooth K-polystable log Fano pairs, that have to be

"added" to the boundary in order to compactify the K-moduli spaces.

Lemma 9.1. Let (S, (1 — 8) Do) be a Q-Gorenstein smoothable K-semistable log Fano pair such
that its smoothing is a log Fano pair (S;, (1 — 8)D;), where S, is a del Pezzo surface of degree 4 (i.e. a
smooth intersection of two quadrics in P*) and D; a smooth hyperplane section. For any 8 > 2, Sy is
also an intersection of two quadrics in P* whose singular locus consists of A or A, singularities, and

Dy is also a hyperplane section.

Proof. Since each D; is a hyperplane section, D; ~ —Kg, and hence, by continuity of volumes,

the degree of the limit pair is
(—Kso = (1= B) Do)’ = (= Ks, = (1 = p)D1)* = (BK,)* = 45°.

By [Liul8, Theorem 3], since S, is at worse klt, it must have only isolated quotient singu-
larities isomorphic to C?/G, where G is a finite subgroup of U(2) acting freely on S®. This is
implied by the fact that kit surface singularities are precisely quotient singularities [CKMS8S,

Proposition 6.11], and that normal surfaces have only isolated singularities.
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Moreover, the normal localised volume for quotient singularities is given by Vol /G0 = %‘.

Then, by Theorem 2.98, and by [GMS21, Theorem 4.1]

o~ o~

vol(x,(1-g)p),p < Volx p,

and hence, we have:

—

1\2
4 = (-Ks., — (1 — B)Dw)? §<1 + 5) vols,, (1-4)Deep
9
<2
4

VOl(cZ/Gp
9

ie. |G| < #.

By the classification of Q-Gorenstein smoothable surface singularities [KS88, Proposition
3.10], G must be a cyclic group acting in SU(2). Hence, the singularities of S., are canonical
and, by the classification of del Pezzo surfaces with canonical singularities, S, is a complete
intersection of two quadrics in P* with at worse A; or A, singularities. In particular, D, is a

hyperplane section, as D, ~ —Kg_ ~ Og_ (1) by the adjunction formula. O
The above Lemma allows us to prove the following:

Theorem 9.2. Let § > 2. Then there exists an isomorphism of moduli stacks between the K-moduli
stack M, 5(8) of K-semistable families of Q-Gorenstein smoothable log Fano pairs (S, (1 — 3)D),
where S is a complete intersection of two quadrics in P* and D is an anticanonical section, and the
GIT,-moduli stack MG1%(6(3)). In particular, for 3 > 2 we also have an isomorphism My 5(/3) =

METE(t(B)) on the restriction to moduli spaces.

Proof. Let X = (X,X) be the Hilbert polynomials of (S, D), with S a smooth complete
intersection of two quadrics in P, and D an anticanonical divisor, pluri-anticanonically
embedded by —m Ky in PV, and let HYN = HYN x HSY := Hilby(PV) x Hilbg(PN).

Given a closed subscheme X C PV with Hilbert polynomial X(X, Opn~ (k)| x) = X(k), let
Hilb(X) € HSY denote its Hilbert point. Let, as in [ADL19],

( )
X is a Fano manifold which is the complete intersection of

/= Ib( ) € HGN two quadrics in P*, D ~¢ —Kx a smooth divisor,
L, Hilb(X, D) € H™
OpN(l)lXox(—mKX

),
and H(PY, Opn (1) = HY(X, Ox(—mKx).
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which is a locally closed subscheme of H*". Let Z,, be its Zariski closure in H%" and Z,, be
the subset of Z,, consisting of K-semistable varieties.

By Theorem 8.6 we know that if a pair (5, (1 — 5)D) is K-(poly/semi)stable then (5, D)
is GIT, () (poly/semi)stable, where ¢(3) = 6(6%55). By [Odal5], the smooth K-stable loci is a
Zariski open set of M, ,(3), in the definition of moduli stack of M, ,(3) = [Z,/ PGL(N,, +
1)] for appropriate m > 0 and in fact M$2%(¢(8)) 2 [Z,,,/ PGL(N,, + 1)]. Hence, by Theorems
7.21,7.22, Corollary 8.5.1, Lemma 9.1, for 5 > % we have an open immersion of representable

morphism of stacks:

ME, 5 (8) —2— MGLL(t(B))

(S, (1= B)D)] —2— [(S,D)]

with an injective decent ¢ on the moduli spaces such that we have a commutative diagram

ME,,(8) —2— MELL(H(B))

|

¢
Mo, —— M55 (HB))-

Note that representability follows once we prove that the base-change of a scheme map-
ping to the K-moduli stack is itself a scheme. Such a scheme mapping to the K-moduli
stack is the same as a PGL-torsor over Z,,, which produces a PGL-torsor over Z,, after a
PGL-equivariant base change. This PGL-torsor over Z,, shows the desired pullback is a
scheme. By [The22, Lemma 06MY], since ¢ is an open immersion of stacks, ¢ is separated
and, since it is injective, it is also quasi-finite.

We now need to check that ¢ is an isomorphism that descends (as isomorphism of schemes)
to the moduli spaces. Now, by [Alp13, Prop 6.4], since ¢ is representable, quasi-finite and
separated, ¢ is finite and ¢ maps closed points to closed points, we obtain that ¢ is finite.
Thus, by Zariski’s Main Theorem, as ¢ is a birational morphism with finite fibers to a normal
variety, ¢ is an isomorphism to an open subset, but it is also an open immersion, thus it is an
isomorphism.

]

Corollary 9.2.1 (First Wall Crossing). The first wall crossing occurs at t(8) = ¢, 5 = 2. In particu-

lar there exists an isomorphism of moduli stacks between the K-moduli stack ME, ,(2) parametrising
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K-semistable families of Q-Gorenstein smoothable log Fano pairs (S, 1D), where S is a complete
intersection of two quadrics in P* and D is an anticanonical section, and the GIT-moduli stack
MG (5). In particular, a log Fano pair (S, 2 D) is log K-polystable if S is a complete intersection of
two quadrics with at 1 Ay and 2 or 1 A4 singularities, and D a singular hyperplane section which is a
double line and two lines meeting at two points, or S is a complete intersection of two quadrics with 2

or 4 1 A, singularities, and D a singular hyperplane section with 2 or 4 1 A, singularities.
Proof. The proof follows directly from Theorems 7.21, 7.22 and 9.2. O

Remark 9.2.1. In particular, there exists such an isomorphism up to the second chamber.
After the second chamber, one needs to consider different methods, as potential toric GH

compactifications with non-quotient singularities can occur.
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